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General constraints on Horndeski wormhole throats
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In this work, we consider the full Horndeski Lagrangian applied to wormhole geometries and present the
full gravitational field equations. We analyze the general constraints imposed by the flaring-out conditions
at the wormbhole throat and consider a plethora of specific subclasses of the Horndeski Lagrangian, namely,
quintessence and phantom fields, k-essence, scalar-tensor theories, covariant Galileons, nonminimal
kinetic coupling, kinetic gravity braiding, and the scalar-tensor representation of Gauss-Bonnet couplings,
among others. The generic constraints analyzed in this work serve as a consistency check of the main
solutions obtained in the literature and draw out new avenues of research in considering applications of
specific subclasses of the Horndeski theory to wormhole physics.
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I. INTRODUCTION

Traversable wormholes are hypothetical shortcuts in
spacetime, where the key ingredient involves the flaring-
out condition at the throat [1-4]. In general relativity,
through the Einstein field equation this restriction entails
the violation of the null energy condition (NEC), which is
defined as T, k*k” >0, for any null vector k* [5,6].
However, in modified theories of gravity, it has been
shown that the NEC can be satisfied for normal matter
threading the wormhole throat, and it is the higher-order
curvature terms that sustain the wormhole geometry [7]. In
fact, wormhole physics has been extensively explored in
modified theories of gravity, such as in f(R) gravity [8],
extended theories with a nonminimal curvature-matter
coupling [9,10], scalar-tensor theories with nonminimal
derivative coupling [11,12], hybrid metric-Palatini gravity
[13] and its generalized version [14], and higher-
dimensional theories [15—-19], among many other theories
(we refer the reader to Ref. [4] for a recent review). These
extended theories of gravity admit an equivalent scalar-
tensor representation.

Indeed, scalar fields are popular building blocks used to
construct physical theories and are appealing as such fields
are ubiquitous in theories of high-energy physics beyond
the standard model. Given the large number of models, the
question arises how we should study and compare them in a
unified manner. A particularly useful tool in this direction is
the realization that all these classes of models are special
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cases of the most general Lagrangian which leads to
second-order field equations, namely, the Horndeski
Lagrangian [20], which was recently rediscovered [21].
The Horndeski action can be given by

5
S: /d4x\/—gzﬁi+SM[gﬂya)(M]7 (11)
i=2

where g is the determinant of metric tensor g,, and S is
the matter action, in which y,, collectively denotes all
matter fields. The Lagrangians £; are defined by

Ly = Gy(. X).

Ly = =G;(¢. X)Ug.

Ly = Gy(. X)R+ Gyx(¢. X)[(0p)* — (V,V,0)%].
£5= Gs($.X)G, V949 — G

x [(O¢)’ = 30¢(V,V,0)* +2(V,V,0)°].  (1.2)
respectively, where R is the Ricci scalar and G, is the
Einstein tensor; the factors G; (i = 2, 3, 4, 5) are arbitrary
functions of the scalar field ¢ and the canonical kinetic
term, X = — % VIV ,¢p. We consider the definitions G, y =
9G,;/0X, (V,V,0)* =V, V,¢pV*V+p, and (V,V,¢)* =
V., V,pV*VPpV ,pVF¢. Furthermore, we assume that the
matter fields y;, are minimally coupled to gravity.

Note that by choosing the functions G; appropriately,
one may reproduce any second-order scalar-tensor tensor
theory. For instance, the G, term is used in k-essence
[22,23], and the G5 term was explored in the context of
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kinetic gravity braiding [24]. One may also consider
theories in which the scalar field is nonminimally coupled
to the Ricci scalar R in the form G4(¢)R [25], where a
representative example is Brans-Dicke (BD) theory [26]
with a scalar potential V(¢). The specific assumption of
G, = const provides the Hilbert-Einstein term. The choices
of G4, =X or G5 = —¢ have been used in nonminimal
couplings of the form G, V¥V*¢ [27,28]. We refer the
reader to [29] for a plethora of specific cases. These theories
all belong to a subclass of more general second-order scalar-
tensor theories denoted by Horndeski theories [20].

An interesting application of scalar-tensor theories is in
wormhole physics, where a wide variety of solutions have
been obtained in the literature [30-36], especially related to
the stability issues [37—41]. These (and other) solutions are
specific subclasses of the Horndeski action (1.1), so it is
important to consider the most general conditions that are
needed to obtain wormhole geometries in Horndeski
theories. Thus, in this work, we consider the analysis
restricted to the wormhole throat and analyze a wide variety
of subclasses of the Horndeski Lagrangian. This proves to
be extremely useful as it serves as consistency checks for
the solutions obtained in the literature and paves the way
for new avenues of research related to subclasses of
Horndeski wormhole solutions.

This work is organized in the following manner: In
Sec. II, we present the wormhole metric and the general
constraints of the full Horndeski Lagrangian at the worm-
hole throat. In Sec. III, we consider specific subclasses of
the Horndeski theory, namely, quintessence and phantom
fields, k-essence, scalar-tensor theories, covariant Galileons,
nonminimal kinetic coupling, kinetic gravity braiding, and
the scalar-tensor representation of Gauss-Bonnet couplings,
among others. In Sec. IV, we conclude and discuss our
results.

In addition to this, as the gravitational field equations
for the full Horndeski theory are extremely lengthy, we
opt to present these in Appendix A. The field equations
at the throat are written in Appendix B, which are then
used to deduce the most general flaring-out condition for
Horndeski wormholes, in terms of the scalar field ¢, the
kinetic term X, the factors G; and their derivatives, and
presented in Appendix C.

II. GENERAL ANALYSIS AT THE
WORMHOLE THROAT
A. Metric and flaring-out condition

Consider a static and spherical symmetric configuration
in the theory (1.1). In this case the spacetime metric can be

taken as follows:
ds* = —A(u)dt* + A~ (u)du® + r*(u)d<?, (2.1)

where dQ? = d6* + sin” Od¢? is the linear element of the
unit sphere and the metric functions A(u) and r(u) and the

scalar field ¢ are functions of the radial coordinate u. Here
the radial coordinate lies in the range u € (—o00, +0), s0
that two asymptotically flat regions exist, i.e., u — oo,
and are connected by the throat. In addition to this, the
function r(u) possesses a global positive minimum at the
wormhole throat u = u;, which one can set at uy =0,
without a loss of generality.

