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In this paper, we explore the possibility of the polarization conversion of a wide energy range of cosmic
photons to the circular polarization through their interactions with right handed sterile neutrinos as a
candidate for dark matter. By considering the sterile neutrino in the seesaw mechanism framework and
right-handed current model, we examine the Faraday conversion ΔϕFC of gamma ray burst (GRB) photons
at both the prompt and afterglow emission levels as well as the radio photons emitted from our galaxy and
extra-galactic sources interacting with the sterile neutrinos. Consequently, for the sterile neutrino with
mixing angle θ2 ≲ 10−2 motivated by models with a hidden sector coupled to the sterile neutrino, the
Faraday conversion can be estimated as ΔϕFC ≲ 10−3–10−18 rad for GRB, ΔϕFC ≲ 10−6–10−11 rad for
radio emission source from our galaxy and ΔϕFC ≲ 10−6–10−15 rad for extragalactic sources. We also
examine the V-mode power spectrum CVl of the cosmic microwave background (CMB) at the last
scattering surface. We show that the circular polarization power spectrum at the leading order is
proportional to the linear polarization power spectrum Cpl and the mixing angle where for θ2 ≲ 10−2 leads
to CVl ≲ 0.01 nano-Kelvin squared.

DOI: 10.1103/PhysRevD.101.123016

I. INTRODUCTION

Over the past century, the existence of dark matter (DM),
the nonbaryonic substance of the universe, which accounts
for 26% of the total energy density of the universe, has been
discussed. The cosmological evidence like curves in the
galactic halos [1] as well as astrophysical observations such
as WMAP [2] and Planck [3], increase the DM existence
probability. Besides cosmological and astrophysical evi-
dence, it is crucial to attain information about interaction
features of DM, if exist, with the standard model (SM)
particles. Such information can be obtained from direct
detection for instance in XENON10 [4], XENON100 [5],
XMASS [6], CoGEANT [7], DAMA [8,9], PICASSO
[10,11] and in indirect search using experiments such as
production signatures at colliders [12] or searching for

annihilation and decay signals [13]. However, a different
window into the nature of DM can be introduced in
investigating the circular polarization effects in scattering
of the cosmic photons from DM particles with various
astrophysical sources. From the theoretical point of view,
the circular polarization is generated from several mech-
anisms, mostly new physics interactions, which contribute
to the Boltzmann equation. For example, forward scattering
of the CMB photon from cosmic neutrino background
(CNB) leads to the circular polarization of the CMB photon
[14]. CMB photons scattered from electrons can acquire
circular polarization in the presence of background fields
such as Lorentz violation [15], magnetic field [15,16],
noncommutative space-time [15,17] and CP violation [18].
Furthermore, conversion of a linear to circular polarization
for GRB photons in scattering from cosmic particles [19] or
production of circular polarization for the CMB from
circularly polarized primordial gravitational waves [20]
are also considered.
However, there are many sources for exploring the

effects of the DM-photon scattering on the polarization
production of cosmic photons. In addition to the CMB
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which provides unique cosmological information at recom-
bination epoch at the early universe, there are cosmic rays
with a wide range of wavelengths which can be used to
study the properties of the DM particles. For example, the
GRBs as nonuniform pulses of gamma-ray radiation lasting
commonly less than a minute, have been detected at
redshift less than ten [21]. It is believed that they are
produced at the end of massive star evolution and forming
black holes [22] or combining of compact objects [23]. It
can be seen at a random location on the sky and few times
during a day. Generally, GRBs are followed up by after-
glow emissions including longer wavelength x-ray, optical,
IR, and radio frequencies [24]. Meanwhile, the radio
photons also can be considered through different sources
such as galactic supermassive black-hole inside the
Milky Way, the distant radio galaxies or from the star
formation in a way that by heating up the surrounding dust
of a young star or exploding a massive young star as
supernova after its born [25,26].
In theoretical term, among the SM particles only

neutrinos can fulfill properties of a DM candidate.
However, its small mass and large coupling with the other
SM particles keep neutrino relativistic at the epoch of
freeze-out and it would only picture the hot DM [27]. In the
meantime, there are many models beyond the SM which
provide one or more unknown particles with different
masses, interaction, spin and strength to account for the
DM (for instance see Refs. [28,29] and the references
therein). Nonetheless, in a large fraction of such models a
weakly interacting spin 1=2 Majorana fermion is predicted
which is singlet under the SM gauge group. Also it can be
found in the context of right-handed sterile neutrino, for a
review see for example [30], and the right-handed current
model see for example Refs. [31,32]. Furthermore, the
sterile neutrino idea is powerful enough to explain the
baryon asymmetry [33,34] and observed neutrino oscilla-
tions [35] if it is considered as a triplet. With less mass [36],
it can provide a viable DM through the seesaw mechanism
[37]. The seesaw mechanism is implemented in three tree
level ideas so-called as type-I [38,39], type-II [40] and
type-III [41]. Nevertheless, there are some alternative
extended models as well [42,43].
Meanwhile, cosmological and astrophysical aspects of

the massive sterile neutrino are studied extensively in
literature [44,45]. In this paper for the first time, we study
the circular polarization production of the cosmic radiation
caused by the cosmic photons interacting with the sterile
neutrinos, as the Warm DM (WDM). This provides
a new tool to explore the DM properties within type-I
seesaw mechanism [38,39] and the right-handed current
model [31,32].
This paper is organized as follows: we first present a brief

review of the seesaw type I model and the right-handed
current model in Sec. II. In Sec. III, the time evolution of the
Stokes parameters for photon-sterile neutrino interaction is

calculated by using the scalar mode perturbation of metric
and the generation of circular polarization. The circular
polarization arising from GRB-sterile neutrino, radio fore-
ground radiation-sterile neutrino and CMB-sterile neutrino
forward scatterings are estimated in Sec. IV. In Sec. V we
give a summary and conclusion. Finally in the Appendix A
we give a brief introduction on the polarized radiative
transfer equation and its relation to the Faraday conversion
and Appendix B, is devoted to the detail of calculation of
the Boltzmann equation for the photon-sterile neutrino
interaction.

