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We consider the Stokes parameters’ frequency spectral distortions arising due to Compton scattering of
the anisotropic cosmic microwave background (CMB) radiation, the Sunyaev-Zel’dovich effect (SZ),
towards clusters of galaxies. We single out a very special type of such distortions and find simple analytical
formulas for them. We show that this kind of distortion has a very distinctive spectral shape and can be
separated from other kinds of contaminants. We demonstrate that this effect gives us an opportunity for an
independent estimation of the low-multipole angular CMB anisotropies, such as the dipole, the quadrupole,
and the octupole. We also show that, using distorted signals from nearby and distant clusters, one can
distinguish between the Sachs-Wolfe and the integrated Sachs-Wolfe effects. The detection of such
distortions can be feasible with high-angular-resolution and high-sensitivity space missions, such as the
upcoming Millimetron Space Observatory experiment.
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I. INTRODUCTION

The interaction of cosmic microwave background (CMB)
radiation with hot plasma in clusters of galaxies causes the
Comptonization of relic photons. This process is commonly
known as the thermal Sunyaev-Zel’dovich effect (tSZ) [1,2].
As a result of this effect, a deviation in the frequency
spectrum of radiation from the original CMB blackbody
shape occurs. Another reason for the change in the CMB
spectrum is the so-called kinematic Sunyaev-Zel’dovich
effect (kSZ), which arises as a result of the peculiar cluster
movements with respect to the CMB rest frame aswell as the
intracluster medium (ICM) motions, such as coherent gas
rotations [3,4] or substructure merging processes [5].
Nowadays, it is clear that SZ observations with high spatial
and spectral capabilities allow us to deeply exploit clusters’
ICM distribution even in the low-mass and high-redshift

regimes, so complementing x-ray-band data. Correct knowl-
edge of the thermodynamics of the cluster atmosphere is
required to use them as cosmological tools and to possibly
disentangle high-order-effect signals [6,7] such as the ones
we are interested in. The SZ effect is a very effective tool for
the investigation of the internal structure of galaxies and
galaxy clusters [8–11]. It also has cosmological applications
for the investigation of dark matter and dark energy [12,13],
reionization [14,15], and the independent estimation of the
Hubble constant [16–18] and CMB temperature; see
Refs. [19,20]. In Refs. [21,22], the detailed overview of
the SZ effect and its use for cosmology was provided. These
articles discussed the observational results, theoretical and
observational challenges, various techniques, new opportu-
nities, and possible new directions in this field.
In the past thirty years, a large number of theoretical

investigations connected with various corrections to the
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Kompaneets equation [23] (which describes the photon
spectrum evolution in electron plasma) and the SZ effect
have been performed. The generalization of the Kompaneets
equation, relativistic corrections to the thermal SZ effect, and
multiple scattering on SZ clusters were considered in
Refs. [24–32]. A detailed study of relativistic correction
was made in Refs. [33–35] for kinematic SZ. In Refs. [36–
38], a detailed analytical investigation of the Boltzmann
equations was made for three Lorentz frames, and expres-
sions for the photon redistribution functions were derived.
An effective way to separate kinematic and scattering terms
was obtained in Ref. [39]. The influence of the motion of the
Solar Systemon the SZ signal as an additional correctionwas
discussed in Ref. [40].
In addition to the change in the intensity spectrum, the

SZ effect also causes linear polarization, mainly due to the
presence of the quadrupole component of CMB anisotropy
in the galaxy cluster location [41,42]. This polarization is
produced as a result of “cold” Thomson scattering in the
non-relativistic regime. This effect was considered in
Ref. [43] for clusters at high redshifts to measure the
CMB quadrupole, thereby getting around cosmic variance.
In the relativistic regime, other multipoles of CMB aniso-
tropy can also contribute to the polarization of scattered
radiation [44,45]. In addition to this, kSZ can also produce
polarization [46]. The influence of the CMB anisotropy
on the spectral distortions for intensity and polarization in
tSZ/kSZ was considered in Ref. [47]. In that work, it was
shown how low multipoles form the spectrum of Stokes
parameters in radiation scattered by moving clusters.
Therefore, Compton scattering of an anisotropic black-

