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Pion pressure in a magnetic field
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While the partition function for QCD in a magnetic field H has been calculated before within chiral
perturbation theory up to two-loop order, our investigation relies on an alternative representation for the
Bose functions which allows for a clear-cut expansion of thermodynamic quantities in the chiral limit.
We first focus on the pion-pion interaction in the pressure and show that—depending on magnetic field
strength, temperature, and pion mass—it may be attractive or repulsive. We then analyze the
thermodynamic properties in the chiral limit and provide explicit two-loop representations for the pressure

in the weak magnetic field limit |¢H| < T?.
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I. INTRODUCTION

The low-energy properties of quantum chromodynamics
(QCD) can be understood on the basis of its relevant low-
energy degrees of freedom: the Goldstone bosons. This is
the path pursued by chiral perturbation theory (CHPT), and
indeed, the low-temperature properties of QCD in a
magnetic field have been explored within CHPT in many
studies up to two-loop order [1-12]. Other approaches to
finite-temperature QCD in magnetic fields include lattice
QCD [13-25], Nambu—Jona-Lasinio model-based studies
[26-33], and other techniques [34—60]. Yet more references
can be found in the review of Ref. [61].

Recently, the present author has pointed out that the
chiral expansion of the quark condensate in a weak
magnetic field and in the chiral limit has not been properly
derived, and has provided the correct series in Ref. [62].1
The analysis was based on an alternative representation for
the Bose functions, which was the key to deriving the
proper series in a transparent manner. Relying on this
coordinate space representation, here we take the analysis
up to the two-loop level. This does not merely correspond
to rederiving or rephrasing known results for QCD in

"The error in Refs. [2-4.8] appears to be related to an incorrect
expansion of the function ¢ in the limit of weak magnetic fields.
The mistake in Refs. [9,10] can be traced back to the Euler-
McLaurin expansion of thermodynamic functions, where not all
relevant terms have been taken into account. A more detailed
analysis of the series given in Refs. [9,10], as well as a discussion
of the discrepancy with respect to my series in Ref. [62], is
forthcoming [63].
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magnetic fields in an alternative framework. Rather, our
analysis goes beyond the literature by (i) analyzing how the
nature of the pion-pion interaction in the pressure—
repulsive or attractive—is affected by the magnetic field,
as well as the temperature and pion mass, and (ii) providing
the chiral expansion for the pressure in weak magnetic
fields (JgH| < T?) in the chiral limit.

As different expansions and limits are considered in the
present work, it is useful to briefly make some pertinent
comments. First of all, the chiral expansion on which
CHPT relies is an expansion valid at low momentum,
energy, or temperature. The chiral expansion is organized
according to the number of loops, and in three spatial
dimensions each loop is suppressed by two momentum
(temperature) powers. In this sense, we are dealing with a
low-temperature expansion, because temperature—as
well as the pion masses and magnetic field—has to be
small compared to the chiral-symmetry-breaking scale A,
which is approximately 1 GeV. While 7, M,, and H
must be small, the ratios between them can take any values.
In the present work, we are interested in the chiral limit that
is achieved by taking the limit M, — 0 at fixed tem-
perature: the ratio M, /T tends to zero, which corresponds
to addressing the regime M, < T. Therefore, although
temperature is still low compared to A,,, we are dealing here
with a high-temperature expansion or high-temperature
limit. Once the chiral limit at fixed temperature has
been taken, we then consider another limit, namely
|gH| < T?. Again, taking the limit |gH| — 0 at fixed
temperature corresponds to a high-temperature expansion.
Throughout the paper, we will refer to the limit |gH| < T?
as the weak magnetic field limit.

In terms of the dressed pions at zero temperature, the
chiral expansion of the pressure in a magnetic field takes a
remarkably simple form. Noninteracting pions yield the
well-known 7 contribution, while interaction effects enter
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at order T°. In the chiral limit (M — O)—irrespective of
whether or not the magnetic field is present—the two-loop
interaction contribution vanishes. In the case M # 0, the
pion-pion interaction in the pressure is mostly attractive,
but it may become repulsive at low temperatures as the
magnetic field strength grows. In general, the sign and
magnitude of the interaction depend on the actual values of
temperature, magnetic field, and pion masses in a nontrivial
way, as we illustrate in various figures.

In the chiral limit, the expansion of the pressure in a
weak magnetic field H is dominated by terms involving
€32, € loge, and €2, where € = |gH|/T? is the relevant
expansion parameter and ¢ is the electric charge of
the pion.

