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Multi-instanton contributions to anomalous quark interactions
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In quantum chromodynamics (QCD), the role which topologically nontrivial configurations play in
splitting the singlet pseudo-Goldstone meson, the 7/, from the octet is familiar. In addition, such
configurations contribute to other processes which violate the axial U(1), symmetry. While the nature of
topological fluctuations in the vacuum is still unsettled, at temperatures above that for the chiral phase
transition, they can be described by a dilute gas of instantons. We show that instantons of arbitrary
topological charge Q generate anomalous interactions between 2N ;| Q| quarks, which for Q = 1 make the
" heavy. For two flavors we compute an anomalous quartic meson coupling and discuss its implications for
the phenomenology of the chiral phase transition. A dilute instanton gas suggests that for cold, dense
quarks, instantons do not evaporate until very high densities, when the baryon chemical potential is

>2 GeV.
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I. INTRODUCTIONS

In quantum chromodynamics (QCD), the up, down and
strange quarks are relatively light, and there is an approxi-
mate global flavor symmetry of SU(3), x SU(3)gx
U(1),. When the hadronic vacuum spontaneously breaks
chiral symmetry, a flavor octet of light pseudo-Goldstone
bosons is generated, which are the z, K, and # mesons of
broken SU(3); x SU(3)g. When QCD first emerged, it
was a puzzle why there is not an associated ninth pseudo-
Goldstone boson in the flavor singlet channel, the 7/, from
the breaking of the axial U(1), symmetry.

This occurs because while classically there is an axial
U(1), symmetry, it is not valid quantum mechanically
because of an anomaly [1]. There are topologically non-
trivial fluctuations which violate the U(1), symmetry [2]
and make the " heavy [3]. Classically these configurations
are instantons: these have a topological winding number
equal to an integer Q, and an (Euclidean) action equal
to 872|Q|/g*, where g is the coupling constant of QCD
[4-39]. Instantons split the singlet #’ from the octet of
pseudo-Goldstone bosons and also generate the 6 param-
eter of QCD [5].

There are several open questions regarding the nature of
topological fluctuations in the QCD vacuum. In absence of

“pisarski@bnl.gov
“frennecke @bnl.gov

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2020,/101(11)/114019(26)

114019-1

a large energy scale to cut off the size of the instantons,
their fluctuations on any length scale become relevant, and
the integration over their contribution blows up. This is
cured nonperturbatively through confinement, where dense
topologically nontrivial fluctuations may form an instanton
liquid [16-18]. Furthermore, it is expected that QCD
behaves smoothly as the number of colors, N., goes to
infinity [40,41]. In this limit, the contribution of a single
instanton vanishes exponentially, while current algebra can
be used to show that the # is still split from the octet of
pseudo-Goldstone bosons [40]. This could occur if there
are topologically nontrivial fluctuations whose topological
charge is not an integer, but an integer times 1/N_; in
certain limits, such as for adjoint QCD on a femto-torus,
this can be shown semiclassically [30,31].

However, if the effective coupling is small, e.g., at high
temperature or quark density, then a semiclassical analysis
is valid, and topologically nontrivial fluctuations can be
approximated as a dilute instanton gas [12,13]. Numerical
simulations of lattice QCD provide insight into how the
topological structure changes with temperature [32-39].
Remarkably, these demonstrate that the overall power of
the topological susceptibility with respect to the temper-
ature 7 is given by a dilute instanton gas above temper-
atures as low as a few hundred MeV [34-37].

In this paper we address a modest problem and consider
quantities which are nonzero only because of topologically
nontrivial configurations, using a dilute instanton gas as an
illustrative example. Studies of the phenomenological
implications of the axial anomaly, including the effects
mentioned above, have been based on effective quark
interactions that are generated in a dilute gas of instantons
of unit topological charge [4]. Here we generalize this by
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demonstrating that effective 2N ;|Q|-quark interactions are
generated in a dilute gas of instantons of arbitrary topo-
logical charge Q [7-10]. Even though semiclassically such
topological field configurations are suppressed exponen-
tially, these interactions can give rise to novel anomalous
effects related uniquely to fluctuations of higher topologi-
cal charge. We develop a general formalism for including
the effects of higher topological charge and use this to
explicitly work out the local effective interaction for
Q = £2, for the case where the constituent-instantons,
which we define before Eq. (1), are small. At low energies
and for two quark flavors this is a quartic meson interaction.
In the third section we present a phenomenological
analysis, analyzing the effects of anomalous meson inter-
actions in mean field theory and use a dilute instanton gas
to roughly estimate their magnitude. Technical details of
the computation are given in the Appendix.