body radiation on hot relativistic plasma creates some
particular spectral features in both: radiation intensity I and
linear polarization parametersQ andU. The leading term in
the intensity distortion is the classical thermal SZ effect
caused by the isotropic (monopole l ¼ 0) fraction of
incident radiation. In addition to this, CMB anisotropy
multipoles with l ¼ 1, 2, 3 influence the intensity of
scattered radiation, causing the distortion of a very special
shape [48]. Moreover, in the relativistic regime, polariza-
tion parameters caused by scattering will also have a very
characteristic frequency of spectral features, but unlike
intensity, this effect occurs due to the presence of the CMB
quadrupole (l ¼ 2) and octupole (l ¼ 3).
The effects described above are in fact anisotropic

corrections to the classical thermal SZ effect and follow
directly from the anisotropic Kompaneets equation first
derived in Ref. [49] and generalized for polarization in
Refs. [50,51] in linear approximation in kTe=mec2.
The amplitudes of I, Q, U distortions depend on the

powers of CMB C1, C2, C3 multipoles and their orientation
with respect to the axis connecting the scattering point and
the observer. For the observer located at a nearby SZ
cluster, the CMB anisotropy map is approximately the
same as we directly observe in the sky, including the

quadrupole and octupole. According to Ref. [48], at red-
shifts z ∼ 0.05 the variations of multipole amplitudes are
about 10%. Therefore, the measurements of intensity and
polarization from such clusters allow us to estimate l ¼ 1,
2, 3 CMB multipoles’ amplitudes and their orientations.
SinceWMAP and Planck results show insufficient power in
low-CMB anisotropy multipoles [52–55] and quadrupole-
octupole alignment [56–58] (which is difficult to explain
statistically), it is important to have an independent source
of information for the estimation of l ¼ 1, 2, 3 multipoles.
Besides, we will be able to get the information about the
intrinsic dipole in our location.
The detection of such a signal from distant clusters can

provide us with information about the large-angular-scale
CMB anisotropy radiation coming directly from the surface
of the last scattering [pure Sachs-Wolfe (SW) effect]
without the influence of Rees-Sciama (RS) [59] or inte-
grated Sachs-Wolfe (ISW) effect.
In our paper, we derive simple analytical formulas for

spectral distortions of Stokes parameters due to anisotropic
tSZ effects and select the special component of these
distortions which is responsible for the nonblackbody
fraction of radiation (we show that all other components
change the temperature, leaving the spectrum in the black-
body shape). The ratio of the amplitude of this very
distinctive component to the amplitude of classical tSZ
is not sensitive to the temperature or the density of the
intracluster medium and depends only on the linear
combination of CMB local multipoles with l ¼ 1, 2, 3.
We do not take into account cluster movement, because our
expected signal can be easily separated from the compo-
nents associated with the kSZ effect. We show how to use
distorted signals of this kind coming from nearby and
distant clusters to estimate l ¼ 1, 2, 3 CMBmultipoles and
to distinguish between SW and ISW effects.
It is worth mentioning that the signal we consider is very

low and should be separated from other types of spectral
distortions. As for intensity distortion, we have to take into
account that the CMB isotropic monopole part is larger
than anisotropic multipoles by a factor of ∼105. This means
that we should take into account relativistic corrections of
higher orders to this effect. At the same time, the polarized
signal is not affected by the CMB monopole. Therefore,Q,
U observational data will be “cleaner” than the data for
intensity.
The future Millimetron mission [60–62] will have

unprecedented sensitivity in the single-dish mode to mea-
sure the polarized signal in the range from 100 GHz to
2 THz down to sub-arcminute resolution. One of the main
tasks of this mission will be the measurement of μ and y
spectral distortions of CMB radiation, which arise due to
the energy injections into the plasma in the prerecombi-
nation epoch. These distortions can also be formed as a
result of the interaction of CMB with matter during the
process of large-scale structure formation [2,63–72]. As an
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additional task, the possibility of detecting the spectral
distortions from SZ clusters caused by CMB anisotropy can
be considered. We discuss the feasibility of this task by
Millimetron in Sec. IV (Conclusions).
The outline of this paper is as follows: In Sec. II, we

review the equation for the polarized radiative transfer
in plasma in the relativistic regime. Using this equation,
we derive analytical formulas for I, Q, U distortions for
scattered radiation and find expressions for observed linear
combinations of multipole amplitudes. In Sec. III, we show
how to estimate low CMB multipoles and how to distin-
guish between SW and ISW effects combining the signals
from nearby and distant clusters. Finally, in Sec. IV, we
make our brief conclusions.

