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Recent observations of neutron stars with radio, x rays, and gravitational waves have begun to constrain
the equation of state for nuclear matter beyond the nuclear saturation density. To one’s surprise, there exist
approximate universal relations connecting certain bulk properties of neutron stars that are insensitive to the
underlying equation of state and having important applications on probing fundamental physics including
nuclear and gravitational physics. To date, analytic works on universal relations for realistic neutron stars
are lacking, which may lead to a better understanding of the origin of the universality. Here, we focus on the
universal relations between the compactness (C), the moment of inertia (I), and the tidal deformability
(related to the Love number) and derive analytic, approximate I-Love-C relations. To achieve this, we
construct slowly rotating and tidally deformed neutron star solutions analytically starting from an extended
Tolman VII model that accurately describes nonrotating realistic neutron stars, which allows us to extract
the moment of inertia and the tidal deformability on top of the compactness. We solve the field equations
analytically by expanding them about the Newtonian limit and keeping up to sixth order in the stellar
compactness. Based on these analytic solutions, we can mathematically demonstrate theOð10%Þ equation-
of-state variation in the I-C and Love-C relations and the Oð1%Þ variation in the I-Love relation that have
previously been found numerically. Our new analytic relations agree more accurately with numerical
results for realistic neutron stars (especially the I-C and Love-C ones) than the analytic relations for
constant-density stars derived in previous work. Based on these analytic findings, we attribute a possible
origin of the universality for the I-C and Love-C relations to the fact that the energy density of realistic
neutron stars can be approximated as a quadratic function, as is the case for the Tolman VII solution.
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I. INTRODUCTION

Neutron stars (NSs) are unique astrophysical objects for
studying fundamental physics, in particular, strongly inter-
acting many-body systems in nuclear physics [1]. The
energy density can reach up to several times the nuclear
saturation density in their inner cores, which are difficult to
access with terrestrial nuclear experiments.
The relation between the mass and radius of a NS

depends strongly on the equation of state (EOS) of nuclear
matter, the relation between energy density and pressure.
This, in turn, means that one can probe the EOS by
measuring the NS mass and radius independently [2–7].
For example, the x-ray payload NICER at the International
Space Station recently measured the mass and radius of a
pulsar to ∼10% accuracy [8–13], which has been used to
constrain the EOS and measure nuclear matter parameters
[13–18]. Mass measurements of heavy NSs also help to
constrain the EOS [19–21].
There are several other important global observables of

NSs besides mass and radius that are useful for probing
nuclear physics. Moment of inertia I is expected to be
measured from future observations of the double-pulsar
system [22]. A useful constraint on the EOS can be made
if I can be determined up to about 10% [23]. Tidal

deformability (related to the tidal Love number), that is
a linear response of an object’s quadrupole moment to the
external tidal field, is encoded in gravitational waves
(GWs) from binary NS mergers [24,25]. The recent GW
event GW170817 provides a first measurement of the tidal
deformability [26], which has been used to constrain the
EOS and nuclear matter parameters [27–39].
Unlike the mass-radius relation, which depends strongly

on the underlyingEOS, there exist universal relations among
certain NS observables that do not depend sensitively on the
stellar internal structure (see, e.g., [40,41] for recent
reviews). One example is among the moment of inertia I,
the tidal Love number (or the tidal deformability), and the
quadrupole moment Q, which are commonly known as the
I-Love-Q relations [42,43]. The relations are universal with
an EOS variation of∼1%. Similar relations were discovered
among tidal parameters in gravitational waveforms from
binary NSs, known as the binary Love relations [44,45].
These relations can be used to break degeneracies among
parameters in GW signals, enhancing the measurability of
the tidal effects directly related to the EOS [26]. The
relations havemany other interesting applications, including
astrophysics, gravitational physics, and cosmology [42–45].
Reference [46] proposed emergent, approximate symmetry
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related to isodensity contours inside NSs as a possible origin
of the universality. Reference [47] proposed that the uni-
versality is due to the realistic EOSs being “close” to the
incompressible, constant-density one, which agrees with the
picture of Ref. [46], since the approximate symmetry
becomes exact in the incompressible limit.
Most of the works on NS universal relations focused on

numerical calculations, though there are a limited number
of works within an analytic framework. The amount
of universality in the I-Love relation was analytically
explained in the Newtonian limit by comparing the n ¼ 0
and n ¼ 1 polytropes [42,43]. Reference [48] derived the
analytic, I-Love relation for constant-density stars that is
applicable to both the Newtonian and relativistic regimes.
The authors studied the relation between the moment of
inertia and compactness (the I-C relation) and that between
the tidal deformability and compactness (the Love-C
relation) in terms of a series expansion in compactness.
The authors then eliminated the compactness to find the
analytic I-Love relation. Since constant-density stars are
more appropriate for describing quark stars, what is still
missing is the analytic, I-Love-C relations for realistic NSs
and to study analytically the amount of the EOS variation in
these relations.
One useful, analytic model of nonrotating realistic NSs is

