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Ultrarelativistic spinning objects in nonlocal ghost-free gravity
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We study the gravitational field of ultrarelativistic spinning objects (gyratons) in a modified gravity
theory with higher derivatives. In particular, we focus on a special class of such theories with an infinite
number of derivatives known as “ghost-free gravity” that include a nonlocal form factor such as
exp(—0¢?), where £ is the scale of nonlocality. First, we obtain solutions of the linearized ghost-free
equations for stationary spinning objects. To obtain gyraton solutions we boost these metrics and take their
Penrose limit. This approach allows us to perform calculations for any number of spacetime dimensions.
All solutions are regular at the gyraton axis. In four dimensions, when the scale nonlocality ¢ tends to zero,
the obtained gyraton solutions correctly reproduce the Aichelburg—Sexl metric and its generalization to
spinning sources found earlier by Bonnor. We also study the properties of the obtained four-dimensional
and higher-dimensional ghost-free gyraton metrics and briefly discuss their possible applications.
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I. INTRODUCTION

The study of the gravitational field of ultrarelativistic
particles and beams of light is a very old subject. The first
solution describing the gravitational field of beam of light
(“pencil”) was found by Tolman, Ehrenfest and Podolski in
1931 [1]. These authors used a linear approximation of the
Einstein equations. One of their main conclusions was that
the gravitational force acting on a massless particle moving
in the same direction as the beam of light vanishes. Later,
Bonnor [2] presented a solution for the gravitational field
produced by a cylindrical beam of a null fluid. This model
can be interpreted as a description of a high frequency light
beam in the geometric optics approximation when diffrac-
tion effects are neglected.1 The gravitational field of a
spinning pencil of light was obtained by Bonnor in 1970
[4], see also Refs. [5,6]. Higher-dimensional solutions
describing the gravitational field of spinning ultrarelativ-
istic objects and light beams were obtained in [7,8]. The
latter work introduced the name “gyraton” for such spin-
ning ultrarelativistic objects, which is now used in the
literature quite frequently. There exist different generaliza-
tions of standard gyraton solutions, such as solutions for
charged gyratons [9], gyratons in asymptotically AdS
spacetimes [10], in a generalized Melvin universe with
cosmological constant [11], and string gyratons in super-
gravity [12]. Gyraton solutions of the Einstein equations
belong to the wide class of so-called Kundt metrics [13]. A
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More recent studies of light beams beyond the geometric
optics approximation can be found in [3] and references therein.
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comprehensive discussion of gyratons in the Robinson—
Trautman and Kundt classes of metrics can be found in
[14-17].

There is another problem that has been widely discussed
in the literature and which is closely related to gyratons. In
1970, Aichelburg and Sexl [18] constructed a metric of a
massive ultrarelativistic particle. In its rest frame, the
gravitational field of such a particle of mass m is described
by the Schwarschild metric. In order to obtain the metric
when this particle moves with a very high velocity they
applied a boost transformation and considered the limit
wherein the velocity of the object tends to the speed of
light, and hence the Lorentz factor y diverges. They
demonstrated that keeping the value of the energy E =
ym fixed yields a limiting metric which is now called the
Aichelburg—Sex! solution. For this solution the gravita-
tional field of a particle is localized at the null plane tangent
to the null vector of the particle’s four-velocity. Later,
Penrose [19] demonstrated that this is a generic property of
any metric that is boosted to the speed of light, provided the
corresponding energy is kept fixed, and this special limiting
case has hence been dubbed “Penrose limit.” Aichelburg—
SexI-type metrics have been widely used for the study of
the gravitational interaction of two ultrarelativistic particles
as well as black hole production via their collision. The area
of the apparent horizon in this process just before the
moment of collision was calculated in [20] and has been
widely used for estimating black hole formation cross
sections in the collision of ultrarelativistic particles (see,
e.g., [21-25] and references therein).

Since in the Penrose limit the initial mass m of the
particle tends to zero, one can obtain the Aichelburg—Sexl
metric by starting with a linearized, weak-field gravity
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solution for a pointlike particle. By considering a super-
position off such solutions it is easy to construct the
gravitational field of extended objects in linearized gravity.
In particular, one may consider first a line distribution of
mass, and then boost the solution. Due to the Lorentz
contraction in the direction of motion the visible size of the
body in this direction shrinks. This means that in order to
obtain a solution for the ultrarelativistic case featuring a
finite energy distribution profile one needs not only to take
the Penrose limit keeping ym constant, but also simulta-
neously keep the parameter L/y fixed, where L is the size
of the object in the direction of motion. Such a procedure
can be applied to a spinning object provided the rotation
takes place within the plane orthogonal to the direction of
motion. One can show that in such a procedure one
reconstructs the gravitational field of a gyraton. This
method is described in details in chapter 5 of the book [26].

The goal of this paper is to construct gyratonlike
solutions in so-called ‘“ghost-free” gravity. This is an
important special class of modified gravity theories that
introduces nonlocality by means of nonlocal form factors of
the type exp[(—=J#?)"]. This modification becomes rel-
evant only at small scales comparable to £, and hence this
type of theories can be considered an ultraviolet (UV)
modification of gravity. To that end, the main motivation
for this study is that a small scale modification of gravity
might become important for the process of mini black hole
formation in the collision of ultrarelativistic particles. For
example, it was shown that if the Einstein—Hilbert action is
modified by the inclusion of higher-derivative as well as
infinite-derivative terms, there exists a mass gap for black
hole formation [27-30].

