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We discuss two types of quantum mechanical models that couple large numbers of Majorana fermions
and have orthogonal symmetry groups. In models of vector type, only one of the symmetry groups has a
large rank. The large N limit is taken keeping gN = 4 fixed, where g multiplies the quartic Hamiltonian.
We introduce a simple model with O(N) x SO(4) symmetry, whose energies are expressed in terms of
the quadratic Casimirs of the symmetry groups. This model may be deformed so that the symmetry is
O(N) x 0(2)?, and the Hamiltonian reduces to that studied in [I. R. Klebanov et al., Phys. Rev. D 97,
106023 (2018)]. We find analytic expressions for the large N density of states and free energy. In both
vector models, the large N density of states varies approximately as e~El/4 for a wide range of energies.
This gives rise to critical behavior as the temperature approaches the Hagedorn temperature 7y = A. In the
formal large N limit, the specific heat blows up as (T — T)~2, which implies that T} is the limiting
temperature. However, at any finite NV, it is possible to reach arbitrarily large temperatures. Thus, the finite
N effects smooth out the Hagedorn transition. We also study models of matrix type, which have two O(N)
symmetry groups with large rank. An example is provided by the Majorana matrix model with
O(N)? x O(2) symmetry, which was studied in Klebanov e al. In contrast with the vector models,

the density of states is smooth and nearly Gaussian near the middle of the spectrum.

DOI: 10.1103/PhysRevD.101.126002

I. INTRODUCTION AND SUMMARY

Strongly interacting fermionic systems describe some of
the most challenging and interesting problems in physics.
For example, one of the big open questions in condensed
matter physics is the microscopic description of the various
phases observed in the high-temperature superconducting
materials. Models relevant in this context [1-3] include the
Hubbard [4,5] and t-J models [6]. The Hamiltonians of
these models include the quadratic hopping terms for
fermions on a lattice, as well as approximately local quartic
interaction terms. The analysis of such models often begins
with treating a quartic interaction term as a small pertur-
bation. In the cases when such an expansion is not possible,
for example, the fractional quantum Hall effect, one
typically has to resort to numerical calculations.

Fortunately, there are also fermionic systems which can
be solved analytically in the strongly interacting regime,
when the number of degrees of freedom is sent to infinity.
Such large N systems include the Sachdev-Ye-Kitaev
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(SYK) models [7-12] (see also the earlier work [13,14]).
The SYK models have been studied extensively in the
recent years; for reviews and recent progress, see [15-17].

The simplest of them, the so-called Majorana SYK
model [8,12], has the Hamiltonian H = J;y'y/yty!,
which describes a large number Ngyx of Majorana fer-
mions ' (we assume summation over repeated indices
throughout this work). They have random quartic couplings
Jiju with appropriately chosen variance. A remarkable
feature of this model is that, in the limit where Ngyg — o0,
it becomes nearly conformal at low energies. The low-lying
spectrum exhibits gaps which are exponentially small in
Ngyx. In further work, models consisting of coupled pairs
of Majorana SYK models [18-20], as well as the SYK
chain models [21,22], have produced a host of dynamical
phenomena which include gapped phases and spontaneous
symmetry breaking. In addition to the terms quartic in
fermions, they can include quadratic terms which describe
hopping between different SYK sites.

Another class of solvable large N fermionic models
are those with degrees of freedom transforming as
tensors under continuous symmetry groups [23,24] (for
reviews, see [25,26]). A simple example [24] is the O(N)?
symmetric quantum mechanics for N3 Majorana fermions
w“hc. In these tensor models the interaction is disorder-free,
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so the standard rules of quantum mechanics apply.
Interestingly, the large N limit is similar to that in the
SYK model because in both classes of models the pertur-
bative expansion is dominated by the “melonic” Feynman
diagrams, which can be summed [27-41]. Since the
Hubbard and t-J models do not have any random couplings,
the disorderfree tensor models may be viewed as their
generalization, and it is interesting to investigate if they can
incorporate some interesting physical effects in a solvable
setting. One possibility is to interpret the three indices of
the tensor w*¢, where a,b,c = 1,...,N, as labeling the
sites of a 3-dimensional cubic lattice [42]. Then the tensor
models may perhaps be interpreted as nonlocal versions of
the Hubbard model.

