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We present a new approach to model the gravitational dynamics of large-scale structures. Instead of
solving the equations of motion up to a finite perturbative order or building phenomenological models, we
follow the evolution of the probability distribution of the displacement and velocity fields within an
approximation subspace. Keeping the exact equations of motion with their full nonlinearity, this provides a
nonperturbative scheme that goes beyond shell crossing. Focusing on the simplest case of a curl-free
Gaussian Ansatz for the displacement and velocity fields, we find that truncations of the power spectra on
nonlinear scales directly arise from the equations of motion. This leads to a truncated Zeldovich
approximation for the density power spectrum, but with a truncation that is not set a priori and with
different power spectra for the displacement and velocity fields. The positivity of their autopower spectra
also follows from the equations of motion. Although the density power spectrum is only recovered up to a
smooth drift on baryon acoustic oscillation (BAO) scales, the predicted density correlation function agrees
with numerical simulations within 2% from BAO scales down to 74! Mpc at z > 0.35, without any free
parameter. Thus, this parameter-free extension of the Zeldovich approximation is not competitive with
other schemes for the power spectrum, but it provides a good prediction for the correlation function.
However, the improvement over the standard Zeldovich approximation remains rather modest. This means
that including non-Gaussianities will be essential to significantly improve analytical predictions within this

general framework.
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I. INTRODUCTION

The large-scale structures that we observe in the current
Universe and at low redshifts, i.e., the cosmic web, its
filaments, galaxies, and clusters of galaxies, and Lyman-«
absorption clouds, have emerged from the amplification by
gravitational instability of small primordial perturbations.
In the standard inflation scenario, these were generated by
quantum fluctuations during the inflationary epoch. Next,
once these density perturbations reach the nonlinear regime
and form astrophysical objects such as galaxies or x-ray
clusters, baryonic physics comes into play through heating
and cooling processes, star formation, feedback from active
galactic nuclei (AGN), etc. Therefore, the measurements of
these large-scale structures provide key probes of the
primordial mechanisms generating the initial seeds of these
large-scale structures, of the underlying cosmological
model (e.g., the amount of dark matter and dark energy)
that affects the growth rate of the density fluctuations at all
redshifts, and of the astrophysical processes associated with
various objects (e.g., the bias of the tracers of the matter
density field). More specifically, the baryon acoustic
oscillations (BAOs) of the matter or galaxy power spectra,
which correspond to a peak at about 110A~! Mpc in the
correlation functions, are a robust signature of the acoustic
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oscillations in the baryon-photon fluid before recombina-
tion that are also seen in the cosmic microwave back-
ground [1]. This provides a standard ruler that is able to
constrain the low-redshift expansion of the Universe and
the standard A cold dark matter (A-CDM) cosmological
scenario [2]. Distortions of the images of background
galaxies by the fluctuations of the gravitational potential
along the lines of sight (weak gravitational lensing) also
probe the total matter density fluctuations and provide direct
constraints on the cosmological scenarios [3]. This has
provided the motivation for several galaxy surveys in the
last decades or the near future, such as the Baryon Oscillation
Spectroscopic Survey [4], the WiggleZ Dark Energy Survey
[5], the Dark Energy Spectroscopic Instrument [6], Euclid
[7], or the Large Synoptic Survey Telescope [8].

The formation of these large-scale structures is often
studied with numerical simulations, which can tackle
highly nonlinear scales and also include various baryonic
effects, such as star formation and feedback from AGN, if
they include an hydrodynamic description for the gas in
addition to the N-body codes that are adequate for CDM.
However, it remains desirable to develop analytic or
semianalytic methods. On large scales, they provide effi-
cient tools that are more practical than numerical
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simulations to explore a large parameter space. On a
qualitative level, they also help to understand how different
parameters or alternative theories (e.g., models of dark
matter and dark energy or modified-gravity scenarios)
affect the cosmological structures.

The standard analytical approach to study gravitational
clustering in the late Universe is the standard perturbation
theory (SPT) [9,10]. There, one writes the equations of
motion in Eulerian space for the matter density and velocity
fields, p(x, t) and v(x, t), that is, the continuity and Euler
equations, supplemented by the Poisson equation for the
gravitational force. These equations being nonlinear (quad-
ratic), one writes a perturbative expansion in powers of the
primordial fluctuations and solves for the density and
velocity fields up to some finite order. One can also employ
various partial resummation schemes [11-14]. Finally,
assuming Gaussian initial conditions, one takes the
Gaussian average of products of these fields to compute
the density and velocity polyspectra or n-point correlations.
Going to second or third order in the linear power spectrum
P; improves the agreement with numerical simulations on
large scales, as compared with the linear theory. However,
the accuracy does not keep improving at higher orders and
this scheme cannot reach nonlinear scales, even if all
perturbative diagrams were resummed [15-18]. Indeed,
the Euler equation itself is only an approximation that
neglects shell crossing, where different streams coexist at a
given location and give rise to nonzero velocity dispersion
and vorticity [16,19,20].

A method to handle this problem is to explicitly consider
coarse-grained equations of motion [21]. Another recent
approach is the effective field theory (EFT) of large-scale
structures [22,23]. Following methods devised in other
fields where the equations of motion, or the Lagrangians,
are not exactly known, one derives low-energy effective
actions that are based on the symmetries of the problem, by
taking into account all possible operators up to some order
in a derivative expansion (for instance). For the cosmo-
logical dynamics, one considers a large-scale effective
theory, taking into account all operators up to some order
over the wave number k. In practice, this adds new
counterterms to the SPT diagrams, which should capture
the impact on large scales of small-scale nonperturbative
processes, like shell crossing. The coefficients of these new
terms cannot be derived and need to be fitted to numerical
simulations. However, once these parameters have been set
by fitting a few quantities, such as the power spectrum at a
given scale, once can compute other statistical quantities.
Thus, this framework remains predictive [24]. An advan-
tage of this approach is that it can also handle baryons and
biased tracers, such as galaxies, where indeed the equations
of motion are not explicitly known or too complex to be of
any use (e.g., one cannot include all astrophysical processes
associated with star formation) [25-27]. Then, an effective
approach is unavoidable. In practice, EFT schemes usually

assume a curl-free velocity field and neglect the generation
of vorticity by small-scale nonlinearities, so that they do not
include all possible nonlinear effects. But this is expected to
be a small effect on large scales and could be added to the
formalism.

On the other hand, if we only consider dark matter, that
is, if we neglect baryonic physics, the equations of motion
are exactly known and given by Newton’s (or Einstein’s)
gravity. Then, the traditional approach to handle shell
crossing is to work in Lagrangian space, where we follow
the trajectories of particles [28—37]. Then, the fundamental
object is the displacement field W(q,7) and nothing
peculiar appears at shell crossing. A disadvantage of this
method is that one eventually needs to compute the
statistics of the density field from the displacement field.
This is a highly nonlinear transformation that leads to
practical difficulties for many-point polyspectra or corre-
lation functions. An alternative to this Lagrangian route is
to go from the hydrodynamical equations, associated with
the density and velocity fields, to the Vlasov equation,
associated with the phase-space distribution f(x, v, 7). This
provides an exact Eulerian-space description of the gravita-
tional dynamics [38,39]. However, this leads to seven-
dimensional fields, which makes computations very heavy
and time consuming. Another recent alternative is to replace
the hydrodynamical equations by the Schrédinger equation,
which in some regime can provide an approximation to the
Vlasov equation [40,41].

Another level of distinction between the different ana-
lytical approaches is whether they work with the equations
of motion or directly with statistical quantities. The popular
methods above work at the level of the equations of motion.
There, one computes an approximation for p(x, ) in terms
of the initial condition &;4(x), determined by the growing
mode of the linear density contrast. Next, statistical
quantities such as the power spectrum are obtained by
taking the Gaussian average over products of such non-
linear functionals. Another approach is to first write the
evolution equations satisfied by those statistical quantities
and next solve them with some approximation scheme
[42—44]. This typically leads to infinite series of equations
that relate n- and (n + 1)-point correlation functions or
polyspectra, as in the Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) hierarchy [45]. Alternatively, one can
work with the probability distribution functional of the
fields [46] or the generating functional of the correlation
functions [12,37,47]. An advantage of this approach is that
such statistical quantities satisfy symmetries (e.g., trans-
lation invariance) that are not obeyed by individual real-
izations of the random fields, which can simplify some
expressions. However, computations become cumbersome
when going beyond three-point correlations.

In this paper, we present a new approach to follow the
gravitational dynamics of large-scale structures. In contrast
with most previous schemes, we wish to build a scheme
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that is meaningful from large to small scales, hence going
beyond perturbative treatments, and does not introduce free
parameters that require fitting to numerical simulations. To
handle shell crossings, we adopt a Lagrangian framework
[in principle, we could also opt for the phase-space
distribution f(x,v,)]. We also work at the level of the
probability distribution P(¥, v, ¢) of the displacement and
velocity fields, instead of trying to solve the dynamics of
individual realizations. Then, we propose to follow the
progress of gravitational clustering by “projecting” the
dynamics onto a subspace of trial distributions P. This idea
is an extension of the standard procedure to estimate the
minimum of a nonlinear cost functional S[¢@(x)]. There, one
can expand ¢ over a finite basis, ¢ =), a;y;, which
defines a subspace of possible functions ¢, and look for the
minimum of S({a,}). However, instead of a minimization
problem, we use the equations of motion to follow the
evolution of P(W, v, r) within the lower-dimensional sub-
space of trial distributions {P} -

In this article, we consider the simplest case of Gaussian
distributions {P},, which are fully defined by the
displacement and velocity power spectra. Then, the evo-
lution of P is determined by the equations of motion for
these power spectra. As for the Eulerian-space BBGKY
hierarchy [45], this is not a closed system, because these
equations involve correlations with the gravitational force,
which is a nonlinear functional of the displacement field.
However, within the Gaussian Ansatz for P (or, more
generally, given the form of P within the approximate
subspace), we can exactly compute such correlations and
close the system. In other words, in contrast to most
approaches, we keep the exact equations of motion and only
perform the truncation, or approximation, at the level of the
distribution P. This provides a nonperturbative scheme that
can handle shell crossing and does not require parameters to
be fitted by numerical simulations. The equations of motion
themselves determine the parameters that enter the proba-
bility distribution P, here the displacement and velocity
power spectra. For the density field, this leads to a prediction
that coincides with the truncated Zeldovich approximation.
However, the truncation is not introduced by hand but arises
from the equations of motion. Also, in contrast with the
truncated Zeldovich approximation, the displacement and
velocity power spectra are different.

Thus, although the Gaussian case studied in detail in this
article is only a specific example of the more general
method outlined above, it is also of interest by itself as a
natural extension of the standard Zeldovich approximation
without adding any free parameter. (As seen in the main
sections, this is achieved by taking into account additional
constraints, derived from the equations of motion, that
uniquely determine the deviations from the usual Zeldovich
approximation within the Gaussian Ansarz.)