While nonlocality has been explored for quite some time
[31-39], the particular class studied here is motivated from
string theory [40-43] as well as noncommutative geometry
[44]. These nonlocal theories of gravity have appealing UV
properties [45,46] and are under active investigation. It has
been demonstrated that in the weak-field regime this class
of theories regularizes the gravitational field of pointlike
sources [47-50] as well as thin branelike extended objects
[51-53]. For results in the strong-field regime in connection
with black holes we refer to [54—58] and references therein;
for cosmological applications see [59,60]. Nonlocal infin-
ite-derivative form factors have also been explored in
quantum theory [61,62] as well as quantum field theory
[63-69].

This paper is organized as follows: we begin by discus-
sing the solutions of the modified gravity equations in the
weak-field approximation. In Sec. II we consider a wide
class of theories for which the linearized action is quadratic
in curvature and contains an arbitrary number of deriva-
tives. General analysis of such theories shows that their
action can be rewritten in a form which contains two scalar
functions of the d’Alembert operator, where an additional
requirement of the absence of scalar modes establishes a

relation between these functions [70]. We obtain a general
solution of the field equations for a stationary distribution
of spinning matter in four and higher dimensions, paying
special attention to extended pencil-type distribution of
spinning matter. In Sec. III we apply the boost trans-
formation to these pencil-like distributions of matter
choosing the velocity being directed along the pencil axis.
After this, we obtain the Penrose limit for the boosted
metrics and find the gravitational field of ultrarelativistic
extended spinning objects (gyratons) in four and higher
dimensions. The explicit form of these metrics and their
properties are discussed in Sec. IV. We summarize our
findings and mention possible future applications of these
solutions in Sec. V.

I1. SPINNING OBJECTS IN THE WEAK-FIELD
APPROXIMATION OF INFINITE-DERIVATIVE
GRAVITY

A. Linearized equations

Our goal is to obtain the metric for an ultrarelativistic
spinning object (gyraton) in infinite-derivative gravity. The
method of solving the problem is the following. First one
finds a solution of the gravitational field equations in the
object’s rest frame. Then one transforms this solution to a
new reference frame moving with a constant velocity v with
respect to the original one. Finally, one takes the limit v —
1 while keeping the energy E = my = m/V'1 — v? fixed.
In this Penrose limit the original mass m of the object
effectively approaches zero, which implies that in order to
obtain the corresponding gyraton metric one may start with
a solution with very small mass m. One can expect that
higher-order curvature corrections—which are proportional
to second and higher orders in the mass m—are therefore
small. In this section we will discuss the field equations of
linearized infinite-derivative gravity and present their
solutions for an extended, slowly spinning object of
small mass.

We denote by X* = (¢,x*) Cartesian coordinates in
(d + 1)-dimensional Minkowski spacetime and use indices
a,p,...=1,2,....d from the beginning of the Greek
alphabet to label spatial coordinates. The Minkowski
metric in the D = d + 1 dimensional spacetime is

ds} = 1, dX*dX" = —dr* + §,5dx"dx”, (1)

where J,4 denotes the flat d-dimensional metric. We denote
by h,, a small deviation of the metric from the flat
background,

G = M + h;w' (2)

One can show that the most general linearized action in a
Lorentz invariant theory with an arbitrary number of
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derivatives and quadratic in the perturbation 4,, can be
written in the form [70]

1 1
5 — o dPy <§ r*a(0)0hy, — k¥ a(0)0,0,h%,

1
+ 1 e(0)9,0,h = 5 he(D)0h

n lh/w a(d) —c(O)

2 0 au av a(l a/} haﬂ) ’ ( 3 )

where [J is the d’Alembert operator of Minkowski space,
O = »#"0,0,. The functions a(LJ) and ¢([J) can be chosen
freely to parametrize different Lorentz-invariant modifica-
tions of gravity, subject only to the constraint

a(0) = ¢(0) = 1 (4)

which guarantees the proper Newtonian limit; see also the
related discussions in Refs. [68,70]. In the case of a((J) =
¢(0) =1 one recovers the Fierz—Pauli action and linear-
ized General Relativity.

The field equations corresponding to the action (3) are

a(0)[Oh,, — 05(9,h, + 0,h,7)]
+ ¢(0)[1,,(0,0,h*° = Oh) 4 0,0, h]
n a(d) —c(0)

= 040,0,0,1"" = 2T, ()

vYp
where T, is the energy-momentum tensor of matter, and
h =n? hqp denotes the trace of 4,,,. From now on we shall
restrict ourselves to the case of

c(0d) =a(O). (6)

This condition guarantees that no extra scalar modes are
present in the theory [70]. We denote
A 1
hm/ = h/w - Eh’/l,uz/' (7)

The inverse transformation is

A 1 .
= hyy ————hny,. (8)

h
wod-1

Hv

We also impose the gauge conditions aﬂfz"” = 0. Then,
Eq. (5) simplifies greatly and takes the form

a(0)Oh,, = —2«T,,. 9)

The conservation law 9, 7* = 0 implies that the imposed
gauge conditions are consistent.

