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Parc Científic de Paterna, C/ Catedrático José Beltrán, 2 E-46980 Paterna, Valencia, Spain

4Consejo Nacional de Ciencia y Tecnología, Avenida de los Insurgentes Sur 1582, Colonia Crédito
Constructor, Delegación Benito Juárez, C.P. 03940, Ciudad de México, México
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We examine the implications of a recently proposed theory of fermion masses and mixings in which an
A4 family symmetry emerges from orbifold compactification. We analyze two variant schemes concerning
their predictions for neutrino oscillations, neutrinoless double-beta decay, and the golden quark-lepton
unification mass relation. We find that upcoming experiments DUNE as well as LEGEND and nEXO offer
good chances of exploring a substantial region of neutrino parameters.
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I. INTRODUCTION

The discovery of neutrino oscillations [1,2] has pro-
mpted a great experimental effort toward precision mea-
surements [3]. Indeed, the pattern of neutrino mass and
mixing parameters is strikingly at odds with the one
that characterizes the quark sector, suggesting that it can
hardly be expected to happen just by chance. The most
popular approach to bring a rationale to the pattern of
neutrino mixing involves the idea that there is some
non-Abelian family symmetry in nature. In a model-
independent way, one may assume the existence of some
residual CP symmetry characterizing the neutrino mass
matrix, irrespective of the details of the underlying theory
[4–6]. A more ambitious approach is, of course, to guess
what the family symmetry actually is and to build explicit
flavor models on a case-by-case basis [7–11]. However,
pinning down the nature of such symmetry among the
plethora of possibilities is a formidable task.
An interesting theoretical idea has been to imagine the

existence of new dimensions in space-time, as a way to

shed light on the possible nature of the family symmetry
in four dimensions. In this context, six-dimensional theo-
ries compactified on a torus have been suggested [12,13]
and a realistic standard model extension has recently
been proposed [14] in which fermions are nicely arranged
within the framework of an A4 family symmetry. The
theory yields very good predictions for fermion masses and
mixings, including the “golden” quark-lepton unification
formula [15–19].
In this work we focus on the possibility of probing the

implications of this theory within the next generation of
neutrino experiments. This includes the long-baseline Deep
Underground Neutrino Experiment (DUNE) [20,21], as
well as neutrinoless double-beta decay (0νββ for short)
searches. In Sec. II, we describe the theory framework,
identifying two model setups, while in Sec. III we deter-
mine the potential of upcoming neutrino experiments, such
as DUNE and 0νββ experiments to probe our orbifold
compactification predictions.

II. THEORY FRAMEWORK

Our model features a six-dimensional version of the
standard model SUð3Þ ⊗ SUð2Þ ⊗ Uð1Þ gauge symmetry,
together with three right-handed neutrinos and supple-
mented with the orbifold compactification described in
our previous paper [14]. The transformation properties of
the fields under the gauge and A4 family symmetry and
their localization on the orbifold are shown in Table I.
The scalar sector consists of three Higgs doublets and an

extra singlet scalar σ, all transforming as flavor triplets.
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They are charged under a Z3 symmetry, so that Hd only
couples to down-type fermions (charged leptons and down
quarks),Hu couples only to up quarks, andHν only couples
to neutrinos.
The effective Yukawa terms are given by

LY ¼ yNνcνcσ þ yν1ðLHνν
cÞ1 þ yν2ðLHνν

cÞ2
þ yd1ðQdcHdÞ1 þ yd2ðQdcHdÞ2 þ ye1ðLecHdÞ1
þ ye2ðLecHdÞ2 þ yu1ðQHuÞ10uc1 þ yu2ðQHuÞ100uc2
þ yu3ðQHuÞ1uc3; ð1Þ

where the symbol ðÞ1;2 indicates the possible singlet
contractions 3 × 3 × 3 → 11;2 and 3 × 3 → 11;10;100 in A4.
All dimensionless Yukawa couplings are assumed to be real
due to a CP symmetry.
The scalar field σ gets a vacuum expected value (VEV)