II. MULTI-INSTANTON-INDUCED
INTERACTIONS

We start with an analysis for arbitrary topological charge,
generalizing that of "t Hooft [4]. We consider the generating
functional of QCD for Gaussian fluctuations around a
background of instantons with topological charge Q, which
we term Q-instantons. For a Q-(anti-) instanton back-
ground, massless quarks have N |Q| (right-) left-handed
zero modes [6]. We show that the functional zero mode
determinant of quarks has the structure of a 2N /|Q|-quark
correlation function and compute its coupling constant in a
dilute gas of Q-instantons.

The zero modes of gauge fields arise from symmetries,
such as translations, that yield inequivalent instanton
solutions. This defines a moduli space which is para-
metrized by the collective coordinates of the instantons.
The general Q-instanton has been constructed by Atiyah
et al. (ADHM) [8—10]. It can be viewed as a superposition
of Q individual instantons with unit charge, where each
constituent is described by a location z;, a size p; and an
orientation in the gauge group U,;. There are then 4N,
collective coordinates for each constituent-instanton, so the
moduli space of the Q-instanton has dimension 4N.|Q].
Schematically, the generating functional is

VALV —/D)(exp{—Sb( —l—)((Q)]—l-llZ/Jl//}
~ / dCony(Co)deto (). (1)

where y = (A,.c,¢,w,y) contains the fluctuating gluon,

ghost and quark fields, and y(@) = (A,(,Q),O, 0,0,0) con-

tains the Q-instanton background field ALQ>

notational clutter, the superscript Q in A,(,Q) denotes the

topological charge. S[y| is the gauge-fixed action of QCD

; to avoid

in Euclidean spacetime. In the second line we integrate the
path integral over the nonzero modes to leading order in the
saddle point approximation, leaving only the integration
over the collective coordinates C,. The instanton density
ng contains the functional determinants of the zero and
nonzero modes of gluons and ghosts, the nonzero mode
determinant of the quarks and the Jacobian from changing
the integration over zero modes to collective coordi-
nates [42].

Our main ingredient is the zero modes of massless
quarks [11]. Due to the axial anomaly, the Dirac operator

in the presence of the Q-instanton, »@) =y,(9, + AE,Q)),
has Nf\Q| zero modes, D(Q>w(flg) =0, where f =1,...,N,
is an index for flavor and i = 1,...,|Q] is a topological

charge index. Because of the zero modes, the generating
functional is only nonzero in the presence of a source J,
which generates the quark zero mode determinant, dety(./),
in Eq. (1).

The generating functional in Eq. (1) has first been
computed for Q =1 and N. =2 [4] and arbitrary N,
[43]. For |Q| > 1, the generating functional to one loop
order is only known in certain limits [20].

One limit where one can compute is when the distance
between the locations of the constituent-instantons are
much larger than their sizes; ie., |R;|=|z; —z;| > p;
for all i # j. In this case, at leading order, the Q-instanton
can be viewed as |Q| instantons of unit charge which
are well separated. Expanding the general ADHM-solution
in this small limit, up to order ~(p/|R|)* the path integral
factorizes into a product of constituent-instanton contribu-
tions [10],

700 > / [dclle(!Cl)](Q)deto(J). 2)

For ease of notation, we assume Q > 0 as anti-instantons
with Q < 0 can be treated similarly. The factor of Q! arises
because the constituent-instantons can be treated as iden-
tical particles. The collective coordinate measure for the ith
constituent-instanton is dC; = dp;d*z;dU;. dU, is the
Haar measure of the coset space SU(N,.)/Zy , where
the stability group of the instanton Zy is given by
all SU(N,)-transformations that leave the instanton
unchanged. We emphasize that in the small limit the
instanton density only depends upon the sizes p;.

Using the methods of Ref. [11], for small constituent-
instantons, to ~(p/|R|)?, the zero modes of a Q-instanton are
simply given by the corresponding zero modes for Q = 1,
and so the quark zero mode determinant factorizes,
ZQ)[J] = (zW[J1])2/Q!. Thus, for a dilute gas of Q-instan-
tons, the effective Lagrangian which results is the Q™ power
of the 't Hooft determinant, where each determinant is
integrated over space-time, ~|[[ d*xdet(y; (x)yg(x))]2.
Due to the complete factorization of the generating functional
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into single-instanton contributions to order (p/|R|)? in the
limit of small constituent-instantons, this is fully described by
a dilute gas of single-instantons.

In addition, there are genuine multi-instanton contribu-
tions which cannot be described by single-instantons. They
give rise to a local interaction which is given by a single
integral over space-time for the Q™ power of the ’t Hooft
determinant, ~ [ d*x[det(y (x)yg(x))]<. To find this, one
needs to account for the overlap between the constituent-
instantons. The result of a novel and lengthy analysis, given
in the Appendix, shows that to order ~(p/|R|)* the only
change we need to account for is the difference in the quark
zero modes. The zero mode for the Q = 1 instanton is

V2 Uipi

Yu(x = 2i),
wri(xzp) = =
! 7 [(x—z)2+pP? x—z

or, (3)

where ¢y, is a right-handed spinor so that the zero mode is
left-handed. It will be useful later to note that far from the
instanton the quark zero mode is proportional to the free
quark propagator A(x) = y,x,/27*(x*)%.

