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We study soft and collinear gluon emission in squark decays to quark—neutralino pair, at next-to-next-to-
leading logarithmic (NNLL) accuracy in the end-point region, using soft collinear effective theory (SCET),
and at next-to-leading (NLO) fixed order in the rest of the phase space. As a phenomenological case study
we discuss the impact of radiative corrections on the simultaneous measurements of squark and neutralino
masses at a linear e™ e~ collider based on /s = 3 TeV Compact Linear Collider (CLIC), and show the
softening of distributions in the sum of energies of the first two hardest jets or in the M - variable. Since the
majority of mass measurement techniques are based on edges in kinematic distributions, and these change
appreciably when there is additional QCD radiation in the final state, the knowledge of higher-order QCD

effects is required for precise mass determinations.
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I. INTRODUCTION

The discovery of dark matter (DM) in a collider experi-
ment crucially depends on the ability to measure precisely
its properties—its mass and couplings to visible matter.
These are the necessary ingredients to test the hypothesis of
a “WIMP” miracle [1-4]. Given the importance of such a
discovery a number of methods to measure DM mass have
been developed [5—-18]. In this paper we are interested in
understanding how QCD radiations modifies the precise
determination of DM mass. Many of the methods for DM
mass measurements were developed with low energy
supersymmetry (SUSY) in mind [19]. We will thus also
use SUSY as an example, though our results do apply more
generally.

A significant effort was devoted in measuring DM mass
at hadronic colliders. An ingenious method was put
forward in [10,11], where it was applied to § — ggy
decays in gluino pair production. The mass of § and y
can both be measured simultaneously from my,, by
computing for each event the value of my, as a function
of an assumed y mass, myp,(Mmy,). The envelope of

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2020,/101(11)/115012(20)

115012-1

My (Myi) curves exhibits a kink at m, = m,, where
mr, = my. Measuring the kink determines both masses (for
the effect of radiative corrections see [20]). For two body
decays, e.g., for squark decays, § — gy, the kinks in the
distributions appear only once initial state radiation is
included [7]. This underscores the importance of radiative
corrections for DM mass measurement using kinematical
distributions.

In this paper we explore a somewhat simpler case—the
squark pair production in e e~ collisions. We focus on a two
body decay, § — qy, with g a light quark and y a neutralino
(for earlier work see [21-23]). Emission of a hard gluon
converts this to a three body decay, § — qgy, qualitatively
changing the kinematical distributions. Hard gluon emis-
sions, on the other hand, are relatively rare, suppressed by
small coupling constant, o, < 0.09 for m; 2 1 TeV. Most
commonly the radiated gluons are either soft or collinear with
the outgoing quark, affecting the kinematical distributions
in the endpoint region where the decay is almost two-
body. Parametrizing the neutralino energy in the squark rest
frame as

E, =

+5o (1)

M m
2 2zM’

the endpoint region is given by z ~ 1. Here M(m,) is the
squark (neutralino) mass, while the dimensionless variable z
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takes values, z € [m,/M, 1]. Near the end-point the neu-
tralino is maximally boosted and z becomes close to 1.

The collinear and soft singularities of QCD contributions
in the endpoint regions lead to large logarithms,
L ~In(1 — z), in the calculation of the differential decay
width, dI"/dz. Working to next-to-leading order (NLO) in
ay, i.e., to O(ay), the Sudakov effects result in large double
logarithmic contributions of the form a,L*. In order to
obtain reliable predictions, these logarithms need to be
resummed to all orders in «a,. At next-to-next-to-leading
logarithmic (NNLL) accuracy the resummed decay width is
given by

lnd_z = Lfo(asL) + fi(a,L) +asfa(asL),  (2)
with f;(...) dimensionless functions that are O(1), counting
the large logarithms as L ~ 1/a;. This shows explicitly the
dominance of the endpoint region, where the first term on the
right-hand side (rhs) is the leading contribution. Keeping just
the first term would give the result for decay width at leading
logarithmic (LL) accuracy, obtained by resumming the
double logarithms in the perturbative expansion of the form
exp(Lfo(a,L)) = > o ar(a,L?)*. The second and the
third terms on the rhs in Eq. (2), of NLL and NNLL accuracy,
then resum terms that are additionally suppressed by a, and
a?, respectively.

To resum the endpoint logarithms we employ soft-
collinear effective theory (SCET) [24-26], which properly
describes collinear and soft gluon radiation in the endpoint
region. The squark decay near the endpoint is governed by
three distinct scales: hard (1), jet (1;), and soft (i) scales.
For large mass splittings, M — m,, ~ O(M), the hard scale
w1y can be identified with uy ~ M. The light quark together
with radiated collinear gluons forms a collimated jet,
controlled by a typical scale u; ~ M+/1 — z. Finally, the
soft gluon radiations arise at the scale ug ~ M(1 — z). Note
that the kinematics of this problem is very similar to the
decay B — X,y in the endpoint region, i.e., in the part of the
phase space where the final state photon is close to
maximally boosted. The effects of strong interactions are
in this case described by collinear and soft gluon radiations.
The factorization formalism for B — Xy near the endpoint
was established in Refs. [24,26,27].

Similarly to B — Xy, the differential decay width for
g — qy can be schematically factorized as

= HM. i J(MVT=2.) ® S(M(1 = 2) ). (3)
where H, J, and S are the hard, jet, and collinear functions,
respectively. The @ denotes the appropriate convolution
over 1 — z, while uy is the factorization scale. The decay
width is independent of the factorization scale, which
means that ur can be chosen arbitrarily. In general there

will be large hierarchies between pr and uy ; g, so that one
needs to perform renormalization group (RG) evolution for
each of the H, J and S functions. These RG evolutions in
SCET automatically resum the large endpoint logarithms.

Away from the endpoint region, where 1 — z ~ O(1), the
differential rate is dominated by hard gluon emissions from
squark and quark lines, giving the event rate that is O(a).
This is of the same order as the NNLL corrections in the
endpoint region and thus needs to be kept in our expres-
sions. We compute these contributions using fixed order
calculation at NLO in a;. We smoothly connect the two
expressions, valid in the endpoint region and away from the
endpoint regions, giving our final result for the decay width
distribution at NNLL 4+ NLO accuracy. We use the
obtained expressions to perform a numerical study of the
impact of QCD corrections in eTe™ — §g* events, using a
weighted Monte-Carlo simulation.

To compare directly with the experiment our results for
the decay widths will still need to be supplemented with a
resummation of soft and Coulomb gluon radiation con-
tributions connecting the two squarks, see Refs. [28,29] for
LHC. These are especially important for slowly moving
squarks, i.e., at threshold productions, and can even lead to
squark bound states [28,30-32].

The paper is structured as follows. In Sec. II, we
introduce the necessary ingredients of the effective field
theory (EFT) approach to the problem, that includes SCET
and heavy scalar effective theory (HSET). The HSET
describes soft fluctuations of the heavy squark arising
from soft gluon radiations. The HSET and SCET are then
used to derive the factorization theorem for the squark
decay rate near endpoint in Sec. III. The NLO calculation of
the decay width in the full kinematical range of z is
obtained in Sec. IV. Using our results that combine the
resummed and fixed calculations, giving the NNLL + NLO
accuracy, we perform in Sec. V a phenomenological study
of squark pair production in e*e™ annihilation, and then
conclude in Sec. VI. Appendix A contains technical details
on A-distribution which has been used to regularize infra-
red (IR) divergences in the fixed NLO calculation.