that breaks spontaneously lepton number and the A4 family
symmetry, giving large Majorana masses to the right-
handed neutrinos. The corresponding VEV is aligned as

hσi ¼ vσ

0
B@

1

ω

ω2

1
CA; ð2Þ

with ω ¼ e2πi=3, the cube root of unity.
As A4 is broken at a high mass scale, the Higgs doublets

can obtain the most general spontaneous CP violating
alignment, which we parametrize as

hHui ¼ vu

0
B@

ϵu1e
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1

1
CA; hHνi ¼ vνeiϕ
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CA: ð3Þ

An important prediction of the model comes from the
fact that the charged leptons and down quarks obtain their
masses from the same Hd, so that the A4 structure implies
the golden relation between their masses [15]

mτffiffiffiffiffiffiffiffiffiffiffiffimμme
p ¼ mbffiffiffiffiffiffiffiffiffiffiffiffi

msmd
p : ð4Þ

This relation is in good agreement with experiments [22]
and is rather robust against renormalization group running.
The explicit form of the mass matrices for the matter

fields (up to unphysical rephasings) is given as

Mu ¼ vu
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In what follows, we adopt the standard parametrization
for the Cabibbo-Kobayashi-Maskawa (CKM) matrix,

VCKM ¼

0
B@
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TABLE I. Field content of the model.

Field SUð3Þ SUð2Þ Uð1Þ A4 Z3 Localization

L 1 2 −1=2 3 ω2 Brane
dc 3̄ 1 1=3 3 ω Brane
ec 1 1 1 3 ω Brane
Q 3 2 1=6 3 ω2 Brane
uc1;2;3 3̄ 1 −2=3 100; 10; 1 ω2 Bulk
νc 1 1 0 3 1 Brane

Hu 1 2 1=2 3 ω2 Brane
Hd 1 2 −1=2 3 1 Brane
Hν 1 2 1=2 3 ω Brane
σ 1 1 0 3 1 Bulk
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and the symmetrical presentation of the lepton mixing matrix [23,24],

K ¼

0
B@
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with cfij ≡ cos θfij and s
f
ij ≡ sin θfij, where f ¼ q;l. The advantage of using the symmetrical parametrization for the lepton

mixing matrix resides in the transparent role of the Majorana phases in the effective mass parameter characterizing the
amplitude for neutrinoless double-beta decay

hmββi ¼
����
X3
j¼1

K2
ejmj

���� ¼ jcl212cl213m1 þ sl212c
l2
13m2e2iϕ12 þ sl213m3e2iϕ13 j; ð8Þ

while keeping a rephasing-invariant expression for the
Dirac phase

δl ¼ ϕ13 − ϕ12 − ϕ23; ð9Þ

which affects neutrino oscillation probabilities.

A. Model Setup I (MI)

Following [14], we may further assume that the Higgs
VEVs preserve conventional (trivial) CP symmetry, and
therefore, they are real. Together with the reality of the
Yukawa couplings, this implies that the only source of CP
violation is the phase ω. This leads to a very strong
predictivity.
The model is specified by 15 parameters (yν1;2vν; y

e;d
1;2vd;

yu1;2;3vu; ϵ
u;ν;d
1;2 ) that describe 22 low-energy flavor observ-

ables: (mu;c;t;d;s;b;e;μ;τ; mν
1;2;3; θ

q
12;13;23; δ

q; θl12;13;23;ϕ12;13;23),

including the neutrino Majorana phases. One extra param-
eter (yNvσ) defines the masses of the three right-handed
neutrinos.
One can perform a global fit to the flavor observables by

defining the chi-square function

χ2 ¼
X

ðμexp − μmodelÞ2=σ2exp; ð10Þ

TABLE II. Best-fit values of the model parameters of MI. Here
CP violation is generated by a fixed phase ω.