II. STOKES PARAMETERS SPECTRAL
DISTORTIONS DUE TO ANISOTROPIC

THERMAL SZ EFFECT

In this section, we review the radiative polarization
transfer equations in hot Comptonizing electron plasma,
which was first derived by Stark in Ref. [51], and we apply
this approach to the consideration of CMB scattering on
Sunyaev-Zel’dovich clusters. Combining results found in
Refs. [49,51] and assuming that the incident radiation is
unpolarized, we find the simple analytical formulas for
Stokes parameters spectral distortions that arise due to the
scattering of anisotropic radiation on hot electrons.
We use the following notations:
Iðν;ΩÞ; Qðν;ΩÞ; Uðν;ΩÞ: Stokes parameters, where I is

the spectral radiance, Q and U describe the linear polari-
zation, ν is the frequency, and Ω is the radiation propa-
gation direction.
n ¼ c2I

2hν3: Photon concentration in phase space, where c is
the speed of light and h is the Planck constant. We also use

the notations q ¼ c2Q
2hν3 and u ¼ c2U

2hν3.

J ¼

0
B@

nðν;ΩÞ
qðν;ΩÞ
uðν;ΩÞ

1
CA

is the vector that describes Stokes parameters.
Te, Tr: Temperatures of electrons and radiation.
me: Electron mass at rest.
Θe ¼ kTe

mec2
, ε ¼ hν

mec2
, x ¼ hν

kTr
, where k is the Boltzmann

constant.
The equation for the radiative transfer in plasma for

anisotropic radiation was first derived in Ref. [49] and
generalized for the polarized radiation in Ref. [51]. It
can be used for relatively cold photons and electrons:
kTe ≪ mec2, hν ≪ mec2. This approximation works pretty
well for SZ clusters with Te ∼ 10 keV and CMB temper-
ature Tr ∼ 3 K. This approach implies the correction to the

Thomson scattering up to the first order in ε, Θe. In our
investigation, we assume an optically thin limit, so that
photons propagating through the cluster can scatter only
once, and the radiation before scattering is upolarized and
anisotropic. Thus, if we denote the Stokes parameters by
“prime” values n0; q0; u0 before scattering, then q0 ¼ u0 ¼ 0.
In order to separate the isotropic and anisotropic parts of
radiation, it is convenient to use n̄ðνÞ ¼ 1

4π

R
n0ðν;ΩÞdΩ

and Δ ¼ n0ðν;ΩÞ − n̄ðνÞ.
Using our notations and omitting some obvious algebra

in the case of single scattering, we can rewrite the
polarization transfer equation in hot Comptonizing electron
plasma found in Ref. [51] as follows:

δJ=δτ ¼ 3

16π

Z
Ω

�
ΔRþΘeΔ

�
S− 2

Tr

Te
R

�

þΘeGaðΔÞð1− μÞR
�
dΩþΘeGiðn̄ÞTþOðΘ2Þ;

R¼

0
B@

1þ μ2

ð1− μ2Þ cos2φ
ð1− μ2Þ sin2φ

1
CA; T¼

0
B@

1

0

0

1
CA;

S¼ 2

0
B@

ð1− μÞ2ð1þ 2μÞ− 4μ

ð1− μ2Þð1þ 2μÞ cos2φ
ð1− μ2Þð1þ 2μÞ sin2φ

1
CA; dΩ¼ dμdφ;

GaðΔÞ ¼
1

x2
∂
∂x

�
x4
�
Tr

Te
Δþ ∂Δ

∂x
��

þ 2
Tr

Te
n0

∂
∂x ½x

2Δ�;