B. Stationary solutions for extended sources

We assume that 7, does not depend on time. For a
stationary metric generated by such a stress-energy tensor
the [J-operator reduces to the d-dimensional Laplace
operator A = 570,05 We denote

D = a(N)A. (10)

Then, we can solve the field equations (9) by using the
static Green function

DG (x.x') = =6D(x —x'). (11)

The solution then takes the form

o (6) = 26 / A6, -)Tk).  (12)

The expression for the perturbation of the metric /,,, can be
found from (12) by using relation (8). For the stress-energy
tensor (A1) given in the Appendix one has

J .
T, = p(x)6,06, + 5Eﬂ51‘f) Wjaﬁ(x). (13)

A solution 4, of the field equations (9) for this source can
be written as follows:

h = h,,dX*dX",

1
h= ¢<dr2 + dzéa/jdx"dxﬂ> +2A,dxdt,  (14)

¢ =257 [ ap0)0utx -3, (15)
a0 = [ D e

Due to the translational symmetry of Eq. (11), the Green
function G,(x,x’) is a function of x — x’, while due to the
spherical symmetry it depends on the radius variable
r = |x —x/| alone. Thus one has’

Ga(x —x') = Gy(r). (17)
As has been shown previously [51], the Green function in

d + 2 spatial dimensions is related to the Green function in
d spatial dimensions via the recursion formulas

’In order to keep the notation somewhat manageable we shall
use the same symbol for the Green function with vectorial
arguments G,(x) and with the scalar radius argument G,(r).
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Gulr) = —21 / 0FF Gy (F). (18)
Guralr) = 5 20 (19)

Using this relation one can rewrite (16) in the form

A(x) = 27k / 01y )P = ¥)Ganax —3).  (20)

For calculations it is convenient to use the following
representation of the static Green function given in [29],

Ga(r) = (2x) zrd 2/ C )Jd 1)

r —

(21)

Last, let us mention that in the limit » — co the above
representation (21) gives

Ga(r) ~Gy(r) asr— oo,
1 ®© 44 ¢
6u) = il [
B F(§ -1) 1
T 7

In the above we have made use of the constraint (4).” Gy(r)
is the static Green function of linearized General Relativity
[71] in d spatial dimensions, which guarantees that for
isolated sources in the far field regime one reproduces the
standard asymptotics of General Relativity.

C. Point particles

The stress-energy of a pointlike spinning particle can be
written in the form

0

T, = 6,8,m8' (x) + 5,67 j./ VL

8(x),  (23)

where m is the mass of the particle and j,z is a constant
antisymmetric matrix parametrizing its angular momentum.
A solution for the perturbed metric (14)—(16) for such a
source takes the form*

*Note that the e-regularization is only required for d > 5. If one
instead calculates the full expression (21) for a given choice of the
function a([J), see a detailed description in Appendix C, this
regularization is not required, and one may simply take the limit
4 e 0 to recover (22).

“In four-dimensional spacetime, this solution can be used to
obtain a metric for a spinning ring discussed in [72].

d—
Br) = 2651 mGulr).

Ag(x) = =27 px" Gya (1) (24)

At large distances one recovers the standard expressions
known from linearized General Relativity [71]:

LT km
$o) (25)
Ag(x) ~ 1;(7[2) ijﬂxﬂ (26)

We choose the sign of A, such that in the three-dimensional
case d = 3 one obtains the standard Lense-Thirring ex-
pression (j,, = j and k = 8zG)

2Gj 2Gj
Ag(x)dxt ~ = (xdy — ydx) = Zsinodp.  (27)
r r

D. Extended objects: pencils

In order to simplify our presentation further, let us
consider a special type of spinning objects. That is, we
assume that it has finite extension in one spatial directions,
while its transverse size is zero. We call such an object a
thin spinning pencil or simply “pencil.”

1. Coordinates

Let us consider two frames. The first one is frame S
where the matter creating the gravitational field is at rest.
The second frame S moves with a constant velocity f with
respect to S. We adapt now the choice of the coordinates
which is convenient for this situation. Let £ be a coordinate
along the vector of velocity of S and denote by x| the d — 1
coordinates orthogonal to the &-direction. To distinguish the
rest frame coordinates from the coordinates in the boosted
frame we use a bar for the rest frame coordinates and write

Xt = (1,&x),

The index i =1,2,...,d — 1 enumerates the coordinates
transverse to the direction of motion. We omit the bar for
the coordinates x', since the Lorentz transformation for the
motion in &-direction does not affect their values. The
background Minkowski metric is

Xt = (1,&x1). (28)

ds2 = —dP + d& + a2 = —d? +d& + dxd.  (29)

Here, (7, £) are coordinates in the rest frame S and (¢, &) are
the corresponding coordinates in the moving frame S. In
what follows, we denote all quantities defined with respect
to the rest frame S with a bar. For example, the radial
distance from the origin to a point (&, x/ ) is 7 = & + x3.
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Let us specify the (d — 1) coordinates x/,_ orthogonal to the
E—direction further:

xj_ = (" 9%€z), a=1,...n,

-1
n:{dTJ, d=2n+1+e (30)

