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We derive the low-temperature behavior of the Casimir-Polder free energy for a polarizable atom
interacting with graphene sheet which possesses the nonzero energy gap A and chemical potential x. The
response of graphene to the electromagnetic field is described by means of the polarization tensor in the
framework of the Dirac model on the basis of first principles of thermal quantum field theory in the
Matsubara formulation. It is shown that the thermal correction to the Casimir-Polder energy consists of
three contributions. The first of them is determined by the Matsubara summation using the polarization
tensor defined at zero temperature, whereas the second and third contributions are caused by an explicit
temperature dependence of the polarization tensor and originate from the zero-frequency Matsubara
term and the sum of all Matsubara terms with nonzero frequencies, respectively. The asymptotic behavior
for each of the three contributions at low temperature is found analytically for any value of the energy gap
and chemical potential. According to our results, the Nernst heat theorem for the Casimir-Polder free
energy and entropy is satisfied for both A > 2u and A < 2u. We also reveal an entropic anomaly arising in
the case A = 2u. The obtained results are discussed in connection with the long-standing fundamental
problem in Casimir physics regarding the proper description of the dielectric response of matter to the

electromagnetic field.
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I. INTRODUCTION

At the moment there is a strong interest in theoretical and
experimental investigations of the Casimir [1] and Casimir-
Polder [2] forces which act between electrically neutral
bodies spaced at short separations one from the other.
These forces are of entirely quantum nature and are caused
by the zero-point and thermal fluctuations of the electro-
magnetic field. At separations exceeding several nano-
meters the Casimir force, which acts between two
macroscopic bodies, and the Casimir-Polder force, acting
between an atom and a material surface, are of relativistic
character by depending on both the Planck constant 7 and
the speed of light c. In fact these forces present the
relativistic generalization of the familiar van der Waals
forces [3], but take on greater significance due to multi-
disciplinary applications not only in atomic physics [4—12]
and condensed matter physics [13—15], but also in quantum
field theory [16—18], gravitation and cosmology [19-22],
and for constraining predictions of high energy physics,
supersymmetry and supergravity [23-28].

A theoretical description of the Casimir and Casimir-
Polder forces between real material bodies is based on the
semiclassical Lifshitz theory [29,30], which treats the
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electromagnetic field in the framework of quantum field
theory, but uses the classical description of matter by means
of some phenomenological response functions (in certain
limits one can derive these forces without involving the
Lifshitz theory, see, e.g., Refs. [1,2,31]). In the framework
of this theory, the Casimir-Polder atom-plate interaction
is expressed via the frequency dependent atomic polar-
izability and the dielectric permittivity of a plate material.
Although the Lifshitz theory was successfully used
over a period of several decades, modern precise experi-
ments performed during the past few years revealed
serious contradictions between experiment and theory.
Specifically, for two metallic bodies the theoretical pre-
dictions obtained with taken into account relaxation proper-
ties of free (conduction) electrons were found to be in a not
so far reconcilable contradiction with the measurement data
(see Refs. [32-40] and reviews in Refs. [41-43]). The
contradiction arises if the available optical data of a metal
are extrapolated down to zero frequency by the well tested
Drude model taking the proper account of the relaxation
properties of free electrons and dies away if the lossless
plasma model is used which should be applicable only at
high frequencies.
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By an intriguing coincidence, the Casimir entropy,
calculated using the Lifshitz theory combined with the
Drude model, does not vanish with vanishing temperature
for metals with perfect crystal lattices and depends on the
volume and other parameters of a system [44—48]. Thus,
the Nernst heat theorem, which demands that for a physical
system in thermal equilibrium the entropy at zero temper-
ature must either vanish or be equal to the universal
constant independent on the system parameters [49,50],
is violated in this case. In doing so, the Nernst heat theorem
is satisfied if the plasma model is used [44—48] which is
consistent with measurements of the Casimir force, but is in
conflict with all our knowledge about the electric phenom-
ena occurring at low frequencies. It was noticed also
[51-53] that the Casimir entropy jumps to zero at a very
low temperature starting from the negative value if the
Drude model is used for metals with an imperfect crystal
lattice containing some fraction of impurities. This obser-
vation, however, does not help to bring the Drude-based
theory in agreement with the measurement results for the
Casimir force.

A somewhat similar situation was discovered for the
Casimir force between two dielectric bodies and for the
Casimir-Polder force between a polarizable atom in close
proximity to a dielectric plate. It was found that theoretical
predictions of the Lifshitz theory obtained with taken
into account conductivity at a constant current (dc con-
ductivity) of a dielectric material are in contradiction with
the measurement data of Casimir experiments [54-57]. To
bring the theoretical predictions in agreement with the
measurement data, one needs to omit in computations the
really observable dc conductivity of a material [11,54-57].
It seems meaningful that the calculated values of both the
Casimir and Casimir-Polder entropies at zero temperature
were found to violate the Nernst heat theorem if the dc
conductivity of a dielectric body is included in calculations
and in agreement with this theorem otherwise [58-62].
Thus, the theoretical approach consistent with the results of
Casimir experiments, in spite of its inconsistency with
clearly established facts in other fields of physics, was
again found in accordance with the requirements of
thermodynamics. The above contradictions have often been
called in the literature the Casimir puzzle and the Casimir
conundrum (see, e.g., Refs. [63—-67]) which still remain
unresolved.

From the above reasoning it may be suggested that the
Nernst heat theorem plays an important role as a test for
different approaches to a description of the dielectric
response of matter. The weak point of existing approaches
is the use of phenomenological local dielectric permittiv-
ities given by the Drude and plasma models. It is the matter
of fact that real dielectrics and metals are too complicated
systems, so that their response to the electromagnetic field
cannot be found exactly on the basis of first principles of
thermal quantum field theory. In this regard, much attention

is currently attracted to graphene which is a 2D sheet of
carbon atoms packed in a hexagonal lattice. The remark-
able feature of graphene is that at energies below 1-2 eV it
is described by the Dirac model where the speed of light is
replaced with the Fermi velocity v, ~ ¢/300 [68-70]. This
opens opportunities for a full description of the nonlocal
dielectric properties of graphene in the framework of
thermal quantum field theory in the Matsubara formulation.
It should be noted also that the Casimir-Polder interaction
of different atoms with graphene and graphene-coated
substrates attracts much recent attention [71-80]. This
raises a question on whether or not the Casimir and
Casimir-Polder entropy in graphene systems is consistent
with the Nernst heat theorem.