Giðn̄Þ ¼
1

x2
∂
∂x

�
x4
�
Tr

Te
ðn̄þ n̄2Þ þ ∂n̄

∂x
��

: ð1Þ

Here δτ is the optical depth, and μ ¼ cosΘ is the cosine of
the scattering angle. The azimuthal angle φ shows the
orientation of the scattering plane (Fig. 1). Functions Ga
and Gi represent the anisotropic and isotropic parts of
radiation, respectively. Since the radiation temperature is
much less than the temperature of plasma in galaxy
clusters, one can neglect all the terms proportional to
Tr=Te in Eq. (1):

δJ=δτ¼ 3

16π

Z
Ω
fΔðRþΘeSÞþGðΔÞΘeð1−μÞRgdΩ

þΘeGðn̄ÞTþOðΘ2Þ;

GðfÞ¼ 1

x2
∂
∂x

�
x4
∂f
∂x

�
; ð2Þ

with f equal to Δ or n̄. The CMB radiation frequency
spectrum can be considered as a blackbody spectrum with
high accuracy [73,74]. Therefore, the shape of the spectrum
can be completely described by the radiation temperature
Tr. Since the relic radiation is anisotropic, its temperature
varies with direction. Thus, for the radiation incident on a
cluster we can write the following formulas:
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n0ðx;ΩÞ ¼ BðxÞ − x
dB
dx

ΔTðΩÞ
Tr

; BðxÞ ¼ 1

ex − 1
;

ΔTðΩÞ ¼ TðΩÞ − Tr;

n̄ðxÞ ¼ BðxÞ; Δ ¼ −x
dB
dx

ΔTðΩÞ
Tr

: ð3Þ

Substituting these formulas into Eq. (2), we get very simple
analytical results for Stokes parameters spectral distortions
after a single scattering:

δJ=δτ ¼ g1ðxÞ
�

3

16π

Z
Ω

ΔTðΩÞ
Tr

ðRþ ΘeSÞdΩ
�
þ
�
1

þ Θeg2ðxÞ
�

3

16π

Z
Ω

ΔTðΩÞ
Tr

ð1 − μÞRdΩ
�
þ
�
2

þ Θeg3ðxÞT; g3ðtSZÞ

g1ðxÞ ¼ −x
dB
dx

; g2ðxÞ ¼
1

x2
d
dx

�
x4

d
dx

�
−x

dB
dx

��
;

g3ðxÞ ¼
1

x2
d
dx

�
x4

dB
dx

�
: ð4Þ

The expression for δJ=δτ consists of three terms. They
represent spectral distortions of three different types g1, g2,
and g3. Below, we describe the physical meaning of these

three terms and analyze the possibility to use them for the
investigation of CMB properties.
(1) The first term represents Thompson scattering with

some correction proportional to Θe. This term arises
due to mixing flows with different temperatures in
the process of scattering and represents distortion of
the form g1 ¼ −x dB

dx. It is rather difficult to use
distortion of this kind in real observations for the
following reasons:
(a) The first Stokes parameter I (or n) after scatter-

ing preserves its spectral shape in the form of a
blackbody, but with a bit different temperature.
Indeed, in the linear approximation, the term
−x dB

dx
ΔT
Tr

is in fact the difference between two
blackbody spectra with temperatures Tr and
Tr þ ΔT. Thus, the amplitude of such deviation
depends on the value of the mean temper-
ature Tr.

(b) The cosmic microwave background is slightly
polarized, and its linear polarization parameters
have a spectral shape in the form of g1. There-
fore, Stokes parameters q and u of the radiation
propagating through the cluster to the observer
without scattering have the same spectral shape
as the Stokes parameters for the scattered frac-
tion of radiation. Thus, scattered and unscattered
fractions can be confused with each other if we
use this type of polarization spectral distortion.

(2) The second term represents distortion of the form
g2ðxÞ ¼ 1

x2
d
dx ½x4 d

dx ð−x dB
dxÞ�. This effect occurs due to

Comptonization of anisotropic incident radiation on
hot electrons. Such distortion has a very character-
istic and distinctive nonblackbody shape for all three
Stokes parameters. Using distortions of this type
gives us a unique opportunity to separate the
scattered fraction of radiation from the unscattered
one. In our previous paper [48], we analyzed this
distortion only for the first Stokes parameter n,
calling this effect an “anisotropic thermal SZ effect.”