One can say that the (d— 1)-dimensional “transverse
space” orthogonal to the &-axis is spanned by n mutually
orthogonal two-planes I1,, and (y“,$*) are right-handed
coordinates in these planes. We shall refer to these planes as
Darboux planes. If the number of spacetime dimensions
d+ 1 is odd one has ¢ = 1 and besides these two-planes
there exists an additional one-dimensional z-axis which is
orthogonal to each of the planes as well as to £-axis. In even
spacetime dimensions there is no such additional z coor-
dinate: for example, in four spacetime dimensions there
exists only one two-plane orthogonal to the &-direction. We
denote by () = Oy« and el = 04 unit vectors along the
y*-axis and y“-axis, respectively. The 1-forms dual to these
vectors are @@ =dy* and & = d$* such that the
volume 2-form for each Darboux plane II, is given
by € = @@ A &,

2. Gravitational field

The stress-energy tensor of a thin spinning pencil is
Ty = |00 + 3 Gu(®3],570) |54 x.). 61
a=1

We assume that this object has a finite length in &, such that
both A(&) and j,(&) vanish when & is outside some interval
(0,L). We call L the length of the pencil. The mass and the
angular momentum of such a pencil are

i — / dEi(3), (32)
7, = / dE,(3). (33)
7® =37, (34)

see also Appendix A. The quantities A(&) and j;;(&) are the
mass and angular momentum line densities, respectively.
They describe the distribution of the mass and angular
momentum along the pencil. In what follows we chose both
the total angular momentum J;; and its density j;;(&) to be
orthogonal to the &-direction. Consequently, they have
identical Darboux two-planes Il, such that the antisym-
metric matrix j;;(&) is of the form

0 j 0
-1 0
0 )
) —j» 0
j= (35)
0 J,
—jn O
0 0

In the above, the j, are functions of & alone. By con-
struction, the total angular momentum J ijj has a similar
Darboux form.

The gravitational field 4, of a thin spinning pencil is

_ 1 - - .
h=¢ [dﬂ +o— (d&* + dxi)} +2A;dx' dt,  (36)

- d-2
DE) =2

/ EAEGF).  (37)

AiEy) = =20 [ E7,@) Gu). (39)
where we defined the auxiliary expression
7= (ZE - E,>2 + 5inﬂ_XJJ‘_. (39)

For time-independent objects that are extended also in the
transverse direction orthogonal to & one may use a similar
method to construct their gravitational field. Then, how-
ever, the energy-momentum (31) no longer factorizes in a
E-part and a transverse part, but Eq. (12) still applies.

III. ULTRARELATIVISTIC OBJECTS: GYRATONS

Now that we have found the gravitational field of a thin
pencil in the weak-field limit for any number of dimensions
in a wide range of infinite-derivative theories, let us address
the ultrarelativistic case arising from performing a boost in
the &-direction.

In particular, we shall be interested in the so-called
Penrose limit. This limit consists of (i) boosting a stationary
solution to velocity f, and then (ii) taking the limit f — 1
while keeping the product my fixed, where

e (40)

i-F

is the Lorentz factor, and the mass m is given by (32).
Moreover, we shall also assume that L /y remains constant
during the boost. In this limit the object becomes
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asymptotically null, and the gravitational fields of these
ultrarelativistic objects are called gyraton fields.

A. Green function representation

Before performing the boost, and, subsequently, the
Penrose limit, let us briefly mention a useful representation
of the static Green function G,(r) given by

6ulr) =5y |~ [T K e, @)

-0 a(_rlfz)’// ©
Ky(rle) = o 2)
rit) = elxm,
¢ (4rit)?

The function K,(r|7) is the d-dimensional heat kernel in

imaginary time ¢ = —it and therefore satisfies
AK 4(r|7) = —id K 4(r|7), (43)
limK y(r|7) = s (r). (44)

The derivation of the representation (41) for the static
Green function is given in Appendix B. The following
property makes this representation very useful for the study
of the Penrose limit of solutions: Relation (41) expresses
the Green function G,(7) as a double Fourier transform,
wherein the radius 7 enters only quadratically via the
exponential function ~exp[i7?>/(47)]. Since 7> = &+
xi, this exponent can be factorized, which in turn allows
one to separate the dependence of the integrand on & as
~exp[i€?/(47)]. Hence, when applying the boost, only this
factor is affected. As we shall demonstrate now, this
observation allows us to perform the Penrose limit pro-
cedure in a very general and convenient form.

B. Penrose limit

We now apply the Penrose limit to our previously
described linearized potentials of a spinning “pencil.”
We parametrize the boost in the &-direction via

i=y(t=p8). E=r(E-p). (45)
Let us first make a simple remark concerning the scaling
properties of the pencil characteristics under a boost
transformation (45). We assume that both mass and angular
momentum are uniformly distributed along the pencil and
their densities in the rest S frame, A = /L and j = J/L
are constant. Because of the Lorentz contraction, the length
of the same pencil, as measured in the moving frame S is
L = L/y, while its energy is m = yin. As aresult, the linear
energy density of the pencil in S frame is 4 = y24. In the
Penrose limit the energy m is taken to be fixed. Thus the
energy density A grows to infinity as y — co. To keep it
finite, one needs to rescale L — yI: in the boost process,

such that the length L remains unchanged. It is easy to
check that under such rescalings the components of the
angular momentum remain the same and finite. Note that
this is a result of our assumption that the angular momen-
tum density is orthogonal to the direction of motion,
because in that case its components are not affected by
the boost.