This paper is organized as follows. In Sec. II, we recall
the equations of motion for the displacement field and its

probability distribution, as well as the expression of the
gravitational force. In Sec. III, we give the evolution
equations of the displacement and velocity power spectra,
which provide constraints on the evolution of the distri-
bution P. Then, in Sec. IV, we present the simplest
Gaussian Ansatz for the distribution P and derive its
closure of the system of equations of motion. We briefly
compare our approach with other analytical schemes in
Sec. V. Then, in Sec. VI, we first present our numerical
computations for the case of self-similar dynamics, with
power-law linear power spectra in the Einstein—de Sitter
cosmology. We turn to the realistic A-CDM cosmology in
Sec. VII and conclude in Sec. VIIL

II. EQUATIONS OF MOTION

A. Lagrangian displacement field

In a Lagrangian framework, we describe the dynamics
by following the comoving trajectories x(q,?) of the
particles, labeled by their initial comoving position q.
As usual, it is convenient to introduce the displacement
W¥(q, 1) so that the positions at time ¢ read

x(q,7) = q+¥(q.1). (1)

Then, standard Lagrangian perturbation theory aims at
computing the trajectories x(q, ¢) as a perturbative expan-
sion over powers of the displacement W [29,31-33]. In the
expanding Universe, the equation of motion of the gravi-
tational dynamics reads

V,®
5 (2)

¥ 2HY = -
a

where the dot denotes the partial derivative with respect to
time, a(t) is the scale factor, H = a/a is the Hubble
expansion rate, and ® is the gravitational potential.
Because we work with comoving coordinates, the back-
ground expansion has been subtracted and @ is only
sourced by the density perturbations p — p, where p is
the background density. Thus, ® is given by the Poisson
equation

V20 = a?4xG(p - ). (3)

where G is Newton’s constant, and its explicit expression is
often written as

O(x, 1) = —azg/ dx’p|(x/) 7 (4)

X' —x|

The background counterterm also corresponds to the well-
known Jeans “swindle,” which regularizes the infrared
divergence of the gravitational force due to an infinite
homogeneous background. As pointed out in [48-50], a
more satisfactory expression is obtained by introducing a
screening of the gravitational interaction with distance,
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oHiX'=x]

O(x.1) = G / () [ (5)

X

and taking the limit 4 — O at the end of the computations.
Indeed, an homogeneous background gives a finite constant
contribution to the potential ®, which does not contribute to
the gravitational force F = —V,®. This corresponds to the
screened Poisson equation,

Vi — j>® = a*4nGp. (6)

Solving this equation in Fourier space, we obtain at once

dx'dk . |
D(x,1) = —a247rg/ 20 e’k'(""”mp(x’). (7)

This is simply Eq. (5) with the Fourier representation of the
screened gravitational interaction.

A difficulty that one often encounters in Lagrangian
perturbation theory is that the gravitational force V,® in
the equation of motion (2) is naturally written in Eulerian
space X, as in the Poisson equation (3) or the expression (5).
Then, in the course of the perturbative computation, one
may switch back and forth from Eulerian to Lagrangian
space. In the standard Lagrangian perturbation theory
[29,31-33], one takes the divergence of the equation of
motion (2) with respect to X, so as to use the Poisson
equation to eliminate the gravitational potential in favor of
the density. The latter is obtained from the conservation of
matter as p/p = |det(dq/0x)|. This leads to a nonlinear
equation in W, of cubic order in three dimensions [51]. It is
often supplemented by the requirement of a curl-free
Eulerian velocity field. This latter step is valid at all orders
of Eulerian perturbation theory, but it is not exact because
shell crossing generates a nonzero vorticity [19,20].

In this paper, we follow a different approach, as we do
not take the divergence of the equation of motion (2).
Instead, as in [37] we directly obtain the gravitational force
from the explicit expression (7) of the gravitational poten-
tial in terms of the density field. Indeed, mass conservation
allows us to derive a simple expression that only involves
the Lagrangian trajectories. Before shell crossing we have
p(x)dx = pdq, while after shell crossing we need to sum
over all streams. In both cases, the gravitational potential
(7) is simply written as

d
(

Thus, instead of counting the mass in Eulerian space with
the density field, we simply count the particles, labeled by
the initial position ¢'.

In the linear regime over the displacement field ¥ or the
density perturbation § = (p — p)/p, denoted by the sub-
script L, the linear growing mode is the curl-free displace-
ment given in Fourier space by

1
K>+ u?

D(x,t) = —a247rg,5/

q/dk ik-[x—x(q’
22)7 ek x—x(q".1)] (8)

ik

Yok 1) =-7o.(k0).  bu(k.)) =D (r)do(k). (9)

The linear growing mode D_ (7) is given by
D, +2HD, = 4xGpD .., (10)

and at early times in the matter era we have
D, (1) x a(t) « t*3. It is convenient to use 7 = InD_(t)
as the time coordinate. Then, the equation of motion (2) reads

2
i (39,,, 1) ¥ _ 30, an

o " \2f ) on 2f
where we introduced the linear growth rate f(7),
dinD, D
) = = ap
dlna HD,

(12)

and the gravitational force F(q,#) on the particle q reads

ddk o ik
F(q,;y):/ eI (13)

As compared with the expression in [37], we have added the
regularization factor x®. In this fashion, the equation of
motion (11) is fully written in terms of the Lagrangian-space
displacement field, at the price of a strong nonlinearity as the
exponential generates terms at all orders in powers of W. All
the cosmological dependence is captured by the factors
Q,,/f?. This factor remains close to unity at all redshifts and
it is often approximated by unity in perturbative computa-
tions. This approximate symmetry can actually be used to
derive approximate consistency relations that go beyond
low-order perturbation theory [52,53].

B. Linear displacement field

We can check that the linear growing mode (9) is a
solution of the linearized equation derived from Eq. (11).
At linear order, the force reads

dqdk . o ik
FL((]):/ (2ﬂ)3ek(q Q)[1+lk(\I’L—\I‘L)]m

(14)

The terms 1 4 ik - ¥;, which do not depend on ¢’, give a
vanishing contribution as the integral over q’ gives a Dirac
factor 6y (k). (Thus, we explicitly see how the background
contribution vanishes thanks to the screening beyond
distance 1/p.) Substituting the linear expression (9) gives

dqdkdk’ . koK ik
FL(‘])—/Wek(q 1)tk 2 5L(k/)k2+ﬂ2‘
(15)
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The integration over q’ gives the Dirac factor 6, (k" — k),
and the integration over k' gives

ik

Fula) = [dke®amo k). (16

Then, for 4 — 0 we obtain F; (q) - ¥, (q) and we can see
that ¥, is solution of Eq. (11), as ¥;(q,n) = €"¥;4(q)
and 8‘1’14/8]’[ = lIlL.

C. Probability distribution

The second-order differential equation of motion (11)
can be written as a system of two first-order differential
equations if we introduce the velocity field v,

viq.n) = %‘,’; (17)

This gives the coupled first-order system

ow

—= 1
an v, (18)

ov 3Q,, 39,

where we made explicit that F is a functional of W.

The probability distribution functional P(¥, v;7) of the
displacements and velocities obeys the continuity equation
(see also [46] for the Eulerian-space probability distribution)

oP 0 oY 6 [ov
an / aa [5‘1‘((1) <3n P) Tovia) (8117))} 0 120
As for the usual Liouville equation, it describes the con-
servation of probability in phase space, here the functional
space {W, v}. Substituting the dynamical equations (18) and
(19), we obtain a closed evolution equation for P(W, v; ).
The advantage of the evolution equation (20) is that it does
not require keeping track of past history. In contrast,
perturbative approaches based on the equation of motion
(2), or its Eulerian counterparts for the density and velocity
fields, generate an increasingly large number of integrations
over past times as one goes to higher orders. Indeed, each new
order involves one more integration over the time-dependent
Green’s function associated with the linearized equation of
motion. To bypass this complication, we can attempt to solve
directly the equation (20) for the distribution P: from the
(approximate) knowledge of P at a given time # we can
derive the distribution at the next time step # + An, without
needing the cross-correlations with earlier times. This is
actually what numerical simulations do, advancing particles
over one time step from their current positions and velocities.
In practice, we do not expect to find the exact solution of
the nonlinear functional equation (20). One possibility is to

look for a perturbative expansion of P around the Gaussian,
which describes the linear regime. This is the method
investigated in [46] for the probability distribution of the
density and velocity fields in the Eulerian framework. In
contrast, the main idea of this paper is to apply a non-
perturbative method, by considering trial distributions and
using the dynamical equation (20) to derive constraints that
fully determine the free parameters of such Ansdtze. The
hope is that by considering a sequence of increasingly
detailed and versatile Ansdtze, each one satisfying the
equation of motion (20) to the “best possible accuracy”
within its class, we converge to the true distribution P. This
is similar to a standard minimization problem, where we
look for the absolute minimum of a nonlinear cost func-
tional S[g(x)]. One method is to expand the function ¢(x)
over a basis of orthonormal functions y;, ¢ =Y, a;y;,
which is truncated at some order N, and to minimize the
associated cost function S({a;}). If the basis {y;} is well
chosen, in favorable cases the sequence of approximations
{@y} will converge to the exact minimum.

However, our problem is more complex than this
minimization problem, as we do not have a uniquely
defined cost functional S. Thus, within a given class of
trial distributions P, it is not obvious how we select the
“best” choice. Our approach will be to use the evolution
equation (20) to derive a set of constraints satisfied by P,
choosing the simplest ones that we can build. Then, we
determine P from a self-consistency condition, by requir-
ing it satisfies this set of constraints. As we increase the
complexity and versatility of P, hence its number of free
parameters, we can take into account an increasing number
of constraints. For instance, if we intend to characterize the
probability distribution by its moments, we can obtain from
the evolution equation (20) an expression for the time
derivative of each moment. Then, truncating at a finite
order N, as in the Edgeworth expansion of a probability
distribution around the Gaussian, we can determine the
moments or cumulants up to order N from these N
constraint equations. Here, we can see the ambiguity
associated with this method. Although it is more natural
to use the constraints derived from the time derivative of the
moments of order one to N, to determine a distribution
parametrized by its N first moments, in principle, we could
have chosen the constraints derived from the time deriva-
tive of the moments of order p to p — 1 + N, for any p, or
any other set of N constraints. The true distribution satisfies
an infinite number of constraints, e.g., for all higher-order
cumulants, and we can expect to improve the accuracy of
our trial distributions by including an increasing number of
constraints.

D. Density power spectrum

Assuming we have obtained the statistics of the dis-
placement field ¥, we can obtain the statistics of the density
field, as for the well-known Zeldovich approximation [28].
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Indeed, as for Eq. (8), integrals over the density field in
Eulerian space can be written as integrals over Lagrangian
space, and we have

(k) = / (2d;)3 e—ik-x5(x) (21)

dq —ik-x
:/(271')3 (7t

Defining the density power spectrum as

—e7’kq), (22)

(6(k)o(ky)) = dp(ky + ky)P(ky), (23)

this gives for k > 0 [54,55]

P(k) = / (2‘17‘1)3 (e K(@-x(O))y (24)

This expression is exact, so that, in principle, no further
approximation is needed to go from the displacement field
Y to the density field. However, if ¥ is not Gaussian, the
average in Eq. (24) may be difficult to compute. In
particular, it involves the moments of W at all orders.

ITII. CONSTRAINT EQUATIONS

As explained in the previous section, because we cannot
fully solve Eq. (20) for the evolution of the probability
distribution P(W¥, v;7), the approach we propose in this
paper is to use the more limited information associated with
constraint equations that are consequences of this evolution
equation. The hope is that this reduction can make the
problem tractable while retaining enough information to
strongly constrain the final approximation. As we shall see
in the next section, because we consider in this paper a
Gaussian Ansatz for the probability distribution P(¥, v; 7),
constraints associated with the displacement and velocity
power spectra will be sufficient for our purpose. More
precisely, let us define the divergences in Lagrangian space
x and @ of the displacement and velocity fields,

x@.n)=-Vy- ¥,  0q.n)=-Vy-v. (25
Then, taking the divergence of the equations of motion (18)
and (19), we obtain

oy
90 (30, 30,
at (o) @)

where we introduced the divergence of the force in
Lagrangian space,

{(q.n) ==V, -F. (28)

From the equation of motion (26), we obtain for the time
derivative of the equal-times product

0
on (iaz) = (O +2102), (29)

where y; = y(q;,7). This gives for the equal-times power
spectrum P, (k,n)

oP

In the same fashion, from Eqs. (26) and (27) we obtain

OP., 3Q,, 3Q,,
a;]( :P99+(1_2—f2)P)(9+2—f2PI§ (31)
and
APy 3Q,, 3Q,,

All equations written so far are exact. Of course, the
problem is that the system (30)—(32) is not closed, as it
involves the force cross-power spectra P, and Py.

In the linear regime, we have seen from Eq. (16) that
F; = ¥;. Therefore, {; = y; and we have

PL)()( :PL;(HZPL)(C:PLHHZPL%:PLC{:eznPLO(k)a
(33)

and we can check that this is a solution of the system
(30)—(32).

In the nonlinear regime, to be able to use the system
(30)—~(32) we also need to express P, and Py in terms of
{P,;+ Pyo. Pgy}. This is the point where our approximation
scheme enters, as described in Sec. IV below for the case of
a curl-free Gaussian Ansatz.