The article is organized as follows: The evaluation of
the QCD partition function in a magnetic field up to two-
loop order within chiral perturbation theory is presented
in Sec. II. The nature of the pion-pion interaction in the
pressure—attractive or repulsive—is analyzed in Sec. IIL
We then focus in Sec. IV on the thermodynamic pro-
perties in the chiral limit and provide the weak magnetic
field expansion of the pressure to arbitrary order in
€ = |qH|/T?. Finally, in Sec. V we conclude. While details
on the two-loop CHPT evaluation are discussed in
Appendix A, the rather technical analysis of the pressure
in weak magnetic fields in the chiral limit is presented in
Appendix B.

II. CHIRAL PERTURBATION
THEORY EVALUATION

A. Preliminaries

Surveys of chiral perturbation theory have been provided
on many occasions (see, e.g., Refs. [64,65])—in what
follows, we only touch upon the very basic elements to set
the notation. Throughout the study, we refer to the isospin
limit m,, = my.

The effective pion fields z(x) appear in the SU(2) matrix
U(x),

U(x) = exp(it'z'(x)/F), i=1,2,3, (2.1)
where 7/ are Pauli matrices and F represents the pion
decay constant at tree level. The leading piece in the
effective Lagrangian is of momentum order p? and takes
the form

L2 = 1FZTr[(D,,U)T(D,,U) - M*(U+U").

= 2.2
eff 4 ( )

Here M is the pion mass at tree level. The magnetic field H
enters via the covariant derivative

DU = d,U + i[Q, UJAEM, (2.3)

where Q is the charge matrix of the quarks, O = diag(2/3,
—1/3)e. The gauge field AFM = (0,0, —Hx;,0) contains
the (constant) magnetic field [61].

In the present analysis, we also need higher-order pieces
of the effective Lagrangian, namely £¥; and LS. The
explicit structure is given, e.g., in Refs. [66,67]. The
relevant Feynman diagrams for the partition function
up to two-loop order p® are shown in Fig. 1. The lines
represent thermal propagators which correspond either to
the charged pions or to the neutral pion. In fact, the
dimensionally regularized zero-temperature propagator
A%(x) for the neutral pion in Euclidean space takes the
familiar form

2%x) = (20 [ &peir(a? + )

- / " dp(dmp)H2e=PM~2 4 (2.4)
0

On the other hand, the dimensionally regularized zero-
temperature propagator A*(x) for the charged pions does
involve the magnetic field. In Euclidean space, as derived in
Ref. [62], it amounts to

o —441 ,—pM?
Ai(x) _ |qHLe_5qu|x1xz/2/ dpp. 1Tle™P
(47)t o sinh(|gH|p)
RO E ST (R
4p  4tanh(|qH|p)
where
s, =sign(qH). (2.6)

In either case—for neutral and charged pions—the
thermal propagators are obtained by summing over zero-
temperature propagators as

[Se]

G(x)= Y AF.x4+np). ﬁ:%.

n=—0oo

(2.7)

In the evaluation of the partition function diagrams dis-
played in Fig. 1, as we will see, thermal propagators only
have to be considered at the origin x = 0. It is furthermore
advantageous to isolate the zero-temperature pieces A* and
A in the thermal propagators via

G*(0)
G°(0)

Gy = A*(0) + ¢ (M, T, H),
G) = A%0) +¢(M.T.0).

(2.8)

The quantities gf (M, T, H) and g;(M, T, 0) are kinemati-
cal functions that describe the purely finite-temperature
part. They are embedded in the more general class of Bose
functions defined by
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FIG. 1.
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QCD partition function diagrams up to order p® o T°. The filled circle stands for £2; the numbers 4 and 6 in the boxes
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Td-2r-2
M, T,H
G .7 H) = o [ dp
Td 2r .
9-(M,T,0) = / dpp' eXp<
(4r)"
S(z) = Z exp(—nn’z),

o) ) -1

Hip/4xT%)

4ﬂT2p> {SG) ) 1]’

(2.9)

where S(z) is the Jacobi theta function. Note that g.(M, T, 0) does not involve the magnetic field. In order to facilitate the
subsequent analysis, in the Bose functions g (M, T, H) for the charged pions, we extract the H = 0 part as

g9/ (M.T.H) = §,(M.T,H) +g,(M.T.0), (2.10)
where solely
d=2r=2 1 47 T? M? 1
M, TH) = —— =2 X - S(-) -1 2.11
500, 78) = aerlot [ o™y ) <0 aerer) [55) -] e
| 3
contains the magnetic field. These two types of kinematical z _ Z[4] 2o M.T.0)—(M.T.H). (2.13
functions—g,(M,T,H) and g,.(M,T,0)—constitute the AT TR0 290( ) =G0l ) (213)
basic building blocks in our analysis. The decomposition .o
of the thermal propagators into 7 = 0 and finite-T pieces  Lhe zero-temperature part z," is
then results in e 3 qHP
e e (1 2) G
Gy =A"(0)+5(M,T.H)+ g,(M,T.0), 647> 2 961
GY = A%(0) + g,(M. T, 0). (2.12) _ \quz/w o2 (L.
167> Jo sinh(p) p 6
As a low-energy effective field theory, chiral perturba- M2
tion theory describes QCD in the regime where quark X exp <_|qH|p>' (2.14)

masses as small, magnetic fields are weak, and temper-
atures are low: the quantities M, H, and T ought to be
small compared to the chiral-symmetry-breaking scale
A, ~ 1 GeV. While ratios between these parameters in
principle can have any value, in the present analysis, the
limits M/T — 0 (chiral limit at fixed temperature) and
|gH| < T? (weak magnetic field limit) are of particular
interest.