The wormhole throat is defined as ry = min{r(u)} =
r(0). In order to avoid event horizons and singularities
throughout the spacetime, one imposes that the function
A(u) is positive and regular everywhere. Taking into
account these restrictions, namely, the necessary conditions
for the minimum of the function, imposes the flaring-out
conditions, translated as

ry =0, rg > 0. (2.2)

As the metric function A(u) is positive and regular V u, it
is useful to analyze its first and second derivatives at the
throat u = 0. Thus, A is a free parameter, as is Aj,, which
for simplicity, we impose hereafter A;, = 0. Now, the sign
of Ajj determines the type of extrema of A(u); i.e., it is a
minimum if Aj >0 and a maximum if A{ < 0. This
implies that the maximum (minimum) of A(u) corresponds
to a maximum (minimum) of the gravitational potential, so
that in the vicinity of a maximum (minimum) the gravi-
tational force is repulsive (attractive). Thus, the wormhole
throat possesses a repulsive or an attractive nature that
depends on the sign of Af.

B. Generic constraints at the wormhole throat

We present the full field equations for the Horndeski
action (1.1), using the metric (2.1), in Appendix A. Thus,
taking into account the field equations (A1)—(A3), evalu-
ated at the throat, and using the condition Aj =0 (see
discussion above), one obtains restrictions for the worm-
hole geometry. More specifically, setting r, =0 at the
throat, we obtain a set of linear algebraic equations for
the second derivatives r(j, Aj, and ¢{. In this work, we
use the three components of the gravitational field
equations (A1)-(A3) and the scalar field equation (A4)
presented in Appendix A.

The (rr) component (A2) of the field equations is of first
order, represents a constraint on initial conditions, and is
given by

116G+ Aot (Gax = Gag)
0 2G4+ ApdF(Gax —3Gsg)lu,

(2.3)

This condition places an additional constraint on the
wormhole geometry, as 1/r§ > 0. Note that, taking into
account the metric (2.1), the kinetic term at the throat is
negative and takes the form X, = —1A¢¢f < 0.
Furthermore, in order to obtain the flaring-out condition,
we have to resolve the linear algebraic equations with
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respect to rj, which places further constraints on the
wormhole geometry through the flaring-out condition
(2.2). For this purpose, we write out the field equa-
tions at the throat, presented in Appendix A, by taking
into account the conditions rj, =0 and Aj =0, so that
Egs. (Al) and (A3) and the scalar field equation (A4)
reduce to Eqs. (B1)—(B3) in Appendix B. Finally, elimi-
nating the terms A{ and ¢, one finally arrives at the most
general flaring-out condition for Horndeski wormholes,
solely in terms of the scalar field ¢, the kinetic term X, the
factors G, and their derivatives, given by Eq. (C1), which
due to its extremely lengthy and messy form is presented in
Appendix C. We then refer to this condition, when
analyzing specific subclasses of the Horndeski action.

Note that these relations are constrained by the impo-
sition r§ > 0 and the flaring-out condition r§ > 0 at the
throat. Thus, in order to be a wormhole solution, these
equations impose tight restrictions on the spacetime geom-
etry. The strategy to follow is take into account these
conditions in order to analyze and serve as a consistency
check on specific solutions obtained in the literature. In
addition to this, one can obtain generic impositions to
obtain novel solutions and which may trace out new
avenues of research in wormhole physics, in the context
of subclasses of Horndeski theories.

III. SUBCLASSES OF HORNDESKI THEORY

A. Quintessence and phantom fields

Recent observations suggest that a large fraction of the
energy density of the Universe has negative pressure, where
a possible explanation is in the form of a scalar field slowly
evolving down a potential, denoted quintessence [42—44].
The latter possesses a positive kinetic energy; however,
phantom scalar fields with a negative kinetic energy [45]
have also been considered.

For the specific case of quintessence and phantom fields,
consider the following functions:

1
G2:€X_V(¢)’ G4:—, G3:G5:0,
167
(3.1)
where ¢ = £1. Note that the case ¢ = +1 corresponds to
the standard canonical term [42-44], and ¢ = —1 to a

phantom field which possesses a negative kinetic energy
[45]. In fact the phantom field rolls up the potential due to
the negative kinetic energy, so that if the potential is
unbounded from above, the energy density tends to infinity.
Recall that taking into account the metric (2.1),
the kinetic term at the throat is negative, ie., X, =
—1A0¢¢ < 0. Thus, Eqgs. (2.3) and (C1) reduce to

= 8n(eXy + Vy), (3.2)

1
2
o

7"_6/ _ 87T€X0 (3 3)
ro A ’ '

respectively, from which we verify that Eq. (3.3) is
consistent with the flaring-out condition, i.e., rj >0,
only if € <0, corresponding to a phantom field. This
reproduces the well-known result that a wormhole solution
in general relativity is only permitted with a minimally
coupled phantom scalar field with negative kinetic energy
[45-47]. Condition (3.2) imposes that V > —Agpi /2 (for
€ = —1). These results are consistent with those presented
in [45-55].

In fact, it has been suggested that a possible candidate
for the present accelerated expansion of the Universe is
“phantom energy” [56], which possesses an equation of
state of the form w = p/p < —1, where p is the energy
density and p the pressure. This consequently violates the
null energy condition, which is the fundamental ingredient
to sustain traversable wormholes, so that this cosmic fluid
presents us with a natural scenario for the existence of these
exotic geometries.

B. k-essence

As quintessence is based on a canonical scalar field with
a potential, it is known that scalar fields with noncanonical
kinetic terms appear in high-energy physics. This motivates
the presence of an arbitrary function of the scalar field and
the kinetic term in the gravitational Lagrangian. Therefore,
one may consider the following functions, which generalize
the case studied above:

1

G, =K(¢,X), Gy, =—, G;=G;=0, (34
2 (¢, X) = Ton 3 5 (3.4)
so that Egs. (2.3) and (C1) take the form
1
7%: —8ﬂ(K0—2X0KXO), (35)
Ii)/ _ SﬂXOKXO (3 6)
o Ay .

respectively.
Thus, Egs. (3.5) and (3.6) impose the following con-
ditions at the wormhole throat:
Ko —2XoKx, <0, Ky, <0. (3.7)
(The first condition can be written in the following form:
Ko + ApdpiKy, < 0.) More specifically, Ky, < 0 imposes
that Ko < Agd(f|Kx,|. These conditions are consistent with
those presented in Ref. [57], where static and spherically
symmetric configurations in the context of k-essence
theories defined by a function depending solely on the
kinetic term, i.e., K = K(X), were presented. In fact, a
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no-go theorem was proved, claiming that a possible
black-hole-like Killing horizon of finite radius cannot
exist if the function K(X) is required to have a finite
derivative dK/dX.