Parameter Value

ye1vd=GeV 1.745
ye2vd=ð10−1 GeVÞ −1.019
yd1vd=ð10−2 GeVÞ −4.690
yd2vd=GeV 2.88

yν1vν=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YNvσ meV × 10−1

p
7.54

yν2vν=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YNvσ meV

p
× 10−3Þ 1.89

yu1vu=ð10−1 GeVÞ 6.24
yu2vu=ð102 GeVÞ 1.71
yu3vu=GeV −7.13
ϵu1=10

−4 −6.90
ϵu2=10

−2 6.24
ϵd1=10

−3 −2.74
ϵd2=10

−3 6.00
ϵν1 1.16
ϵν2=10

−1 −3.23

TABLE III. Global best-fit of flavor observables within MI.

Observable

Data

Model best fitCentral value 1σ range

θl12=° 34.44 33.46 → 35.67 34.36
θl13=° 8.45 8.31 → 8.61 8.31
θl23=° 47.69 45.97 → 48.85 48.47
δl=° 237 210 → 275 268
me=MeV 0.489 0.489 → 0.489 0.489
mμ=GeV 0.102 0.102 → 0.102 0.102
mτ=GeV 1.745 1.743 → 1.747 1.745
Δm2

21=ð10−5 eV2Þ 7.55 7.39 → 7.75 7.63
Δm2

31=ð10−3 eV2Þ 2.50 2.47 → 2.53 2.42
m1=meV 4.12
m2=meV 9.66
m3=meV 50.11
ϕ12=° 250
ϕ13=° 187
ϕ23=° 29

θq12=° 13.04 12.99 → 13.09 13.04
θq13=° 0.20 0.19 → 0.22 0.20
θq23=° 2.38 2.32 → 2.44 2.37
δq=° 68.75 64.25 → 73.25 60.25
mu=MeV 1.28 0.76 → 1.55 1.29
mc=GeV 0.626 0.607 → 0.645 0.626
mt=GeV 171.6 170 → 173 171.6
md=MeV 2.74 2.57 → 3.15 2.75
ms=MeV 54 51 → 57 51
mb=GeV 2.85 2.83 → 2.88 2.91

χ2 12.4
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where the sum runs through the 19 measured physical
parameters (note that the overall neutrino mass scale and
the two Majorana phases are currently undetermined). We
make use of the MPT package [25] to obtain the flavor
observables from the mass matrices in Eq. (5). Then we
scan the 15 free parameters and find the values that
minimize the χ2 function. Neutrino oscillation parameters
are taken from the global fit in Ref. [3], while the rest of the
observables are taken from the Particle Data Group [22].
For consistency of the fit, all quark and charged lepton
masses are evolved to the same common scale, which we
choose to be MZ. The running of CKM and neutrino
mixing parameters is negligible [26,27]. The results are
shown in Tables II and III. One sees from the fit that
χ2 ¼ 12.4. This indicates a relatively good global fit, with
some tension in the description of quark CP violation, as
seen from the tables. The origin for this is traced to the
absence of a free parameter describing CP violation, as
discussed above.

B. Model Setup II (MII)

We can now relax the assumption that all the Higgs
VEVs are real, allowing them to be general complex
numbers. However, we keep the assumption that the
Yukawa couplings are real. This reinstates two physical
phases ϕν;d