For simplicity we consider instantons with charge two.
Using the methods of Ref. [11] to derive the quark zero
modes from the ADHM-solution in the limit of small
constituent-instantons, the 2Nf zero modes for Q = 2 can
be expressed in terms of the Q = 1 zero modes as

v

. 2 .
=y — X, ll/](vz) =y —Xolrs, (4)

where l/A/fl = UJUjlllfl and

P1P2]x = 2l
: (5)
[(x = 2:)* +p7P2

So for small constituent-instantons the Q = 2 zero modes
decompose into separate Q = 1 zero modes, connected by
the overlap term X;.

In general, the determinant depends on the locations of
the constituent-instantons, z; and z,, which can be rewritten
as an average position z = (z; + z,)/2 and their separa-
tion, R,,. Integrating over R, the zero mode determinant
becomes

Xi(x’ %) =

2 Ny
dety(J) “IleHL H/ l//;i(xfivZ)J(xfi)l//fi(xfivz)’
i=1 v Yi f=1"Xi
(6)
where 7 measures the overlap of the zero modes,
Iy, = /d4R12HX,2(xfi,R12)- (7)
¢

For one flavor the overlap integral is infrared-divergent,
requiring a cutoff for large distances |x — z;|. Presumably,
this cutoff is set by the average separation between an

instanton and an anti-instanton. For two or more flavors, a
local interaction is generated when all quark zero modes are
close to the same constituent-instanton [44], and we find

2 (Nf + 1)'(2Nf - 3)' 2N, 4-2N;

(8)

:Z-NfZZ =T

Because zero modes approach free quark propagators at
large distances, Eq. (3), the zero mode determinant in
Eg. (6) has the form of a 2N ;Q-quark correlation function.
Hence, in direct generalization of [4], the generating
functional in the presence of small constituent-instantons
gives rise to an effective interaction between 4N quarks.
Assuming that the topological fluctuations are described by
a dilute gas of instantons, the contribution from dilute
Q = 2 instantons and anti-instantons generates an anoma-
lous contribution to the local effective Lagrangian, as a
product of operators which are color singlet [45],

_KZ

Ko,

2 _ _
ALY = 52 ([dety, (7 Py, + [dety, (7 Py, ) ).

©)

where Pg,; = (1 £y5)/2 are the right-/left-handed pro-
jection operators and Ky, = (0N /(ONy)! is a com-
binatorial factor. The coupling in this
semiclassical analysis is

effective

SN N
o= (2P [ moel [ mpel'Ty, (10
P1

P2

This result generalizes the instanton-induced local inter-
action to topological charge Q = 2. We note that, while the
effective action induced by a single instanton breaks U(1)
down to the cyclic group Zy , the Q = 2 contribution has a

larger residual Z,y (-symmetry. The computation outlined
here can be generalized to arbitrary topological charge.

III. A LOW ENERGY MODEL

Our analysis above applies only in the limit of a dilute
instanton gas, as is applicable at high temperature [34-37]
or density. We do expect that the anomalous quark
interactions generated by higher topological charge are
present at low temperature, where a dilute instanton gas is
certainly not applicable. In this section, we first analyze the
general effect of anomalous quark interactions, and then
estimate their values in a dilute instanton gas. Thus these
values should only be taken as an illustrative estimate of
their overall magnitude and not as a definitive computation.

To illustrate the physical effect of interactions induced by
higher topological charge, we consider a linear sigma
model for Ny = 2 that includes all anomalous interactions
up to quartic order. These are generated in a dilute gas of
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instantons and anti-instantons with Q =1 and 2.
Classically, the global chiral symmetry of G, = SU(2), x
SU(2)r x U(1), is reduced to G, = SU(2); x SU(2) X
Zy, by topological fluctuations. Effective mesons are given
by ® = (6 + in) + (dy + i7)7, with the Pauli-matrices 7.
The resulting Lagrangian is a sum of two terms [24],

Lg, = 1(0,97)(9,®) + m*Trd' @
+ L Tr(®T D)% + A, (Trdid)?,
Lg, = —y(det® + det d*)
— 12[(det @)% + (det ®F)?]. (11)

We emphasize that taking into account the contributions
from instantons and anti-instantons is necessary to ensure
CP-invariance. The term ~y; arises from bosonizing the
usual ’t Hooft determinant from instantons with Q = +1,
while the term ~y, is generated by bosonizing interactions
with O = +2 in Eq. (9) [46].

