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Trapped regions bounded by horizons are the defining features of black holes. However, formation of a
singularity-free apparent horizon in finite time of a distant observer is consistent only with special states of
geometry and matter in its vicinity. In spherical symmetry such horizons exist only in two classes of
solutions of the Einstein equations. Both violate the null energy condition (NEC) and allow for expanding
and contracting trapped regions. However, an expanding trapped region leads to a firewall. The weighted
time average of the energy density for an observer crossing this firewall is negative and exceeds the
maximal NEC violation that quantum fields can produce. As a result, either black holes can only evaporate
or the semiclassical physics breaks down already at the horizons. Geometry of a contracting trapped region
approaches the ingoing Vaidya metric with decreasing mass. Only one class of solutions allows for a test
particle to cross the apparent horizon, and for a thin shell to collapse into a black hole. These results
significantly constrain the regular black hole models. Models with regular matter properties at the horizon
can be realized only if significant departures from the semiclassical physics occur already at the horizon
scale. The Hayward-Frolov model may describe only evaporation, but not formation of a regular black

hole.
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I. INTRODUCTION

Black holes are probably the most celebrated prediction
of classical general relativity (GR) [1,2]. Absence of a fully
developed theory of quantum gravity leaves us with a
hierarchy of approximate models that combine GR and
quantum mechanics [3]. Quantum effects are known to
modify the Einstein equations [3—6] and to enable viola-
tions of the classical energy conditions [1-3,7,8]. These
results make plausible three distinct types of ultracompact
objects (UCOs) models that purport to describe the
observed astrophysical black holes [9,10].

Models of the first type have event horizon and singu-
larity, even if their formation and properties are modified by
quantum effects. The final result of their evolution may be a
black hole remnant [11]. Another scenario envisages
formation of horizonless UCOs. The third option is a black
hole that has an apparent horizon, but no event horizon or
singularity.

Current observations [12-14] only weakly constrain
these scenarios. Given the apparent tension between
quantum mechanics and GR, issues of logical consistency
of models, as well as the information loss problem [15,16],
it is important to understand what each scenario entails.

There are different opinions on what makes a UCO a
black hole [17]. However, the strongest degree of con-
sensus is that it should have a trapped spacetime region,
whose boundary is the apparent horizon [1,2,12]. A trapped
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region is a domain where both ingoing and outgoing future-
directed null geodesics emanating from a spacelike two-
dimensional surface with spherical topology have negative
expansion [1,2,18]. The apparent horizon is the outer
boundary of the trapped region and the defining feature
of a physical black hole (PBH) [19,20]. To be physically
relevant the apparent horizon should form in a finite time of
a distant observer.

Here we investigate the consequences of having a
PBH. The simplest setting to investigate is a spherically
symmetric collapse, where the apparent horizon is unam-
biguously defined in all foliations that respect this sym-
metry [21].

Building on the results of Refs. [20,22,23] we describe
the two possible classes of the near-horizon geometries,
discuss their properties, and consider the implications for
singularity-free black hole models.

II. GEOMETRY NEAR THE APPARENT
HORIZON: TWO CLASSES OF SOLUTIONS

We assume validity of semiclassical gravity. That means
we use classical notions (horizons, trajectories, etc.), and

describe dynamics via the Einstein equations G, = 87T,

where the standard left-hand side is equated to the expect-

ation value T,, = (T,,), of the renormalized energy-
momentum tensor (EMT). The latter represents both

the collapsing matter and the created excitations of the
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quantum fields. We do not assume existence of the
Hawking radiation or specific properties of the state w.

Boundaries of the trapped region are nonsingular in
classical GR [1,2], a requirement that is typically assumed
to extend to the semiclassical regime. We implement
this property by requiring that the scalars T:= T’ and
¥ :=T"T,, are finite. The Einstein equations imply that
647°T = R,,R* and 8T = —R, where R,, and R are the
Ricci tensor and the Ricci scalar, respectively. Finite values
of these scalars are a necessary regularity condition, and
additional tests may be required.