B. Free energy density up to order p®

The one-loop free energy density (order p*)—in coor-
dinate space representation—has been derived in Ref. [62].
The final renormalized expression reads

Modulo factors of ys/32x%, §,/32x%, and 8,/32x%, the
quantities 73, &, and h, represent the running effective
coupling constants evaluated at the renormalization scale
u=M, (M, =~ 140 MeV)—details can be found, e.g.,
in Ref. [68].

At the two-loop level (order p®), the three partition
function diagrams 6A—6C have to be evaluated—this is
done in Appendix A. In terms of the tree-level pion mass
M, the outcome is

The third term in the first parenthesis should read —%.
In Ref. [62], Eq. (A7), it was inadvertently cited as —1.
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o 3M2 M
264+6B+6C = Zg +W(91) +F9191
tg _313 %4+£2 ls = Is |qH|*
N R Ty
I; M*  Is—I5|qH|?
g | — — , 2.15
+g‘[ N2 F | 4822 F? (2.15)

where the integral K is defined in Eq. (AS5). Since we are
interested in the behavior of the system at finite temper-
ature, the explicit structure of the 7 = 0 contribution z[oﬁ] is
not needed here.

Let us have a closer look at the terms linear in g; and g .
First, notice that the kinematical functions g, and g, are

related to gy and g, through

990 . 0

I =""7m gl-‘m-

vl (2.16)

In the presence of a magnetic field, the mass of a charged
pion (MF) is different from the mass of a neutral pion
(M%). In order to determine these masses, we express
the kinematical functions g, and §, in terms of M; and
MY instead of M. Since only the charged pions are tied
to g,ﬁ we can write

gO(Mijr:aT7H>:.ao(MaT?H)_.al(M’T?H)El’ (217)
where &; measures the mass-squared difference
& = (ME)? — M2, (2.18)

Comparing with the third line of Eq. (2.15), we identify
€ as

_76—75|61H|2 73 m*
4827 FP R P

€ (2.19)
As for g,—where all three pions are involved, according to
Eq. (2.12)—we must distinguish between the respective
pieces: for the charged pions we write

90(Mz,T,0) = go(M,T,0) = g;(M,T,0)&,, (2.20)
while for the neutral pion we have
90(M3,T,0) = go(M, T,0) = g:(M,T,0)e;.  (2.21)

The quantity ¢, measures the mass-squared difference

e; = (M%)? — M? (2.22)

and can be identified as

3See Eq. (2.12).

I, M* M?
=—-———F+—=5K. 2.23
T TR TN (2.23)
As a result, we can read off how the pion masses are
affected by the magnetic field:

lg = s |qH?
487% F?
2

M
(M3)? :M%‘I'FKI'

’

(Mz)> = M7+
(2.24)

Note that M, is the pion mass in zero magnetic field,
given by

I, M*

M2 = M> =+ O0°).

P T 302 (2.25)

The mass relations in Eq. (2.24) indeed coincide with
those obtained by Andersen in Ref. [10]—see Eqgs. (3.8)—
(3.10)—in the zero-temperature limit. It should be
pointed out that we consider the pion masses at zero
temperature, while in Ref. [10] finite-temperature effects
are included as well. As it turns out, to have a clear
definition of interaction effects in the thermodynamic
quantities, we must consider the pion masses at 7 = 0—
i.e., dress the pions at zero temperature according
to Eq. (2.24).

The result for the total two-loop free energy density
simplifies considerably if we now express the kinema-
tical functions g, and g, in the one-loop contribution—
Eq. (2.13)—by the masses M+ and M9 rather than by M.
Using Eqgs. (2.17), (2.20), and (2.21), we obtain

1 .
Lot = 20 — gO(M;Tt7 T7 0) _EQO(M% T’ 0) - gO(M;Tt7 T7 H)