II. RIGHT-HANDED NEUTRINOS

A. Type-I seesaw

Right-handed sterile neutrinos are elegantly embedded in
the seesaw model. In type-I seesaw model the SM is
extended by at least two heavy sterile neutrino singlets νiR
(i indicates the generation) with the following most general
electroweak Lagrangian

L ¼ LSM þ yνijl̄
i
LH̃νjR þ 1

2
Mi

Rν̄
ic
R ν

i
R þ H:c:; ð1Þ

where LSM denotes the electroweak Lagrangian of the
SM and yνij is a matrix of Yukawa interactions, H is the

Higgs doublet and H̃ ¼ ϵH�, with ϵ is the antisymmetric
SU(2)-invariant tensor, lL ¼ ðνL; eLÞT indicates the left
handed lepton doublets and νicR ¼ Cν̄RiT with C ¼ iγ2γ0.
Furthermore, νiR’s are SM gauge singlets, hence the
Majorana mass term Mi

R is allowed in addition to the
Dirac mass mD. Consequently, after the electroweak sym-
metry breaking one can obtain the Dirac mass as mD ¼
yνhHi where by considering both Dirac and Majorana
masses leads to the neutrino mass matrix as follows

Mν ¼
�

0 mD

mT
D MR

�
; ð2Þ

where MR and mD are 3 × 3 matrices. However, the
eigenvalues of MR can be chosen to be at a scale much
higher than the electroweak scale suppressing the Dirac
mass term. Meanwhile, to diagonalize the mass matrix, one
needs a 6 × 6 mixing unitary matrix. In fact, the diagonal-
izing process occurs through two steps (I) block diagonal-
izing and (II) two unitary rotations. Therefore, there would
be two sets of physical eigenstates related to the three light
neutrinos of the SM particles. In the first set of eigenstates
which are known as active neutrinos, the masses can be
obtained as

mν ¼ −mT
DM−1

M mD; ð3Þ

and the neutrinos belong to the SUð2Þ doublets. In the
second set, one has a set of heavy right handed Majorana
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neutrinos which are gauge singlets with mass MM the
eigenvalues of MR. The scale of MM is not determined by
experiment and different constraints are available from
particle physics, astrophysics and cosmology with different
consequences [46]. As a result, sterile and the SM neutrinos
mix with θ≡mDM−1

M mixing angle. Therefore, all of the
Majorana mass eigenstates can be represented by the flavor
vector elements as:

N ¼ V†
NνR þ ΘTνcL þ H:c:;

and ν ¼ V†
ννL −U†

νθνcR þ H:c:; ð4Þ
where Vν is the usual neutrino mixing matrix connecting
the observed light mass eigenstates νi to the active flavor
eigenstates:

Vν ≡
�
1 −

1

2
θθ†

�
Uν; ð5Þ

and Uν is the unitary part of neutrino mixing matrix.
Meanwhile, the corresponding parameters in the sterile
sector are VN and UN and the active-sterile mixing angle is

Θ≡ θU⋆
N: ð6Þ

Thus the sterile neutrinos interacts with the SM particles as
follows

L ⊃
X
l

−
gffiffiffi
2

p N̄Θ†γμlLWþ
μ −

X
l

gffiffiffi
2

p l̄LγμΘNW−
μ

−
g

2 cos θW

N̄Θ†γμνlLZμ −
g

2 cos θW

ν̄lLγ
μΘNZμ

−
gffiffiffi
2

p MN

mW

Θhν̄lLN −
gffiffiffi
2

p MN

mW

Θ†hN̄νlL : ð7Þ

where l ¼ e, μ, τ and νl denotes the left handed SM
neutrinos in the flavor eigenstates which can be expressed
in terms of the mass eigenstates as νlL ¼ PLðVννþ ΘNÞ.
However, a neutral and massive sterile neutrino depending
on the galaxy phase space density, universal galaxy surface
density and the DM density can be fit to a WDM scenario
[37]. Nevertheless, the sterile neutrinos can decay radia-
tively at loop level into the SM neutrinos as N → νlL þ γ.
Furthermore, the dominant tree-level decay channel for the
sterile neutrino is N → νανβν̄β with the following total
decay width [47,48]

Γ ¼ G2
FM5

96π3
θ2; ð8Þ

where θ2 ≡P
i¼e;μ;τ jθij2 and GF is the weak Fermi con-

stant. Therefore, by requiring the condition of sterile
neutrino lifetime being longer than the age of the
Universe tUniverse ¼ 4.4 × 1017 sec [49], the mixing angle
θ2 should be constrained as

θ2 < 1

�
1 keV
M

�
5

; ð9Þ

where M denotes the mass of the sterile neutrino.
Meanwhile, depending on models and considering the
astrophysical constraints, one can find different bounds
on the mixing angle from θ2 ≪ 10−8 [29,50] to θ2 ≤ 10−1

[45]. However, there are also some direct laboratory
measurements with a weak bound on the mixing angle
in the keV mass range as θ2 ≥ 10−4 [51,52].

B. Right-handed effective coupling

Here, we would like to introduce the right-handed Dirac
neutrinos as the DM candidates which can be coupled
effectively to the SM particles through the right-handed
current interactions with the SM intermediate gauge bosons
[31,32,53,54] such as

L ⊃ gRðg=
ffiffiffi
2

p
Þl̄RγμνlRW−

μ þ H:c:; ð10Þ

where l̄ stands for a charged lepton. In fact, this model
was motivated by the parity symmetry reconstruction
at high energies without any extra gauge bosons. The
counterpart of (10) in the quark sector has been also studied
in Refs. [54,55].
Besides the standard decay modes of W, according to

the effective coupling of (10), W can also decay into the
right handed fermions. In the case of leptons, the partial
width of theW� → f̄iRfjR decay mode is determined by the
following relation

Γlij ¼
3g2R
80π

m2
W: ð11Þ

This is while, the partial width of the W� → f̄iRfjR decay
mode for quarks can be obtained as follows

Γqij ¼ NcjUijj2
3g2R
80π

m2
W; ð12Þ

where Nc ¼ 3 is the color factor and Uij is the element of
CKM matrix. To get the total width of the W gauge boson
in this model, one must consider all leptons as well as quark
decay modes. By considering all decay modes, the total
width can be obtained as follows

Γtotal ¼ ΓSM þ δΓ: ð13Þ

where

δΓ ≈
g2R
4π

m2
W: ð14Þ

However, we should require that δΓ does not exceed the
experimental accuracy of W decay width, 4.2 × 10−2 GeV
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[56]. Therefore, the constraint on gR will be obtained as
follows

g2R ≤ 6 × 10−3: ð15Þ

Moreover, the lifetime of the right handed neutrino as a DM
candidate should be larger than the age of the universe. In
fact, the right-handed neutrinos can decay radiatively at
loop level into the SM neutrinos as νR ⟶ νa þ γ, Fig (1).
Since in this model the radiative decay is a dominant
channel for decay of the right-handed neutrinos, in the limit
that νa is massless, the total decay width can be given as

Γ ¼ G2
M3

8π
; ð16Þ

where M is the mass of the right-handed neutrino and the
coupling constant G arises from the one-loop radiative
corrections, Fig. 1, where after some calculation one has

G ≈
ffiffiffi
2

p

2π2
gRGF eml: ð17Þ

Now by substituting (17) into (16), we arrive at the
following relation

ΓðνR → νL þ γÞ ¼ α

4π4
G2

Fm2
lM

3g2R: ð18Þ

Therefore, by requiring that the right-handed neutrino
lifetime being longer than the age of the Universe tUniverse ¼
4.4 × 1017 sec [49], gR should be constrained as

g2R ≲ 10−2
�
1.7 GeV

ml

�
2
�
1 eV
M

�
3

: ð19Þ

It should be noted that the interaction given in (10) for
the right-handed neutrinos is very similar to (7) for the
sterile neutrinos. Furthermore, comparing (15) with the
obtained constraints on θ2 shows they are more or less in
the same range. Therefore, there is no difference between
the scattering of cosmic photons from the right handed
neutrino or the sterile one. In fact, the obtained results in
the next sections can be applied for both particles on the
same footing.