This question can be investigated by describing the
dielectric response of graphene in terms of its polarization
tensor. The exact expressions for the polarization tensor of
graphene with a nonzero energy gap A at zero temperature
have been found in Ref. [81]. In Ref. [82] they were
generalized for the case of nonzero temperature, but only at
the pure imaginary Matsubara frequencies. In Ref. [83]
another representation for the polarization tensor of gra-
phene was obtained valid over the entire plane of complex
frequencies. In Ref. [84] it was generalized to the case of
nonzero chemical potential u. A validity of the Kramers-
Kronig relations for the obtained dielectric response has
been demonstrated in Ref. [85]. Thus, it was proven that the
dielectric response of graphene satisfies the causality
condition. Using the results of Ref. [83], it was shown
that the Casimir entropy of two parallel sheets of pristine
graphene, possessing the zero energy gap and chemical
potential, as well as the Casimir-Polder entropy for an atom
interacting with a pristine graphene sheet, satisfy the Nernst
heat theorem [86,87]. The low-temperature expansion of
the Casimir-Polder free energy for an atom interacting with
real graphene sheet possessing any values of A and y was
considered in Ref. [88], and several main terms under
different relationships between A and y have been found.
Some of them, however, turned out to be in disagreement
with the results of Ref. [89] obtained only in the special
case A > 2u. Thus, the issue on a validity of the Nernst heat
theorem for an atom interacting with real graphene sheet
remained open.

In this paper, we investigate the analytic behavior of the
Casimir-Polder free energy and entropy at low temperature
for an atom interacting with real graphene sheet for any
relationships between the energy gap A and chemical
potential y basing on first principles of thermal quantum
field theory in the Matsubara formulation. For this purpose,
the thermal correction to the Casimir-Polder energy is
presented as a sum of three contributions. The first of them
is obtained using the polarization tensor of graphene at zero
temperature. In this case the temperature dependence arises
only due to a summation over the Matsubara frequencies.
The second and third contributions originate from an
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explicit dependence of the polarization tensor on temper-
ature as a parameter in the Matsubara term with zero
frequency and in the sum of terms with all nonzero
Matsubara frequencies, respectively. It is shown that for
A > 2u the Casimir-Polder free energy at sufficiently
low temperature behaves as ~(kzT)>, where kg is the
Boltzmann constant whereas for A <2u as ~(kzT)>.
These behaviors are determined by the first contribution
to the thermal correction. The conclusion is made that for
A > 2p and A < 2u the Casimir-Polder free energy and
entropy for an atom interacting with graphene sheet are in
agreement with the Nernst heat theorem. The main terms of
the second and third contributions in the thermal correction
to the Casimir-Polder energy are also found. According to
the obtained results, for A = 2u the Casimir-Polder free
energy at low temperature is of the order of k37T and is
determined by the third contribution to the thermal cor-
rection. The physical meaning of the resulting entropic
anomaly is discussed.

The paper is organized as follows. In Sec. II, the Casimir-
Polder free energy for an atom interacting with real
graphene sheet is conveniently expressed via the polariza-
tion tensor. In Sec. 111, the low-temperature behavior of the
first contribution to the thermal correction arising due to
the Matsubara summation is found using the polarization
tensor at zero temperature. Section IV considers the second
contribution to the thermal correction arising from an
explicit temperature dependence of the polarization tensor
in the zero-frequency Matsubara term. In Sec. V, the third
contribution to the thermal correction is found at low
temperature which arises in a similar manner from the
sum of all terms with nonzero Matsubara frequencies. In
Sec. VI, the reader will find our conclusions and a dis-
cussion. Appendices A and B contain some details of the
used asymptotic expansions.

II. THE CASIMIR-POLDER FREE ENERGY
FOR AN ATOM INTERACTING WITH REAL
GRAPHENE SHEET DESCRIBED BY THE
POLARIZATION TENSOR

The free energy of an atom spaced at a distance a from
real graphene sheet kept at temperature 7 in thermal
equilibrium with the environment has the form following
from the Lifshitz theory for an atom interacting with
any plate or some planar structure [43]. For our purposes,
it is convenient to present this equation in terms of
dimensionless Matsubara frequencies {; = &;/w,, where
[=0,1,2,..., & =2rkgTl/h are the standard dimen-
sional Matsubara frequencies, and @, = ¢/(2a) is the
characteristic frequency. We also use the dimensionless
integration variable y which is connected with the magni-
tude of the wave vector projection on the plane of a plate k |
by y =2a(k% + &/c?)"/2 Then the Casimir-Polder free
energy is expressed as

F(a,T) Ky Ti/ / ® dye~?
a,T)=——+ o ye
8613 =0 &

X [(2)’2 - sz)’”TM(iChy, T) - glerE(i§I7ya T)],
(1)

where a; = a(iw.{;) is the atomic electric polarizability,
the prime on the summation sign divides the term with
[ = 0 by two, and rqy, g are the reflection coefficients of
electromagnetic waves with the transverse magnetic (TM)
and transverse electric (TE) polarizations on the plate
(planar structure).

For a dielectric plate described by some phenomeno-
logical dielectric permittivity, rm are rg are the standard
Fresnel reflection coefficients. However, for graphene the
reflection coefficients are expressed via the polarization
tensor of graphene found on the basis of first principles of
thermal quantum field theory [81-84]. For us it is con-
venient to use the dimensionless polarization tensor
ﬁmn.l(y’ T’ A’ /’l) = ﬁmn(ié‘l’ Y, T9 A? ,Lt), where m, n= O,
1, 2 are the tensor indices and [ is the index of the
Matsubara summation defined above. The tensor ﬁmn‘l is
expressed via the dimensional one by l:Imn.l = 2all,,, /R
Then the reflection coefficients on a graphene sheet take the
form [81-84]

. Yoo (v. T, A, )
ren(i8, v, T) = —= ; ,
Yoo (v, T, A ) +2(y* = &3)

_ ﬁl(yv Tv A’ ,Lt)
0 (y. T. A, ) +2y(y* = &F)

Here, the quantity l:II(y, T,A u)= I:[(icfl,y, T,A, u) is not
a tensor, but the following linear combination of the trace of
the polarization tensor I17(i{;, y, T, A, u) and its 00 com-
ponent Ty (il v, T, A, p):

(¢, 3, T, A, ) = (v* = OIS, v, T, A, )
- yzﬁoo(iCb% T, A’ﬂ)- (3)

(Note that in the literature this combination is usually
notated by the same letter as the tensor components which
does not create confusion because it does not have the
tensor indices.) It was shown [82] that the polarization
tensor of graphene is completely determined by its 00
component and by its trace, but in numerous applications it
is more convenient [83] to use, in addition to 11100.,, not the
trace itself but the quantity I1, defined in Eq. (3).