A general spherically symmetric metric in the
Schwarzschild coordinates is given by

ds®> = =" (¢, r)de> + f(t,r)"'dr? + r2dQ, (1)

where r is the areal radius. The Misner-Sharp mass
[12,18,24] C(t, r) is invariantly defined via

1=C/r:=0,rdr, (2)

and thus the function f(7,r) =1— C(t,r)/r is invariant
under general coordinate transformations. The apparent
horizon is located at the Schwarzschild radius r, that is the
largest root of f(,r) = 0[18,21]. The function A(z, r) may
contain information about potential hairs of the stationary
PBHs [2,25], and plays the role of an integrating factor in
the coordinate transformations.

It is convenient to introduce
= "T7,  (3)

7, = e "T,,, =T,

and represent the Misner-Sharp mass as
C= rg(t) + W(t,r— rg), (4)
where the definition of the apparent horizon implies
W(t,0) =0, W(t,x) < x. (5)

In this notation the three Einstein equations for G,,, G%., and
G"" become

0,C T
= Sn?t, (6)
0,C
'7 = 8melty, (7)
0,h (z, +7")
= 4z o (8)

respectively.

Regularity of the apparent horizon is expressed as a set of
conditions on the potentially divergent parts of the curva-
ture scalars. For T and ¥ these are

T=(7"—2)/f = g (e)f*. ©)
T = ((')? +(0)* = 2(1)*)/f* = () f*. (10)

for some g, ,(7) and k; 5 > 0. Here we exclude 7%, = T‘ﬁ(/,
from consideration, because the Einstein equations imply
that 7% is finite (Appendix A 1).

Equations (9) and (10) require the EMT components to
scale as some power f* as r approaches the apparent
horizon at r,. All spherically symmetric PBH solutions
can be classified by the values of k. Only the classes k = 0
(that results in the divergent energy density and pressure at
the apparent horizon) and k = 1 (finite nonzero values of
energy density and pressure at the apparent horizon) are
self-consistent. They are described below.

Using the advanced and the retarded null coordinates
allows additional insights into the near-horizon geometry. Its
description in the terms of the advanced null coordinate v,

dt = e "(e"+dv — fdr), (11)

is useful in the case of contracting apparent horizon,
ry < 0. A general spherically symmetric metric in (v, r)
coordinates is

C
ds? = —e2h+ (1 - —+> dv? + 2e"dvdr + r*dQ. (12)
r

If r, > Oitis useful to employ the retarded null coordinate u.
Imposing the finiteness conditions on the Ricci scalar
R (Appendix A2) at the apparent horizon r, (v)=
Cy(v,ry) = ry(t), we obtain that as r — r,=r,,
Ci(o,r)=ri(w)+w (0)(r—ry)+wi(r—r)..,
(13)
hy(v.r) =y ()(r—ry)+... (14)

for some functions w,, w,, and y,, where the condition
w, <1 follows from the requirement C < r outside the
Schwarzschild radius.

Components of the EMT are related by

91} = e_2h+®m) =T (15)
0, 1= e, = (1] —7,)/f, (16)
Hr = @rr:(Tr-f—T,—zT;.)/fza (17)

where ©,, denote the EMT components in the (v,r)
coordinates. The limits 6, := lim,_,, 6, are

r w
O =(1=—wy)—5, 60 =——"7
! 8nrl v

+ ){+
="
4nr,

(18)

- ’
8rrs
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A. Divergent density and pressure

Regularity conditions of Egs. (9) and (10) require that
divergent terms in the curvature scalars must cancel.
Adding the requirement that the function C(z,r) is a real
solution of Eq. (6) results in

7, =1 = ="T2(1)f*, = £Y2fk, (19)
where Y2(¢) is some function of time, k < 1, and the

higher-order terms are omitted. In the orthonormal basis the
(17) block of the EMT is

I =+l

The upper (lower) signs of T;; correspond to growth
(evaporation) of the PBH. Leading terms of the solutions
for C(z,r) and h(z,r) are given in Appendix A 3. Static
non-vacuum solutions with z; — 0 are impossible for
k <1, as the regularity condition Eq. (10) cannot be
satisfied unless all three components are zero.

The null energy condition (NEC) requires 7, /1" > 0
for all null vectors /#. It is violated for all values of k < 1 by
radial vectors /4 = (1, F1,0,0) for the evaporating and the
accreting PBH solutions, respectively.