As a specific example, consider the case of a ghost
condensate model [58], given by the function K = —X +
X?/M*, so that conditions (3.7) impose

3 2
XO—WX(Z) <0, _1+WXO <0, (3.8)
which, taking into account that X, < 0, are automatically
satisfied.

One may also consider actions arising from low-energy
effective string theory, which gives rise to higher-order
derivative terms coming from loop corrections to the tree-
level action [59]. For instance, consider the specific case
K(p,X) = K(¢)X + L(¢p)X?, sothat Ky = K + 2LX, and
conditions (3.7) impose
K(¢o) < =2XoL (o). K(¢o) < =3XoL(¢o), (3.9
where the bounds essentially depend on the signs of the
functions K(¢,) and L(¢y).

C. Scalar-tensor theories

Scalar fields have a long history in gravitation, starting
with Brans-Dicke theory [26], in which gravity is mediated
by the scalar field and the metric tensor field. In fact,
modified theories of gravity may be written in a scalar-
tensor representation, by introducing specific Legendre
transformations, which motivates the further analysis of
specific cases of scalar-tensor theories in more detail.
Consider the general nonminimally coupled theories given
by the couplings [60-65]

Gy = w(¢)X - V(9), Gy = F(9), Gy =G5 =0,
(3.10)
so that Egs. (2.3) and (C1) take the form
1—1(V+ X,) (3.11)
V% o 2F0 0 @30 '
and
o 2
= ={wXF(w +2F") + (X + V)F'
o
+FF[X(w-a')+V-=V1]},/
[2AF(wF + FF' + 2F’2)]|u0, (3.12)
respectively.

In order to have wormhole geometries, as mentioned
above, these quantities are imposed to be positive. We will

analyze specific cases below, namely, Brans-Dicke theory
with a potential and the scalar-tensor representations of
several modified theories of gravity.

1. Brans-Dicke theory

Wormbholes physics has been extensively explored in the
context of Brans-Dicke theory [66—74]. Here, we consider
the most general conditions for the existence of these exotic
geometries. In Brans-Dicke theory [26] with the scalar
potential V(¢), we have

Gy = — (%X - V<¢>>,

Gy =~—¢.

167[ G3:G5:0.

(3.13)
In the limit that wgp — o0, we recover general relativity

(GR) with a quintessence scalar field.
For this case, Egs. (2.3) and (C1) take the form

1 1
Lo L oo+ doVe). (14
’% 2¢(2) BDA0 ovo
7o _ @spXo Vol + ) — Vi (3.15)
ro 24005 2A0o(2 + wpp + o)’

respectively. Note that in the absence of the potential,
V =0, conditions (3.14) and (3.15) impose that wgp < 0,
which is consistent with the literature. However, con-
sidering a nonzero potential alleviates this restriction,
where inequality (3.14) imposes a general condition on
the value of the potential at the throat given by ¢oV, >
—wppXo (note that this relaxes the restriction wgp < 0).
On the other hand, inequality (3.15) imposes an inequality
on the derivative of the potential, assuming that 2 + wgp +
¢ > 0, given by

(2 + wpp + P)wgpXy Vol + o)
3 +
i ®o
Below, we consider specific cases of modified theories of

gravity, that can be represented as particular cases of Brans-
Dicke theory.

Vi < . (3.16)

2. f(R) gravity: Metric formalism

An extension of general relativity that has recently been
explored in detail is f(R) gravity, in order to explain the
late-time cosmic acceleration [75,76]. The action of f(R)
gravity is given by

Sn

dx\/=gf (R), (3.17)

" l6n

where f(R) is an arbitrary function of R. The metric f(R)
gravity, which corresponds to the variation of (3.17) with
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respect to g, is represented by the following choices of the
Lagrangian:
1

Gy = ——(RF = f),

1
16]7; G4:—F, G3:G5:0,

167
(3.18)

where F(R) = 0f/OR. This corresponds to the Jordan
frame representation of the action of a Brans-Dicke theory
with wgp = 0 and we define the scalar potential as V =
(RF — f) [77,78]. Here the scalar degree of freedom ¢ =
F(R) arises from the gravitational sector.

Note, however, that it has been argued in the literature
that traversable wormhole geometries are only valid in the
interval —3/2 < wgp < —4/3 [68], consequently appa-
rently excluding f(R) gravity wormholes, which are equiv-
alent to their Brans-Dicke counterparts, with wgp = 0.
However, it was shown that this referred interval is only
valid for a specific choice of an integration constant of the
field equations derived on the basis of a post-Newtonian
weak field approximation, and there is no reason for it to
hold in the presence of compact objects with strong
gravitational fields [71].

For this case, Egs. (2.3) and (C1) take the form

A
- =—, 3.19
V% 2¢0 ( )

ro 28002+ dy)

respectively. Here, inequality (3.19) imposes the following
generic restriction V/¢, > 0, which may be interpreted as
a constraint on the potential at the throat. Inequality (3.20)
imposes a generic condition on the derivative of the
potential at the throat, assuming that 2 + ¢, > 0, given by

Vo(l+ ¢y)
b0

Note that this restriction is consistent with considering
wpgp = 0 in inequality (3.16).

Vi < . (3.21)

3. f(R) gravity: Palatini approach

The Palatini f(R) gravity, which corresponds to the
variation of (3.17) with respect to g,, and the connection,
in the scalar-tensor representation corresponds to a Brans-
Dicke theory with the BD parameter @ = —3/2 [79]. Thus,
Egs. (3.14) and (3.15) reduce to

1 2¢oVo - 3X,
R PR (3.22)
o 3Xo Vol + o) = Vido (3.23)
ro 4Aods  Aodo(1 +2¢0)
respectively.

Condition (3.22) provides ¢,V > 3X,/2, while inequa-
lity (3.23) imposes the following generic constraint on the
derivative of the potential evaluated at the throat, assuming
that 1 + 2¢ > 0:

;31 +2¢0)Xo | Vo(1 + o)
A

(3.24)

In fact, in this context, nontrivial wormhole topologies
in Planck-suppressed quadratic extensions of GR formu-
lated in the Palatini formalism have been explored and the
physical significance of curvature divergences in theory
and the topology change issue have been analyzed in the
literature [80—83]. This study supports the view that space-
time could have a foamlike microstructure pervaded by
wormholes generated by quantum gravitational effects.