III. COSMIC PHOTONS SCATTERING FROM
STERILE NEUTRINO

The polarization of an ensemble of photons can be
explained by the following density operator:

ρ̂ ¼ 1

trðρ̂Þ
Z

d3p
ð2πÞ3 ρijðpÞD̂ijðpÞ; ð20Þ

where ρij shows the density matrix components in the
phase space, p represents the momentum of cosmic
photons and D̂ijðpÞ ¼ a†i ðpÞajðpÞ is the number operator
of photons. This can also be decomposed into well-known
Stokes parameters in the polarization space as follows

ρ̂ ¼ 1

2

�
I þQ U − iV

U þ iV I −Q

�
; ð21Þ

where I is radiation intensity, Q and U represent linear
polarization and circular polarization is given by the V
parameter. The Q and U quantities are influenced
by orientation of coordinate system while V and I are
coordinate independent. Therefore, a coordinate indepen-
dent combination of Q and U as Q� iU is preferred.
Stokes parameters for a propagating wave in the ẑ

direction are defined as

I≡ hE2
xi þ hE2

yi Q≡ hE2
xi− hE2

yi;
U≡ h2ExEy cosðϕx − ϕyÞi V ≡ h2ExEy sinðϕx − ϕyÞi:

ð22Þ

The amplitudes and phases of waves in the x and y
directions are defined with (Ex, ϕx) and (Ey, ϕy), respec-
tively. The h· · ·i represents time averaging. In the standard
model of cosmology, there is not any physical mechanism
to generate the V parameter from the unpolarized cosmic
photons. However, a linear polarization as is shown in
Appendix A can be converted to a circular one in a
homogeneous medium through Faraday conversion (FC)
defined as

dV
dt

¼ hU − gQ; ð23Þ

where g ¼ d
dtΔϕFCjQ and h ¼ d

dtΔϕFCjU are the corre-
sponding Faraday conversion phase shifts caused by the
conversion of linear polarization Q and U, respectively. It
should be noted that in (23) based on the chosen reference
frame, the Faraday conversion can be produced from a
combination of Q and U parameters or either one of them.
The time evolution of V-Stokes parameter or equiva-

lently the component of density matrix can be obtained
as [57]

l l

N

w

FIG. 1. Radiative decay of right-handed neutrinoN ⟶ νa þ γ.

M. HAGHIGHAT et al. PHYS. REV. D 101, 123016 (2020)

123016-4



ð2πÞ3δ3ð0Þð2p0Þ
d
dt
ρijðpÞ

¼ ih½H0
I ðtÞ;D0

ijðpÞ�i−
1

2

Z
dth½H0

I ðtÞ; ½H0
I ð0Þ;D0

ijðpÞ��i;

ð24Þ

where the first order of the interactionHamiltonian is givenby
H0

I and p0 is the magnitude of photon momentum. The first

term on the right-hand side is the forward scatteringwhile the
second one represents the higher-order collision terms.
Therefore, by using the seesaw model and the right-

handed coupling model, we can examine the effects of the
photon-sterile neutrino interaction on the polarization of the
cosmic photons. To this end, we take Eqs. (7) and (24) into
account to find the time evolution of the density matrix
components as follows (See the Appendix B for the detail
of derivation):

d
dt

ρijðpÞ ¼ −
ffiffiffi
2

p

12πp0
αθ2GF

Z
dqðδisρs0jðpÞ − δjs0ρisðpÞÞfDMðx;qÞūrðqÞð1 − γ5Þ

× ðq · ϵs=ϵs0 þ q · ϵs0=ϵsÞurðqÞ þ
ffiffiffi
2

p

24πp0
αθ2GF

Z
dqðδisρs0jðpÞ − δjs0ρisðpÞÞ

× fDMðx;qÞūrðqÞð1 − γ5Þ=pð=ϵs0=ϵs − =ϵs=ϵs0 ÞurðqÞ: ð25Þ

Consequently, reconstruction of the Stokes parameters
through the density matrix elements leads to the Boltzmann
equations as follows

dI
dt

¼ CI
eγ; ð26Þ

d
dt

Δ�
P ¼ C�

eγ ∓ i_ηPDMΔ�
P þOðVÞ; ð27Þ

dV
dt

¼ CV
eγ þ

1

2
ð_ηC−DMΔþ

P þ _ηCþDMΔ−
PÞ; ð28Þ

in which Δ�
P ¼ Q� iU. CI

eγ , CV
eγ and C�

eγ demonstrate the
contributions from the usual Compton scattering to the time
evolution of I, V, and Δ�

P parameters, respectively. Their
explicit expressions are available in the literature for
example see Refs [58,59]. Meanwhile, _ηPDM and _ηC�DM which
are considered for the contribution of the photon-sterile
neutrino scattering can be obtained as

_ηPDM ¼
ffiffiffi
2

p

3πp0M
αGFθ

2

Z
dqfDMðx;qÞ × ðεμνρσϵμ2ϵν1pρqσÞ;

ð29Þ

and

_ηC�DM ¼
ffiffiffi
2

p

3πp0M
αGFθ

2

Z
dqfDMðx;qÞ

× ½ð−q · ϵ1q · ϵ2 − q · ϵ2q · ϵ1Þ
� iðq · ϵ1q · ϵ1 − q · ϵ2q · ϵ2Þ�; ð30Þ

where the incoming photons can be chosen from a wide
range of low to high energy cosmic photons.

IV. V-MODE AND CIRCULAR POLARIZATION
OF COSMIC PHOTONS

Astrophysical searches of WDM candidate in new
physics are essential part of the experimental efforts to
explore the nature of WDM. In this section, we propose an
indirect method to search for WDM via studying WDM
effects on cosmic photons polarization through cosmic
photon-sterile neutrino forward scattering. The strategy is
to search for WDM signals in the regions of sky with
the highest expectation for WDM aggregation. Of these
regions, the center of galactic is one of the most promising
locations for WDM searches and polarimetry of cosmic
rays which come from these regions. Therefore, we con-
sider GRB photons, galactic and extra galactic radio
photons and the CMB photons as sources of cosmic rays
to calculate the amount of possible circular polarization for
each case via their scattering from the sterile neutrino. This
study might open a new observational window to explore
the nature of DM.