Violations of the NEC are bounded by quantum energy
inequalities (QEIs) [8,26]. For a growing PBH, r’g > 0, in
the reference frame of an infalling massive test particle the
energy density (as well as the pressure and the flux),
diverge (Appendix B 1). Such a transient firewall leads to a
violation of the quantum energy inequality [8,27], that is
shown by repeating the analysis of Ref [23]. Henceforth we
consider only the solutions with r{, < 0.

Comparison of Egs. (15)—(18) with Eq. (19) shows that
only the case k = 0 is allowed, with Y2 = —@; . Solutions
with k£ < 0 are incompatible with Eq. (15). Solutions with
0 < k < 1 are excluded by following the chain of reasoning
that leads to Egs. (25)—(27) (Appendix A 3).

For k = 0 the leading terms in the metric functions in
(1, r) coordinates are given as power series in terms of x :=
r—r,as

TA:

h:——ln +—\/—+

1
C:rg—w\/)_c+§x..., St

(21)

where w? := 167Y?r) and the higher-order terms depend
on the higher-order terms in the EMT expansion [22]. The
function &(¢) is determined by the choice of the time
variable. The metric functions C and / are obtained as the
solutions of Egs. (6) and (8), respectively. Equation (7)
must then hold identically. Both of its sides contain terms
that diverge as 1/+/x. Their identification results in the
consistency condition

r’g/\/E = +4/a Y7, = tw/r,. (22)

A static observer finds that the energy density p = —-T77,,
the pressure p = T”,, and the flux diverge at the apparent
horizon. On the other hand, in the reference frame of
the infalling observer on an arbitrary radial trajectory
(T4(7),R4(7),0,0) these quantities are

TQ

AR )

PA=DPa=s=

at the horizon crossing. Additional properties of this metric
are discussed in Refs. [20,23].

Further relations between the EMT components near the
apparent horizon are obtained as follows. A point on the
apparent horizon has the coordinates (v, r,) and (t,r,) in
the two coordinate systems. Moving from r, (v) along the
line of constant v by &r leads to the point (¢ 4- ¢, r, + 6r).
Equations (11) and (22) imply

Hence the EMT components are related at the first order in
or by

0,07 = =2YY'/r, + a, (25)
1-
0,00 +—— Vg — =2YY'/r} + B. (26)
Iy
+ Wit + _ >

0,0, —|—2 " 0y = =2YY"/ry +7, (27)
where 0,0 = argvlrp a(t) = 6th|rg9 p= arT”rg’

Y= 8,1’|,y. As a result, the subleading terms satisfy

a+y=2p4 (28)

This metric approaches the pure ingoing Vaidya metric
with decreasing mass, which is the usual near-horizon
approximation when the backreaction from Hawking
radiation is taken into account [28,29]. The triple limit
7,,7", 7 — =Y? is observed in the ab initio calculations
of the renormalized energy-momentum tensor on the
Schwarzschild background [30].

B. Finite density and pressure
For k > 1 Egs. (9) and (10) do not impose any constraints,
and different components of the energy-momentum tensor
can converge to zero at different rates. However, only the
case k = 1, where at the leading order in f

n=EQ@f, T =P0)f. u=00Of (29
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allows for a solution with rj # 0 (see Appendixes A4
and B 3 for details). These solutions exhibit a finite pressure
and a finite density at the apparent horizon, p(t, r,) = E and
p(t.ry) = P, respectively.
Then Eq. (6) results in the Misner-Sharp mass

C =ry(t)+8rErix+ ..., 8zEr; < 1. (30)
The strict inequality follows from Eq. (34) below, as
8zr;E =1 is incompatible with r/, # 1. Consistency of
Egs. (7) and (8) results in

4z(E + P)rz

= -1, 31
1—87rEr5 ( )

that ensures the necessary logarithmic divergence of h,

X
— —ln—
"=

for some &(7) > 0 and w(¢). As a result, Eq. (7) relates the
rate of change of the Schwarzschild radius and the flux as

+o(t)x+ ..., (32)

ry = 8a®er,. (33)

Requiring the Ricci scalar to be finite at r, (Appendix B 4)
imposes the constraint

(1 —8nEr})é = +r)r,, (34)

where the upper (lower) signs correspond to the expansion
(contraction) of the apparent horizon.