For real graphene sheet the quantities 1:[00’, and TI1,
depend on the energy gap A and chemical potential u.
(Thus, the reflection coefficients also depend on A and g,
but we do not explicitly indicate this dependence for the
sake of brevity.) Note that a nonzero energy gap in the
spectrum of electronic excitations arises under the influ-
ence of electron-electron interaction, defects of the crystal

(2)

rTE(iCb)’v T) =
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structure, for graphene deposited on a substrate etc.,
[70,90,91], whereas the value of the chemical potential
is connected with the doping concentration [92]. Explicit
expressions for ﬁoo,z and I, can be conveniently presented
as the sums of independent and dependent on x and T
parts [80],

~ = (0 ~ (1
oo (y. T, A, p) = H(()o).z(yv A) + HE)O)J(y’ T, A, p),
~ = (0 ~ (1
Iy (y, T, A, ) = T (v, A) + TV (3, T, A, ). 4)

As the independent on y and T parts on the right-hand
side of Eq. (4) we take the respective quantities from
Refs. [80,81]:

) 2_g2 (D
H(()%?,(y,A) = “%‘I'(E)
- D
1% (5, A) = aly? - 22)py¥ (p—) (5)

Here, D = A/(hw,.), the function ¥(x) is defined as

¥(x) = 2[x + (1 — x?) arctan(x~")], (6)
!

a=e?/(hc) [in SI units e*/(4meghc) where ¢, is the
permittivity of the vacuum] and 7 = vg/c ~ 1/300 are the
fine structure constant and the Fermi velocity normalized to
the speed of light, and

pir= (03 + (1= 53)57]' (7)

The p-dependent parts on the right-hand side of Eq. (4)
are more complicated. They are given by Eqs. (13) and (14)
in Ref. [80] where it is convenient to replace the integration
variable u with t = hcpu/(2aA):

~ (1 4aD o
H(()O)_l(y7T’A’ﬂ>: ;[}2 A dtW(t,T,A,/J)X()()J(t,y,D),
F

. daD [
107,80 == % dow(t, T, A )X, (£,y.D), (8)
F

where w is defined as

1A+2u _ 1A=2p 1

w(t, T, A ) = (e5sf + 1) + (eBf + 1) (9)

and the quantities X, and X, are given by

p? — D + 2i¢,Dt

Xo0,(t,y.D) =1—Re

[p} = pID?* + %.(y> = £3)D? + 2i¢,pID1]'/?’
2p? — pID* + ¥%(y? — {2)D* + 2il, p?Dt

X(t.y.D) = (i —Re

As noted in Sec. I, we are interested to investigate the
thermal correction to the Casimir-Polder energy as a
function of temperature. For this purpose the Casimir-
Polder free energy is presented in the form

F(a,T)=E(a) + 6;F(a,T), (11)
where the Casimir-Polder energy is given by

h S . S
E(a) = —327;44 dCa(lwcc_‘,')/C dye™

X [(2)72 - gz)rTM(iC7yv0) - CZVTE(iC,yaO]’ (12)

and the thermal correction vanishes with vanishing
temperature

lim; F(a.T) = 0. (13)

The reflection coefficients in Eq. (12) are given by Eq. (2)
taken at 7 = 0. They are expressed via the polarization
tensor of graphene calculated at zero temperature and

(P} = piD*¢* + 03 (y?

. 10
~ )07 + 2} DA 1)

|
contain a continuous parameter ¢ in place of the discrete
Matsubara frequencies ;.

An important point is that in the limiting case of zero
chemical potential, 4 — 0, the quantities ﬁf}%?l and ﬁgo)
defined in Egs. (4) and (5) just have the meaning of the 00
component of the polarization tensor at zero temperature
and the combination of its components defined in Eq. (3):

ﬁ(()(())),z(% A) = po, (.0, A,0),
11" (y, A) = [1,(y.0. A,0). (14)

In this case the quantities ﬁ(()z)),z and fl;l) have the meaning

of the thermal corrections to the zero-temperature polari-
zation tensor:

~ 1 ~
Hg)o),l(y’ T,A,0) = 67llgo,(y. T, A, 0),
ﬁgl)(y’T’A’O) :6Tﬁl(y’T’A7O)’ (15)

which goes to zero with vanishing 7.
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According to the results of Ref. [80], a similar situation
holds for u # 0 satisfying the condition A > 2u. Under this
condition the polarization tensor at zero temperature does
not depend on y, so that, once again, we have

where the quantities in Eq. (17) go to zero when 7 goes
to zero.

Another situation takes place for u # 0 satisfying the
condition A < 2. In this case the quantities ﬁ(()%% ; and 1=[§0>
are not equal to the 00 component of the polarization
tensor at zero temperature and to the combination of its
components defined in Eq. (3). In fact under the condition
A < 2u the polarization tensor at 7 = 0 depends on pu.
The precise expressions for the quantities floo‘l(y, 0,A, p)
and TT,(y,0,A,u) in this case have been obtained in
Egs. (21) and (24) of Ref. [93] by direct calculation using
Egs. (4)-(10). In terms of the dimensionless variables used
above they are given by

2 2_ 2
_172Fha)lc+ a(ypl Cl){(p,2+D2)Im<zm/1+Z,2>—(p,2—D2) {Imln <zl+ 1+z12> —g]} (18)

thermal corrections to the reflection coefficients on the
right-hand side of Eq. (20).

Using Eq. (11), we present the thermal correction to the
Casimir-Polder energy as

ﬁ(()(())%z()’v A) = oo, (.0, A, ),
117 (. A) = ,(y.0, A, p). (16)
and
ﬁ(() >1(y,T A p) = 5TH001()’,T A p),
0 (. 7. A ) = 6,1(y. T. A ). (17)
|
~ Sap  2a(y*=¢? ”
H00~l(y’O’A’”):~2h 2 3 2 (p}+D*)Im( z;\/ 1427 |+(p7—D*) |ImIn( z;+ /1427 -3l
Vphw, p[
= Saul]
Hl(y’OvAi,u):
|
where
. 2u
u=z(y.Ap) = - 2<§l+1%>.
ir\ [P} + D \/y - c

(19)

It is easily seen that for 4 = A = 0 these equations reduce
to the result given by Eq. (5) with A = 0.

Now we are in a position to present the reflection
coefficients (2) in the form

rTM(TE)(iCl,va) = I'TM(TE) (iCl,y,O) +5T”TM(TE) (i, T),
(20)

where the first contributions on the right-hand side are
determined by the polarization tensor at 7 = 0:

yﬁooz(y,o A, ﬂ)
¥ (3.0, A, p) +2(y* = &3)’

| f1,(y.0. A, 1)
’ ’0 - TR ’
iy 0) = =g T 2y -{D

rrm(i¢;. y.0) =

(21)

whereas the second contribution has the meaning of the
thermal correction and goes to zero with vanishing 7. This
equation, however, is valid in both cases A > 2u [here, in
accordance to Eq. (16), the polarization tensor at 7 = 0 is
presented in Eq. (5)] and A < 2y [here it is given by
Eq. (18)]. As to the case A = 2, it is discussed in the next
sections, as well as the explicit approximate expressions for

6rF(a,T) = F(a,T) — E(a).
Now we substitute Eq. (20) in the expression (1) for the
Casimir-Polder free energy and identically present the

thermal correction o7 F as a sum of three contributions:

(22)

5 F(a.T) =6y F(a.T)+ 8% \F(a,T) + 670, F(a.T).

(23)
Here, the following notations are introduced:
. knT <’ ©
S F(a,T) = —%Z o dye™
8a =0 &
x [(2y* = ¢7)rmm(ig;, v, 0)
= Cire(il,y.0)] - E(a),  (24)

where E(a) is defined in Eq. (12), and

550 F (a, T> +6§";’ilf<a T)

E—— ‘11/ dye }[(2)’ —Cl)(sT”TM(lgz,% T)
—C15T”TE<1CZJ’7 T)], (25)

where 677" F and 55, | F are equal to the term with [ = 0

and to the sum of the terms with [ > 1, respectively,
in Eq. (25).
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From Eq. (24) it is seen that the contribution to the
thermal correction &y "PLE contains only the reflection
coefficients at zero temperature. Thus, its temperature
dependence is completely determined by a summation
over the Matsubara frequencies. For this reason, it is called
“implicit”” As to the contributions 677 (F and 570, F to
the thermal correction, defined in Eq. (25), they depend on
the thermal corrections to the reflection coefficients which
vanish if the polarization tensor does not depend on
temperature as a parameter. Because of this, the contribu-

tions 65\ and &5, F are called “explicit.” In fact the

quantity in Eq. (25) could be considered as one explicit
contribution to the thermal correction. However, the
asymptotic behaviors of &7 (F and &5, F with vanish-
ing T are not similar (see Secs. IV and V), and this fact
warrants a division of this contribution into two parts.