(3) The third term is the classical thermal SZ effect:
g3ðxÞ ¼ 1

x2
d
dx ½x4 dB

dx�. This term represents the distor-
tion for the isotropic part of incident radiation. It
affects the n parameter only, without modifying
linear polarization:

δJ3 ¼

0
B@

δn3
δq3
δu3

1
CA ¼ g3ðxÞ

0
B@

1

0

0

1
CAΘeδτ; ð5Þ

where the index 3 means that we take into account
distortion of the form g3.

Let us consider how low multipoles of CMB anisotropy
contribute to the Stokes parameters’ spectral distortions of
the form g2ðxÞ. This is the distortion which is of particular

FIG. 1. Schematic representation of radiation scattering on a SZ
cluster. The scattering point (SZ cluster) is at the center of the
coordinate system. This system is chosen so that the z axis is
directed from the observer to the cluster. The scattered radiation is
propagating to the observer in the direction opposite to the z axis.
Therefore, Θ is the angle of scattering, and φ denotes the
scattering plane orientation.

D. I. NOVIKOV et al. PHYS. REV. D 101, 123510 (2020)

123510-4



interest to us and the only type of distortion we will analyze
below. We will denote this part of the distortion by the
index 2.
The temperature fluctuations of radiation incident to the

SZ cluster can be described in terms of spherical harmonics
Ym
l ðΩÞ:

ΔTðΩÞ
Tr

¼
X∞
l¼1

Xl
m¼−l

ãl;mYm
l ðΩÞ; ð6Þ

where ãl;m are the coefficients for ΔT=Tr decomposition
for a given location of the galaxy cluster (ãl;m are not the
same as al;m for the conventional Galactic coordinate
system). We choose a local spherical coordinate system
at the scattering point in such a way that the south pole
corresponds to the direction from the SZ cluster to the
observer (see Fig. 1). Substituting Eq. (6) into the second
term of Eq. (4), we get

δn2
δτ

¼ −
3

4
ffiffiffi
π

p
�

4

5
ffiffiffi
3

p ã1;0 −
1

3
ffiffiffi
5

p ã2;0 þ
1

5
ffiffiffi
7

p ã3;0

�
Θeg2ðxÞ;

δq2
δτ

¼ 3

4
ffiffiffiffiffiffi
5π

p
�
ã2;2 −

1ffiffiffi
7

p ã3;2

�
Θeg2ðxÞ;

δu2
δτ

¼ 3

4
ffiffiffiffiffiffi
5π

p
�
ã2;−2 −

1ffiffiffi
7

p ã3;−2

�
Θeg2ðxÞ: ð7Þ

Therefore, only multipoles with l ¼ 1, 2, 3 contribute to
this kind of distortion. In Fig. 2, you can see the schematic
demonstration of the local CMB anisotropy multipoles that
contribute to the distortion of the observed Stokes param-
eters. The first parameter n is distorted by axisymmetric
local multipoles Y0

l, l ¼ 1, 2, 3, while the linear polari-
zation parameters q and u are distorted due to the presence
of multipoles with m ¼ �2: Y�2

2 and Y�2
3 . It is worth

noticing that the orientation of the distorted part of linear
polarization is different from the orientation of polarization
caused by pure “cold” Thomson scattering. It happens
because Thomson scattering produces linear polarization
due to the presence of harmonics l ¼ 2, m ¼ �2 in the
anisotropy, while the distorted part of the polarization is
produced by harmonics with l ¼ 2, 3,m ¼ �2. We can
write the following formulas:

tanð2ψ2Þ ¼
u2
q2

¼
ã2;−2 − 1ffiffi

7
p ã3;−2

ã2;2 − 1ffiffi
7

p ã3;2
;

tanð2ψ coldÞ ¼
ucold
qcold

¼ ã2;−2
ã2;2

;

where ψ2 and ψ cold are the distorted polarization orientation
and the orientation of the polarization caused by Thomson
scattering, respectively. We can always rotate the coordi-
nate system in such a way that ûcold ¼ 0 and ψ cold ¼ 0.

