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Heisenberg limit for detecting vacuum birefringence
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Quantum electrodynamics predicts the vacuum to behave as a nonlinear medium, including effects such
as birefringence. However, for experimentally available field strengths, this vacuum polarizability is
extremely small and thus very hard to measure. In analogy to the Heisenberg limit in quantum metrology,
we study the minimum requirements for such a detection in a given strong field (the pump field). Using a
laser pulse as the probe field, we find that its energy must exceed a certain threshold depending on the
interaction time. However, a detection at that threshold, i.e., the Heisenberg limit, requires highly nonlinear
measurement schemes—while for ordinary linear-optics schemes, the required energy (Poisson or shot
noise limit) is much larger. Finally, we discuss several currently considered experimental scenarios from

this point of view.
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I. INTRODUCTION

Classical electrodynamics is governed by the Maxwell
equations, which are linear in the absence of sources. Thus
electromagnetic waves in vacuum obey the superposition
principle and do not interact [1]. Quantum electrodynam-
ics, on the other hand, predicts deviations from this
behavior: Even the quantum vacuum should be polarizable
and thus behave as a nonlinear medium due to the coupling
to the fermionic modes; see, e.g., [2—11].

However, since this polarizability is extremely weak for
available fields, this fundamental prediction of quantum
electrodynamics has not been experimentally verified yet
for electromagnetic waves in vacuum (i.e., real photons).
Note that an analogous effect has been observed for the
interaction of photons with the Coulomb field of atomic
nuclei (referred to as Delbriick scattering) [12-16].

Partly motivated by the present-day and near-future
experimental facilities aimed at the generation of ultrastrong
electromagnetic fields, there have been several proposals
and initiatives for verifying this fundamental prediction
experimentally; see, e.g., [17-66]. These scenarios include
strong magnetic fields [17-26] (see also the recent review
[27]), optical or near-optical lasers [28-30], as well as x-ray
free electron lasers (XFELs); see, e.g., [31-35]. Various
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potential signatures of the quantum vacuum polarizability
have been considered, such as photon polarization changes
(birefringence), but also the deflection (scattering) of pho-
tons [61] or the phase difference in a Mach-Zehnder-type
interferometer setup [30].

In order to compare the different proposals and to sort
them into a bigger picture, we address the general question
of what are the minimum requirements for detecting the
tiny polarizability or nonlinearity of the quantum vacuum.
To be more specific, we focus on photon propagation
effects and do not consider photon splitting or photon
merging or four-wave mixing; cf. [67-84]. Along the lines
of quantum metrology, we aim at deriving a fundamental
limit for detection, largely independent of the concrete
measurement scheme. Apart from the strength of the
quantum vacuum polarizability, we find that the available
interaction time and the total energy of the probe pulse play
an important role. The independence of this limit on the
concrete measurement scheme helps us to compare differ-
ent experimental scenarios and to identify their advantages
and drawbacks. Furthermore, preconditions and limitations
of this limit point toward ultimate possibilities of increasing
sensitivity, even though the required experimental capabil-
ities may be beyond present-day technology.

II. EULER-HEISENBERG LAGRANGIAN

Let us start with a brief recapitulation of the basic
principles. As motivated above, we focus on slowly varying
electromagnetic fields E and B well below the Schwinger
critical field determined by the electron mass m and the
elementary charge ¢:
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where the corresponding magnetic field B = E.q/c is
given by By ~4.4x10° T. In this regime [85], the
propagation can be described by the lowest-order Euler-
Heisenberg Lagrangian density [3,7,8,11,86]

E:%(EQ—csz)+§[(E2—c2B2)2+7c2(E~B)2], (2)
with the vacuum permittivity &, and the prefactor

6 _ hq4 . aQED _ 20{6ED (3)
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where agpp ~ 1/137 is the fine-structure constant. From
now on, we shall employ natural units with

h=c=¢ =1, (4)
in order to simplify the expressions.