the Tolman VII solution [1,49]. This is a two-parameter
(mass and radius) solution to the Einstein equations, in
which the energy-density profile inside a star is approxi-
mated by a quadratic function in a radial coordinate. In
Ref. [50], we improved this model further by extending the
energy-density profile to a quartic function. We introduced
a phenomenological parameter α to more accurately cap-
ture the realistic energy-density profiles. We found that this
modified Tolman VII model has an improved accuracy for
describing the metric and pressure or energy-density
functions over the original Tolman VII solution by a factor
of 2–5.
In this paper, we construct analytic, I-Love-C relations

for realistic NSs by extending nonrotating solutions for
the modified Tolman VII model to slowly rotating or tidally
deformed configurations, which allows us to extract the
moment of inertia and tidal deformability. We treat the
rotation or tidal deformation to be a small perturbation
and keep only to leading order in such a perturbation. This
is a good approximation since, e.g., the rotation of the
primary pulsar in the double-pulsar binary is much smaller
than the breakup rotation. Following Ref. [48], we find a
series-expanded solution for the moment of inertia and the
tidal deformability in terms of compactness. We then
eliminate the compactness to find the I-Love relation for
the modified Tolman VII model applicable to realistic NSs.
Varying the phenomenological parameter α within a
reasonable range for realistic NSs allows us to analytically
estimate the amount of the universality in the I-Love-C
relations.

A. Executive summary

We first constructed analytic I-C and Love-C relations
for the original Tolman VII solution in terms of a series
expansion in compactness. After resumming the series via
the Padé method as done in Ref. [47] for constant-density
stars, we arrived at

ĪTol ¼
P

3
j¼0 c

ðĪÞ
j Cj

2C3
P

3
i¼0 d

ðĪÞ
i Ci

; ð1Þ

λ̄ ¼ 16

15
ð1 − 2CÞ2½2þ 2CðyR − 1Þ − yR�=

f2C½6 − 3yR þ 3Cð5yR − 8Þ�
þ 4C3½13 − 11yR þ Cð3yR − 2Þ þ 2C2ð1þ yRÞ�
þ 3ð1 − 2CÞ2½2 − yR þ 2CðyR − 1Þ� lnð1 − 2CÞg; ð2Þ

with

yR;Tol ¼
P

2
j¼0 c

ðλ̄Þ
j CjP

2
i¼0 d

ðλ̄Þ
i Ci

; ð3Þ

where the coefficients ci and di are given in Table I. We
also present these analytic relations in a supplemental
Mathematica notebook [51]. Here the subscript “Tol”
stands for the original Tolman VII solution.
Figure 1 compares these analytic relations with numeri-

cal ones for NSs with realistic EOSs and the analytic one
for constant-density stars. Observe that the analytic rela-
tions for the Tolman VII model can accurately describe the

TABLE I. Coefficients cðĪÞi and dðĪÞi in Eq. (1) and cðλ̄Þi and dðλ̄Þi
in Eq. (3).

Coefficient Value

cðĪÞ0
0

cðĪÞ1

4
7

cðĪÞ2
− 4475212734657724923440

3819744665891770040271

cðĪÞ3

52512054644310254173804264
119920883785672120414308045

dðĪÞ0
1

dðĪÞ1
− 52610171361202024028

16535691194336666841

dðĪÞ2

7315710780062174885366
2662246282288203361401

dðĪÞ3
− 24682764601232290703083888

47294805204849932715288765

cðλ̄Þ0

75974923394
756262478125

cðλ̄Þ1

37520415660320803457514031332847380947962712
4113772401871789717923024281035002577115625

cðλ̄Þ2

959692101525501001392591086078567807004592397
9214850180192808968147574389518405772739000

dðλ̄Þ0
1

dðλ̄Þ1

125977972708997462470931885904739
1673725935459728881079142766212

dðλ̄Þ2
− 11560237280939583134679473198513569

70296489289308613005323996180904
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realistic relations. We can see that the analytic curves are
very close to the numerical fit ones in Ref. [40], with
fractional differences ∼1% for the I-C curve and several
percent for the Love-C curve. Observe also that the former
is much more accurate than the one for constant-density
stars, which is more appropriate for quark stars. We next
constructed the I-Love relation semianalytically for the
original Tolman VII solution by eliminating the compact-
ness from the I-C and Love-C relations, which again
accurately models the numerical results.
We also derived the analytic I-C and Love-C and semi-

analytic I-Love relations for themodified TolmanVII model
[50]. By varying the density profile parameter α that
corresponds to varying the EOS, we successfully obtained
the 10%EOSvariation in the I-C andLove-C relationswhile
1% EOS variation in the I-Love relations, which agree with
previous numerical findings [40,42,43,52,53].