II. CONSTRUCTION OF EFFECTIVE THEORY
LAGRANGIAN

We are interested in the squark decay, § — gy, where y is
the dark matter (DM) particle, and how this is affected by
QCD radiation. Near the endpoint, y and a collimated jet
are almost back-to-back in the squark rest frame. DM, y,
escapes detection and manifests itself in the detector as
missing energy. The quark interacts strongly—it radiates
collinear gluons and quark-antiquark pairs, which form a
collimated jet. In addition, there is soft gluon radiation in
the event, which does not have a preferred direction.

As explained in the Introduction, the decay is governed
by three distinct scales, py, 1y, and ug. We use EFTs to deal
with the hierarchies between the three scales and the
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associated large logarithms. We first integrate out the hard
interactions, where the relevant hard scale, uy, is compa-
rable to the squark mass M. At energy scales below py we
then have only collinear and soft degrees of freedom. The
light quark and the collinear gluon describe collinear
interactions for the collimated jet. Also the soft mode
decoupled from the collinear quark and the heavy squark
describes soft gluon radiations near the endpoint. SCET is
the appropriate EFT that describes collinear and soft modes
and their interactions. It provides a systematic way to
decouple soft modes from the collinear field. This is very
useful when proving factorization in the endpoint region.
The interactions of heavy squark are described by the
HSET, which is obtained by integrating out the hard gluon
modes and the squark mass M. In the rest of this section we
show how SCET and HSET are constructed. The decay rate
of the heavy squark is calculated in the subsequent section.

A. Decay Lagrangian at the hard scale

We take y to be a Majorana fermion. This is the case in
the MSSM where y is the lightest supersymmetric particle
(LSP)—assumed to be the lightest neutralino. The most
general Lagrangian describing a two-body decay of a color
triplet scalar, g, to a quark, ¢, and a Majorana fermion y, is
given by1

Line = ZB

= B (4)(qLPrx)G + Br(1)(GrPLyx)q + H.c., (4)

—|—Hc

where we are using the four-component notation with
P; r = (1 F y5)/2. The dimensionless Wilson coefficients
By r encode the new physics as well as strong interactions
above the hard scale puyz ~ M. Our analysis applies to
MSSM, but is also more general and applies to any decays
of the form § — gy, where g is a color triplet scalar.

In the MSSM for each quark flavor there are two
squarks, ¢, 5, so that the above Lagrangian modifies to

mt ZBLI

i=1,2

(GLPrY)qi + Bri(1)(GrPrx)gi + H.c.

(5)

The tree level expressions for the Wilson coefficients are,
neglecting flavor violating effects,

Bri = CrrLy + CrrRy,. Bri = CreLy, + CrrRy,.
(6)
with

'For a Dirac fermion y there are two additional terms in (4),
By (u)(qLPrx¢)q and By (u)(GrPLx¢)q.

Crp = —f[ngle +d(Qy = TNl
CRR = \/_.qu 112 (7)

Cro = Cip = =V2my(N{46,, + Nisdga) /v, (8)

with g, ¢ the weak and hypercharge gauge couplings, Q,
the electric charge of quark ¢, and 79 the weak isospin,
while R; = L; =cos(0;), and Lz = —R; =sin(60;),
with 6, the mixing angle rotating the squark gauge
eigenstates gp,; to mass eigenstates ¢;,. The gr—g,
mixing is usually important only for the third generation
squarks, while for the first two generations gauge and mass
eigenstates coincide, ; = 0. The neutralino mixing matrix
is denoted by N;;. If LSP is mostly gaugino then Ny j, >
Ny314 and thus §; = gy and §g — qgy for the first two
generations. For well-tempered neutralino, on the other
hand, all terms in (7), (8) may be important.

B. EFTs for the endpoint region

We restrict ourselves to the case where quark mass can be
neglected compared to M. We will work in the squark rest
frame, so that its four-velocity v* is given by v* = (1,0).
We orient the coordinate system such that jet goes in the z
direction, i.e., that, neglecting its mass, it is on the light
cone n* = (1,0,0, 1). We also introduce the opposite light
cone four-vector * = (1,0,0,—1), so that n> = > = 0,
n-i=2 and pj=Mv"= M@ +a")/2. We will use
light-cone coordinates, in which a four-momentum p* is
given by pﬂ = (ﬁ P,P1,n- p)

The effective field theory to reproduce low energy
physics in full QCD is obtained by integrating hard degrees
of freedom. For instance, the hard gluon exchanges
between the heavy squark and the light quark are integrated
out. The Wilson coefficients B; p in Eq. (4) thus get
modified to C; g(u) (see Eq. (13) below). The resultant
EFT is valid at the scale 4 < py ~ M. And the remaining
degrees of freedom in EFT are collinear and soft fields
scaling as p, = M(1,4,4%) and p, = M(A2, A%, 2?) respec-
tively. Here 4 is a small expansion parameter in EFT. For
the squark decay near endpoint, 1 is given as ~v/1 — z.

In the heavy squark sector, after integrating out hard
fluctuations as well as heavy squark mass M, the heavy
squark only interacts with soft gluons. Then full QCD
Lagrangian for the heavy squark can be matched onto
HSET Lagrangian,

[’HSET = ¢i lD ¢1/ - D2¢1 + O(l/Mz) (9)

M
where ¢, is the squark field in HSET,

e ™M, (x), (10)

1
g(x) \/T—M
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The covariant derivative D = O* — igA§“T* includes only
the soft gluon field. The second term in (9) is O(1/M) with
a coefficient that is fixed by reparametrization invariance.
We work at leading order in 1/M expansion, and thus only
keep the first term in (9).

The light quark field matches onto n-collinear field in
SCET so that

4x) = 3T, (1) = S e Gy () + £, (1)),
(1)

P P

where

37} An

gnp( ) 4 cInp( ) fnp( ) 4 an( ) (12)

and thus #¢, , = n&; , = 0. The summation is over large
label momenta given by p¥ =i - pn*/2 + p/| that differ
by soft fluctuations. The field &; is suppressed by 4, and is
thus not present as an external quark field in our analysis of
squark decays since we work to leading order (LO) in the
1/M expansion. Integrating out &; the collinear interactions
can be expressed entirely in terms of &,. The resulting LO
SCET Lagrangian for collinear fields can be found in,
e.g., Ref. [25].

The decay Lagrangian (4) matches onto the HSET +
SCET effective decay Lagrangian, appropriate for describ-
ing the squark decays in the endpoint region,

Lo = {Z
p
+ [L < R]
[e M=P)C; () O, (x, 1) + Hoc]

_, (Mv—p) x(éan PR)()¢L( )—l—H.C.

+ Z[e_i(Mv_i’)CR(ﬂ)OR(xvﬂ) +Hel, (13)

p

In the sum only the p that satisfy momentum conservation
are selected. The hard gluon exchanges are encoded in
Wilson coefficients C; x [obtained from B; ¢ in (4)], while
collinear gluons emitted from the heavy squark yield the
collinear Wilson line

W, (x) :Pexp<ig/x dsﬁ-Az(sﬁﬂ)T“>. (14)
Here A} is n-collinear gluon field and “P” indicates the
path-ordered integral.