The above conditions imply that a single quantity deter-
mines the two other parameters at the apparent horizon,

—1 +4zEr? 1 — 8zEr?
p=—"""9 =4 "9 (35
A7r? 872 (35)

g g
where the upper (lower) sign corresponds to accretion
(evaporation). The (¢,r) block of the EMT is given in
Appendix B 2. The NEC is violated in both cases. For
example, for ry < 0 and the outward pointing null vector k*

asr—>rg

1

ZJrrgx

T, kK ~ — (36)

For @ > 0 (an accreting trapped region, rj, > 0) in the
reference frame of an infalling observer the energy density
diverges. This transient firewall leads to the violation of the
QEI, similarly to the k = 0 case (Appendix B 2).

The metric of Eq. (12) describes the k = 1 evaporating
black hole only if w, = 1. Compatibility with Eqgs. (16)
and (17) results in the relations

8ary(E— @) =1, E+P-20=0, (37)
that are automatically satisfied due to Eq. (35).

Consider now a time-independent apparent horizon, so
the PBH is neither accreting not evaporating, while the
solution is still time dependent (such solutions were
considered in the framework of modified gravity, e.g., in
Ref. [31]). We treat it as a limiting case of evaporation,
® < 0. The condition rj, = 0 requires

4rn(E + P)r?
”(—)ng _—) (38)
| —8rnEr,

A <1 to hold. The Ricci scalar is finite only if either the
density takes the extreme allowed value E = (87r2)~", or
A= % (Appendix B 4). Using Eq. (37) (that still holds up to
the end of the dynamical phase), we obtain

D =0, E=—-P=1/(8xr;), (39)
in both cases. The NEC is not violated so the solution
cannot be realized in finite time 7.

A static solution with all metric function being inde-
pendent of time is possible only if 7; = 0. If & # O there
is no general requirement p = —p, but Egs. (25)—(27)
imply E = —P.

C. Crossing the apparent horizon

Both massless sufficiently fast (4zr;Y? < R?) massive
test particles cross the apparent horizon of k = 0 PBH in
finite time of a distant observer [23]. However, it is
impossible to fall into a k = 1 black hole.

Consider for simplicity a massless test particle. It is
convenient to parametrize the radial ingoing null geodesic
(T4, R,) by its radial coordinate, A = —R,. Possibility of
the horizon crossing is conveniently monitored by the gap
function [32,33],

X(4) = Ry = ry(T4(2)). (40)

whose negative rate of change X;=dX/dl=
—1 —r,dT ,/d/ indicates that the particle keeps approach-
ing the apparent horizon.

Noting that

dTy e "k r 1 — (0 —r;h)X

9
di f(Ta,Ry) & 1—8znEr?

+OX?).  (41)

Similarly, the rate of change of the coordinate time with
respect to the proper time of an infalling massive test
particle is also finite. Expanding X(4) in powers of X we
find that

X, =—(w-r;")X +O(X?). (42)
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If (w—r;') <0, then once a certain minimal coordi-
nate distance is reached the gap has to increase. If
(w—ry') >0, then the gap will close exponentially
slowly,

X ~ Xoexp (- /A:(a) - rg‘l)d/1>, (43)

and thus crossing of the apparent horizon (X = 0) of an
evaporating k =1 PBH never happens. The same con-
clusion is obtained by considering a massive test particle
and the proper time parametrization.

These results cast doubt on the possibility that k = 1
black holes can actually form. A thin dust shell, with a flat
metric inside and a curved metric outside, provides the
simplest tractable model of the collapse. The classical
Schwarzschild exterior leads to the well-known result of a
finite proper time of the collapse and an infinite collapse
time ¢, according to the clock of a distant observer. By using
the Vaidya metrics to emulate the effects of evaporation,
one obtains results that depend on their choice [22].