1. Organization

The organization of the rest of the paper is as follows. In
Sec. II, we briefly introduce what original and modified
Tolman VII solutions are. In Secs. III and IV, we describe
how we construct the analytic I-C and Love-C relations,
respectively, and compare them against numerical relations
for realistic NSs and analytic relations for constant-density
stars. We also analytically estimate the amount of univer-
sality in these relations. In Sec. V, we present the results of

the semianalytic I-Love relation. In Sec. VI, we use our
analytic findings to present a possible origin of the univer-
sality for the I-C and Love-C relations. In Sec. VII, we
conclude and give possible directions for future work. We
use the geometric units of c ¼ 1 and G ¼ 1 throughout
this paper.

II. MODIFIED TOLMAN VII SOLUTION

Here, we briefly review the original Tolman VII [49] and
modified Tolman VII [50] solution of a static, isolated, and
spherically symmetric NS in the interior region. We use the
metric ansatz given by

ds2 ¼ ds20 ≡ −eνdt2 þ eλdr2 þ r2ðdθ2 þ sin2θdϕ2Þ; ð4Þ

where ν and λ are functions of r. We also assume that matter
inside a NS is modeled by a perfect fluid with the stress-
energy tensor given by

Tμν ¼ ðρþ pÞuμuν þ pgμν: ð5Þ

Here ρ represents energy density, p represents pressure, and
uμ is the 4-velocity of the fluid. Substituting Eqs. (4) and
(5) into the Einstein equations, one finds the following
three differential equations with four unknown quantities
(ν, λ, p, and ρ, which are functions of r only) [49]:

d
dr

�
e−λ − 1

r2

�
þ d
dr

�
e−λν0

2r

�
þ e−λ−ν

d
dr

�
eνν0

2r

�
¼ 0; ð6Þ

e−λ
�
ν0

r
þ 1

r2

�
−

1

r2
¼ 8πp; ð7Þ

dm
dr

¼ 4πr2ρ; ð8Þ

where a prime denotes a derivative with respect to r and

e−λ ≡ 1 −
2mðrÞ

r
ð9Þ

with mðrÞ representing the mass enclosed in a sphere of
radius r.
To make the system of equations closed, one typically

specifies an EOS relating p as a function of ρ. Instead, in
this paper, we specify the radial profile of ρ, which
corresponds to choosing an EOS.
In the exterior region ðr > RÞ, pext ¼ 0, ρext ¼ 0, and

mðrÞ ¼ M with the stellar mass M. Then, we have

eνext ¼ e−λext ¼ 1 −
2M
r

: ð10Þ
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FIG. 1. Approximate, analytic I-C relation (top) and Love-C
relation (bottom) for the original Tolman VII model (solid curve)
for realistic NSs and constant-density-star model [48] (dot-
dashed curve), both in Padé resummed form. We also present
those for realistic EOSs representing soft (AP4), intermediate
(MPA1), and stiff (MS1) EOS classes. We can see a clear
improvement in accuracy for the Tolman-VII curves over the
constant-density ones in both panels. For comparison, the
numerical fit curves in Ref. [40] are plotted in cyan.
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A. Original Tolman VII solution

In the original Tolman VII solution [49], the energy-
density profile is given by

ρTolðξÞ ¼ ρcð1 − ξ2Þ: ð11Þ
Here the dimensionless radial coordinate ξ is given by
ξ ¼ r=R with the stellar radius R and ρc is the central
energy density. The subscript “Tol” indicates the quantity
for the original Tolman VII solution. We next substitute the
above density profile into Eq. (8) and integrate over r under
the boundary condition mð0Þ ¼ 0. One finds

mTolðrÞ ¼ 4πρc

�
r3

3
−

r5

5R2

�
: ð12Þ

ρc can be expressed in terms of R and the stellar compact-
ness C≡M=R as

ρc ¼
15C
8πR2

: ð13Þ

We can substitute this into Eqs. (11) and (12) to find

ρTolðξÞ ¼
15C
8πR2

ð1 − ξ2Þ; ð14Þ

mTolðξÞ ¼ CR
�
5

2
ξ3 −

3

2
ξ5
�
: ð15Þ

Using Eq. (9), e−λ is given by

e−λTolðξÞ ¼ 1 − Cξ2ð5 − 3ξ2Þ: ð16Þ
Next, one can solve for ν and p to find

eνTolðξÞ ¼ CTol
1 cos2ϕTol; ð17Þ

pTolðξÞ ¼
1

4πR2

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Ce−λTol

p
tanϕTol −

C
2
ð5 − 3ξ2Þ

i
; ð18Þ

respectively, with

ϕTolðξÞ ¼ CTol
2 −

1

2
log

0
B@ξ2 −

5

6
þ

ffiffiffiffiffiffiffiffiffiffi
e−λTol

3C

s 1
CA; ð19Þ

and the integration constants are given by

CTol
1 ¼ 1 −

5C
3
; ð20Þ

CTol
2 ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C

3ð1−2CÞ

s
þ1

2
log

 
1

6
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1−2C
3C

r !
: ð21Þ

The above solution is the so-called Tolman VII solution.