For fixed ¢, that is, for a fixed point in frame S one has
& = —ypt + const. This means that the frame S moves in
the negative direction of & (“left”) with respect to the rest
frame S. In other words, a pencil which is at rest with
respect to S moves with a positive velocity in S frame.

We introduce the retarded and advanced null coordinates
in the § frame defined as follows:

_t=¢ _t+¢
u= 7 v = 7 (46)
Then (45) implies
-1 _
= \/5[(1 +p)u+ (1-p)vl, (47)
- o L _ _
é—ﬁ[ (L+pu+ (1-p)v]. (48)
In the ultrarelativistic limit, § — 1, one has
- \/Qyu, & —\/Qyu, (49)

This implies that the matter distribution of such an ultra-
relativistec pencil is located in the strip between u =

—L//2 and u = 0 of spacetime; see Fig. 1.
Because we keep the ratio L/yconstant during the
Penrose limit, the linear density scales as follows:

Au) = }Lr?o V272(=V2yu). (50)

This guarantees that in the Penrose limit the product /my and
the ratio L/y remain constant,

by ‘\“
\»//Q @
/X)\
Y
ay
L "¢

FIG. 1. The pencil of length L moves within the two-
dimensional (7, £)-section of Minkowski space in the frame S.
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yin—y /_ " GEi(E) = /_ ™ QuA(u) = const.  (51)

(Se] [Se]

The angular momentum line density j;;() “lives” in
transverse space and its tensorial structure is unaffected
from the boost. Using this property we define the boosted
linear density of the angular momentum in the S frame as
follows:

Jij(u) = yllglo \/E}/jij(_\/iyu)’ (52)
o) = VATV ()

The total angular momentum of the boosted pencil there-
fore remains finite and has the form

By = [T @@ = [Ty, (4

(e8] (e8]

C. Metric

Under this boost and the Penrose limit, as defined above,
the resulting metric takes the form

g = (1 + hy,)dX*dX"
= —2dudv + pdu® + 2A;dx' du + dx?, (55)

where we defined

¢ = 1im2yzﬂa>, A; = lim V2yA;.  (56)
ymo - d—2 y—oo
Here, ¢ and A; are given by (37) and (38), respectively. The
integrands in their representations contain the Green
function G,(7). In order to understand their behavior under
the Penrose limit we make use of relation (41). In this
representation the only quantity which is “sensitive” to
the boost is the heat kernel K ;. It factorizes such that the
boost-sensitive factor is the exponent of the form
~exp[i(& — &)?/4z], which for large y factors takes the
form ~expliy(u — u')?/21z]. To take the Penrose limit we
use the following relation (see also [73]):

1 <u2
O(u) = lim——=e'=. 57
(1) = lim —~— (57)
Denote ¢ = 7/y* and apply this relation to (41) to obtain
lim7Gy(7) =~ =Gamr(r)ou=u), (58)
im 7)=—7=Gu_(r u—u'),
y_my d /2 d-1\ry

where 3 = &,;x' x, . Performing the limit y — co in the
relations (56) for the potential ¢ and the gravitomagnetic
potential A; finally yields

)= 2\/5’01(”)9[1—1 (”L)a (59)

A= _2”Kjij(u)xigd+l(rj_)' (60)

Introducing polar coordinates {p,,¢,} in each Darboux
plane IT, such that

Y= Ppacosp,, 5= pysing,, (61)
one may use the relation
. ; 1
Jixidx) = Zjaﬂgd%z (62)

a=1

to rewrite the gravitomagnetic potential 1-form as

Al )dx] =27KGy1(r1) Y ja(w)p2de,.  (63)

a=1

which makes the rotational symmetry in each Darboux
plane manifest.

IV. GRAVITATIONAL FIELD OF GHOST-FREE
GYRATONS

In this section we present and discuss gyratonlike
solutions in General Relativity and in infinite-derivative
nonlocal gravity. In General Relativity, the form factor
a(0) is simply

a(@) =1 (64)

whereas in infinite-derivative “ghost-free” gravity one may
postulate instead

a(0) = exp [(~O2)V]. (65)

The static Green function (21) can be computed for a wide
range of theories, but in the context of the present paper we
shall consider General Relativity as well as two infinite-
derivative theories corresponding to the choices N = 1 and
N = 2, which we shall hence refer to as GF; and GF,. It is
also possible to extend these studies to arbitrary number of
spatial dimensions d.

A. Gyratons in d=3

1. Gyraton metrics in General Relativity

As a warm-up, let us consider the well-known gyraton
solutions of (3 4 1)-dimensional General Relativity
[2,7,8,74]. The relevant two-dimensional and four-
dimensional Green functions are
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Galr) = =5 Toglr). Gi() =15 (66)

Since in d = 3 the transverse space is two-dimensional we
have n = 1 and € = 0. Therefore we may write |x | | = p,
call the polar angle ¢, and denote by j(u) the linear
density of the angular momentum in the S frame. Then,
the gravitational potentials ¢» and A = A;dx’ are

P(u.p) = —@log(m, (67)
Alu) = "2 (;‘) dg. (68)

This gravitomagnetic field is locally exact such that
F=dA =0. (69)

Observe, however, that the gravitomagnetic charge does
not vanish:

0= [ F=§ 4=xilw. (70)

Here, A denotes a surface in the Darboux plane. For later
convenience we may assume .4 to be a circle of radius p.
However, in a given null plane u = const this charge does
not depend on the choice of the contour O.A. As we shall
see soon, this property is no longer valid in nonlocal
gravity, and effectively the gravitomagnetic current is
spread out of the p = 0 line in the direction transverse to
the motion.