We focus on the mass spectrum of mesons in the mean-
field approximation. We use the -, 57-, ap-meson masses and
[ to fix four of the five parameters of £ in the vacuum.
Chiral symmetry breaking is controlled by the mass param-
eter m2. By varying m? relative to its vacuum value we define
a reduced temperature ¢ = t(m?), where t = 0 corresponds
to the vacuum and ¢ = 1 to the chiral phase transition. By
choosing y, as a free parameter, we can study the impact of
the topological charge-two term on the masses in the phases
with broken and restored chiral symmetry. The resulting
mass spectrum is shown in Fig. 1. The details of the
computation can be found in Appendix H.
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FIG. 1. The masses of mesons as a function of the reduced
temperature for two massless quarks in the mean-field approxi-
mation. The top left plot shows the spectrum for a U(1),-
symmetric theory. The top right plot is the conventional case
where the axial anomaly is induced by instantons of topological
charge one. The two figures on the bottom show the effect of
additional anomalous symmetry breaking due to instantons of
topological charge two for two different values of the corre-
sponding coupling y,. Unless y, is very large, this is negligible.

The splitting between the pion and eta mass is due
exclusively to the axial anomaly in the chiral limit. Since y,
is a quartic coupling, its contribution to the masses is
proportional to the chiral condensate. As the condensate
melts, this contribution vanishes so that y; is the only
anomalous contribution to the masses in the symmetric
phase. The larger we choose y,, the smaller y; has to be to
reproduce the correct vacuum masses. In the chirally
symmetric phase m, = m, and m, = m,, but m, # m,
when y; # 0. Even when y; is small, however, we stress
that there are still anomalous effects in the chirally
symmetric phase from nonzero y,. These manifest them-
selves in correlation functions of quartic and higher order.

Needless to say, the effects generated by anomalous
coupling from instanton with Q = 42 depend upon how
large it is in vacuum and how rapidly it decreases with
temperature 7" and quark chemical potential u. In vacuum,
the nature of the dominant fluctuations in topological
charge is certainly a formidable problem in nonperturbative
physics. While this could be done on the lattice [32-39] or
with functional methods [47], to estimate these effects we
use a simple gas of dilute instantons. To this end, we adopt
a crude bosonization scheme,

2M*® = (py + yysy) + (W Ty +ysty)T. (12)

which yields simple relations between the anomalous
meson couplings in Eq. (11), and the corresponding quark
couplings in the dilute instanton gas,

_K|M4
C 2K,

_K2M8
XZ - 4K2’2,

(13)

X1

with & = [ ny(p)(82*)Nrp*"r [4] and K, is given in
Eq. (10). The mass scale M is a fundamental parameter
of our effective theory. Motivated by the complete compu-
tation at one loop order [4], and the partial computation at
two loop order [19], for three colors and two massless
flavors we take the density of a single instanton in the
vacuum to be

ds (872 © 872
ny(p) = % <?> eXp <—?> (14)

where ¢* = ¢*(pAgg) is the running coupling constant at
two loop order and dyg is a renormalization-scheme
dependent constant, ~0.00422 for N, =3 and N, =2
[48]. The apparent simplicity of our form for the instanton
density belies a major assumption that everywhere the
coupling ¢ appears that we can replace it with g*(pAyg)-

This assumption, while admittedly extreme, is both
simple and useful. Owing to the interplay between the
running coupling from the classical action in the exponen-
tial and the factor ~¢g~'> from the collective coordinate
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Jacobian, n;(p) develops a pronounced maximum at
pAys = 1/2. For typical values of Ay ~ 300 MeV [49],
this implies typical instanton sizes of p ~ 1/3 fm, which is
consistent with the value in an instanton liquid [16-18]. Of
course we cannot compute reliably at large p, since
inevitably the instanton size is comparable to the confine-
ment scale, and semiclassical approximations break down.

Since the two anomalous couplings y; and y, only
depend on a single free parameter M, we can redo the
mean-field analysis of the meson masses and find a unique
value for M in the vacuum. From the dilute instanton gas,
Eq. (14), with Ayg = 0.3 GeV,

Kk = 3886 GeV~2,k, = 1.819 x 108 GeV~3. (15)
In vacuum, this gives M = 0.0953 GeV, so from Eq. (13),

71 = 0.320 GeV?, x> = 1.852. (16)
Of course, y;, y» and all other anomalous effects are very
sensitive to the value chosen for Agg. More to the point, in
the confined phase a semiclassical analysis is invalid, and
other configurations may contribute [30,31,40,41].
Nevertheless, we expect that our naive computations should
give some guide to their overall magnitude.