It is also natural to generalize the Majorana tensor model
of [24] to the cases where the indices have different ranges:
a=1,..N;, b=1,...N,, c =1,...N3; then the model
has O(N;) x O(N,) x O(N3) symmetry [43,44] (see also
[36,45]). The traceless Hamiltonian of this model is [24,43]

g
H=gywWarWabeWabe — ZN1N2N3 (N; =N, +N3),
(1.1)

where {¥ sper Warpe' b = SauSppOce- If the ranks N; are sent
to infinity with fixed ratios, then the perturbation theory is
dominated by the melonic graphs. However, it is also
interesting to consider the cases where one or two of the N;
are not sent to infinity. Such models with O(N) x O(2)?
and O(N)? x O(2) symmetry were studied in [43] and
were shown to be exactly solvable, with the integer energy
spectrum in units of g. The O(N) x O(2)? model has the
familiar vector large N limit, where gN = A is held fixed.
A closely related vector model, which we also study in this
paper, has Majorana variables y,;, I = 1, ...,4, and sym-
metry enhanced to O(N) x SO(4):

g
Howyxsou) = B CKLY alV asVW d' KW d'L- (1.2)

The O(N)? x O(2) model, which may be viewed as a
complex fermionic matrix model [43], has the ‘t Hooft
large N limit where all the planar diagrams contribute
(similar fermionic matrix models were studied in [46,47]).

In this paper we will carry out further analysis of the
fermionic vector and matrix models. In particular, we study
the large N densities of states p and analyze the resulting
temperature dependence of the specific heat. In the matrix
model case, the density of states is smooth and nearly
Gaussian, which is a rather familiar behavior. In the large N
vector models, we instead find a surprise: for a wide
range of energies we find logp ~ —|E|/A plus slowly
varying terms. The approximately exponential growth of
the density of states, discussed long ago in the context of
hadronic physics and string theory [48,49], leads to

interesting behavior as the temperature approaches the
Hagedorn temperature, Ty = A. In the Majorana vector
models we indeed find critical behavior as the temperature
is tuned to 4, with a sharp peak in the specific heat. In the
formal large N limit, the specific heat blows up as
(Ty — T)~2. This means that T is the limiting temper-
ature, and it is impossible to heat the system above it.
However, at any finite N, no matter how large, the specific
heat does not blow up, so it is possible to reach arbitrarily
large temperatures. Thus, our model provides a demon-
stration of how the finite N effects can smooth the
Hagedorn transition.

In Sec. 11, we study the O(N) x O(2)? symmetric vector
model. We find that the density of states exhibits expo-
nential growth in a large range of energies, and match this
with analytical results. In Sec. III we study a related vector
model, where the symmetry is enhanced to O(N) x SO(4).
In this case, we obtain simple closed-form expressions for
the large N density of states, free energy, and specific heat.
In Sec. IV, we consider the fermionic matrix model with
O(N)? x O(2) symmetry and find that the spectrum now
exhibits a nearly Gaussian distribution for sufficiently large
N. In Appendix we study the structure of the Hilbert space
of the above models, and derive the Cauchy identities from
simple physical arguments.

IL. THE O(N) x 0(2)> MODEL

Let us consider the Hamiltonian (1.1) in the case N| =N,
N, = N3 =2, so that it has O(N) x O(2) x O(2) sym-
metry. We may think of one of the O(2) symmetries as
corresponding to charge, and the other O(2) as the third
component of spin S,. The first index of y**¢, which takes
N values, can perhaps be interpreted as a generalized orbital
quantum number." It will be convenient to think of the
last two indices as one composite index taking four
values (I € {(11),(12),(21),(22)}). Thus, we have
Majorana fermions y,; with anticommutation relations
{War- Wy} = 84p6;;. Hence, the Hilbert space of this
problem, according to the results of the Appendix, has a
simple decomposition in the irreducible representations of
the SO(N) x SO(4) group

H= Z MO(N) ® K/’lmax/lu)T]OM)’ (2.1)

ﬂc.umax:((z)lv/z)

where [u]; stands for a representation of the group G
described by the Young Tableaux . In the Hilbert space of
our model, the Young Tableaux of SO(N) contains at most
2 columns and N/2 rows. In terms of fermions y;, the
Hamiltonian (1.1) may be rewritten as

'"We are grateful to Philipp Werner for this suggestion.
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_9 and can be used to split the lie algebra 80(4) into the direct
H==¢ / / p g
2 WKLV at¥ eV kY 'L sum of the two 3u(2) algebras, which we have labeled

= 29[(WapWar2)® = WarcWaze)’: (22) by + and —, as follows:

The last two terms are the charges of the two O(2) groups, K- 1 I 1 J KE— 1 Jo4 1 7

which break the SO(4) symmetry of the first term con- 1 7 50l =523, 2 T pt02 3

taining the invariant tensor €;;x;. Each of the terms has 1

a simple action on each of the terms of (2.1), since O(2) x K3 = 5-’03 + 5112- (2.4)
O(2) € O(4) could be thought of as the Cartan subalgebra

of O(4), and we know how the Cartan subalgebra acts in [t js easy to see that both sets K; and K7 comprise an
the representations of O(4). The normalized generators of

SU(2) algebra, and thus the representations of the two
the SO(4) group have the form

SU(2) groups with spins Q, /2 and Q_/2, respectively,
fully determine the representation of the SO(4) group. One
T =WaWa, (2.3) can derive the following algebraic relation:

|

geleLl//aIWaJWa’Kl//a’L = geleLJIJJKL = 492[(K:r)2 — (K7 =9[0+(Q4 +2)— 0_(0- +2)]. (2.5)

where we have used that (K;")? is the quadratic Casimir operator and we know its value in each of the representations of
SU(2). It is also interesting to notice that from (2.4) we have