In the next sections, the low-temperature behaviors of the
thermal corrections élmplf & \F and 55, F are inves-
tigated one after another

III. THERMAL CORRECTION TO THE
CASIMIR-POLDER ENERGY DUE TO
MATSUBARA SUMMATION USING THE
ZERO-TEMPERATURE REFLECTION
COEFFICIENTS

In this section, we find the behavior of the first
contribution to the thermal correction, 5mp]-" at low
temperature under different relationships between the
energy gap and chemical potential. As defined in Eq. (24),
Sy F is given by the difference of the sum over the
dlscrete Matsubara frequencies with the reflection coeffi-
cients rpy(rg)(if;, y,0), and the integral with respect to
continuous imaginary frequency containing the reflection
coefficients 7yt (i¢,y.0). Using the Abel-Plana for-

mula, this difference can be written in the form [43,87]

impl aOkB o  ®(itr) — ®(—itr)
S (a, T) = i A ar PO (o)
where ®(x) = @ (x) + D,(x),

<I>l(x)—2/ dyy?e™ rpy(ix, y,0),
®, (x) = -2 / dye~ [ro(ix.y.0) + rre(ixy.0)]  (27)

and the dimensionless temperature parameter is defined
as 7 = 4rakgT/(hc) = 2mkT/(hw,).

In Eq. (26), we have preserved only the static atomic
polarizability g = a(0) in the expansion of a(itr) = a(ix)
in the powers of x. This is because we are looking for the
main term in the expansion of the Casimir-Polder free
energy J at low T (7 < 1). Note also that care must be

exercised when expanding the functions ®@; and ®, in the
powers of x. It may happen that an expansion of the
reflection coefficients in the powers of x with subsequent
integration leads to incorrect results because common
powers of x arise from different expansion orders of the
reflection coefficients (see below).

We begin with the case of a slightly doped graphene
A > 2p. In this case the polarization tensor at zero temper-
ature does not depend on y [see Eq. (16)] and is given by
Eq. (5). The reflection coefficients entering the thermal
correction 55" F(a,T) are given by Eq. (21). For the
function ®;, defined in Eq. (27), it is not productive to
expand the reflection coefficient rp); in powers of x with
subsequent integration as noted above. Instead, an expan-
sion of @, in the Taylor series in powers of x using Egs. (5)
and (21) results in @} (0) = <I>(13>(0) = q)gs) (0) = 0. Then
we conclude that the leading contribution of ®; to
Sy F(a,T) is of higher order than T® because the even
powers in x do not contribute to Eq. (26).

An expansion of the function @, defined in Eq. (27) in
powers of x can be found by expanding the sum of the
reflection coefficients rry; and rrg in powers of x with
subsequent integration with respect to y. This is done under
an assumption D > 1 which is valid at sufficiently large
separations a > 1 um. Taking into account that the main
contributions to the integrals in Eq. (27) are given by y ~ 1
and that {; = 7/, at low temperature the quantity p; defined
in Eq. (7) satisfies the inequality p; < 1, so that D/p; > 1.
Then the main contribution to the function ¥ in Eqgs. (5) and

(6) is given by
D 8 ]91
Y(— 28
(Pz) 3D’ 28)

With account of this equation one obtains [89]

hca(l + %)

37aA x*Bi(=x) + Cx* + 0(x°), (29)

D, (x) =

where Ei(z) is the exponential integral and C is a constant
which does not contribute to Eq. (26).
Substituting Eq. (29) in Eq. (26), one finds [89]

ay(kgT)’ 8a(1 + 77)
(hc)’A O S

S F(a,T) = — (30)

Thus, under a condition A > 2u the thermal correction
5™ F vanishes with temperature faster than for a pristine
graphene where it is of the order of (kzT)* [87].

We are coming now to the case of A < 2u. In this case
the thermal correction 5iTmpl.7: is again given by the differ-
ence of the sum Eq. (1) with the zero-temperature reflection
coefficients rpyg)(i¢;, ¥, 0) and the integral (12) resulting

in Eq. (26). It is convenient, however, to present the
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function @(x) in an equivalent form ®(x) =
where

21(x) +x2(x),

xi(x) = / dye™(2y* — x*)rpm(ix, y, 0),

X

1) == [ dye iy, 0) G1)
X

The reflection coefficients are again given by Eq. (21),
but the polarization tensor is now presented in Egs. (18)
and (19) where the discrete Matsubara frequencies {; = 7/
are replaced with x. Then the polarization tensor in Eq. (21)
is replaced with TTy(x,y,0,A,u). The low-temperature
expansion of the quantity y;(x) can be performed in the
same way as of ®,(x), i.e., by expanding y,(x) in the
Taylor series in powers of x. Using Egs. (31) and (21), one
obtains

ﬁ b 7O7A’
)(/1 (0) _ 2/ dye _ y OO(X y ﬂ)z X
0 OxyToo (x,y,0,A, 1) +2(y* = x%)| .o

2 o0 (x,y,0,A
:4/ dye™y3 Felloo(x.y. 0.4, p)] _ (32)
0 [Hoo(O,y,O,A,ﬂ)ﬂLZy}
In what follows we use the condition
\/ 4> — A’ > ho,, (33)
|
16au? °°

2,(0) =

%fla)cw/{u - A% Jo

which is valid at sufficiently large separations. Then from
the first formula in Eq. (18) we have

8a u

[po(0. 7.0, A, ) = === Qy.

4
7% ho, (34)

By calculating the derivative of the first formula in
Eq. (18) at x = 0, we obtain

da 4ﬂ2 - (flwc@Fy)2

0 ~
— Iy (x,y,0,A,u =—= .
Ox 00( ) o v%y \/4ﬂ2 — (ha)cﬂF)’)z —A2

(35)

Taking into account the condition (33), the inequality
?r < 1 and the fact that the main contribution to Eq. (32)
is given by y ~ 1, Eq. (35) can be simplified to

0 ~ _16a u?
anoo(x’y,()’A,ﬂ) =

——F @36
w0 TR ha/du? — A2 (36)

Substituting Egs. (34) and (36) in Eq. (32), one finds

I
2y + Qy)?