A. Pump and probe field

We consider the standard situation where we have a
strong (but subcritical) pump field E, and B, acting on the
vacuum plus a weaker probe pulse E; and B, in order to
detect the induced polarizability. The pump field is sup-
posed to be a solution of the equations of motion stemming
from (2) and we study the propagation of the probe field in
this background. Then, inserting the split E = E;, + E,
and B = B( + B, into (2) and linearizing the equations of
motion in E; and B, we obtain the well-known effective
Lagrangian for the probe field:

1
51:E[El'(“+5€)'E1—B1'(ﬂ—5ﬂ)'31]

+E, -5¥-B,. (5)

The polarizability of the vacuum is encoded in the change
of the dielectric permittivity tensor de¢ and the magnetic
permeability tensor ou as well as the symmetry-breaking
tensor 0. These quantities depend on the strength of the
pump field E and B, (see Appendix A) and are suppressed
as O(aqep[E} + BJ]/EZ;,). Since they are very small, we
only keep their first order.

Note that we consider the modifications in the propa-
gation of the probe pulse induced by the pump field. Thus,
we do not consider other nonlinear QED effects such as
photon splitting or merging or four-wave mixing; see,
e.g., [67-84], which would correspond to linear or cubic
powers of E; and B, in (5). In the following, we shall focus
on the probe field and consider the tensors e, Sy and oY as
externally given. Thus, we shall drop the subscripts for the
probe field E; and B; from now on.

B. Interaction Hamiltonian

In terms of the usual vector potential A, the canonically
conjugate momentum (which equals the dielectric displace-
ment field D) reads

II=D=(1+6¢)-E+35¥Y-B, (6)
and thus the Hamiltonian density is given by

H:%[H-(ﬂ —d¢)- I+ B-(1-6u)-B]

-89 -B. (7)

After splitting off the undisturbed vacuum contribution
Hy = [II? + B?]/2, the remaining part describes the inter-
action between the probe field and the polarizability de, Su
and oY induced by the pump field

1 1
Him:—EH‘(SG'H—EB'@M‘B—H-&‘P-B. (8)

III. HEISENBERG LIMIT

As motivated above, let us now study the question of
which minimum requirements the probe pulse has to fulfill
in order to detect the vacuum polarizability de, Su and 5.
According to the laws of quantum mechanics, this effect is
only detectable if the quantum state |y) of the probe field
after its interaction with the pump field U,,|y) deviates
sufficiently from the quantum state |w) without this
interaction. As one possible signature, the no-signal fidelity
given by (see also [87])

l0wly) = WIT expf -1 [ a0 1) )

should sufficiently deviate from unity (7 is the time-
ordering operator). Since the interaction Hamiltonian

I:Iim:/d:;r?:(im (10)

is linear in the small tensors ¢, du and 6%, let us apply
first-order perturbation theory:

| Oal) = 1 - i / Aty | (Ol) + OE2,). (1)

We see that the lowest-order contribution corresponds to a
phase shift [87]

o=~ / A B (D)), (12)

which could be measured by interferometric means, for
example; see also [30] and Sec. V below. However, the
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above estimate is just based on the laws of quantum
mechanics (and the smallness of ) and thus completely
independent of the concrete measurement scheme, such as
interferometry, change of polarization, or deflection (scat-
tering) of photons. Actually, all those signatures can be
related to phase shifts (12) or phase differences; see also
Sec. V below. In a Mach-Zehnder-type interferometric
setup (see, e.g., [30]), one would measure the phase
difference between the two arms (one interacting with
the pump field, the other one not). The effect of quantum
vacuum birefringence (see, e.g., [31]), i.e., polarization
change, is caused by the phase difference between the two
polarizations and can also be interpreted as interference
between them. Finally, spatial phase differences can change
the direction of the probe beam (similar to refraction or
diffraction), which may also be exploited for detecting
these phenomena (see, e.g., [61] and the recent review
[64]). However, as all these phase differences are smaller
than the total phase shift (12), i.e., subleading contribu-
tions, we focus on this lowest-order contribution in the
following.