As noticed in the previous section, there is some freedom
in the choice of the constraint equations, and instead of
considering these two-point statistics, we could have
chosen the constraints associated with the time derivatives
of higher-order moments (y"0") or more intricate nonlinear
functionals. The constraints (30)—(32) have the advantage of
simplicity and seem more natural to constrain a Gaussian
Ansatz, such as the one presented in Sec. IV below.

IV. CURL-FREE GAUSSIAN ANSATZ
A. Definition of the Ansatz

To illustrate the method proposed in this paper, we
consider the simplest Ansatz for the probability distribution
P: the curl-free Gaussian displacement field. Thus, we
generalize the linear solution (9) by writing
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Wi =m0, V0 =50k), (34

where y and 6 are the displacement and velocity diver-
gences defined in Eq. (25), and we take y and 6 to be
Gaussian scalar fields with zero mean.

Then, the power spectra P, (k.n), P,(k.n), and
Pyo(k,n) fully define the Gaussian probability distribution
P(W,v;n). This Ansatz goes beyond the linear regime in
two manners: First, the power spectrum P, can be different
from the linear density power spectrum. Second, the spectra
P, (k.n), P,y(k.n), and Pyy(k,n) can be different from one
another. This means that this Ansatz is also more general
than the Zeldovich approximation.

Let us briefly discuss this zero-mean Gaussian Ansatz.
From the conservation of matter, the displacement W and its
divergence y are related to the density contrast by

oq ox
oa(G0)| = o= (56)
o¥

1 —
det< + 8q>

In multistreaming regions, we need to sum over the
different streams. In the linear regime, we can expand
the determinant and obtain at linear order

-1

. (35)

1+6=

P
p

which also reads as

-1

14+6= (36)

LY
5L = —TI‘ <h> = —Vq . ‘I,L :)(L, (37)

and we recover o; = y; at linear order. On the other hand,
in a one-dimensional system, we would have

ID: 5= 1—1:2 ! 1. (38)

streams streams |1 _x|

Ox|~

dq

As gravitational clustering develops, most particles fall
inside virialized halos or nonlinear structures such as
filaments. Then, the density contrast §(q) evaluated in
Lagrangian space is increasingly large and the statistical
average, weighted by the number of particles, is dominated
by these high-density regions. Therefore, the Lagrangian-
space mean <5>q becomes large and positive, whereas the
Eulerian-space mean (5), =0 always remains zero
because of mass conservation. Then, from the close relation
between the density and the displacement divergence y in
the linear regime and in the 1D case, one may wonder
whether y(q) should also develop a nonzero mean in the
nonlinear regime. However, one can see from the definition
(25) that this is not the case. Indeed, approximating the
derivative by a finite-difference ratio,

)(((l) z_ZTi(q‘FGe‘j) _\Pi(q)’ (39)

i=1

where e; are the three unit vectors that form the Cartesian
basis of the 3D Lagrangian space, we directly obtain (y) =
0 from (¥;) = 0. As this is valid for any ¢, it also holds in
the limit ¢ — O for the derivative (25). This property can be
more easily understood in the 1D case, where

Ox ov

1D: aq_1+8q_1 X (40)
For instance, let us consider the adhesion model [56],
where particles do not cross but stick together after
collisions to form halos of zero size and infinite density.
Then, over the Lagrangian interval Aqg associated with a
halo of mass pAg, the particles have the same Eulerian
coordinate x(g) = x;, given by the position of the halo.
Hence, they have v = x; — —q, %—‘5 = —1 and y = 1, which
gives back an infinite density in agreement with (38). Thus,
x does not diverge as halo densities grow, but its typical
value in Lagrangian space, as measured, for instance, by the
median of its probability distribution, becomes nonzero and
close to —1 in the 1D adhesion model. Nevertheless, its
mean remains zero because as we move from one halo at x,
to the next one at x, the displacement field jumps from
W = X1 — qtoy = x, — ¢g. Such sudden jumps correspond
to very large negative values of y (to —oo in this adhesion
model). These rare but very large negative values compen-
sate the typical values at y ~ 1, so that the mean remains
zero, (y), = 0. This can also be understood by integrating
(40) over a large interval Ag,

1 [2q dg Ox x(Agq) — x(0)
— [ 4 :1—/——:1—4. 41
Agly ¥ Aqdq Agq e

If on large scales the relative fluctuations decay fast
enough, that is, |x(Aq) — x(0)| — Ag grows more slowly
than Ag (typically it remains finite and of the order of the
size of the largest nonlinear structures), for large Ag we
obtain zero from the last equality in (41). By ergodicity, the
vanishing of the spatial average (41) also means that the
statistical average vanishes, (y), = 0. Thus, (y), =0 is
related to the conservation of volume. Even though
particles do not remain homogeneously distributed and
gather in high-density halos among large voids, their
typical displacement is finite at any time (of the order of
the nonlinear scale) and particles initially separated by a
distance Aq much greater than the linear scale are still
separated by a distance Ax ~ Aq in Eulerian space. This
discussion also shows that a more realistic model than the
Gaussian distribution for y would be a highly skewed
distribution on small nonlinear scales, with still a zero mean
but an extended tail to negative values and a peak at finite
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positive values that contains most of the probabilistic
weight. However, in this exploratory paper, we focus on
the Gaussian model.

Clearly, this Gaussian Ansatz allows us to close the system
(30)—(32), because by its definition all statistical properties of
the fields W and v are determined by the power spectra
{P,,.P,o. Pgo}- Then, the correlations (y{) and (6¢) are also
fully determined by these three power spectra, because the
gravitational force is fully determined by the positions of the
particles. Note that the divergence of the force { is not
Gaussian, as it is a nonlinear functional of the displacement,
but within our Gaussian Ansatz we only need the two-point
spectra P, and Py, to close the system. Then, once we have
expressed . and Py interms of {P,,, P 9, Pgy }, We obtain
a closed system that fully determines the evolution of the
power spectra {P,,,, Py, Pgy}, given their initial conditions
set by the linear regime (9),

Pgg = *Pro(k).  (42)

n— =0l Py =Py=

B. Force-displacement and force-velocity
cross-power spectra

1. Damping factor A(k)

To close the system (30)—(32) and compute the time
evolution of the power spectra, hence of the Gaussian
distribution P, we need to compute the force-displacement
and force-velocity spectra P, and Py, To avoid the
problems associated with the homogeneous background
and to focus on the divergence ¢ of the force, it is
convenient to consider the quantity

Cy(Q) :_O((ql)/ dS,n, - F(q,)). (43)

l[92—q:[=0

The integral is the flux of the force through the sphere of
radius Q, around the point q; in Lagrangian space. Here n,
is the outward normal vector to the sphere S,. Using the
divergence theorem and Eq. (28), it only depends on the
divergence ¢ of the force and is written

C,e(0) = / dGa)C(@).  (44)
l[ax—q,|<Q

Going to Fourier space, we obtain

C,.(0) = (4n)° Q2 A " dkkP o (K)jy (kQ).  (45)

which is a simple Hankel transform of the power spectrum
P,;. Then, to derive P, we only need to compute C,-(Q)
from its definition (43), using the explicit expression (13)
of the gravitational force. This reads

dq’dk’ n, -k’
B _le/ / N
X (x(qy)e™ () x ”>, (46)

where q, = q; + On,. Using the general property that if ¢
and @ are Gaussian fields of zero mean we have

(pe®) = (p®)e(®2, (47)
we obtain
_ / /dq’dk’ n; eik"((h—q/)
K + u?
x (y(qy)[K - (¥(qn) - ¥(q))])
x o~ ([K-(¥(a)-¥(d)]?)/2 (48)

Going to Fourier space, we obtain from Eq. (34)

(W) = =i [ dly g e 0p, (k). (@)
and
2K - (¥(a) ~ ¥(a)P)
- / dK"P,,(K")
X (%)2[1 —cos(k” - (q; —qy))].  (50)

With the change of variable q' = q, — q, this gives

dqdk'dk; n, -k K -k
le/ dgz/ (2x)} lk’22+ kzl
:“ 1

% P ( l)e—fdk”Pll(k”)[1—COS(k”'q)](k/'kﬂ>2/k”4

% ¢k q-i0nyk, (eikl"l -1). (51)

Using the property

K (k0. (52

. k
/ dQ(n - k,)e' Ok = 47 =2

where j(z) is the first-order spherical Bessel function, the
integration over Q, gives

dqdk'dk, (k' -k;)?

C,.(0) = 470 / (k)

27[ 3 k/2+ 2 k3 §7%
u

XJ]( lQ fdk//p (k") [1=cos(k"-q)] (k'k")2/ k"

x ea(etra —1) (53)

The integral over the angles of q and k' leaves a quantity
that no longer depends on the direction of k;. Therefore,
the comparison with Eq. (45) directly gives
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P;{é(k) = Pm(k)/l(k), (54)

ik’-q(eik-q _ 1)

 [dqdk’ (K k)
Ak) —/ (27) (K2 +ﬂ2)kze

o~ J APy (K [1—cos(K"-q)] (K K")? /R (55)
Defining the quantities a(q) and f(g) by

ala) =5 [ ak, (011 = iolka) - o(ka). (50

Blg) = 4n / ® kP, (k)js(kg). (57)
0
we have
/dk”PH(k”)(k];,#[l —cos(k” - q)]
— et + plgwe (1) (58)

and A(k) also reads as
dqdk’ (k' -k)?
Alk) = / 1 3 (/2 2) 2
(27)* (K” + p*)k
o - @RP=P@K(KqP/(Kq)* (59)

ik"q(eikq _ 1)

The computation of the force-velocity power spectrum
Py, is obtained in the same fashion by considering the
correlation Cy(Q), where we replace y in Eq. (43) by 6. As
in Eq. (54), this gives

Poc(k) = Py, (k)A(k), (60)

with the same factor A(k).

Thus, A(k) plays the role of a damping factor, which will
lessen the positive correlation between the force and the
displacement and velocity fields, as compared with the
linear theory where 1; = 1.

2. Absence of infrared divergences

We note that 4 only depends on the relative displace-
ments, as was expected from the expression (13) of the
gravitational force, which only depends on relative dis-
tances. This is because we work in a Lagrangian approach
and only consider equal-times statistics (associated with the
probability distribution P). Then, uniform displacements
and velocities have no effect on the divergences y = -V, -
¥ and 6 = -V -v. This ensures that spurious infrared
divergences or large infrared contributions, which arise in
Eulerian approaches and then need special care [57-60], do

not appear at all in our approach. This can be seen in
Eq. (55) through the fact that the argument of the last
exponential is not the one-point displacement variance,
given by

Am [

a =" [ dkPyK) =%<|‘I’(0)Iz>
= lim £ (¥(a) ~ ¥(O)) (61)
such that
(k- k")

/dk”P;(x(k”)k/m = a, k% (62)

In contrast, Eq. (55) depends on the two-point relative
displacement variance over Lagrangian distance g, asso-
ciated with the factor 1 — cos(k” - q). This factor damps the
contribution of long wavelengths and regularizes the infra-

red divergences that can appear in Eulerian or different-
times approaches.

3. Behavior of the variances a(q) and f(q)

We shall see below that we obtain a displacement power
spectrum P, (k) that decays faster than k™2 at large k. This
implies the small-scale behaviors

g—=0: a=ayq*+.... B=Ppog*+.... (63)
where the dots stand for higher-order terms in g and we
have

2 00
a0 2" / dkk*P,,, (k) > 0. (64)
2 15 )
At large scales we have
p—0, (65)

g — 0. A= 0y,

provided P,, (k) increases more slowly than 1/k at low k.

4. Behavior of the damping factor A(k)

Linear regime.—At early times, the amplitude of the
power spectrum P, and of the displacement variances a
and f vanish. Then, the last exponential in Eq. (59) goes to
unity and the integration over q gives 4 =1,

a—0, f-0: A-1. (66)

Thus, we recover the linear regime with P, = P, and
P o - P g){.

