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In this work, we study the circuit complexity for generalized coherent states in thermal systems by
adopting the covariance matrix approach. We focus on the coherent thermal (CT) state, which is non-
Gaussian and has a nonvanishing one-point function. We find that even though the CT state cannot be fully
determined by the symmetric two-point function, the circuit complexity can still be computed in the
framework of the covariance matrix formalism by properly enlarging the covariance matrix. Now the group
generated by the unitary is the semiproduct of translation and the symplectic group. If the reference state is
Gaussian, the optimal geodesic is still be generated by a horizontal generator such that the circuit
complexity can be read from the generalized covariance matrix associated to the target state by taking the
cost function to be F2. For a single harmonic oscillator, we discuss carefully the complexity and its
formation in the cases that the reference states are Gaussian and the target space is excited by a single mode
or double modes. We show that the study can be extended to the free scalar field theory.
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I. INTRODUCTION

Complexity has been a focus in the recent study of the
AdS=CFT correspondence [1] and black hole physics. As
first pointed out by L. Susskind [2], “entanglement is not
enough” to describe the dynamics of the black hole,
especially the growth of the Einstein-Rosen bridge
(ERB). Instead, he proposed [3] that the growth of the
ERB should be dual to the growth of the quantum
complexity of the evolving state, the thermofield double
(TFD) state [4]. There are two proposals put forward by
Susskind and his collaborators to quantify the size of the
ERB: one is the “complexity ¼ volume”(CV) conjecture
[5], which states that the holographic complexity is given
by the volume of the codimension-1 maximal spacelike
surface in the bulk connecting the left and right sides; the
other is the “complexity ¼ action”(CA) conjecture [6,7],
which states that the holographic complexity is captured by
the gravitational action of the bulk region known as the

Wheeler-de Witt (WdW) patch bounded by light sheets.
Both conjectures introduce the gravitational observables,
which probe the spacetime region deep behind the black
hole horizon, and therefore, they have been intensely
discussed since their birth [8–32]. Nevertheless, the devel-
opment is hindered by our poor understanding of the
quantum complexity in the dual field theory.
Originally, the complexity is a concept in theoretical

computer science [33,34], characterizing the difficulty in
carrying out a task. In quantum computing, one may find a
unitary operation Û, which maps an input quantum state for
some number of qubits to an output quantum state with the
same number of qubits [35–37]. In a circuit model, Û could
be constructed from some elementary gates. There could be
many ways in constructing Û to some accuracy ϵ > 0. The
circuit complexity of the unitary Û is given by the minimal
number of elementary gates required to construct the
desired unitary Û, up to some tolerance ϵ. However, to
generalize the above definition to quantum field theory,
even a free field theory, is highly nontrivial, due to the fact
that there are infinite number of degrees of freedom in a
field theory. In order to define the circuit complexity, one
first needs to identify the reference state and the target state,
and then identify the optimal circuit out of the infinite
number of possible circuits connecting the reference state
and the final target state.
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There have been some initial steps in studying the
complexity in quantum field theory. In [38], the circuit
complexity of the ground state of a free scalar field theory
was investigated. The optimal circuit was determined
geometrically by the minimal geodesic in the space of
unitaries Û with a suitable metric, as developed by Nielsen
and his collaborators [39]. This approach has been applied
to free fermionic theories in [40,41]. Another similar
geometric definition of the complexity1 based on the
Fubini-Study metric has been explored in the free scalar
field theory in [47]. The circuit complexity in interacting
field theories has been discussed in [48].
The study of the complexity has been generalized to the

TFD state in free scalar field theory [49–52]. In this case,
the target state is the TFD state, while the reference state
has different choices: in [49], the reference state was chosen
to be composed of two copies of the reference state used in
[38,47]; in [50,51], the reference state was two unentangled
copies of the vacuum state. Due to the difference in the
reference state and other points, the complexity for the TFD
state in two approaches differs in many ways, especially the
one for the time-dependent TFD state.
In this work, we would like to study the circuit complex-

ity of a general coherent state, extending the study of
complexity of coherent state in [53]. We will focus on the
coherent states in thermal systems. There are two kinds of
coherent states in a thermal system: the coherent thermal
(CT) state and thermal coherent state. As these two kinds of
states are somehow equivalent, we will consider the circuit
complexity for coherent thermal state by applying the
covariance matrix approach developed in [49]. Since the
one-point function of the CT state is not vanishing, the two-
point function is not enough to characterize the state.
Nevertheless, we show that the covariance matrix formalism
is still applicable after some improvement. The essential
point is that if the reference state remains Gaussian, the
optimal geodesic will still be generated by a horizontal
generator such that the circuit complexity can be read from
the norm of the generator.
For a simple harmonic oscillator system, we compute the

complexity and discuss the formation of the complexity by
choosing various Gaussian reference states and the target
states with single mode and double modes. We extend our
study on the complexity of the CT state to the free scalar
field theory by fixing the reference state to be the Dirac
vacuum state.
The remaining parts of the paper are organized as

follows. In Sec. II, we give a brief introduction to the
coherent state and the thermal vacuum state in the harmonic

oscillator system. In Sec. III, we introduce the general
coherent states in thermal systems. In Sec. IV, we study the
circuit complexity for the coherent thermal state. Due to the
loss of Gaussianity of the CT state, we need to generalize
the covariance matrix approach and furthermore compute
the circuit complexities for the Gaussian reference states. In
Sec. V, we study the complexity of CT state in a free scalar
field theory by choosing the Dirac vacuum state to be the
reference state. We end with conclusions and discussions
in Sec. VI.

II. PRELIMINARIES: COHERENT STATE AND
THERMAL VACUUM STATE

In this section, we shall briefly review the construction of
the Glauber coherent state and the thermal vacuum state. It
will be shown in the next section that proper considerations
from these two states lead to several different generaliza-
tions of the coherent state to the thermal field dynamics.
Besides, to study the circuit complexity of the coherent
thermal state for a free field theory, we will begin our story
with a toy model: the harmonic oscillators. The complexity
for the field theory will be discussed at last in Sec. V.

A. Coherent state

For a single harmonic oscillator with a Hamiltonian
H ¼ p2=2mþ 1

2
mω2q2, the annihilation and creation oper-

ator can be defined by

a≡ 1ffiffiffiffiffiffiffiffiffiffi
2mω

p ðmωqþ ipÞ;

a† ≡ 1ffiffiffiffiffiffiffiffiffiffi
2mω

p ðmωq − ipÞ; ð1Þ

with p ¼ −i∂q. They satisfy the commutation relation,

½a; a†� ¼ 1: ð2Þ

The Hamiltonian can be expressed into the form of

H ¼ ω

�
a†aþ 1

2

�
: ð3Þ

The vacuum state is defined by

aj0i ¼ 0: ð4Þ

The energy eigenstates are defined by the creation oper-
ators acting on the vacuum,

jni ¼ 1ffiffiffiffiffi
n!

p ða†Þnj0i: ð5Þ

It is known that these states form a complete basis in the
Hilbert space, namely,

1There is a complementary approach to understand the com-
plexity in quantum field theory using path-integral techniques;
see [42–44]. In addition, the authors developed a framework that
enabled a definition of complexity for strongly coupled large N
systems, i.e., holographic CFTs in [45,46].
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X∞
n¼0

jnihnj ¼ 1: ð6Þ

The Glauber coherent state is another kind of interesting
excited state. It is defined by the eigenstate of the
annihilation operator,

ajαi≡ αjαi; ð7Þ

where in general α is a complex c number since the
operator a is not Hermitian. In fact, the coherent state can
also be obtained by a particular operatorDðαÞ acting on the
vacuum state,

jαi ¼ DðαÞj0i; ð8Þ

where DðαÞ is called displacement, defined as

DðαÞ≡ expðαa† − α�aÞ: ð9Þ

Note that DðαÞ is anti-Hermitian because of D†ðαÞ ¼
D−1ðαÞ, and it obeys

DðαÞað†ÞD−1ðαÞ ¼ að†Þ − αð�Þ: ð10Þ

By simple calculations, one finds that the coherent state is a
superposition of the energy eigenstates,

jαi ¼ DðαÞj0i ¼ e−jαj2=2eαa† j0i ¼ e−jαj2=2
X∞
n¼0

αnffiffiffiffiffi
n!

p jni;

ð11Þ

where in the second equality, we have adopted the relation
eAþB ¼ eAeBe−½A;B�=2, which holds when the commutator
½A;B� commutes with both A and B. Using these results, it
is easy to show that (8) is equivalent to (7) and hence, can
be viewed as an alternative definition for the coherent state.
In fact, in our opinion, (8) might be a better one since it is
more enlightening for generalizations to thermal field
dynamics. In addition, the time-dependent coherent state
can be obtained as

jαðtÞi ¼ e−iHtjαi

¼ e−iωt=2e−jαj2=2
X∞
n¼0

ðαe−iωtÞnffiffiffiffiffi
n!

p jni

¼ e−iωt=2jαe−iωti: ð12Þ

To end this subsection, we would like to introduce a new
set of states fjn; αig that is of great importance in the
construction of generalized coherent states in thermal field
dynamics. The states are produced by the displacement
operator acting upon the energy eigenstates,

jn; αi≡DðαÞjni; ð13Þ

where n ¼ 0; 1; 2;…. These states are complete as well

X∞
n¼0

jn; αihn; αj ¼ 1: ð14Þ

In fact, this set of states can be created and annihilated by
the following operators:

bð†Þ ≡DðαÞað†ÞD−1ðαÞ ¼ að†Þ − αð�Þ; ð15Þ

In this case, the Glauber coherent state can be viewed as a
ground state because of

bjαi ¼ 0: ð16Þ

Moreover, one has

bjn; αi ¼ ffiffiffi
n

p jn − 1; αi;
b†jn; αi ¼ ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p jnþ 1; αi; ð17Þ

so that

jn; αi ¼ ðb†Þnffiffiffiffiffi
n!

p jαi: ð18Þ

These relations are similar to those between the energy
eigenstates and the operators a; a†.

B. Thermal vacuum state

In thermal field dynamics, the finite temperature prob-
lems are treated by using the techniques developed for zero
temperature quantum field theories. The price for this
convenience is that one needs to deal with an enlarged
Hilbert space, which is a direct product of two copies of the
ordinary zero temperature Hilbert space. We denote

H≡HL ⊗ HR; ð19Þ

where HL and HR stand for the ordinary Hilbert space for
the zero temperature theory on the left-hand side and the
right-hand side, respectively. In the following, all the
operators and the state vectors for the left-/right-hand side
will be assigned with a subscript “L=R”. The creation and
annihilation operators obey the commutation relations,

½aL; a†L� ¼ ½aR; a†R� ¼ 1; ½aL; a†R� ¼ ½aR; a†L� ¼ 0:

ð20Þ

It is worth emphasizing that the thermal vacuum state is a
kind of excited states, rather than the true vacuum state of
the Hilbert space HL ⊗ HR. This will be clear from the
relation (26). In recent literatures, it is usually called the
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thermal field double (TFD) state. We will use this for a
shorthand notation throughout this paper.
To build the TFD state, we first introduce an anti-

Hermitian operator,

UðβÞ ¼ exp½θðβÞða†La†R − aLaRÞ�; ð21Þ

where β ¼ 1=T is the inverse of temperature and θ is related
to the temperature by

cosh θðβÞ ¼ ð1 − e−βωÞ−1=2;
sinh θðβÞ ¼ ðeβω − 1Þ−1=2: ð22Þ

Note that tanh θ ¼ e−βω=2. Under the Bogoliubov trans-
formation, the creation and annihilation operators are
transformed as2

aL → aLðβÞ ¼ UðβÞaLUðβÞ† ¼ cosh θaL − sinh θa†R;

aR → aRðβÞ ¼ UðβÞaRUðβÞ† ¼ cosh θaR − sinh θa†L:

ð23Þ

The new operators obey the following commutation
relations:

½aLðβÞ; a†LðβÞ� ¼ ½aRðβÞ; a†RðβÞ� ¼ 1;

½aLðβÞ; a†RðβÞ� ¼ ½aRðβÞ; a†LðβÞ� ¼ 0: ð24Þ

The TFD state is defined by

aLðβÞjTFDi ¼ aRðβÞjTFDi ¼ 0; ð25Þ

or by the operator UðβÞ acting on the vacua,

jTFDi ¼ UðβÞj0iLj0iR: ð26Þ

The two definitions are equivalent, as one can check using
the Bogoliubov transformation. Furthermore, the TFD state
can be written explicitly as

jTFDi ¼ exp½θða†La†R − aLaRÞ�j0iLj0iR
¼ ðcosh θÞ−1 expðtanh θa†La†RÞj0iLj0iR
¼ ð1 − e−βωÞ1=2

X∞
n¼0

e−nβω=2jniLjniR; ð27Þ

where in the second equality we have adopted the operator
identity,

exp½θða†La†R − aLaRÞ� ¼ expðtanh θa†La†RÞ
× exp½−ða†LaL þ a†RaR þ 1Þ
× log cosh θ� expð− tanh θaLaRÞ:

ð28Þ

However, since the state is introduced to deal with the finite
temperature problems, it is interesting to see how the state
become for a local observer, for example, on the left-hand
side. Tracing over the degrees of freedom on the right-hand
side, one finds the reduced density matrix,

ρL ¼ TrHR
jTFDihTFDj

¼ ð1 − e−βωÞ
X∞
n¼0

e−nβωðjnihnjÞL: ð29Þ

Clearly, this is a thermal density matrix, describing an
ordinary thermal equilibrium state. In fact, this should be
a priori for the construction of TFD state in thermal field
dynamics. Likewise, it is a priori rule to test the gener-
alizations of the coherent state: a suitable generalization
should not only be coherent in thermal field dynamics but
also be thermal for the one-sided theory.