A. Classical fields

Let us estimate the maximum possible phase shift (12)
for a given probe pulse. First, we treat the probe pulse
as a classical field, which should be a good approximation
for laser pulses. Inserting Egs. (10) and (8) into (12), we
obtain space-time integrals over the terms II- de - I1/2,
B:-6u-B/2 and IT- ¥ - B. Since the tensor e is real and
symmetric, we may diagonalize it and obtain the bound

IT - Se - 11 < 12| Ge]|, (13)

where the norm ||6¢|| is the maximum of the absolute
values of the eigenvalues of de. In complete analogy, we

can bound the term B -8y - B by the same norm ||5u||
multiplied by B2 Thus, we find

1

S UL-8e- T+ B - ou- B] < Emax {||6e]]. ||ou]l}  (14)

at each space-time point, where £ = (II> + B?)/2 is the
(lowest-order) energy density of the probe pulse.

The remaining term IT - ¥ - B is a bit more complicated
because the tensor 6% is not symmetric in general. Thus, we
employ the singular value decomposition

¥ = Za,ul ®V], (15)
1

with the non-negative singular values o; and the two (left
and right) orthonormal basis sets u; and v;. Then, using
(u;-M)(v; - B) < [I||B| < (IT> + B?)/2, we arrive at

’

g < Tmaxr{ZJI + max {||6e |5y|}}@, (16)
T

where T denotes the interaction time and € the total energy
of the probe pulse. The spatial integral can be bounded
from above by the maximum over all positions r since all
the involved quantities, such as the energy density &, are
non-negative (for classical fields, quantum fields will be
discussed in the next section).

Turning the above argument around, we get a minimum
energy € of the probe pulse required for detecting the
vacuum polarizability de, du and 6V in a given interaction
time 7 since the phase shift ¢ should not be too small in
order to achieve a measurable effect. Since the energy €
scales linearly with the number N of probe photons, we
refer to (16) as the (analog of the) Heisenberg limit, a well-
known concept in quantum metrology and interferometry;
see also [30].

B. Quantum fields

In the previous section, we treated the probe pulse as a
classical field in order to derive the bound (16). In the
following, let us study whether an analogous bound can be
established for quantum fields. As a crucial difference,
expectation values such as (IT?) or (K- 8¢ - II) are diver-
gent and thus require renormalization. As usual, we achieve
this by subtracting the vacuum expectation value

(IP)yep = (w[XP|y) — (O]112]0). (17)
Of course, this requires appropriate regularization. Here,
we use the normal mode decomposition. To this end, we
introduce a complete set of orthonormal

/d3rf1'fj:5[j (18)

and transversal V - f; = 0 basis functions f;(r) and expand
the field operates into this basis set:

M(r.r) = Zﬁ;(t)fz(r)- (19)
Inserting this normal mode decomposition, we find
/d%ﬁ-&:-ﬁ— Zﬁ,p,/d%f,-&-f,
7
(20)

= ZﬁlﬁJMIJ-
17

After diagonalizing this real and symmetric matrix M;; via
the orthogonal matrix O;;, we may introduce a new set of
basis functions via F; = )", O;,f; and expand the field
operator in this new set HI(z,¥) = >, P,(¢)F,(r) which
gives the simplified expression
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/d3rf1 coe- T => 1P}, (21)
1

where /; are the eigenvalues of the matrix M. Since the P?
are positive operators, we may even derive a (formal)
bound on the operator level:

/d3rfl-6g-f[$ MR = M p (22)
1 1

where ||M|| = max; |4;| is the norm of the matrix M;; in
analogy to the previous section. It can be estimated by the
maximum “expectation value” [ d*rf - 5e - £ for normal-
ized functions f and thus agrees with max, ||5¢||.