By assuming the outgoing Vaidya metric with decreasing
mass (which satisfies the NEC and thus cannot lead to the
formation of a PBH in finite coordinate time ¢), the apparent
horizon is never formed, but the shell either becomes
superluminal [34] or develops a surface pressure at the
coordinate distance x ~ w? from the Schwarzschild radius
[22,33]. On the other hand, the ingoing Vaidya metric of
Eq. (12) leads to the horizon formation in finite time
according to both clocks [22]. However, if the exterior is
modeled by Eq. (1) with k£ = 1 metric functions [Egs. (30)
and (32)], Eq. (43) indicates that the shell’s collapse will
never be complete, even if the exterior metric violates
the NEC.

III. IMPLICATIONS FOR MODELS OF
REGULAR BLACK HOLES

Whether their motivation is to construct a geodetically
complete spacetime, to resolve the information loss para-
dox, or to illustrate the effects of quantum gravity, models
of regular black holes (RBHs) envisage a trapped region
with a singularity-free core (see, e.g., Refs. [35—40] and the
reviews [11,41,42]). Considerations of a geometric nature
[43], as well as constraints from the effective field theory of
quantum gravity [44,45] restrict these models. Here we
explore the further constraints that are imposed by the
results of Sec. II

Many of the proposed static models [35,37,39] assume
finite density and pressure at the horizon and thus belong to
the class k = 1. However, such solutions cannot be realized
without a breakdown of the semiclassical physics. Leaving
aside the doubts about viability of the dynamical k =1
solutions, the static situation (E = —P, ® = 0) still cannot
arise at finite 7, as in this case the NEC is satisfied and the
apparent horizon is hidden from the distant observer by the

event horizon. Appearance of the feature that the model is
built to prevent indicates its breakdown.

Even the asymptotic case cannot be realized without
some radical departures from the semiclassical physics. The
zero flux limit can be produced only if the scenario of
Eq. (39) is realized. However, in the limit 8ﬂrf]E — 1 the
formerly regular terms in the curvature scalars diverge
(Appendix B 4).

The leading behavior of the function & of the k =0
solutions matches the regular static scenario with k =1,
A= % Nevertheless, the latter is not a suitably defined limit
of the former. First, to produce this effect some mechanism
should freeze the apparent horizon and thus push Y in 7, =
-T2 + ax + ---, etc., to zero. This is exactly opposite of
the expected semiclassical behavior [2,16,29]. Moreover,
after the freezing, to avoid a discontinuous change in the
black hole (Misner-Sharp) mass, the linear terms in Egs. (21)
and (30) should match. This leads to a contradiction

1 1

= 2 2
2Arry "~ 8xry

=-P, (44)

where the first value of E is obtained by matching with
the linear part of Eq. (21) and the second value results
from Eq. (39).

A dynamical model of Hayward and Frolov [37,38] uses
(v,r) coordinates and the minimal modification of the
Vaidya metric by setting

2m(v)r

C+(U) :m, /’l+ :0, (45)

for some b > 0 and m(v). When m > b the approximate
locations of the apparent horizon and the inner horizon are
given by

b? 56 3b?
r,/~2m——, Fin ®— — ——, 46
g 2m "4 32m (46)
respectively, and the nonzero components of the energy-
momentum tensor at the apparent horizon are

0. ~ m'(v) N 3b? A7

" 16am (v) o g (47
This model belongs to the k = 0 class. It is consistent with
formation of the apparent horizon at a finite time of a
distant observer.

However, it is a consistent description of only the
evaporation part of the RBH evolution and cannot des-
cribe its formation. Leaving aside the issue of a transient
firewall that accompanies accretion, for m’(v) > O the
NEC is not violated in this model. Thus the apparent
horizon, if it exists, is hidden behind the even horizon that
was purportedly eliminated. In fact, no model that uses
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l( 3

FIG. 1. Schematic depiction of the evolution of a RBH from the
point of view of a distant observer. The dark blue line represents
the apparent horizon and the double dark red line represents the
inner horizon. The trapped region is cross hatched. The NEC-
violating region (blue spread, dashed boundary) appears prior to
the formation of the first marginally trapped surface (¢, rr) and
covers part of the trapped region. Its outer boundary is not
constrained by our considerations. The thin black line traces the
surface of the collapsing body up to the NEC-violating region.
The trapped region evaporates at some (¢, rg) where the two
hypersurfaces cross again.