M3

+ 2 (M7.T.0)g,(M3.T.0)
M3

- 8F2 {gl(Mgv T»O)}Z

2

M, B
+ P2 91(M3.T,0)5, (M5, T.H) + O(p®),

(2.26)

where z; is the zero-temperature piece. The crucial point
is that all terms linear in ¢;(M,T,0) and §(M,T,H)
have been absorbed into mass renormalization: M? —
(M£)?,(M2%)2. In particular, the effect of the pion-pion
interaction at finite temperature is solely contained in the
terms quadratic in the kinematical functions. It should be
noted that the differences between M2, Eq. (2.25), and the
tree-level mass M? at the order we are considering are
irrelevant in the coefficients accompanying the terms
quadratic in the kinematical functions, such that it is
legitimate to write M>.
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While the evaluation of the two-loop free energy
density in Refs. [9,10] is based on a momentum-space
representation for the kinematical functions, here we have
used an alternative representation based on coordinate
space. The advantage is that the latter approach allows
for a clear-cut expansion of thermodynamic quantities in
the chiral limit, as we demonstrate below.

III. PRESSURE: NATURE OF
PION-PION INTERACTION

We now explore the manifestation of the pion-pion
interaction in the pressure, which we derive from the
two-loop free energy density as

P =7y = Zior-

(3.1)

To make temperature powers in the pressure manifest, we
replace the Bose functions g, and g, with the dimensionless
kinematical functions %, and 4, according to

hO_F’ ho_ﬁ» hl_ﬁ, hlzﬁ (3.2)
and obtain the low-temperature expansion of the
pressure as
P = pi(t,m,my)T* + py(t.m,my)TC + O(T®),  (3.3)

with the coefficients

FIG. 2. Magnitude and sign of the pion-pion interaction in the pressure measured by &p(2, m, my)—Eq. (3.6)—for the temperatures
T = 53.8 MeV and 108 MeV (upper panels), and 7 = 161 MeV and 215 MeV (lower panels).
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1
pi(t.m,mpy) = ho(Mz ., T,0) +§h0(M9n T,0)

+ ho(ME, T, H),
2

T 22F?

m’ 0 2
+W{hl(MmT’ 0)}

m2

222

pa(t,m,my) = hi(Mz,T,0)h (M3, T,0)

hy (MY, T,0)h, (M£, T, H). (3.4)

The dimensionless parameters ¢, m, and my,

t:i m:M” m :~|qH| (3.5)
4zF’ 4zF’ 1 4zF '

measure the temperature, pion mass M, [Eq. (2.25)],
and magnetic field strength with respect to the scale
4nF ~ A,—i.e., with respect to the chiral-symmetry-
breaking scale A, ~ 1 GeV. In the domain where chiral
perturbation theory operates, these parameters are small:
more concretely, in the plots below, we will restrict
ourselves to the parameter region t,m,my 5 0.3. For
the pion masses we use M, = 140 MeV and, fol-
lowing Ref. [69], for the pion decay constant we get
F = 85.6 MeV. Finally, according to Ref. [66], for the
combination of NLO low-energy constants as it appears in
the charged pion masses, we take Iy — [s = 2.64.

The T* contribution in the low-temperature series for the
pressure corresponds to the noninteracting pion gas, while
the pion-pion interaction emerges at order 7°. Recall that the
Bose functions Ay and h; do not explicitly involve the
magnetic field: the effect of the magnetic field is embedded
in the Bose functions 7, and . In the chiral limit (M — 0),
the coefficient p,(t,m, my) tends to zero: the pion-pion
interaction only starts manifesting itself at the three-loop
level, as is well known for the case H =0 (see, e.g.,
Ref. [68]). However, for M # 0, the interaction term is
present, and—depending on the actual values of the param-
eters ¢, m, and my—the resulting pion-pion interaction in the
pressure may be attractive or repulsive, as we now illustrate.

To get a more quantitative picture, let us consider the
dimensionless ratio

pa(t.m, my)T?

pi(t,m,my) (3:6)

Ep(t,m,my) =

that measures the magnitude and sign of the pion-
pion interaction relative to the noninteracting pion gas
contribution. In Fig. 2, we depict this ratio for the four
temperatures ¢ = {0.05,0.1,0.15,0.2}, or equivalently,
T ={53.8,108,161,215} MeV.

In the limit M — 0, irrespective of absence or presence
of the magnetic field, the two-loop interaction contribution
vanishes. In the other limit, H — 0, the interaction in the

FIG. 3. Magnitude and sign of the pion-pion interaction in the
QCD pressure as a function of temperature () and magnetic field
strength (my)—measured by p,(t,m, my)T?>—at the physical
value M, = 140 MeV of the pion masses.

pressure always is attractive, irrespective of the actual
values of the (nonzero) pion masses and temperature.
When the magnetic field is switched on, the attractive
pion-pion interaction becomes weaker, but only at low
temperatures and stronger magnetic fields does the pion-
pion interaction become repulsive. Overall, the interaction
in the pressure is quite small, at most around 1% compared
to the leading free Bose gas contribution. It remains to be
seen whether these subtle effects in the interaction can be
observed in numerical lattice QCD simulations—in par-
ticular, the repulsive effect at lower temperatures and
smaller pion masses.