Large scales.—The limit of large scales corresponds to
k — 0. This is not equivalent to the limit P,, — 0. For
instance, SPT corresponds to expansions over powers of
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P; (k) [10], which corresponds to the limit P; — 0,
whereas EFT approaches [22,23] consider the limit
k — 0. This can include nonperturbative terms, such as

Py (k) % e~1/7" where ky; is the wave number that marks

the transition to the nonlinear regime and o7 is a displace-
ment variance such as a and . These terms do not scale as
integer powers of P; and are beyond the reach of standard
perturbative expansions because of the exponential. They

arise from shell crossing and the factor e~!/ ** describes the
probability of shell crossing or gravitational collapse for
Gaussian initial conditions. (In EFT approaches, the non-
perturbative factor is not derived but obtained from fits to
numerical simulations and inserted as a coefficient of
higher derivative operators in the effective Lagrangian or
equations of motion.) Nevertheless, as seen in Appendix A,
we recover the linear regime in the large-scale limit

k—>0: 1-1. (67)

This means that, as usual, the linear regime and the large-
scale limit coincide at leading order.

Small scales.—As seen in Appendix A, we have the
small-scale behavior

k— oo: A(k) ~ A In(k), (68)
with
) o~ 1/(1209) (©9)
6 3ﬂa(3)/2.

Thus, in the nonlinear regime, the damping factor A
decreases below unity and actually goes to —oo. This will
give rise to a strong deviation of the power spectrum P, (k)
from the linear power spectrum P; (k). The nonperturbative
reach of our approach appears clearly in Eq. (69) through
the nonperturbative exponential factor, which vanishes at
all orders of perturbation theory in powers of P; .

C. Density power spectrum

With the Gaussian Ansatz (34), we can compute the
density power spectrum (24) exactly as for the Zeldovich
approximation [28]. Indeed, although the displacement
field W(q) is no longer given by linear theory, it is still
Gaussian within this approximation and the statistical
average in Eq. (24) is again straightforward. Using
Eq. (50), we obtain for k > 0

P(k) = dq gik'q_fdklpu(k/)[l—COS(k’~q)](k-k’)2/k/4. (70)
)’

This is the same expression as for the Zeldovich power
spectrum, except that the linear power spectrum P; (k) in
the exponent is replaced by the nonlinear power spectrum

P,, (k). With the notations of Eq. (58), this also reads as

! T
P(k) = /We kqu—a(q)l*=p(g)k*w* (71)

where u = (k - q)/(kq) is the cosine of the angle between
k and q. We can integrate over angles to obtain [54,61]

d s o 20K\ ¢
P = [ ey (2 o o2

=0

We describe in Appendix B our numerical method to
compute the power spectrum (71).

The power spectrum associated with the standard
Zeldovich approximation [28] is also given by Egs. (70)
and (71), where we replace the nonlinear power P,, and
variances {a, f} by their linear values [54,55,61],

d ) R L,
Pz(k) = / q equﬂ—aL(q)k B (q)K*u ‘ (73)

In particular, the same numerical methods can be used for
our model (71) and for the Zeldovich power spectrum (73).

V. COMPARISON WITH SOME OTHER
APPROACHES

In comparison with previous studies, this work is to
some extent a continuation of [62], where we developed a
Lagrangian-space Ansatz designed to go beyond perturba-
tion theory. That model matched SPT up to one-loop order
on large scales and a halo model [63] on small scales, by
combining various elements. It included some parameters
fitted to numerical simulations (e.g., the halo mass function
and the halo profiles) to recover at high k£ a halo model
defined a priori. In contrast, in the approach presented in
this paper, we do not enforce any specific behavior on
either large or small scales and we have no free parameters.

Our method is also related to [37], as it is based on a
Lagrangian approach, in order to go beyond shell crossing,
and on statistical quantities instead of individual realiza-
tions of the fields. However, [37] considered the generating
functional Z[j] of correlation functions, which is then
expanded up to some finite order. This means that the
equation of motion, which enters the action, is also
expanded and approximated up to some order. In addition,
[37] introduced by hand an auxiliary truncation of the linear
power spectrum, to separate the modes that are kept in the
Gaussian part and in the expanded part. In contrast, in this
paper we work with the probability distribution functional
P(¥, v, 1) (in practice, it is defined by the power spectra in
the Gaussian case) and we do not expand the equations of
motion, which are exactly taken into account at the full
nonlinear level (but we only include a few of them, among
the infinite number of constraints obeyed by the n-point
correlations). Also, we do not introduce a truncation of the
linear power spectrum of the displacement field. It arises
from the equations of motion themselves.
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Our work is also related to [46,57], as it is based on the
evolution with time of the distribution functional P of the
fields. However, [46] considered the probability distribu-
tion P(8, 0) of the Eulerian density and velocity divergence
fields, whereas we consider the probability distribution of
the Lagrangian displacement field. Then, they assume a
curl-free velocity field, based on the Euler equation, which
breaks down beyond shell crossing. They also perform an
expansion of the probability distribution P(6), written

under the form e~ an"en, by expanding over the non-
Gaussian terms n > 3. In particular, the Gaussian part is
given by I', = 1/P; (k) and the nonlinearity of the gravi-
tational dynamics is captured by the higher orders T,
n > 3. In a fashion somewhat similar to SPT, these higher-
order vertices are obtained from recursion relations that
follow from the evolution equation of P(8). The spirit of
the approach proposed in this paper is quite different in this
respect. Instead of capturing the nonlinearities of the
dynamics by adding higher-order terms, such as higher
powers in P; in SPT or higher-order vertices I',, the
nonlinearity is already partly taken into account in the
Gaussian part of the probability distribution, as the dis-
placement and velocity power spectra get modified from
the linear prediction. Following the analogy with the
minimization problem of a cost functional S[gp(x)], dis-
cussed in the Introduction and in Sec. II C, our strategy is
not to estimate the minimum ¢,,;, by expanding ¢ around
the known minimum ¢, of a simpler cost functional S, in
powers of § — S. Instead, we look for the exact minimum
in a simpler subspace of {@}. For instance, if ¢y(x) =
ay(x — by)? is quadratic, the strategy at lowest order is
simply to let free the parabola parameters a, and b, and
find their new values {a, b} that minimize the new func-
tional S. Clearly, this allows one to reach minima that are
very far from the initial guess ¢, and obtain nonperturba-
tive results. In practice, this means that we avoid explicit
perturbative expansions.

Thus, we emphasize that the result (54) and (55) is
nonperturbative. Indeed, we do not expand on the displace-
ments W, which are not assumed to be small. Within the
Gaussian Ansatz for the probability distribution P, we
perform the exact computation of the displacement-force
correlation (y¢), using the exact expression (13) of the
gravitational force. Thus, our approach follows a strategy
that is quite different from usual perturbative methods. We
do not expand the equations of motion either, which are
kept at a fully nonlinear level as in (30)—(32), but we only
include the lowest-order ones. Then, the approximation
scheme, or truncation, occurs instead at the level of the trial
distribution P.

For the simplest Gaussian Ansatz considered in this
paper, this program is easy to complete, as exact compu-
tations are easily performed for Gaussian fields. However,
for higher orders, that is, for more complex Ansditze that go
beyond the Gaussian, this may represent a much more

difficult task. Indeed, to fulfil the nonperturbative promise
of this approach, we would need again to compute exactly
quantities such as (WF). This may prove much more
difficult for non-Gaussian probability distributions and
represent a drawback of this approach.

In terms of the density field, Eq. (70) coincides with a
truncated Zeldovich approximation [64]. However, in our
case the truncation is not set a priori with a cutoff that
follows from an educated guess or a fit to numerical
simulation. Instead, the cutoff A(k) is generated by the
equations of motion themselves and there are no free
parameters to be fitted to simulations. This represents a
significant improvement over most previous analytical
approaches, which either fail to regularize small-scale
divergences (such as SPT) or introduce counterterms with
an amplitude that must be measured in simulations (such as
EFT methods).

As in EFT methods [22,23], the ultraviolet divergences,
or artificially large contributions, associated with the
continuous rise of the linear density fluctuations on small
scales, are tamed. In EFT this is done by introducing
counterterms to the SPT diagrammatic computations,
which arise from new operators in the Lagrangian or the
equations of motion. The latter are expected to describe the
effects of multistreaming that are not included in the
hydrodynamical equations of motion. They are obtained
from systematic large-scale expansions, but with free
coefficients that must be fitted to numerical simulations.
In our approach, as we shall see in the next sections, the
displacement linear power spectrum is damped at high k by
the factor A(k) in Eq. (54). As in the truncated Zeldovich
approximation [64], this removes ultraviolet divergences
and provides an implicit regularization. For instance, we
shall see that in Sec. VIC 1 that, even when the standard
Zeldovich power spectrum does not exist, because of such
ultraviolet divergences, our approach remains well defined.
In contrast with EFT methods, this does not involve free
parameters and new operators, and this self-regularization
directly follows from the equations of motion.

VI. SELF-SIMILAR DYNAMICS

A. Differential equations for power spectra

To illustrate our approach, we consider in this section the
simpler case of the Einstein—de Sitter cosmology, Q,, = 1,
where D(t) = a(t), and the initial linear power spectrum s a
power law,

Py (k) o« k™. (74)

Then, because Newtonian gravity is scale free, it is well
known that the dynamics are self-similar [65] and statistics
no longer depend on time once they are expressed in units of
the nonlinear wave number ky () that marks the transition to
the nonlinear regime. Defining, for instance, ky; (17) by
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Ankp Pr (ke 1) = 1, (75)
the linear power spectrum can be written as

e

Pukon) = S (EY = L (RN g
=42 ko) — 4nkly \knt)

where k, defines the normalization of the linear power
spectrum and kyg (7) is given by

k(1) = koe=21/(1+3), (77)

Then, all power spectra have the self-similar form

k >: 13,D<56217/(n+3)>’ (78)
kny(n) 4k ko

with the scaling function D that only depends on the ratio
k/ky. Inthe linear regime, we have D; (x) = x"*3. The self-
similar evolution (78) implies the relation

op__2 (k@up) (79)

1

Pl =

8_11_H+3 ok

This exact relation allows us to replace time derivatives of
statistical quantities by spatial derivatives. Using also
Q/f? =1 in the Einstein—de Sitter cosmology, Egs. (30)—
(32) simplify as

2 (0P
s (g ) =20
2 (0P, 1 3
n+3<61§k+3pﬁ>_PHH_EPX"JFEP%’ (81)
2 (0P
3 (g 3w) =Pt 30

Introducing the 3D power A%(k, 7) per logarithmic interval
of wave number by

A%(k,n) = 4zk*P(k,nn) = D(k—;), (83)

and the wave number scaling coordinate u,

k
u=(n+3)ln <—> (84)
kni
the system (80)—(82) writes
D,, = Dyp. (85)
1 1 3
Dy = _ZD19+§D99+Z s (86)

1 3
D{;@ = —EDQQ + EIDHZ_,V (87)

where the prime denotes the derivative with respect to u. The
linear regime corresponds to all D, identical with

Dy (u) = e". (88)

Thanks to the self-similarity (78), the system of partial
differential equations (30)—(32) has been transformed into
a system of ordinary differential equations. These equations
are exact but require the force cross-power spectra P, and
Py to form a closed system.