Therefore, we can estimate the angle between the orienta-
tions of the Thomson polarization and the distorted part of
the linear polarization in terms of coefficients âell;m in the
rotated (“hat”) coordinate system:

ψ2 − ψ cold ¼ −
1

2
arctan

�
â3;−2ffiffiffi

7
p

â2;2 − â3;2

�
:

In order to estimate the CMB anisotropy multipoles at
the SZ cluster location, we should divide the amplitude of
the observed distorted signal proportional to g2 by the
amplitude of the classical thermal SZ effect, which is
proportional to g3 [Eq. (5)]. In this case, we can get rid of
the Comptonization parameter Θeδτ and find the following
coefficients β:

βn ¼ −
3

4
ffiffiffi
π

p
�

4

5
ffiffiffi
3

p ã1;0 −
1

3
ffiffiffi
5

p ã2;0 þ
1

5
ffiffiffi
7

p ã3;0

�
;

βq ¼
3

4
ffiffiffiffiffiffi
5π

p
�
ã2;2 −

1ffiffiffi
7

p ã3;2

�
;

βu ¼
3

4
ffiffiffiffiffiffi
5π

p
�
ã2;−2 −

1ffiffiffi
7

p ã3;−2

�
: ð8Þ

FIG. 2. Schematic representation of CMB multipoles Ym
l in the

surroundings of the cluster location that contribute to the spectral
distortions of type 2. Here the z axis points from the observer to
the cluster in the corresponding spherical coordinate system.
Upper panel: Q, U are affected by l ¼ 2, 3 and m ¼ �2. Lower
panel: Intensity I is distorted by axisymmetric multipoles l ¼ 1,
2, 3, m ¼ 0.
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Therefore, by observing distorted radiation coming from a
SZ cluster, one can find three coefficients βn, βq, and βu
that are the linear combinations of the local harmonics
amplitudes with l ¼ 1, 2, 3 and −l ≤ m ≤ l.
We should mention that the intensity spectral distortions

are affected by the isotropic part of CMB radiation, which
is 5 orders of magnitude larger than the anisotropic one. At
the same time, the linear polarization induced by the SZ
effect arises due to the anisotropic fraction only. This means
that in the process of component separation for intensity,

we should take into account relativistic corrections to
tSZ of higher orders [27]. In addition to this, relativistic
corrections due to bulk motion of hot clusters should be
also taken into account [34]. Thermal corrections are
proportional to τΘk

e, k > 1 (see Fig. 3). The observational
data for polarization will be free of such corrections, and
therefore will be “cleaner” than the intensity data.
It is worth noticing that the anisotropy in the cluster

medium together with the multiple scattering can induce an
additional local radiation anisotropy. When CMB scatters
on a cluster’s medium, the radiation frequency spectrum
becomes distorted mainly due to the tSZ effect. As a result
of this effect, radiation incident to the point of the last
scattering before propagating to the observer receives an
additional anisotropy. This induced anisotropy Δin is the
anisotropy of the tSZ amplitude (not the temperature
anisotropy of a blackbody radiation). Such an anisotropy
arises due to different medium temperatures ΘeðΩÞ and
optical depths δτðΩÞ in different directionsΩ from the point
of the last scattering:

Δinðx;ΩÞ ¼ 1

x2
d
dx

�
x4

dB
dx

�
ΘeðΩÞδτðΩÞ

[compare with Δ in Eq. (3)]. Therefore, this kind of
anisotropy will create an additional spectral distortion,
but the shape of such a distortion will be different from
what we are considering.
In the next section, we show how to use Eq. (8) for the

independent estimation of low CMB multipoles using
nearby clusters. We will also demonstrate how to distin-
guish between the SW and ISW effects combining the
signals from nearby and distant clusters.