1. Time dependent TFD state

Since the theory under consideration is a direct product
of two copies of ordinary zero temperature theory, the time
evolution operator is given by e−iðHLtLþHRtRÞ. The time
dependent TFD state is obtained by

jψTFDðtÞi ¼ e−iðHLtLþHRtRÞjTFDi: ð30Þ

In principle, the evolution on one side is independent from
the one on the other. In this paper, we choose the symmetric
case tL ¼ tR ¼ t=2 for the sake of convenience. It was
established [49] that the time dependent TFD state can be
written into a nice form similar to (26), by using the explicit
expression (27) for the TFD state. However, in the
following, we would like to provide a different derivation
by using the operator algebra directly. The new approach is
more neat and more suitable for our later purpose.
By setting H̄ ¼ ðHL þHRÞ=2, one finds

jψTFDðtÞi ¼ e−iH̄tjTFDi
¼ e−iH̄tUðβÞeiH̄te−iH̄tj0iLj0iR
≡ e−iωt=2Uðβ; tÞj0iLj0iR; ð31Þ

where Uðβ; tÞ≡ e−iH̄tUðβÞeiH̄t. After introducing the
operators,

B� ¼ a†La
†
R � aLaR; ð32Þ

2The relations can be derived by using the Baker-Campbell-
Hausdorff (BCH) formula eABe−A ¼P∞

i¼0
1
i! ½AðiÞ; B� ¼ Bþ

1
1!
½A; B� þ 1

2!
½A; ½A; B�� þ 1

3!
½A; ½A; ½A; B��� þ � � � ;.
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which obey the commutation relation,

½−iH̄t; B�� ¼ −iωtB∓; ð33Þ

one obtains

Uðβ; tÞ ¼ e−iH̄tUðβÞeiH̄t

¼ exp½θe−iH̄tB−eiH̄t�
¼ expðza†La†R − z�aLaRÞ; ð34Þ

where z ¼ θe−iωt, and in the last line, we have adopted the
Baker-Campbell-Hausdorff (BCH) formula to deduce the
relation,

e−iH̄tB−eiH̄t ¼ e−iωta†La
†
R − eiωtaLaR: ð35Þ

Moreover, it turns out that the operatorUðβ; tÞ can be recast
into a more compact Gaussian form in terms of the
canonical variables ξa ¼ ðqL; qR; pL; pRÞ,

Uðβ; tÞ ¼ e−
i
2
kð0Þab ξ

aξb ; ð36Þ

where

kð0Þab ¼ θ

0
BBBBB@

0 mωsinðωtÞ 0 cosðωtÞ
mωsinðωtÞ 0 cosðωtÞ 0

0 cosðωtÞ 0 − sinðωtÞ
mω

cosðωtÞ 0 − sinðωtÞ
mω 0

1
CCCCCA:

ð37Þ

In other words, the TFD state is a Gaussian state up to
an unimportant phase factor because of jψTFDðtÞi ¼
e−

i
2
kð0Þab ξ

aξb j0iLj0iR. Expressing the state into this form is
particularly useful when computing the complexity in the
covariance matrix approach [49]. We will turn to this point
in Sec. IV.

III. GENERALIZED COHERENT STATES IN
THERMAL FIELD DYNAMICS

Now we are ready to introduce the generalized coherent
states in thermal field dynamics. Interestingly, we find that
there are two types of generalizations in literature [54–61].
In [61], the generalized states are called coherent thermal
(CT) state and thermal coherent (TC) state, respectively.
However, we will show that though the two states are
indeed defined differently, they can be related to each other
via a parameter transformation; see (55) and (57). As a
consequence, the two definitions are equivalent in the sense
that they just scan the eigenvalue spaces for the same set of
states in different ways, leading to the apparent differences.

Before introducing these states, we explain some of our
notations below at first. The ordinary Glauber coherent
state will be represented as jαiLjγiR, where α, γ character-
ize the eigenvalues of the left- and right-hand side anni-
hilation operators, respectively. The state is obtained by
acting the displacement on the vacua,

jαiLjγiR ¼ Dðα; γÞj0iLj0iR; ð38Þ

where Dðα; γÞ is the product of the displacements on two
sides,

Dðα; γÞ≡DLðαÞDRðγÞ ¼ exp½αa†L þ γa†R − α�aL − γ�aR�:
ð39Þ

A. Coherent thermal state

ACT state is defined by an anti-Hermitian operator ŨðβÞ
acting upon the Glauber coherent state [61],

jCTi≡ ŨðβÞjαiLjγiR;
ŨðβÞ ¼ exp½θðβÞðb†Lb†R − bLbRÞ�; ð40Þ

where it was understood that

bL ¼ DLðαÞaLD†
LðαÞ ¼ aL − α;

bR ¼ DRðγÞaRD†
RðγÞ ¼ aR − γ: ð41Þ

The operator ŨðβÞ is related to UðβÞ via a unitary
transformation,

ŨðβÞ ¼ Dðα; γÞUðβÞD†ðα; γÞ: ð42Þ

Therefore, one has

jCTi ¼ Dðα; γÞUðβÞj0iLj0iR ¼ Dðα; γÞjTFDi: ð43Þ

In other words, the state is first thermalized and then
displaced. Moreover, by using Eq. (27) for the TFD state,
the CT state can be expressed into a similar nice form,

jCTi ¼ ð1 − e−βωÞ1=2
X∞
n¼0

e−nβω=2jn; αiLjn; γiR: ð44Þ

It is clear that the CT state is a two-parameter generalization
of the thermal vacuum state. On one hand, when
α ¼ γ ¼ 0, it reduces to the latter. On the other hand,
the state for a local observer becomes thermal because of

ρL ¼ TrHR
jCTihCTj

¼ ð1 − e−βωÞ
X∞
n¼0

e−nβωðjn; αihn; αjÞL: ð45Þ
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Note that it describes the thermal equilibrium in terms of
the set of states fjn; αig.
The time-dependent coherent thermal state is produced by

jψCTðtÞi ¼ e−iH̄tjCTi
¼ e−iH̄tDðα; γÞeiH̄te−iH̄tjTFDi
¼ Dðα; γ; tÞjψTFDðtÞi; ð46Þ

where

Dðα; γ; tÞ≡ e−iH̄tDðα; γÞeiH̄t: ð47Þ

Using the relations,

e−iH̄taL;ReiH̄t ¼ eiωt=2aL;R;

e−iH̄ta†L;Re
iH̄t ¼ e−iωt=2a†L;R; ð48Þ

we deduce

Dðα; γ; tÞ ¼ exp½αe−iωt=2a†L þ γe−iωt=2a†R

− α�eiωt=2aL − γ�eiωt=2aR�: ð49Þ

Furthermore, using Eq. (1), it can be expressed as an
exponential of the superposition of canonical variables in
the phase space ξa ¼ fqL; qR; pL; pRg,

Dðα; γ; tÞ ¼ e−iλaξ
a

¼ exp ½−iðλqLqL þ λqRqR þ λpL
pL þ λpR

pRÞ�;
ð50Þ

where

λqL ¼
ffiffiffiffiffiffiffiffiffiffi
2mω

p �
Rα sin

�
ωt
2

�
−Iα cos

�
ωt
2

��
;

λqR ¼
ffiffiffiffiffiffiffiffiffiffi
2mω

p �
Rγ sin

�
ωt
2

�
−Iγ cos

�
ωt
2

��
;

λpL
¼

ffiffiffiffiffiffiffi
2

mω

r �
Rα cos

�
ωt
2

�
þIα sin

�
ωt
2

��
;

λpR
¼

ffiffiffiffiffiffiffi
2

mω

r �
Rγ cos

�
ωt
2

�
þIγ sin

�
ωt
2

��
; ð51Þ

whereRf andIf denote the real and the imaginary part off,
respectively. From this, it is clear that the CT state is non-
Gaussian. In Sec. IV, we will adopt the above result to
compute the complexity of a CT state using the covariance
matrix approach.

B. Thermal coherent state

Compared to the CT state, the thermal coherent (TC) state
is defined by thermalizing a Glauber coherent state [61],

jTCi ¼ UðβÞjαiLjγiR ¼ UðβÞDðα; γÞj0iLj0iR: ð52Þ

Note the different order of the operatorsUðβÞ; Dðα; γÞ acting
on the vacuum state in (43). According to the thermal
Bogliubov transformation (23), the TC state turns out to
be the eigenstate of thermal annihilation operators, namely,

aLðβÞjTCi ¼ αjTCi;
aRðβÞjTCi ¼ γjTCi: ð53Þ

In addition, from (52), the TC state is related to the thermal
vacuum state via a thermal displacement operatorDðα; γ; βÞ,

jTCi ¼ Dðα; γ; βÞjTFDi; ð54Þ

where Dðα; γ; βÞ is defined by

Dðα; γ; βÞ≡UðβÞDðα; γÞU†ðβÞ
¼ exp½αa†LðβÞ þ γa†RðβÞ − α�aLðβÞ − γ�aRðβÞ�
¼ exp½α̂ðβÞa†L þ γ̂ðβÞa†R − α̂ðβÞ�aL − γ̂ðβÞ�aR�;

with

α̂ðβÞ ¼ cosh θαþ sinh θγ�;

γ̂ðβÞ ¼ cosh θγ þ sinh θα�: ð55Þ

It is interesting to note that the thermal displacement
Dðα; γ; βÞ is related to ordinary displacement Dðα; γÞ via
the parameter transformation (55). One has

Dðα; γ; βÞ ¼ Dðα̂; γ̂Þ: ð56Þ
Therefore, a TC state is related to a CT state by

jTCðα; γÞi ¼ jCTðα̂; γ̂Þi: ð57Þ
It strongly implies that the two set of states are equivalent. Of
course, a particular TC state with given parameters α, γ is
distinguished from the CT state with the same parameters
since their dependence on the temperature are very different.
However, the relation (57) tells us that the two sets of states
just scan the eigenvalue space for the same set of states in
different ways, leading to the apparent differences.
In fact, the equivalence between the two sets of states

becomes even more clear for several special cases. For
example, when γ ¼ �α�, it was argued [61] that both the
TC state and the CT state belong to the generalized coherent
states with respect to the Lie group Eð1; 1Þ. We define

Jθ ¼ b†Lb
†
R − bLbR; J� ¼ b†L ∓ bR;

J†� ¼ bL ∓ b†R: ð58Þ

It follows that the generators fJθ; Jþ; J†þg or fJθ; J−; J†−g
generate the Lie algebra of Eð1; 1Þ,
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½Jθ; Jð†Þþ � ¼ Jð†Þþ ; ½Jþ; J†þ� ¼ 0;