The above operator-valued bound (22) seems to be the
proper quantum generalization of the Heisenberg limit (16)
since the sums 13, p? and 13", P} can be bounded
by the total energy of the probe pulse which reads
13°(P7+9247) in terms of the eigenmodes I with the
eigenfrequencies ;. However, this bound is of limited use
since the expectation value diverges due to the infinite zero-
point energy (as mentioned above). After subtracting this
zero-point energy (17), we cannot deduce the inequality
(P ren < (PP 1en + R2(q?) en @anymore since the renormal-
ized expectation values (p?),., and (§?),, can become
negative. For example, in a squeezed state |0) — |r), we
may increase the momentum variance {p?) —exp{+r}(p?)
while decreasing the position variance (§7) —exp{—r}{¢?),
such that it is below its ground-state value (§7) < (0|g3|0)
which means that (§7),., becomes negative.

Thus, if we naively replace the classical energy € in
the Heisenberg limit (16) by the renormalized expectation
value €., for quantum fields, it would be possible to
violate this bound by squeezing many modes just a little bit
r < 1 such that their (p?),., ~ r increase while the growth
of the energy G, ~ r* is suppressed. One could suspect
that this enhancement would be compensated by the other
terms such as B - 6u - B which contains (§3),., but this is
not the case since different modes contribute differently to
these terms. Thus, one could squeeze those modes where
the first term IT- 8¢ - I dominates in one way (p?) —
exp{+r}(p?) and the other modes where the second
term B -6y - B dominates in the opposite way (p?) -
exp{—r}{p?). For simplicity, we have omitted the third
term « 0% since it has yet another mode structure; see also
Sec. VA.

In summary, the divergent zero-point energy invalidates
a bound like (16) for quantum electrodynamics. To obtain a
generalized bound, one would have to limit the number of
involved modes [ as well as their eigenfrequencies €,
which is difficult [88].

IV. COMPARISON TO POISSON LIMIT

After having derived the Heisenberg limit (16) as our
central result, together with its requirements and limita-
tions, we may apply the well-known concepts of quantum
metrology and discuss its relation to the Poisson (shot-
noise) limit. At first, one might object that a global phase ¢
cannot be measured. While this is correct in principle, this
objection could be circumvented by considering a scenario
involving a quantum superposition of two paths of the
probe pulse, one interacting with the pump field and the
other one not. This state corresponds to a many-body
entangled NOON state (see, e.g., [89-91]):

o — -0 +10.N)
NOON \/E ’

where either all N probe photons take the one path | N, 0) orall
N probe photons take the other path |0, N). Note that this is a
highly nonclassical state, in analogy to the Greenberger-
Horn-Zeilinger (GHZ) state [92,93]. After interaction with
the pump field (in one path only), this state evolves into

(|N,0) 4 €'?]0, N))/+/2 which becomes orthogonal to the
initial state (23) for ¢ = z. Note, however, that both preparing
the initial state (23) as well as measuring the final state
(N, 0) 4 €?]0, N))/+/2 would require effectively N-photon
interactions, i.e., a highly nonlinear optics scheme.

In a typical linear-optics setup the (coherent) state of a
laser is described by the factorizing state

(23)

v [1,0),+10,1)
‘W)laser = f@lﬁ’

where each photon # individually either takes the one path
1, 0) or the other path |0, 1). In this case, one would obtain
a Poisson distribution of the photon numbers in the output
channel and thus the accuracy scales with 1/+/N instead of
1/N, which is the well-known classical Poisson (shot-
noise) limit.

Let us illustrate this distinction in terms of the scaling of
the phase with photon number N. According to the
Heisenberg limit (16), we find

(24)

A(PN = NA(DI s (25)

where Ag; is the phase shift experienced by a single photon
with frequency w:

5ﬂll}}- (26)

’

Ap, = meaxr{Zal + max {||6e
T

Since Ay must be of order unity to obtain a measurable
detection probability, we get the well-known Heisenberg
scaling Ag; ~ 1/N.
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In contrast, the Poisson distribution of the photon
numbers in the classical (i.e., coherent) state (24) results
in a relative accuracy of 1/y/N which yields the well-

known Poisson limit Ag, ~ 1/ V/N: see, e.g., [94].