We conclude by discussing how the dilute instanton gas
evaporates as T and y increase. For a single instanton we
approximate the change to the instanton density for three
colors and two flavors as

272
ni(p, T, p) = exp _?sz%— 14A(zpT) |ni(p),  (17)

where m3(T, u) is the Debye mass at leading order and
A(x) has been computed in [12,13]. Owing to the screening
of the colorelectric field in the medium, the instanton
density decreases both with increasing 7" and p. We find
that instanton effects are decreased to 10% of their strength
in vacuum at about 7' ~ 0.7Agg at u = O and p ~ 2.4 Ay at
T = 0. Using realistic values for the critical temperature 7',
[50] and Agg [49], we find that instanton effects are
significantly suppressed at temperatures 7 2 1.5T, for
u = 0, consistent with lattice results [32-39]. As discussed
in Appendix I, at zero temperature in a dilute instanton gas,
instantons evaporate only at extremely high densities of
u =z 1.57T,.. Using T. =156 MeV, this corresponds to
baryon chemical potentials of g = 2 GeV.

IV. SUMMARY AND OUTLOOK

We demonstrated that novel effective interactions are
generated by instantons of higher topological charge. In
general, instantons of topological charge Q give rise to
anomalous 2N ;|Q|-quark interactions. This opens up the
possibility to study the effects of the axial anomaly directly

for higher correlation function of quarks or hadrons. This
includes diquark operators which contribute to color super-
conductivity [21], and anomalous couplings for tetraquark
mesons [28] and heterochiral mesons with spin J > 1 [29].
The presence of higher topological charge also modifies the
0-dependence and so axion dynamics [S1].
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APPENDIX A: CONVENTIONS

We use a chiral representation for the Euclidean gamma
matrices: with the Pauli matrices o',

of = (=ily,3), &= (1,30,  (Al)
then
"y < 0 io") (AZ)
7=\ 0
and
1, 0
r=7%"ry = ( ) (A3)
0 1,

Left- (right-) handed fields have eigenvalue —1 (+1) with
respect to 7°. The projection operators on left- and right-
handed fields are given by

I, F7
PL/R: 42 .

(A4)

The matrices in Eq. (A1) can be used to define the basis
quaternions,

o' = io", a' = —io". (A5)
We also define
1, _ _ I, _ _
o = 3 (ct5* — 0¥5"), o = 3 (6t'e* —G¥c"), (A6)
which are selfdual and anti-selfdual respectively,
1 _ 1 _
o = +§€””/"’0”", o = —56’"4’66’)6. (A7)

They are related to the 't Hooft symbols #“* through the
SU(2) color generators T4,
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ot = =2pHTe, ot = =2pTe, (A8)
We distinguish between Pauli matrices ¢’ for the Dirac
matrices, and the 7% in color space, with T¢ = —iz% /2. For
N, > 2 these generators are given by embedding SU(2)

into SU(N..). The 't Hooft symbols are

nam/ — 5aﬂ51/4 _ 5a1/5/44 + gy

17,(1/41/ — 5111/5/44 _ 5(1/451/4 + ea;w’ (A9)

and are also (anti-) selfdual.

APPENDIX B: SMALL INSTANTONS FROM THE
ADHM-CONSTRUCTION

The most general form of an instanton with charge +0Q is
obtained by means of the ADHM construction [8,10]. The
Q-instanton solution is described by a superposition of
instantons with unit charge, where each of the constituent-
instantons is characterized by a position z;, a size p;, and its
orientation in the gauge group, parametrized by a matrix
U,;. We consider the limit in which the distance between the
constituent-instantons is large relative to their scale sizes,
|z = zj| > p; for all i # j, which we term small. For a
systematic expansion of the ADHM solution for small
constituent-instantons see Ref. [10]. Since this is relevant
for the construction of the quark zero modes, we outline the
construction here.

Without loss of generality, we assume Q > 0. Anti-
instantons can always be obtained trivially be replacing the
selfdual matrices ¢, n“** by the corresponding antiselfd-
ual matrices 6*¥, 7“*¥; see Appendix A. The most general
self-dual gluon field with topological charge Q can be
constructed algebraically from a (Q + 1) x Q matrix M(x)
whose entries are quaternionic. Each matrix element M,
can therefore be viewed as a 2 x 2 matrix,

My = aﬂMI;zb’ (B1)
where the basis quaternions a are defined in Eq. (A5). M(x)
is chosen to be linear in spacetime x,

M(x) = B — Cx, (B2)
with the constant quaternionic (Q + 1) x Q matrices B, C
and the quaternionic spacetime coordinate x = a,x,. M is
required to obey the reality condition,

(B3)

where R is a real Q x Q quaternionic matrix. Hence, each
entry is proportional to ag = 1,. The quaternionic con-
jugate T is given by
0 _ a0
(MT)ab - Mba’

(M), = =M}, (B4)

When expressed in terms of Eq. (B1), M can be viewed as a
complex 2(Q + 1) x 2Q matrix. We choose the quater-
nionic representation for convenience. Aside from M, the
other crucial ingredient is the quaternionic (Q + 1) column
vector N(x), which obeys

NT(x)N(x) =1,.  (B5)
The first equation yields Q equations for the (Q + 1) entries
of N, so Q entries of N can always be expressed in terms of
one other entry. The choice of this entry corresponds to a
gauge choice for the Q-instanton. The second equation is a
normalization condition. By solving Egs. (B3) and (B5)
with the ansatz (B2), the SU(2) Q-instanton is given by