½Jθ; Jð†Þ− � ¼ Jð†Þ− ; ½J−; J†−� ¼ 0: ð59Þ

Thus, in this case, the two states can be collectively
represented as

exp
�X3

i¼1

ϵiJi

�
: ð60Þ

From this, it is obvious that the two states must be related via
a transformation of parameters since they both give a
representation of the same group. Another interesting case
is when α, γ are real. The parameter transformation (55)
reduces to a boost. The Lie algebra is spanned by three
generators fJθ; JL ¼ b†L þ bL; JR ¼ b†R þ bRg, which obey

½JLðRÞ; Jθ� ¼ JRðLÞ; ½JL; JR� ¼ 0: ð61Þ

The algebra turns out to be a subalgebra of two commuting
slð2; RÞ algebras.
The time-dependent TC state is produced by

jψTCðtÞi ¼ e−iH̄tjTCi
¼ e−iH̄tDðα; γ; βÞeiH̄te−iH̄tjTFDi
≡Dðα; γ; β; tÞjψTFDðtÞi; ð62Þ

where

Dðα; γ; β; tÞ≡ e−iH̄tDðα; γ; βÞeiH̄t

¼ e−iH̄tDðα̂; γ̂ÞeiH̄t

¼ Dðα̂; γ̂; tÞ: ð63Þ

Thus, a time-dependent TC state is again related to a time-
dependent CT state by

jψTCðα; γ; tÞi ¼ jψCTðα̂; γ̂; tÞi; ð64Þ

which generalizes the static counterpart (57). According to
this relation, the complexity for a TC state can always be
obtained from that of a corresponding CT state,

CTCðα; γÞ ¼ CCTðα̂; γ̂Þ: ð65Þ

To avoid redundancy, we will focus on the CT state in the
computation of circuit complexity.

IV. CIRCUIT COMPLEXITY FOR GENERALIZED
COHERENT STATES

In this section, we will adopt the covariance matrix
approach to calculate the circuit complexity for the CT
state. However, the original approach developed for the

TFD state [49] cannot be applied to our case directly since
now our target state is non-Gaussian. One has from (31)
and (46),

jψTi ¼ jψCTðtÞi ¼ e−iλaξ
a
e−

i
2
kð0Þab ξ

aξb j0iLj0iR: ð66Þ

Note that an overall phase factor e−iωt=2 has been dropped
since it does not play any role in our discussions. The non-
Gaussianity of the state implies a nonvanishing one-
point function of the state. To deal with this and derive
the complexity, we will generalize the covariance matrix
approach appropriately.

A. Covariance matrix approach: Generalizations
and complexity

Considering a quantum system with canonical coordi-
nates ξa ≡ ðq1;…; qN; p1;…; pNÞ, one has the commuta-
tion relations,

½ξa; ξb� ¼ iΩab; ð67Þ

where Ωab is an anti-symmetric tensor, given by

Ωab ¼
�

0 I

−I 0

�
: ð68Þ

In the following, we will use Ωab to raise indices for
tensors, for example,

T…c
a
d… ≡ ΩabT…cbd…: ð69Þ

It was established in [49] that for a pure Gaussian state
which has a vanishing one-point function, it is completely
characterized by its symmetric two-point function, usually
referred to as the covariance matrix,

Gab ¼ 1

2
hψ jfξa; ξbgjψi; ð70Þ

where the 1=2 factor is introduced for our later purpose.
However, for the coherent state and its thermal generaliza-
tions, the one-point function is nonvanishing, and hence, the
covariance matrix is not enough to characterize the state.
From (66), a CT state is connected to the reference state

jψRi, either Gaussian or non-Gaussian, by two kinds of
unitary transformations,

jψTi≡ ÛjψRi ¼ e−iλaξ
a
e−

i
2
kabξaξb jψRi: ð71Þ

The first unitary e−iλaξ
a
produces a translation for the

canonical variables ξa and hence, breaks the Gaussianity
of the target state. It turns out that to compute the circuit
complexity for such a non-Gaussian state, we need to
enlarge the covariance matrix (70) properly. For this
purpose, we first introduce the one-point function,
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φa ≡ hψ jξajψi; ð72Þ

and then study how the one-point function φa and the
symmetric two-point function Gab transform under the
unitary Û.
By simple calculations, we find the following relations:

½iλbξb; ξa� ¼ λa;

�
i
2
kbcξbξc; ξa

�
¼ Ka

bξ
b; ð73Þ

where

λa ≡Ωabλb; Ka
b ≡Ωackcb: ð74Þ

Notice that Ka
b ¼ Kb

a. Making use of the BCH formula,
we get

eiλbξ
b
ξae−iλbξ

b ¼ ξa þ λa;

e
i
2
kbcξbξcξae−

i
2
kbcξbξc ¼ Ma

bξ
b; ð75Þ

whereM ≡ eK . Combining the above results, we are led to

Û†ξaÛ ¼ Ma
bξ

b þ λa: ð76Þ

Interestingly, the above transformation for the canonical
variables is similar to the Poincaré transformation for the
Minkowski spacetime. The first unitary e−iλaξ

a
generates a

R2N translation, whilst the second one e−
i
2
kabξaξb forms a Lie

group Spð2N;RÞ, playing a role similar to the rotation
(boost) in the Minkowski space. Thus, the full group
generated by the unitary Û has a structure similar to that
of the Poincaré group, given by the semiproduct of R2N by
the transformations Spð2N;RÞ,

R2N⋊Spð2N;RÞ: ð77Þ

It follows that under the unitary Û the one-point function
transforms as

φ0a ¼ hψ 0jξajψ 0i ¼ Ma
bφ

b þ λa; ð78Þ

whilst the symmetric two-point function behaves as

G0ab¼ 1

2
hψ 0jfξa;ξbgjψ 0i

¼ 1

2
hψ jÛ†fξa;ξbgÛjψi

¼ 1

2
hψ jfÛ†ξaÛ;Û†ξbÛgjψi

¼ 1

2
hψ jfMa

cξ
cþ λa;Mb

dξ
dþλbgjψi

¼Ma
cGcdMb

dþMa
cφ

cλbþMb
dφ

dλaþ λaλb: ð79Þ

In matrix language, the above results can be expressed
simply as

φ0 ¼ φMT þ λ;

G0 ¼ MGMT þ λTφMT þMφTλþ λTλ: ð80Þ
This is a general transformation that connects two generally
non-Gaussian states. For two Gaussian states, it reduces to
φ0 ¼ φ ¼ 0; G0 ¼ MGMT , consistent with the result in [49].
Based on the transformation (80), we introduce an

extended covariance matrix,

Ḡ ¼
�
G φT

φ 1

�
; ð81Þ

so that the transformation (80) can be expressed in a more
compact form,

Ḡ0 ¼ UḠUT; ð82Þ
where

U ¼
�
M λT

0 1

�
; ð83Þ

forms a matrix representation for our unitary group.
The quantum circuit that connects the reference state

jψRi to the target state jψTi will be constructed by a series
of elements U. By definition, the complexity is given by the
length of the minimal geodesic in the group manifold.
However, the geodesic may not be unique, and each of
them may have a different length, as shown in [38,49]. The
reason is that there exists a stabilizer subgroup V for the
reference state, i.e., ∀UV ∈ V, which leads to

UV jψRi ¼ eBV jψRi ¼ jψRi; ð84Þ
where BV is the generator of the subalgebra V. This implies
that if a unitary eA [or a geodesic yðtÞ ¼ etA in the group
manifold] connects the reference state to the target state,
there will be a lot of unitaries (or geodesics) achieving the
same goal because of

eAeBV jψRi ¼ eAjψRi ¼ jψTi: ð85Þ
Of course, the unitaries UV are redundant in the construc-
tion of the target state. In other words, if a geodesic that
connects the reference state to the target state has unitaries
UV , it will not have the minimal length. This in turn tells us
that the optimal geodesic definitely should not have any
unitary belonging to the stabilizer subgroup.
To find the optimal geodesic, we first define the inner

product on the Lie algebra of the transformation group,

hA;Bi ¼ TrðAḠRBTḡRÞ; ð86Þ
where A;B are two infinitesimal generators, ḠR is the
extended covariant metric associated to the reference state
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and ḡR is its inverse matrix. Next, we define the horizontal
subspace that is transverse to the stabilizer subalgebra,

H ≔ fA ∈ GjhA;BVi ¼ 0; ∀ BV ∈ Vg: ð87Þ

Clearly, a horizontal generator A ∈ H does not belong to
the stabilizer subalgebra and vice versa. However, it does
not mean that the Lie algebra G associated to the trans-
formation group must be split as G ¼ H ⊕ V. It is still
possible that some of the generators do not belong to the
product space H ⊕ V, depending on the group structure as
well as how we choose the reference state and the target
state. It has been shown in [49] that when both jψRi and
jψTi are Gaussian, the transformation group is Spð2N;RÞ
and the Lie algebra can indeed split into the product form
spð2N;RÞ ¼ H ⊕ V. In this case, the optimal geodesic
will be generated by a horizontal generator. However, in our
case, the target state is non-Gaussian, and the group
structure has been enlarged as well as the Lie algebra. It
turns out that the above decomposition for our algebra
becomes invalid. Nevertheless, as we will show soon, the
extra generator in the algebra is trivial as long as the reference
state is Gaussian. It does not connect the reference state to
the target state so that the optimal geodesic in our case will
still be generated by a horizontal generator, i.e., yðtÞ ¼ etA,
where A ∈ H. The complexity of the target state will be
given by

CðjψRi → jψTiÞ ¼ kAk; ð88Þ

where we have taken the cost function to be F2 [62].
Therefore, evaluating the complexity is equivalent to finding
the horizonal generator A such that

jψTi ¼ eAjψRi: ð89Þ

The uniqueness of the generator will be guaranteed by our
derivations below.
In the remainder of this paper, to derive the complexity,

we choose the reference state to be a Gaussian state, which
has the extended covariance matrix,

ḠR ¼
�
GR 0

0 1

�
: ð90Þ

In this case, the stabilizer subgroup can be defined by

V ≔ fUV ∈ GjUVḠRUT
V ¼ ḠRg: ð91Þ

Consequently, its Lie algebra satisfies

V ¼ fBV ∈ GjðBVḠRÞT ¼ −BVḠRg: ð92Þ

According to (87), this leads to

TrðABVÞ ¼ 0: ð93Þ

It implies that the horizontal generators obey

H ¼ fA ∈ GjðAḠRÞT ¼ AḠRg: ð94Þ

From Eq. (92), the Lie algebra of the stabilizer subgroup
can be expressed as

V ¼
�
B ∈ GjB ¼

�
OB 0

0 0

�
with

ðOBGRÞT ¼ −OBGR

�
; ð95Þ

whilst Eq. (94) implies that the horizontal generators satisfy

H ¼
�
A ∈ GjA ¼

�
OA νTA
0 0

�
with

ðOAGRÞT ¼ OAGR

�
: ð96Þ

Notice that though OA ⊕ OB gives rise to the full sub-
algebra spð2N;RÞ, the decomposition G ¼ H ⊕ V does
not hold because an extra generator remains. One finds

G ¼ H ⊕ V ⊕
�
0 0

0 1

�
: ð97Þ

However, according to the transformation (82), the last
generator just transforms a unity to a unity and hence is
trivial. Therefore, in our case, the optimal geodesic will still
be generated by a horizontal generator.
For later convenience, we parametrize the horizontal

generator that connects the reference state and the target
state to be

A ¼
�
K νT

0 0

�
; ð98Þ

where ν is a vector which will be determined later and
K ∈ spð2N;RÞ obeying

ðKGRÞT ¼ KGR ⇒ KT ¼ gRKGR: ð99Þ

Evaluating the exponential of the horizonal generator yields

U ¼ eA ¼ exp

��
K νT

0 0

��
¼
�
M χT

0 1

�
: ð100Þ

Comparing to (83), one immediately finds χ ¼ λ. The
vector ν is determined by

νT ¼ ðM − IÞ−1KλT: ð101Þ

CIRCUIT COMPLEXITY FOR GENERALIZED COHERENT … PHYS. REV. D 101, 126007 (2020)