B. Curl-free Gaussian Ansatz

Within the curl-free Gaussian Ansatz presented in
Sec. IV, we can close the system (85)—(87) thanks to
Egs. (54) and (60). This gives

D), = Dy, (89)
.3 1 1
D){H — ZADXX - ZDX@ + EDQQ, (90)
.3 1
DHH - zl/{D)(g - EDQH. (91)

By combining these three equations, we can eliminate D,
and Dy, to obtain a third-order linear equation over D,,,

3 1 34 34 3
The general solution of this equation is [66]

D, (u) = e™*eryy (u)? 4 coyi (u)ya(u) + c3y2(u)?],

(93)

where ¢; are constants and y;(u) are two independent
solutions of the second-order linear differential equation

i

241+ 1
64

y=0. (94)

On large scales, that is, for large negative u, we have 1 = 1
and the two independent solutions are y; = ¢>*/® and
y, = e~>"/%, The matching to the linear regime (88) implies
¢y = ¢3 = 0 in Eq. (93). Therefore, we obtain

D

”(u) = e_”/4y(u)2 >0, (95)

where y(u) is the solution of Eq. (94) with the boundary
condition at large negative u

y(u) = /8. (96)
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On small scales, that is, for u — oo, we have from Eq. (68)
A~ —|Ae|u/(n + 3). This gives the asymptotic behavior

u— oot y(u) = crAi(=rou) + Bi(=rou),  (97)
where Ai(x) and Bi(x) are the Airy functions of the first
and second kind, c¢; are constants and y, is given by

From the asymptotic behaviors of the Airy functions, we
obtain

5 k O\ —(n+3)/4
k> kNL: A}(}((k’ 7’]) ~ k—
NL

x [In(k/knp)] ™" 2[ey siny + ¢y cosy]?, (99)

where ¢; are constants and w(k,n) is given at leading
order by

Ao
ko)~ /2= 3) ki (100)
From Eqgs. (89) and (90) and Eq. (95) we obtain for the

other power spectra

2
Dol = (=4 1 2). a0y
y 2
D‘gg(u) = €_u/4 (Z - 2y/> Z O (102)

Omitting the sine and cosine factors, this gives the small-
scale behaviors

5 k O\ —(n+3)/4
k> kNL:A)(é)(k7 7’]) ~ k—NL y (103)

) k —(n+3)/4 )
Ago(k.1) ~ (k—NL> (n(k/kny)]'2. (104)

Thus, at leading order the three logarithmic power spectra
decay as A2, (k) o k=("+3)/4 and the power spectra decays
faster than k=3, as P, (k) o« k=3=("+3)/4This leads to the
universal behavior (63), independent of the exponent n of
the linear power spectrum.

A remarkable feature of the solutions (95), (103), and
(104) is that the autopower spectra A)Z(Z and A}, are always
positive, whereas the cross-power spectrum A;H can change
sign. By definition, autopower spectra must be positive, but
this property is often violated in approximation schemes,
such as perturbative expansions. Indeed, terms of succes-
sive orders can become increasingly large with alternating

signs on nonlinear scales, and the sign of the prediction
depends on the truncation order if the series has not
converged yet.

In our approach, even though we performed the simplest
Gaussian approximation in Sec. IV, the autopower spectra
A2, and A}, are always positive. This was not obvious from
the differential system (80)—(82) and was not explicitly
enforced by additional constraints. This could signal the
robustness of our approach. It may follow from the fact that
we keep track of the exact equations of motion (80)—(82),
and that the cross-power spectra P, and Py, are exactly
computed from an Ansatz that is always physical, albeit
different from the true particle distribution (we did not
obtain the exact solution of the gravitational dynamics).
Indeed, the Gaussian Ansatz of Sec. IV corresponds to a
physical distribution of particles and velocities so that force
cross-power spectra derived in this manner do not hide any
inconsistencies. (This is not the case for approaches that
start directly at the level of the correlation functions, where
it is not always known whether there exists a distribution of
particles that provides a physical realization of the Ansatz
used for the density correlations. Then, this Ansatz may
contain some inconsistencies, that may be harmful or not,
depending on the quantities and regimes of interest.)
However, even though we have a physical Ansatz at each
time, we do not follow the exact dynamics. Therefore, there
is no guarantee that our integration of (80)—(82) avoids all
inconsistencies. Nevertheless, this approach is clearly a
step in the direction toward self-consistency and it appears
to be sufficient to ensure positivity of displacement and
velocity autopower spectra.

C. Numerical computation

To obtain the power spectra D, (u), we need to solve the
differential equation (94), where A(u) depends on D, (u)
through Eq. (59). This gives a nonlinear system of
equations, which we solve by an iterative procedure.
Starting with an initial guess for D,,(u), which converges

to the linear regime (88) for u < —1 and decays as e™*/4 for
u > 1, we compute from Eq. (59) the damping factor A(u).
The expressions that we use in practice for the numerical
computations are given in Appendix A. Then, we obtain
y(u) from Eq. (94), and the power spectra from (95), (101),
and (102). Next, we repeat the procedure, computing 4, y,
and D, from this new power spectrum D,,,. We iterate until
the damping factor 4 and the power spectra have converged.
Finally, from the displacement power spectrum P,, we
obtain the density power spectrum P(k) from Eq. (70). Our
numerical procedure is described in Appendix B.
We normalize the linear power spectra by ky;, = 1,

kn

kn = 1 =—.
NL iy,

Py (k) (105)
This also means that the Lagrangian scale ¢y, that marks

the transition to the nonlinear regime is of order unity. We
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have noticed in Sec. IV B 3 that the variances {a, #} show
the universal behavior (63) at small ¢, because the non-
linear power spectrum P, (k) decays faster than k= from
Eq. (99). At large separation g, the displacement variances
(56) and (57) are governed by the low-k part of the power
spectrum P, (k), which converges to the linear power
spectrum P; (k). This gives

g>qn: Blg) g™V for =3 <n<1, (106)
and
a(q) x g - 00 for =3 <n < -1,
a(q) > ay, for —1<n<1. (107)

1. Self-similar case with n=0

We first consider for illustration the case n = 0. We show
in Fig. 1 the variances a(g) and $(q) defined by the final
nonlinear power spectrum P, (k), once the iterative pro-
cedure explained above has converged. We recover the
small-scale quadratic behavior (63) and the large-scale
behavior (106) and (107), with a transition at gy;, ~ 1.

We display in Fig. 2 the damping factor A(k) of Eq. (59).
For the numerical computation, we use the expressions
given in Appendix A. In agreement with Eqgs. (67) and (68),
at low k it goes to unity, while at high k it goes to —co as
—In(k). The transition occurs around ky; = 1.

We show in Fig. 3 the displacement and velocity
logarithmic power spectra A7, A7, and AZ, from
Egs. (95), (101), and (102). At low k, all power spectra
converge to the linear power spectrum A? (k) = k3 for the
normalization (105). The cross-power spectrum Af(g
changes sign and we show its absolute value. The power
spectra A)za and Agg are always positive, despite their spikes
to small but nonzero values. This means that, in the
oscillating factor, as in Eq. (99), one of the coefficients
¢, 1s significantly greater than the other, so that Af“ almost
reaches zero as sin>y or cos?y. Thus, within decaying
envelopes, y(u) oscillates as cos(y — y), where v is a
constant and y was defined in Eq. (104), while y'(u)
oscillates in quadrature as sin(y — ). This implies that,
within decaying envelopes, AZ, « y? o cos®(y — ) and
A%, o y”? o sin’(y — ) oscillate in quadrature. Since
y' >y, we have A;%a o« vy’ and it oscillates twice as fast
as sin(y — ). We can check these phase differences in
Fig. 3. The envelope of these power spectra decays as k=3/4
at high k, in agreement with Egs. (99), (103), and (104).

We show in Fig. 4 the nonlinear density power spectrum
A? from Eq. (71), as well as the linear power spectrum
A? = k*. Our numerical computation is described in
Appendix B 1. Note that this case n = 0 corresponds to
a linear power spectrum with a lot of power on small scales.

n=0

10°

0.1 1 10 100
q

FIG. 1. Variances a(q) and f(q) defined by the nonlinear power
spectrum P, (k) in the power-law case n = 0.

n=0

0.01 0.1 1 10 100
k

FIG. 2. Damping factor A(k) for the power-law case n = 0.

’ n=0
10 3
Azxx
o 1Al - . ,
10 2 A
Ago N
g 1 \ '.I" !
~: 10°F vl
< \. i
\ |
1 0-2 3 l ,
|
lI
102 '
0.1 1
k
FIG. 3. Displacement and velocity logarithmic power spectra

A%, |A%,[, and A, for the initial power-law case n = 0.

Then, the linear variance a; (¢) defined by Eq. (56) where
we replace P, (k) by Py (k) is infinite. This implies that the
Zeldovich power spectrum (73) does not exist. Indeed, the
standard Zeldovich approximation does not modify
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n=0

10

0.1 1 10 100
k

FIG. 4. Density logarithmic power spectrum A2(k). We show
the linear power A? (dashed line) and the nonlinear power A2
(solid line).

the linear displacement field and does not cure small-scale
divergences that are already present in the linear theory.
More generally, the Zeldovich power spectrum (73) only
exists for —3 < n < —1 [55,61], where there is no small-
scale divergence. This is often cured by using a truncated
Zeldovich approximation [64], where the initial linear
power spectrum is truncated beyond ky; so that a; (g) is
finite and one can compute a Zeldovich power spectrum
(73). This requires introducing an ad hoc cutoff parameter,
which may be fitted to numerical simulations.

Our approach leads to a density power spectrum that
coincides with such a truncated Zeldovich approximation,
but the cutoff is not introduced by hand. It is obtained from
the equations of motion, as explained in the previous
sections, through the computation of the damping factor
A(k) and its impact on the nonlinear displacement power
spectrum P,,. Another difference from the truncated
Zeldovich approximation is that we obtain different results
for the velocity power spectra P,y and Pgj.

As for the truncated Zeldovich approximations with a
strong enough cutoff, the logarithmic density power spec-
trum A?(k) shows a constant asymptote at high k, of order
unity. This is because A}M decreases at high k, as found in
Eq. (99). This avoids that spurious power on nonlinear
scales for the displacement field completely erases small-
scale structures and the density power spectrum, as found in
the standard (nontruncated) Zeldovich approximation,
where AZ(k) typically decreases at high k. For this case
n = 0 we note, however, that the nonlinear density power
spectrum is below the linear power spectrum on mildly
nonlinear scales. This is due to the saturation at A% ~ 1 in
the nonlinear regime, whereas the linear power spectrum
A? o k* shows a very steep rise with k for these initial
conditions that show a lot of power on small scales. This
agrees with the fact that the damping factor A(k) shown in
Fig. 2 is everywhere below unity.

Thus, our approach provides a significant improvement
over the standard Zeldovich approximation. This suggests

that the general spirit of our method goes in the right
direction: letting the power spectra of the displacement and
velocity fields free, instead of setting them equal to the
linear power spectrum, and obtaining their values from
constraints derived from the equations of motion gives a
better description of the system. However, our Gaussian
Ansatz cannot give the continuing increase of A?(k) on
nonlinear scales, typically associated with the “l1-halo”
term in halo models [62,63] and the formation of high-
density virialized halos. It is likely that this would require
going beyond the Gaussian and taking into account higher-
order correlations (at least three-point correlations).

2. Self-similar case with n= -2

In the case n = —2, the initial density and displacement
fields show a lot of power on large scales. Then, the
variance of the linear displacement difference over sepa-
ration g grows linearly with ¢, in agreement with Egs. (106)
and (107). With the normalization (105), we obtain

ar(q) = pulq) = =q. (108)

16

while a; o, is infinite. This infrared divergence also applies
to the nonlinear displacement field, whose power spectrum
converges to the linear power spectrum at low k. Thus,
we have

q>qn: a(q):%q—i-..., p(q) :%q—i—..., (109)
where the dots stand for subleading terms, and oo, = +00.
We can check the asymptotic behaviors (63) and (109)
in Fig. 5.

The damping factor A(k) again goes to unity at low k and
to —oo as —In(k) at high k, as seen in Fig. 6. The
comparison with Fig. 2 shows that the amplitude of A(k)
at fixed wave number k is greater for n = —2 than for
n = 0, in the nonlinear regime. Nevertheless, the decay and

n=-2

0.1 1 10 100

q
FIG.5. Variances a(q) and f5(q) defined by the nonlinear power
spectrum P, (k) in the power-law case n = —2.
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FIG. 6. Damping factor A(k) for the power-law case n = —2.

the oscillation rate of the displacement and velocity power
spectra A7, AZ,, and A, are slower than for the case n = 0
in terms of wave number, as seen in Fig. 7. This agrees with
the fact that these logarithmic power spectra now decrease
as k~1/* instead of k=3/4, as shown by Egs. (99), (103), and
(104). We can also see that A(k) now grows slightly above
unity at k ~ 0.2 before its decreases in the highly nonlinear
regime. This means that, in contrast to the case n = 0, there
is now a small amplification of structure formation as
compared with the linear theory on the weakly nonlinear
scale k ~0.2.