AP (x) = N'(x)9,N(x), (B6)

where N is determined up to 8Q — 3 free parameters,
corresponding to the complete set of collective coordinates
of the instanton for N, = 2. Only the relative orientation of
the constituent-instantons in the gauge group is counted,
leaving three parameters for the overall gauge rotation of
the solution, so 8Q parameters in all. We follow the explicit
construction of M and N in Ref. [10]. The first column of
M is given by a vector of ( constant quaternions

q= (qlv"'7qQ)’
jell....0l

and the remaining Q x Q elements of M are given by

Mlj:qj, (B7)

M j(x) = 6;5(zi = x) + by (x). (B3)
b;; is a quaternionic matrix. The diagonal elements of M are
parametrized by z;, so b;; = 0. We show below that z; can

be interpreted as instanton locations. The reality constraint

in Eq. (B3) is fulfilled if b;; is symmetric, b;; = bj;, and
obeys
1 * *
5 (dia; = ajai) + (i = 2))"byy
1 0
+ EZ(b;;,bk, bi;by) = R; (B9)
=1
The column vector N is
u
! (8 1gT], -u 510
N(x) = — , B10
3 :
~[(#17) g g - u

where u is an arbitrary, possibly x-dependent, unit qua-
ternion. Different u correspond to gauge-equivalent solu-
tions, where u = a corresponds to singular gauge. & is
determined from the normalization condition in Eq. (BS),
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E=1+gM (M) g" (B11)
It is left to specify the b;;, i.e., to solve Eq. (B9). For this,
we restrict ourselves to the limit of small constituent-
instantons as this is all we need for our purposes. We first
note that every quaternion g; can be represented by a
modulus and a phase,

qi = |qi|Ui = q;q;U; = p;U;,

where U; is an SU(2) matrix, and there is no summation
over i here. The magnitude of ¢; can be interpreted as the
scale of the instanton, p; = |g;|. U; parametrizes the
orientation in the gauge group. In the limit of small
constituent-instantons, we introduce a small parameter ¢
and replace

(B12)

q; = €q;, (B13)
where ¢; is kept fixed. We then consider the instanton scale
to be small relative to the instanton separations,
¢lg;l < |z; = zj|, and expand Eq. (B9) to leading order
in {. The solution is unchanged if M — TM , where T is an
orthogonal quaternionic matrix. Choosing

ij (B14)

R;;
5+ 0,
J

(zi — 2j)

cancels the right-hand side of Eq. (B9). To this order, then,
one finds

1 z;—2z;
boo— = ST (oo ata),
ij 2(Zi_zj)2(q,q] q;4:)

(B15)

Thus, for small constituent-instantons we can neglect b;;
and M becomes

+0(£%).  (Bl6)
0 o (zg—x)

The dominant contribution to the determinant of zero

modes for the Q-instanton comes from distances large

relative to the size of each constituent-instanton |x — z;| >

p;- The constant quaternionic matrices B and C in Eq. (B2)
are then

@ do 0 --- 0
i - 0 1, - 0

B= ., C= (B17)
0 - zg 0 - 1,

With this, £ = & + O(&?) in Eq. (B11), where

Q P2
"EO(X):H;(x—ilz,-)?’ (B18)
and N(x) becomes
u
| omEdicu
N(x) = NG +0O(£?). (B19)
s G0

Choosing u = ay and plugging this into Eq. (B6) then
yields the small Q-instanton,

L SRy gyt (= 20)
= Gyt 2 Sy

) 27 VP U
with ¢ defined in Eq. (A6). If all constituent-instantons
are aligned in color space, U; = U; forall i,j =1,..., 0,
this reduces to 't Hooft’s solution [7].

A key feature of the limit of small constituent-instantons
is that the field of the Q-instanton, Eq. (B20), is only
significant when x close to the location of one of the
constituent-instantons, at z;. In the vicinity of each z;,
Eq. (B20) looks like a Q = 1 instanton in singular gauge,

(B20)

plz (.Xf - Zi)u
(x—z)* (x—z)* +p}
(B21)

AL W) rop) = Uid" U,

To leading order in powers of p?/(z; — z;)%, in the saddle
point approximation the generating functional for a small
Q-instanton factorizes into a product of generating func-
tionals in the backgrounds of single instantons, Eq. (2). See
Refs. [11,20] for a more detailed discussion of this
factorization.