2. Gyraton metrics in ghost-free gravity

We consider now a similar gyraton solutions in the
nonlocal theories GF; and GF,. The static Green function
for GF, theory can be written as

Go(r) = —imn(’—z) (71)

where Ein(x) denotes the complementary exponential
integral and E,(x) is the exponential integral [75],

X 1—e7%
Ein(x) — / dz Ze = El ()C) +Inx+ Y, (72)
0

E\(x) = e A " dz ;:x = —Ei(-x),  (73)

and y = 0.577... is the Euler—-Mascheroni constant. Then,
the gravitational potentials ¢ and A take the form

kA(u 2
¢<u,p>=—%1€m(’)—), (74)

Alux,) = KJ;;‘) [1 — exp (— ;—iﬂdq). (75)

This gravitomagnetic field is no longer exact and hence the
gravitomagnetic charge depends on the radius,

01(p) = i) |1 - exp - 4%)} (76)

At large distances, p > ¢, we recover the gyraton solution
obtained in General Relativity. In GF, theory one has

y 1 33
g2(r)zﬂ[ﬁ1F3<§;l’§’§;y2>
33
- F 151;7979292; 2 ) 77
wis(115.5.2207) | o)

where we defined y = p?/(16£?). The gravitomagnetic
charge now takes the form

0:(0) = x| 1= 35507

()

See Fig. 2 for a plot of these charges. Interestingly, the GF,
charge is monotonic, whereas the GF, charge exhibits an
oscillatory behavior.

3. Curvature invariants

One may wonder about the geometric properties of the
four-dimensional gyraton spacetime

0.8f

Q/Qo

0.6

0.4}

0.2}

0.0l

p/t

FIG. 2. The gravitomagnetic charges on a plane u = const. of
the four-dimensional gyraton in linearized General Relativity as
well as linearized GF; and GF, theory plotted as a function of

p/€. The charges are normalized to the value Q, encountered in
General Relativity.
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g = —2dudv + ¢(u, x, y)du® + dx? + dy?
+2[A, (u, x,y)dx + Ay (u, x, y)dy|du. (79)

This spacetime is a pp-wave because it features a cova-
riantly constant null Killing vector k = 0,, [13],

v,k = 0. (80)

This property remains valid for any choice of the functions
¢, A, and A, provided their functional dependence remains
the same. Since pp-wave spacetimes have vanishing scalar
curvature invariants one finds

R =R, R" = R,,,;R"" = 0. (81)
For this reason they remain unchanged for solutions found
in the context of linearized infinite-derivative gravity as
compared to linearized General Relativity.

B. Gyratons in d > 4 dimensions

1. d=4 case

In five spacetime dimensions one has d = 4, which—as
per Eq. (30)—implies that n =1 and ¢ = 1. In this case
there is only one Darboux plane orthogonal to £ as well as
one additional z-axis. Let us write the transverse distance as
ri = p* + 7%, where p is the radial variable in the Darboux
plane. Then, from Egs. (59) as well as (63), one readily
obtains

¢ = 2V 2k2(u)Gs(r ). (82)
Ay, = —%%gg(u)ﬂu)pzdrp, (83)

where ¢ is the polar angle in the Darboux plane, j(u) is the
angular momentum eigenfunction, and A(u) describes the
density profile. The explicit expressions for the functions
Gs in linearized General Relativity as well as in GF;
and GF, theories are given in Appendix C.

2. Higher dimensions

In higher dimensions one can proceed analogously to
find expressions for the gyraton metrics. Instead of repeat-
ing previous steps, we give here an algorithmic procedure
of how to construct such solutions in an arbitrary number of
higher dimensions.

First, given the number of spatial dimensions d, determine
the number of Darboux planes n using (30). If d is even there
will be an independent z-axis as well. Due to the rotational
symmetry around the preboost &-direction it makes sense to
introduce polar coordinates in each Darboux plane called

{pPa>@.} where a labels the Darboux planes. This con-
struction is unique, provided one fixes the direction of the
polar angles ¢, to be right-handed with respect to the
original &-direction.

Second, one introduces the perpendicular radius variable
r| according to

=Y pi+el. (84)
a=1

Recall that ¢ = 1 if d is even, and ¢ = 0 if d is odd. Now
one can insert this radius variable into (59) and (63). In
order to determine the static Green function G,(r,) in
higher dimensions one may utilize the recursion formulas
(18) and (19) as well as Appendix C.

Last, one may want to start with a known line energy
density A(&) as well as angular momentum line densities
Jja(&) in the original rest frame. In that case, Egs. (50) and
(52) provide prescriptions as to how to retrieve the resulting
functions A(u) and j,(u) in retarded time.

Realistic gyratons may also have a finite transverse
thickness, but due to the linearity of the problem it is
always possible to supplement a transverse density function
in (31) and construct the gravitational field of a “thick
gyraton” by superposition.