YVap1Wab2 = 2KT’ YarcWa2e = 21{1_ (26)

This allows one to rewrite the Hamiltonian only in terms of the SO(4) representations. If we have a representation with
SU(2) spins (Q,/2,0_/2), then all eigenvectors with definite Ki are the eigenvalues of Hamiltonian with energies

E(Q..0-,94,9-) =gl0, (04 +2)-0_(0-+2) + 2q3 - 2611]’
Ki10:.q:) = q:|04.q4). (2.7)

The degeneracy of such a state is determined by the dimension of the corresponding SO(N) representation. Because we
know the structure of the Hilbert space (2.1), we can determine the complete structure of the spectrum. If we have a SO(N)
representation with a Young tableaux u consisting of two columns of the length u; > u, >0, the corresponding
representations of SO(4) have Q. = N — u; — up, Q_ = pu; — Uy, and the dimension of the representation of SO(N) is [50]

. (0 +1)(Q- + NI(N +2)!
dim(Q. 0-) = F5 =5, NIQ+—Q,+2 [(N=0. 40 12\, [N10, 10 +4 "
N )T )

(2.8)

From this one can see that each set of pairs of non-negative integers (Q, Q_) whose sum is constrained to take values
N,N —2,N —4, ... appears once. This formula allows us to study the density of states in the vicinity of the ground state and
of E=0.

The ground state (E; = —gN (N + 2)) corresponds to the choice of 0, =0, Q_ = N, thus g, = 0 and the spectrum in
its vicinity has the form,

E =2gq> —gN(N +2), deg = dim(N,0) = 1, -N<q_<N. (2.9)

The states immediately above the ground state are labeled by ¢_ and the gap between them is of the order g ~ ﬁ The next
excited states correspond to the choice Q. > 0. The gap between such states and the ground state is of the order AE ~
gN ~ ) and is finite in the large N limit, but the dimension of the representation is of the order dim ~N9+ and diverges in the
large N limit. Immediately above the ground state (6F ~ 4, Q. = 0) the density of states may be approximated as

126002-3



G. GAITAN et al.

PHYS. REV. D 101, 126002 (2020)

E
[(E) = {# of states : Eq < E+ Eg} = {# of q_:29¢2 = gN(N +2) < E + Eg} =~ lz—g,

dF 1 A

E —— E~—,
PE) = TE~\3gE N

(2.10)

On the other hand, near E = 0, the logarithm of the density of states exhibits an unusual cusp-like behavior shown in Fig. 1.
Another remarkable feature is its approximately linear behavior for a large range of energies.

For |E|/A of order 1, the dominant contributions come from the states with large charges Q. ~ V/N > 1. In this regime
we can apply the Stirling approximation to the factorials in (2.8) to obtain

dim(Q,,Q0_)~2*NQ,0_exp <—

2 2
M) (2.11)

N

To obtain the density of states in the large N limit, we introduce the variables 7. = Q_\/ziV’ u, =2 and x = % Then we have

o 0 I r
p(x) ~ / t+dt+/ t_dt_e ="'+ / du+/ du_8(x + 12 — 2 +2u> = 2u?).
0 0 —t, -t

\/Na

(2.12)

This may be evaluated if we first perform the integrals over 7. = 13:

(x) ~ /°° du, /°° du_ /00 dr, | dT_eT-TeS(x + T, = T_+ 212 = 2u2)
— - 2 uZ

. / due22l /x| + 1 + / due-22 [
0

b

1
= e“"'lFl (—5;0;2X|> +$

where the last term involves the Meijer G-function. The
formula (2.13) is in good agreement with the numerical
results (see Fig. 1). Expanding p(x) near x = 0 we see that

1
plx) ~1 +Z<210g%+2y—1>x2, (2.14)

which exhibits a singularity at x =0: p”(0) diverges,
signaling a breakdown of the Gaussian approximation
of the density of states. We also note that, for x > 1,
plx) ~ [xfreH.

We can present an argument for why the density of states
is not Gaussian near the origin. The high temperature
expansion of the free energy is

e = F = (=1)""free [H"].

n=1

(2.15)

The quantity on the right-hand side of (2.15) may be
computed with the use of Feynman diagrams. For vector
models, the “cactus” or “snail” diagrams, shown in Fig. 2,
typically dominate in the large N limit [25,51]. However, in
our problem they vanish due to the Majorana nature of the

1
0,1
[x|GY; < 11
2

| (2.13)

2|x|>,
I

variables. Therefore, for any connected part, the trace
begins with the subleading term

1 n
W trcon [H ]

= N°C,+N'C,+...  (2.16)

log(p)
140f

L L L L E/A
-100 -50

FIG. 1. The logarithm of the density of states of the O(N) x
0(2)?* vector model, shown for N = 100. For comparison, the
large N result (2.13) is shown with a dashed line.
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=0 #0

FIG. 2. The cactus diagrams, which are of order N, vanish due to the Majorana nature of the variables. The “necklace” diagrams, are
not equal to zero and give the leading contributions in the large N limit, which are of order N°.