(v, r) coordinates and has a regular function A (v, r) can
describe growth of a PBS, as in this case 7/ — +7Y?2,

Ohs _ yrey, - 107 y2, (48)
r f?

that ensures divergence of at least of 0,4,

Since the energy density and pressure are negative in the
vicinity of the apparent horizon and positive in the vicinity
of the inner horizon [19,23], there should be density and
pressure jumps at the intersection of the two horizons,
making problematic the blanket requirement of continuity
of density and pressure. If we accept that violations of the
QEI is a sufficient reason to discount the growth of the
trapped region, the horizon structure of a regular black hole
is schematically shown on Fig. 1.

In this case the model with the metric functions (45)
cannot describe the first stages of the evolution of the
trapped region, even if C’, < 0. For a RBH of Fig. 1 both
the apparent horizon and the inner horizon develop from a
single trapped surface that appears at some 7y and meet
again at tg, possibly forming a remnant. The Misner-Sharp
mass of Eq. (45) allows a latter possibility [at m(vg) =

3v/3b /41, but not the former one, as Eq. (46) indicates.

IV. DISCUSSION

We have seen that in the vicinity of the apparent horizon
a singular nature of Schwarzschild coordinates serves a

useful purpose. Scaling of the suitably selected functions
of the EMT components with the powers k of f = (1 —
C(t,r)/r) allows us to classify solutions of the Einstein
equations. Only two types of solutions with k =0, 1 are
possible. Both violate the NEC and result in a firewall at the
expanding apparent horizon. Only k = O solutions allow a
collapsing thin shell to form a black hole or for a test
particle to cross the apparent horizon. These failures cast
doubts on the physical relevance of the k = 1 solutions.

Analysis of the inner regions of RBHs leads to the
arguments indicating the need for physics beyond the
standard model to support such objects [40,46]. Our
analysis of the near-horizon regions indicates that k =0
models of evaporating RBHs are as exotic as any UCO
with or without an apparent horizon. On the other hand,
complete regularity (finite values of density and pressure
for both static and infalling observers) of k = 1 PBH may
be impossible to realize without significant modification of
the semiclassical gravity.
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APPENDIX A: SOLUTIONS WITH k£ < 1

1. Behavior of 79
The regularity conditions Eqgs. (9) and (10)

T=-247 +2T",
ff

T (2) 4 (5) -2(Z) vampp. )

constrains the leading term in Te T¢ when r — rg if the
three other components of the EMT scale as f*, k < 1. Set

(A1)

B = }met/fk, By = }i_g”r/fkv (A3)
By = }LmTZ/fk_lv By= 11mr,/fk (Ad)

9

and focus on the leading terms. The two conditions become

—:1+52+2E3:O, .—12 +2 - 54:0

(AS)

Taking E; and Z, as the independent variables we find

B, = \/3

1

(B — ), —2E,5.

w
I
N =

(A6)
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The Einstein equation (6) does not change; the leading
terms of the Misner-Sharp mass are
1/(2—k)

C=r,—wx ,

g (A7)

where w; = (=8(2 — k)zr}*E,)"/(~%)_ The limiting form
of Eq. (8) now becomes

k=2 2 oaw
S+ E
Oh = 4n(8, + B kM = _Z1T =2 (g
r ”( 1 + 2)rg X 2(2 _ k)Elx ( )
which results in the leading term
= +.:.2 X
h=——1""2 In= A9
22-k)E, £ (A9)
Hence, consistency of Eq. (7) imposes
2+ 5 1
- =— , Al10
2(2-k)E, 2—k (A10)
resulting in E; = &, and
By =0, B, =+4E,. (A11)

2. Regular solutions in (v,r) coordinates

Existence of the apparent horizon constrains the Misner-
Sharp function to have the form

Cy =ry(v) +wi(v)x!=® +wi (v)x!=nte 4

(A12)

where x = r—r,, and a; < 1, ap > 0, while we keep the
function A unconstrained,

hy = hy (v)Inx/E(v) + hi ()X + b (0)xPr P2 4
(A13)

Explicit evaluation of the Ricci scalar R for the metric (12)
with the above functions results in a number of the
divergent terms, that as x — 0 behave as its various powers.
The curvature scalar is finite if the coefficients of all such
divergent powers cancel. However, it is possible only if
h, =0, as well as all the coefficients of all fractional
powers that are less than 2.