We show in Fig. 8 the nonlinear density power spectrum
A? from Eq. (71), as well as the linear prediction A? and the
Zeldovich power spectrum AZ. Indeed, because the linear
variances «; (q) and f;(q) are now finite, the standard
Zeldovich power spectrum (without truncation) exists. In
fact, for this power-law case n = —2, it is possible to
compute analytically the Zeldovich power spectrum (73).
For the normalization (105), this gives [61]

n=-2

FIG. 7. Displacement and velocity logarithmic power spectra
A%, |A%[, and AG, for the initial power-law case n = —2.

0.1 1 10 100

FIG. 8. Density logarithmic power spectrum A?(k). We show
the linear power spectrum A? (dashed line), our nonlinear power
spectrum A? (solid line), and the Zeldovich power spectrum A%
(dot-dashed line).

P(k) = 256 4 3nk(V64 + nk* — 8)
2T 2k | (64 + mk)? (64 + 72k?)3/?

 ArcTan(zk/ V128 + 22k — 16V/64 + 72Kk2)
V128 + 72k — 16V/64 + 2°k°

| 3nk(V6A + 2K +8)

(64 + n2k2)5/2

 ArcTan(rk/ V128 + 22k + 16164 + ﬂzkz)}

V128 + 722 + 1664 + 22K2 ’

(110)
with the asymptotic behaviors
ko0 Py(k) = 4 S (111)
COUA T 4k T asek T
) 128(8 +37) 4096(32 + 157)
k— oo Pyk)= I T8
(112)

We describe in Appendix B 2 our numerical computation of
the nonlinear density power spectrum (71). Again, we
recover the universal plateau at high k of the nonlinear
logarithmic power spectrum A2, due to the decay of the
displacement logarithmic power spectrum Aﬁl within our
Gaussian Ansatz. In contrast, the nontruncated Zeldovich
power spectrum decays as AZ(k) « k=3, because of the
artificially large power on small scales in the linear
displacement field. Thus, our approach improves over
the nontruncated Zeldovich approximation. It also
improves over the truncated Zeldovich approximation, as
there is no need to introduce an ad hoc truncation with free
parameters. In agreement with the slight increase above
unity of the damping factor (k) at k ~ 0.2, and in contrast
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with the case n = 0, we now find that the nonlinear power
spectrum A? rises above the linear prediction on weakly
nonlinear scales, k < 1. This feature is also seen in the
standard Zeldovich approximation (111). This is slightly
more apparent in the case of our nonlinear power spectrum
A? because it asymptotes to a constant value at high k
instead of decreasing as k~3. The comparison with the case
n =0 shows that such detailed features depend on the
shape of the initial linear power spectrum. This is consistent
with the fact that, within SPT, the one-loop correction to the
density power spectrum is positive for n < —1.4 and
negative for n 2 —1.4 [67-69].

VII. A-CDM COSMOLOGY

A. Integration of the curl-free Gaussian Ansatz

We now consider the realistic case of the A-CDM
cosmology with a linear CDM power spectrum that is
not a power law. Then, we must go back to the system of
partial differential equations (30)—(32). With the curl-free
Gaussian Ansatz presented in Sec. IV, this reads

OAZ,

o = 242, (113)
067y 3Q, 3Q,,
a_;: 2 A2, + (1 —2—ﬂ>A§9+A§9, (114)
0AZ, 3Q,, 3Q,,
8”99 :7m}(€+ <2—7>A§9, (115)

where we introduced the logarithmic power A%(k,7) as in
(83). For the self-similar cases studied in Sec. VI, we
reduced the problem to the set of one-dimensional scaling
functions D, (u) and we could solve the associated system
of ordinary differential equations. In the general case
(113)—(115), thanks to the factorizations (54) and (60),
we again obtain a system of ordinary differential equations.
Indeed, different wave numbers k decouple, once we
consider A(k,#n) as an external control function, and we
can now solve over the time # at fixed k. We can again
eliminate A7, and AZ, to obtain the third-order linear

equation

D32 9Q A2 a9 (3Q
§”+(—§“—3> §*+{2+—<—;”)
on 2f on on \ 2f

2 aAZ
—6&(1+1)+%] ”Jr[ 8(39’%)

12 24 o T o\
69, . 9Q2

Again, the general solution of this ordinary differential
equation over 7, at fixed k, is [66]

A7, (k) = c1y1(n)* + ey (n)ya(n) + esya(n)*. (117)

where c¢; are integration constants that depend on k, and
yi(n) are two independent solutions of the second-order
linear differential equation

3Q, 3Q,,
y” -+ (2—](2— 1>y/ —2—f22y = O,

where the prime denotes the derivative with respect to 7.
Because A(k,7) depends on both k and 7, the functions
vi(n) also depend on k, understood here as a parameter. At
early times, in the matter-dominated era, we must recover
the linear regime,

(118)

n——oco: A(k,n)=e*A%, (k). (119)
In this regime, we also have Q,,/f> — 1 and 1 — 1, which
gives the two solutions y; « e” and y, o e~>"/2, Therefore,
the matching to the linear regime at early times gives ¢, =
c3 = 0 and we obtain

A2, (k) = y(n)2A7 (k) 2 0, (120)

where y() is the solution of Eq. (118) with the boundary
condition at large negative 7,

n——oo: y() =eé. (121)
This gives for the other power spectra
Ay (k) =yy' Ajg(k).  AGy(k.n)=y?AL,(k) 0. (122)

Over a limited range of wave numbers and times, the
dynamics can be approximated by a self-similar evolution
with an effective index n. Then, from Eq. (77) and 4 ~
—[Ao| In(k/kn) we obtain A~ —|A|2n/(n+ 3). This
gives y(n) ~ e™*[Ai(—n) + Bi(-n)], where we omit
numerical factors in the bracket and in the argument of
the Airy functions. This gives
n> et Ay (ko) ~ e?[Ai(=n) + Bi(-n)],  (123)
where 1y (k) is the time that marks the entry of the wave
number & into the nonlinear regime. At leading order, this
gives for all logarithmic power spectra

>t AL (ko) ~ e, (124)
which agrees with Egs. (99), (103), and (104), using
Eq. (77). Since this nonlinear decay with time does not
depend on the index n, it should be quite robust and a good
approximation for the A-CDM cosmology, with a smooth
initial power spectrum. In a similar fashion, the power
spectra should decay with wave number as
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k> ikt A2 (k) ~ k034 (125)
where 7 is the local effective exponent of the linear power
spectrum.

Remarkably, Eqs. (120) and (122) show that the pos-
itivity of the autopower spectra A)zﬂ and Afw is still ensured
in the general case for any cosmology and initial power
spectrum. As noticed in Sec. IV, such positivity constraints
are not respected in most perturbative schemes or approxi-
mation methods. This is related to the nonperturbative
character of our approach, which does not truncate the
equations of motion. Moreover, the approximation needed
to close our system, entering at the level of the force cross-
power spectra, is computed in an exact manner from a
physical Gaussian Ansatz. That is, although the Gaussian
distribution of particles is only an approximate Ansatz, the
force cross-power spectra associated with this distribution
are exactly computed and as such satisfy all physical
requirements associated with the constraint that they can
be derived from a physical state (e.g., with positive matter
density, conservation of matter, etc.).

In fact, the solutions (120) and (122) do not directly rely
on the Gaussian Ansatz, but on the equality of the damping
factors associated with the cross-power spectra of both the
displacement and the velocity with the force. Thus, defin-
ing 4,¢(k,n) and A (k,n) by the ratios

PHC
L gl =5E. (126)

74 Oy

P
e (ko) = =25,

the solutions (120) and (122) hold as long as 4, = 4, and
we denote 4 their common value. This equality may remain
a good approximation beyond the Gaussian Ansatz and we
have seen that it ensures the positivity of the autopower
spectra Aﬁl and Agg. However, for the exact non-Gaussian
dynamics, we generically expect 4, and 4y, to differ in the
nonlinear regime. Unfortunately, we could not find an
explicit solution of the system (113)~(115) when 4, # 4.
In that case, the requirements A2, >0 and A, > 0 may
provide some constraints on the pair {4, 4, }. However, it
is not obvious whether this can be written in a simple
explicit form.

B. Numerical computation

As for the self-similar case studied in Sec. VIC, we
compute the solution of Eqgs. (113)—(115) by an iterative
scheme. We start with an initial guess for the power
spectrum A2 (k,n), which is equal to the linear power
spectrum in the linear regime where A? < 1, and decays,
for instance, as 1/k at higher wave numbers. This is stored
as an initial guess on a 2D grid in {k, 7}. Then, we compute
the variances a(q,7n) and B(q,n) from Egs. (56) and (57).
This gives the damping factor A(k,7) from Eq. (59), using
again the numerical method described in Appendix A.

A-CDM

0.1 1 10 100
q[h" Mpc]

FIG.9. Variances a(q) and f(q) defined by the nonlinear power
spectrum P, (k) for the A-CDM cosmology. We show the results
at redshifts z = 0 (lines without symbols), z = 1 (triangles), and
7 = 2 (squares).

Next, we compute the functions y(#), for all grid points &,
from Eq. (118). This provides the updated nonlinear
displacement and velocity power spectra Aj,, A7), and
A2, through Eqs. (120) and (122). Next, we repeat the
procedure, computing {a, . A} from the new A2, and next
the new spectra A2,. We iterate until convergence. Finally,
from the displacement power spectrum P,, we obtain the
density power spectrum P (k) from Eq. (70), using again the
numerical method described in Appendix B 1. We do not
make the approximation Q/f? ~ 1 that is often used in
analytical studies and we exactly integrate Eq. (118)
over time.

We show the variances a(g) and f(g) at redshifts z = 0,
1, and 2 in Fig. 9. Again, we have the quadratic behavior
(63) on small scales. At large distances, the displacement
variances are governed by the low-k part of the displace-
ment power spectrum, which converges to the linear power
spectrum with P; (k) o k" and n ~0.96 for the A-CDM
cosmology. In this respect, we are in the same class of
initial conditions as for the self-similar case with n = 0;
a(q) goes to a finite value a,,, whereas f(g) decreases as
g~ as in Eqs. (106) and (107). The small change in the
shape of the functions a(q) and $(q) with redshift is due to
the fact that the A-CDM linear power spectrum is curved,
with the local slope ranging from n ~ 0.96 at low k to n ~
—3 at high k. In particular, the infinite-separation variance
a. of Eq. (61) is governed by the scale k_;, where the local
exponent is n = —1. This is significantly larger than the
scale kyp associated with the nonlinear transition of the
matter density power spectrum. Thus, in contrast with
the self-similar case n = 0, a,, can be significantly greater
than 1/k%;, especially at high z. In contrast with some
Eulerian-space perturbative schemes, this is not a problem
for our approach as it only depends on relative displace-
ments, as seen in Eq. (70), and it is independent of the value
of a,,. This is clear from the fact that our approach can also
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FIG. 10. Damping factor (k) for the A-CDM cosmology, at
redshifts z = 0 (lines without symbols), z = 1 (triangles), and
7z = 2 (squares).

be applied to the self-similar case n = —2, where a, is
infinite (see Sec. VIC 2 and Appendix B 2).

We display in Fig. 10 the damping factor (k) at redshifts
z =0, 1, and 2. Again, it goes to unity at low k and to —oco
as —In(k) at high k. At high redshift z = 2, where the
effective exponent on weakly nonlinear scales is n ~ —2,
we distinguish a small excursion above unity for A(k)

; A-CDM, z=2
10 :
10%F
(\1:\‘{ 10_1 3
<
102}
10°3 :
0.01 0.1 1 10 100
k [h Mpc™"]
; A-CDM, z=0
10 :

k [hMpc"]

FIG. 11. Displacement and velocity logarithmic power spectra
A%, |A%], and A, for the A-CDM cosmology.

around k ~ 0.34 Mpc~!, in agreement with the self-similar
case n = —2 shown in Fig. 6. At low redshift z = 0, where
n=~—1.5, A(k) remains below unity. This agrees with the
behavior found for the self-similar case n =0 shown
in Fig. 2.