A. Circular polarization of the GRB photons

Several reports for the polarization measurement for the
GRBs have been prepared during recent years. For instance,
the linear polarization of the prompt emission from GRB
021206 has been reported at the level of 80%[60]. The GRB
polarimeter (GAP) has observed 70% and 84% degrees of
linear polarization of GRB 110301A and GRB 110721A,
respectively [61]. Furthermore, the linear and circular polari-
zation at afterglow radiation in GRB 121024A have been
reported of the order of 28% and 0.6%, respectively [62].
However, the linear polarization ofGRB ismostly originated
from synchrotron emission [63]. Meanwhile, the GRB
circular polarization can be generated either due to a
large-scale ordered magnetic field or Faraday conversion
at the late time of the GRB radiation [15–17,19].
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In this subsection, we will consider the GRB photon-
sterile neutrino forward scattering and estimate the Faraday
conversion phase shift in two cases: (i) GRB photons at the
prompt emission interacting with sterile neutrinos passing
through internal and external shocks, (ii) GRB photons at
the afterglow intermediate emission interacting with sterile
neutrinos on the way of their propagation.
Based on the time evolution of the V-Stokes parameter in

(28) and considering (A4), the Faraday conversion of the
scattered photons from the sterile neutrinos evolve as follows

ΔϕFCjGRB ¼
ffiffiffi
2

p

6π
αGFθ

2

Z
dt
p0

fDMðxÞ

× v2DMðv̂αq̂βϵα1ϵβ1 − v̂αq̂βϵα2ϵ
β
2Þ; ð31Þ

wherefDMðxÞ is proportional to themass density ofWDMas
ρDMðxÞ ¼ MfDMðxÞ and p0 ¼ jpj.
There are two possibilities for the forward scattering of

GRB photons from sterile neutrino: (i) At the prompt
emission level, (ii) At the afterglow intermediate interaction
level. The former is strongly model dependent and the
polarization of high energy GRBs can be produced by
scattering from WDM located close to the GRB prompt
emission location. Meanwhile, the latter is model indepen-
dent as the polarization of afterglow GRB photons are
affected by scattering from sterile neutrinos on their way to
reach the detector.
We first estimate the Faraday conversion caused by the

prompt emission-sterile neutrino scattering. We consider a
simple model in which the sterile neutrino WDM can
abundantly be produced in supernovae cores. Therefore, by
scattering off the local sterile neutrino, the linear polari-
zation of the GRB photons at the prompt emission level can
be converted to the circular polarization as

ΔϕFCjGRB ¼ 10−32θ2ð1þ zÞ2
�
GeV
p0

��
ρDM

10−41 GeV4

�

×

�
vDM
10−3

�
2
Z

dl
1010 cm

ðv̂αv̂βϵα1ϵβ1 − v̂αv̂βϵα2ϵ
β
2Þ;

ð32Þ

where the mass density of the sterile neutrinos is assumed
to be ρDM ∼ 10−41 GeV4 [64] and we have supposed that
the prompt γ-ray emission occurs at distance ∼1010 cm
from the center.
However, in the second case, the afterglow radiation

caused by the GRB photons can interact with the sterile
neutrinos in its way to the earth. Therefore, the GRB linear
polarization is expected to be suppressed by the Faraday
conversion phase shift. The integration over time in (31)
can alternatively convert to integration over the redshift asR
0
t0 dt¼

R
z0
0 dz=½ð1þ zÞHðzÞ� with HðzÞ¼H0½ðΩrð1þzÞ4 þ

ΩMð1þzÞ3þΩΛ�whereΩr ≃ 10−4,ΩM ≃ 0.3 andΩΛ ≃ 0.7

are the present densities of radiation, matter plus DM and
dark energy, respectively, and H0 ¼ 67.4 km=s=Mpc is the
value of the Hubble constant at the present time [65].
Meanwhile, the bulk velocity of WDM, number density
and energy of contributing particles depend on the
redshift [66,67] as

vDM ¼ v0DMð1þ zÞ−1=2; p0 ¼ p0;0ð1þ zÞ;
ρDM ¼ ρDM0ð1þ zÞ3; ð33Þ

where v0DM, p0;0 and n0DM are obtained at the present time.
By taking (31) into account and integrating over the

redshift z, the Faraday conversion can be estimated as
follows

ΔϕFCjGRB ¼ 10−14θ2
�
keV
p0

��
ρDM

10−47 GeV4

��
vDM
10−3

�
2

;

ð34Þ

where we have supposed that the sterile neutrino has the
same global mass density of DM today ρDM ≃ 10−47 GeV4

[65]. Conventionally, one can rewrite the above equation as
a function of the decay rate and the mass of sterile neutrino
[see (8)]. Therefore, the Faraday conversion due to the
GRB photon-sterile neutrino scattering depends on the
mass of the sterile neutrino as follows

ΔϕFCjGRB ¼ 10−14
�
keV
M

�
5
�
keV
p0

�

×

�
ρDM

10−47 GeV4

��
vDM
10−3

�
2

; ð35Þ

where the life time of the sterile neutrino τN ¼ τDM ∼ 10 ×
universe life time. However, the Faraday conversion for
the GRB afterglow spectrum scattering from the sterile
neutrinos can be estimated from (34) for different mixing
angles in the range θ2 ≈ 10−2 − 10−6 as are shown in
Table I.

TABLE I. GRB Faraday conversion phase shift due to photon-
sterile neutrino DM interaction for the electromagnetic spectrum,
regarding z ¼ 1 and ρDM ¼ 10−47 GeV4 [65].

GRB types λðcmÞ≈ ΔϕFCjθ2≈10−2–10−6≃
Prompt emission Prompt 10−13 10−21–10−25

Afterglow emission γ ray 10−10 10−18–10−22

X ray 10−8 10−16–10−20

UV 10−6 10−14–10−18

Visible 10−4 10−12–10−16

Infrared 10−3 10−11–10−15

Microwave 1 10−8–10−12

Radio 105 10−3–10−7
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B. Circular polarization of galactic
and extragalactic radio sources

The radio synchrotron radiation is emitted from astro-
nomical radio sources. The astronomical radio sources are
objects in our galaxy (the Milky Way) and extragalactic.
Some of the famous candidates for the radio sources at
the center of Milky Way, are galactic supermassive black
hole Sagittarius A* [68] and Supernova remnants such as
Cassiopeia A [69] and Crab Nebula [70]. The Centaurus A
[71], Blazar S5 0716þ 71 [72], Messier 87 (M87) [73],
and Messier 81* (M81*)[74] radio galaxies are some of the
notable sources of extragalactic radio sources.
Due to the magnetic field properties of radio galaxies,

radio emission should highly be polarized. The most likely
process which gives rise to linear and circular polarization
of some radio sources in galactic and extragalactic nuclei is
Faraday rotation and conversion [75,76]. In general, obser-
vation suggest the linearly polarization at the degree of
∼10% mainly due to the synchrotron radiation from
relativistic electrons. However, the circular polarization
is less than 0.5% [74,77–85]. Also the circular polarization
in the absence of a linear polarization has been detected as
well [74,79,80]. Similar to the GRB photons, we estimate
the Faraday conversion due to the radio radiation-sterile
neutrino interaction for the intergalactic sources as follows

ΔϕFCjSgrA� ≈ 10−4θ2ð1þ zÞ2
�
6.5 × 10−7 eV

p0

�

×

�
ρDM

10−41 GeV4

��
vDM
10−3

�
2

×
Z

dl
2.4 × 1022 cm

ðv̂αv̂βϵα1ϵβ1 − v̂αv̂βϵα2ϵ
β
2Þ;

ð36Þ
where l demonstrates the distance of intergalactic radio
sources from the Earth. Using (36) one can find the values
of the Faraday conversion for some intergalactic radio
sources with z ≪ 1 as are listed in the first three rows of
Table II. Meanwhile, the Faraday conversion due to the
forward scattering of radio radiation-sterile neutrino for the
radio galaxy M81* source can be estimated as