The case of interest* corresponding to the physical value
of the pion masses—M, = 140 MeV, i.e., m = 0.130—is
depicted in Fig. 3, where we plot the dimensionless
two-loop contribution p,(t, m, my)T? as a function of tem-
perature and magnetic field strength. As the figure sug-
gests, the interaction is purely attractive in the parameter
domain ¢, my < 0.25. As the strength of the magnetic field
grows, the attractive interaction gradually becomes weaker.
Note that the maximal values for the parameters ¢ and
my correspond to 7'~ 269 MeV and +/|gH| ~ 269 MeV,
respectively. In other words, we are already in a region
where temperature and magnetic field strength are no
longer small compared to the underlying scale A, and
the low-temperature expansion starts to break down.

IV. PRESSURE IN WEAK MAGNETIC FIELDS
IN THE CHIRAL LIMIT

The objective of Ref. [62] was to provide the correct
series for the one-loop quark condensate in weak magnetic

“Note that we refer to the isospin limit where all three pions
have the same mass (in the absence of the magnetic field).
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FIG. 4. Comparison of the first three terms in the series for the
functions §, (red curve) and §; (blue curve) with respect to the
full functions.

fields in the chiral limit. The corresponding analysis
involved the kinematical function §;. Regarding the pres-
sure, the one-loop contribution involves the kinematical
function §,. In Appendix B, we derive the expansion of this
function in weak magnetic fields in the chiral limit,
following analogous strategies as for §;. Based on these
results, we now discuss the structure of the weak magnetic
field expansion of the pressure in the chiral limit up to two-
loop order, which is new to the best of our knowledge.
In the chiral limit, as stated previously, the pion-pion
interaction in the pressure starts showing up only at three-
loop order, which is beyond the scope of our investigation.
The series for the pressure in the chiral limit is hence fixed
by the Bose contribution of order T* that contains the
kinematical function §,. With the weak magnetic field
expansion for gy, Eq. (B27), the series for the pressure in
weak magnetic fields and in the chiral limit takes the form

2
P:”—T4+{— B

1
——e?loge+be? + (’)(64)}T4

30 872 " 962
N f2|1%| s rflog2 | N
_(16_15){%6 “oapn® g € Toe)T
+O(T8logT), (4.1)
where the relevant expansion parameter € < 1 is
|qH|
€= (4.2)
The quantities
I;~-0.610499, b, ~0.00581159, [ ~—1.516256
(4.3)

are defined in Eqgs. (B23), (B24), and (BS), respectively.

The series is dominated by a term involving the
half-integer power (|gH|/T?)%? a logarithmic term
|gH|*/T*1log |qH|/T?, and two terms quadratic in the
magnetic field. If no magnetic field is present, the series
reduces to the well-known pion gas contribution

2

P(H =0) = ;T—OT“ +O(T log T). (4.4)

As we illustrate by Fig. 4 in Appendix B, the repre-
sentation (4.1) of the pressure—that includes the first three
terms in the expansion of §, and §;—provides a very
accurate approximation not only for small values of € (see
Table II in Appendix B), but also for larger values of €: 1%
precision up to € = 10 is guaranteed, while 10% precision is
still achieved up to € = 20.

V. CONCLUSIONS

Within chiral perturbation theory—based on a coordinate
space representation for the thermal propagators—we have
analyzed the impact of the magnetic field on the partition
function up to the two-loop level. Using the dressed pion
masses at zero temperature, we have shown that the pion-
pion interaction in the pressure may be attractive, repulsive,
or zero. The respective sign of the two-loop interaction
contribution is controlled by the strength of the magnetic
field, as well as temperature and pion mass. In the weak
magnetic field limit, the interaction is purely attractive at
two-loop order, and gradually becomes weaker as the
strength of the magnetic field increases.

We then have provided the expansion of the pressure in
weak magnetic fields in the chiral limit. The dominant
terms in the series are proportional to (|gH|/T?)%/?,
|gH|*/T*log|qH|/T?, and |gH|*/T*.