III. THE INDEPENDENT ESTIMATION
OF LOW-CMB ANISOTROPY MULTIPOLES

AND POSSIBILE SEPARATION
OF SW AND ISW EFFECTS

In this section, we describe the method to reconstruct the
CMB dipole, quadrupole, and octupole at our location and
show how to separate contributions from the SW and ISW
effects on CMB anisotropy by observing the distorted
signals from SZ galaxy clusters.
As it follows from Eq. (8), the spectral distortion

intensity depends on the linear combination of components
of l ¼ 1, 2, 3 spherical harmonics, while the polarized
signal depends on components with l ¼ 2, 3. For
both polarized and unpolarized signals, the components
which contribute to the signal are projected on the axis
pointing from the observer to the cluster. If the coefficients
of spherical harmonics, al;m, were the same over the
Universe, then by observing different clusters, it would
be possible to measure different projections of these
spherical harmonics, and thus reconstruct the full set of
coefficients for l ¼ 1, 2, 3.

FIG. 3. A distorted signal of type 2 for the intensity and
polarization from a cluster with optical depth τ ¼ 0.01 and
temperature Te ¼ 7 keV. Upper panel: The solid line shows
the classical tSZ effect, dotted lines show relativistic corrections
to tSZ up to the fourth order, and the dashed line corresponds to
the type 2 intensity distortion [“anisotropic SZ effect” (aSZ)].
Note that the aSZ crosses zero at a different frequency respecting
the tSZ zero-crossing point. The amplitude and the sign of the
aSZ effect depend onΘeδτ and the linear combination of alm [see
Eq. (7)]. Lower panel: The solid line shows the spectrum for the
linear polarization caused by “cold” Thomson scattering, and
the dashed line is the spectrum of the type 2 distortion of the
polarized fraction.
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In reality, al;m are not the same over the space, because
low-l harmonics are significantly affected by the ISW
effect. According to Ref. [75], about 40% of the quadrupole
amplitude and 25% of the octupole amplitude are generated
by the ISW effect. In our previous paper [48], we analyzed
the spatial correlations of al;m and concluded that at
distances less than 250 h−1Mpc from the Earth, the
coefficients may differ no more than 10% from the al;m
which we would observe in the absence of foregrounds.
This will allow us to reconstruct local al;m by observing
∼170 nearby clusters at z < 0.085 (which corresponds
to 250 h−1Mpc).
In Figs. 4 and 5, we show the maps of the expected

intensity and polarization distortions of type 2 for the
scattered radiation coming from nearby SZ clusters located
at particular positions in the sky. These maps correspond to
the values of al;m for l ¼ 2, 3 measured by Planck [76]. In
the case of intensity, we did not take into account the
intrinsic CMB dipole, since it is completely overshadowed
by our motion with respect to the CMB rest frame. In
Fig. 4, we show the celestial map in Galactic coordinates,
where the value of the intensity distortion is indicated by
the shade of gray, and lines correspond to the orientation
and amplitude of polarization, determined by βq and βu. In
Fig. 5, we show the amplitude of the distorted polarized

signal, i.e.,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2q þ β2u

q
. A lighter color corresponds to

stronger polarization.
If we look at distances ≥ 1000 h−1Mpc, the ISWeffect is

weak, and low-l anisotropy of CMB is created by the SW
effect on the last scattering surface. The coefficients al;m
weakly depend on the redshift, if we consider clusters at
distances 1000h−1Mpc<R<2000h−1Mpc. Reconstruction
of al;m at these distances will allow us to measure the low-
lCMBanisotropy at the last scattering surface—i.e., without
the ISW effect.
Now we will show how the reconstruction of al;m from

measurements of βn, βq, and βu for a set of clusters can be
done, and how measurements of polarization can improve
the precision of reconstruction. We imply that al;m are the
same for the window of distances we consider. The signal
in Eq. (8) depends on the values of ã1;0, ã2;0, ã3;0, ã2;�2,
ã3;�2, where the tilde denotes that the coefficients are given
in a rotated coordinate system. The rotation needed to
obtain ãl;m from al;m is defined as follows: For a cluster
with Galactic sky coordinates l, b, we first rotate the system
around the z axis by −l, and then rotate about the new y axis
by 90 − b degrees. For any cluster location, we can express
the three signals (βn, βq, βu) as a linear combination of all
15al;m’s, with l ¼ 1, 2, 3. The coefficients in this linear
combination depend on the celestial coordinates. As a
result, forN different celestial locations we have a set of 3N
linear equations. The values of al;m can be determined by
fitting a linear model to the measured signals.
We can estimate the relative precision of al;m determi-