ΔϕFCjM81� ≈ ð10−4θ2ð1þ zÞ2
�

ρDM
10−41 GeV4

�

×
Z

dl
4× 1022 cm

ðv̂αv̂βϵα1ϵβ1 − v̂αv̂βϵα2ϵ
β
2Þ

þ 5.35× 10−8θ2ð1þ zÞ2
�

ρDM
10−47 GeV4

�

×
Z

dl
1.096× 1025 cm

ðv̂αv̂βϵα1ϵβ1 − v̂αv̂βϵα2ϵ
β
2Þ
�

×

�
6.5× 10−7 eV

p0

��
vDM
10−3

�
2

; ð37Þ

where the first term corresponds to the Faraday conversion
effect inside the radio galaxy and the second one represents
the Faraday conversion arising from photon traveling out of
the radio galaxy toward the Earth. For simplicity, the DM
mass density in other galaxies is considered at the same
order of magnitude of the DMmass density in our galaxies.
Nevertheless, the DM mass density is considered as the
local DM mass density ρDM ¼ 10−41 GeV4 inside the
galaxies and for the outside of galaxies it has been taken
to be equal to the global mass density 10−47 GeV4. As the
second term in (37) in comparison with the first one shows,
due to the value of the DM mass density, the effect of the
Faraday conversion inside the radio galaxies is the dom-
inant one. However, the Faraday conversion for different
radio galaxies are given the Table II. It should be noted that
for the extragalactic sources, DM mass density can be
considered as a free parameter as well as the sterile
neutrino-neutrino mixing angle. Therefore, measurement
on the Faraday conversion can open a new window to probe
the DM mass density in radio galaxies.

C. Circular polarization of the CMB photons

In this section, we discuss about the circular polarization
of the CMB photons in the conformal time η due to photon-
sterile neutrino scattering. To this end, we focus on the left-
hand side of the Boltzmann equation (28) including the
information of photon propagation in the flat Friedman-
Robertson-Walker (FRW) background space-time. As the
circular polarization in presence of the scalar perturbation is

TABLE II. Faraday conversion phase shift due to the interaction of sterile neutrinos with photons originated from galactic and
extragalactic radio sources.

Radio source λ ðcmÞ≈ l ðlyÞ≈ ΔϕFCjθ2≈10−2–10−6≃
Intergalactic Sagittarius A*[82,86] 200 26000 10−6–10−10

Cassiopeia A [69,87] 600 11000 10−6–10−10

Crab Nebula [83,88] 400 6500 10−7–10−11

Extragalactic M81* [79,89] 200 11 × 106 10−6 − 10−10

M87 [73,90] 0.1 53 × 106 10−11–10−15

Centaurus A [71,91] 1 13 × 106 10−8–10−12

Blazar S5 0716þ 71 [72,92] 200 3.6 × 109 10−7–10−11
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dominant comparing to the vector and tensor perturbation,
only the scalar perturbation is added to the metric and we
neglect the vector and tensor perturbations. However, the
DM distribution function is indicated as [93–95]:

fDMðx⃗; q⃗; ηÞ ¼ fDM0½1þ Ψðx⃗; q⃗; ηÞ�; ð38Þ

where fDM0ðx⃗; q⃗; ηÞ shows the zeroth-order distribution,
Ψðx⃗; q⃗; ηÞ is the perturbed part and q⃗ ¼ qn̂0 where n̂0
indicates direction of the DM velocity. Neglecting the
collision term on the right-hand side of the Boltzmann
equation, the phase space distribution of the sterile neutrino
can be obtain as follows

∂fDM
∂η þ i

q
εDM

ðK⃗ · n̂0ÞΨ

þ d ln fDM0

d ln q

�
_φ − i

εDM
q

ðK⃗ · n̂0Þψ
�
¼ 0; ð39Þ

where φ and ψ indicate the scalar metric perturbation
in the Newtonian gauge [96], K⃗ is wave number of
the Fourier modes of the scalar perturbations and εDM ¼
ðq2 þ aðηÞ2M2Þ1=2 with the scale factor aðηÞ. Meanwhile,
the angular dependence of the perturbation can be
expanded in a series of Legendre polynomials Plðμ0Þ as
follows

ΨðK⃗; q; μ0; ηÞ ¼
X
l¼0

ð−iÞlð2lþ 1ÞΨlðK⃗; ηÞPlðμ0Þ; ð40Þ

with μ0 ¼ K̂:n̂0. Now, we expand (28) in terms of Ψl and μ0
as follows

_V ≃
ffiffiffi
2

p

3πp0

αθ2GF½ðηB − iηAÞΔþðSÞ
P þ ðηB þ iηAÞΔ−ðSÞ

P �

×
4π

3

�
1

ð2πÞ3
�Z

q2dq
q2

εDM
fDM0½Ψ0 − 2Ψ2� ð41Þ

≃ _ηC−DMΔþ
P þ _ηCþDMΔ−

P; ð42Þ

where

_ηC�DM ¼ _ηCDMðηB � iηAÞ; ð43Þ

with

ηA ¼ðK̂ · ϵ1Þ2− ðK̂ · ϵ2Þ2; ηB ¼−2K̂ · ϵ1K̂ · ϵ2; ð44Þ

and

_ηCDM¼
ffiffiffi
2

p

3πp0

αθ2GF

1

ð2πÞ3 ½δpDM−ðρ̄DMþP̄DMÞσDM�; ð45Þ

in which σDM is shear stress and ρ̄DM and P̄DM are the
unperturbed energy densities and pressure defined as [94]

ρ̄DM ¼ a−4
Z

q2dq dΩεDMfDM0;

P̄DM ¼ 1

3
a−4

Z
q2dq dΩ

q2

εDM
fDM0; ð46Þ

ðρ̄DM0 þ P̄DM0ÞσDM ¼ 8π

3
a−4

Z
q2dq

q2

εDM
fDM0Ψ2;

ð47Þ
and δPDM as the perturbation of pressure is [94]

δPDM ¼ 4π

3
a−4

Z
q2dq

q2

εDM
fDM0Ψ0; ð48Þ

with

_Ψ0 ¼ −
qK
ε

Ψ1 − _ϕ
d ln fDM0

d ln q
;

_Ψ1 ¼
qK
3εDM

ðΨ0 − 2Ψ2Þ þ
εDMK
3q

ψ
d ln fDM0

d ln q
;

_Ψl ¼
qK

ð2lþ 1ÞεDM
ðlΨl−1 − ðlþ 1ÞΨlþ1Þ; l ≥ 2: ð49Þ

Therefore, by inserting the initial condition, one can
solve the above evolution equations numerically.
Meanwhile, the time averaged value of the perturbations

βDM ¼ δpDM
ρ̄DM

− ðρ̄DMþP̄DM
ρ̄DM

Þσ from the last scattering up to
today can be estimated as the order of matter anisotropy
β̄DM ≤ 10−4.
To illustrate how the _ηCDM depends on the redshift, we

have shown the _ηCDM as a function of the red-shift in Fig. 2.
The _ηCDM are shown for three values of θ2¼10−3;10−2;10−1

and for two cases of the β̄DM ¼ 10−4 and 10−5. As the
figure shows the _ηCDM increases smoothly with redshift up to
z ¼ 1 then it increases rapidly at high redshifts. In fact, the
_ηCDM becomes larger for the larger value of the redshift.
Furthermore, in the presence of primordial scalar pertur-
bations the CMB temperature and polarization anisotropy
are given by the multipole moments as follows [97,98]