It is easy to see that C; comes from the necklace diagrams
in Fig. 2, which give

© k 1V

where the factor of % comes from the symmetries of the
necklace diagrams. These necklace diagrams may be inter-
preted as trajectories of a particle propagating in one
dimension. Introducing the ‘t-Hooft coupling 4 = gN and
taking the large N limit while keeping 4 finite, we calculate
the free energy,

F =

(BA* (1 + (=1)")
2

—~ k

—

(1og(1 +4) +log(1 - pA) = ~ s logl1 ~ (62)?]
(2.18)

N =

The inverse Laplace transformation with respect to f yields
the density of states logp(E) ~a — |,1£| From this one can
derive that the distribution must have a Laplace-like form,
and this agrees with the numerical results.

Let us review the physical effects of the approximately
exponential behavior of p. In the canonical ensemble, the
partition function as a function of inverse temperature f is

zZ= / " dEp(E)eE, (2.19)
0

where we define £ = E — E, to be the energy above the
ground state. If p(E) ~ /T, then Z diverges for < By,
where fy = 1/Ty; this is the well-known Hagedorn
behavior. For our vector model, the Hagedorn temperature
is Ty = A. However, the divergence is cut off by the fact
that p(E) grows approximately exponentially only from
some initial value E, up to some critical value E., as
shown in Fig. 1. The contribution to Z from this region of
energies is

e_(ﬂ_ﬁH)EO —_ e_</}_ﬂH)Ec
B =Pu

ZHagedom ~ (220)

The presence of the denominator produces a logarithmic
term in the free energy, but it is cut off by the numerator
before it diverges. It follows that the specific heat
C = —TO*F/0T? may be approximated by

1 SE? -

- + = 9
(7, =1 4T%sinh?(E [} - 1))

C

(2.21)

where SE goes to infinity in the large N limit and the second
term vanishes. Thus, for large enough N, there should be a
clear peak in the specific heat. This simple analytic argu-
ment for the existence of a peak is supported by the
numerical plots of specific heat shown in Fig. 3. For any
finite N, the height of the peak in C is finite, so that it is
possible to heat the system up to any temperature.
However, in the formal large N limit, the specific heat
blows up as (T — Tj)~2 so the Hagedorn temperature is the
limiting temperature. This shows that the finite N effects
smooth out the Hagedorn transition.

C
300 -
—— N=50
200 L N=100
—— N=150
100 -
= TIA
1.5 2.0

FIG. 3. The plot of specific heat C for the O(N) x O(2)?
model, as a function of temperature 7//4, for N = 50, 100, 150.
The specific heat has a pronounced peak which gets closer to
T/A=1as N grows.
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IIL. THE O(N) x SO(4) MODEL

In this section we study the simpler vector model where
we retain only the first term in the Hamiltonian (2.2). The
symmetry is then enhanced to O(N) x SO(4) symmetry.
Since SO(4) ~ SU(2) x SU(2), we can think of one of the
SU(2) groups as corresponding to the spin of the fermions.
|

E(Q,0-) =9g[0 (04 +2) -

(@ +1 )( _ +1)’NY(N +2)!

From the previous section we know that the spectrum of the
model may be expressed in terms of the two SU(2) spins,
Q. /2, where Q. are non-negative integers whose sum is

deg(Q+, Q—) =

constrained to take values NN —2,N — 4, .... The ener-
gies and their degeneracies are
0_(0-+2)]=9(0+ - 0)(Q+ +0_+2),
(3.1)

(N—Q;—Q ) '(N+Q+

The ground state corresponds to @, =0, Q_ = N; it has
energy Ey = —A(N +2) and degeneracy N + 1. For the
series of states Q, =m, Q_ =N —m, where m are
positive integers much smaller than N, we find the
excitation energies FE,, — Ey=~2mA. These states are
equally spaced in the large N limit, and their degeneracies

behave for large N as ( ) . Thus, the density of states p(E)

near the lower edge grows as ~N"5", This edge behavior
does not have a smooth large N limit; it is very different
from the random matrix behavior ~y/E — E;, which is
observed in the SYK model.