4. Hybrid metric-Palatini theory

It has been established that both metric and Palatini ver-
sions of f(R) theories of gravity have interesting features
but also manifest severe and different downsides. A hybrid
combination of theories, containing elements from both
these two formalisms, turns out to be also very successful
accounting for the observed phenomenology and is able to
avoid some drawbacks of the original approaches [13,84-86].
More specifically, this approach consists of adding to the
Einstein-Hilbert Lagrangian an f(R) term constructed a la
Palatini [84]. Using the respective dynamically equivalent
scalar-tensor representation, it has been shown that the
theory passes the Solar System observational constraints
even if the scalar field is very light. This implies the existence
of a long-range scalar field, which is able to modify the
cosmological and galactic dynamics but leaves the Solar
System unaffected.

The action of the hybrid metric-Palatini theory is given
by [84]

1

S=—
16x

d*x\/=gR+ f(R)] +S,, (3.25)
where S,, is the matter action, R is the Einstein-Hilbert
term, R = ¢*“R,, is the Palatini curvature, and R, is
defined in terms of an independent connection given
by R/w = FZv.a - FZa.u + FZ}LF/};V - lelréu

The action (3.25) may be expressed as the following
scalar-tensor theory:

B d4x\/—_g 3
s_/ al [(1+¢>R+ﬁaﬂ¢aﬂ¢—\/(¢) LS,

(3.26)
which differs from w = —3/2 Brans-Dicke theory in the

coupling of the scalar to the curvature, which in the w =
—3/2 theory is ¢R.
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Thus, the Horndeski G; factors are given by

1 3
G2 =167 (‘ﬂX— V(¢)>7
1

Gy=—(1+¢), G;=Gs=0, (3.27)
167
so that Egs. (2.3) and (C1) take the form
1 2¢pyVy—3X
1 2200V =3y (3.28)
15 4o(1+ o)

/!

0 — {4g3Vo(2 + do) — 4VIR(1 + o)

o
+ 3Xo[1 = ¢o(3 + 24|}/ [4Aopo (203 + 5§ — 3)].
(3.29)

respectively.

Assuming that ¢y(1 + ¢,) > 0, then condition (3.28)
imposes ¢yVy —3Xy/2 > 0 in order to have wormhole
solutions [87], and the positivity of condition (3.29) may be
interpreted as a condition of the derivative of the potential.

D. Nonminimal kinetic coupling

One of the simplest Lagrangians in the Horndeski theory
contains a nonminimal kinetic coupling of a scalar field to
the curvature. In fact, cosmological applications have been
explored in the literature [88-91]. Relative to wormhole
physics, solutions with a nonminimal kinetic coupling were
studied in [11,12]. More specifically, general solutions
describing asymptotically flat traversable wormholes were
obtained by means of numerical methods [12], and par-
ticular exact wormhole solutions in an analytical form have
been found by using the Rinaldi method [11].

Consider the functions

1 1
G, =eX— V(fﬁ)’ G3=0, Gy4= E Gs :5’745,
(3.30)
so that Egs. (2.3) and (C1) take the form
1 877:(6X0 + Vo)
5= T smx. (3.31)
5 + 81X,
Ii)/ . 87TXO(€ - 877.'7]‘/0) (3 32)

ro  Ao(l+8mnXo)?

respectively, which is consistent with the results extensively
explored in Ref. [11]. Indeed, rather than analyze these
results, we refer the reader to [11,12] for more details.

E. Kinetic gravity braiding

A large class of scalar-tensor models with interactions
containing the second derivatives of the scalar field, but not

leading to additional degrees of freedom, has been intro-
duced. These models exhibit peculiar features, such as an
essential mixing of scalar and tensor kinetic terms [24], and
have been denoted by kinetic braiding. It is interesting that
this braiding essentially causes the scalar stress tensor to
deviate from the perfect-fluid form [92], and in particular,
in cosmology these models possess a rich phenomenology.
In fact, the late-time asymptotic is a de Sitter state, and the
scalar field can exhibit a phantom behavior that is able to
cross the phantom divide with neither ghosts nor gradient
instabilities.

For the kinetic gravity braiding, consider the functions

1
G2:€X—V(¢), G37é0, G4:E, GSZO,
(3.33)

so that Egs. (2.3) and (C1) take the form

1

r—(z) = 87T[X()(€ - 2G3(/,) + V()], (334)
o 8xX
r—z = 00 2XG;3 4x(2G3 4 — €) — G3 xG3 44 (¢ + 4X)

- 16T[XG%X(2XG3¢ —eX — V) + (2G3¢ - 6)2
+ G3‘X(2XG3’¢ —eX-V+ V/)]|u0/[€ - 2G3y¢
- 2G3¢XX + XG3yx(487TXG37X - l)]luo, (335)

respectively.

From Eq. (3.34), one finds that the general condition
Xo(e =2G;,) 4V < 0 is imposed. However, one cannot
extract much information from inequality (3.35), and we
will resort to specific cases. For instance, consider the case
of G3 = Ag(¢), so that Egs. (3.34) and (3.35) reduce to

= —81Xy(2¢'A — € — V), (3.36)

o‘z\)| —-

r//
Y= _82X,(2d A —€),

(3.37)
o

respectively, which impose the conditions (2¢g'A—¢ —
Vo) > 0 and (2¢'A — ¢) > 0. For the specific simple linear
case of g(¢) = ¢ and with zero potential V = 0, one has
the generic condition imposed on the wormhole throat
21 > e.

For the specific case of functions solely on the kinetic
term, namely, G, = K(X) and G3 = G;(X) [93], for in-
stance, taking into account G, = —X + X% and G; =X,
the conditions (3.34) and (3.35) reduce to the following:

= —87X,(1 — 31X,) (3.38)

§M| Lo
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and

/! 8 X

"o — _BTR00 4 o (1 = 162nX0) (1 — 3X,) — 44X,
o 0

x (2= 32X,)]/(1 + nX, — 64X, — 4872 X3),

(3.39)

respectively. Taking into account X, < 0, condition (3.38)
imposes the generic constraint 34X < 1. Note that for 4 > 0,
condition (3.38) is automatically satisfied, and for the
specific case of 4 = 0, condition (3.39) simplifies to

r_g _ 87X, (1 +nXo — 1677°X3
1+ nX, — 482° X3

>, (3.40)

o A

which imposes constraints of the factor 7, so that the term in
parentheses should be positive; note that # = 0 is automati-
cally satisfied and reduces to the phantom case with zero
potential.