1 − ϕν;d
2 , now increasing the number of free

parameters to 17, for a total of 22 flavor observables.
In this general setup, we loose predictivity for the

physical CP violating phases δl;q, leading to a drastic
improvement of the global fit, achieving a minimum χ2 ¼
1.6 as seen in Tables IV and V. Notice now the very good

agreement of all of the observables, including the value of
the CKM CP violation phase δq.
As mentioned above, a characteristic feature of our

schemes is the golden quark-lepton mass relation given
in Eq. (4). We now turn to study this prediction as obtained
from our global fits of flavor observables within models I
and II. In Fig. 1 we use the golden quark-lepton mass
relation in MI and MII to make predictions for the down-
and strange-quark masses. Here the cyan bands stand for
the 1, 2, and 3σ regions compatible with the exact golden
relation mτ=

ffiffiffiffiffiffiffiffiffiffiffiffimμme
p ¼ mb=

ffiffiffiffiffiffiffiffiffiffiffiffi
msmd

p
at the MZ scale, and

the yellow contours are the 1, 2, and 3σ regions for the
quark mass parameters measured at the same scale. To
better appreciate the predictive power of our framework, we
have varied randomly the parameters of MII around the
best-fit point in Tables IV and V, and we have determined
the shape of the parameter region consistent at 3σ with all
the 19 measured parameters of the model. This region is
shown in purple in Fig. 1. The corresponding contour for
MI is not shown as it is very similar, given the fact that the
golden relation is not very sensitive to the improvement of
the CP violating phases in MII, compared to MI. However,
one can see that the best-fit point for scheme MII, indicated

TABLE IV. Best-fit values of the model parameters of MII.
Here there are two free CP violation phases.

Parameter Value

ye1vd=ð10−1 GeVÞ −1.020
ye2vd=GeV 1.745
yd1vd=ð10−2 GeVÞ −5.069
yd2vd=GeV 2.869

yν1vν=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YNvσ meV

p
−1.461

yν2vν=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YNvσ meV

p
7.647

yu1vu=ð10−1 GeVÞ 6.198
yu2vu=ð102 GeVÞ 1.712
yu3vu=GeV 7.143
ϵu1=10

−4 −6.926
ϵu2=10

−2 −5.058
ϵd1=10

−3 2.812
ϵd2=10

−3 5.863
ϵν1=10

−1 −9.950
ϵν2=10

−1 5.979
ðϕd

1 − ϕd
2Þ=π −1.078

ðϕν
1 − ϕν

2Þ=π 1.093

TABLE V. Global best-fit of flavor observables within MII.

Observable

Data

Model best fitCentral value 1σ range

θl12=° 34.44 33.4 → 35.67 34.65
θl13=° 8.45 8.31 → 8.61 8.44
θl23=° 47.69 45.97 → 48.85 47.56
δl=° 237 210 → 275 198.3
me=MeV 0.489 0.489 → 0.489 0.489
mμ=GeV 0.102 0.102 → 0.102 0.102
mτ=GeV 1.745 1.743 → 1.747 1.745
Δm2

21=ð10−5 eV2Þ 7.55 7.39 → 7.75 7.55
Δm2

31=ð10−3 eV2Þ 2.50 2.47 → 2.53 2.42
m1=meV 24.31
m2=meV 25.81
m3=meV 55.60
ϕ12=° 252.5
ϕ13=° 142.3
ϕ23=° 51.5

θq12=° 13.04 12.99 → 13.09 13.04
θq13=° 0.20 0.19 → 0.22 0.20
θq23=° 2.38 2.32 → 2.44 2.38
δq=° 68.75 64.25 → 73.25 69.25
mu=MeV 1.28 0.76 → 1.81 1.29
mc=GeV 0.626 0.607 → 0.645 0.626
mt=GeV 171.6 170 → 173 171.6
md=MeV 2.74 2.35 → 3.15 2.51
ms=MeV 54 51 → 57 54
mb=GeV 2.85 2.76 → 2.94 2.87

χ2 1.6
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by the black cross, is now compatible at 1σ with the exact
golden formula.

III. PROBING NEUTRINO PREDICTIONS

In this section, we present a close-up of the neutrino
predictions of our orbifold compactification schemes,
examining also the capability of future experiments to test
them.