Dihw/du? — A2

Now we have the desired result

x1(x) =x1(0) + 271 (0)x + O(x?), (38)
where y;(0) does not contribute to Eq. (26) and the value of
the first derivative at x = 0 is presented in Eq. (37). From
Eq. (31) it is easily seen that y,(0) = ¥5(0) = 0 and similar
expansion for the function y,(x) takes the form

12(x) = Cx¥* + 0(x%),

(39)
where C is a constant which does not contribute to Eq. (26).
Thus, from Eq. (38)

D(irt) — O(—irt) = 2iy}(0)zt (40)
and, after substitution to Eq. (26) with account of Eq. (37),
one obtains

_ 16(1/1 |:2 + QO T Q()(Q() + ) QO/ZE ( QO):|
2 4

(37)

[
apu*(kgT)?  16a

(he)2ay/aE — A2 O}
x {2+Q0+Q°(Q2°+ al Qo/2E< QO)}

(41)

S F(a,T) =

It is seen that in the case A < 2u the behavior of the
thermal correction 55" F at low temperature is different
from the case of graphene with A > 2u [see Eq. (30)] and
from the case of pristine graphene. .
Now we consider the low-temperature behavior of 61Tmp1.7-"
for the case A = 2u. This case cannot be considered by the
limiting transition A — 2y from our result (41) obtained for
A < 2u because it was derived under the condition (33).
Below we show that in the case A =2u the low-
temperature behavior of 5" F is again given by Eq. (30)
derived in the case A > 2u. We start from the polarization
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TABLE L

Up to an order of magnitude asymptotic behaviors at low temperature for the magnitudes of three different

terms in the thermal correction to the Casimir-Polder energy (columns 2—4), thermal correction itself (column 5), and the Casimir-
Polder entropy (column 6) for different relationships between the energy gap and the chemical potential (column 1). See the text for

further discussion.

A ra(iglvyvo) 5Tra(i§lvysT) ra(iCIsyv T)
versus [>0 =0 1>1 [1>0
p 67" F(a, T)| \5;*}107(a, 7)| 650 F(a, T)| |67 (a, T)| S(a.T)
A= vy allal)? 35 iy ? o35 Sy el
2 2 2u-A LA 2 2 242
A<2u 7@0)@3‘(4;’?_722)1/2 awka o ~3t57 awhe o3ty (hc;(;ll(4atlzﬂ—riz)]/2 (m)zz(ziyiiz)‘“
A=2u ag(kgT)° ag(kgT)? agkpT agkpT agkp
(hc)3A hca® a a: PE
tensor at zero temperature (5) where {; = 7l is replaced f[é(())) (0,y,A) = TTpp(0,y,0, A, A/2). (46)

with x. To be specific, we consider

a%‘l‘(%), (42)

where W is defined in Eq. (6) and p(x) = [p2y*+
(1 —#%)x?]'/2. Under the condition D > 1, we consider

the value of ﬁé%) at zero x:

~ (0
H(()O) (x,y,A) =

115 (0, y, A) =‘3’y\P<~D ) (43)

Up Vry

Expanding this quantity in powers of the small parameter
vpy/D, one arrives at

8ay
7y 21

k+1 By 2641
2k+1 )(2k+3)\ D ‘

(44)

19 (0.y.4) =

This equation is also valid at A = 2u. To make sure that
this is the case, we consider the first formula in Eq. (18)
expressing the zero-temperature polarization tensor in the
case A < 2u, replace there {; with x, put y = A/2, x =0
and obtain

I150(0.y.0,A,A/2)

_4aD  2a )
—~ — UFyD+(UFy -D )
i Ty
X {Imln(iD—f—T)Fy)—g] } (45)

Expanding this equation in powers of ¥py/D, one
again obtains the right-hand side of Eq. (44) with a
conclusion that

In a similar way, it is easy to show that

19(0,y,A) =11(0,y,0,A, A/2) (47)
and also
ony) Oy o) ol
= =0, =—| =0. (48)
Ox x=0 Ox x=0 Ox x=0 Ox x=0

We conclude that the polarization tensor at zero
temperature (5) and (18) is continuous at the point
A =2y, and the thermal correction 50" F at this point
is really given by Eq. (30).

For a more lively presentation of the obtained results, we
include them in Table I as new information becomes
available. The first column in this Table specifies the
relationship between the values of A and 2u. Columns
2, 3, and 4 contain up to an order of magnitude asymptotic
expressions at low T for the contributions to the thermal
correction, 5’Tmp1}" , 5;’310}" , and 5‘“}%1}" , respectively, and
indicate the reflection coefficients from which they are
obtained. Columns 5 and 6 demonstrate the resulting
behaviors of the thermal correction to the Casimir-Polder
energy and entropy, respectively, at low temperature. At the
moment column 2 includes the results found above in

Egs. (30), (40) and again (30).

IV. THE ROLE OF EXPLICIT TEMPERATURE
DEPENDENCE OF REFLECTION COEFFICIENTS:
ZERO-FREQUENCY CONTRIBUTION

In this section we consider the low-temperature behavior
of the second contribution 5;"? oF to the thermal correction
defined by the term of Eq. (25) with / = 0. It is given by
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_aokBT
8a3

5?]110.7:(0,7”) = A dye™y*Srroy (0.y.7). (49)

To find 67rry, We substitute the representation for the
polarization tensor

ﬁOO,l()” T, A,/‘) :ﬁoo,z(J’,O,A’ﬂ) +5Tﬁ00,l()’7T’ A,ﬂ) (50)

in the first formula in Eq. (2) and expand the obtained
expression up to the first power in small parameter

Sl (v, T. A, )
Hoo,z(y» 0, A,,u)

(51)

The result is

2y(y? = 3)orTo 1 (v. T. A, )

5 i ) 7T - ~ .
rrm (i L) = 0.8 +20P— O

(52)

In this section we use Eq. (52) at [ = 0, but in Sec. V below
it is used at all / > 1.

We start with the case A > 2u where, according to
Eq. (17), 5Tl:100,0 = ﬁé}ﬂo. The latter quantity is contained
in Egs. (8)—(10) taken at [ = 0. We restrict ourselves by
only the second contribution to the right-hand side of
Eq. (9) (below it is shown that the first one leads to an
additional exponentially small factor in the result). Thus,
the thermal correction to the polarization tensor has the
form

5Tﬁ00,0 (».T. A, ﬂ)
— 2D e 1y
DF 1

~2 2 2.2

vpy” — Dt
x{l—Re~ S ] 1/2}. (53)
vpy[OEy (r )

The integral of the first term on the right-hand side of this
equation is given by

4daD [ A2 - 8akgT A
> / di(eTt +1)7 = 5B In (14 7l
Vg J1 % ho,
SakBT _A-2u
~—— 2 p gl
% ho,

(54)

at kpT < A —2pu.
As shown in Appendix A, for the integral of the second
term on the right-hand side of Eq. (53) one has

daD [fO) -2 - D?? — p2y?
053 d[(eif;#"'l) 1 - 2 2 ZFy 172
yig Ji [0Fy* = D*(¢" = 1)]

4a A=y _(hocipy)?
< /D2+v%y2€ Tl HpTh (55)

UF

where

vy’
D

fO)=y/1+ (56)

The quantity in Eq. (55) contains an additional factor
exponentially small at 7 — 0, as compared to Eq. (54), and,
thus, can be neglected. As a result, we have

S(IkBT A

5rlloo,0(y, T, A, p) = e T, (57)

2
Uy ho,

Note that the first contribution on the right-hand side of
Eq. (9) omitted above would lead to an additional expo-
nentially small factor of the order of e=2#/(*s7),

From Egs. (5) and (28) one also obtains

- 8 ahw
II 0,A, p) = =—-5y%
oo,o(y, s ’/l> 37 A y (58)
Substituting Eqs. (57) and (58) in Eq. (52) taken at [ = 0,
we find

dakpT s 1
— e kT

5TVTM(O,% T) m,

= 59
% ho, (59)

where g = 4ahw,./(3A).