To show the factorization of soft and collinear inter-
actions it is useful to perform field redefinitions,
E, o Y, E A Y ALY and ¢, — Y, ¢, [26], factoring
out the soft Wilson lines in the n and v directions, Y, ,,

Yv(x)—Pexp(ig/X dsv'A?(svf‘)T“), Vi =n#, ok,
(15)

The path of integration over s € [—oo, x| indicates that the
dressed collinear or squark field is incoming. For the out-
going particles the integration path is over s € [x, +o0],
giving for the soft Wilson lines [33],

- +oo
Y;(x):Pexp<ig/ dsv~A?(sv”)T“>, vH =nt v,
(16)

In the LO SCET and HSET Lagrangian the interactions
between soft gluons and the redefined collinear fields, &,, A%,
and between the soft gluons and the heavy squark field ¢,,
drop out (that is, at LO there are no interactions between
collinear and soft fields, and no interactions between
redefined heavy squark and soft fields). The effects of soft
gluons are thus moved into the effective decay Lagrangian,
where they appear as a product of two soft Wilson lines in n
and v directions,

LT = ZZC

i=L,R p

eI MDY 00y He.,  (17)

with

zR(ﬂ) (gan PRL) Y” 1}¢L( ) (18)

\/_
In Eq. (17) a summation over Dirac four-component index a
is implied. From now on we will use the form of EFT
Lagrangian given in Eq. (17), i.e., with &,, A}, and ¢,
denoting the redefined fields that do not couple to soft gluons
and quarks at LO.

II1. DIFFERENTIAL DECAY RATE AT THE
ENDPOINT

The total decay rate for § — y°q; averaged over the

squark color is

- 1 &p, 1
(G- 2q1) :W/ (2”))‘3@%

where 7, (E,,m,, M) is related to the matrix elements
squared for squark decays into left-handed quarks

(E,om, M),  (19)

TL(E)(’ m)(’M) - 2(2”)45(p — Py~ pX)|ML|2' (20)

X

Explicitly, the matrix elements squared are
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M. = B (1)*(qlq* (PLq")4|X)
< (X[(@"Pr),@"|2) (P, — my)par  (21)

with the summation over color indices, «, f, and Lorentz
indices, a, b implied. We do not show color index of squark
external state: we always consider color-averaged initial
states, hence (g|---|g) = (¢*|---|g*)/N. in our conven-
tion. Note that in Eq. (21) we already used the fact that
neutralinos are not charged under QCD and thus only
contribute as Y. upity = (p, — m,),,. For g — x'qp
decays the same results apply, but with L <> R. The
interference terms between the two decays are m,/M
suppressed and can be safely neglected.
At tree level the decay rate is given by

5 |B.?
TG = 7'q1) = e -M(1=r,)%, (22)
with
r, =mz;/M>. (23)

A. Factorization theorem near the endpoint

We start by reviewing the decay kinematics near the
endpoint, where in the final states we have an energetic
neutralino and a collimated jet as well as soft gluons.
Following Eq. (1), we define the kinematic variable

7= —£%, (24)

in terms of which the neutralino and other final states
momenta are given by

M [(r
Py =" <fn”+zﬁ”>,

Ppr’}%—pS:% Kl—%>n”+(1 —z)ﬁ”]. (25)

Here z can take values z € [/7;, 1] (we oriented the
coordinate system such that ﬁ;{ is always along negative
z-axis, while py is along positive z-axis). The missing
energy is E, = v - p, = (r,/z + z)M/2, and therefore one
can use z and E,, interchangeably. The invariant mass of the
collinear and soft final states is pg = M*(1 —r,/z)(1 - z).
The limit of a very collimated jet, p% — 0, is thus obtained
in the limit z — 1.

In the endpoint region, 1 —z < 1, we can apply the
HSET and SCET formalism, introduced in the previous
section. The differential rate is

(G — °q1) _ (Ez—p))'"?

dE, - 8r*M

T.(E,,m, M), (26)

with T, = 3"y (27)*6(p — p, — px)|M_,|*, where |M[?
is calculated in HSET + SCET,

M. [>=2M(C, (M)|2<¢ﬂ|02,a|x>
X <X|OL,h|¢L’>(p){ - m)()ha + O(l/M) (27)

The EFT operators Oy x are given in Eq. (18), and |g) =

V2M|¢,) up to 1/M corrections. The Wilson coefficients
Cp g can be decomposed into

Crr =BrrXxXCppg, (28)

where B, p are the unknown new physics Wilson coef-
ficients in Eq. (4) and C; p are the Wilson coefficients as a
result of integrating out the squark mass M and the hard
gluon exchanges between squark and quark. The NLO
matching onto HSET + SCET has been performed in
Sec. III B, with the result for C; ; given in Eq. (37).

In the remainder of this section we use the operator
production expansion (OPE) to arrive at a more practically
useful expression for 7 ;. We first use the completeness
relation, > y [X)(X| =1, to rewrite 7, as (neglecting
O(1/M) corrections)

T, =2M|C.(M, m;p,“)‘z
X /d4yei(Mv_pl_ﬁC).y(p)( - m}()ba
X ($s]0] .(¥)OL,(0)[,)- (29)

The large label momentum p, is the n#-component of ply,
given in Eq. (25). The phase in (29) is therefore equal to

M = py = pe = M(1 = 2)i"/2, (30)
so that
T.(E,,m, M)
= ZMZ‘CL(My m)(,/l>|2/d4yeiM(1—Z))’—/2

< (0|(YY, )% (y)(WiPLE,(y) )
x (&,PrAW,)H(0)(Y,Y])(0)]0), (31)

where we used the shorthand notation y_
(v+ =n-y) and that ¢¢|¢)) = 67

The collinear field &£, describes an inclusive jet in
n-direction. The corresponding jet function is defined as

:ﬁ-y
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(O1(Whé, ,(3)2(E,W,,,)5(0)]0)
d*k .
=7 (§> ab / (2r)? e, (k37 p)

n A o~
—o0(3) a6 [k ki)
ab

(32)

At LO in «a, the jet function is simply JO = S(ky).
The product of Wilson lines in Eq. (31) forms the soft
function S(7, ), defined as

S(L..u) = Tr(0|Y}¥,8(L +n-id)¥}Y,|0), (33)

so that its Fourier transform is
THO|Y T, (y) 717, (0)[0) = / dl e 12S(L). (34)

The expression for 7; in Eq. (31) can therefore be
written as the convolution of the soft function, Eq. (34), and
the jet function, Eq. (32),

TL(Z’ m)(v M)
= 4zx|CL (M, m,. p)[*zM?

x [ LS )00 = 2) = ML =1, 2),

(35)

Collecting all the terms, the differential decay rate dI"/dz
in the z — 1 limit can thus be written as

X
OL(R) dL(R)
/
4
q’ ¢v /
(@)

FIG. 1.

d_Z(q _))KOXqJ

M? r

2
of 2
=16 ICL(M, x, )| (z Z>

<[ L, (0 =2) = 1M1= S ),
(36)

where the large momentum, M(l-r,/z), in the jet
function can be further simplified to M(1 — r,), neglecting
O(1 — z) corrections.

The factorization formula (36) is similar to the one for
B — X,y [24,26,27]. The main difference are the hard
interactions. Another difference is that the soft function in
the § — yq decay would be treated perturbatively. For the
squark mass M > O(1 TeV), the typical soft scale pg~
M(1 — z) would be of a few tens of GeV, and it is much larger
than the hadronic scale Agcp <1 GeV. Unlike B — X7,
where the predictions in the endpoint region are given in
terms of the nonperturbative B meson shape functions, the
nonperturbative physics here affects the region of phase
spaceless than 1 — z ~ O(Aqcp/M) ~ 1073, which does not
significantly change our phenomenological conclusions in
Sec. VB.