B. Modified Tolman VII solution

The modified Tolman VII model [50] introduces an
additional term to Eq. (11) with a free parameter α in order
to capture the variation in the energy-density profile among
different EOSs:

ρmodðξÞ ¼ ρc½1 − αξ2 þ ðα − 1Þξ4�: ð22Þ

Obviously, this new profile reduces to the original one in
the limit α → 1. Figure 2 presents α obtained by fitting a
numerical energy-density profile with Eq. (22) for various
EOSs1 and compactness. Observe that α ranges in α ∈
½0.4; 1.4� when C ∈ ½0.05; 0.35�. We will vary α within this
range in later calculations.
The remaining equations are modified from the original

Tolman VII one as follows. m and λ now become

mmodðξÞ ¼ 4πρcR3ξ3
�
1

3
−
α

5
ξ2 þ α − 1

7
ξ4
�
; ð23Þ

e−λmodðξÞ ¼ 1 − 8πR2ξ2ρc

�
1

3
−
α

5
ξ2 þ α − 1

7
ξ4
�
; ð24Þ

respectively, with the subscript “mod” representing the
quantities in the modified Tolman solution. The expres-
sions for ν and p are then adjusted to be

eνmodðξÞ ¼ Cmod
1 cos2ϕmod; ð25Þ
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FIG. 2. The parameter α introduced in the density profile of the
modified Tolman VII model [Eq. (22)] against the compactness C
for 11 realistic EOSs. The red, green, and blue dots represent soft,
intermediate, and stiff EOSs, respectively.

1The 11 EOSs considered here are same as those in Ref. [50],
which all support NSs with their mass above 2 M⊙.
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pmodðξÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−λTolρc
10π

r
tanϕmod

R
þ 1

15
ð3ξ2 − 5Þρc

þ 6ð1 − αÞρc
16πð10 − 3αÞρcR2 − 105

; ð26Þ

respectively, with

ϕmodðξÞ ¼ Cmod
2 −

1

2
log

 
ξ2 −

5

6
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5e−λTol

8πR2ρc

s !
; ð27Þ

Cmod
1 ¼ð1− 2CÞ

�
1þ 8πR2ρcð10− 3αÞ2ð15− 16πR2ρcÞ

3½105þ 16πR2ρcð3α− 10Þ�2
�
;

ð28Þ

Cmod
2 ¼ arctan

"
−
2ð10 − 3αÞR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6πρcð15 − 16πρcR2Þ

p
48πð10 − 3αÞρcR2 − 315

#

þ 1

2
log

 
1

6
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

8πρcR2
−
2

3

s !
: ð29Þ

Notice that the above solution is parameterized by (C, R,
ρc, and α). We can further eliminate ρc from the condition
M ¼ mmodð1Þ, which yields

ρc ¼
105C

8πR2ð10 − 3αÞ : ð30Þ

Using this in the modified Tolman VII expressions,
we obtain a three-parameter (C, R, α) [or, equivalently,
ðM;R; αÞ] model which will be used in the following
calculations.

III. MOMENT OF INERTIA

A. Formulation

One can extract the moment of inertia I from the
asymptotic behavior of the time-spatial component of the
metric at infinity for a slowly rotating NS. For simplicity,
we consider uniform rotation. The metric ansatz is given by

ds2 ¼ ds20 − 2Ωð1 − ωÞr2 sin2 θdtdϕ; ð31Þ

where ds20 is the nonrotating part of the line element in
Eq. (4), Ω is the constant stellar angular velocity, and ω is a
function of r (or ξ). Substituting this ansatz into the
Einstein equations, one finds an equation for ω as [54]

d
dξ

�
ξ4j

dω
dξ

�
þ 4ξ3

dj
dξ

ω ¼ 0; ð32Þ

with the boundary condition

ωjξ→0 ¼ 1;
dω
dξ

����
ξ→0

¼ 0; ð33Þ

and jðξÞ ¼ eð−λþνÞ=2.
Let us next look at the exterior solution. Integrating the

equation in the exterior region [with jðξÞ ¼ 1], one finds

ωextðrÞ ¼ 1 −
2I
r3

: ð34Þ

The closed form of I can be obtained easily from the
differential equations and its boundary conditions above,
which is [54]

I ¼ 8πR5

3

Z
1

0

ξ5ðpþ ρÞe−ðνþλÞ=2ω
ξ − 2m

R

dξ: ð35Þ

B. Analytic solutions

We now find an analytic solution to Eq. (32) for the
modified Tolman VII solution. Unfortunately, we were not
able to find an exact solution. Instead, we apply a post-
Minkowskian recursive perturbation method adopted by
Chan, Chan, and Leung [48] for incompressible stars to
derive an approximate, analytic solution for ω and I.
We begin by defining

ω̃ðξÞ≡ 1 − ωðξÞ ð36Þ
and expanding ω̃ðξÞ and jðξÞ in power series of C:

ω̃ðξ; CÞ ≈
XN
n¼0

ω̃nðξÞCn; jðξ; CÞ ≈
XN
n¼0

jnðξÞCn: ð37Þ

Here ω̃nðξÞ and jnðξÞ are functions of ξ only, while N
corresponds to the order of the expansion that we keep. In
the Newtonian limit (C → 0), one finds

j0ðξÞ ¼ 1; ω̃0ðξÞ ¼ 0: ð38Þ
Having the above series expansion at hand, we can solve

the differential equation. Namely, we substitute Eq. (37)
into Eq. (32) and solve the latter for ω̃n order by order in
powers of C. We can then derive the series expansion of the
dimensionless moment of inertia from Eq. (35) as

Ī ≡ I
M3

≈
XN
n¼0

ĪnCn−2: ð39Þ

The series starts with C−2, since I ∝ MR2 in the Newtonian
limit. Ī is given in terms of ω̃ as

Ī ¼ ω̃R

2C3
; ω̃R ≡ ω̃ðξ ¼ 1Þ: ð40Þ

Figure 3 shows how the I-C series converges as one
increases the order of expansion. Observe that the
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expansion to sixth order in compactness can accurately
describe the numerical relation. Since the expressions for Īn
are lengthy and not illuminating, we show them in a
supplemental Mathematica notebook [51].
We present in the top panel in Fig. 4 the approximate,

analytic I-C relation for the modified Tolman VII solution.
For comparison, we also show the approximate, analytic
relation for incompressible stars [48] and the relations for
some representative realistic EOSs. Observe that the new
analytic relation can beautifully approximate the numerical
relation for the realistic EOSs. Observe also that the relation
for incompressible stars found in Ref. [48] does not provide
an accurate description for realistic NSs.2 The new relation
found in this paper gives us the first analytic expression for
the I-C relation for realistic NSs other than the fits in, e.g.,
Refs. [40,55,56].
The bottom panel shows the fractional difference of the

modified Tolman VII relation from the original one. Notice
that, when we vary α within the range for realistic EOSs,
the analytic relation varies by ∼10%. This amount agrees
with that of the EOS variation in the relation for realistic
NSs in the middle panel (see also [40]). Thus, the new
relation provides us an analytic explanation for the amount
of universality in the I-C relation.
Let us investigate further the EOS variation in the I-C

relation using the new analytic I-C relation. Expanding Īn
about α ¼ 1 (the original Tolman solution), we find

Ī0 ¼ 0.286½1 − 0.105ðα − 1Þ þOðα − 1Þ2�;
Ī1 ¼ 0.323½1 − 0.100ðα − 1Þ þOðα − 1Þ2�;
Ī2 ¼ 0.462½1þ 0.258ðα − 1Þ þOðα − 1Þ2�;
Ī3 ¼ 0.732½1þ 0.403ðα − 1Þ þOðα − 1Þ2�;
Ī4 ¼ 1.226½1þ 0.545ðα − 1Þ þOðα − 1Þ2�;
Ī5 ¼ 2.132½1þ 0.688ðα − 1Þ þOðα − 1Þ2�:

This shows that the α dependence on the leading contri-
bution to Ī (Ī0) is ∼10% (because the relative coefficient is
0.105), and similar for Ī1. This analytically explains the
origin of the Oð10%Þ EOS variation in the relation. On the
other hand, the α dependence becomes larger as we
increase n in Īn, though such contributions are higher
order and do not affect the relation much.

IV. TIDAL LOVE NUMBER

A. Formulation

In this section, we present the calculation of the tidal
deformability or the tidal Love number due to tidal
deformation. For example, a primary NS in a binary
acquires tidal deformation due to the tidal field created
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FIG. 4. (Top) Approximate, analytic I-C relation (up to sixth
order in the series expansion in C) for the modified Tolman VII
solution with five representative values of α. For comparison, we
also show the numerical relation for three representative realistic
EOSs, namely, AP4 (soft), MPA1 (intermediate), and MS1 (stiff).
The dot-dashed line represents the relation for incompressible
constant-density stars in Ref. [48]. (Middle) Relative fractional
difference of the I-C relation for the realistic EOSs from that for
the original Tolman solution. (Bottom) Relative fractional differ-
ence for the modified Tolman VII relation from the original one.
Observe that the EOS variation is kept under 10% for both
realistic EOSs and modified Tolman VII relations, in agreement
with that for realistic EOSs in Fig. 15 of Ref. [40].
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FIG. 3. (Top) I-C relation for the original Tolman VII solution
with different orders of series expansion in C. (Bottom) Fractional
differences between the curve obtained numerically and the
analytic one at each expansion order. Observe that the analytic
relation converges as we increase the order.