126007-9



It is worth emphasizing that a nontrivial vector ν is
essentially determined by a nonvanishing one-point func-
tion for the target state. On the contrary, when the target
state is Gaussian, one has φ ¼ 0 ¼ λ, leading to ν ¼ 0.
Now it is straightforward to derive the complexity,

C2ðjψiR → jψiTÞ ¼ kAk2
¼ TrðATḡRAḠRÞ

¼ Tr

��
KTgRKGR KTgRνT

νgRKGR νgRνT

��

¼ TrðK2Þ þ νgRνT: ð102Þ

However, we have not solved the generator K in terms of
the information for jψRi and jψTi. According to the
transformation (80), the one-point function and the covari-
ance matrix of the target state are given by (recall that the
reference state is Gaussian)

φ ¼ χ ¼ λ;

GT ¼ MGRMT þ λTλ: ð103Þ

On the other hand, using (99), one has

MT ¼ eK
T ¼ egRKGR ¼ gRMGR: ð104Þ

Then from (103), one finds

M2 ¼ e2K ¼ Δð0Þ
T ; Δð0Þ

T ≡ ΔT − λTλgR; ð105Þ

where ΔT ≡ GTgR is called the relative covariance matrix
[49]. This solves the generator K and its matrix exponen-
tial. However, it is worth emphasizing that for any given

Gaussian reference state, the quantity Δð0Þ
T as well as the

generator K does not really depend on the non-Gaussianity
of the target states (this is not hard to understand since K
generates rotations only for the canonical variables ξa,
instead of translation). In Sec. IV C, we will explicitly show

that Δð0Þ
T is nothing else but simply the relative covariance

matrix for the ground thermofield double state, namely,

Δð0Þ
T ¼ ΔTðλ ¼ 0Þ: ð106Þ

The complexity turns out to be

C2 ¼ C2ð0Þ þ νgRνT

¼ 1

4
Tr½ðlogΔð0Þ

T Þ2� þ νgRνT: ð107Þ

In general, the result gives rise to the complexity between a
non-Gaussian target state and a Gaussian reference state.
However, it also establishes the relation between the
complexity for non-Gaussian target states and that of the

ground state. In fact, for any Gaussian reference state, one
has according to (127),

C2 − C2ð0Þ ¼ νgRνT ≥ 0; ð108Þ

where the equality is taken when the target state becomes
purely Gaussian. The result implies that for a same
Gaussian reference state, the complexity for an excited
state is always larger than that of the ground state.
Last but not least, despite that our target state has been

specified in (66), we can still choose different Gaussian
reference states. With different choices, the difficulty for
the calculations and the results will be significantly differ-
ent, as will be shown below.

B. Dirac vacuum as the reference state

In this subsection, we will calculate the complexity
analytically by choosing the Dirac vacuum as the reference
state, namely jψRi ¼ j0iLj0iR.
By definition, the covariance matrix for this reference

state can be evaluated as

GR ¼

0
BBB@

1
2mω 0 0 0

0 1
2mω 0 0

0 0 mω
2

0

0 0 0 mω
2

1
CCCA: ð109Þ

It turns out that for this particular reference state, the
unitary connecting jψRi to jψTi has already been given in
(66), and hence, the generator K can be read off directly.

One has kab ¼ kð0Þab and hence, Ka
b ¼ Ωackð0Þcb . The matrix

form is given by

K¼ θ

0
BBBBB@

0 cosωt 0 − sinωt
mω

cosωt 0 − sinωt
mω 0

0 −mωsinωt 0 −cosωt

−mωsinωt 0 −cosωt 0

1
CCCCCA:

ð110Þ

Next, we derive its matrix exponential M ¼ eK . We find
that the generator K can be diagonalized by a matrix S, i.e.,
K ¼ SK0S−1 with K0 ¼ diagf−θ;−θ; θ; θg and

S ¼

0
BBBBB@

cscωt
mω − cotωt

mω − cscωt
mω − cotωt

mω

− cotωt
mω

cscωt
mω − cotωt

mω − cscωt
mω

0 1 0 1

1 0 1 0

1
CCCCCA: ð111Þ

It is easy to see that TrðK2Þ ¼ TrðK2
0Þ ¼ 4θ2. The trans-

formation matrix M can be evaluated as
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M ¼ eK ¼ eSK0S−1 ¼ SeK0S−1; ð112Þ

where eK0 is a diagonalized matrix eK0 ¼ diagfe−θ; e−θ; eθ; eθg. We deduce

M ¼

0
BBBBB@

cosh θ cosωt sinh θ 0 − sinωt sinh θ
mω

cosωt sinh θ cosh θ − sinωt sinh θ
mω 0

0 −mω sinωt sinh θ cosh θ − cosωt sinh θ

−mω sinωt sinh θ 0 − cosωt sinh θ cosh θ

1
CCCCCA: ð113Þ

On the other hand, we have

λa ¼ Ωabλb ¼ ðλpL
; λpR

;−λqL ;−λqRÞ; ð114Þ

where λa’s have been specified in (51). With these results in
hand, it is straightforward to evaluate the vector ν using the
formula (101). We obtain

νT ¼ θ

2

0
BBBBB@

λpL
cothðθ

2
Þ − λpR

cos ðωtÞ − λqR
sin ðωtÞ
mω

λpR
cothðθ

2
Þ − λpL

cos ðωtÞ − λqL
sin ðωtÞ
mω

−λqL cothðθ2Þ − λqR cos ðωtÞ þ λpR
mω sin ðωtÞ

−λqR cothðθ2
	
− λqL cos ðωtÞ þ λpL

mω sin ðωtÞ

1
CCCCCA:

ð115Þ

Finally, using (102), we read the complexity,

C ¼ θcsch

�
θ

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjαj2 þ jγj2 þ 2Þ cosh θ þ 2ðIαIγ −RαRγÞ sinh θ − 2

q
: ð116Þ

Remarkably, the result is independent of time. Notice that
the complexity only depends on the quadratic polynomials
of the real and imaginary parts of α and γ. Thus, we have

Cðα; γÞ ¼ Cðγ; αÞ ¼ Cð−α;−γÞ ¼ Cðα�; γ�Þ: ð117Þ

In fact, for some special cases, the complexity enjoys even
more symmetries.

1. Single excitation (γ = 0)

At first, we would like to consider single excitations.
Without loss of generality, we set γ ¼ 0. Then, we have

Caðα; 0Þ ¼ θcsch

�
θ

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjαj2 þ 2Þ cosh θ − 2

q
: ð118Þ

It is immediately seen that the complexity depends only on
jαj, implying that for any α0 ¼ jαjeiφ, Caðα0; 0Þ ¼ Caðα; 0Þ.
This is much stronger than the relation (117).

2. Two equal excitations (γ =α)

Secondly, we move to the two equal excitation case. The
Eq. (116) gives rise to

Cbðα; αÞ ¼ θcsch

�
θ

2

�

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjαj2 þ 1Þ cosh θ − ðα2 þ α�2Þ sinh θ − 2

q
:

ð119Þ

One easily finds Cbðα; αÞ ¼ Cbð−α;−αÞ ¼ Cbðα�; α�Þ. It is
interesting to compare Cb with Ca and 2Ca for a same
eigenvalue α. We have

C2b−C2a ¼ θ2csch

�
θ

2

�
2

ðjαj2 coshθþ2ðIα2−Rα2ÞsinhθÞ;

ð120Þ

ð2CaÞ2 − C2b ¼ 2θ2csch

�
θ

2

�
2

ðð3þ jαj2Þ cosh θ

þ ðRα2 −Iα2Þ sinh θ − 3Þ: ð121Þ

Recall tanh θ ¼ e−βω=2 > 0, which implies θ > 0.
However, since Rα and Iα are arbitrary, the sign of the
above two equations are not fixed. It implies that the two
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modes are highly entangled and have a strong temperature
dependence.

3. Two opposite excitations (γ = −α)

Next, we consider the target state with two opposite
excitations. Using Eq. (116), we obtain

Ccðα;−αÞ¼ θcsch

�
θ

2

�

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjαj2þ1Þcoshθþðα2þα�2Þsinhθ−2

q
:

ð122Þ
Similar to the two equal excitation case, we find
Ccðα;−αÞ ¼ Ccð−α; αÞ ¼ Ccðα�;−α�Þ. Furthermore, we
have

Ccðα;−αÞ2 − Cbðα; αÞ2 ¼ 8θ2 coth

�
θ

2

�
ðRα2 −Iα2Þ;

ð123Þ
which is positive for jRαj > jIαj and negative for
jRαj < jIαj, independent of the temperature.

4. Two conjugated excitations (γ =α�)

At last, let us turn to the two conjugated excitation case.
The complexity is given by

Cdðα; α�Þ ¼ θcsch

�
θ

2

�

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðjαj2 þ 1Þ cosh θ − 2jαj2 sinh θ − 2

q
:

ð124Þ
It is interesting to note that the result depends only on jαj,
similar to the single excitation case. Moreover, comparing
Cd with Cc and Cb for a same α, we find

Cdðα; α�Þ2 − Ccðα;−αÞ2 ¼ −8Rα2θ2 coth

�
θ

2

�
; ð125Þ

Cdðα; α�Þ2 − Cbðα; αÞ2 ¼ −8Iα2θ2 coth

�
θ

2

�
; ð126Þ

which are both negative for any nonvanishing α as well as
the temperature.
However, it is worth emphasizing that the above relations

between the complexity for different types of excitations
strongly depend on the reference state. We will turn to this
point again in Sec. IV C 2 (see the last paragraph for two
conjugated excitations).

C. More general reference state

While we have chosen the reference state to be a
Gaussian state, it is not necessarily to be the Dirac vacuum.
A more general Gaussian state could be characterized by a
covariance matrix,

GR ¼

0
BBBBB@

1
2ηmω 0 0 0

0 1
2ηmω 0 0

0 0 ηmω
2

0

0 0 0 ηmω
2

1
CCCCCA; ð127Þ

where η > 0 and the state is no longer the Dirac vacua when
η ≠ 1. As a consequence, the generator K cannot be read
off from (66) any longer. Instead, we shall solve it in terms
of the relative covariance matrix using the formula (105).
For this purpose, we need to derive the covariance matrix
GT for the target state at first. According to the definition
(70), GT should be independent of the reference state.
Thus, we can calculate it from the transformation (80)
by choosing a particular reference state, namely the Dirac
vacua. We obtain

GT ¼

0
BBBBB@

λ2pL
þ cosh 2θ

2mω λpL
λpR

þ cosωt sinh 2θ
2mω −λpL

λqL −λpL
λqR −

1
2
sinωt sinh 2θ

� � � λ2pR
þ cosh 2θ

2mω −λpR
λqL −

1
2
sinωt sinh 2θ −λpR

λqR
� � � � � � λ2qL þ 1

2
mω cosh 2θ λqLλqR −

1
2
mω cosωt sinh 2θ

� � � � � � � � � λ2qR þ 1
2
mω cosh 2θ

1
CCCCCA: ð128Þ

Furthermore, substituting the result into (105) yields

Δð0Þ
T ¼

0
BBBBB@

η cosh 2θ η cosωt sinh 2θ 0 − sinωt sinh 2θ
ηmω

η cosωt sinh 2θ η cosh 2θ − sinωt sinh 2θ
ηmω 0

0 −ηmω sinωt sinh 2θ cosh 2θ
η − cosωt sinh 2θ

η

−ηmω sinωt sinh 2θ 0 − cosωt sinh 2θ
η

cosh 2θ
η

1
CCCCCA: ð129Þ
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It is immediately seen that Δð0Þ
T does not rely on the

translation generator λ. It simply gives the relative covari-
ance matrix for the ground thermodfield double state.
However, now it is of great difficult to solve the

generator K and the vector ν analytically. Nevertheless,
since we have extracted the covariance matrix GT for the
target state, it is straightforward to solve them numerically.
This is a purely algebraic problem: the generator K can be
solved from (105), and then the vector ν will be determined
by (101). Finally, it is straightforward to obtain the
complexity through (102) or (107).
According to these considerations as well as the expres-

sion (51) for the translation generator λ, we can reasonably
speculate that in general the complexity for the CT states is
a time periodic function and may take the form of