B. Radiative corrections

We now return to the calculation of C; g in Eq. (28). At
scale y ~ M, we need to integrate out the heavy squark
mass M and the hard gluon fluctuations of order M,
matching onto HSET 4 SCET. For this we match QCD
calculations in «, for the effective operators in full QCD
[Eq. (4)] and ones in SCET + HSET [Eq. (13)]. And we
obtain the Wilson coefficients C; p at the higher order in a;.
At tree level the matching is trivial, resulting in C p = 1.

For NLO results of C; x we compute Feynman diagrams
shown in Fig. 1 and self energy diagrams at one loop.

(b)

One loop diagrams for matching between full QCD (a) and SCET + HSET (b). Here Oy gy = (Gr(r)Pr(r)x)q and

OLw) = (En LRyWaPr) )¢, In diagrams (b), the first (second) diagram is for collinear (soft) gluon exchange. Self-energy diagrams

are also needed for the matching process.
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Throughout this paper, we employ dimensional regularization in the MS scheme with D = 4 — 2¢ in order to handle

ultraviolet (UV) singularity. As a result we obtain

a 9 //‘2 1 H2
CrLr(M,ryp) =1 +ECF {— (Z+—+ lnM—2 +§ln2_M2
ﬂ2 r,
w2t =s) (1) <=2 () o

Here Li,(x) is the dilogarithm function. The anomalous dimensions for C; p are given

(u) = -

Yc

-_F _Zc¢
Cor(u)du " 2

Note that full Wilson coefficients C; g = By gCp g
involve the unknown new physics Wilson coefficients
B r. But, since the effective interaction Lagrangian in
(13) should be scale invariant, we can compute y¢, . by
considering the renormalization behavior of the effective
operators Oy r in SCET + HSET. The relation between the
bare and renormalized effective operators can be written as

ZGROR | = Z;{.zZé/zOfiR. Here,

Zy =14 0a,Cp/(2n€e), and Z;=1-a,Cp/(4ne),

(39)

are the wave function renormalizations for the heavy squark
and the collinear quark fields respectively. Computing the
one loop diagrams in Fig. 1(b) gives

1 1/5 u?
ZL — 7R — 1 &C —+-({=-+In——-+—-—1/,
o=to= It e BT " G 0

where 7 - p is the large momentum component for the
quark and equals 72-p = M(1 —r,) in the z — 1 limit,
while n - v = 1 in the squark rest frame. From Eq. (40) we
obtain the anomalous dimension for C; x satisfying the RG

equation, d/(d1nu)Cp g = ycCp g, as follows
|

dr M r
(7 OX _ X
iz 9= 7 Xa) 16;;( z

d ,
H %
T

<1 + lnMZ(L> + O(a?). (38)

1—r,)?

o 0 a 5 u?
— (1L DV mzsk =L (2am— ).
e (ﬂaqu@g) Mo T F<2+ an(l—uV)

(41)

Since C; g = By gCy g, from Egs. (38) and (41) the anoma-
lous dimensions for the unknown B; x are obtained as
Yp = LiBL.R(,M) =35¢p+ O(a3).  (42)
By r(u) du 4n
In order to employ the standard plus distribution for the
radiative corrections in Eq. (36), it is convenient to
introduce dimensionless jet and soft functions,

T (e M(L = 7,)) = yMI(M(1 = 2) = Ly s M(1 = 1))

(43)
S(y, pu) = MS(L, p), (44)

where y is related to [, through
I, =M(1-y), while x = z/y. (45)

The two new variables are defined in the interval z < x,
y < 1. The limit of soft momenta in the soft function
corresponds to y — 1. In terms of the dimensionless jet and
soft functions, the differential decay rate in Eq. (36) can be
rewritten as

2= 1) e (M P [ = 1 )S(e ) (40

z

We computed the jet and the soft functions at next-to-leading order (NLO) in ay, and the results read [27,34]

7 7 34

2 2

J(x, 1) = 6(1 = x) +%CF{5(1 - X) {———+—ln—+ln
T

2 Q?

R R
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B 2 2

a 7 I
S(y.u) = 8( Y)+2”CF{5( y)[ St =3

- l In2 ﬁ}
M2

b))

where Q> = M?(1 — r,) and (...), the standard plus distribution. Note that both of the above results are infrared finite. The

logarithms are minimized at 4 = Q(1 — x)"/? and u = M(1 —y) for the jet and soft functions, respectively.
We can check that the obtained differential decay rate does not depend on the scale choice, y, to the order we are working.

Differentiation with respect to d(log ) gives,

ddr _ M (Z_%)2|CL(M|2{2R€W

Hauaz ~ T6x

[ 3w tern)

+ / e [(u%z,(x, ﬂ>>3<z/x,u) +7,(x.p) (u%i(z/x,M)] }

" l6n

where 7, and yg are the anomalous dimensions for J, and S,

d -

ud—ﬂln(x,u)=L1%71(2,ﬂ)jnwz,u), (50)

M%S(%ﬂ):[CI%YS(ZM)S(X/Z’#)- (51)

At the lowest order in «, they are given by

750 (2. 1) = %CF [5(1 -2) <2ln”—22+%> —(L]

0 1-2z),
(52)
750z, p) = %CF [5(1 -3 <—ln%+ 1) " (1 —ZZ)J'
(53)

From (41), (52), and (53) it then follows immediately that
Eq. (49) vanishes at O(«).

C. Resummed result for the differential
decay rate near the endpoint

The factorized result in Eq. (46) still contains large
logarithms. We resum these by RG evolving |C.|?, J,,
and S from the factorization scale y down to the respective
“typical scales” for each of the three quantities. The RG
evolution then automatically resums the large logarithms and
exponentiates them. Here “the typical scale” denotes the
scale at which the logarithms in the expressions for |C; |2, J,,,
and S are minimized. The typical hard scale for |C; |> can be
chosen as uy ~ M. On the other hand, Eqs. (47) and (48)
imply that we can choose y; ~ M (1 —r,)"/*(1 —z)!/? and
us ~ M (1 — z) for the jet and soft functions, respectively.

M r,\2
(2= ) ICL0P R 61 =) + (4000 + 0] + O, (49)

We perform the resummation to NNLL accuracy, count-
ing large logarithms to be of O(1/a;). For resummation to
NNLL accuracy, we express the anomalous dimension of
each factorized part as follows:

H A
ve =Acl'c lnm+7& (54)
(2)=6(1 ){AFln # +A} ATc

yi(z2)=6(1-z — 7| Ky,

J JtC Mz(l—r){) J J(I_Z>+
(55)

/42 a Asl'c

rs(z) =6(1 —z2) AsrcanﬂL}’S —Ks (-2, (56)

From Egs. 41), (52), and (53) we extract
{Ac, Ay, Ag, Ky, ks = {—1,2,-1,1,2}. T is the cusp
anomalous dimension [35,36], which can be expanded
as > y_o[y(ay/4m)kt!. The first two coefficients in the
expansion are,

67 7r2> 10

F() = 4CF’ Fl = 4CF |:<? - ? CA - ?nf} s (57)

where C4 = N, = 3 is the number of colors and n; is the
number of flavors. The three loop coefficient I'; reads [37]
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245 13422 1124 22 219 2022 18
I,=4 2 - 4 4 i Nt
2 CF{C <6 27 a5 +3C(3)>+CA”J‘< 7t~ 30 )>

+ Cpny (—? + 85(3)) ;7 }] (58)

The noncusp anomalous dimensions in Egs. (55) and (56) can be expanded as 7,_;5 = > ;_o77x(a;/(4x))*. From
Egs. (52) and (53), the leading coefficients are given as

Y70 =6Cp, 750 =4Cp. (59)

The two loop coefficients required for NNLL accuracy are given by [38]

. 3 3155 2272 247 Ar

771 =-2Cp |:Cp<—§+2ﬂ2—24(:(3)> ~|—CA< 1 +— 9 +40¢(3 )) —|—nf<27 ) ) 2p0(7 =27 ):| (60)
. 37 7 9 1 1
75,1—16CF|:CA( 108+m+4§( ) — 6) _”f<5_4+7_2>}’ (61)

where f3, is the first coefficient of QCD beta function. The 7. in Eq. (54) can be written as 7, = —7; — 7 from the fact that
the differential decay width is scale independent.