V. DISCUSSION

The main goal of this paper is to study the gravitational
field of ultrarelativistic spinning objects (gyratons) in the
nonlocal ghost-free theory of gravity. Our starting pointis a
linearized set of equations for such a theory. In a general
case they contain two entire functions of the d’Alembert
operator of flat spacetime, a([J) and ¢(OJ), called form
factors, subject to the additional constraint that a(0) =
c(0) = 1. We focused on a simple case when a(0J) =
¢(0), which guarantees the absence of unphysical modes.
The set of field equations in Cartesian coordinates takes the
form of uncoupled scalar equations for the components of
the gravitational field. When the source is time-independent
these equations can be solved by using a static Green
function defined as a solution of the equation

DG = —5(x), D =a(A)A. (85)
In order to obtain a gyraton solution we first found a
stationary solution, and then boosted it to the speed of light
by means of the Penrose limit. The key observation which
allowed us to obtain such a solution is the following: We
demonstrated that the Green function G can be expressed as
a double Fourier transform of the heat kernel of the Laplace
operator /. In such a representation all the dependence on
the coordinates of the Green function is shifted to the
argument of the heat kernel, which has an exponential
form ~exp(i7*/4t), where 7 is the distance between the
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points which enter as arguments in the Green function,
7 = & + x% . This exponent can be factorized, such that the
dependence on the coordinate & is universal and has the
standard form exp(i€>/4t). In the Penrose limit this term
produces a delta function of the retarded time u, 5(u). The
remaining integral for the Green function G, in d-
dimensional space up to a constant coefficient coincides
with G,_;. Thus in the Penrose limit one has schematically

Ga~o(u)Gyi. (86)

It should be emphasized that this result is quite general. In
fact, in its derivation we do not use any special form of the
operator D, with the exception that a(z) and ¢(z) are nonzero
on the real line.

To obtain explicit gyraton solutions we made additional
assumptions. First of all, we chose a form factor a(CJ) of
the form (65) which guarantees that no extra poles are
present in the Green function §. We also assumed the
source of the gravitational field to be in the form of an
infinitely thin spinning pencil. Then, we applied the boost
transformation in the direction of this pencil and chose its
internal rotation such that the resulting Darboux two-planes
are orthogonal to the direction of motion. In four spacetime
dimensions this just means that the pencil is spinning
around the axis of the boost direction. Since the field
equations in our approximation are linear, one can easily
use the found gyraton solutions for infinitely thin pencils to
obtain a similar solutions for “thick” gyratons, which may
have nontrivial structure transverse to the direction of
motion.

An interesting but expected property of the obtained
ghost-free gyraton metrics is that even for infinitely thin o-
shaped gravitational sources, all solutions are regular at the
gyraton axis. This is to be seen in stark contrast to the
metrics obtained in linearized General Relativity, wherein
the metric functions grow beyond all bounds as r; — 0,
representing a breakdown of the linear approximation
scheme. Alternatively, treating the resulting gyraton met-
rics as geometries beyond the linear approach, the patho-
logical behavior corresponds to a singularity in spacetime.
Within linearized ghost-free gravity this pathology dis-
appears entirely, making the linear approximation self-
consistent at ; = 0.

For this reason nonlocality effectively spreads the
matter and spin distribution of thin gyratons and thereby
regularizes them. Another interesting result is that these
ghost-free gyraton metrics are vanishing scalar invariant
spacetimes: the local curvature invariants vanish. This may
be considered as a consequence of a general observation
made by Penrose that all metrics after ultrarelativistic
boosts take the form of pp-waves [19]. In four spacetime
dimensions it is known that the Aichelburg—Sexl metric
[18] and its spinning generalisation [4] obtained by boost-
ing linearized solutions of Einstein equation are in fact

exact solutions of these nonlinear equations. In higher
dimensions this is not true [8]. However, these higher-
dimensional gyraton solutions belong to an important class
of so-called Kundt metrics [13]. It is interesting to check
whether this is also true in complete (nonlinear) ghost-free
gravity.

Let us finally mention that the ghost-free gyraton
solutions obtained in this paper may be used to study
the collision of ultrarelativistic particles. In particular, they
will allow one to understand the role of nonlocality and
spin in the process of micro-black hole formation [25,27].
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Note added.—TIt has been brought to our attention that exact
pp-wave solutions in ghost-free infinite-derivative gravity
have been studied in Ref. [76]. Recently, these studies have
been extended to exact wavelike “impulsive” solutions in
anti-de Sitter spacetimes [77], and it would be very
interesting to understand the role of the gyraton metrics
obtained in this paper in that context.