APPENDIX C: QUARK ZERO MODES
FOR A SMALL Q-INSTANTON

In the presence of a Q-instanton quarks have zero modes,

Ry =0, (C1)
where D@ =y,(9, +A,(,Q)) is the Dirac operator in the
fundamental representation; remember that f is an index
for flavor. The Atiyah-Singer index theorem demonstrates
that gauge field configurations with topological charge Q
produce N (| Q| left-handed (for Q > 0) or right-handed (for
0 < 0) quark zero modes [6,52]. With the ADHM con-
struction the zero modes are [11]

yi? = UNTCRT), - g; (C2)

this is a left-handed Weyl spinor, ¢ = ¢/ V2, and v is a
normalization constant. For small constituent-instantons
with O = 2 we use Egs. (B16), (B17) and (B19) to find
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0 0
c=1(1, o],
0 1,
R:((X—Z1)2+p? 4% ) ©
B (x —22)* + p}

Note that to leading order R is diagonal, diag[(x — z;)?,
(x — 25)?]; the other terms are O({?). Since R is real,
we use

Uip,

1 R —R
R — ( 2 12 >’ (c4)
det R —R21 Rll
with

detR = (x — z1)2(x — 20)> + p3(x — 21)> + pF(x — 2p)%
(C5)

This yields

()C—Zl)2

vy () = v [<x ~ (=2l 4 p3) -l - z) s

|x — 2,

X

[(x = 21)*(x = 22)* + p3(x = 21)* + pi(x = 25)7]

2 2
w5 ) =y (0] oo

with the right-handed spinor,

ac __ 1 (O>
e =a\e )

where a is a spinor index, c is a SU(2) color index and ¢ is
the antisymmetric tensor. Because of the factor of y, in
Eq. (C6), the zero mode l//)(g) (x) is left-handed when
Q > 0, as required by the index theorem. For an anti-
instanton, Q < 0, one simply has to replace ¢p by

w | (€>
(VAN

To turn the Weyl into Dirac spinors we use y,pr = @,¢,
and Eq. (B12) to express the quaternions ¢; in terms of the
sizes and gauge group orientations of the constituent-
instantons. As a results, the ith quark zero mode carries
the gauge group orientation of the corresponding constitu-
ent-instanton. If they had the same orientation, U; = U,,
they would be identical to the zero modes that follow from
’t Hooft’s solution for the aligned instanton [11].
For small constituent-instantons,

(C7)

(C8)

IR12| = |21 = 22| > p1.p2. (C9)

We consider the behavior of the zero modes far from the
constituent-instantons,

’

|x =z, [x = 22 > p1, o (C10)
Since the Q-instanton is an extended object, in general
it generates a quark interaction which is nonlocal. We wish

to extract the local term, in which the sizes of the

3/2 Pr>

(Co)

constituent-instantons can be neglected. In this limit,
Eq. (C6) is approximately,

Uip vulx—21),
[(x =22 +p1P% |x—2zil
Uipa Vulx —22),
[(x =222 +p3* [x =2
p1p2|x — Zl| ®
(=2 + 3PP
= Wfl(xv Zl) - X (x, Zl)l/A/fz(x’ 22),

2
yi (x) ~ v

PR

(C11)

and analogously for the second zero mode ’l/,(}z) (x). In this

approximation, we drop a term p?p3 in the denominator as
subleading and then used Eq. (C10) to reduce the expres-
sion. We define the Q = 1 zero modes as

W ()C Z)_I/ Uipi yl‘(x_zi)l‘w
i\Ms&i) — R>
! (=2 + 1P e =zl
VA/fi(vai) = UjU:‘rll/fi(vai)v (C12)
and
X,(x.2) = p1p2lx = zil (C13)

[(x = z;)? + p7]¥*

The first zero mode for Q = 2 is a sum of a zero mode
concentrated at z; plus an overlap term, which is X; times
the zero mode concentrated at z,; that for the second zero
mode is similar, with the exchange of 1 <> 2. The overlap
term is O(£?). To leading order, i.e., O(&!), the zero modes

reduce to the Q = 1 zero modes, 1//;(21) =y + 0.
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FIG. 2. Comparison between the exact form of the O = 2 quark
zero mode W}z}) (x) for small constituent-instantons and our

approximation in Eq. (C11). We used the parameters z; = 3, z, =
6 and p; = p, = 0.21 for this plot. An offset of +-0.07 was added
so that a logarithmic scale could be used along the y-axis, since
the baseline of the zero mode vanishes. The scalar function
plotted is defined in Eq. (C14).

In Fig. 2 we compare the exact quark zero mode in the
limit of small constituent-instantons, Eq. (C6), to the
approximate form in Eq. (C11). For this figure, we project

onto the scalar part of the zero mode 1//](021) via

¥ Vu(x = ZI)M )

Cl4
R -z l//fl(x)’ (C14)

for the configuration (x —z;) - (x — 20) = |x — z1||x — 22},
so that the function depends only upon the relative
distances. Our approximate form is very good even close
to z; and z, for p/|R| < 0.3. At leading order the normali-
zation constant v is determined via

2 2
[ @ [ @z =1
(C15)
which gives v = v/2/7.