Performing the RG evolutions using Laplace transform [39,40] leads to the resummed result near the endpoint at NNLL
accuracy as

dles(q = 1°X,,) M
dz 167z

2 2 7N
- Hy _alalinHs _ ¢ — )l
Xj{lan(l—rI) a”]s[lan 26”} r o

For integrated quantities such as the total decay width the NNLL accuracy requires jet and soft functions, J and S, to be
calculated at O(a) (see, e.g., Table 1 in Ref. [41]). For decay width distributions, such as dI"/dz, the log enhanced O(a?)
terms in J , and S need to be included as well [42] (see, e.g., Table 6 in Ref. [42]). To the required order the two functions are

(1—r) exp[M (up, py, us)]|B (up) PICL(M, r){n“H)|2

~ a,Cr (1 n* 3

Ll =1 $ ST SRRy 3
JIL] + 2n <2 3 +2 + )+ ' (63)
~ a<CF 571' 1

L :1 S -_—— L—_L2 t . 4
SIL] * 2n ( 12 * 2 >+ (64)

where the ellipses denote the O(a?) terms, which are given in Appendix B. For the NLL result, we only keep the first two
terms in Eq. (63) and (64).
The exponentiation factor in Eq. (62) is given by

2
U
Mgz, pyis) = 28 (g py) = 28r (g ps) +In——H—— a[Cc] (uy. uy)
M*(1 - rx)

2
—In 2L alU e (g ps) + alf) ) + alfs) o ), (65)

with the Sudakov factor Sr and the evolution function a[f] defined as

Stlunono) = [ “‘%rda) / % alfrono) = [ “‘%ﬂa» (66)
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Here a and | denote a (i) and a;(ug 1), while b(ay)
a[l¢] are given by [41]

S(/’llnu())

= da,/d1In p is the QCD beta function. To NNLL accuracy S and

Ty [ 4n 1 Iy p b
W {asw <1 —p ’) " (IT%)“ mrinn) g

ag(uy) [ (BT B T B
+ yy {(m—'ﬁ—())(l—r—l—rlnr)—i-Q—é—ﬁ—()(l—r)lnr

(ﬂ_z_@_@_ﬂ)
5 Bo Py Ty
allcl(ur o) =

where r = a,(pg)/a,(p1). Finally, the evolution parameter
n in Eq. (62) is defined as n = 2a[['¢](uy, pis). It is positive
since u; > ug. For the NLL result, we only keep the first
line of Eq. (67), and the first term in Eq. (68).

IV. DECAY DISTRIBUTION IN THE FULL RANGE

Even though the decay distribution dI"/dz in the region
z — 1 is the dominant contribution to the total decay width,
it is useful for phenomenological analyses to obtain the
decay distribution in the full range of z, while retaining the
O(1 — z) corrections. The expression for dT"/dz away from

Iy
2_ﬁ0 [Inr—i— <

) )

r, ﬂl) %ﬂa(ﬂﬂ] , (68)

Iy bo

z — 1 should be obtained using full QCD. Away from the
endpoint region the gluon emissions are hard so that the
total invariant mass of final state jets can be comparable
to M.

To perform the calculation of 7 ; in Eq. (20) in full QCD
we introduce the structure function W, (z,r,, M),

To(z.r,, M) =2x|B,|*W(z.r,. M). (69)

The W; is thus given by

Walerebt) = o [ e @l (PLa) (@@ Py, 010 7y = (70)

where p, is the momentum of the neutralino [the expression for it in terms of z and r, is given in Eq. (25)]. The differential

decay rate is then

dAr . M
— 7 X = —
24~ %e) = 16,

At tree level we have simply W, = §(1 — z).

B L (z Z) W (e r, M), (1)

To obtain the NLO expression for W; we computed the Feynman diagrams shown in Fig. 2 as well as
self-energy diagrams for the squark and the light quark. As a result, one loop corrections to W, in MS scheme are

given as
a,Cr 3 2 |
s Ty, = — o(1 — In———
Ve Mop) == {( Z)[z "wa-rpta
7 5
—-2r,H(r,) - 3 r,Hy( 1)"' 3] —+

Z—I"X

Here we introduced the so called “delta distribution,” [..

In (1—r)+2L12( x >
r -1

X 1 <

Z—VZ

2z(l -r,)2-z-r,/2) [g(z, rx)] }
A

NEENED a5 (%))

(72)

.]a» in order to deal with the infrared (IR) singularity as z — 1. The

definition and some useful properties of the A distribution are given in Appendix A. For a region of integration that is, as in
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FIG. 2. The NLO Feynman diagrams for ¢ — yX, . The dashed lines at the center of each diagram denotes the discontinuity cut for

forward scattering amplitudes.

our case, over z € [, /7, 1] (rather than over the interval [0, 1]) the introduction of a A distribution shortens the expressions
compared to the standard plus distribution. In Eq. (72) the functions H ,(r,) and g(z.r,) are given by,

2r,/z41,/7%)

1-z2

B 1 dz( —-r, —F/Z)(
H](r)()—/ (z=r,/2)(1 =1,/2)?

VE

[V dzl=2r,/z+r e
H2(r”)/¢—1z (1-r,/2)?

z -z
g<r)”z):(1—z)(z —r)l 1-r,/z (75)

The anomalous dimension yy/(z), controlling the RG
evolution of structure functions,

d ldx
pg W) = [ WL, )
(76)
is given by
asCF 2
wle) =35 Fa-0+0@). ()

Using the fact that dT"/dz is scale-invariant then gives the
anomalous dimension for B (u) as yz = —3a,Cr/(27)+
O(a?), which, as expected, is the same result as given
in Eq. (42).

1
=——+2coth (1 +2,/7,) -
VT !

In , 73
1-r,/z (73)

In(1 + /7)) (74)

X

Finally, we combine our results for the differential
decay rates in the full z range and near the end-
point, z — 1, to obtain the decay distribution at NNLL
+NLO,”

One may wish to consider other matching schemes that turn
off smoothly the resummation effects in the region far away from
the endpoint. In our case the role of the smooth matching is
performed by the running of jet and soft scales which are
respectively given as ) =M,\/(1-r,)(1—2z) and u} =
M(1-z), where r,=m/M* While the prescription in
Eq. (78) does not recover exactly the NLO result anywhere in
the physical region z >, /7, this treatment does suffice for our
purposes. First of all, alternative prescriptions that have py =
Uy =us at z =0 similarly do not lead to perfectly smooth
matchings anywhere in the physical region for z. More impor-
tantly, the two decay distributions with and without resumma-

tions, dI's/dz and dI" QLO /dz, are completely dominated by the
endpoint region and have only negligible contributions from the
rest of the z range. We therefore expect only numerically
subleading corrections from alternative matching prescriptions
relative to the results using Eq. (78).
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TABLE L.