APPENDIX A: MASS AND ANGULAR
MOMENTUM OF EXTENDED OBJECTS IN
HIGHER DIMENSIONS

We denote by X* = (¢, x%) Cartesian coordinates in d +
1 dimensional Minkowski spacetime and use indices
a,p,...=1,2,....d from the beginning of the Greek
alphabet to label spatial coordinates. Let us consider
distribution of matter described by the stress-energy of
the form

T =ple).  Tow=gaginl®.  Ty=0. (AD
where j,;(x) is an antisymmetric tensor function. It is easy
to check that this stress-energy tensor satisfies the required
conservation law 9, 7" = 0. Denote by &, a generator of
the space-time translations, and by &, the generators of
the rigid spatial rotations, then one has

é(y) = él(/”)au = a/u (A2)

C(a/}) = Cl(j(l/}) ap = x(za/} - x/)’aa' (A3)

The conserved quantities related to these symmetries are
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P, = / ATy, (A4)
Jap = / ddequaﬁ). (A5)
or in an explicit form
M=P,= / dxT y, (A6)
P, — / dxT,,. (A7)
Jop = /ddx(xaTo/j — x5T0a)- (A8)

We assume that the stress-energy tensor (Al) either
vanishes outside some compact region, or it is sufficiently
fast decreasing at far spatial distance, so that the surface
terms arising as a result of integration by parts in (AS8)
vanish. Simple calculations give

M= /ddXToo, Pa = 0, J(xﬂ = /ddxjaﬁ. (Ag)

The relation P, = 0 implies that the stress-energy tensor
(A1) is written in the center of mass frame.

APPENDIX B: HEAT KERNEL
REPRESENTATION OF GHOST-FREE
STATIC GREEN FUNCTIONS

The static Green function G, considered in this paper
satisfies the relation
a(AN)AGy(x,x") = —=6(x —x) (B1)

Here A is a Laplace operator in d-dimensional space. We
denote by K,(x|7) the d-dimensional heat kernel of A. It is
defined as a solution of the equation

AK4(x|7) = —i0. K 4(x|7), (B2)
obeying the boundary conditions

linaKd(x|1) = 6(x), ligcn K, (x|r) =0. (B3)

It has the following explicit form:

1 ix?
Kd(x|’r):Wexp E .

Let us define the object KCy(x|z) as a solution of the
equation

(B4)

a(D)Ka(x[7) = iK4(x[7). (B5)

Then it is easy to check the required Green function G, can
be written in the form

Gy, x') = /0 ™ deky(x - ¥|1). (B6)

We introduce now the Fourier transform of K, and its
inverse by means of the relations

R (x|w) = / " dee K, (x7),

(5]

K, (x]z) = /_ :‘;—:e—iwf/&d(x@). (B7)
Then we may write
Ga(x,x")
- /0 " de / ” d—j‘[’ / " dre 0, (x —¥|¢)  (BS)

A df/_oo—ﬂ/;oodf/e_lw(r_T)MKd(x—x/h/)

(B9)

s odep [ . i
= de | [ ddemil) Ko (x—x'|7
A T/_oo2ﬂ/_oc re a(—id,) J(x=x'7)
(B10)

© fedo o ey
—/) dl'/_ooﬂ/_oodf’e—lw(r—r)ml(d(x_x/|1_/)‘
(Bll)

In the first equality we have used (BS5), then used the
properties of the heat kernel via Eq. (B4), and finally
integrated by parts where the boundary terms vanish due to
(B3). The integral over 7 can be easily calculated assuming
that one takes care about its asymptotic behavior and uses
the standard regularization. By using the relation

i

/ ¥ dreor = lim | dremile-ir = Z1 (B12)
0 e=>0 Jo w

one obtains

odw [ o 1

(B13)

which is the double Fourier representation for the Green
function G, used in the main body of the paper.
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APPENDIX C: STATIC INFINITE-DERIVATIVE
GHOST-FREE GREEN FUNCTIONS

Let us consider theories with the form factor a(A) of the
following form:
V() = exp (A, (c1)
where N is a positive integer number. We refer to such a
theory as ghost-free gravity and use the abbreviation GFy
for such a theory. For N =0, a°(A) = 1 and the corre-
sponding theory is nothing but linearized General
Relativity. Let us write Dy = a”(A)A and denote by
gy a static Green function for GFy theory in a space with d
dimensions. Such a Green function obeys the equation
DyGY (r) = =69 (r). (C2)
For N = 0, that is, in General Relativity, we also use the
notation G4(r) = G%(r). The static Green functions can be
found by using Egs. (19)—(21). In this Appendix we collect
exact expressions for these Green functions for General
Relativity as well as GF; and GF, theory for the number of
spatial dimensions d =1, 2, 3, 4. Using the recursive
relations (19) one can obtain their expression for d > 5. In
what follows we will use the abbreviation y = (r/4£)>.

Gi(r) =-3. (C3)
r r exp [-r?/(4£7)] -
Q{(r):—ierf(ﬁ>—f pl {/gf V=1 (s
,5,%,y2)

1 r
Gy(r) = —5 108 (r—o> (Co6)
| ([
Gy(r) = 2 Em<4bp2>’ (C7)
1 33
Gi(r) = —2)]—” {\/7?1173(5;155,)’2)
33
—y2F4<1,1;§,§,2,2§y2>}» (C8)
G _ ()
3(’)—4—7”, (C9)
o erf[r/(20)]
Gi(r) = TN (C10)
1 5 1135
g%(r):6ﬂ2f |:3F<Z)1F3 Z,g,z,z,)&)
3537
ar(g)e(Faee)] e
G _ ! Cl12
4(r) 4ﬂ2r2 ( )
1 —exp [—r?/(4¢7)]
411(’") = A2 ’ (C13)
1 11
Gi(r) = Ayl [1 —of2 <§’§?y2>
+2\/77:y0F2<1,%;y2>} (C14)

Here we use the standard notation ,F, for the hyper-
geometric function [75].
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