Just like for the O(N) x O(2)* model, we find that the
large N limit of the O(N) x SO(4) model has a nearly
linear behavior of the logarithm of density of states for a
certain range of E/A (see Fig. 4). Let us study this function
more precisely near the middle of the distribution,
following the procedure used in the previous section.
We include the contributions of representations where
Q0. ~+/N, and introduce variables xi =Q./VN V/N. The
energy is then given by E = A(x2. — x2). Using the Stirling
approximation for the factorials in (3.1), we find that the
density of states is

L L L L L L L L L L L L L L L L E/IA
-200 -100 100 200

) (N Q+;~Q_+2) !(N+Q+;Q_+4)! :

E) ~ Am dx, AW dx_x2x2e~(CHRS(E - A(x2 — x2)).
(3.2)

This integral can be evaluated in closed form:

_ o Bl (1Bl
o) =2 Bk ().

where K, is the modified Bessel function, and the
normalization is such that p integrates to the total number
of states, 22V . Plotting (3.3), we see that in the range where
N~!' < |E|/A < N, it is close to the numerical results in
Fig. 4. The expansion of (3.3) near the origin,

(3.3)

1 1
p= 22NE <1 +7 (210g| il +2y— )x2 + 0(log|x|x4)),

E
=z 3.4
x=" (3:4)

shows that p”(0) diverges. The reasons for this unusual
behavior in the large N limit were discussed in the

log(p)

E/A

IS S S S S T S S S N S S S IS S S S T SN T S N S S S
=300 —-200 =100 100 200 300

FIG. 4. The logarithm of the density of states for the O(200) x SO(4) (on the left) and O(300) x SO(4) (on the right) models with
Hamiltonian (1.2). For comparison, the large N result (3.3) is shown with a dashed line.
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C
300
250
— N=50
200
N=100
150
—— N=150
100
50
L TIA
; 05 1.0 15 20
FIG. 5. The plot of specific heat C for the O(N) x SO(4)

model, as a function of temperature 7//4, for N = 50, 100, 150.
The peak in specific heat gets closer to 7/A = 1 as N increases.

previous section. We also note that p ~ |x|'/2e=l for
x| > 1.

The approximation (3.3) can be used to get the large N
limit of the free energy:

F(T)=-TlogZ(T) = %Tlog(i—i— 1), (3.5)

up to an additive term linear in 7. The specific heat diverges
at the Hagedorn temperature 75 = 4,

O*F  3)3(T*+ A%)

Tor=woap - 9

Note that this is of order N° for T < T}, as usual for the
Hagedorn transition. For a finite N, the divergence is cut
off, but the peak is prominent; see Fig. 5.

We can write the Hamiltonian (1.2) in terms of complex
fermions by introducing the following operators:

(l//al + “//02) E'al - (Wal il//aZ)’

(l//uS + H//a4) EaZ = (l//a?a - ”//u4)

&\H&%

(3.7)

We may think of a =1,...N as a 1-dimensional lattice
index, so that there are two complex fermions at each lattice
site. The lattice Hamiltonian is then nonlocal®:

>This Hamiltonian should be contrasted with the local fer-
mionic O(N) chains (see, for example, the recent paper [52]),
where there are N fermions at each lattice site.

a

2\ 2
HO(N)XSO(4):—7— 2 +gCa1Ca2Cb1Cb2+g<Z Ja) ,
(3.8)

It is then not surprising that this model exhibits a phase
transition in the large N limit: it corresponds to the limit
where the lattice becomes infinitely long.

For the Hilbert space of the model containing fermions
wis, the quadratic Casimirs of the SO(N) and SO(4)
symmetry groups satisfy the constraint [43],

N
C3ON 4 300 — N(—+1>. (3.9)

2

In later sections we will be interested in the SO(N)
invariant states, and (3.9) implies that these states must

have C‘;OW = N(5+1). The corresponding representa-
tions of SU(2) x SU(2) have spins j, =0,j_ = N/2 or
Jj+ =N/2,j_=0. The first set of N + 1 states has the
lowest energy, while the second set of N + 1 states has the
highest energy. In total there are 2N + 2 states which are
SO(N) invariant.

We may also work in terms of complex fermions c,;,
(3.7), which are naturally acted on by SU(N) x SU(2)x
U(1). The SU(N) acts on the first index, SU(2) on the
second, and U(1) by overall phase rotation. On the Hilbert
space constructed this way, the quadratic Casimirs satisfy
the constraint [43]

N+2

CSUM) 4 SV _
* 4N

(N?-0?%), (3.10)

where Q is the U(1) charge. This implies that the SU(N)
invariant states with Q =0 must be in the spin N/2
representation of SU(2). Therefore, there are N + 1 such
states. There are also two SU(N) x SU(2) invariant states,
which have Q = +N. Thus, the total number of SU(N)
invariant states is N + 3.

We can generalize such a model to the case of
O(N) x SO(2M) with the Hamiltonian

M 9

H=i M) ]1 ]ZMlllaIJIIl/aIJZ WaM]lewaMJZM

(3.11)

This may be expressed via the higher Casimirs operators of
the SO(2M) group. For the case of M = 1 we would have a
simple model O(N) x SO(2),

. . ) N
H = ige;jw,Waj = 2igWa¥Wa2 = 29 (cucu - 5>,

Va + il»UaZ

="t (3.12)
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The spectrum consists of half-integers running from E =
—2& + ¢ and the degeneracy deg(E) = (1;’ ) corresponds to
the representation of the fully antisymmetric tensors.