Wormhole geometries in the context of the kinetic gra-
vity braiding have been largely unexplored in the literature,

F. Covariant Galileons

In the context of the original Galileons, the field
equations are invariant under the shift 9,¢ — 0,4 + b,
in Minkowski spacetime [94]. However, in curved space-
time, the construction of covariant Galileon Lagrangians
[95] maintains the equations of motion up to second order
and recovers the Galilean shift symmetry in the Minkowski
limit. Indeed, covariant Galileons are characterized by the
functions

G, =X —m’¢p, G3 = psX,
)

I
=+ X, Gs = BsX*,

G p—
)

(3.41)
where m and f; (with i =1, 3, 4, 5) are constants. More
specifically, in the absence of the linear potential V(¢) =
m3gb, i.e., for m = 0, a self-accelerating de Sitter solution
exists that satisfies X = const [93,96-98]. Below we
consider this case, for simplicity.

Thus, for covariant Galileons, taking into account m = 0,
the conditions (2.3) and (C1) take the following form:

and the authors of the present work are currently analyzing 1 _ 871 Xo (3.42)
several lines of research in this direction. r3 1 —48xp X3’
|
/ 8 X, 3
:—‘; = ”ﬁ;“ [ 3 (P15 = BsB)XG -+ 5 (B3 = 4P BsPups — 91} + 33B)XS
n’ 3
+ ﬂ <ﬂ1ﬂ5 ﬁ3ﬂ4> X; + i ﬂ4 (ﬁ1ﬁ4 +3 ﬁZ)X4 768 (B\Bs + BaPs) X
(B~ B3+ P20 o (487X — ) 3 (B1fs + 3p0)X;
768 V1P TP T 0088 T 10288 0 AT RS T SEARIR0
RO + 6P B pubs — TP~ TN + L <ﬁ1ﬂ5 + mm) X3
2 9
- % <ﬂ1ﬁ3ﬂ5 - Eﬁlﬁi - 9ﬁ%ﬂ4> X5 - 768 (ﬁlﬁs + 5B34) X5 + 768 (ﬁ1ﬂ4 B)XG
PsXo b
T8 12288}’ (3.43)

respectively. Note that not much information can be
extracted from this lengthy expression, so it is useful to
consider specific cases.

For instance, consider the case of f, = 0 and 5 = 0, so
that Egs. (3.42) and (3.43) reduce to
1
> = 87[,31X0, (344)
o
i 8apiXo (P

(3.45)

- B3Xo + 1623X3
) Ay

- B3Xo + 4873X3

respectively. Condition (3.44) imposes that f; < 0, and
(3.45) places specific restrictions on ;.

Second, consider the case of #; = 0 and 8, = 0, so that
Egs. (3.42) and (3.43) reduce to

I 8 X
= 87, X, o _ @,

4
ro AO (3 6)

&N| —_

respectively, which impose that f; < 0, in order to have
wormhole geometries.
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Third, consider the case of 3 =0 and f5 = 0, so that
Egs. (3.42) and (3.43) reduce to

1 8xfi1X
— = —102, (3.47)
ry 1 —48np,Xj

r_g _ 8ﬂﬂ1X0 1- 167Tﬁ4X(2) (348)

o AO (1 — 487[ﬂ4X%)2 ’
respectively. Now, if 4 < 0, both conditions above impose
that #; < 0, to have wormhole geometries. If #, > 0, then
we have two restrictions, namely: (i) the conditions ; < 0
and 3, > 1/(487X3) are imposed, or (ii) #; > 0 and f,; <
1/ (487'L'X(2)), to have wormhole solutions. Furthermore, if
ps = 0, this reduces to f; < 0, and to the phantom case
without a potential, where we identify f; = e.

We note that wormhole geometries have been considered
for a specific subclass of a Galileon Lagrangian given
by L=F(¢,X)+ K(¢p,X)Oep, ie., G, = F(¢,X) and
Gz = —K (¢, X) [99-101]. For this specific subclass, it
was argued that these theories do not admit stable, static
and spherically symmetric asymptotically flat travers-
able wormholes. Our analysis further generalizes the
Lagrangian considered in [99—-101]. Indeed, we have found
the specific conditions, at the throat, that these more general
subclasses of theories will allow the existence of wormhole
geometries and will hopefully spur research in this context.

G. Gauss-Bonnet couplings

An interesting modified gravitational theory is the
Gauss-Bonnet coupling given by the action [102-105]

Sy = /d4x\/—_g {%R +X=V(p)+ )G (3.49)

which includes a coupling of the form £(¢)G [106], where
&(¢) is a function of ¢ and G is the Gauss-Bonnet curvature
invariant defined by

G = R?— 4R,4R” + Ry, sRP’.  (3.50)

These theories can be accommodated in the framework
of Horndeski theories for the following choice of the
factors [107]:

Gy = eX = V() + 889 ($)X*(3 — In(-X)),
Gy = —4£9) ()X (7 - 31In(=X)),
G, = % +4£2) ()X (2 - In(-X)),

Gs = —4ED(p) In X, (3.51)

where &0 () = 9"E() /0"

Now, Eq. (2.3) provides the following general relation:
L Br[eXy + Vi — 48X26 In |Xo| - . 3.52
a2 hme 0+ Vo —48X5E™ (¢o) { In|Xo| =3 ) | (3.52)

However, Eq. (C1) yields an extremely lengthy expression,
from which it is difficult to extract any useful information.
Thus, we rather restrict ourselves to simple examples, such
as a zero potential V(¢) = 0, and two specific cases for the
couplings, namely, (i) the linear coupling &(¢p) = 1,¢, for
which the theory is shift symmetric [108,109], i.e., it is
invariant for ¢» — ¢ + const; and (ii) a quadratic function
& = Jp¢p? [110,111], which leads to a spontaneous scala-
rization of black holes, i.e., to dynamical formation of
nonperturbative scalar field configurations.

For the linear case, conditions (2.3) and (C1) simplify to

/!
r 8reX
= 8reX,, 02270

3.53
4 AO ( )

O‘l\)‘ _

respectively, where both conditions are satisfied for the
case € = —1.