2The relation for incompressible stars can accurately describe
the relation for quark stars [40].
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by a companion star. Such an effect is characterized by the
dimensionless tidal deformability, which is defined as

λ̄≡ λ

M5
≡ −

Q
M5

E ¼ 2

3
k2C−5: ð41Þ

Here Q and E are the tidally induced quadruple moment
and the external tidal field, respectively, and k2 is the tidal
Love number defined by k2 ≡ ð3=2Þðλ=R5Þ. To calculate Q
and E, we follow the formulations and conventions estab-
lished in Ref. [24]. We begin by the metric ansatz

ds2 ¼ ds20 − ½h2ðeνdt2 þ eλdr2Þ
− r2K2ðdθ2 þ sin2θdϕ2Þ�Y2mðθ;ϕÞ; ð42Þ

where h2ðrÞ and K2ðrÞ are quadrupolar tidal perturbations
while Ylm are spherical harmonics. Substituting this into
the Einstein equations, one can derive a second-order
differential equation for h2 as [24]

ξy0 þ y2 þ yeλ½1þ 4πξ2R2ðp− ρÞ�

−
�
6eλ

ξ2
− 4πeλR2

�
5ρþ 9pþ ðρþpÞ dρ

dp

	
þ ν02

�
ξ2 ¼ 0;

ð43Þ
where

y≡ ξ

h2

dh2
dξ

ð44Þ

and the prime represents a derivative with respect to ξ. The
initial condition is given by yðξ ¼ 0Þ ¼ 2. Solving the
above equation, one can find λ̄ using Eq. (41) as in Eq. (2)
with yR ≡ yðξ ¼ 1Þ [24,57].

B. Analytic solution

We now study analytic expressions for h2 (or y) and the
tidal deformability. Similar to the case of the moment of
inertia, we were not able to solve Eq. (43) exactly for the
modified Tolman VII model. Thus, we follow the same
procedure as before and consider series expansion in C.
We begin by expanding y as [48]

yðξ; CÞ ≈
XN
n¼0

ynðξÞCn; ð45Þ

where each coefficient yn is a function of ξ only.
Substituting this expansion into Eq. (43) and looking order
by order, one can derive differential equations for yn.
Unlike the case of the moment of inertia, we were not
able to find analytic exact solutions to these equations for
the modified Tolman VII model.3 Thus, we further expand
yn about ξ ¼ 0 as

ynðξÞ ≈
XK
k¼1

yð2kÞn ξ2k; ð46Þ

where yð2kÞn is now a constant while K is the expansion
order in terms of ξ. We expand Eq. (43) in powers of both C

and ξ, find algebraic equations for yð2kÞn order by order, and
solve them. We show ynðξÞ expanded up to 12th order in ξ
(K ¼ 6) in the supplemental Mathematica notebook [51].
Figure 5 compares the analytic relations between λ̄ and C

(the Love-C relations) for the original Tolman solution at
different expansion order in C against the numerical
relation. For the former, we fixed K ¼ 6 for the ξ
expansion. Unlike the I-C case in Fig. 3, the series does
not converge. We found that the sound speed squared
(dp=dρÞ in Eq. (43) becomes inaccurate as one goes to
higher order in C. The analytic relation is given in series
expansion in C; thus, the approximation becomes worse in a
large C region. In this section, we keep up to third order in C
[N ¼ 3 in Eq. (45)] and 12th order in ξ [K ¼ 6 in Eq. (46)]
that most accurately approximates the correct numerical
relation. When deriving the I-Love relation, we will use the
relation up to sixth order in C as we will explain in more
detail in Sec. V.
The top panel in Fig. 6 presents the analytic Love-C

relations for the modified Tolman solution, together with
those for the realistic EOSs and the one found in Ref. [48]
for constant-density stars. Observe that, similar to Fig. 4,
the analytic relation for the modified Tolman solution can
accurately describe the results for the realistic EOSs, while
that for constant-density stars fails to do so. The bottom
panel shows the fractional difference in the Love-C
relations between the modified and original Tolman
solutions. Observe that the amount of the variation in α
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FIG. 5. Similar to Fig. 3 but for the Love-C relation. Observe
that the series does not converge in this case and the third-order
expansion gives the most accurate result.

3For the original Tolman model, y0 can be solved exactly in
terms of hypergeometric functions, though the differential equa-
tion is too complicated to be solved for y1 and higher.
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is of the order of 10%, consistent with the EOS variation in
the Love-C relation for realistic EOSs in the middle panel
(see also [40]).
Similar to the I-C case, we can investigate further the

amount of the α (or EOS) variation in the Love-C relation
by expanding the analytic solution about the original
Tolman solution. To achieve this, we first expand λ̄ as