IV. FERMIONIC MATRIX MODELS

In this section we study the fermionic matrix models
with O(N{) x O(N,) x O(2) symmetry [43]. They contain
2NN, Majorana fermions that are coupled by the
Hamiltonian

g
H = Y abeWab' VabeWabc — ENINZ(NI - N2 + 2)
(4.1)

The direct numerical diagonalization of this Hamiltonian is
hampered by the exponential growth of the dimension of
Hilbert space as 2V1V2, For N| = N, = 6 it is &7 x 10'°,
while for Ny = N, =8 it is ~2 x 10'® states. For the
former we were able to carry out Lanczos diagonalization
giving the wave functions and energies of the lowest few
states.

Fortunately, the Hamiltonian (4.1) may be expressed in
terms of the U(1) charge Q, the Casimir operators of the

40+
35+
30+
25¢
S
20t
15+
10+
—-0.00055756x* + -0.63082x? + 40.9562
59 —-0.00041366x* + -0.64385x2 + 40.8998
o ‘ —-0.0006186x* + -0.63082x2 + 40.9562 ‘ )
-8 -6 -4 2 0 2 4 6 8
E
60
50+
40+
S
£
30+
20
10l —-0.0007216x* + -0.60582x? + 65.4833
—-0.00072524x* + -0.6032x? + 65.5241
o —-0.00072943x* + -0.60582x + 65.4833 )
10 -5 0 5 10

E

SO(N;) symmetry groups, as well as of the SU(N) group
which acts on the spectrum [43]:

2
H— —29(4C§U(Nl) _ C§O<Nl) + C§O<N2) + N_]Q2

FN-NDQ NN AN (42)

This analytical expression allows us to proceed to higher
values of N;. In general, all the energy eigenvalues are
integers in units of g, but finding their degeneracies requires
some calculations via the group representation theory.

For Ny = N, = N, we find that near E = 0 the density of
states may be approximated by the Gaussian:

log p(E) = N*log2 — - (£}’ (4.3)
gp = g 2\aN) .

where 4 = gN is the ‘t-Hooft coupling, which is held fixed
as N — oco. We find nice agreement, which is shown
for Ny =N, =8 and N, = N, =10 in Fig. 6 and for
N1 :N2 =9in Flg 7.

40.8

40.7 -

4041/

40.3F

—0.046978x* + -0.58742x2 + 40.7217
—0.022856x* + -0.56328x> + 40.5935
‘ ‘ —-0.010454x* + -0.58742x? + 40.7217

-08 -06 -04 -02 0 02 04 06 08 1

40.2F

65.2

65.1

65

In(p)

64.9

64.8

—-0.012382x* + -0.53124x2 + 65.2195
—-0.00074167x* + -0.54043x + 65.2829
—-0.0045118x* + -0.53124x2 + 65.2195

64.7 ¢

-08 -06 -04 -02 0 02 04 06 08 1
E

FIG. 6. The spectrum for Ny = N, = 8 and N; = N, = 10 on the top and the bottom row. One can see that the spectrum is Gaussian,
but split into two branches. The fit is quite close to the theoretical predictions.
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50+
40+
= 30t
£
20+ 7 4 2
-0.0011893x * +-0.59263x 2 +52.395
—-0.0012306x * +-0.59129x 2 + 52.3909
1078 | 0.0011382x 4 +-0.50263x 2 +52.395
-5 0 5
E

5221
52¢
<
£ 518+
516l —-0.0045077x * +-0.5417x 2 + 52.2679
: —-0.005532x * +-0.5404x 2 +52.2677
- -0.0029185x 4 +-0.5417x 2 +52.2679

-1 -0.5 0 0.5 1
E

FIG.7. The spectrum for Ny = N, = 9. As one can see it has the same features as for Ny = N, = 8 and N; = N, = 10, but there is no
separation between the even and the odd energy sectors. It could indicate that this difference has a purely group theoretic explanation.

To demonstrate the validity of this approximation, let us
compute

tr[H"
E") = Ep(E)E" = ——. 4.4
@) = [aeppE =5 44)
This may be computed via the path integral
tr|[H" B
t[ ]: /DWaan exp(_/ dﬂ//ab(z-)arl//ab(f)>'
r[1] 0
(4.5)

Therefore we can use standard Feynman techniques with
the propagator (W) = %80y and H as an inter-
action vertex. Since H has the form of a single-trace
operator in the large N limit, this product is dominated
by the planar diagrams and moreover by the disconnected
parts. From this point of view one can see that

tr[H*™]  (2n)! ,
= h
tr [1] onpl 7B WHEEE
, tr (17 . . (4.6)
T '

Then one can invert (4.4) and get that p(E) is the Gaussian
distribution

plE) = (4.7)