C2 ¼
XN
n¼0

an sin ðnωtþ φnÞ; φ0 ¼ π=2; ð130Þ

where N ¼ 0; 1; 2;… is some nonnegative integer. The
specific value of N as well as the amplitudes an and the
initial phases φn for above each term are all functions of
the parameters ðα; γ; β; ηÞ. Indeed, by carefully scanning
the parameters space, we find that all of our numerical
results can be perfectly fitted by the above formula. This in
turn helps us to understand the numerical results better.
For example, we can use the fitting formula to precisely test
some of our relations for complexity that are read off from
numerical results.
In the following, we will show how to extract some

important information about the evolution of complexity
via numerical analysis. However, before moving to this, we
shall explain some of our notations at first. Since we are
particularly interested in the dependence on the eigenval-
ues, the complexity for the CT states will be denoted by
Cðα;γÞðtÞ. It was understood that the states have eigenvalues
αðγÞ on the left-(right-)hand side. However, sometimes it is
more convenient for us to label the complexity by using
the real and imaginary parts of the eigenvalues directly.
We denote Cðα;γÞðtÞ ¼ CðP;Q;U;VÞðtÞ, where P, Q, U, V take
real values and are related to the eigenvalues α and γ by

α ¼ Pþ iQ; γ ¼ U þ iV: ð131Þ

For example, Cð1;2;0;0ÞðtÞ denotes the time-dependent com-
plexity of the target state with α ¼ 1þ 2i; γ ¼ 0, and
Cðþ;−;0;0ÞðtÞ denotes CðP;Q;U;VÞðtÞ with P > 0; Q < 0; U ¼
V ¼ 0. We will frequently switch between these two
notations. The readers should not be confused.
In addition, we choose the initial time of the evolution to

be t ¼ 0. In our numerical results, we will simply show the
evolution for the time regime t ≥ 0. However, it should
be emphasized that there is no difficulty to analytically
continue our results to the t < 0 regime. In fact, some of
our formulas that are obtained from the numerical results

should be understood in this way, for example,
Cðα�;α�ÞðtÞ ¼ Cðα;αÞð2π=ω − tÞ. To avoid redundancy, we
will not emphasize this again in the following.

1. Single excitation

Let us start with a simple case in which the target state is
only excited by a single mode. Without loss of generality,
we assume γ ¼ 0. Here, we find that it is more convenient
for us to study a new quantity,

Cðα;γÞðtÞ ¼ Cðα;γÞðtÞ − Cðα;γÞð0Þ; ð132Þ

which describes the growth of complexity (GC) from the
value at the initial time. It should not be confused with the
complexity itself.
In Fig. 1, we show the evolution of the GC for single-

mode excitations (in the first period) with various η and α.
From the figure, we can read off a lot of interesting features.
(1) First, the (minimal) time period of the GC (or the

complexity) is given by 2π=ω rather than π=ω. The
latter is known to be the time period for the ground
thermal field double state [49]. The difference can be
attributed to the non-Gaussianity of our target state,
which now has a nonvanishing vector ν. By carefully
examining Eq. (102), we find that the first term
TrðK2Þ gives lowest order terms as cos2ðωtÞ or
sin2ðωtÞwhile the second term νgRνT results in terms
like cosðωtÞ or sinðωtÞ. Thus, in our framework, one
can generally distinguish a non-Gaussian target state
fromaGaussian state using theminimal evolving time
period of the complexity.

(2) Secondly, the GC is sensitive to the parameters.
For example, when only the real part of α mode is
excited, Cðþ;0;0;0ÞðtÞ ≥ 0 provided η < 1, otherwise
Cðþ;0;0;0Þ ≤ 0. On the contrary, if only the imaginary
part of α mode is excited, the behavior will be the
opposite.

(3) Thirdly, when the eigenvalue α is real or pure
imaginary, the GC (or complexity) is a symmetric
function about the axis t ¼ π=ω in the first period.
This implies Cðα;0ÞðtÞ ¼ Cðα;0Þð2π=ω − tÞ.

(4) For general α, there exists an inversion relation
Cðα;0ÞðtÞ ¼ Cð−α;0ÞðtÞ. The result is valid to the com-
plexity as well because we find initially the complex-
ity obeys Cðα;0Þð0Þ ¼ Cð−α;0Þð0Þ ¼ Cð�α�;0Þð0Þ.

(5) Interestingly, the GC for two single excitation states
with conjugated eigenvalues are symmetric about
the axis t ¼ π=ω and hence, can be connected by
Cðα�;0ÞðtÞ ¼ Cðα;0Þð2π=ω − tÞ. The relation is valid
to the complexity as well because of the above
relation for the initial complexity.

(6) Finally, from the lower three panels in Fig. 1, we
conclude that there exists an identity Cðα;0Þðπ=ωÞ ¼
0 or Cðα;0Þðπ=ωÞ ¼ Cðα;0Þð0Þ, which holds if and only
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if the eigenvalue takes the form of α ¼ Pð1� iÞ,
where P is a real number. In fact, this can be
explained by our expression (51) for λ. Because

of λa ¼

 ffiffiffiffiffi

2
mω

q
Rα; 0;

ffiffiffiffiffiffiffiffiffiffi
2mω

p
Iα; 0

	
when t ¼ 0 and

λa ¼

 ffiffiffiffiffi

2
mω

q
Iα; 0;−

ffiffiffiffiffiffiffiffiffiffi
2mω

p
Rα; 0

	
when t ¼ π=ω,

one finds that for α ¼ Pð1� iÞ, CðP;�P;0;0Þðπ=ωÞ ¼
Cð�P;−P;0;0Þð0Þ ¼ CðP;�P;0;0Þð0Þ, where the second
equality follows from the above relation for the
initial complexity.

One may notice that in Fig. 1, the red line describing the GC
for the ground thermofield double state is sometimes above
the other tinctorial lines.However, this does notmean that the
complexity of theground state is larger than that of an excited
state, since our pictures simply show the growth of the
complexity, rather than the complexity itself. As a matter of
fact, the complexity for an excited state at the initial time has
already been large enough, which guarantees that it costs
more to prepare the state from the reference state, compared
to the ground state. To show this, we plot the difference
between the complexity of an excited state and the ground
state directly in Fig. 2. In the upper panels, the eigenvalueα is
real in the left panel and is pure imaginary in the right panel
while in the lower panel,we concentrate on the results for two
single excitation states with eigenvalues α and−iα. It is clear
that for all these cases, the difference is always positive
definite, consistent with our previous argument (108). In
surprise, from the figure, we also find a translation formula
for the complexity itself:
(1) For general α, the complexity for two single excited

states with eigenvalues α and�iα obeys Cð�iα;0ÞðtÞ ¼
Cðα;0Þðtþ π=ωÞ (recall that the minimal time period

for the ground state is π=ω). It also implies that
Cð�iα�;0ÞðtÞ¼Cð∓iα;0Þð2π=ω−tÞ¼Cðα;0Þð3π=ω−tÞ.

To proceed, we would like to further study the effects of
the temperature on the GC. For this purpose, we fix the
other parameters and let T vary and then compare the
complexity for the target states at different temperatures.
Some of our numerical results are shown in Fig. 3. From the
figure, we conclude as follows.
(1) From the upper left panel, we observe that Cðþ;0;0;0Þ

ðπ=ωÞ takes the minimal value in the first period, and
Cðþ;0;0;0Þðπ=ωÞ decreases as the temperature in-
creases. On the contrary, the upper right panel shows
that Cð0;þ;0;0Þðπ=ωÞ takes the maximal value in the
period, and Cð0;þ;0;0Þðπ=ωÞ increases as the temper-
ature increases.

(2) We rediscover that the GC vanishes at t ¼ π=ω for
the eigenvalues α ¼ Pð1� iÞ, and this point divides
the image into two parts. For example, when α ¼
Pð1þ iÞ; P > 0, the extreme value decreases as the
temperature increases in the first half period ð0; π=ωÞ,
while in the other half period, it behaves in the
opposite way, as shown in the lower left panel.

(3) As we have mentioned above,Cðα;0Þðπ=ωÞ ≠ 0when
α ≠ Pð1� iÞ. In this case, no obvious laws can be
found easily, see the lower right panel.

2. Two excitations

In this subsubsection, we focus on the two excitation
states, which have α ≠ 0 and γ ≠ 0. In the following, we
will study three special cases: two equal excitations α ¼ γ,
two opposite excitations α ¼ −γ, and two conjugated
excitations α ¼ γ�, respectively, to illustrate some main

FIG. 1. The growth of the complexity for single excitations with various η and α.
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features about the evolution of complexity for two exci-
tation states.

Two equal excitations (α ¼ γ).—Let us start with two equal
excitations. In Fig. 4, we show the evolution of complexity
for various eigenvalues α. From the figure, we find some
interesting features.
(1) The first is that for general α, there exists a rela-

tion Cðα;αÞðtÞ ¼ Cð−α;−αÞðtÞ.
(2) From the upper panels, we find that similar to the

single excitation case, the complexity for two
excited states with conjugated eigenvalues are sym-
metric about the axis t ¼ π=ω in the first period and
hence, Cðα�;α�ÞðtÞ ¼ Cðα;αÞð2π=ω − tÞ.

(3) Secondly, from the lower left panel, we observe that
the states with a larger absolute value of the imaginary
part jIαj have a higher peak value of the complexity.
It may suggest that the imaginary part of α or γ gives
greater influence in preparing two equal excited states.

(4) In particular, from the lower right panel, we find a
new interesting relation Cmin

ðiα;iαÞ ¼ Cmax
ðα;αÞ, where α is

real. The result implies that Cðiα;iαÞðtÞ ≥ Cðα;αÞðt0Þ for

any time t, t0. This strongly supports the above
argument.

Two opposite excitations (α ¼ −γ).—Next, we turn our
attention to the complexity for two opposite excitations.
Some interesting results are shown in Fig. 5. From the
figure, we conclude as follows:
(1) Similar to the two equal excitation case, for general

α, there exists a relation Cðα;−αÞðtÞ ¼ Cð−α;αÞðtÞ.
Moreover, the complexity for two states with con-
jugated eigenvalues are symmetric about the axis t ¼
π=ω in the first period, and hence, Cðα�;−α�ÞðtÞ ¼
Cðα;−αÞð2π=ω − tÞ.

(2) Compared to the two equal excitation case, the two
opposite excitation states will have a higher peak
value of complexity if they have a larger absolute
value of the real parts of the eigenvalues jRαj,
instead of the imaginary parts; see the lower left
panel. In other words, the real parts of the eigen-
values α or γ give greater influence in preparing two
opposite excited states. This is very different from
the two equal excitation case, which is more affected

FIG. 2. The difference of the complexity between a single excitation state and the ground state. In the upper panels, the eigenvalue α
is real (left) and pure imaginary (right). In the lower panel, we compare the results for two single excitation states with eigenvalues α
and −iα.
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by the imaginary parts of the eigenvalues. In
particular, from the lower right panel, we find that
when α is real, Cmin

ðα;−αÞ ¼ Cmax
ðiα;−iαÞ, implying that

Cðα;−αÞðtÞ ≥ Cðiα;−iαÞðt0Þ. This strongly supports the
above argument.

(3) Furthermore, the last panel also tells us that when the
eigenvalues are real or pure imaginary, the complex-
ity for a two opposite excitation is related to that of
a two equal excitation. For example, if α is real,
then Cðα;−αÞðtÞ ¼ Cðiα;iαÞðtþ π=ωÞ and Cðiα;−iαÞðtÞ ¼
Cðα;αÞðtþ π=ωÞ. The results, together with the rela-
tion Cmin

ðiα;iαÞ ¼ Cmax
ðα;αÞ for the two equal excitation case,

lead to Cmin
ðα;−αÞ ¼ Cmin

ðiα;iαÞ ¼ Cmax
ðα;αÞ ¼ Cmax

ðiα;−iαÞ. It im-
plies that CbðtÞ ≤ Ccðt0Þ [or CbðtÞ ≥ Ccðt0Þ] when
only the real (or imaginary) parts of the eigenvalues
are excited (here the subscript for the complexity
follows Sec. IV B).