A. Neutrino oscillations at DUNE

We start by quantifying the capability of the DUNE
experiment to test the oscillation predictions resulting from
the A4 family symmetry, as realized from a six-dimensional
space-time after orbifold compactification. Before present-
ing details about the simulated results, we first give a brief
technical overview of the simulation details of DUNE,
the proposed next generation superbeam neutrino oscilla-
tion experiment at Fermilab, USA [20,21]. The collabora-
tion plans to use neutrinos from the main injector at
Fermilab as a neutrino source. In this experiment, the first
detector will record particle interactions near the beam
source, at Fermilab. On the other hand, the neutrinos from
Fermilab will travel a distance of 1300 km before reaching
the far detector situated at the underground laboratory of
the Sanford Underground Research Facility in Lead, South
Dakota. The proposed far detector will use four 10 kton
volume of liquid argon time-projection chambers. The
expected neutrino flux corresponding to 1.07 MW beam
power gives 1.47 × 1021 protons on target per year for an
80 GeV proton beam energy. We follow the same procedure
as given in [28] for performing our numerical analysis of

DUNE. The GLoBES package [29,30], along with the
auxiliary files as mentioned in [21], has been utilized for
the simulation. We adopt 3.5 yr running time in both
neutrino and antineutrino modes, with a 40 kton total
detector volume. In the numerical analysis, we also take
into account both the appearance and disappearance chan-
nels of neutrinos and antineutrinos. In addition, both the
signal and background normalization uncertainties for the
appearance as well as disappearance channels have been
taken into account in our analysis, as mentioned in the
DUNE conceptual design report [21].
Given that normal mass ordering (i.e., m1 < m2 < m3)

of neutrinos is currently preferred over the inverted one
(i.e., m3 < m1 < m2) at more than 3σ [3], we focus on the
first scenario throughout this work.
In what follows, we examine the sensitivity regions of

DUNE in the ðsin2 θl23; δlÞ for different seed points. These
are shown at 1σ (dark orange), 2σ (orange), and 3σ (lighter
orange) confidence level, respectively.
In Fig. 2, we show the expected 1, 2, and 3σ DUNE

sensitivity regions in the ðsin2 θl23; δlÞ plane. Here we
assume model setup MI and take the latest neutrino
oscillation best-fit point from [3] as benchmark, as indi-
cated by the black asterisk. The corresponding MI theory
predictions are indicated by the brown 3σ confidence level
region, and its best-fit point, as given in Tables II and III, is
shown by the black dot. One sees that DUNE will be able to
rule out predicted correlation between sin2 θl23 and δ

l for MI
at 1σ C.L. In contrast, we note that the predicted region in
MII covers the full DUNE sensitivity contours, so we do
not show this plot in Fig. 2. In other words, if the current
best-fit value of the oscillation parameters remains, DUNE
will not be able to rule out the predictions for MII even at
1σ C.L.
We now change our seed points, adopting as benchmarks

the ðsin2 θl23; δlÞ best-fit points predicted in each of the
models described above. The resulting DUNE sensitivity
regions are given in Fig. 3.

40 45 50 55 60 65 70

2.0

2.5

3.0

3.5

4.0

ms MeV

m
d
M
eV

×
×

FIG. 1. Prediction for the down- and strange-quark masses
at the MZ scale. The cyan contours represent the 1, 2, and 3σ
allowed regions from the golden relation mτ=

ffiffiffiffiffiffiffiffiffiffiffiffimμme
p ¼ mb=ffiffiffiffiffiffiffiffiffiffiffiffi

msmd
p

. The yellow contours show the 1, 2, and 3σ ranges of the
measured quark masses at the MZ scale [27]. The blue region is
the allowed parameter space consistent at 3σ with the global
flavor fit in Tables IV and V. The red (black) cross indicates the
location of the best-fit point for MI (MII).