nation for known SZ clusters from the PLANCKSZ2
catalog [77] by using the maximum likelihood estimator.
We start with 15 clusters at R > 1000 h−1 Mpc, as this is
the minimum number of clusters needed to find al;m in the
case where we measure only the unpolarized signal, βn. We
set the error of al;m determination to 1.0 for this sample
of 15 clusters and the case when only βn is used. We grow
the sample by adding more clusters at larger distances, and
we consider either using only the unpolarized signal, or the
full signal. The results are shown in Fig. 6. As one can see
from this figure, the precision of octupole and quadrupole
determination is improved by a factor of 3 when the
polarization measurements are used.
Observing two samples of clusters, one at R <

250 h−1 Mpc and another one at R > 1000 h−1Mpc, will
allow us to distinguish between SWand ISWeffects. Using
the first sample, we will determine local al;m created by
both SW and ISW effects, but free from the contamination
by zodiacal light and our Galaxy’s dust. By measuring the
signal from distant clusters in the second sample, we will
reconstruct the al;m created only by the SW effect. The
relative precision for al;m reconstruction will remain
the same as in our previous paper [48] if we only use
the intensity distortions. We would remind the reader that
the reconstruction of coefficients with m ¼ l is more

FIG. 4. Map of the unpolarized signal amplitude, shown with
gray color. The polarized signal determined by βq and βu is
shown by short lines. The map is based on values of al;m given by
the Planck Collaboration [76].

FIG. 5. Map of polarization amplitude,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2q þ β2u

q
, based on

values of al;m given by the Planck Collaboration [76]. Lighter
colors correspond to stronger polarization.
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complicated. This is mainly because most of the power of
such harmonics is close to the Galactic plane, where the
number of clusters observed by Planck is limited.

IV. CONCLUSIONS

In our paper, we considered the polarized thermal SZ
effect and derived an analytical result for a very distinctive
component of spectral distortions in Stokes parameters
which arise due to the presence of dipole, quadrupole, and
octupole CMB angular anisotropy. We showed that this
type of distortion can be disentangled from other compo-
nents and can be used for the independent estimation of
l ¼ 1, 2, 3 CMB multipole amplitudes and their orienta-
tion. We demonstrated that by observing distorted radiation
from nearby clusters, it is possible to estimate independ-
ently CMB anisotropy coefficients al;m, l ¼ 1, 2, 3, −l ≤
m ≤ l in our location. We also proposed a method for
the separation of ISW and SW effects by combining

observations of distorted signals from distant and nearby
clusters.
In this work, we did not discuss foreground component

separation or the impact of kSZ, relativistic corrections,
and CMB photon multiple scattering. The peculiar spec-
tral shape of the type of distortions considered here allows
us to disentangle them from other contaminants. The
anisotropies in the cluster medium together with the
double scattering can induce additional local anisotropy,
which should also be taken into account. The large
number of clusters in the same redshift range and same
sky direction will provide us with good statistics, which
can help to solve this problem. Besides this, Millimetron,
with its unprecedented combination of high angular
resolution and high sensitivity in a wide spectral range
will allow us to deeply observe individual clusters,
providing accurate maps of the ICM pressure distribution.
We stress that under the assumption of a single scattering
approximation, the ratio of the anisotropic SZ effect and
the thermal one, aSZ/tSZ, is independent of the gas
temperature and optical depth.
The signal we considered is strong enough for its

detection with the Millimetron mission to be feasible in
principle. Nevertheless, with today’s technologies, it
implies a very long integration time. We should mention
also that accurate knowledge of the instrumental polariza-
tion purity (cross polarization and/or instrumental induced
polarization) is mandatory to avoid possible leakages
between observed Stokes parameters, which can create
irremovable systematic errors. It can affect our capability to
detect such a tiny spectral distortion in linear polarization.
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