λ̄ ≈
XN
n¼0

λ̄nCn: ð47Þ

We then expand further each coefficient λ̄n about α ¼ 1 and
find

λ̄0 ¼ 0.204½1 − 0.186ðα − 1Þ þOðα − 1Þ2�;
λ̄1 ¼ −1.274½1 − 0.090ðα − 1Þ þOðα − 1Þ2�;
λ̄2 ¼ 2.749½1þ 0.082ðα − 1Þ þOðα − 1Þ2�;
λ̄3 ¼ −2.281½1þ 0.420ðα − 1Þ þOðα − 1Þ2�;
λ̄4 ¼ 3.199½1þ 0.013ðα − 1Þ þOðα − 1Þ2�;
λ̄5 ¼ −13.001½1 − 0.108ðα − 1Þ þOðα − 1Þ2�;
λ̄6 ¼ 19.282½1þ 0.161ðα − 1Þ þOðα − 1Þ2�:

This expansion shows that the fractional α variation is
only of the order of 10% or less for most of the coefficients,
which again is consistent with the amount of EOS
variation in the Love-C relation in Fig. 6. This gives us
an analytic explanation for the amount of EOS variation in
the relation.

V. I-LOVE RELATION

Now that we have calculated the moment of inertia and
tidal deformability, we can construct semianalytic relations
between these two quantities based on the modified Tolman
VII solutions.
One can derive the I-Love relation (Ī as a function of λ̄)

semianalytically based on the analytic I-C and Love-C
relations by parametrically plotting Ī and λ̄. Namely, we
choose one C and plot a point in the I-Love plane using the
above two analytic relations. We then change C and repeat
the procedure to find the I-Love relation. This is semi-
analytic in the sense that we are not providing a closed form
expression of Ī in terms of λ̄.
Regarding the Love-C relation, we found that the

expansion to sixth order in C gives us a more accurate
semianalytic I-Love relation than that with the third-order
expansion, which is counterintuitive given that the sixth-
order Love-C relation is less accurate than the third-order
one. This behavior arises because the amount of inaccuracy
in the sixth-order Love-C relation partially cancels with that
in the I-C relation, producing a more accurate I-Love
relation. For this reason, we will use the sixth-order Love-C
relation for constructing the I-Love relation.
The top panel in Fig. 7 presents such semianalytic I-Love

relations for the modified Tolman VII model. In most
regimes, observe that the α variation shown in the bottom
panel is ofOð1%Þ atmost. This reproduces the amount of the
EOSvariation in the I-Love relations for realistic NSs shown
in themiddle panel and also found in Refs. [40,42,43]. The α
variation becomes slightly larger when Ī and λ̄ are smaller,
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FIG. 7. (Top) Similar to Fig. 4 but for the I-Love relation. The
semianalytic modified Tolman VII model is constructed by
keeping the analytic I-C and Love-C relations up to sixth order
in C. Observe that the EOS variation is kept around 1% for both
realistic EOSs and the modified Tolman VII model.
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FIG. 6. Similar to Fig. 4 but for the Love-C relation. The
analytic relations for the modified Tolman model have been kept
up to third order in C. Observe that the EOS variation is kept
under Oð10%Þ for both modified Tolman VII and realistic EOSs,
in agreement with that for realistic EOSs in Fig. 15 of Ref. [40].
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though this is due to the fact that the sixth-order Love-C
relation becomes less accurate in the large C regime.
One can also obtain an approximate but completely

analytic I-Love relation by first inverting the Love-C
relation for C and substituting it to the I-C relation. For
inverting the Love-C relation, one can find a series-
expanded solution of the form

C ¼
X
n¼0

an
λ̄n=5

; ð48Þ

with the coefficient an that is a function of α. The analytic I-
Love relation obtained in this way, however, is not very
accurate, at least up to the (sixth) order that we haveworked
on. We found that the variation in α can be Oð10%Þ or
larger, and one may need to increase the order of the
expansion to find a more accurate relation, which we leave
for future work.
One can improve the semianalytic model further by

resumming the series-expanded I-C and Love-C (or the yR
expression to be more precise) relations using the Padé
approximant. Such Padé expressions for the modified
Tolman solutions are lengthy and not very useful, while
we managed to derive a simple form for the original Tolman
solution. The results are given in Eqs. (1)–(3), and the
relations are shown in Fig. 1. For the Padé resummation, we
found that the third-order expansion of yðCÞ provides a more
accurate, semianalytic I-Love relation (to be discussed in the
next paragraph) than the sixth-order expansion. This is why
the Padé resummation is of the order of (3,3) for the I-C
relation while of the order of (2,2) for the Love-C relation.
The top panel in Fig. 8 presents the semianalytic I-Love

relation for the original Tolman solution using the Padé
expressions for the I-C and Love-C relations. For com-
parison, we also present the Padé-resummed relation for
constant-density stars [48] and realistic NSs using all 11
EOSs considered in Fig. 2. The middle (bottom) panel
shows the relative fractional difference between the relation
with each EOS and the constant-density (Padé-resummed
original Tolman) model. Observe that the original Tolman
relation always agrees with the realistic models within an
error of 1% and gives a more accurate description than the
constant-density case especially in the large compactness
(small λ̄) regime. Comparing the bottom panel in Fig. 8
with the middle panel in Fig. 7, one sees that the former
slightly has a smaller fractional error, and thus the Padé
resummed I-Love relation indeed proves a more accurate
result than the series-expanded one. We do not show the
numerical fit for the I-Love curve found in Ref. [42], since
it is indistinguishable from other curves and the fractional
differences are around 1%.