For the quadratic case & = 4,¢”, Egs. (2.3) and (Cl1)
yield

1
r—% = 8reXy, (3.54)
/" 8 X, /12 2
To _ 87X [ BT 0wz 1n(—xy) + Brdeix
ro AO 8
+ ’1%”2)(%((150 -2) n AonXo(¢o — 6) 1
4 1024 65536
12 2
[— —2”8 P x2 In(—Xo) + A7 ep§XG
,1%7;2)(%% orXo(do —4) 1
— , 3.55
+ 4 1024 65536 ( )

respectively. Note that condition (3.54) imposes that
€ = —1, in order to have wormhole geometries. Con-
dition (3.55) provides one with the most general condition
for this subclass of quadratic Gauss-Bonnet couplings.
Wormhole geometries in the context of the Gauss-Bonnet
coupling considered by the action (3.49) have been largely
unexplored in the literature, and hopefully the analysis
outlined in this subsection will spur research in wormhole
geometries in this context.

IV. CONCLUSIONS

A fundamental ingredient in wormhole physics is the
flaring-out condition at the throat which, in classical
general relativity, entails the violation of the null energy
condition. However, it has been shown that in the context of
modified gravity, one may impose that the matter fields
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threading the wormhole throat satisfy all of the energy
conditions, and it is the higher-order curvature terms, which
may be interpreted as a gravitational fluid, that support
these nonstandard wormhole geometries. Thus, it was
explicitly shown that wormhole geometries can be theo-
retically constructed without the presence of exotic matter
but are sustained in the context of modified gravity. This
has recently spurred research of wormhole physics in
modified gravity. Indeed, most of these extended theories
of gravity can be cast into an equivalent scalar-tensor
representation. Given the large number of models, the
question arises how we should study and compare them in a
unified manner.

A particularly useful tool in this direction is the reali-
zation that all these classes of models are special cases of
the most general Lagrangian which leads to second-order
field equations, namely, the Horndeski Lagrangian [20],
which was recently rediscovered [21]. It enables research-
ers to adopt a unifying framework and to determine subsets
within this general theory that have appealing theoretical
properties. In combination with the need to fit observations
such properties are helpful in preferring regions of this
general theory, and hence particular models. One example
of such an appealing theoretical property is the possibility
that terms within the Horndeski Lagrangian can be used to
partially explain the huge discrepancy between the value of
the vacuum energy in particle physics and the value of the
cosmological constant as inferred from cosmological
observations.

In this work, we consider the full Horndeski Lagrangian
applied to wormhole geometries and present the full gravi-
tational field equations. We analyze the general constraints
imposed by the flaring-out conditions at the wormhole
throat and consider a plethora of specific subclasses of
the Horndeski Lagrangian, namely, quintessence and
phantom fields, k-essence, scalar-tensor theories, covariant
Galileons, nonminimal kinetic coupling, kinetic gravity
braiding, and the scalar-tensor representations of Gauss-
Bonnet couplings and Gauss-Bonnet gravity, among others.

|

Note that is this work, we have used the specific metric
given by Eq. (2.1); however, the analysis could be gener-
alized by considering the general line element provided by
ds> = —f(u)dt* + g(u)du® + r*(u)dQ?, where the metric
functions f(u), g(u) and r(u) are solely functions of the
radial coordinate u. In order to avoid event horizons and
singularities throughout the spacetime, one imposes that the
metric functions f(u) and g(u) are positive and regular
everywhere, and r(u) also obeys the flaring-out restrictions
provided by conditions (2.2). Here, the kinetic term is given
by X = —¢"/2g(u) and, as in this work, is negative
everywhere. However, the field equations are extremely
lengthy and messy and shall be considered in a future work.

The generic constraints analyzed in this work serve as
a consistency check of the main solutions obtained in
the literature and draw out new avenues of research in
considering applications of specific subclasses of the
Horndeski theory to wormhole physics.
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APPENDIX A: FULL GRAVITATIONAL
FIELD EQUATIONS

1. Effective Einstein field equations

Varying the action (1.1) with respect to g,,, we obtain the
following equations of motion.
ft component:

/2 /2 24 /
— A2 Gs (2 AP+ A¢“) + AP Gs X¢( A - Ap - = ¢’)
r A’ ¢/2 A¢/¢// A/B ¢/2 2 2 5,./
+ 2G5’¢¢ 7A¢/3 + ¢/G5,X (_ 2r2 _ r2 _ n _ —A/2¢/¢// _ gAA/¢//2 > — Z_AA ¢/2
3 2 244" 47 2 3/ ”n
4 7‘2 ¢// rr A2¢/2> + G5,¢< r A¢/¢// A¢/2 4+ A ¢/2 + A¢/2 ¢ )

27
+ ¢/3G4.XX <2AA/¢” +A/2¢/ +

—2¢’2G4,(,,(,,—2G4,X< Apd+ A¢’2

2 2r A
e

rA

4" 2r2

2A 1 2

4
—rAA/(ﬁ/ + _rA2¢//> + G4.X(/) <2A¢/2¢// + A/¢/3 _

1 1
> - ¢"”Gsy <§A’¢’ + A¢”> + ¢"Gs 4 + ZG2 =0.

4r A¢/3>

r? 4v A
A/¢/2 4 7A¢/2> — G4_(/) <2¢// + 7¢/ + Z¢/>

(A1)
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rr component:

1 2 o
A/¢/3 GS,XX (EA/quZ A2¢//2 4 3AA/¢/¢// A2¢/2> _ A¢/4G5,X¢ (r_A/ 4 —2A>

A/Z 2 3 /2A 37 A 1
_ A'¢’G5.X <6_A ¢/2 + §A/¢/¢” + §A¢"2 ¢/2 ¢ ) ¢/2G5 p < r + r_ — _2>

r r

27 2 47
4 ¢l3 G4.XX (A/2¢/ + ZAA/¢H + r AA/¢/ + 7'2 A2¢/) 4 ¢/3 G4.X¢ ( r A + A/)
’ r r ' r

127 27 4 A 2 2PA 27
+2¢’2G4X<—2——rr -= A) —¢'G4,¢<7r+—> +G4(r——r——L2)

A

1 2r 1
- PG x (2 A+ ) —§Gs 4+ ¢?Grx + 1 G, =0.