ΔS
I;P;Vðη;K;μÞ¼

X∞
l¼0

ð2lþ1Þð−iÞlΔl
I;P;Vðη;KÞPlðμÞ; ð50Þ

where PlðμÞ is the Legendre polynomial of rank l, and μ
indicates scalar product of the CMB propagating direction
and the wave vector K. The time derivative in the left side
can include the space-time structure and gravitational
effects. Besides, the scattering of each plane wave can
be described as the transport through a plane parallel
medium [99,100]. Therefore, the Boltzmann equation for
linear and circular polarization (41) casts into
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d
dη

ΔðSÞ
V þiKμΔðSÞ

V ¼CV
eγþ

1

2
aðηÞð_ηC−DMΔþðSÞ

P þ _ηCþDMΔ
−ðSÞ
P Þ;

d
dη

Δ�ðSÞ
P þiKμΔ�ðSÞ

P ¼C�
eγ∓ iaðηÞ_ηPΔ�

P : ð51Þ

However, the value of linear polarization Δp�ðSÞ and ΔVðSÞ
in the direction n̂ and at the present time η0 can be obtained
by integrating the Boltzmann equation along the line of
sight [97] and over all the Fourier modes K as

Δ�ðSÞ
P ðn̂Þ ¼

Z
d3KξðKÞe�2iϕK;nΔ�ðSÞ

P ðK;p; ηÞ;

ΔðSÞ
V ðn̂Þ ¼

Z
d3KξðKÞΔðSÞ

V ðK;p; ηÞ; ð52Þ

where ξðKÞ is a random variable using to characterize the
initial amplitude of the mode, ϕK;n is the angle required to
rotate the K and n̂ dependent basis to a fixed frame in the
sky. Therefore we obtain

Δ�ðSÞ
P ðK; μ; η0Þ

¼
Z

η0

0

dη _ηeγeixμ−ηeγ∓iηPDM

�
3

4
ð1 − μ2ÞΠðK; ηÞ

�
; ð53Þ

and

ΔðSÞ
V ðK;μ;η0Þ

¼1

2

Z
η0

0

dη _ηeγeixμ−ηeγ
�
3μΔðSÞ

V þ
�
_ηC−DM
_ηeγ

ΔþðSÞ
P þ _ηCþDM

_ηeγ
Δ−ðSÞ

P

��
;

≃
1

2

Z
η0

0

dη _ηeγeixμ−ηeγ
�
3μΔðSÞ

V þ2ηB
_ηCDM
_ηeγ

ΔðSÞ
P

�
; ð54Þ

where x ¼ Kðη0 − ηÞ, _ηeγ ¼ neσTχe, and ηeγ ¼
R
η0
η _ηeγdη

are the differential optical depth and total optical depth due

to the Thomson scattering at time η with χe being the
ionization fraction, respectively. MoreoverΔp is defined as

ΔðSÞ
P ðK;μ;ηÞ¼ 3

4
ð1−μ2Þ

Z
η

0

dηeixμ−ηeγ _ηeγΠðK;ηÞ; ð55Þ

with

Π≡ ΔS2
I þ ΔS2

P − ΔS°
P : ð56Þ

Meanwhile, the value of _ηCDM
_ηeγ

in (54) determines the
importance of the CMB-sterile neutrino interaction in the
CMB polarization and can be obtained as

η̃ ¼ _ηCDM
_ηeγ

¼
ffiffiffi
2

p

8π2
m2

e

αχe

mp

p0

ΩDM

ΩBM
GFθ

2β̄DM; ð57Þ

where ΩBM ¼ ρBM=ρcr and ΩDM ¼ ρDM=ρcr are the bar-
yonic matter density and the DM mass density parameters,
respectively, and ρcr is the critical density of the universe. In
the above equation we supposed that the number density of
electron or proton is approximately equal to the barionic
matter number density ne ¼ np ≃ nBM. In Fig. 3, η̃ is
plotted as a function of the redshift for θ2 ¼ 10−3; 10−2,
and 10−1. The η̃ is shown for β̄DM ¼ 10−4 and 10−5,
denoting the importance of the CMB-sterile neutrino
interaction on the CMB circular polarization. It can be
seen that the maximum value of η̃ occurs at the redshift
z ≃ 10 and there is a bump at the same red shift. This effect
is due to varying ionized fraction χe around the reionization
epoch. As can be seen in Fig. 3, such a bump always
appears at z ≃ 10 for different values of β̄ and θ2. In order to
study this contribution more accurate, one needs to calcu-
late the total value of the two-point correlation function of
the ΔV mode. To this end, we consider the power spectrum
as follows

FIG. 2. The _ηCDM is plotted as a function of redshift for different values of mixing θ2 ¼ 10−3 (blue), θ2 ¼ 10−2 (red), and θ2 ¼ 10−1

(black) with β̄DM ¼ 10−4 (left) and β̄DM ¼ 10−5 (right).
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CVl ¼
1

2lþ 1

X
m

ha�V;lmaV;lmi

≃
1

2lþ 1

Z
d3KPðSÞ

ϕ ðKÞ

×

����
X

m

Z
dΩY�

lmðnÞ
Z

η0

0

dη _ηeγeixμ−ηeγ ηBη̃Δ
ðSÞ
P

����
2

;

ð58Þ

where

aV;lm ¼
Z

dΩY�
lmΔVðn̂Þ; ð59Þ

and the power spectrum PðSÞ
ϕ ðKÞ is [101]

PðSÞ
ϕ ðKÞδðK0 −KÞ ¼ hξðKÞðξðK0ÞÞi: ð60Þ

Therefore, the above relation leads to the following
estimation for CVl in terms of the linearly polarized power
spectrum as follows

CVl ≤ η̃2aveCPl; ð61Þ

where the η̃ave is the average of η̃ in (57) which is calculated
for θ2 ¼ 10−2 and β̄DM ¼ 10−5 as follows

η̃ave ¼
1

η0 − ηlss

�Z
ηrei

η0

dη η̃þ
Z

ηlss

ηrei

dη η̃

�

≃ 3 × 10−4
�

θ2

10−2

��
β̄DM
10−5

�
: ð62Þ

In (62) we have performed the integrals in two regions: (I)
from the last scattering to the reionization (recombination)
and (II) from the reionization to the present. The contri-
bution of the first region [second term in Eq (62)] is 0.3

while for the second region [first term in Eq (62)] one finds
a vanishing contribution as 7 × 10−6. In fact, the CMB-
sterile neutrino forward scattering has been produced the
main circular polarization contribution during the CMB
photon propagation through the recombination region.
However, the value of circular power spectrum for CPl ∼
0.1ðμKÞ2 will be estimated as

CVl ≤ 0.01ðnKÞ2
�

θ2

10−2

�
2
�
β̄DM
10−4

�
2

: ð63Þ

From the experimental point of view, the upper limit
at 95% C.L. on the circular polarization detection
(lðlþ 1ÞCVV

l =ð2πÞ) with the 40 GHz polarimeter of
Cosmology Large Angular Scale Surveyor (CLASS) has
been reported from 0.4 μK2 to 13.5 μk2 between 1≤l≤120
[102]. The obtained constrained in Eq. (63) would be
comparable to experimental results by improving the
sensitivity of experiments in the near future.