Total decay widths of a 1.45 TeV squark based on the LO, fixed-order (NLO), NLL + NLO, and

NNLL + NLO calculations, with the Wilson coefficient B; at the scale M taken to be B; (M) = 1. Benchmark
neutralino masses are varied in the interval 200 < M, < 1000 GeV. The impact of scale uncertainties for NLL +
NLO and NNLL + NLO predictions are shown as well.

M, (GeV) LO (GeV) NLO(GeV)  NLL+NLO (GeV)  unc.(%)  NNLL4+NLO (GeV)  unc.(%)
1000 7.93 7.87 7.45 +18.13 8.58 +14.81
900 10.90 10.85 9.92 +17.79 11.47 +14.20
800 13.96 13.90 12.40 +17.76 14.38 +13.94
700 16.97 16.91 14.79 +17.90 17.19 +13.90
600 19.81 19.74 17.01 +18.13 19.81 +13.98
500 22.39 22.30 18.98 +18.39 22.15 +14.12
400 24.62 24.50 20.65 +18.66 24.14 +14.29
300 26.43 26.29 22.00 +18.91 25.73 +14.46
200 27.76 27.62 23.23 +18.93 27.16 +14.49
Ttun (Gr = 1°X,) = % +_dFTI:TLO _ﬂjl;' (78) /12 = Mo(l - z), where r, = I’{iﬁ/Mz. For z.—> 1 we would
dz a dz dz dz have p; — 0 for these choices of running scales and

The first and the second terms on the right-hand side are the
resummed result near the endpoint, Eq. (62), and the NLO
result for the full z range, Eq. (71), respectively. The double
counting of contributions between the two terms is
removed by the third term on the right-hand side of

Eq. (78), i.e., the dF’;/dz. The expression for aTé/dz
follows from dI'y.,/dz by identifying the multiple scales
as py = py = ps = M.

V. PHENOMENOLOGICAL STUDY

In this section, we present a detailed study of NLO,
NLL+NLO, and NNLL+ NLO predictions for the § — gy
decay. In Sec. VA we show our results for the normalized
differential width distributions as well as the total
decay widths, and discuss the impact of soft gluon
resummations on the NLL 4+ NLO and NNLL + NLO
results. In Sec. V B, we perform a numerical analysis at
NLL + NLO and NNLL + NLO accuracies for the decays
of pair-produced squarks in a linear e e~ collider based on
\/s =3 TeV Compact Linear Collider (CLIC). Since the
decay topology of a squark can be significantly altered by
higher-order corrections, it is necessary to scrutinize these
effects for the precise measurements of a squark and
neutralino masses, which is an important part of the
CLIC physics program.

A. Differential width distributions and total widths

The resummed results that we calculated at NNLL +
NLO and NLL + NLO accuracies in Eq. (62) depend on
the choices of scales, py, p;, and pg. To illustrate the scale
dependences, we independently vary the y;, i = H, J, S,
between 240 and 9 /2, where 40 are the default choices of
the hard, jet, and soft scales. We take ,u(,), = M for the
default hard scale. The default jet and soft scales are chosen

as the running scales u)=M,\/(I1-r,)(1-z) and

therefore the IR Landau poles in the running of the strong
coupling constants. In order to avoid this problem we adopt
the following profile function for the soft scale,

pf_{M(l—z)

0 ifZSZoy
g =ug = .
s in + aM(1 =2)> if 7 > z,.

(79)

Therefore we make the soft scale frozen as p,;, as z — 1.
The parameters a and z,, where 1 — z; < 1, are determined
by zo = 1-2upin/M and a = M /(444 ) to ensure that ,u’s’f
is smoothly continuous at z5. We use ;. = 0.5 GeV so
that M(1 — zy) = 1 GeV. The impact of nonperturbative
physics grows as z becomes larger than z, and therefore ,ug
goes from 1 GeV to 0.5 GeV. The precise choice of y;, and
the estimation of its uncertainty would be possible from a
nonperturbative model or from a fit to experimental data, if
these become available. This is beyond the scope of this
paper, where we focus on perturbative resummation effects
near the endpoint.

We also modify the jet scale using the following profile

function®
0 _ rf _ M(1 - rf 80
Hy = Hy ( r ;()ﬂs . (80)

Table I shows the total decay widths of a squark with mass
M = 1.45 TeV obtained at LO, NLO, NLL + NLO, and
NNLL + NLO accuracies, with the Wilson coefficient B
normalized by B; (M) =1 at the scale M. Benchmark
neutralino masses are chosen in the interval 200 < M, <
1000 GeV. The scale uncertainty of NLL + NLO prediction
turns out to be ~18%, which is improved to ~14% at

*Equation (80) relates only the default jet and soft scales.
When we estimate the uncertainty due to the choice of scales, the
jet and soft scales are varied independently around these central
values.
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FIG. 3. The ratios of NLL + NLO (green line) and NNLL + NLO (blue) total decay widths normalized to the LO result as a function
of mass M. The neutralino masses are fixed to M, = 1(0.5) TeV in the left (right) panel. The details on hard, jet, and soft scale

variations, giving the corresponding bands, are explained in Eq. (79) and Eq. (80), with yp;, = 0.5 GeV.

M, =1TeV and (right) M, = 0.5 TeV. For both cases,
scale uncertainties become larger as M increases.
Normalized NLL + NLO, NNLL + NLO, and NLO
differential decay width distributions using ppmin =
0.5 GeV are shown in Figure 4. The NLO distribution

NNLL + NLO. These are obtained by varying the hard, jet
and soft scales in the range from uf, ; ¢/2 to 2uY, ; ¢ each
independently. Figure 3 shows the ratios of total decay
widths of NLL + NLO and NNLL + NLO predictions with
respect to the LO as a function of mass M, while fixing (left)

i i
| | == NNLL + NLO, ttnin = 0.5 GeV i | | == NNLL + NLO, ptin = 0.5 GeV !
800} i 800} i
|| =— NLL +NLO, ftmin =0.5 GeV i | | = NLL + NLO, fhin =0.5 GeV i
] ]
=== NLO i " -—-= NLO i
L 1 L .l
600 ; 600 i
¥ oy :
1 /]
% i "L‘c i
* 3 o * L "
O 400t C 400- i
~ &
~ r ~
M =145TeV M =145TeV
000 M, =1TeV 2000 M, =500 GeV
0 —— -n_ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 O —— 1 1 1 1 1 1 1 1 1 1 1 1 1 4
0.996 0.997 0.998 0.999 1.000 0.996 0.997 0.998 0.999 1.000
Z Z

FIG. 4. Normalized NLL + NLO (green), NNLL + NLO (blue), and NLO (gray dash-dotted) differential decay width distributions,
using i, = 0.5 GeV. We fixed neutralino masses to (left panel) M, = 1 TeV and (right panel) M, = 0.5 TeV.
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diverges in the region z — 1, while the resummed NLL +
NLO and NNLL + NLO distributions are regulated at the
endpoint. The central value of NLL + NLO distribution
tends to be more broadened compared to the
NNLL + NLO, but their overall size of uncertainties near
the endpoint region are similar with each other.

Concerning the scale variations of the NLL + NLO and
NNLL + NLO distributions, we find that the dominant
uncertainties come from when we vary the soft scale
down to u$/2, while other scale variations give quite small
uncertainties. Note that /4(5) varies from 5.8 GeV to 1.45 GeV
when z is changed from z = 0.996 to z = 0.999, and reaches
Hmin = 0.5 GeV at the very right end of panels in Fig. 4. The
large variation still present at NNLL for z > 0.999 can thus
be traced to this very low soft scale that is reached at the very
endpoint of the spectrum.