Substituting this equation in Eq. (49) and calculating the
integral, one obtains

k T 2 _A-u E
a(zg S 5 / dye™ 72—
a*vxhe 0 (14 qy)

5??;0.7:(& T) =—-a

:ao

X % [1 + (1 - é) e!/9Ei (—éﬂ . (60)

Then under the condition D > 1 (A > Aw,) we arrive at

a(kBT)2 _Ak;z/‘
W7 (] — 4
azi%hc e T 9)

alksT)” 2 (61)

57 Fla.T) ~ —a

~ =
O 2t he
This is quite different behavior at low 7 than that obtained

in Eq. (30) for the thermal correction 67" ' 7 under the
condition A > 2u.

Now we turn to the case A < 2u for the thermal
correction 5?510}' . In this case the thermal correction

5T1:[00,0 is given by

5T1:[00,0 (y7 T7 Aaﬂ) = Ii(():)),() <y7 T’ A’ )u) - 1:I(():)),(J (y’ 07 A,M),
(62)
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(1)

where ﬁoo,o is defined in Egs. (8)-(10). For [ =0

one has
~ (1 aD
H(()o%o(% T,Apu) = U—%(Il + 1), (63)
where
1A=2p
11:/ dt(estT+1)
1
1 / ey 4 D22 — ~2y2
I =— di(e®st +1) — :
oS, YD) g npn
(64)

Similar to the case of A > 2y, the first exponential term
on the right-hand side of Eq. (9) leads to additional
exponentially decreasing factors when the temperature
vanishes. For this reason, we do not consider it below.
Thus, according to Eqs. (62)—(64), the thermal correction to
the polarization tensor takes the form

Srllooo(y. T, AL )

4aD © 1A=2p -1 2u/A
:LZU dt< ﬁ;,+1> —/” dt+1,—liml,
’IjF 1 1 T—0

_ 4—“5% 2kpT 1
2 hw,

4a _ua
R——5e gT (65)
UF

at sufficiently low temperature.

Substituting Eq. (65) in Eq. (52) with [ = 0 and taking
into account that Tlpo(y,0,A,u) = Qy, where Q is
defined in Eq. (34), one finds

S8a _u-a y
Orrrm(0,y,T) = ——¢€ 87T —————— | 66
v (0.y. T) v% (Q0+2y)2 (66)
Finally from Egs. (49) and (66) we obtain
kpT _u-a [ 4y3
& FaT) = a L Ll 7 dye™ —
TI 0 ( ) 04 317% 0 y (2y+Q0)2
akgT -l Qo
=0y 3:2¢ * [1 T(4+Q0)

Qo (0 +6)er/2E1< Q;)] (67)

By comparing Eqgs. (61) and (67), one can conclude that
in the case A < 2u the thermal correction &5 (F at low
temperatures again decreases with 7" exponentially fast.

Let us now consider the last case A = u. Similar in

Sec. III, it can be considered starting from the results

obtained for A > 2u. Now, however, the last transforma-
tion in Eq. (54) is not allowed because exp[(—A+2u)/
(2kgT)]=1. As a result, Eq. (57) should be replaced with

8a kBT
v ho,

5Tﬁ00,0(y1 T, A, H) = (68)

Substituting Eqgs. (58) and (68) in Eq. (52), we have

daln2k,T 1
orrm(0,y,T) = — .
T TM( ) U%: ha)cy(l +qy)2

(69)

Then, from Eq. (49), in place of Eq. (61) we finally obtain

aln2(kyT)?

expl o
5T,l=0‘7:(a’ T) = —ag 2ihe

, (70)

i.e., the same behavior with 7 as was found for &' F in the
case A < 2u [see Eq. (41)].

The results presented in Egs. (61), (67), and (70) are
illustrated in column 3 of Table I.

V. EXPLICIT TEMPERATURE DEPENDENCE OF
REFLECTION COEFFICIENTS: SUMMATION
OVER THE NONZERO MATSUBARA
FREQUENCIES

Here we consider the low-temperature behavior of the
last, third, contribution 6;"5’;1}" to the thermal correction in
Eq. (23) which is determined by an explicit dependence of
the polarization tensor on 7 in all Matsubara terms with

[ # 0. In accordance to Eq. (25), it is given by

S

G( %’)’stA’ﬂ) = (2)’ _C[)éTrTM(ICZ’y’T)
—4’125T”TE(1C1,)’7T)- (71)

1
S7 11 F(a,

An expression for the thermal correction 671y is already
given in Eq. (52). To derive a similar expression for d7rrg,
we substitute the representation

(. T, A ) =1,(y,0, A, p) + 5711, (y. T, A ) (72)

in the second formula in Eq. (2) and expand the obtained
expression up to the first power in small parameter

5Tﬁl(y7 T, A’ ﬂ)

0. T.A ) 73)

The desired result is given by
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2(y% = )6, 0,(y. T, A, )
ML(y,0,A, u) + 2y(y* = £

Srrre(iC, . T) = — (74)

We start with the case A > 2u where, according to
Eq. (17), 8;T1p0, = 1), and 6,11, = 1" with Ty, and
f{") defined in Egs. (8)~(10). According to Eq. (16),
Tloo (.0, A, ) = 115, and 11,0, A, ) = 11", where
the right-hand sides of these equations are given by
Egs. (5)—(7), and under the condition D > 1 the quantity
W(D/p,) can be replaced with 8p;/(3D) [see Eq. (28)].