3. Leading terms of the solutions, k < 1

For the EMT components of Eq. (19) with £k < 1 (and
thus finite TZ =T g) the Einstein equations with divergent
terms become

0,C ~ —8ari Y2 k1, (A14)

0,C ~ £8xrie" 12 f¥, (A15)

O,h ~ =8xr, Y2 <2, (A16)
The sign choice follows from the observation that the
equations have no real solutions if 7, and 7" are +Y2f*. The
leading terms of the metric functions are then

C = r,(t) —wx"/20), wi™h = 8(2 — k)mry * 12,
(A17)
and
1 X
h=-— In—. Al8
Eq. (A15) results in the constraint
w 51/(2_k>
trl = —. (A19)

g

It was shown in Sec. II A that solutions with k < O are
incompatible with Eq. (15). By following the chain of
reasoning that established Eqgs. (25)—(27) we show that
solutions with k > 0 are also inadmissible. For k < 1
moving from (v, 7, (v)) along the line of constant v leads
to the point (¢ + 6t, r, + 6r), where Eqs. (A17) and (A18)
imply

—h 6
st=-""| or=2

,
/
Fl

(A20)

For k# 1 the analog of Eq. (25) is a contradictory
expression

kY?

0,0 = — =i+

FET — —00,

(A21)
showing that solutions with 0 < k < 1 are to be excluded.
4. Leading terms of the solutions, k > 1

For the EMT components of Eq. (19) with k > 1 the
Einstein equations with divergent terms become

0,C ~ 8ariE(r)f*", (A22)
9,C ~ 8rrie"®(1) fro, (A23)
O,h ~ 4rxr (E(1) f*2 + P(1) f*=2), (A24)

for some functions E(z), P(t), and ®(¢) and powers
k, ke, kp > 1. The leading terms of the Misner-Sharp mass
are then
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C = r,(t) + 8zErix. (A25)
For k > 1 the constraints of Sec. II B do not apply. In this
case

(A26)

Solutions with variable r,(¢) impose via Eq. (A15) that
e « x7*e_ i.e., the logarithmic divergence of the function
h. For k > 1 it can be realized only if kp = 1. Then

h = 4zPr ln%, AZPr2 = —kg.  (A27)
Further properties of these solutions are discovered by
using the relations between the EMT components (15)—
(17). Equation (15) is satisfied if w, = 1. Equation (16)
then implies kg = 1 and ® = —1/(8zr2). Equation (17) is
satisfied if & > 2. We see that these solutions are rather
peculiar: energy density vanishes at the apparent horizon
and the pressure and the flux are determined by the
Schwarzschild radius. Moreover, the firewall is present
even if ® < 0 (Appendix B 3).

For k=1 and k¢ > 1 the equality 87Er2 =1 is still
impossible. Assuming that it is true we find that the Misner-
Sharp mass in the vicinity of r, is
C=ry+x—-bx*+ ..,

f=b22)ry+ ..., (A28)

for some b(t). Equation (7) becomes, in the leading order,

2b2 / b2x2\ ke
To* _ 8ﬂ<I>< * ) e, (A29)
Ty Ty
requiring
X
h:—(ZkQ—I)InE—I—..., (A30)

where the higher-order terms are omitted for time-
dependent Schwarzschild radius. Equation (8) then results
in the leading order relation

h 2 b22 b22 k
O.h _ g (E x +P< x>> (A31)
g Tg

b*x* r

resulting in 1/x divergence of the function h.

Evaluation of the Ricci scalar with these metric functions
results in the divergent expression unless kp = kq, = 1. Itis
given in Appendix B 4.

|

1 <8ﬂE(1 —8nEr,)&

APPENDIX B: SOME PROPERTIES
OF THE SOLUTIONS

1. Firewall at the apparent horizon, £ < 1

For a radially infalling massive particle the four-velocity
components are related by

. WFHR R 1
TA: ~

eF T eMF 2Rl

(B1)

where H = h(T,,R,) and F = f(T4,R4). For k < this
means that the four-velocity of an infalling observer at the
leading order is given by

. r
Uy = RA|<7Q ,—1,0,o>,
A Wléﬂ/(Z—k)

while the leading terms in the (z, r) block of the EMT are

2. .,k=2
Tb__T_M_(
ab — k—2

X rg

(B2)

W%fz/(z_k)/r%] iwlfl/(z_k)/rg >
:I:wlél/(z_k)/rg 1 ’
(B3)

where the upper (lower) sign corresponds to ry <0
(ry > 0), respectively. The energy density in the frame
of the particle is py = T, uliu4.