B. Precision studies of squarks and neutralinos at CLIC

The squark decay, § — gy, results in a two-body final
state at LO, which at higher orders becomes a multibody
final state due to additional hard or soft QCD radiation.
This can potentially affect the methods for precise mea-
surements of squark and neutralino masses. As an illus-
tration we take the impact of QCD corrections on such
measurements at CLIC [43-46], a future linear eTe~
collider designed to provide collision energies up to
3 TeV. If supersymmetric particles are light enough to
be produced at such machine, CLIC will provide a platform
for precision studies where their properties could be
determined with considerable accuracy [47-51]. In the
phenomenological analysis we focus exclusively on the
impact of QCD radiations in the squark decay. For a
realistic study other important effects, in particular the
initial state QED radiation, that results in the reduced
effective et e~ collision energy, need to be included.

For pair-produced squarks that decay into light quarks
and neutralinos,

ete”™ = qq" — qray. (81)

an interesting technique to simultaneously measure squark
and neutralino masses, is to search for the edges in the event
distributions. We will discuss two such methods, (i) based on
edges in energy distribution of the light quark jets, E| + E,,
and (ii) a method based on the kinematic variable M [52].
The numerical analysis is based on LO version of
MadG5_aMC@NLO [53,54] with PYTHIA 6 [55] showering,
but no hadronization, which was used to generate the event
chain in (81), utilizing the minimal supersymmetric Standard
Model (MSSM) implementation from [56,57]. The PYTHIA
events were clustered with the FASTJIET [58] implementation
of the anti-k7 algorithm [59], taking r = 0.4 for the cone size.
For events to pass the selection cuts we require at least two
jets with pr > 50 GeV. To obtain the NLL + NLO and
NNLO + NLO (including two-loop-log terms) samples we

reweight PYTHIA events, on an event-by-event basis, accord-
ing to the dlog I'/dz normalized differential distributions in
Figure 4 for each of the decay chains. We first rewrite the
variable z in Lorentz-invariant form

X4 /x> —4r -
e=— V" win xzzp);wzp‘f,

(82)

where p; and p, are four-momenta of a squark and a
neutralino respectively.4 We plug two z values (from two
decay chains) into the normalized NLL 4 NLO and
NNLO + NLO distributions in Fig. 4 using puy;, =
0.5 GeV to obtain probabilities. Then we multiply the two
probabilities to obtain the weight for each event. In this way,
the simulated events acquire the correct NLL + NLO and
NNLO + NLO distributions in z variable, but are only
approximately NLL + NLO and NNLO + NLO in the other
phase space variables. The NLO samples, on the other hand,
cannot be obtained using the same reweighting method.
Since the NLO distributions in Fig. 4 diverge at z = 1, the
probabilistic interpretation of the differential width distribu-
tions is not well-defined. As a result we do not include
reweighted NLO distributions. We derive results for two
benchmarks, setting squark mass to M = 1.45 TeV, while
taking the lightest neutralino mass to be M, =1 TeV or
0.5 TeV, and assume a negligible squark decay width. In this
study, the beamstrahlung, initial state radiation, and detector
effects are not included.

For two body squark decays, (81), the minimal and
maximal light quark energy are directly related to M and
M, [60,61]

Vs M2 4M?
Eqmax = 1—ﬁg 1+4/1———], (83)

s M% 4M?
Eq’min_T<I_W)<l_wl_T’ (84)

and thus in our case E| + E; € [2E, 1nin. 2E, max ), neglect-
ing the small squark boosts in the lab frame. At LO the
E| + E, distributions start at 0.59 TeV and 0.98 TeV, for
M, = 0.5 TeV and M, = 1 TeV, respectively. In Figure 5,
on the other hand, the NLL + NLO and NNLL + NLO
E| + E, distributions extend well below these boundaries
(see the green and blue lines). This behavior is easy to
understand—the collinear radiation leads to nonzero jet
masses, or equivalently, to a dlogdl'/dz squark decay
distribution with most of the events having z < 1 (two-
body decays have z = 1), see Fig. 4. This in turn means that
the jet energy is smaller than in the two body decay,
cf. (25), softening the E| 4 E, spectrum. The effect is

*We keep track of the event history to access this information.
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FIG. 5.

M = 1.45 TeV (right).

present, but less pronounced, also at the upper edge of the
E, + E, distribution. The original PYTHIA distributions
(before reweighting) are shown with gray lines.

The extraction of M, and M, from the E| + E, distri-
bution is still possible, as indicated by the fact that the
E, + E, distributions shifts significantly between the
M, =0.5TeV and M, =1 TeV benchmarks. However,
one would need to use the full matrix element and not just
the edges, in this way controlling the shift of the edges due
to the soft and collinear radiations. In addition to the
NLL + NLO and NNLL + NLO decay width distributions
that we have calculated in the present manuscript, one
would also control other systematics and theoretical
uncertainties. The method, for instance, requires precise
knowledge of the center of mass energy, which can be
potentially distorted by beamstrahlung [62,63] and initial
state radiations (ISR), causing sizable uncertainties in the
measurements of the edges, see, e.g., Ref. [61].

An alternative mass measurement method exploits the
kinematic variable M ., invariant under contralinear boosts
of equal magnitude,

Me = \J(Egs + Ego)’ = (Bya = oo (8)

Here E, |, ﬁq_l and E,,, ﬁq,z are the energies and three-
momenta of the two final state quarks, respectively. The
maximal value of M is reached when the two jets are
colinear. It is given by

1000 1200 1400 1600 1800
0.004r [ NLL + NLO, ftyin = 0.5 GeV 10.004
=— NNLL + NLO, ftin = 0.5 GeV'
Pythia6
0.003+ 10.003
L’L]Rl rrrrr
+ M =1.45TeV
g
= 0.002} M, =0.5TeV 10.002
5
=
5 0.001} 10.001
3
0.000F=—-- 0.000
8 8
6 6
g 4 (NLL+NLO) /Pythia6 4
S (NNLL+NLO) /Pythia6
= 2 2
1000 1200 1400 1600 1800

E; + E> [GeV]

Distributions for the sum of energies of the first two hardest jets for M, = 1 TeV (left) and M, = 500 GeV with fixed

M? - M2
M = = (56)
showing that M ¢ is sensitive to both M and M,,. The virtue
of the M - variable is that it does not depend on the center of
mass energy, and is therefore less susceptible to beam-
strahlung distortions [61]. Similarly to the E; + E, dis-
tribution, the collinear and soft radiations cause the M,
spectrum to soften. However, as can be seen in Fig. 6, the
effect is more pronounced at the maximal value of M,
which is exactly the quantity that enters the determination
of M and M,,. Comparing the shift in the distributions for
M, =0.5TeV and M, =1 TeV one sees that the LO
sensitivity to M, M,,, Eq. (86), still applies to a good extent
also to the resummed distribution with M constructed
using the two hardest jets. For instance, for the numerical
examples in Fig. 6 there are still appreciable numbers of
events within O(5%) of MP*™, with the peak of the
distribution shifted by O(10 —20%) at NNLL + NLO
compared to PYTHIA. This gives a rough sense of associated
errors on MP* due to the softening of distributions in the
case of limited statistics available in an experiment.
However, once CLIC collects enough statistics a precise
determination of M@™(M,M,) using a matrix element
method based on resummed distributions can be attempted.