Then, in the lowest order of the small parameter p,;/D,
Egs. (52) and (74) take the form

2}’5Tﬁ00,1()’v T, A #)
(* - (55 +2)

_ ¥6rlloo (v, T, A, )
200 =¢)
2y8; 10 (y, T, A, )

8ap? 2
(=) (5H )
5Tﬁ1()’, T, A, ﬂ)

ST -8 (73)

Srrm(iy,y. T) =

5TrTE(iClvy» T) = -

Note that we have omitted two small terms, 8ay/(3D)
and 8ap?/(3D), in the denominators because, similar to
Egs. (59)-(61), they lead to the thermal corrections of
higher orders which can be neglected in the result. The
function G in Eq. (71), which depends on ¢?, can be
expanded in the powers of {7 = (7l)*:

,0G

G(¢T. 3. T, A, ) = 2y*67rou(0,y, T) + Cza
gl &=0

4
(76)

Substituting this expansion in Eq. (71), one obtains

kgT

S F(a.T) = —ao g (I + D). (7)

where

From Egs. (57) and (75) we find

8akgTa _%
BT,
phey

Srrmm (0,9, T) = (79)

Taking this into account, we rewrite the quantity J; in
Eq. (78) as

16akpTa _s-»
J1— 03022/ dyey

16akBTa _g;_u 1 n Te’
= BT
hc e’

-1 (ef—1)
16akBTa _AfBZ;g _ ~82a . gk;; (80)
p2hc T Upm

As shown in Appendix B, the integral J, contains the
same exponentially fast decreasing with T factor and differs
from Eq. (80) only by the preexponent coefficient. Because
of this, using Eq. (80), we obtain from Eq. (77)

kpT _a-2u
520 Fla,T) N—aO%e Wt (81)

It is seen that here the factor in front of the exponent
decreases slower than in 5°Tx}° oF [see Eq. (61)].

The case A < 2u can be considered in a similar manner.
Using Eqgs. (34) and (52), we have

2y(y* = &8 po (v, T. A, 1)
[yQo +2(3* = &1)]?

Srrm (i, v, T) = (82)

Substituting here Eq. (65) and taking into account that
under the condition (33) the inequality Q, > 1 holds, one
can neglect by 2y as compared to Q, and obtain

8a 2u=A

—— e Ty, 83
20 (83)

Srrm(0,y,.T) =

Then the quantity J; defined in Eq. (78) is

e (1 +de” + e*)
(er—1)*
(1+e) e’ 6
e —1p T T eoi
96ahc 2u-4

7 G i 7 84
2QnakyT" (84)

Similar to Appendix B, it can be shown that the integral J,
leads to the same, up to a factor, dependence on 7, as in
Eq. (84). Thus, from Eq. (77) one finds

_2u-A

ex hc 3
T]lpilf(a T) ~a e B (85)
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This dependence should be compared with that given by
Eq. (81) for the case A > 2u.

Now we consider the behavior of 570, F at low temper-
ature in the case A = 2. Similar to the correction &5 ( F
in Sec. IV, this behavior can be investigated using the
results obtained for A > 2u. For this purpose, we take into
account that A =2u and from the next to last trans-
formation in Eq. (65) obtain

8akBT

Srllo00(y, T, A u) = — In2. (86)
Vphw,
Then from Eq. (75) we have
8akyT In2
5rrmm(0,y,T) = —. 87
(0,3, T) he y (87)

Repeating the same derivations as in the case A > 2u, one
arrives at

_ 16akgTaln22 Baln2

1= =—
vrhe T Tim

(88)

and for the thermal correction 5’;"5’; \F for A = 2y finally
finds

. kyT
Opi F(a.T) ~ —a =5 (89)

The results given by Egs. (81), (85), and (89) are
presented in column 4 of Table I. A summary of columns
2, 3, and 4 in column 5 demonstrates the leading term in
the asymptotic behavior of the thermal correction to the
Casimir-Polder energy at low 7T for any relationship
between A and 2u.

It is seen that Eq. (89) differs fundamentally from the
behaviors of all thermal corrections considered above.
According to the obtained results, in the cases A > 2u
and A < 2y the Casimir-Polder entropy

_OF(a.T)

S(a,T) = e

(90)
where the Casimir-Polder free energy F(a, T) is defined in
Egs. (1) and (11), vanishes with vanishing 7. In the case
A = 2u the contribution to the entropy determined by the
thermal corrections 67" F and &% F vanishes with
vanishing temperature

. 0 impl xpl
~lim = (67 F + 67 1L, F] = 0. (91)

However, according to Eq. (89), the contribution to the
entropy determined by the thermal correction 5‘;’?5’;1 F in the
case A = 2y gives rise to some kind of entropic anomaly

. aex
—lim =870, F(a.T) 0. (92)

As a result, in the case A =2y the entropy at zero
temperature is not equal to zero and depends on the
parameters of a system which means a violation of the
Nernst heat theorem (see column 6 of Table I for the low-
temperature behavior of the Casimir-Polder entropy in
different cases). These results are discussed in Sec. VI in
connection with similar problems of the Casimir physics
arising for metallic and dielectric materials.

VI. CONCLUSIONS AND DISCUSSION

In the foregoing, we have found the behavior of the
Casimir-Polder free energy and entropy at low temperature
for a polarizable atom interacting with real graphene sheet
possessing nonzero energy gap and chemical potential. As
discussed in Sec. I, this subject is of much fundamental
interest in connection with problems arising in Casimir
physics when using the commonly accepted local models
of the dielectric response for both metallic and dielectric
materials. The distinctive feature of graphene is that its
nonlocal dielectric response, described by the polarization
tensor, is found exactly on the basis of first principles of
thermal quantum field theory. At the same time, the
dielectric responses of conventional materials, described,
e.g., by the Drude or plasma models, are partially the
phenomenological ones. They are well confirmed exper-
imentally only for real electromagnetic fields on a mass
shell, although in the Lifshitz theory the integration is made
over all momenta both on and off a mass shell.

According to our results, the contribution 55" F to the
thermal correction to the Casimir-Polder energy, originat-
ing from a summation over the Matsubara frequencies
using the zero-temperature polarization tensor, behaves as
~(kgT)’> and ~(kgT)* at low temperature under the
conditions A > 2y and A < 2u, respectively. The contri-
bution 677 F to the Casimir-Polder energy, which is
caused by an explicit temperature dependence of the
polarization tensor in the zero-frequency Matsubara term,
behaves as

—(kpT)?e 5t A > 2,
5?}10]: ~ ( B_ii g
kgTe 5T, A < 2pu.
In the case A = 2u, one has 5?310]: ~ —(kgT)?.

The most interesting situation arises for the thermal
correction &;7, | F originating from an explicit temperature
dependence of the polarization tensor in the sum of all
Matsubara terms with nonzero frequencies. As shown in
this paper, a summation over all nonzero Matsubara
frequencies reduces by one the power of the leading
temperature dependence in each of the cases A > 2y,
A < 2u, and A = 2u. As a result, one obtains that
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_ay
Py F ~ {_kBTe T, A > 2p,
Or 151 e

e BT, A < 2u,

and 6500 F ~ —kyT for A = 2u.

The above results for all three contributions to the
thermal correction combined together lead us to a con-
clusion that in both cases A > 2y and A < 2u the Casimir-
Polder free energy and entropy satisfy the Nernst heat
theorem. In doing so, the leading terms in the Casimir-
Polder free energy at low temperature behave as ~(kgT)’
and (kzT)? for A > 2u and A < 2y, respectively. Thus, our
results do not support the statement of Ref. [88] that “the
first order correction is quadratic over temperature ~72.”
This is true for the case A < 2u but not for A > 2 where
the total free energy F ~ (kzT)>. Also, if the exact equality
A =2y is valid, the Casimir-Polder free energy is linear in
temperature F ~ kgT. In this case the Casimir-Polder
entropy at zero temperature is equal to a nonzero constant
depending on the parameters of a system and, thus, the
Nernst heat theorem is violated. Note for a pristine
graphene where F ~ (kzT)? the Nernst heat theorem is
satisfied [87].