Two conjugated excitations (α ¼ γ�).—At last, we close this
part with the complexity for two conjugated excited states.
Some numerical results are shown in Fig. 6. We conclude as
follows:
(1) First, the complexity for two conjugated excitations

again respects the relation Cðα;α�ÞðtÞ ¼ Cð−α;−α�ÞðtÞ.
This is similar to the previous cases. Moreover, for

general α, the complexity is always symmetric
about the axis t ¼ π=ω, leading to Cðα;α�ÞðtÞ ¼
Cðα;α�Þð2π=ω − tÞ.

(2) From the upper right panel of Fig. 6, we find that
unlike the previous cases, the complexity enjoys
an enhanced symmetry Cðα;α�ÞðtÞ ¼ Cðα�;αÞðtÞ ¼
Cðα�;αÞð2π=ω − tÞ. However, the first equality is
simply a remnant of the fact that the states under
consideration are invariant under the transformation
ðα;γÞ→ðγ;αÞ, namely jψCTðα;γ;tÞi¼jψCTðγ;α;tÞi.
Thus, in general, one has Cðα;γÞðtÞ ¼ Cðγ;αÞðtÞ.

(3) The lower panel tells us that the maximal value of
the complexity for two conjugated excited states will
be the same if the eigenvalues of the states simply
exchange the absolute value of the real and the
imaginary parts of the eigenvalues, namely Cmax

ðα;α�Þ ¼
Cmax
ð−α;−α�Þ ¼ Cmax

ð�iα;∓iα�Þ. Compared with the afore-

mentioned two types of excited states, this feature
is unique. It implies that the maximal cost to prepare
a two conjugated excited state from the reference
state is insensitive to which part of the eigenvalue α
is bigger or smaller as long as their absolute values
jRαj; jIαj are given.

(4) Since the two conjugated excitations reduce to the
two equal (opposite) excitations when only the real

FIG. 3. The GC for single excitations with various temperatures.
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(imaginary) parts are excited, we again have the
relation Cmin

ðα;−αÞ ¼ Cmin
ðiα;iαÞ ¼ Cmax

ðα;αÞ ¼ Cmax
ðiα;−iαÞ, where

α is real. It implies that

CcðtÞ ≥ Cdðt0Þ ¼ Cbðt0Þ; ð133Þ

when only the real parts of the eigenvalues are
excited, and

CbðtÞ ≥ Cdðt0Þ ¼ Ccðt0Þ; ð134Þ

when only the imaginary parts are excited, where t
and t0 are arbitrary. Compared to the analogous
relations in Sec. IV B, one can immediately find that
they are quite different. It tells us that different
choices of the reference state not only affects the
complexity for a single target state but also changes
the relations between the complexities for different
target states.

3. Comments on general case

One may have noticed that the above results for the
several special cases show some common features. This
strongly motivates us to further study the complexity for

the CT states with general eigenvalues. By scanning the
parameters space, we find that there indeed exist some
universal relations for the complexity. Without presenting
more numerical results, we summarize the relations as
follows and try to explain them from a physical or math-
ematical point of view.
(1) The first relation is

Cðα;γÞðtÞ ¼ Cðγ;αÞðtÞ: ð135Þ

It is simply a remnant of the fact that interchang-
ing the eigenvalues between the two sides of the
system does not change the state under consider-
ation, namely jψCTðα; γ; tÞi ¼ jψCTðγ; α; tÞi.

(2) The second is the inversion relation,

Cðα;γÞðtÞ ¼ Cð−α;−γÞðtÞ: ð136Þ

It strongly implies that the complexity generally
depends only on the various quadratic polynomials
of the real and imaginary parts of the eigenvalues α
and γ. This can be easily understood from our
formula (107). The complexity for the ground state
Cð0Þ does not depend on the eigenvalues. On the

FIG. 4. The evolution of complexity for two equal excitations with various α.
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other hand, according to (51) and (101), one finds
that the inversion ðα; γÞ → ð−α;−γÞ leads to
λ → −λ, and hence, ν → −ν. However, since the
complexity depends quadratically on the vector ν,
the result is clearly invariant.

(3) The third relation we found is

Cðα�;γ�ÞðtÞ ¼ Cðα;γÞð2π=ω − tÞ ¼ Cðα;γÞð−tÞ: ð137Þ

However, it is hard to prove since the rotation
generator K is time dependent as well as the
complexity for the ground state. Furthermore, we
also find

Cð0ÞðtÞ ¼ Cð0Þðπ=ω − tÞ ¼ Cð0Þð−tÞ: ð138Þ

Again, we do not know how to prove it, without
solving the generator K analytically. Nevertheless,
the above result, together with (107), tells us that
under the transformation ðα; γ; tÞ → ðα�; γ�;−tÞ, the
elements of the vector ν should transform as
νi → �νi. To examine what it means, we introduce
λp ¼ ðλpL

; λpR
Þ; λq ¼ ðλqL ; λqRÞ, and

ðM − IÞ−1K ≡
 
K̂pþ −K̂q−

K̂p−
−K̂qþ

!
; ð139Þ

where K̂p� ; K̂q� are 2 × 2 partitioned matrixes.
It follows that

νT ¼
 
K̂pþλp þ K̂q−λq

K̂p−
λp þ K̂qþλq

!
: ð140Þ

On the other hand, under the above transforma-
tion, we find that λp → λp and λq → −λq. Thus,
symmetry considerations indicate that under the time
reversal, the partitioned matrixes K̂p� probably

transform in an opposite way as K̂q∓ , namely

ðK̂p� ; K̂q∓Þ → ðϵK̂p� ;−ϵK̂q∓Þ, where ϵ ¼ �1.
To check whether this is the case, we first

consider the simplest case: the reference state is
the Dirac vacuum. Using the results in Sec. IV B, we
deduce

FIG. 5. The complexity for two opposite excitations with various eigenvalues α. In the last panel, we also compare the results with the
complexity for two equal excitations (represented by the red and the orange lines).
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K̂pþ ¼ θ

2

�
cothðθ

2
Þ − cosωt

− cosωt cothðθ
2
Þ

�
;

K̂q− ¼ θ

2mω

�
0 − sinωt

− sinωt 0

�
;

K̂p−
¼ mωθ

2

�
0 sinωt

sinωt 0

�
;

K̂qþ ¼ −
θ

2

�
cothðθ

2
Þ cosωt

cosωt cothðθ
2
Þ

�
: ð141Þ

It is easy to see that under the time reversal,
ðK̂p� ; K̂q�Þ → �ðK̂p� ; K̂q�Þ. This gives us strong
confidence that the above argument is reasonable.
Moreover, for general Gaussian reference states, we
can numerically verify that the partitioned matrixes
exactly transform in the same way as the Dirac
vacuum case.

V. COMPLEXITY FOR QUANTUM
FIELD THEORY

In this section, we move to the circuit complexity for
generalized coherent states in a (1þ 1)-dimensional free

scalar field theory living on a cylinder with circumference
L. Based on our experience for the two modes case, the
numerical calculations for 2N modes will be straightfor-
ward but costly after we built the model of circuit
complexity for the generalized coherent states in QFT.
Hence, in this section, we would like to focus on analytical
treatment of complexity in QFT. Along this line, we start
with the Hamiltonian of the theory,

H ¼
Z

L=2

−L=2
dx

�
1

2
πðxÞ2 þ 1

2
m2ϕðxÞ2 þ 1

2
ð∂xϕðxÞÞ2

�
:

ð142Þ

Wewill regulate the field theory by a lattice model in which
the lattice spacing is defined by

δ ¼ L=N; ð143Þ

where N is the site number of the lattice arranged on the
spatial circle. For simplicity, we redefine the canonical
variables as

Qa ¼ ϕðxaÞδ; Pa ¼ πðxaÞ; ð144Þ

FIG. 6. The complexity for two conjugated excitations with various eigenvalues α.
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and impose periodic boundary conditions, QNþ1 ≔ Q1 and
PNþ1 ≔ P1. Then the Hamiltonian can be rewritten as

H ¼
XN
a¼1

�
δ

2
P2
a þ

m2

2δ
Q2

a þ
1

2δ3
ðQa −Qaþ1Þ2

�
: ð145Þ

With the help of the Fourier transformation,

Q̃k ¼
1ffiffiffiffi
N

p
XN
a¼1

e2πika=NQa; P̃k ¼
1ffiffiffiffi
N

p
XN
a¼1

e2πika=NPa;

ð146Þ

the Hamiltonian can be recast into a more compact form,

H ¼
XN−1

k¼0

�
δ

2
jP̃kj2 þ

ω2
k

2δ
jQ̃kj2

�
; ð147Þ

where the frequency is given by

ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 4

δ
sin2
�
πk
N

�s
: ð148Þ

The canonical commutation relations are given by

½Q̃k; P̃k0 � ¼ iδkk0 ; ½Q̃†
k; P̃

†
k0 � ¼ iδkk0 : ð149Þ

In view of the symmetry Q̃†
N−k ¼ Q̃k, P̃†

N−k ¼ P̃k, and
ωN−k ¼ ωk, we would like to introduce two new canonical
quantities,

qk ¼
�
ReðQ̃kÞ; k < ½N=2�
ImðQ̃kÞ; k ≥ ½N=2� ;

pk ¼
�
ReðP̃kÞ; k < ½N=2�
ImðP̃kÞ; k ≥ ½N=2� ; ð150Þ

which obey the canonical commutation relations,

½qk; pk0 � ¼ iδkk0 : ð151Þ

Furthermore, in terms of these new canonical variables, the
Hamiltonian simplifies to

H ¼
XN−1

k¼0

�
δp2

k þ
ω2
k

δ
q2k

�
: ð152Þ

Therefore, the system can be viewed as a sum of N
independent harmonic oscillators with equal mass m ¼
1=2δ and frequency ωk.
The whole system we are interested in is a double copy

of the free scalar theory. It is characterized by the
Hamiltonian HL ⊗ HR as well as the canonical variables

fϕLðxÞ;ϕRðxÞ; πLðxÞ; πRðxÞg or equivalently, fqLk ; qRk ;
pL
k ; p

R
k g. We denote

ξa ≡ ⋃
N−1

k¼0

fqLk ; qRk ; pL
k ; p

R
k g: ð153Þ

The annihilation and creation operators can be defined as

aL=Rk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2mωk

p ðmωkq
L=R
k þ ipL=R

k Þ;

aL=R†k ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2mωk

p ðmωkq
L=R
k − ipL=R

k Þ: ð154Þ

They obey the commutation relations,

½aLk ; aL†k0 � ¼ ½aRk ; aR†k0 � ¼ δkk0 : ð155Þ

As expected, for a free field theory, the modes with
different “momenta” k simply commute with each other.
From this and the results for a single harmonic oscillator, it
will be straightforward to construct some states of interest
for the total system. For example, the TFD state can still be
defined as

jTFDi ¼ UðβÞj0iLj0iR; ð156Þ

where the anti-Hermitian operator UðβÞ now is given by

UðβÞ ¼
YN−1

k¼0

UkðβÞ ¼ exp

�XN−1

k¼0

θkðβÞðaL†k aR†k − aLk a
R
k Þ
�
;

ð157Þ

where θkðβÞ ¼ arctanhðe−βωk=2Þ. It turns out that the TFD
state can be written as a tensor product as

jTFDi ¼ ⊗
N−1

k¼0
jTFDik; ð158Þ

where jTFDik stands for the TFD state for a single
harmonic oscillator. Likewise, the coherent thermal (CT)
state can still be defined by (43). One finds

jCTi ¼
YN−1

k¼0

exp½αkaL†k þ γka
R†
k − α�ka

L
k − γ�ka

R
k �jTFDi

¼ ⊗
N−1

k¼0
jCTðαk; γkÞi: ð159Þ

Of course, the relation can be generalized to the time
dependent states directly

jΨCTðtÞi ¼ ⊗
N−1

k¼0
jψCTðαk; γk; tÞi; ð160Þ
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where jψCTðαk; γk; tÞi describes the same state (time
dependent CT state) defined in Eq. (46) for a
single harmonic oscillator except that now m → 1=2δ;
ω → ωk.
By definition, it is easy to see that the covariance

matrix for such tensor product states can be recast into a
corresponding tensor plus form. For the CT state, we
have

GTðjΨCTðtÞiÞ ¼ ⨁
N−1

k¼0

GTðjψCTðαk; γk; tÞiÞ; ð161Þ

where GTðjψCTðαk; γk; tÞiÞ has the same expression as
Eq. (128) except that the parameters ðα; γ;ω; θÞ now should
be replaced by ðαk; γk;ωk; θkÞ.