For ry <0 the divergent terms in the energy density
cancel out. However, for the expanding apparent horizon
the energy density is negative and divergent,

4R2T2 rZ*k
N—— B4
Pa W%_kX ( )
where X = Ry —r,.
2. Firewall at the apparent horizon, k=1
The leading terms of the metric functions are
C =r,+8nErix, h=—Inx/¢ (B3)

The four-velocity of an infalling observer at the leading
order is then given by

W = Ry (. ~1,0,0),
(1 — 87Er)

g

(B6)

and the leading terms in the (z, r) block of the EMT are

—(2—-87Er2)/(1 — 8zEr}) ) (B7)
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In the case of expansion the function ¢ satisfies

(1 - 8zEr2)é = +rir,, (B8)
and the resulting energy density diverges as
4R?
x— B9
Pa r, X (B9)

For spacetimes of small curvature explicit expressions
that bound time-averaged energy density for a geodesic
observer were derived in Ref. [27]. For any Hadamard state
@ and a sampling function f(z) of compact support,
negativity of the expectation value of the energy density
pa as seen by a geodesic observer on a trajectory y(z) is
bounded by

/ P(e)pde > ~B(R.f.7). (B10)

where B > 0 is a bounded function that depends on the
trajectory, the Ricci scalar, and the sampling function [27].

Consider a growing apparent horizon, rj, > 0. For a
macroscopic black hole the curvature at the apparent
horizon is low and its radius does not appreciably change
while the observer (a massive test particle) moves in its
vicinity. Then X ~ R, and for a given geodesic trajectory,
we can choose f~ 1 at the horizon crossing and f — 0
within the NEC-violating domain. As the trajectory passes
through X, + r, — r, the left-hand side of Eq. (B10)
behaves as

4R? 4|R|dXx
/fszdTN‘/ s / i x log Xy — —c0,
rgX 7

g reX

g

(B11)

where we used R ~ const. The right-hand side of Eq. (B10)
remains finite, and thus the QEI is violated.

3. Firewall at the apparent horizon, k > 1

Using the results of Appendix A4 for k> 1, kp=kg=1
we find that the four-velocity of an infalling observer at the
leading order is then given by

uA—|RA|(§ 100>

and the leading terms in the (z, r) block of the EMT are

(B12)

—(8ar2)™!
—(4mr,x)~!

Tap = (_(8;)_1 > (B13)

where the minimal allowed power k=2 was used
in 7, = Eft.
As a result the energy density in the infalling frame

1

_—, Bl4
47rrgX ( )

PAR—

diverges even for an evaporating k > 2 black hole, and
the violation of the QEI is established analogously to
Appendix B 1.

4. The Ricci scalar, k=1

For a dynamical solution in the case k =1 with the
metric functions given by Egs. (30) and (32) expansion of
the Ricci scalar near the apparent horizon gives

(1 = 82Er2)2& — rrP?

R=- 9" L o0,
rg(l—Sn'Eré)cf +O)

(B15)

It is finite if and only if Eq. (34) is satisfied.

The Ricci scalar diverges if the evaporating black hole
freezes (r, — 0), as the regular (as a function of x) part of R
contains a clearly divergent term

1
2
g

R = (B16)

Q\

If the metric function % has a proportionality coefficient
that is different from one (if kg > 1 while kp > 1 and
k=1),

X
h=-AInZ+ ...,
¢

Equation (7) implies that A = kg, and the Ricci scalar
contains a potentially divergent term

(B17)

A24—=1)(1 = 8zEr;)
R_l - )

rgx

(B18)

that will be zero only if 2= 0,1 or E = (8zr7)~!

The two former options (with 8zE ré < 1) contradict the
assumption 1 = ky > 1. The third option—the identity
87rEr§ = 1—is impossible to satisfy, as demonstrated in
Appendix A 4.
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