V. SUMMARY AND CONCLUSION

In this paper, we have introduced a new way to examine
indirectly the DM signatures. We have considered a right-
handed neutrino as a preferred WDM candidate which can
be coupled to the SM particles within the context of: (I) the
seesaw type I model (7) and (II) the right handed current
model (10). In the second model we have calculated the
W-boson decay rate to find an upper bound on the coupling
constant as g2R ≲ 10−2 which is in the same range of
acceptable values for θ2 the coupling constant in the first
model. As the photon-neutrino in both model have the same
structures, both models lead to equivalent results for
polarization and cannot be distinguished in this study.
Nevertheless, we only considered the first model to show
that the polarization of cosmic photons which are naturally
accelerated to high energy or even as a background can

FIG. 3. The η̃ is plotted as a function of redshift for different values of mixing θ2 ¼ 10−3 (blue), θ2 ¼ 10−2 (red), and θ2 ¼ 10−1

(black) with β̄DM ¼ 10−4 (left) and β̄DM ¼ 10−5 (right).
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undergo a change via the forward scattering from the DM
sterile neutrino. For this purpose, we considered the GRBs,
radio frequency radiation and the CMB as the sources of
high and low energy cosmic photons through the formalism
of Stokes parameters and Boltzmann equation. We have
shown that the linear polarization of GRBs originated from
a collapsing neutron star can be converted to the circular
polarization by scattering from the DM surrounding the
star. We have found that the Faraday conversion ΔϕFC
of GRB-sterile neutrino scattering at both the prompt
emission and afterglow radiation are about 10−21 radian
and 10−18–10−3 radian, respectively. We have summarized
the Faraday conversion ΔϕFC for θ2 ∼ 10−2–10−6 in
Table I. As the table shows the conversion for the prompt
emission is too small to be detected in this way. In contrast,
for the long wavelength radio-wave there is a chance to
detect the Faraday conversion in our model. One should
note that, here only the maximum value of the Faraday
conversion phase shift for the GRB-sterile neutrino scatter-
ing using a simple model is estimated. Nevertheless, in
order to calculate the exact value, one should consider a
more complicated model using the distribution of WDM
density in the galaxy and determines the direction of GRBs
toward the earth. Moreover, we estimated the Faraday
conversion phase shift in radio photon-sterile neutrino
forward scattering. We considered some of the astrophysi-
cal radio sources inside and in extra galaxy. The results for
the same range of mixing angle θ2 as GRBs are summa-
rized in Table II. The Faraday conversion phase shift arising
from intergalactic sources are in the range of ΔϕFC ≃
10−6–10−11 and from the extragalactic are in the range
10−6–10−15. The current sensitivity on Faraday conversion
is reported by the PVLAS experiment at the order of
10−8 rad for the radio wavelength [103]. We have also
shown that the V-mode power spectrum of the polarized
CMB as the low energy cosmic photons in the presence of
the scalar perturbations can be expressed in terms of the
linear polarization power spectrum. We have obtained that
the V-mode power spectrum of the CMB photons CVl
caused by CMB-DM scattering is proportional to the linear
polarization power spectrum Cpl and the mixing angle
where for θ2 ≲ 10−2 and Cpl ∼ 0.1ðμKÞ2 is of the order of
0.01ðnKÞ2, see (63). In fact, by considering the current
sensitivity for the circular polarization at the order of μK2

[102], our result would be in the range of the accuracy of
the future experimental sensitivity.
Finally, since producing any tiny circular polarization of

the cosmic photons might be originated from different
effects, we would like to compare our results with some
other models. In our model we found that the V-mode is
linearly proportional to wavelength λ ¼ ð1=p0Þ as is given
in (31). Furthermore, it depends on the density and the bulk
velocity of DM. Therefore, these facts can be used to
compare the obtained results with the other models. For

instance, the circular polarization of cosmic photons might
be generated due to the Compton scattering of cosmic
photons in a magnetized intergalactic medium within
clusters of galaxies. In this effect the V mode induced
by the magnetic field is proportional to the wavelength as
λ3 ¼ ð1=p0Þ3, see Eq. (6) in Ref. [15] and Eq. (65) in
Ref. [16]). In fact, the λ-dependence of the circular
polarization leads to a different spectrum for the V-mode
arising from the magnetic field comparing to the V-mode
from the photon-sterile neutrino forward scattering.
Meanwhile, as a model with the same linear λ-dependence
for the circular polarization, one should consider produc-
tion of the V-mode from photon-active neutrino scattering
[14,19]. However, the spectra of these two effects can be
recognized where the local mass density of DM is dominant
in comparison with the active neutrino sources. In fact,
the DM in comparison with the active neutrinos from the
CNB (cosmic neutrino background) has a relative global
energy density and bulk velocity as ρ̄DM

ρ̄CNB
¼ ρDMvDM

ρ̄CNB
≃ 102

and vDM
vCNB

¼ 102, respectively. Therefore, one expects the
induced Faraday conversion due to the GRB/radio photon-
DM would be equal or dominant in all electromagnetic
wavelength compared to the GRB-CNB scattering.

ACKNOWLEDGMENTS

S. Tizchang would like to thank F. Elahi for fruitful
discussions.

APPENDIX A: POLARIZED RADIATIVE
TRANSFER EQUATION IN STOKES-
PARAMETER REPRESENTATION

In this Appendix, we briefly introduce the polarized
radiative transfer equation and show how the Faraday
rotation and conversion can be obtained from polarized
radiative equation. It is shown that the polarization of a
linearly the polarized light which propagates through a
medium can be changed as (Q ↔ U) that is known as
Faraday rotation. Meanwhile, Faraday conversion describes
the interconversion between the linear and circular polari-
zation of the radiation ðQ ↔ V;U ↔ VÞ. Generally, the
polarized radiative transfer equation for a weakly aniso-
tropic medium or homogeneous medium can be expressed
as [104–108]:

dIi
ds

¼ −κijIj þ ϵi; ðA1Þ

where s is the path length of the radiation or equivalently
the time that photon is passing through the medium ds ¼
cdt with c being the light velocity which is equal to unity in
the natural unit and Ij for j running from 1 to 4 represent
the Stokes vector components given by ½I; Q;U; V�.
Meanwhile, the coefficient tensor κij denotes the amount
of rotation (f), conversion (h, g), absorption (κ, q, u, ν) and
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ϵi shows the spontaneous emission coefficient. Therefore,
(A1) can be written in a matrix form as

d
ds

2
6664
I

Q

U

V

3
7775¼−

2
6664
κ q u v

q κ f −g
u −f κ h

v g −h κ

3
7775

2
6664
I

Q

U

V

3
7775þ

2
6664
ϵI

ϵQ

ϵU

ϵV

3
7775: ðA2Þ

However, in a medium without any emission and absorp-
tion, i.e., κ ¼ q¼ u¼ ν¼ 0, and ϵI ¼ ϵQ ¼ ϵU ¼ ϵV ¼ 0,
the polarized radiative transfer equation result in dI=ds ¼ 0
and reduces to

d
ds

2
64
Q

U

V

3
75 ¼ −

2
64

0 f −g
−f 0 h

g −h 0

3
75
2
64
Q

U

V

3
75: ðA3Þ

Therefore, the time evolution of V parameter can be
written as

dV
ds

¼ hU − gQ; ðA4Þ

where g ¼ d
dtΔϕFCjQ and h ¼ d

dtΔϕFCjU are the Faraday
conversion phase shifts caused by conversion of the linear
Q and U polarization to the circular one, respectively.