To proceed, we would like to choose the Dirac vacua as
the reference state, i.e., the ground state for the Hamilton
(142). Its covariance matrix is given by

GR ¼ ⨁
N−1

k¼0

Gk
R; ð162Þ

where

Gk
R ¼

0
BBBBB@

δ
ωk

0 0 0

0 δ
ωk

0 0

0 0 ωk
4δ 0

0 0 0 ωk
4δ

1
CCCCCA: ð163Þ

Following closely the discussions in Sec. IV B, we deduce
the complexity,

C ¼
XN−1

k¼0

θkcsch
�
θk
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjαkj2 þ jγkj2 þ 2Þ cosh θk þ 2ðIαkIγk −RαkRγkÞ sinh θk − 2

q
: ð164Þ

The result is simply a sum of the complexity for the N-
independent harmonic oscillators,3

C ¼
XN−1

k¼0

Ckðαk; γk;ωkÞ: ð165Þ

It is not hard to believe that the relation is valid to more
general reference states.
Alternatively, we may take the reference state to be

the ground state of the ultralocal Hamiltonian, which is
given by

Hul ¼
Z

L=2

−L=2
dx

�
1

2
πðxÞ2 þ 1

2
μ2ϕðxÞ2

�
; ð166Þ

where μ is a constant parameter playing the role of the
mass. Using the canonical variables ðqk; pkÞ, we find

Hul ¼
XN−1

k¼0

�
δp2

k þ
μ2

δ
q2k

�
: ð167Þ

Notice that the frequency is a same constant ω ¼ 2μ for all
the modes. The covariance matrix for this ground state
turns out to be

GR ¼ ⨁
N−1

k¼0

Gk
R; ð168Þ

with

Gk
R ¼

0
BBBBB@

δ
2μ 0 0 0

0 δ
2μ 0 0

0 0 μ
2δ 0

0 0 0 μ
2δ

1
CCCCCA: ð169Þ

Notice that Gk
R can be viewed as the covariance matrix

(127) for a general Gaussian reference state with the
parameter ηk ¼ μ=ωk. This implies that the complexity
corresponding to this reference state can be obtained by

C ¼
XN−1

k¼0

Ckðαk; γk;ωk; ηkÞ: ð170Þ

Again, the result is simply a sum of the complexity
Ckðαk; γk;ωk; ηkÞ for the N single harmonic oscillators.

VI. CONCLUSIONS

In the inspiring paper [49], the authors first calculated
the circuit complexity for time-dependent TFD states using
the covariance matrix approach. In the present paper, we
extended their analysis to consider the complexity of
the generalized coherent states in thermal field dynamics.
In our case, the target state is not Gaussian anymore and has
a nonvanishing one-point function.

3The result is expected since the transformation group for
N-independent harmonic oscillators is simply given by the union
of N-independent subgroups G ¼ G1 ∪ G2 ∪ � � � ∪ GN . Hence,
the optimal geodesic for the total system will have N-independent
branches, each of which is the optimal one in the corresponding
submanifold. This immediately leads to the result Eq. (165).
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We started from the harmonic oscillator system. Based
on the construction of the Glauber coherent state and the
thermal vacuum state, we introduced coherent thermal
(CT) state and thermal coherent (TC) state, respectively.
Also, we found they are related through Eq. (57), and the
time-dependent TC state is related to the corresponding
time-dependent CT state by Eq. (64). Thus, we found the
complexity for a TC state has a simple connection with the
one for the corresponding CT state, as shown in Eq. (65).
As the one-point function of the target state is not

vanishing, the covariance matrix approach used in [49]
cannot be directly applied in evaluating the circuit com-
plexity for the CT state, as the symmetric two-point
function is not enough to determine a CT state.
Nevertheless, by examining the properties of the CT state
carefully, we developed the generalized covariance matrix
approach and applied it to compute the circuit complexity.
We first introduced the one-point function in Eq. (72), and
from the transformation law of the one-point and two-point
functions, we define the generalized covariance matrix
Eq. (81). The corresponding generators preparing our non-
Gaussian state form a group structureR2N⋊Spð2N;RÞ. The
essential point is that the optimal geodesic is still be
generated by the horizontal generator, if the reference state
is still Gaussian. After some careful analysis, we derived
the circuit complexity for a CT state in Eq. (102). This
expression is one of the most important results in this work,
so here we write it again,

C2 ¼ TrðK2Þ þ νgRνT: ð171Þ

The notable feature of this formula is that there is an extra
piece νgRνT contributing to the complexity.
With the formula (171), we were allowed to study the

circuit complexity of the CT state. We first chose the Dirac
vacuum as the reference state and obtained the complexity,
which is given in Eq. (102), based on the formula (171).
Surprisingly, we found this result is independent of time.
With this formula in hand, we examined some special cases
including one single excitation, two equal excitations, two
opposite excitations, and two conjugated excitations. From
these results, we discover that the complexity with two
conjugated excitations is always smaller than the one with
two equal excitations or two opposite excitations fixing α.
Interestingly, the complexity with two equal excitations is
more sensitive to the real part of α while the complexity
with two opposite excitations relies more on the imaginary
part of α. In addition, we also compared the influence of
single excitation and two excitations with the same α, we
found which complexity in two cases is larger not only
depends on the temperature, but also relies on the value of
α. This fact implies the target state with two excitations is
highly entangled, and the complexity also reveals the
characteristics of entanglement qualitatively.

Furthermore, we considered the case that the reference
state is a more general Gaussian state instead of the Dirac
vacuum. The calculation of the circuit complexity is
straightforward, but the details were much more compli-
cated and were asked for numerical method. Similarly, we
looked at four different cases with the single excitation and
double excitations including the equal, the opposite, and
the conjugated excitations. For each case, we found the
function of the complexity is time dependent with a period
being 2π=ω rather than π=ω. This is due to the extra piece
in (171). We presented some numerical results for the
four different cases and read some interesting findings in
Sec. IV C. In particular, we investigated how various
parameters affect the complexity. These parameters include
η, which reflects the initial state, the temperature T, and the
level of the excitations P or Q. We studied the symmetry
and translation of the complexity in time. Moreover,
we gave a study on the exchange symmetry and the parity
symmetry of the real part and imaginary part of
α ¼ Pþ iQ. Similar to the discussion on the Dirac
vacuum, we compared the complexities of different kinds
of excitations with fixed α, especially the one of double
excitations. For example, we found that to some extent the
imaginary part of α or γ gave more significant influence in
preparing two equal excited states with the same jαj or jγj
from the reference state, while the real parts affected more
significantly on the two opposite excitations. For two
conjugated excitations, there is no obvious dependence
on the real parts or imaginary parts of α or γ.
In Sec. V, we briefly showed that the previous analysis

can be extended to a free scalar field theory taking the
Dirac vacuum as the reference state. Our study was
preliminary and could be extended to different directions.
We would like to study the circuit complexity in QFT
taking a general Gaussian state as the reference state
in the future work since there are too many parameters for
the generalized coherent states. Besides, in the light of
the first law of the complexity proposed in [63] and
revisited in [64], it is also interesting to verify whether the
first law is valid when we extent to the generalized
coherent states. Another interesting topic is to generalize
our study to the fermionic case.

ACKNOWLEDGMENTS

Z. Y. Fan was supported in part by the National Natural
Science Foundations of China with Grants No. 11805041
and No. 11873025. B. Chen was in part supported by
NSFC Grants No. 11335012, No. 11325522, and
No. 11735001. M. Guo is supported by NSFC Grant
No. 11947210. And he is also funded by China National
Postdoctoral Innovation Program No. 2019M660278.
J. Jiang is supported by National Natural Science
Foundation of China (NSFC) with Grants No. 1177
5022 and No. 11873044.

GUO, FAN, JIANG, LIU, and CHEN PHYS. REV. D 101, 126007 (2020)

126007-22



[1] J. M. Maldacena, The Large N limit of superconformal
field theories and supergravity, Int. J. Theor. Phys. 38, 1113
(1999); Adv. Theor. Math. Phys. 2, 231 (1998).

[2] L. Susskind, Computational complexity and black hole
horizons, Fortsch. Phys. 64, 24 (2016); Fortsch. Phys. 64,
44(A) (2016).

[3] L. Susskind, Entanglement is not enough, Fortsch. Phys. 64,
49 (2016).

[4] J. M. Maldacena, Eternal black holes in anti-de Sitter,
J. High Energy Phys. 04 (2003) 021.

[5] D. Stanford and L. Susskind, Complexity and shock wave
geometries, Phys. Rev. D 90, 126007 (2014).

[6] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and
Y. Zhao, Holographic Complexity Equals Bulk Action?
Phys. Rev. Lett. 116, 191301 (2016).

[7] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y.
Zhao, Complexity, action, and black holes, Phys. Rev. D 93,
086006 (2016).

[8] Z. Y. Fan and H. Z. Liang, Time dependence of complexity
for Lovelock black holes, Phys. Rev. D 100, 086016 (2019).

[9] Z. Y. Fan and M. Guo, On the Noether charge and the
gravity duals of quantum complexity, J. High Energy Phys.
08 (2018) 031; Erratum, J. High Energy Phys. 09 (2019)
121.

[10] Z. Y. Fan and M. Guo, Holographic complexity under a
global quantum quench, Nucl. Phys. B950, 114818 (2020).

[11] M. Moosa, Divergences in the rate of complexification,
Phys. Rev. D 97, 106016 (2018).

[12] S. A. Hosseini Mansoori and M.M. Qaemmaqami, Com-
plexity growth, butterfly velocity and black hole thermo-
dynamics, arXiv:1711.09749.

[13] S. Mahapatra and P. Roy, On the time dependence of
holographic complexity in a dynamical Einstein-dilaton
model, J. High Energy Phys. 11 (2018) 138.

[14] S. Chapman, H. Marrochio, and R. C. Myers, Complexity
of formation in holography, J. High Energy Phys. 01
(2017) 062.

[15] D. Carmi, R. C. Myers, and P. Rath, Comments on holo-
graphic complexity, J. High Energy Phys. 03 (2017) 118.

[16] R. Q. Yang, Strong energy condition and complexity growth
bound in holography, Phys. Rev. D 95, 086017 (2017).

[17] M. Moosa, Evolution of complexity following a global
quench, J. High Energy Phys. 03 (2018) 031.

[18] B. Swingle and Y. Wang, Holographic complexity of
Einstein-Maxwell-Dilaton gravity, J. High Energy Phys.
09 (2018) 106.

[19] M. Alishahiha, A. F. Astaneh, M. R. M. Mozaffar, and A.
Mollabashi, Complexity growth with lifshitz scaling and
hyperscaling violation, J. High Energy Phys. 07 (2018) 042.

[20] Y. S. An and R. H. Peng, Effect of the dilaton on holo-
graphic complexity growth, Phys. Rev. D 97, 066022
(2018).

[21] J. Jiang, Action growth rate for a higher curvature gravi-
tational theory, Phys. Rev. D 98, 086018 (2018).

[22] R. Yang, H. S. Jeong, C. Niu, and K. Y. Kim, Complexity of
holographic superconductors, J. High Energy Phys. 04
(2019) 146.

[23] H. Guo, X. M. Kuang, and B. Wang, Note on holographic
entanglement entropy and complexity in Stückelberg super-
conductor, Phys. Lett. B 797, 134879 (2019).

[24] R. G. Cai, S. M. Ruan, S. J. Wang, R. Q. Yang, and R. H.
Peng, Action growth for AdS black holes, J. High Energy
Phys. 09 (2016) 161.

[25] L. Lehner, R. C. Myers, E. Poisson, and R. D. Sorkin,
Gravitational action with null boundaries, Phys. Rev. D 94,
084046 (2016).