V. EXPERIMENTAL SCENARIOS

Now we are in the position to apply our findings to
several experimental scenarios known from the literature.
Since the Heisenberg limit (16) is independent of the actual
measurement scheme, we may apply it directly to the
various scenarios in order to compare them and to under-
stand their advantages and drawbacks.

A. Static magnetic pump field

There are several running or planned experiments where
the pump field is an approximately constant magnetic field
of a few Tesla; see, e.g., [17-27]. For a purely magnetic
field, the symmetry-breaking term O6W¥ vanishes (see
Appendix A). The maximum eigenvalues of the remaining
terms Se and Su are given by 10£B3 and 12¢B3, respec-
tively, which are then of order 10722, Thus, the accuracy
requirements are roughly comparable to those for the
detection of gravitational waves at LIGO [95]. Indeed,
there have been studies for the requirements and possibil-
ities to investigate vacuum birefringence at gravitational
wave detectors; see, e.g., [96,97].

As in LIGO, the signal can be amplified by having the
probe photons bounce back and forth many times (in a
cavity, for example), which facilitates a large integration
time 7. (The noise characterization for cavity-enhanced
polarimetry experiments and related issues have been
discussed in [98], for example.) Assuming an optimized
cavity finesse of order 10° and length scales of order meter,
we get an integration time of order w7 = O(10'?) periods
for optical or near-optical photons. Again in analogy to
LIGO, the remaining orders of magnitude should be
compensated by a sufficiently large number of probe
photons. Using the Heisenberg limit (16), we would get
N =0(10") which is a comparably low number.
However, as explained above, this detection scheme would
require an effective N-photon interaction involving this
number of photons, which is currently out of reach.

With laser fields and linear-optics schemes, we can only
reach the Poisson limit, which gives N = O(10%°) corre-
sponding to a probe pulse energy € in the Joule regime.
This shows that such an experiment is not impossible with
present-day technology but still quite challenging.

Note that the actual limit is even a bit larger because
these experiments typically do not measure the polar-
izabilities oe and 6u directly, but only the induced rotation
of polarization—which measured their difference in the
different directions. Otherwise, the rotation of polarization
is very similar to an interferometric setup, where the two
arms correspond to the two polarizations.

B. Optical pump and XFEL probe

Another popular scheme envisions a strongly focused
ultrastrong laser pulse (again in the optical or near-optical
regime) where intensities of order 10> W/cm? or more
should be reachable with present-day or near-future tech-
nology; see, e.g., [99—101]. This corresponds to electric
fields above 10'* V/m which generate polarizabilities Je,
Sy and 8¥ of order 107!, This illustrates a major advantage
in comparison to the static setup in Sec. VA, as the pump
field is much stronger in a laser focus. As a drawback, the
interaction time 7 is limited to the pump pulse length of a
few (say ten) optical cycles.

However, for a probe pulse generated by an XFEL with
photon energies in the 10 keV range, this corresponds to
O(10°) XFEL cycles; see, e.g., [32]. The Heisenberg limit
(16) then gives N = O(10°) photons, i.e., an energy of
010" eV) or O(107° J). Again, as an N-photon inter-
action with these numbers seems unrealistic, the Poisson
limit yields N = O(10'?) photons, corresponding to an
energy of O(10'% eV) or O(1073 J). As before, this shows
that the detection is challenging but not completely out
of reach.

In analogy to Sec. VA, the envisioned scheme is based
on the rotation of the polarization which offers experi-
mental advantages in comparison to an interferometric
setup with x rays but decreases the signal a bit. Note
that, with N = O(10'!) photons in an initially polarized
probe beam (see also [102—-106]), the signal may consist of
a single photon with flipped polarization after several
runs. This necessitates a careful study of potentially
competing effects in order to distinguish the signal from
the background.