*

FIG. 2. DUNE sensitivity region in the ðsin2 θl23; δlÞ plane. The
asterisk represents the latest neutrino oscillation best fit [3], while
the black dot is the predicted best fit, as given in Tables II and III.
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One sees from the left panel that, if the MI predicted
value of ðsin2 θl23; δlÞ is the true benchmark value, then
DUNE (after 3.5 running time in both neutrino and
antineutrino modes) can rule out maximal value of θl23,
i.e., sin2 θl23 ¼ π=2 at 2σ confidence level. On the other
hand, by adopting the MII predicted best fit as the true seed
value, we notice from the right panel that DUNE can rule
out maximal value of sin2 θl23 at 1σ, whereas it can rule out
δl ¼ 3π=2 at 3σ confidence level.

B. Neutrinoless double-beta decay

We now turn to the predictions for neutrinoless double-
beta decay in models MI and MII and confront them with

experimental sensitivities [31–38]. This is shown in Fig. 4.
The values for the effective mass hmββi consistent at 3σ
with the measured flavor observables (mainly neutrino
oscillation parameters) obtained from the global fit are
represented by the green contour for the case of the
“constrained” model MI and by the blue one for MII.
The theory predicted regions are obtained by allowing the
free parameters to vary randomly from the best-fit point
while simultaneously complying at 3σ with all the mea-
sured observables of the global fit. One sees that the
predicted region for MII becomes wider, while the region
for MI remains quite small. This is due to the effect of the
variation of the available free phases in MII ϕν;d

1 − ϕν;d
2 ,

which are directly related to the Majorana phases. In
contrast, in MI the only available CP violating phase is
fixed, leading to sharply predicted 0νββ decay amplitude,
which cannot deviate much from its best-fit value.
Interestingly enough, predictivity is not destroyed by the

inclusion of those extra phases, and MII still has upper and
lower bounds for both the effective mass hmββi and the
lightest neutrino mass parameter. As a visual guide for the
experimental searches of 0νββ, in Fig. 4 the horizontal
yellow band indicates the current experimental limits from
KamLAND-Zen (61–165 meV) [31], while the dashed
lines correspond to the most optimistic sensitivities pro-
jected for SNOþ Phase II (19–46 meV) [35], LEGEND
(10.7–22.8 meV) [36], and nEXO (5.7–17.7 meV) [37].
One sees that the best-fit point for MII, marked with a black
point, becomes testable by the next generation of 0νββ
experiments LEGEND and nEXO. Finally, the vertical gray
band represents the current sensitivity of cosmological data
from the Planck Collaboration [39].

IV. CONCLUSION

We have investigated the implications of a recently
proposed theory of fermion masses and mixings based
on an A4 family symmetry that arises from the compacti-
fication of a six-dimensional orbifold. We have analyzed
two variations of the idea, a constrained one, in which CP

*

*

FIG. 3. DUNE ðsin2 θ23; δlÞ sensitivity regions in models (left) MI and (right) MII, assuming the corresponding best-fit points obtained
in setup (left) MI and (right) MII, respectively, as indicated by the asterisks.

FIG. 4. Effective Majorana neutrino mass parameter hmββi as a
function of the lightest active neutrino mass m1. Here the green
(blue) contour represents the predicted hmββi parameter space
consistent at 3σ with the global flavor fit for model setup MI
(MII), and the best-fit value is shown by the red (black) dot. The
current KamLAND-Zen limit is shown by the light yellow band,
and the projected sensitivities for future experiments are indicated
in dashed horizontal lines; see text for details.
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violation is strictly predicted, and another where CP phases
are free to vary. We have quantified the predictions of these
schemes for neutrino oscillations, neutrinoless double-beta
decay, and the golden quark-lepton mass formula. We have
found that the projected long-baseline experiment DUNE
can probe the model predictions concerning the maximality
of the atmospheric mixing or the value of the CP phase in a
meaningful way. Likewise, the next generation of neutrino-
less double-beta decay experiments, especially LEGEND
and nEXO, could probe our model MII in a substantial
region of parameters.
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