VI. POSSIBLE ORIGIN OF THE UNIVERSALITY

We now try to connect our analytic calculations to
possible origins of some of the universal relations.

Regarding the I-Love-Q relations, Ref. [46] showed that
the universality is related to approximate self-similarity
of isodensity contours inside NSs, and this self-similarity
becomes exact for constant-density stars. Similarly,
Ref. [47] demonstrated that the origin of the universality
can be attributed to the fact that realistic EOSs for NSs are
“similar” to constant-density EOSs, which is consistent
with the findings in Ref. [46]. Unfortunately, these explan-
ations do not apply to the I-C and Love-C relations, since
NSs and constant-density stars do not share the universality.
Here, we aim to obtain some insight on the possible

origin of the I-C and Love-C universal relations based on
our analytic calculations presented in the previous sections.
The original Tolman VII solution is a two-parameter model
characterized by the stellar mass and radius and, thus, can
explain any mass-radius relations for NSs. Yet, we found
that there are unique I-C and Love-C relations for the
Tolman VII solution that agree well with those found
numerically with realistic EOSs. The underlying
assumption in the Tolman VII solution is that the
energy-density profile inside a star follows a quadratic
function in the radial coordinate [Eq. (11)]. All of this
suggests that one can attribute the origin of the I-C and
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FIG. 8. (Top) Semianalytic, Padé-resummed I-Love relation for
the original Tolman VII solution, together with the analytic
relation for constant-density stars [48] and numerical results for
realistic EOSs. (Middle) The relative fractional difference of the
relations for the realistic EOSs from the analytic one for constant-
density stars. (Bottom) Similar to the middle panel but for the
Tolman VII relation. Observe that the Tolman VII model
maintains universality with an EOS variation of less than 1%
for the whole range of λ̄.
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Love-C universality to the fact that the energy-density
profile for NSs roughly follows a quadratic function.
Figure 9 presents the energy-density profiles for realistic

NSs, together with realistic white dwarfs, the Tolman VII
quadratic model, and constant-density stars. Observe that
the NS profiles can be approximated well with the
quadratic model, while white dwarfs and constant-density
stars have different profiles. Universal relations for white
dwarfs have been studied, e.g., in Refs. [58–60], which
showed that they were quite different from the NS ones.
The modified Tolman VII model that we also considered in
this paper accounts for the difference between the realistic
NS profile and the quadratic one. As shown in the previous
sections, we managed to recover the Oð10%Þ EOS varia-
tion analytically. Figure 9 together with these analytic
calculations supports our claim that one possible origin of
the universality for the I-C and Love-C relations is due to
the fact that realistic NSs follow more or less the quadratic
energy-density profile, and the deviation can explain the
amount of the EOS variation in the relations.

VII. CONCLUSIONS AND DISCUSSIONS

In this paper, we derived analytic I-C and Love-C and
semianalytic I-Love relations based on the modified

Tolman VII model. We used series expansion in compact-
ness to solve differential equations and found approximate
expressions for the moment of inertia and tidal deform-
ability. Varying the modified Tolman VII parameter α that
enters in the energy-density profile, we analytically showed
the 10% EOS variation in the I-C and Love-C relations and
the 1% EOS variation in the I-Love relation that are
consistent with the amount found numerically [40].
Our analytic relations more accurately describe the rela-
tions for realistic NSs than the constant-density model [48]
(more appropriate for quark stars [40]), especially for the
I-C and Love-C relations. Our analytic relations are
comparable to the fitted relations in their accuracy [40],
and the former is based on a theoretical founding while the
latter is phenomenological. Based on these analytic find-
ings, we pointed out that a possible origin of the I-C and
Love-C relations may be due to the energy-density profile
for realistic NSs approximately following a quadratic
function. This can explain why the constant-density stars
deviate from the NS branch in these relations. Such an
origin is different from that for the universality in the
I-Love-Q relations discussed in Refs. [46,47].
Let us comment on a few possible directions for future

work. One possibility includes improving the analytic
results presented here. For example, one could try a different
expansion in ξ or C for the Love-C relation, such as that in
Ref. [61] for constant-density stars. One could then try to
construct a more accurate inversion of the relation, so that an
accurate, analytic I-Love relation can be derived. Another
avenue includes deriving similar, analytic expressions for
multipole moments, such as quadrupole and octupole, so
that one could construct analytic, I-Love-Q relations [42,43]
and “no-hair” relations [62–64] for neutron stars. One could
also derive analytic expressions for multipolar tidal deform-
abilities and construct analytic multipole Love relations
[65]. Such studies may further extend our knowledge of the
origin of these universal relations.
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