The question arises whether three-loop corrections in the
thermodynamic quantities—i.e., order-p® effects—are large
compared to the two-loop results discussed here. While the
corresponding three-loop analysis referring to zero mag-
netic field has been provided in Refs. [68,70], a three-loop
analysis for QCD in the presence of a magnetic field, based
on chiral perturbation theory, has never been attempted to
the best of our knowledge. Work in this direction, relying on
the coordinate space representation, is currently in progress.
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APPENDIX A: FREE ENERGY DENSITY AT
TWO LOOPS

In this Appendix, we derive the order-p® contribution to
the free energy density, originating from diagrams 6A-6C
of Fig. 1. The two-loop diagram yields

114031-7



CHRISTOPH P. HOFMANN

PHYS. REV. D 101, 114031 (2020)

M? Mm?
A — FG:I‘:G? 8?GOGO (Al)

where the thermal propagators G for the charged pions
and G‘l) for the neutral pion are defined in Eq. (2.8). The
result for the one-loop graph 6B,

|qH|2 M4 M4

ZGB = (415 - 216) Gi + 213 —Gi + l3

are interested in the properties of the system at finite
temperature.
In the decomposition of thermal propagators,

Gi = Ai(o) +gl(M,T,H) +gl(M7T’O)’

G = A%(0) + ¢,(M, T,0), (A3)

the kinematical functions are finite in the limit d — 4. The
zero-temperature propagators A*(0) and A°(0), however,

(A2) become singular and take the form
involves various NLO effective constants /; that require A%(0) = 2M%2 + K, A%0) =2M21.  (A4)
renormalization (see below). The explicit structure of the
tree-level contribution z¢ is not required here, because we  The integral K; and the parameter 1 are
|
% . M? 1 1
Ky (M, ) = 2 |2d / dpp~+*! em(— p> ( . ——>,
(4r)> Jo lqH| sinh(p) p
1 1
h=5 (4n)-§r<1 - §d> M4
M1
= Indr +T7(1) + 1 O(d-4)]. A5
Yo [y -y ndn D)+ 1} 4+ 0= 4) (a3)
Gathering results, the unrenormalized free energy density at order p® amounts to
A% = 265 + 265 + 26¢
3m? M? Mt M? |gH |? Mm*
=— A K 415 - 21 3l
QF2 (91)*+ 2F29191+91[2F2 +2F2 1+ (4ls 6) 5 72 + 303 ]
M4 2 M4 3M6 M4 H 2M2 H 2
1 |y A+ (415 = 21) |" d + 2| F o B 7K1/1+(815—416)%“(415—216)"] "k,
F 2F F
M® M*
+ 61'; ﬂ + 2[3 K] + Z6C- (A6)

The first two terms are quadratic in the kinematical functions and are finite as d approaches the physical dimension d = 4.

Considering the terms linear in ¢g; and g,

3m* M? |gH |? M*
—A+-—=K 415 —21 3l ,
1[2F2 +2F2 |+ (45 6) 5 72 + 3F2]
_ M lgH | M*
using the standard convention for the renormalized NLO effective constants [;,
I; 1 1
I = =——, =—, =—=, A8
i ( 3072 ) 73 3 75 6 I 3 (A8)
we arrive at
3l; M*  M? le =15 |qH[? Iz M* ls—1s|qH|
K 0 |l——=——= . A9
i { 64 2 2 T age W2 482 P (49)
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Notice that the above expressions are perfectly finite: all 90(0,T,0), 91(0,T,0) (B1)
divergences in Eq. (A7) have been canceled. Finally, the

zero-temperature  divergences contained in Zzgs +Zes—  that do not involve the magnetic field, and

displayed in the last two lines of Eq. (A6)—will be

canceled by counterterms from the next-to-next-to- 3(0.T. H), 7,(0.7. H) (B2)

leading-order Lagrangian £S; contained in the zero-

temperature contribution Zgc. that do depend on the magnetic field. The analysis for the

former functions in the chiral limit has been given a long

APPENDIX B: KINEMATICAL FUNCTIONS IN time ago in Ref. [68]:

WEAK MAGNETIC FIELDS

In this Appendix, we provide the representations for the
kinematical functions in weak magnetic fields. From the
very beginning, we operate in the chiral limit. The relevant

n? 1
0,7,0)=—T* 0,7,0) =—=T° B3
90( H ’ ) 45 ? gl( ’ ’ ) 12 ( )

functions in the free energy density are The latter two functions are defined as
|
~ qul%"/‘” 11 lgH|
A0, T,H) = dpp' 2| = —— S -1], B4
9 ) @nf Jo 77 \sin(p) " p 4zT*p (B4)
with
S(z) = Z exp(—nn?z). (BS)

The evaluation of §,(0, T, H) in weak magnetic fields has been established in Ref. [62] with the result

|L| log2  ¢(3) 7¢(7)
30T H) = -4 2 _Je— 2_
ol ) {87:3/2\/E 1622 3847 T 083045

et + O(e%) }Tz. (B6)

The expansion parameter ¢ measures the ratio between magnetic field strength and temperature,

|qH]|
By definition, in the weak magnetic field limit |gH| < T?, this parameter is small. The integral I 1 is
I = /oo dpp~1/? I 1 ~ —1.516256. (B3)
> Jo sinh(p) p

What remains to be done is the analogous expansion for g, (0, T, H). According to Ref. [62], the representation (B4) can
be cast into the form