Finally, we show in Fig. 7 the pyTHIA (gray), NLL +
NLO (green), and NNLL + NLO (blue) missing energy
E™ss distributions. Here the E™® is due to the two
neutralinos in the final state, and we do not include any
detector effect. Unlike the other two observables, E; + E,
and M, the effect of resummations is negligible for the
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FIG. 7. The missing energy distributions for (left) M,, = 1 TeV and (right) M, = 500 GeV with fixed M = 1.45 TeV.

E™s distribution. This is because the neutralino mass is too
heavy for the effect of recoiling against the soft gluon
radiations from the quark-sector to be significant.

VI. SUMMARY

In this paper we have studied QCD corrections to the
squark decay, § — gy. The large logarithms that arise in the
endpoint region, z — 1, were resummed using SCET up to

the NNLL accuracy. Away from the endpoint we computed
hard gluon radiations at NLO. Finally, we provided an
expression that smoothly interpolates between the NNLL
and NLO results, giving the NNLL + NLO prediction for
the total decay width and the decay distribution, dI"/dz.
The additional QCD radiation in the decay softens the
decay distributions for many observables. As a case study
for the phenomenological impact of higher order QCD
corrections we explored the methods for simultaneous
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measurements of squark and neutralino masses at a linear
ete™ collider based on /s = 3 TeV CLIC. A majority of
mass measurement techniques are based on edges in
kinematic distributions. Such kinematic edges are modified
by having additional QCD radiation in the event. For
instance, the distribution of the combined energy of the
hardest two jets, E; + E,, now extends below the lower
boundary that is otherwise obtained in the case of two body
decays. Similarly, the distributions in the M variable get
softened near its maximal value, which is precisely the
region used for the quark and neutralino mass extractions.
With limited available statistics in experiments this soft-
ening of the distributions would result in a shift in measured
squark and neutralino masses. The induced shift in the
masses could be estimated from a matrix element based
method using the NNLL + NLO resummed decay distri-
butions that we provided. In a quantitative analysis one
would also need to include additional effects such as the
beamstrahlung, initial state radiation, and detector effects.
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APPENDIX A: DETAILS ABOUT
A-DISTRIBUTIONS

Consider function g(u, ¢) that is singular at ¢ = 0 with
u = 0, and define

Ale) = Al dug(u,e), (A1)

where A(e) can have (1/¢)" poles. The g(u, €) function can
be rewritten in terms of delta function and plus distributions
as,

g(u,e) = A(e)d(u) + [g(u. e),, (A2)

where the plus distribution is defined as

/O ' dulg(u)], £(u) = /  dug(u)[f(u) - FO)).  (A3)

For application to our results it is useful to make a
change of variables, u = h(z), so that the singular point,
u =0, is now at z = 1, while z € [a, 1], i.e., h(1) = 0 and
h(a) = 1. When extracting the IR poles from the integral
over z one needs to carefully keep track all the factors due
to a change of variables. Consider now the integral

/ L dzf (2)g(u.e)

a

- [\ (_ %)m)m@a(u) +lwe)l,).  (A4)

where on the lhs g(u,e) = g(h(z),€), while on the rhs
f(u) = f(h~"(u)) = f(z). Using Eq. (A3) we can rewrite
the above expression as

/ ' dzf (2)g(u.e)

a

z=1

+ [ degt {ﬂz) - (5

e

where in the last two lines u should be viewed as a function
of z, u = h(z). This means that in terms of the z-space
distributions we have

dul|!

glu.e) =A(e)| - 6(1=2) + [g(u€)]a.

z=1

(A6)

where we have defined A-distribution as

/ ' daf (@)lg(. o))

a: [ azatwe)| s -0 % /(% )] (A7)

Note that term in the bracket multiplying g(u, €) in the right
side tends to zero as z — 1.

In obtaining Eq. (72) in the main text, we used the change
of variables, u = (1 —z)/(1 —x/z), for which du/dz =
—(1=2x/z+x/2%)/(1 =x/z)* and du/dz|._, =-1/
(1 — x). A function g(u, €) = 1/u'*¢, can then be expressed
in terms of z-space distributions as
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1 1—x (1 —x/z)”ﬁ} 7 (A8)

Ate T ¢ 5(1_Z)+[(1_Z)1+e

The A-distribution can be further expanded by e,

[ {%] 0= [Lat o - =2 2 D)o@ @9

N (1 —z)tte -z (1-x/z)?
In calculating the Feynman diagrams (c) and (d) in Fig. 2, one encounters the following integral
1 “(1—a) ([(1-¢))? . -1
/ do =™ (=€) 5 () o ge =LY, (A10)
0 (I1—uw)a+u u u
which is divergent for u = 0 and ¢ = 0. For extraction of 1/¢ poles we can use that
1 - -1 1
/ duw > F (1,1 = e;2 = 2¢; 2 S — , (A11)
0 u 4¢°T'(=2¢)
where the regularized hypergeometric function ,F, simplifies at € = 0 to
- u—1 ulnu
F.(1,1;2; = - . Al2
(1) = (A12)

Applying Eq. (A6) then leads to

e R ety 1-x o[ O=xe?  (-2) .
u 2F1<1,1 12— 26— >_ 4€3r(_2€)5<1 2) [(1_Z)(Z_x/z)1 (l—x/z)A+O( ). (A13)

APPENDIX B: TWO-LOOP JET AND SOFT FUNCTIONS

In this Appendix we give the log enhanced two-loop contributions in jet and soft functions, Egs. (63), (64). First, we
consider the moments of the jet function

. 1
J[N] :/ dzz "N J(Q*(1 - 2)). (B1)
0
In the large N limit we can write
STy A . (1 (1 ag\? 2 (2 (2 (2
JIN =1 +E(J<()l) + AL+ L) + (E) GUL;+ 502+ 50 4 L, (B2)

where L; = In(u?N/(M?*(1 —r,))) and N = Nexp(yg). Note that in the second line of the equation we dropped the

nonlogarithmic term, (a,/(4x))? jf)z). The RG equation becomes

dl
diny

L TEPIN a\? . ~ () ~ (1) (1)
}’JJZE(}’J.O-FzFoLj)‘F — | [Fy1 +7s0d0” +Li(#s0/1 +200jy +20)

47
~ (1 (1 (1
+L2(7,0/5" + 200/ \) + 205" L3, (B3)

where we have use that y; = 2'cL; + 7, with 7, = >, 7,1 (a,/(4x))*. From this we can obtain the coefficients of the
a2 log terms in Eq. (B2),
2 _

. ~ ~ (1 (1
P =21+ 70005 + 2605, (B4)

N[ =
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. PPN . .
35 = 3 (s +2p0)i" + 2Mojy” +200). (BS)
. [P . .
35" = g (o + 26005 +200t"). (B6)

:(2)

AP =i, (B7)

0| —

In a similar way, we write for the soft function

~ ag
SV =1 (s 451 L L)

¥
2
+<Z_;z> (st Ly 55 L3+ 5L 5713, (BY)

where L, = In(u>?N/M?), and the coefficients of the a2 log
terms are determined to be

S =2 Gt Goo+ 20y, (BY)

s = a0+ 260050 + ATos}) 1), (B10)
5 = L (o + 2800+ ATsl), (BI1)

i =g ars), (B12)

where Ay =-1, ys=ATcL;+7s, and Jg=

> k=0 ?s,k(as/(4”))k~
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