66 component:

1 / / 1 1 /
_ EAA/¢/4G5,XX <FA¢// + ; A/(ﬁ/) _ ¢/3G5,X(/; <A/2¢/ + 5AA/¢I/ + rA2¢//)
r r r

A/3 ¢/2 2

1 r'A 2
4 ¢/3G5_4)4, <2A + > + ¢,G5,X <2 AA ¢/2 AA ¢//2 A/2¢/2 _ o 7A/2¢/¢//

I"/ ) 3}" 2’,. r// ) 1 ) /2¢/2 / 5
—_AA" L AAD D G Ad D+~ Ad D + — Ad' —A"d? + A /
AN 4 ¢¢>+5,¢< PO+ AP Y+ AP AR ¢)

3 r 2/
+¢/3G4,XX <§A/2¢/+3AA/¢//+—AA,¢/+—rA2¢”>
r r
2/ 2/ 2 I
+G4,X¢ <2A¢/2¢//_rA¢/3> _2¢/2G4’¢¢_G4’X<A/¢/¢//+:A¢/¢//+:A¢/2
/2 /2 / 2/ 2A/ /
+A//¢/2 ¢ /¢/2> —G4.¢ <2¢//+r¢/+ A¢>
r

27 AT 2PA
— Gy ==
4( AT

1 1
) - ¢Gsx (EA'W + A¢"> + Gy + ZGQ =0.
2. Scalar field equation

The scalar field equation reads

where the terms VAJ ,’, are given by
1 /
VHIZ = GyxxAg? <A¢” + 2A’¢’> — GaoxpAd* — Gox <A¢” + A + 2:A¢’),

|
VIS = —GaxxAd” ( AA " +2— A2¢” + - A’2¢’ +— AA ¢ )
1 /
+ GayyAd” <—2A¢” — A+ 21A¢'> +2G3,4Ad” +2Gs, (A’(,b’ LAY 42 1A¢/>

r? 1
+G3X¢/<4rA2¢//+2 A2¢/+2 A2¢/+AA¢)”+5 AA ¢/+ AA//¢/+ A/2¢/)
r
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// /2 /

2 r 'y
V”Jﬁ _2G4X< A2¢//_|_ AA/¢//+ AA/¢/+ AA//¢/+3 AA ¢/+2 A2¢/ A/2¢/

A/ / A Z r/
- f — f ) 2Guxy (2 AN+ 5 A +4= AA 'P? 44— A2¢ P+
r r

1
—I—EAA"¢'2 +AA’¢'¢”—|—§A'2¢'2) —A¢/3G4X¢¢(A/+4V7A>

A ¢/2
2

M r/2 5 7 7
— 2G4XX (4—A2A/¢’2¢” + 4—2A3¢/2¢" + 2_AA/2¢/3 + —A2A”¢’3 + _A2A1¢I3
r r r

+

9r 2 A2¢/2¢// AA/¢/3
AZA 3 2 A3 3 _ _
2r2 9+ ¢ r? 2r2 )

r 1 1
+ 2G4XX¢ <_ r_2A3¢/4 + 2—A3¢’3¢” + _AA/2¢/4 + —A2A’¢'3¢”>

+ G4XXX <2 ASA ¢/4¢// + 2 A4¢/4¢// 4+ — A2Al2¢/5 +— A3A/¢/5> (A7)

A ¢// r/ r// r/ r/ r// },12
-2

A /
V#]5 = 2G5¢< 4 +7 3 A% ——AA”¢’ ——AA’gb” —7AA’¢’ - 37AA’¢’

r 1 7 r?
__A/2¢/ A2¢//> +2A¢/2G5¢¢ (___A/ ——A)
r

I"

r

/2 AA D D"
_’;AZA/¢/2 _ r_zAA//¢/2 + ¢2¢

r/
+ 3G5X <7A2A/¢)/¢” _ ;_zAA/2¢/2 _

A/2 4)/2 AA//¢/2
6r2 * 6r?

> 4 GSX(/)( AZA ¢/2¢// + 5 A3¢/2¢N 4 2 A3¢/3

A2¢/2¢// AA/¢/3>
2 —

272

+£/AA/2¢/3 +£/A2A”¢’3+LA2A/¢/3+7LA2A’¢’3_2
r r r 2’,.2

A/2¢/

/ / 1 AA 1
LGy (44T 4) 1 340G (- 2200
r T

+ 97 A/2¢/

r/2 /2 7 r/ r/2
_|_2 _2A2A//¢/ 14 AZA ¢// + 4 AZA/¢/) _ A2¢/4G5XX¢ (2_A/2¢/ + _AA/¢// + _2A2¢//>
r r r r

2
- %A3A’¢’5 Gsxxx(A'd' +2A¢"), (A8)
-
respectively, and the factors P’ are provided by

= Gyyp» (A9)

1
P’ = Gyyyd' — §A¢/2G3X¢(2A¢” +A'¢'), (A10)

// r/2 2
P* =Gy <—A“ 4= a- 254~ 4= A’ )
I”

+ G4X¢< A2¢/¢// 4 2 A2¢/2 + AA ¢¢// +4 AA/¢/2 A/Z¢/2>7 (All)
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2 412 2 A¢/2 r/2 3 413 p11 r 2 A 12 I
= Gsyy A¢ +— AA¢ > + Gsxy —27A¢ ¢ —27AA¢ ¢

3 /2 A2 12 11 AA’ /3
—2LA2A'¢'3 D anege AT A0 )

(A12)

respectively.

APPENDIX B: GRAVITATIONAL FIELD EQUATIONS AT THE THROAT

Here, we write out the field equations, presented in Appendix A, at the throat, by taking into account the conditions
=0 and A} = 0, so that Eqs. (A1) and (A3) and the scalar field equation (A4) reduce to the following:

/!

" (240°Gs 4 — 4A0°Gyx — 4Gy) + ¢ (2A¢'ZG4 xp =
-

¢/2 1
:——G5¢+2¢ G4¢¢— G4—¢/2G3¢—ZG2’ (B1)

¢/2
——Gsx — 2G4y — A¢/2G3,x>

/!

G
%<A¢’ZGS,¢—2A¢'2G4,X—2G4>+A"( $2Gs s — °Gux A“)

1
—G,, (B2)

+@"(2A¢"7 Gy xp = 2Gay — AP G3x) = 20" Gy gy — 7G4 — )

and

r// A¢/2
— (4AGy, — 442" Gyxy + 242 Gax) + A”( 57

1
Gsy — A *Guxy + §A¢/2G3x + G4¢>

A2¢/2 2¢/2
+¢" (2 5Gsp—3—F5—Gsxy — 2 5 Gax +2—5—Guxx — A2 Gsxy + 2AGs, + A2 Goxx — AG2X>
¢/2 ¢/2 ¢/2 2
=-3 > Gspp +2—5Guxy + 2 5Gap + (¢ = 2A0"7)Gyy + AP?Goxy + Goy. (B3)

respectively. Note that we have removed the subscript u,, denoting evaluation at the wormhole throat, from the expressions
above, in order to not overload the notation.