€ ! d 1 4n 1 €
9-(0,T.H) = Td=2r / dop~ot" | —— T )|S[=]) =1 T2 (1 4 [T B9
gr( ) (471')r+1 0 pp 2 <Sinh(€p/47z') €p) |: (p) :| -+ (47[)r+1 { At+1p+ C} ( )

where the respective integrals are defined as

1 1 4xp\ [ (1
1= [fappri(— LA (1) 4],
! A ” 2<Sinh(€/4ﬂp) € N <p) ]
Loy s 1 4mp
Ig= | dpp" 2| -,
B A P 2(sinh(e/47rp) € )

1 d 1 4ﬂ'p
Ic=-— dppr 2| ——— —— ). B10
¢ A P <sinh(€/47rp) € > (B10)
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For r = 0 and d — 4, the first integral in Eq. (B9), much
like the integral 1, is well-defined. Following Ref. [62], the
integral I is split up into two terms:

Ig =1Ip + Ip,

3
€§—r—2 o d 1 1 1
= [Tar ().
Bl (4ﬂ)z-r-§/) P sinh(p) p

1 4
I, = d T — ). Bl1
R € LD
For r =0 and d — 4, we obtain
- T Lo
I 2 -
smh (p) p
1 4
I d _— B12
B2 = A P <sinh(€p/47r) €p> (B12)

Note that the power /€ in I, is explicit, whereas € appears
in the integrand of Ip,, as well as in the first integrand in
Eq. (B9) and in 14 of Eq. (B10), as an argument of the
hyperbolic sine function. We thus Taylor-expand these
pieces into

1 4z 33
— = Cpe + cp’e

- 5 7
sinh(ep/4n) ep +0(e),

+ c3p€

1 4p

-1 -3.3 -5,5
—_— = +
sinh(e/47p) cip e+ crpTie’ +c3p€

+ O(€7), (B13)

such that e-powers in all these integrals become explicit.
The first few coefficients ¢, in the above series are

1

e ~—133%x 1072
C 2a4n 33 x 10 s
7 —6
€=~ ~9.80 x 1075,
230407
31
(= m 654 % 107,
1548288078
127
_ L L an4x 107"
“4 = 99090432007 > 1075,
73
_ ~—273x 10715, (Bl4
5 = 7 8969099673607° % (B14)

The last piece in the analysis of §,(0,7,H) in weak
magnetic fields is /-, defined in Eq. (B10). This integral for
r = 0, however, cannot be processed in the manner out-
lined in Ref. [62], which indeed worked for the case’ r = 1.
Instead, we decompose the integral /-

°In the decomposition I = Iy + I, Eq. (A15) of Ref. [62],
both expressions /-, and I, are singular if » =0 and d — 4.

B 1 1 4zp
te== [ o) 9

in an alternative way as

Ic(N) = I¢1(N) +1c2(N)

B / N d 1 4mp
Jo ’ sinh(e/4zp) €
N 1 4p
d 17 a4 N b
+[ p<sinh(€/4n’p) € >
where N > 1. Redefining integration variables, we obtain
e [1 1 1
Iei(N) = —— dpp~2( = —-—
o) =4 iy <Slnh(p) p>
€ [ 1 1
- dpp=2 -,
an )y 7 <sinh<p> p>
€ [e/4n 1 1
Ier(N) = — dpp~2 (= ——).
(i) 4n l/zwv ” (Slnh<ﬂ) p)

The N dependence cancels in the sum I (N) + I (N),
and we are left with

te= o [ ()
i ()

In the second contribution, the power ¢ is explicit. In the
first contribution, where € appears in the upper integration
limit, we Taylor-expand the integrand, and then integrate
term by term. The final result for /- can be cast into the

form
[ — €1 € +j—i
€T 247 B\4g) T ax €

© 2n—
_ Z 22 — 1 By e2n-1
(n—1)(2n)! (47)*! ’

(B16)

(B17)

(B18)

(B19)

where the B,,’s are Bernoulli numbers and the quantities
J and T are defined as

B,, = —0.00924219,

n 0 1 1
i= dpp'2< - —) ~—0.179499.  (B20
[ simh(p) (B20)

Note that the structure of the e-expansion of /- is now
manifest.

Collecting individual contributions, after some algebra,
and with the help of the identity

114031-10



PION PRESSURE IN A MAGNETIC FIELD

PHYS. REV. D 101, 114031 (2020)

ér@«:(z) = [Tanis) -1, @20

2

the expansion of the kinematical function §,(0,7, H) in
weak magnetic fields and in the chiral limit takes the form

U S 2
—WGZ—WG 10g€+b1€

9(0.T.H) = {
+ b2€4 + b3€6 + b4€8 + 0(610)}T4,
(B22)

where

o0 3 1 1
I = dpp72| ————— | = —0.610499. B23
= o () o B

The coefficient b, is

6(J —1)—T1+log4n
9672

b, = ~0.00581159,  (B24)

with

ol o)) [

while the coefficients b,(p > 2) are

_2(r'—1) f2r(2p=3)¢(4p=3) 1
P~ T an) 2p)! { 2 " }
p=>2.