C. Optical pump and optical probe

In contrast to the scenario described above, it has also
been discussed to employ an optical (or near-optical) probe
pulse; cf. [30]. Using the same parameters for the pump
pulse, the Heisenberg limit (16) would yield the same
energy € as in Sec. V B. However, the probe pulse would
now contain N = O(10'%) photons because the interaction
time corresponds to a few optical cycles only. The Poisson
limit then yields N = O(10%°) corresponding to an energy
of O(10% eV) or O(10 J). The fact that this is of the same
order as the pump pulse itself shows the challenges of this
detection scheme.

On the other hand, for this all-optical scheme, it is not
necessary to have the optical laser close to an XFEL. Thus,
it might be possible to reach even higher intensities in the
10%* W/cm? regime, which reduces the requirements on
the probe pulse to N = O(10'8) photons, i.e., an energy of
O(10"® eV) or O(107" J). As one possibility, one could
use a dual-beam facility (see, e.g., [107]) or spit off a small
part of the pump pulse before focusing and use it as probe
pulse. This could help ensuring the necessary temporal
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overlap between pump and probe pulse, which can pose a
challenge for the scheme described in Sec. V B. Still,
performing interference experiments with such O(107! J)
pulses containing N = O(10'®) photons is highly non-
trivial. Again in analogy to LIGO, it might be advantageous
to operate the interferometer not exactly at the dark spot but
close to it—corresponding to a small phase mismatch ¢,
between the two arms. For example, using a phase mis-
match of ¢, = 10~ (corresponding to a precision of
placing the mirrors in the nanometer regime), the output
at the dark port would contain O(10'?) photons. A single-
photon phase shift of Ag; = O(10~) would then generate
a signal of O(10°) photons difference on top of the
background of O(10'?) photons. Measuring such a large
photon number with a relative accuracy of O(107%) is
challenging and probably requires an advanced detector
with many megapixels.

On the other hand, this setup could also offer an
advantage as the signal would now contain many
O(10%) coherent photons, which could help distinguishing
it from the background, especially from incoherent noise.

D. Angular dependence

Especially for the latter all-optical scenario, it is probably
unrealistic to assume a head-on collision between pump
and probe pulse. Thus, let us estimate the angular depend-
ence of the phase shift; see also [60]. For simplicity, we
model pump and probe pulse as plane waves (as a first
step). Then, their relative directions can be described in
terms of the three Euler angles v, 9, and ¢. Without loss of
generality, the pump field is supposed to propagate in z
direction with E; and B pointing in x and y directions,
respectively. After starting with the same orientation, the
probe field directions are obtained by three rotations: first, a
rotation around the z axis with the angle ¢, second, a
rotation around the new x axis with the angle 8, followed by
a third rotation around the new z axis with the angle .

Then, the interaction Hamiltonian reads

0
Hin = ~26B3EF (11 = 3sin[2y — 2] sin' 2. (27)

For the copropagating case € = 0, it vanishes identically (as
is well known). In this case, the angles y and ¢ just rotate
the polarization and one can transform into a comoving
Lorentz frame where all fields E, and B as well as E; and
B, become arbitrarily small. The maximum is obtained in
the counterpropagating case € = = where such a Lorentz
boost diminishing all fields is not possible. In this limiting
case, the angles y and ¢ again just rotate the polarization
and the maximum signal is obtained by y — ¢ = —n/4.
Apart from these well-known limiting cases, we see that
this condition y — ¢p = —x/4 does also give the maximum
signal for arbitrary given 6, which may be unavoidable
due to experimental constraints. For small deviations

AO =0 —r from the optimal counterpropagating case
0 = n, we find

Hine = —28EE3E? (1 - @ + (’)([AH]“)). (28)

VI. CONCLUSIONS

We study the general requirements for detecting the
impact of the weak vacuum polarizability (5) predicted
by quantum electrodynamics on the propagation of photons
(i.e., the probe pulse). We find that the lowest-order effect is
a phase shift (12) which could, at least in principle, be
detected by interferometric means. Approximating the
probe pulse by a classical field, we obtain an upper bound
(16) for the phase shift depending on the interaction time 7'
and the total energy € of the probe pulse. Since this phase
shift must be of order unity for a measurable detection
probability, this inequality does also give the Heisenberg
limit (note that €T equals the number of photons N times the
number of periods w7). However, such a measurement
would require a highly nonlinear optics scheme, which is out
of reach for realistic parameters. For a linear-optics scheme,
we recover the well-known Poisson (shot-noise) limit.