As discussed in Sec. I, for dielectrics and metals the
models of dielectric response leading to a violation of the
Nernst heat theorem also result in contradictions between
the theoretical predictions and the experimental data for the
Casimir and Casimir-Polder forces. Up to date there is a
single experiment on measuring the Casimir interaction
between a Au-coated sphere and a graphene sheet depos-
ited on a substrate [94], and its data are in good agreement
with theoretical results obtained using the polarization
tensor of graphene [95]. In fact the values of A and u
for a graphene sample used in the experiment are not
known precisely so that from the practical standpoint the
equality A = 2u cannot be satisfied exactly. For compari-
son purposes, the character of the real part of conductivity
of graphene as a function of frequency also changes
qualitatively depending on whether A > 2y or A <2u
[96], so that the condition A = 2y defines a singular point.

One can conclude that with the only exception of a
physically unrealizable case A = 2u the Casimir-Polder
free energy and entropy for an atom interacting with real
graphene sheet characterized by nonzero energy gap and
chemical potential satisfy the Nernst heat theorem. This
result provides further support to the assumption that the
widely known problems in Casimir physics discussed in
Sec. I may be connected with the phenomenological
character of local response functions used for both metallic
and dielectric materials.

ACKNOWLEDGMENTS

The work of G.L.K. and V.M. M. was partially sup-
ported by the Peter the Great Saint Petersburg Polytechnic

University in the framework of the Program “5-100-2020.”
The work of V. M. M. was partially funded by the Russian
Foundation for Basic Research, Grant No. 19-02-00453 A.
His work was also partially supported by the Russian
Government Program of Competitive Growth of Kazan
Federal University.

APPENDIX A: BOUND FOR THE
CONTRIBUTION TO 6,11y, IN THE
CASE A > 2u

In this Appendix, we consider the integral used in
Eq. (55) and for A > 2u and restrict it as follows:

o) -1 D*1? — i%y?
dt(e™sT + 1 F
% ( ) (9297 — D*(22 — 1)}1/2

-1

f) A2y
< D2/ di(eT 4 1)
1
l‘2
X
7y = D22 = D)7

=], (Al)

where f(y) is defined in Eq. (56).
The integral on the right-hand side of Eq. (A1) can be
integrated by parts

f(y) 1A=2u
1:—% {4 1) d[i2y? = DA — 1)1
(eg"tg—l—l) lva
1) a2
+[ d[t(e™sT +1) ][172y2—D2(t2—1)]1/2. (A2)

The square root on the right-hand side of Eq. (A2) only
increases when we replace it with ?ry. Then Eq. (A2)
transforms to

/(»)A 2u

1< opyf(y)e B 1] (A3)

Now we take into account that, according to Eq. (56),

~2 2 ~2 .2 ~2 .2 2

y Vry UrYy (ha)c)
=1+ 51 1 A4
f) s = e (Ag)

and that for sufficiently low T the inequality A —2u >
2kgT holds. Then one can neglect by the unity in Eq. (A3)
as compared to the exponent and, substituting Eq. (A4) to
its power, obtain

17 A= (hocipy)?
I < Dy'/D2+UZ 20 WpT ™ AkpTA

Multiplying Egs. (Al) and (AS5) by the factor
4aD/(yvg?), we arrive at Eq. (55).

(AS)
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APPENDIX B: ESTIMATION FOR THE
CONTRIBUTION TO 62 F IN
THE CASE A > 2

Here, we estimate the contribution J, to the thermal
correction to the Casimir-Polder free energy (77) defined
by the second expression in Eq. (78).

According to Eq. (71), the value of the first derivative of
G, entering Eq. (78), is given by

oG

0
8_4“12§,0 = Srrom(igy, y. T)

—57rrm (0, . T) + 2y? 82_,‘2

- 5TrTE(Ovy’ T)7

where expressions for the thermal corrections to the
reflection coefficients are contained in Eq. (75).

The derivative of the thermal correction &pryy is
calculated using the first expression in Eq. (75),

0
_5T’"TM(i€l’y7 T)
8(12 ¢=0

1 -
=-—=07lo (v, T, A, p) +

0
2 —67 Moo, (v, T. A p)
y

1
2v04} 6=0
(B2)

Using Eq. (17) and Egs. (8)—(10), where only the second
term contributes in Eq. (9), one obtains at sufficiently low T

0
Srlloo (v, T, A, )

a2
6§ =0
2D [ (e 1) s
i S 97 le=o
b kpT _s-u
4 fla) ——e 5, (BS)

where the numerical value of the constant b; is of no
concern for us now.

As to the thermal correction 6711 in Eq. (B2), atlow T
it is contained in Eq. (57) and can be written in the form

- kgT
5TH00,0()” T, A,ﬂ) =b hB

A
e T

(B4)

kgT _s-u
)= e 2kpT
2ho,

=1

T bt [~
1

hw, T v

kBT _A- bl + b2 _A-n
=B oTmr 2~ 72
hw, 37

Substituting Egs. (B3) and (B4) in Eq. (B2), one obtains

kT (bl b,

A
Srrmm(ids, v, )' = 2he F"‘ys)ez“" (BS)

0

agz &=0

Now we return to Eq. (B1) where the first term on the
right-hand side is found from Egs. (75) and (B4):

by kT 5 (B6)
2y fzw

Srrmm(0,y,T) =

The remaining term &7rg(0,y,T) in Eq. (B1) is given

by the second expression in Eq. (75) where, in accordance

to Eq. (17), the quantity 671, is expressed by Eq. (5). The
following result is found with the help of Egs. (8)—(10):

(y) A2 _
/ dt(eZkBTﬂ +1) :
1
y -1
07y = D2(¢ -

405D3

(3

5T”TE(0 Y, T)

D

where f(y) is defined in Eq. (56). This quantity is similar to
that considered in Appendix A. By repeating the deriva-
tions of Appendix A, it is easy to see that it contains an
exponentially decreasing with T factor in addition to that
one contained in Eq. (B6). Thus, we can neglect by the
quantity (B7) in Eq. (B1) as compared to other terms.
Using Eqgs. (B5) and (B6), one obtains from Eq. (B1)

kpT s <b2 2b1>
— e %pT _+_3 .
f—0 2ho. y oy

Substituting this equation to the second expression in
Eq. (78), we find

A b2 2b,
T -y 2
=g Z / dye ( )c

Introducing the integration variable » = y/{;, one
obtains from Eq. (B9)

oG
s

(B8)

(B9)

loo [bUZZCZ _1,g,+_lze—1¢,]

2T s / dve™(e™ + 1) /oo dv
= T|b,7? R S A ) -
ho, ¢ [ T e ey

4~ T (B10)

Thus, a summation in nonzero [ again results in the additional factor ~1/z. The same holds for all expansion terms in the
higher powers of {; notated by dots in Eq. (B10). Thus, J, contains the same exponentially decreasing with 7" factor as J,

and the result (81) remains valid with account of J,.
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