1 ox < E? )
\/27m% P 20% '
The second moment, 6%, is easy to compute using the
diagrammatic technique: 6% = ¢*(N* — N°) ~ (AN)?. To
get the higher order corrections to the distribution function,
we can continue calculating the energy moments, or we can
instead simply compute the free energy and perform the
inverse Laplace transformation to get the energy distribu-
tion. To be more precise, the free energy is defined as

F(B) = —logtre P = —log/dEp(E)e‘/‘E. (4.8)

This gives us a formula to compute F(f) as a sum of the
connected diagrams with H as an interaction vertex

FB) =3 e (H")on = B0 (H?) o, + P (H )+ ..

n=1

(4.9)

Continuing this function to imaginary temperatures f — ifs,
we can use the inverse Fourier transform

dp . .
p(E) = /%elﬂEe_FO/})
= / ZjeiﬁEe—/iztr(Hz)m—ﬁ“tr(H“)coﬁ.». (4.10)
T

This integral can be calculated with the use of general
diagrammatic technique, where iE is the source for the
energy, tr(H?),,, is the propagator, and tr(H*),,, and the
higher correlators are the vertices. By using these proce-
dures we can compute the connected contribution. It is
easy to compute the leading contributions to the connected
trace of H*,

(trH“)Con = (trH4) — 3(trH2)§0[1 = 84*N°. (4.11)
After that we can restore
logp(E):NzlogZ—lxz— .
2 12N? ’
E = gN°x. (4.12)

Comparing this expression with the numerical data we find
a nice agreement between these two formulas.

Let us note the splitting between the even and the odd
energies, which is seen in Fig. 6 but absent in Fig. 7. These
two sets of energies are distinguished by the value of
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Cc
80

40+

20+

! n n n n ! n n n n !

0.5 1.0 1.5 2

—TIA
.0

FIG. 8. The specific heat as a function of temperature for the
O(N)? x O(2) matrix model with N = 10. The low-temperature
peak is due to the discreteness of the spectrum. At higher 7', the
specific heat falls off polynomially with the power a = zllgig =
—1.98, close to that predicted by the analytic result (4.15).

Pc= (_1)%(6%1 _Céz), (4.13)
The trace of this operator counts the difference between the
number of these branches. The trace of this operator over
the whole space can be computed via the representation
theory and is equal to trP = 22V ~N+1,

We can study the thermodynamic properties of the
matrix model in a similar fashion as in the case of the
vector models. The behavior of the system would be
analogous to a system of the spins in an external magnetic
field. The partition function is

0 r __E? 2N2
Z(T) = dEe Te 228 ~ e 21? |

A2N2
F=-TlogZ(T)= - , 4.14
02 2(T) =~ (4.14)
and the heat capacity C is
O’F  1*N?
C=- FTEhmeat (4.15)

This behavior is nicely captured by the numerical results

. . /1 .
shown in Fig. 8. Note that the peak near T ~ g~ % is
due to the discreteness of the spectrum; it may be seen if we
consider the contributions coming only from the ground
state and the first excited state.
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APPENDIX: DECOMPOSING THE
HILBERT SPACE

In this section we will review the structure of the Hilbert
space of the O(N) x O(N,) x O(2) symmetric Majorana
models. We will study the irreducible representation of
this algebra, which is spanned by 2 x N; x N, Majorana
fermions ;. subject to the anticommutation relations
(4.1). To simplify the structure we introduce the Dirac
fermions by combining two Majorana fermions,

1
Cap = —(=\Wau +1i ab2)»
b \/E(Wbl l//bz)
1

Cap = — 2= (l//abl - il//abZ)’

N

{cabv E'a/h'} = 6aa’ 5bh’ s

{cabv ca/b'} = {Ea}H Ea/h’} =0. (Al)
These relations respect the larger symmetry group
U(Ny), x U(N;),, and could be considered as symmetries
of the Hilbert space, in contrast to the Hamiltonian (4.1)
which does not respect these symmetries. We can now try
to decompose the Hilbert space in terms of the representa-
tions of these unitary groups using the character theory
[53]. We notice that the generator of the U(N;), and

a
U(N,),, groups could be rewritten in the following form

1 _ 1 _
ET/:a’ [Cabs €] J? = _TBb’[caba Cap']s

JA =
r 2

(A2)
where T‘;‘f are Hermitian matrices and can be considered

as elements of the u(N;) algebra. Then the operators J*}’B
are the corresponding representations of these elements of
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the u(N;) algebra. Hence, a general element of the
U,(N;) x Uy(N,) group, acting on the Hilbert space, is

T4 , [Eub‘ca’b]

iTA pw(g) = eé aa .

g=e'", (A3)
Therefore we can compute the trace of this operator in the
Hilbert space, and it is equal to the following:

an(TATP) =t (e%Tz‘a/ [Can ol +5T, [fah’cab'l). (A4)

We can study this trace rigorously and expand this
exponent to compute the trace order by order. Since the
TAB are Hermitian matrices, we can diagonalize the matrix
by some unitary transformation of the Hilbert space.
Therefore, we can just consider the case where the matrices