APPENDIX C: GENERAL FLARING-OUT CONDITION AT THE THROAT

Finally, eliminating the terms A{j and ¢, one finally arrives at the most general flaring-out condition for Horndeski
wormbholes, solely in terms of the scalar field ¢, the kinetic term X, the factors G; and their derivatives, given by (as above,
we have removed the subscript u, as not to overload the notation)

Gox

,ﬂ G 1
{ 2A2{ <G4X — %) |:§ (—Gz’xx + G3,x¢)G3.¢ + <_G2,X¢ + G3.¢¢)G4,X¢ + <

¢ _ G3,¢¢> Gsx
ro

1 GZ.X h
+ G pp(Gaxx — Gs.x(p)] 4 {5 (Gaxx — G3.xp)G3  + [(—Gz.xx + G3.xp)Gax + <— ) 2+ G3,r/)(/)> Gsx

3 Gix 3
+ <G4,XX - EGS,M) Gap + 4G g = 3(Gspp + Gsx)Gaxp + 5 +5 G549 Gax

oGy =222V, N+ (Gaxp —2G3.43)Gsx + (—2Gy xx + 3Gs.xy) G4 — 4G3
4.XX 2 400 | Os.4 2.X¢ 3.44)95x 4.XX 5x0)03.4 4.x¢

3
+2(3Gs g + G3.x)Gaxp — 3Gs 9pGax +4 (G4.xx - EGS.ijJ) G4.¢¢} Gux
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Gy G 3G
-2 <G4 dp %) <G4 Xp %) Gs X:| e+ (64,)()( - ;X¢> Gg,qﬁ + |:(_2G4,XX +3Gsx4)Gax

3GS 12 G 3G5,(}n G3,()
—2<G4,x¢ 4/(/) iX)G5x:| Gsy +2{<G4,x¢ - 2//>G4x +2 <G4¢¢ 2/>G5,X} Gs,x}¢/6

G5 1
-24A? <G4X > ) [(=2Gyxp + G3.x)1* + G5 x]G3 gy " — 4A2{ KE (=Gaxx + G3x4)G3 4

Gaxgp

+ (=Gaxyp + 2G5 4p)Gaxp + ( - G3,¢¢> Gsx + (Goxx — G3,x¢)G4.¢¢> Gy

Gs, Gy x
<G4X 2¢> |:—G% P <2G4 Db + 2 >G3 b~ G4 X¢G2 ¢ + = 3 G2 ¢G3 X + (G2 Xp — 2G3 ¢¢)G4 @

G G
= Gu44pGorx — 72 (Gaxx — G3.x¢)” r+ { [(;X -Gy x¢) Gs gy + (=Goxx + G3x4)Gax

G, G;, 3G5’
+ (G4,¢¢ + 2X¢ - T¢ - G; ¢¢) Gsx + (G4.xx - 2X¢ (2G4 pp — G34) + (=G3x +3Gs 44)Gu xp

sz _5G3y G _Gy4Gsx
2 2 4X 4

1 3 Gaxy
+5Gix - 2G5,¢¢G3,X} Gy + (‘ 4 T G3g = Gagy |Gyt |(3Gagy +

3

3 1
—GyxpGayp+= ) G44Gs gy + 5 5 (G4 XX T35 Gs x¢) Gz} Gsy+ (Gsy —2Gy, ¢¢)G4x [2 Gy 4Gs x + G3 xGu y

2

3 G G3 3G5 G,G
-3 ( ;X + Gs ¢¢) Gs x] Gyt+—= 4 < 5 4 4+ G4,x) GaxGsg + Gsx (— 245'X + G4.XG4,¢> }4’/4

G G G
- 4AG3_¢¢r2{ K;X - G4,X¢> Gy + <G4.X - ;‘”) GM,] P2+ % Gix }4/3

G GayG
- 4A{ H—Gg[ﬁ + (2G4,(,,¢ + %) Gy = GaxgGag + 5

3 G 1
—3G44Gs 4y — <G4 XX — EGS x¢> Gz} Gyx + =2 <G4 x¢ — 503 x) Gs X}V + {(—2G4,xx +3Gs x4)Gax

+ (Gaxp = 2G3.44)Gay — Ga ppGax

1 1
5 (Gaxx — 3G3.x¢)G2} Gy + <§ GGy x — GGy + G4,¢G2,¢> <G4x - T)} rt

+ [(—Gz,xx —2Gyxp + Gsxp + G3x)GT + [(—G&(/) + 2G4 pp + Gu4)Gs g+ (=G3 4 — 2G4 44 + G2 x)Ga x

NI'—'

3Gs x4
(=Gy + Gry)Gsx = 2G4 x4Gu gy +2G3xGy g — 3Gy 4Gs gy — | Gaxx — G, |Gy

3Gs x¢

2 GS-l/) 2 2
+ (G2G4,X - G,Gsy + 2G4’¢) Gux — > 42| =Gyxx — Gy + G4yX — Gy xGsy
1
+ G4,¢G5,X:| G4}¢/2 - 4G3,¢¢G4G4,¢¢’r4 - 4 |:<§ G2G2,X - G2G3.¢ + G4.¢G2.¢) r4
X [(ZG4¢ + GZ.X - 2G3,¢)G4 + G2<G4’X - G5’¢) + 2G42“/)]}"2 + 2G4(G4.X - G5¢>i| G4}/

1 1 1 2
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1 1 1 1
- 2{ [5 (—Gz,xx +G3xp — Gaxp+ EG&x) Gy + <§ Gyx — G3,¢> <G4,X - EGS,(/)>

5 Gsx 1/ Gsyx 3G, xGsy | 3G44Gsx
- §G4,¢ <G4,x¢ - T)] r+ 3 (‘T — 2G4 xx +3Gsxy |Gy + Gl x — > 4
G? G G
+ —;‘¢}Ar2¢'2 - 2{ [(—;’4’ + —;X - G3,¢> Gy + G421.¢:| P+ (Gax = G5,¢)G4}”2} } (C1)

Note that this relation is constrained by the imposition of the flaring-out condition r{; > 0 at the throat. Thus, in order to
be a wormhole solution, this equation, in addition to r, > O given by condition (2.3), imposes tight restrictions on the

spacetime geometry.
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