Going beyond the classical field approximation, the
failure of proving a bound as (16) for quantum fields hints
at the interesting (theoretical) possibility to reach an even
higher accuracy by exploiting the zero-point fluctuations.
One option could be to squeeze many field modes a little bit
such that their quadratures are modified (in order to
increase the sensitivity) while the total energy expectation
value does not change significantly [108]. For optical
frequencies, such a squeezing could be achieved in non-
linear crystals in analogy to parametric down-conversion,
while for XFEL frequencies, a corresponding undulator
setup could serve the same goal; see also [109]. However,
apart from preparing this squeezed state initially, reading
out the final state poses grand experimental challenges.

Altogether, we obtain three regimes: the linear-optics
regime corresponding to the Poisson (shot-noise) limit, the
Heisenberg limit (16) for (locally) classical fields, and a
regime beyond that limit for quantum fields.

As a demonstration, we apply these limits to three
experimental scenarios, which offer different advantages
(e.g., control of polarization for XFEL fields) and dis-
advantages. For all cases, we find that the detection of the
vacuum polarizability is quite challenging but not com-
pletely out of reach. Note that, apart from the verification
aspect, the vacuum polarizability could also provide a clean
way to measure the peak intensity of the laser, which is a
highly nontrivial task.
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APPENDIX A: VACUUM PERMITTIVITY AND
PERMEABILITY TENSORS

After inserting the split E = E( 4+ E; into B = B + B,
into (2) and keeping the quadratic terms only, we find the
effective Lagrangian for the probe field:

L, =¢{4(E,-Eo—B, -Bg)*+2(Ej-Bj)(E{ -B})

+7(E;-Bo+B-E)>+14(Eo-Bo)(E;-B,)}.  (Al)

This effective Lagrangian provides information about the
vacuum polarization tensors (e, du and dy) which can be
extracted after comparing with (5)

1 1
Ll:§E1'5€'E1+§Bl'5ﬂ‘Bl+E1‘5T‘Bl- (A2)

Therefore these tensors are given in terms of the electric
and magnetic components of the pump pulse:
Se;j = 28(2(Ej — B§)S; + 4EoEo; + TBoiBy;),  (A3)

which is a symmetric tensor, du is obtained from de by
interchanging E and B:

ou = (6¢){E; < B;,E < B}, (A4)
and finally the symmetry-breaking tensor
5lP’J — 25(7E0 . B05ij + 7E0jBOi - 4EOIBOJ) (AS)

As has been already discussed in Sec. III, we need to
compute the eigenvalues of de and op and the singular
values of Sy since the latter is in general an asymmetric
tensor. It is straightforward to obtain the eigenvalues 4, 5 3
of the symmetric tensors. For a general pump field, we
obtain for de

Ao = (3B + 8Eg)

+ £\/49B] + 16E] — S6BIE] + 112(E, - By)?,
A3 = 45(Ej - BY). (A6)

In the limit of constant crossed fields they simplify to

41| = 14ZE5,
4| = 8EES,
A3 =0. (A7)
Then the spectral representation of de is
3
Se = Z/l,v, ® vy, (A8)
=1

where v, are the eigenvectors of de (after a suitable rotation
of the coordinate system)

v, = (1,0,0), v, = (0,1,0), vz = (0,0,1),
and for Su (with its eigenvalues are denoted by A;) the
eigenvalues are simply obtained from the ones for e by the
following replacements:

A = /ll(Ei <~ Bi)’
Ay = A(E; < By),

A3 = 13(Ei <> Bl) (Ag)
In the limit of plane-wave background (or constant crossed
fields), the two sets of eigenvalues for de and oy become
equivalent—so to obtain the upper bound, it suffices to
consider the maximum value of one of them. Bounding
the terms in the Hamiltonian with de and Sy is simple since
they have real eigenvalues; therefore, one can consider the
maximum value of their eigenvalues as discussed in
Sec. IIT A. The most nontrivial term is the one with dy
since it has no symmetry in general; then a direct
eigenvalue computation may lead to imaginary values
which correspond to nonorthogonal set of eigenvectors.
Therefore one can rely on singular value decomposition
which are defined based on the following theorem [110].

If A is a real m x n matrix, then there exist two
orthogonal matrices U = [uy,...,u,] € R and V =

[Vi,...,V,] € R™" such that
UTAV = diaglo,. ....0,] € R™" (A10)
where p = min{m,n} and
6120,>--20,20. (A11)
In other words the singular values o, ...,6, of a mxn

matrix A are the positive square roots, 6; = \/4; > 0, of the
nonzero eigenvalues of the associated Gram matrix
K = ATA. The corresponding eigenvectors of K are known
as the singular vectors of A (note that for m #n or
rectangular matrices there is no eigenvalue in its general
definition and that is why one finds the singular values).

This theorem leads to the following singular decom-
position for a nonsymmetric matrix A € R"™":

A= Zalul ® A\ (A12)
I1=1

and from here

AAT = "ctu; @y, (A13)
=1
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in which ¢; are the singular values and the left and right
singular vectors u; and v; for I = 1,2, ..., n, respectively.
Applying this theorem to Sy we get

o1, = 282[65E3B] + 84(E( - By)?]

+ 622\ / 121BSES + 168E3B3 (Eo - By)2,

o3 = 196£2(E, - By)?. (A14)
For a constant crossed field they give
lo1| = 14EE2,
|02| = SfE(z),
o3 =0. (A15)

COS |y cos ¢p — cos @sin ¢ siny
A=DBCD =

sin @ sin ¢

Therefore we have the following equation:

X = Ax, (B2)

where x = (x,y,z) and X = (X, Y, Z). To obtain a general
form for the interaction Hamiltonian we need the probe
electric and magnetic fields (E,,, B,,). For a general probe
field we have the following transformation:

EX = AEX,
BX = ABX.

—siny cos ¢p — cos @sin ¢ cos y

After having the eigenvalues of de¢ and Su as well as the
singular values of Sy one can easily compute the phase
given in (16).

APPENDIX B: THE ROTATION MATRIX

Let us consider two different frames for the pump and
probe pulses in which the former is fixed to be denoted by
xyz and the latter XY Z. We need three Euler angles to rotate
XYZ [111]. The sequences of the rotations are the follow-
ing: XYZ rotates by an angle ¢ about the Z axis to obtain
&n¢ with corresponding rotation matrix D. For the second
rotation, &n¢ is rotated about the ¢ axes by an angle 0 to
obtain new axes called &'5/¢" with rotation matrix C. Finally
in the last step the latter is rotated by an angle y about {’ to
obtain xyz with rotation matrix 3. The three successive
rotations lead to a transformation matrix .A:

cosy sing + cos@cosgsiny  siny sinf
—siny sing 4 cos@cos ¢ cosy sinfcosy (B1)
—sinécos ¢ cos 6

|
If we consider a constant crossed background for the probe
pulse in which the propagation direction lies again in Z and
E, and B, in X and Y directions accordingly, then the
interaction Hamiltonian defined in (7) with the polarization
tensors obtained in Appendix A one arrives at

Hine = —2EEZE2 (11 — 3 sin(2y — 2¢)) sin* (g) . (B4)

which has a maximum at (0 = 7,y — ¢ = —n/4).
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