TAB are diagonal
T4 = Xu0ua+ Thy = YuOpp- (A5)
This gives the following formula for the character
In(Xa,yp) = tr (eéz”"’(x”ﬂh)[E”h'%]) . (A6)

Since each of the NN, pairs ¢, ¢y, and [y, ¢4 acts
diagonally on the Hilbert space, the trace for each of the ab
effectively decouples from the rest making the computation
straightforward,

I (Xas b)) =
(A7)

One can see that this integral has the correct normalization,
because if x, =y, =0 we restore the dimension of the
space and y5, = 2V as it should be. We can decompose
this product in terms of the Schur polynomials, which are
the characters of the irreducible representations of U(N;).
Fortunately, this problem is easily solved with the use of the
dual Cauchy identity [54]

Ni.N,y
11 (e—axmh) n eﬁ(xmh))
a,b=1

= si(e™e)syr(e™),

N
2C(N?)

(A8)

where the 1 is the Young Tableaux and A’ is the transpose.
Therefore the Hilbert space has a very simple decompo-
sition in terms of the U(N;) groups. To each Young

tableaux A C (NIIVZ) with no more than N columns and

N, rows we assign only one U,(N;) representation; this
state is an irreducible representation for the second unitary
group described by the transposed Young Tableaux
T =5, A ® 7).

Our original problem came from the study of the
Hamiltonians and the anticommutation relations respecting
the O(N;) group, instead of the unitary group U(N;). Since
O(N;) Cc U(N;) we can simply decompose each of the
representations [1] of the U(N;) into irreducible represen-
tations of O(N;). This problem was successfully solved by
Littlewood in 1947 [55] and he obtained the following
result [56],

Aow, = Z cé,ﬂ[ﬂ]o(]vi)’

1,0<A,06€A,

(A9)

where [4](y,) and [u] oy, are representations of the U(N;)
and O(N;) groups described by Young Tableaux A, and A,
is the set of all Young Tableaux with an even number of
rows, and cg_ﬂ is a Littlewood-Richardson coefficient.
While this rule gives a nice procedure for the decom-
position of the Hilbert space in terms of the irreducible
representations of O(N;), it complicates the analytical
understanding of the structure of the Hilbert space.

It is interesting to notice that if, instead of complex
fermions c,;,, we considered Majorana fermions vy ;,, we
can compute the partition function to get the following
character,

N
oF

I (Xayp) = (ea 4 a4 e 4 e7D).  (A0)

i=a,j=b

We can deduce this structure heuristically. Note that,
because of the Fermi-nature of each state A of the O(2n)
representation, we must include the correspondence
A C ((Ny/2)/2)), One can compute the dimension of
all of these representations and find that it is equal to the
full Hilbert space. This gives a new dual Cauchy identity
for orthogonal Schur polynomials,

Z 04(X)0(w, 222 2y (¥) = H(x,- +at +y; 470

Ac(n™) ij

(Al1)

It is easy to show that this is true just from the definition
of the orthogonal characters. First of all, we notice that
the character of O(2n) in the even case has the following
form [53,57],

1

det (" i B)
do det (x?_j +x )>

(A12)
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Then we notice that if we denote the length of rows in the
diagram ((N,/2)™2/2/2) as p;, the numbers u; + m —
i,A; + n — j comprise a permutation ¢ € S, of the numbers
I, ={0,1,...,n + m — 1}. Therefore, we just need to sum
up all over possible permutations of the set /,,. This gives us

_ D ses, 4o (¥)a;(y)
Z OA(X)O((Nl/z)wz/mMy ()= 3 ;
ac(n™) %

(A13)

where 6(1)=06({0,....n—1}) 6(A)=c({n,....n+m—1}).
This could be rewritten using the Laplace rule for calculat-
ing determinants. We find that,

S i (¥)a;(7)

c€ES,

= A(X] +x1_17x2+x51a--’7_y1 _y1_19"'5_yn —y;l)

n,m
=ag(X)ap(y) [ (i+x"+y;+y7).
i=1,j=1

The relation (A11) directly follows. This concludes the
proof of the structure of the O(2n) x O(2m) model. We
can present a direct computation to show that this relation
works for the O(4) x O(2) model. The content of the
Hilbert space is

(A15)

H:®ED+D®D+H®~

The characters of this representations are
0(2) ix-=1, XD:xl +JI;1, Xl:‘jzx%+x172
OW:x.=1 X =untu +umts,

¥}:2+wm+yw?+yfm+yf%3

(A16)

Substituting these into the character of the Hilbert space
we get

1 1 1 1
xp=(xn+—+y+—)(xn+—+nt+—] (Al7)
X1 Vi X1 Y2

As one can see, the representation of the one-dimensional
fermions gives a very powerful tool for proving famous
combinatorial equalities. It would be interesting to expand
these ideas for other groups, say Sp(N), and to generalize it
for the case of MacDonald polynomials [54].
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