[26] H. Huang, X. H. Feng, and H. Lu, Holographic complexity
and two identities of action growth, Phys. Lett. B 769, 357
(2017).

[27] P. A. Cano, R. A. Hennigar, and H. Marrochio, Complexity
Growth Rate in Lovelock Gravity, Phys. Rev. Lett. 121,
121602 (2018).

[28] J. Jiang and H. Zhang, Surface term, corner term, and action
growth in F(Riemann) gravity theory, Phys. Rev. D 99,
086005 (2019).

[29] J. Jiang and X.W. Li, Adjusted complexity equals action
conjecture, Phys. Rev. D 100, 066026 (2019).

[30] X. H. Feng and H. S. Liu, Holographic complexity growth
rate in horndeski theory, Eur. Phys. J. C 79, 40 (2019).

[31] M. Alishahiha, A. F. Astaneh, A. Naseh, and M. H.
Vahidinia, On complexity for F(R) and critical gravity,
J. High Energy Phys. 05 (2017) 009.

[32] D. Carmi, S. Chapman, H. Marrochio, R. C. Myers,
and S. Sugishita, On the time dependence of holographic
complexity, J. High Energy Phys. 11 (2017) 188.

[33] S.Arora andB.Barak,Computational Complexity: AModern
Approach (Cambridge University Press, Cambridge,
England, 2009).

[34] C. Moore and S. Mertens, The Nature of Computation
(Oxford University Press, Oxford, 2011).

[35] S. Aaronson, The complexity of quantum states and trans-
formations: From quantum money to black holes, arXiv:
1607.05256.

[36] J. Watrous, Quantum computational complexity, in
Encyclopedia of Complexity and Systems Science (Springer,
New York, 2009), pp. 7174–7201.

[37] W. Dean, Computational complexity theory, in The Stanford
Encyclopedia of Philosophy, edited by E. N. Zalta (Meta-
physics Research Lab, Stanford University, winter, 2016).

[38] R. Jefferson and R. C. Myers, Circuit complexity in quan-
tum field theory, J. High Energy Phys. 10 (2017) 107.

[39] M. A. Nielsen, A geometric approach to quantum circuit
lower bounds, arXiv:quant-ph/0502070; M. A. Nielsen,
M. R. Dowling, M. Gu, and A. M. Dohery, Quantum
computation as geometry, Science 311, 1133 (2006);
M. A. Nielsen and M. R. Dowling, The geometry of
quantum computation, arXiv:quant-ph/0701004.

[40] L. Hackl and R. C. Myers, Circuit complexity for free
fermions, J. High Energy Phys. 07 (2018) 139.

[41] R. Khan, C. Krishnan, and S. Sharma, Circuit complexity in
fermionic field theory, Phys. Rev. D 98, 126001 (2018).

[42] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi, and K.
Watanabe, Liouville action as path-integral complexity:
From continuous tensor networks to AdS=CFT, J. High
Energy Phys. 11 (2017) 097.

[43] B. Czech, Einstein Equations from Varying Complexity,
Phys. Rev. Lett. 120, 031601 (2018).

[44] A. Bhattacharyya, P. Caputa, S. R. Das, N. Kundu, M.
Miyaji, and T. Takayanagi, Path-integral complexity for
perturbed CFTs, J. High Energy Phys. 07 (2018) 086.

CIRCUIT COMPLEXITY FOR GENERALIZED COHERENT … PHYS. REV. D 101, 126007 (2020)

126007-23

https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1002/prop.201500092
https://doi.org/10.1002/prop.201500093
https://doi.org/10.1002/prop.201500093
https://doi.org/10.1002/prop.201500095
https://doi.org/10.1002/prop.201500095
https://doi.org/10.1088/1126-6708/2003/04/021
https://doi.org/10.1103/PhysRevD.90.126007
https://doi.org/10.1103/PhysRevLett.116.191301
https://doi.org/10.1103/PhysRevD.93.086006
https://doi.org/10.1103/PhysRevD.93.086006
https://doi.org/10.1103/PhysRevD.100.086016
https://doi.org/10.1007/JHEP08(2018)031
https://doi.org/10.1007/JHEP08(2018)031
https://doi.org/10.1007/JHEP09(2019)121
https://doi.org/10.1007/JHEP09(2019)121
https://doi.org/10.1016/j.nuclphysb.2019.114818
https://doi.org/10.1103/PhysRevD.97.106016
https://arXiv.org/abs/1711.09749
https://doi.org/10.1007/JHEP11(2018)138
https://doi.org/10.1007/JHEP01(2017)062
https://doi.org/10.1007/JHEP01(2017)062
https://doi.org/10.1007/JHEP03(2017)118
https://doi.org/10.1103/PhysRevD.95.086017
https://doi.org/10.1007/JHEP03(2018)031
https://doi.org/10.1007/JHEP09(2018)106
https://doi.org/10.1007/JHEP09(2018)106
https://doi.org/10.1007/JHEP07(2018)042
https://doi.org/10.1103/PhysRevD.97.066022
https://doi.org/10.1103/PhysRevD.97.066022
https://doi.org/10.1103/PhysRevD.98.086018
https://doi.org/10.1007/JHEP04(2019)146
https://doi.org/10.1007/JHEP04(2019)146
https://doi.org/10.1016/j.physletb.2019.134879
https://doi.org/10.1007/JHEP09(2016)161
https://doi.org/10.1007/JHEP09(2016)161
https://doi.org/10.1103/PhysRevD.94.084046
https://doi.org/10.1103/PhysRevD.94.084046
https://doi.org/10.1016/j.physletb.2017.04.011
https://doi.org/10.1016/j.physletb.2017.04.011
https://doi.org/10.1103/PhysRevLett.121.121602
https://doi.org/10.1103/PhysRevLett.121.121602
https://doi.org/10.1103/PhysRevD.99.086005
https://doi.org/10.1103/PhysRevD.99.086005
https://doi.org/10.1103/PhysRevD.100.066026
https://doi.org/10.1140/epjc/s10052-019-6547-4
https://doi.org/10.1007/JHEP05(2017)009
https://doi.org/10.1007/JHEP11(2017)188
https://arXiv.org/abs/1607.05256
https://arXiv.org/abs/1607.05256
https://doi.org/10.1007/JHEP10(2017)107
https://arXiv.org/abs/quant-ph/0502070
https://doi.org/10.1126/science.1121541
https://arXiv.org/abs/quant-ph/0701004
https://doi.org/10.1007/JHEP07(2018)139
https://doi.org/10.1103/PhysRevD.98.126001
https://doi.org/10.1007/JHEP11(2017)097
https://doi.org/10.1007/JHEP11(2017)097
https://doi.org/10.1103/PhysRevLett.120.031601
https://doi.org/10.1007/JHEP07(2018)086


[45] A. Belina, A. Lewkowyczb, and G. Sárosi, The boundary
dual of the bulk symplectic form, Phys. Lett. B 789, 71
(2019).

[46] A. Belina, A. Lewkowyczb, and G. Sárosi, Complexity and
the bulk volume, a new York time story J. High Energy
Phys. 03 (2019) 44.

[47] S. Chapman, M. P. Heller, H. Marrochio, and F. Pastawski,
Toward a Definition of Complexity for Quantum Field
Theory States, Phys. Rev. Lett. 120, 121602 (2018).

[48] A. Bhattacharyya, A. Shekar, and A. Sinha, Circuit
complexity in interacting QFTs and RG flows, J. High
Energy Phys. 10 (2018) 140.

[49] S. Chapman, J. Eisert, L. Hackl, M. P. Heller, R. Jefferson,
H. Marrochio, and R. C. Myers, Complexity and entangle-
ment for thermofield double states, SciPost Phys. 6, 034
(2019).

[50] R. Q. Yang, Complexity for quantum field theory states and
applications to thermofield double states, Phys. Rev. D 97,
066004 (2018).

[51] R. Q. Yang, C. Niu, C. Y. Zhang, and K. Y. Kim,
Comparison of holographic and field theoretic complexities
for time dependent thermofield double states, J. High
Energy Phys. 02 (2018) 082.

[52] M. Doroudiania, A. Naseha, and R. Pirmoradian, Complex-
ity for charged thermofield double states, J. High Energy
Phys. 01 (2020) 120.

[53] M. Guo, J. Hernandez, R. C. Myers, and S. M. Ruan, Circuit
complexity for coherent states, J. High Energy Phys. 10
(2018) 011.

[54] G. G. Emch and G. C. Hegerfeldt, New classical properties
of quantum coherent states, J. Math. Phys. (N.Y.) 27, 2731
(1986).

[55] R. F. Bishop and A. Vourdas, Coherent mixed states and a
generalized P representation, J. Phys. A 20, 3743 (1987).

[56] H. Fearn and M. J. Collett, Representations of squeezed
states with thermal noise, J. Mod. Opt. 35, 553 (1988).

[57] S. M. Barnett and P. L. Knight, Thermofield analysis of
squeezing and statistical mixtures in quantum optics, J. Opt.
Soc. Am. B 2, 467 (1985).

[58] J. Aliaga, G. Crespo, and A. N. Proto, Nonzero-temperature
coherent and squeezed states for the harmonic oscillator:
The time-dependent frequency case, Phys. Rev. A 42, 618
(1990).

[59] A. Mann and M. Revzen, Thermal coherent states, Phys.
Lett. A 134, 273 (1989).

[60] T. Garavaglia, Finite-temperature field theory and quantum
noise in an electrical network, Phys. Rev. A 38, 4365 (1988).

[61] J. Oz-Vogt, A. Mann, and M. Revzgn, Thermal coherent
states and thermal squeezed states, J. Mod. Opt. 38, 2339
(1991).

[62] M. A. Nielsen, A geometric approach to quantum circuit
lower bounds, arXiv:quant-ph/0502070.

[63] A. Bernamonti, F. Galli, J. Hernandez, R. C. Myers, S.-M.
Ruan, and J. Simon, First Law of Holographic Complexity,
Phys. Rev. Lett. 123, 081601 (2019).

[64] A. Bernamonti, F. Galli, J. Hernandez, R. C. Myers, S.-M.
Ruan, and J. Simon, Aspects of the first law of complexity,
arXiv:2002.05779.

GUO, FAN, JIANG, LIU, and CHEN PHYS. REV. D 101, 126007 (2020)

126007-24

https://doi.org/10.1016/j.physletb.2018.10.071
https://doi.org/10.1016/j.physletb.2018.10.071
https://doi.org/10.1007/JHEP03(2019)044
https://doi.org/10.1007/JHEP03(2019)044
https://doi.org/10.1103/PhysRevLett.120.121602
https://doi.org/10.1007/JHEP10(2018)140
https://doi.org/10.1007/JHEP10(2018)140
https://doi.org/10.21468/SciPostPhys.6.3.034
https://doi.org/10.21468/SciPostPhys.6.3.034
https://doi.org/10.1103/PhysRevD.97.066004
https://doi.org/10.1103/PhysRevD.97.066004
https://doi.org/10.1007/JHEP02(2018)082
https://doi.org/10.1007/JHEP02(2018)082
https://doi.org/10.1007/JHEP01(2020)120
https://doi.org/10.1007/JHEP01(2020)120
https://doi.org/10.1007/JHEP10(2018)011
https://doi.org/10.1007/JHEP10(2018)011
https://doi.org/10.1063/1.527295
https://doi.org/10.1063/1.527295
https://doi.org/10.1088/0305-4470/20/12/025
https://doi.org/10.1080/09500348814550571
https://doi.org/10.1364/JOSAB.2.000467
https://doi.org/10.1364/JOSAB.2.000467
https://doi.org/10.1103/PhysRevA.42.618
https://doi.org/10.1103/PhysRevA.42.618
https://doi.org/10.1016/0375-9601(89)90635-X
https://doi.org/10.1016/0375-9601(89)90635-X
https://doi.org/10.1103/PhysRevA.38.4365
https://doi.org/10.1080/09500349114552501
https://doi.org/10.1080/09500349114552501
https://arXiv.org/abs/quant-ph/0502070
https://doi.org/10.1103/PhysRevLett.123.081601
https://arXiv.org/abs/2002.05779