The numerical values of the first five coefficients b, (p >2)
are given in Table L.
More explicitly, the series can be written as

1

~ 3 3
3(0.T.H) = {—Vé/zez —Wezloge
6(J—1)—1+logdr ,
- 967> ‘
_702-3¢(5)) | 31(4x* = 105(9))
1843207° 49545216070
127(327% —31185¢(13
_127(32# C(M ))eg +O(e'%) s T4
3805072588800z
(B27)

To check convergence properties of the above series for
G0(0, T, H) in the weak magnetic field limit |gH| < T2, let
us compare the first few terms in the e-expansion with the
exact result Eq. (B4). The first column in Table II displays

TABLE 1. The first five coefficients b, defined by Eq. (B26).

by

—6.56867042287 x 1077
1.90033315207 x 1010
1.55270844266 x 10715

—3.08314759762 x 10~
1.87712447343 x 10~18

o RO I TR O L

the exact result, while the second column just takes into
account the leading term in the series (B27) proportional to
€32, The third column, furthermore, incorporates the
€2 log € contribution, and the fourth column finally extends
up to the € term. One observes that a very good
approximation is achieved by just including the first three
terms: the series (B27) converges quite rapidly.

Finally, it should be noted that the order-T* contribution
in the pressure—i.e., the coefficient p; in Eq. (3.4),

1
pi(t,m,my) = ho(M¥,T,0) +§ho<Mg7 T.,0)
+ ho(M%, T, H), (B28)

contains the kinematical functions hy(M:,T,0) and
ho(M£, T, H), which, in the chiral limit, reduce to

ho(My,T,0), ho(My, T, H), (B29)
with
(M )2 _ Z6 - 75 |qH|2 (B30)
H 4872 F?

In the weak magnetic field limit, the kinematical function
ho(My,T,0) hence takes the form

hO(MH’ T, 0) = I’lo(o, T, O) - aezh] (0, T, 0)

a24

n —26 hy(0.T,0) + O(eS),  (B31)
where
26 - 75 ) |qH| T
=2 Iy =—, t=——. B32
12z~ T? 4z F ( )

Analogously, in the weak magnetic field limit, the kin-
ematical function ho(My, T, H) amounts to

ho(My, T, H) = hy(0, T, H) — ae’h, (0, T, H)
a’et -

We hence have additional terms in the weak magnetic field

expansion of the pressure in the chiral limit, which contains

the NLO low-energy constants /5 and .
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TABLE II.  Exact result and leading terms in the series (B27) for the kinematical function §, in the limit |gH| < T?. We use the
notation where —3.50963233726 — 4 stands for —3.50963233726 x 1074, etc.

€ G0/ T* 0O(e¥?) O(e? loge) O(e?)

0.1 —3.50963233726 — 4 —4.33381291264 — 4 —4.09079140529 — 4 —3.50963246014 — 4
0.05 —1.30789993783 — 4 —1.53223424946 — 4 —1.45318968180 — 4 —1.30789994551 — 4
0.01 —1.26375177959 - 5 —1.37047197570 — 5 —1.32186767423 — 5 —1.26375177971 -5
0.005 —4.56026045635 — 6 —4.84535013722 - 6 —4.70555019271 - 6 —4.56026045643 — 6

0.001 —4.20279056592 — 7 —4.33381291264 — 7
0.0005 —1.49764974370 -7 —1.53223424946 -7
0.0001 —1.35493952595 - 8 —1.37047197570 - 8

—4.26090646044 — 7
—1.51217871733 =7
—1.36075111541 -8

—4.20279056592 — 7
—1.49764974370 -7
—1.35493952595 - 8

As Table II demonstrates, the first three terms in the
series (B27) give a very good approximation for the
function g, when the expansion parameter € is small. In
order to assess the quality of our expansion for larger values
of ¢, we consider the quantity &, defined as the ratio
between the sum of the first three terms in the expansion
(B27) with respect to the full (unexpanded) function gj.
This ratio corresponds to the red curve shown in Fig. 4.

In the same figure, we also plot (in blue) the quantity &,
which corresponds to the analogous ratio for the function
§J;—1.e., the ratio between the sum of the first three terms in
the expansion (B6) with respect to the full (unexpanded)
function g;. One observes that in either case, the first three
terms in the series provide a very good approximation even
for larger values of e. Precision of 1% is guaranteed up to
€ ~ 10; 10% precision is still achieved up to e = 20.
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