We show the displacement and velocity power spectra in
Fig. 11. In agreement with the analysis in Sec. VIL A, on
nonlinear scales the power spectra A7, and Aj, oscillate in
quadrature, whereas Af(g oscillates twice faster. Their

envelope decays as ~k~("t3)/4_ Again, the evolution with
redshift can be understood from the change of the effective
exponent n at the scales that are turning nonlinear. At high
redshift z = 2, where n ~ —2, we recover a slow decay with
a large oscillation period over wave number, while at low
redshift z = 0, where n ~ —1.5, we obtain a stronger decay
and faster oscillations. This agrees with Eqgs. (99) and (100)
and with the comparison of Figs. 3 and 7.

We compare in Fig. 12 the nonlinear matter density
power spectrum A? with the linear prediction A? and the
Zeldovich power spectrum AZ. Again, we find that AZ
roughly follows AZ on weakly nonlinear scales and next
asymptotes to a constant A> ~ 1 at high k, whereas A?

A-CDM, z=2

10

0.1 1 10 100
k [h Mpc™"]

A-CDM, z=0

0.1 1 10 100

k [h Mpc™"]
FIG. 12. Density logarithmic power spectrum A?(k) for the
A-CDM cosmology. We show the linear power spectrum A?

(dashed line), our nonlinear power spectrum A? (solid line), and
the Zeldovich power spectrum A2 (dot-dashed line).
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(Upper) Matter density power spectrum divided by a reference no-wiggle linear power spectrum, at redshifts z = 0.35 and

z = 2. We show the predictions of linear theory P; (blue dashed line), our nonlinear model P (black solid line), the standard Zeldovich
approximation P (red dot-dashed line), a Lagrangian model Pp,, (green dotted line), and the numerical simulations (black crosses).
(Lower) Relative deviation of these density power spectra from the numerical simulations. The error bars centered on zero are the

numerical simulations statistical error bars.

decays as k3. As for the other statistics, the detailed
behavior with redshift reflects the change of the effective
index n. At z = 2, we find that both A2 and AZ rise above
the linear power spectrum A? on weakly nonlinear scales,
k ~2h Mpc™!, whereas at z = 0 they remain below A?.
This agrees with the comparison of Figs. 4 and 8.

C. Comparison with numerical simulations

1. Matter density power spectrum

Finally, we compare the predictions of our curl-free
Gaussian Ansatz with numerical simulations of the large-
scale matter density field in the A-CDM cosmology, which
were presented in [14,70]. Since our Gaussian model
cannot describe highly nonlinear scales, as explained in
the previous sections, we focus on large quasilinear scales
associated with the baryon acoustic peak. We show the
matter density power spectrum in Fig. 13. To distinguish
more clearly the baryon acoustic oscillations and the
different models, we plot in the upper panels the ratio of
the density power spectra by a reference no-wiggle linear
power spectrum that does not contain baryon acoustic

oscillations. In the lower panels, we directly plot the
relative deviation from the numerical simulations.

As we can see in the upper panels of Fig. 13, our result
P(k) is similar to the standard Zeldovich approximation on
these large scales. This agrees with the results of Fig. 12
and the fact that on such large scales the effective truncation
of the displacement power spectrum on nonlinear scales
does not have a great impact. Thus, the damping of the
oscillations at higher k, as compared with the linear power
spectrum, is similar in both models. However, in agreement
with the results of previous sections, the amplitude of the
power spectrum given by our model is somewhat larger
than for the standard Zeldovich approximation. Thus, the
modification of the displacement field on nonlinear scales
only leads to a broadband change to the density power
spectrum on BAO scales. In agreement with Fig. 12, our
power spectrum remains below the linear theory up to
k < 0.3h/Mpc at z = 0.35, while it raises above the linear
theory at k ~0.2h/Mpc at z = 2. In terms of the absolute
value of the density power spectrum, our model is not
competitive with other approaches that can reach percent-
level accuracy on these scales, as shown, for instance, by
the comparison with the Lagrangian model Py, (k)
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developed in [62]. Indeed, this older model is correct up to
one-loop order, while matching the halo model on highly
nonlinear scales, which ensures a reasonably good accu-
racy. In contrast, as for the standard Zeldovich approxi-
mation, the Gaussian model presented in this paper does
not match with SPT at one-loop order. This is due to the use
of our Gaussian Ansatz. To ensure a correct one-loop order,
we should extend this Gaussian Ansatz and include three-
point correlations. This would, in turn, involve additional
constraint equations to the system (113)—(115), associated
with the evolution of the bispectrum. We leave such an
extension to future works.

The lower panels of Fig. 13 show more clearly that,
while the relative deviations from the numerical simula-
tions are of the same order of magnitude for the linear
theory, our model, and the Zeldovich approximation, the
oscillations found for the linear prediction disappear for
both our model and the Zeldovich approximation. This is
because nonlinear mode couplings damp the initial baryon
acoustic oscillations. Therefore, relative to the flatter non-
linear result (given by the numerical simulations), the linear
power spectrum shows oscillations at high k. In contrast,
the nonlinear damping of the oscillations is well recovered
by our model and the Zeldovich approximation, so that the
relative deviation is flat. This suggests that both our model
and the Zeldovich approximation could be efficiently used
to study the BAO features of the density power spectrum.
One simply needs to extract the oscillations from the data
(e.g., through a high-pass filter), as in [60,71], or to add to
the analytical predictions a smooth low-order polynomial,
with one or two free parameters, that describes the smooth
drift of the amplitude.

2. Matter density correlation function

We next consider the matter density correlation function
in Figs. 14 and 15 for the same models and redshifts. It is
computed from the power spectra by integrating

£(x) = 4n A * dkIEP(K) jo (kx). (127)

As seen in Fig. 14, on large scales all curves converge to the
linear theory. Whereas the Zeldovich approximation gives a
constant correlation at low x, because its power spectrum
decays faster than k=3 at high k, our model gives a
logarithmic growth at low x, because its power spectrum
decays as k= at high k. However, neither model nor the
Zeldovich approximation can describe highly nonlinear
scales associated with virialized halos. In particular, these
methods are not competitive as compared with the
Lagrangian model of [62].

We focus on the BAO peak in the upper panels of Fig. 15,
while in the lower panels we show the relative deviations
with respect to numerical simulations, from weakly non-
linear scales up to the BAO scales. The growth of all
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FIG. 14. Matter density correlation function at redshifts z = 3
and z = 0.35. As in Fig. 13, we show the predictions of linear
theory &; (blue dashed line), our nonlinear model & (black solid
line), the standard Zeldovich approximation &, (red dot-dashed
line), a Lagrangian model &,, (green dotted line), and the
numerical simulations (black crosses).

relative deviations and of the simulation error bars at x =
120/~ Mpc is due to the fact that the correlation function
vanishes at x ~ 130h~! Mpc. Because analytical predic-
tions and numerical simulations do not recover the exact
position of this zero crossing, the relative deviation
diverges at this point, but this is not a good measure of
the validity of approximation schemes.

We recover the fact that the Zeldovich approximation
provides a great improvement over the linear prediction for
the BAO peak [18,34,72]. Its accuracy is better than 3%
accuracy on these scales and redshifts. Our Gaussian model
gives similar results, with an improved accuracy below 2%
on BAO scales, 70 < x < 120h~! Mpc. It actually fares
slightly better than the Lagrangian model of [62], which,
however, gave a much better prediction for the power
spectrum in Fig. 13. In agreement with the discussion
above, this means that the information associated with the
position and shape of the baryon acoustic peak in the
correlation function is related to the frequency and damping
of the baryon acoustic oscillations in the power spectrum
and is mostly independent of any additional smooth drift.
This agrees with the results of Noda et al. [60], who also
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(Upper) Matter density correlation function at redshifts z = 0.35 and z = 2. As in Fig. 13, we show the predictions of linear

theory &; (blue dashed line), our nonlinear model £ (black solid line), the standard Zeldovich approximation £, (red dot-dashed line), a
Lagrangian model &, (green dotted line), and the numerical simulations (black crosses). (Lower) Relative deviation of these density
correlation functions from the numerical simulations. The error bars centered on zero are the numerical simulations statistical error bars.

find that the BAO oscillatory features of the power spectrum
are mostly governed by the long-range displacements (infra-
red effects), which are automatically taken into account by
Lagrangian approaches, while the broadband shape is
affected by small-scale processes (see also [18,73]).

Thus, our model provides the BAO peak of the density
correlation function to better than 2%, without any free
parameter. Its accuracy is actually the same as that of the
numerical simulations. On smaller scales, the Lagrangian
model of [62] is usually more accurate, but we find that our
model agrees with the numerical simulations to better than
2% down to 7h~' Mpc, at z > 0.35. This level of accuracy
is better than most other approaches. Eulerian perturbation
schemes, like SPT or EFT, do not give a well-defined
correlation function because they predict a power spectrum
that grows artificially fast at high k. Lagrangian approaches
that go beyond the Zeldovich approximation by including
higher-order cumulants, such as convolution Lagrangian
perturbation theory, do not significantly improve over the
Zeldovich approximation and can become worse below
30A~! Mpc [34].

The better agreement with the configuration-space cor-
relation function &(x) than with the matter power spectrum

P(k) shows that the former is a more robust statistics in the
nonlinear regime [18,74]. Indeed, in contrast with linear
scales, where different Fourier modes are uncorrelated, we
can expect nonlinear processes that are local in space to
generate weaker correlations between different scales in
configuration space than in Fourier space. Then, the power
spectrum being the Fourier transform of the correlation
function, it receives contributions from the correlation
function at all scales. The model presented in this paper
is also more naturally suited to configuration-space sta-
tistics as it is based on the displacement field, hence on a
Lagrangian approach, where we follow particle trajectories
in spacetime. Indeed, as for the Zeldovich approximation
and its extensions to low-order cumulants, it is known that
Lagrangian-space formulations are rather efficient for the
two-point correlation functions [18,33,34,72].

In Lagrangian approaches that go beyond the Zeldovich
approximation by taking into account higher-order cumu-
lants and are exact up to one or two-loop order, it has been
found that higher orders can actually worsen the agreement
with simulations on intermediate scales and BAO scales at
low redshifts [34,72]. This is partly due to the fact that,
within such Lagrangian approaches, as in the standard
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Zeldovich approximation, particles do not remain trapped
inside nonlinear density fluctuations. This free streaming
erases small-scale structures and leads to an underestimate
of the matter density fluctuations. Adding higher orders in a
perturbative manner does not solve this issue and can
actually worsen the problem, as the amplitude of the
displacement field is further increased on small scales.
The systematic better agreement obtained by our approach
is due to the effective truncation of the displacement power
spectrum at high k. As for the truncated Zeldovich
approximation, this partly cures the erasing of nonlinear
structures and provides a better model for the large-scale
density field [64].

VIII. CONCLUSION

In this paper, we have presented a new approach to
model the gravitational dynamics of large-scale structures.
The aim is to avoid introducing free parameters, which
need to be fitted to numerical simulations, and to go beyond
perturbation theory. To do so, we work within a Lagrangian
framework. This allows us to use the exact equations of
motion, which remain valid beyond shell crossing, if we
neglect baryonic effects. Then, we propose to use these
equations of motion as constraints on the evolution of the
probability distribution functional P(W, v) of the displace-
ment and velocity fields. Thus, the approximation only
enters at the level of the description of this distribution P.

In this article, we focus on a Gaussian Ansatz, but, in
principle, we could consider more complex distributions
P(¥,v), which would involve additional parameters in
addition to the power spectra (e.g., low-order cumulants).
As the Ansatz used for P becomes more complex, one
increases the number of constraints derived from the
equations of motion of the particles, so as to fully determine
P (e.g., the evolution equations of low-order correlation
functions). In this fashion, one can hope to systematically
increase the accuracy of the predictions. However, the
complexity beyond the Gaussian case may prove difficult
for practical computations. We leave this investigation for
future works.

This Gaussian Ansatz is also of interest by itself,
independent of the more general framework outlined above,
as it is a simple extension of the Zeldovich approximation
that does not require any new free parameter.

Already at the Gaussian level for P(W, v), we have found
that this approach leads to interesting results. Because we
use exact equations of motion (in fact, a subset of the
infinite sequence that determines the exact probability
distribution), we go beyond perturbation theory. Then,
the displacement-field power spectrum becomes damped
on nonlinear scales, with a truncation that is not put by hand
but arises from the dynamics. In particular, the damping
factor A, ~ e~!/(12%) is nonperturbative and shows the
characteristic exponential factor associated with the prob-
ability to form nonlinear structures (for Gaussian initial

conditions). Moreover, in contrast with the Zeldovich
approximation, the displacement and velocity power spec-
tra are different.