APPENDIX B: TIME EVOLUTION OF
THE DENSITY MATRIX COMPONENTS

VIA PHOTON-STERILE NEUTRINO
INTERACTION

In this appendix, we calculate the time evolution of the
density matrix components due to the forward scattering of
the photon-sterile neutrino interaction.
We start with the seesaw Lagrangian given in (7). Within

the seesaw model, the photon can scatter from sterile
neutrinos at one-loop level with a lepton and weak gauge
bosons propagating in the loop. Representative relevant
Feynman diagrams are shown in Fig. 4. There are t-channel
Feynman diagrams with the loop involving W-boson and
the charged leptons (electron, muon and tau). Furthermore,

two additional Feynman diagrams representing the con-
tributions from antiparticles in the loops have been also
taken into account. Meanwhile, the contribution from a
further s-channel diagram with the WþW−γγ vertex in
which W-bosons exchange in a triangle loop as well as a
t-channel diagram similar to Fig. 4 where three W bosons
contribute in a box diagrams are negligible.
The electromagnetic free gauge field Aμ and Majorana

fermion field NðxÞ, which are self-conjugate, can be
indicated as creation a†sðpÞ (b†rðqÞ) and annihilation
asðpÞ (brðqÞ) operators for photons (Majorana fermions) as

AμðxÞ¼
Z

d3p
ð2πÞ32p0

½asðpÞϵsμðpÞe−ip:xþa†sðpÞϵ�sμðpÞeip:x�;

ðB1Þ

NðxÞ ¼
Z

d3q
ð2πÞ3

M
q0

½brðqÞurðqÞe−iq·x þ b†rðqÞvrðqÞeiq·x�;

ðB2Þ

where ϵsμðpÞ with s ¼ 1, 2 are the photon polarization
4-vectors of two physical transverse polarization while
urðqÞ and vrðqÞ are the Dirac spinors. The creation and
annihilation operators respect the following canonical
commutation (anticommutation) relations

½asðpÞ; a†s0 ðp0Þ� ¼ ð2πÞ32p0δss0δ
ð3Þðp − p0Þ;

fbrðqÞ; b†r0 ðq0Þg ¼ ð2πÞ3 q
0

M
δrr0δ

ð3Þðq − q0Þ: ðB3Þ

The leading-order interacting Hamiltonian for this process
can be expressed by the scattering amplitude as follows

H0
I ðtÞ ¼

Z
dqdq0dpdp0ð2πÞ3δð3Þðq0 þ p0 − q − pÞ

× expði½q00 þ p00 − q0 − p0�tÞ
× ½b†r0 ðq0Þa†s0 ðp0ÞMtotðNγ → NγÞasðpÞbrðqÞ�;

ðB4Þ

with dq≡ d3q
ð2πÞ3

M
q0, dp≡ d3p

ð2πÞ3
1

2p0 and the total amplitude

Mtot can be obtained from the sum of all Feynman
diagrams in Fig. 4, as follows

Mtotðq0r0;p0s0;qr;psÞ
≡M1ðq0r0;p0s0;qr;psÞþM2ðq0r0;p0s0;qr;psÞ
−M3ðq0r0;p0s0;qr;psÞ−M4ðq0r0;p0s0;qr;psÞ; ðB5Þ

where M3;4ðq0r0;p0s0;qr;psÞ are, respectively, the
Hermitian conjugates of M1;2ðq0r0;p0s0;qr;psÞ and have
been contributed from antiparticles in the loops as follows

w w

N(q)

N(q’)
N(q’)

N(q)

FIG. 4. The representative Feynman diagrams represent the
photon-sterile neutrino scattering. There are two more Feynman
diagrams with antiparticle contributing in the loops.
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M1ðq0r0;p0s0;qr;psÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4l ūr0 ðq0Þγαð1 − γ5ÞSFðlþ p − p0Þ=ϵs0 ðp0Þ

× SFðpþ lÞ=ϵsðpÞSFðlÞγβð1 − γ5ÞurðqÞDFαβ
ðq − lÞ; ðB6Þ

M2ðq0r0;p0s0;qr;psÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4l ūr0 ðq0Þγαð1 − γ5ÞSFðlþ p − p0Þ=ϵsðpÞ

× SFðl − p0Þ=ϵs0 ðq0ÞSFðlÞγβð1 − γ5ÞurðqÞDFαβ
ðq − lÞ; ðB7Þ

M3ðq0r0;p0s0;qr;psÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4lv̄rðqÞγαð1þ γ5ÞSFð−lÞ=ϵsðpÞSFð−p − lÞ

× =ϵs0 ðq0ÞSFðp0 − p − lÞγβð1þ γ5Þvrðq0ÞDFαβ
ðl − qÞ; ðB8Þ

and

M4ðq0r0;p0s0;qr;psÞ ¼ 1

ð2πÞ4
e2g2

8
θ2

Z
d4lv̄rðqÞγαð1þ γ5ÞSFð−lÞ=ϵs0 ðp0ÞSFðp0 − lÞ

× =ϵsðpÞSFðp0 − p − lÞγβð1þ γ5Þvr0 ðq0ÞDFαβ
ðl − qÞ; ðB9Þ

where SF is a fermion propagator, the indices r, r0 and s, s0 denote the sterile neutrino and photon spin states, respectively.
Moreover, we have considered the contribution of three generations of leptons in each diagram. Now to calculate the
forward scattering term in (24), one should find the commutator ½H0

I ðtÞ; D0
ijðpÞ�, then evaluate the expectation value

h½H0
I ðtÞ; D0

ijðpÞ�i according to the following operator expectation value

hb†r0iðq
0ÞbrjðqÞi ¼ ð2πÞ3δ3ðq − q0Þδrr0δij

1

2
fDMðx;qÞ: ðB10Þ

To this end, we substitute (B5)–(B9) into (B4) and then (24) and find the time evolution of the density matrix components as

d
dt

ρijðpÞ ¼ −
ffiffiffi
2

p

12πp0
αθ2GF

Z
dqðδisρs0jðpÞ − δjs0ρisðpÞÞfDMðx;qÞūrðqÞð1 − γ5Þ

× ðq · ϵs=ϵs0 þ q · ϵs0=ϵsÞurðqÞ þ
ffiffiffi
2

p

24πp0
αθ2GF

Z
dqðδisρs0jðpÞ − δjs0ρisðpÞÞ

× fDMðx;qÞūrðqÞð1 − γ5Þ=pð=ϵs0=ϵs − =ϵs=ϵs0 ÞurðqÞ: ðB11Þ
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