An interesting feature is that the autopower spectra are
automatically positive, as they should be, while cross-power
spectra can change sign. This positivity property is not put by
hand and appears naturally in our framework, while itis often
broken in perturbative schemes. This nice behavior is likely
related to the fact that, at each time, the probability
distribution P is well defined and all quantities are exactly
computed from this distribution. Thus, they follow from
physical particle distributions. This ensures that they do not
lead to theoretical inconsistencies (such as negative matter
densities or inconsistent higher-order correlations).

We find that, both for self-similar dynamics and the
realistic A-CDM cosmology, the equations of motion for
the displacement and velocity power spectra can be
integrated in terms of basic functions y(k,#) that describe
the amount of damping. This reduction provides explicit
expressions that ensure the positivity discussed above and
also simplifies the computations.

Already at this Gaussian level, this approach improves
over the standard Zeldovich approximation. It generates a
self-truncation at high k, so that we obtain a finite
prediction even when the standard Zeldovich approxima-
tion does not exist, as for linear power spectra with a lot of
power at high k, P; (k) « k" with n > —1. Tt also improves
over the truncated Zeldovich approximation as the trunca-
tion is not put by hand and does not need to be fitted to
simulations. In a sense, this method obtains the best
Gaussian approximation to the gravitational dynamics, as
selected by the equations of motion.

We have first discussed the predictions obtained for self-
similar dynamics, to understand how the exponent n of the
linear power spectrum affects the results. Then, we have
considered the realistic A-CDM cosmology. There, the
qualitative features can be understood from the change with
redshift of the effective exponent n. The comparison with
numerical simulations shows that our results are probably
not competitive with other methods for the density power
spectrum on BAO scales, because of the failure to faithfully
recover the smooth amplification of the nonlinear power
spectrum. However, the damping of the BAOs is well
recovered and the method could be useful if one is able to
extract the oscillatory pattern from the data, in the spirit of
[60,71]. Alternatively, one can add a couple of free
nuisance parameters to the model to take care of this
smooth component. The agreement with simulations is
much better for the configuration-space correlation func-
tion. This is expected, as we use a Lagrangian approach and
the Zeldovich approximation is already known to signifi-
cantly improve over linear theory for these statistics. Our
prediction improves somewhat further over the Zeldovich
approximation and we obtain an accuracy to better than 2%
from BAO scales down to 74~! Mpc at z > 0.35. Although
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some other methods may prove more accurate, the fact that
there is no free parameter to be marginalized over could
make this approach competitive in terms of constraining
power on cosmological scenarios. We leave such an
investigation for future works.

Thus, at this stage, the quantitative and practical results
of this model are rather modest. However, it was worth
performing a detailed investigation to check the power of
this Gaussian Ansatz, because it is both the simplest
realization of the more general method based on the
evolution of the distribution P(¥, v) and a natural param-
eter-free extension of the Zeldovich approximation. In
particular, it is one of the few parameter-free and non-
perturbative analytic schemes that have been developed so
far, another one being the adhesion model [56] (although
one could consider its effective viscosity as a free parameter
that is simply set to zero). In few other approaches does the
self-damping of initial small-scale power appear from the
dynamics without being introduced by hand, through
explicit truncation or counterterms. Works in this direction
are [37], where there is an explicit truncation scheme but its
parameter is internally calibrated from the behavior of the
one-loop correction, or [75], where an effective viscosity is
explicitly added but may be estimated from the power on
nonlinear scales. Our approach does not involve such
explicit modifications.

As explained above, the automatic positivity of auto-
power spectra is also an encouraging sign. Unfortunately, to
go beyond these somewhat academic points and to provide
useful quantitative predictions, the results obtained in this
paper show that it will be necessary to go beyond the
Gaussian Ansatz. For instance, we noticed that on small
scales the probability distribution of the displacement
divergence y should be strongly skewed, with a high peak
at finite positive values and a long tail toward negative
values. However, taking into account these features may be
a very difficult task. One possibility would be to include a
few low-order cumulants, such as the bispectrum, or to add
higher-order terms in the probability distribution itself. An
alternative would be to consider nonlinear functionals of
Gaussian fields. We plan to investigate such issues in future
studies.

At a time when numerical simulations are increasingly
efficient, analytic methods face strong challenges.
Nevertheless, they may still provide useful insight (as
shown by the better understanding of the damping of the
BAO peak by works in the last 15 years) and also help
understand the outcomes of less-studied alternative cos-
mologies (e.g., different models of dark matter or dark
energy, or modified-gravity scenarios) that have not been
studied in detail by simulations yet. In particular, scale-
dependent linear growing modes do not bring additional
complications to this formalism. Our model may also
provide estimates of the magnitude of the counterterms
introduced in Eulerian EFT schemes, as it computes non-
perturbative corrections.

A natural extension of this work would be to consider
redshift-space statistics. This will be addressed in a future
paper. Another generalization would be to model the large-
scale fluctuations of the intergalactic medium associated
with the Lyman-a forest. Indeed, they correspond to weakly
nonlinear fields that could be within the reach of analytic
methods. However, this would require additional parame-
ters, associated, for instance, with the effective equation of
state of the gas and its temperature. We plan to investigate
this issue in future works.
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APPENDIX A: EXPRESSIONS OF A(k) FOR
NUMERICAL COMPUTATIONS

For numerical computations, it is convenient to decom-
pose the last exponential in Eq. (59) over its large-¢g part
and the remainder as

Mk) = Ao(k) + 2,(k), (A1)
with
dqdk’ (k'-k)? . o
ﬂo(k) :/ (2ﬂ)3 (k/z +/42)k2( kq_l)ek -tk (AZ)
and
dqdk’ (K -k)? . ”
Al(k) = /Ww(ekq - 1)€k a
x [em DR PR (K"0)*/(Kq)?* _ p=aek®]  (A3)

In Eq. (A3) we have already taken the limit 4 — 0, as it is
regular thanks to the vanishing of the last bracket for
k' — 0. The integration over q gives at once for A

Jo(k) = em=k", (A4)
where we took the limit 4 — O at the end. For 4, it is
convenient to take the angular average of the expression

(A3) over the direction Q of Kk, taking advantage of the fact
that 4, (k) does not depend on Q. Using the property

dQ : k. .
/—(n - ky)2ehimd = ?2 [Jo(qu) +Jj2(k1g)

Az
(-(5))]

and integrating next over the angles of q and k’, we obtain
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2 [ 1
A1 (k) :—/ dqdk’qzk'z/ du cos(k'qu)
x [jo(kq) + jo(kg)(1 = 3u?) = 1]
% [e—ak’z—ﬁk’zuz _ e_aook/z]. (AG)
Using the property [76]
o 2 2 _ 2
A drcos(an) e r = A e, (A7)

the integration over &’ yields

b0 = 3= [ dad [ dulin(he) =1+ e

2a 26 — g*\u?
x (1 - 3u2)}{ (:_('_[ﬂmz;g/z)

2.2
_ %#e-qu}_

e—qzuz/[4(a+ﬁu2)]

(A8)

Changing variable from u to t = g*u*/[4(a + pu®)], we
can integrate over ¢ most factors and we obtain

o i(kg)—1 .[e~/BatP] o=’/ (4as)
2100 = / dg Jjo(kq) 7 -
0 67 ay/a+p Qb

)y (kq) EErf(

Zx/jm> - (w%)

2=4"/1A(a+p)] Qa-p)g?\ 2e /M)
- +
Vrva+p < 12a(a+ﬂ)) NENG™

7*/[4(a+p)]

q’ 8
“(viec) el

where Erf(x)
also be written in terms of the complementary error
function, Erfc(x) = 1 — Erf(x) = %L‘X’ dxe™, as

(A9)

= % I dxe™ is the error function. This can

o Jolkq) =1 , [e=a"/Hath)]  ¢=a*/(4ax)
ll(k):/ dq olkq) q* Y
0 67 ava+p a’l
. 2 q 2 q
kq) | ——Erf ZErfe| —1—
+Jja( ‘I){ p C(2 E )-1— c<2 )
e~ /datp)

_ ( (2a—p)q ) Do~/ (%)
VrJa+p 12a(a+p)

2 7%/«
<1+q) 84 [4(atp)]
6a) V74 o

(A10)

1=2 3/2 ,—t
dt( 2t)t e ,
q-—4pt

t (1- 2t)t3/2 -
q*—4pt '

From Eq. (A10), we can see that 4, (k) o k* at low k, while
Eq. (A4) gives A4y — 1. This gives the large-scale limit (67).

At large k, A(k) vanishes while the factors in Eq. (A9)
associated with [j,(kq) — 1], paired with the second term in
the following bracket, or with j,(kg) go to a constant.
Then, Eq. (A9) is dominated by the factor [jy(kg) — 1]
associated with the first term in the following bracket.
Using the small-scale behaviors (63), we obtain Eq. (68).

For linear density fields with a lot of power on large
scales, where P; (k) grows at least as fast as 1/k for k — 0,
the variance a, is infinite. This occurs for the self-similar
case n = —2 studied in Sec. VI C 2. Then, we still perform
the decomposition (Al) but a, is now an arbitrary
parameter that we take of order 1/k%;. Indeed, the
decomposition (A1) is only used for numerical convenience
and the result A = 4 + 4; does not depend on the choice of
a- We checked that our numerical result does not change
as we vary a, over 2 orders of magnitude. Then, all
expressions above still apply.

APPENDIX B: NUMERICAL COMPUTATION OF
THE DENSITY POWER SPECTRUM

1. Case where a, is finite

Following [16], for the numerical computation of the
density power spectrum (70), it is convenient to also use the
expression obtained by expanding the oscillating part of
the exponent in Eq. (70) [77]. Using the one-point variance
a4 introduced in Eq. (61), this gives

dq . <=1
0k ik-q -
Pk)=e /—(271)3 e Z .

x [/ dk'P, (k’)(kkgkl)eik’-qr. (B1)

In particular, the zeroth-order term vanishes for k # 0 and
the linear and quadratic terms give

P(k) = e=®F [P, (k) + Py (k) + ...], (B2)

where the dots stand for terms that are cubic or higher
powers in P, (k) and

Py (k) = /dkldk250(k1 +ky —Kk)P,, (k)P (k2)

o (K k)*(k; - k)
W

(B3)

Then, we subtract the two terms of Eq. (B2) from the
expansion (72) to obtain
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P(k):e_a‘”kz [P11+P22}+e_amkz/_

oo S ()

=0

—[1+(am—a—ﬁ)k2+%( —a- ﬁ)zk“} o(kq)

1+ (aw—a= R k) - (%)%(kq)}.
(B4)

This ensures that the integral over ¢ is regular and shows a
fast convergence at large q.

Here we assumed that o is finite. In particular, f — 0
for ¢ — oo, so that higher orders in ¢ in the series in
Eq. (B4) are strongly suppressed. This corresponds to the
power spectrum n = 0, in the self-similar case studied in
Sec. VIC1, and to the A-CDM cosmology studied in
Sec. VIL

2. Case n= -2 where a, is infinite

When a, is infinite, as for the case n = —2 studied in

Sec. VIC 2, we modify the approach leading to Eq. (B4).

Instead of subtracting a term e %K [P, + Py] from
expression (71), we simply subtract the Zeldovich power
spectrum (73), which has the same form except that the
nonlinear variances « and f are replaced by the linear-

theory variances a; and ;. For n = —2, they are given by
Eq. (108). Thus, we write
P(k) /2 5q / dy cos(kqu) e~ (et WIE

—r(1+42 kzq/lﬁ]

(BS)

Integrating over the angle cosine u as for Eq. (72), we
obtain

P(k) = Py(k) + / ;fzqu:o jf(kq)[ —(a+p)k <2ﬂk>

q
o-ka/8 mk .
8

This again ensures fast numerical computations. The
Zeldovich power spectrum part P (k) is easily computed
from the analytical expression (110).

(B6)
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