To make the computations more transparent we use a
graphical representation of the zero modes in Eq. (C11),

=N, - (M), -x(_N)
Vi (@) = (TJUJ@ = (_J\),g _X2(JL)f1’

(C16)

52’

where the left peak is located at z; and the right peak at z,.
When the constituent-instantons are small, Eq. (C10),
the zero mode in Eq. (C12) becomes

Uipiyu(x — 2:)

WX z) = y#%e = 272°0U,p; A(x = 2;) P,
(C17)

where A(x — z) is the free propagator of a massless quark,

vu(x—2),

Alx—z) = =

(C18)

Hence, for Q = 2 the quark zero modes reduce to a sum of
free quark propagators and the overlap term,

w(x) & Ui [piAx = 21) = 92X (%, 20) A (x = 2)] .
(C19)

This expression is essential in extracting the effective
Lagrangian of quarks from the product of zero modes
below.

Our results can be generalized to higher topological
charge. It is less obvious how to move away from the limit
of small constituent-instantons, since then the terms gen-
erated in an effective Lagrangian involve derivatives of the
quark fields, and so are of higher order in a derivative
expansion.

APPENDIX D: GENERATING FUNCTIONAL FOR
A SMALL Q-INSTANTON TO LEADING ORDER

We begin with the generating functional in a Q-instanton
background, focusing on the determinant of quark zero
modes to leading order in the limit of small constituent-
instantons. We evaluate the generating functional in the
saddle point approximation to leading order, where the
stationary point is given by an instanton of topological
charge Q. This is natural, as (anti)self-dual, topological
gauge field configurations are minima of the classical
Yang-Mills action, assuming only that the action is finite
[2]. The generating functional is

7@ = / Dyexp{=Sly +1?) + / i (x) T () ()}
(D1)

where y = (A,, ¢, ¢,y ) is the fluctuating field of gluons,
ghosts and quarks, S[y| is the gauge-fixed action in

Euclidean spacetime, y(@) = (ALQ),O,O,O,O) is the Q-
instanton background field, and J a source for quarks.
To leading order in the saddle point approximation, the
action S[y + y(@)] is expanded in the y(@). The linear
terms vanish by the equations of motion, and the y are
integrated to quadratic order. In the presence of the Q-
instanton, all fields have zero modes related to the
invariance of the action under translations, dilatations
and global gauge rotations. There are 4N, |Q| collective
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coordinates describing their position (z;), size (p;), and
orientation in the gauge group (U;). The set of these
coordinates is denoted by Cy,. Fluctuations in the directions
of zero modes are large, so while the nonzero modes can be
computed in the Gaussian approximation, the zero modes
have to be treated exactly. To this end, one changes the
integration over zero modes to an integration over collec-
tive coordinates, giving rise to a Jacobian 7. This yields the
Q-instanton density,

ng(Co) = e 10 (dety M) /2
x (detgM,.)(detyP)(det J);  (D2)
My, M., and M,, = () 1 J are the inverse propagators

of the gluons, ghosts, and quarks, respectively. dety denotes
the determinant over nonzero modes. To renormalize the
contributions of large eigenvalues, it is understood that all
nonzero-mode determinants are normalized with the deter-
minant at vanishing gluon background field. In this semi-
classical approximation, the generating functional becomes

Z%ﬂ:/ﬂb@w@@mn (D3)

dety(J) is the determinant of the source J in the space of
quark zero modes. This was first computed by ’t Hooft in
Ref. [4] for Q =1 and N.=2. The generalization to
N. > 3is given in Ref. [43]; for |Q| > 1, solutions are only
known in certain limits, see e.g., Refs. [11,20].

For topological charge Q at leading order in the limit of
small constituent-instantons, the gauge field is that of
Eq. (B20). The off diagonal term in the quaternionic matrix
R in Eq. (C3) can be neglected, and one can set £, = 1 in
Eq. (B18). The quark zero modes in Eq. (C6) then reduce to
the Q = 1 ones in Eq. (C12), and the zero mode determi-
nant becomes

dety(J) = det / @ (e 2 e ()

Ndet/d4xfﬂl’;i(xfhZi)J{jg(xfi)ng(xfi,Zi), (D4)

where we do not sum over the indices. The quark source J
isa (N;Q x N;Q)-matrix in the space of zero modes, but it

suffices to consider a diagonal J, J{if = J ;. We will match
the zero mode determinant to an effective multiquark
interaction, so the different contributions to the determinant
can be obtained by permutation of the quark fields
[cf. Eq. (G2)]. Using the explicit form of the quark zero
modes in Eq. (C12), the diagonal elements yield

0 Ny
3N
deto (V)| giagonal = Hﬂi ’[H/d4x,fi-7:i(xfi;2hpn U,),
i=1 =1

(Ds)
with the zero mode correlation function,
2 Ulgira(x = 2),J:(x)y,(x = 2),rU
fi(X;Z,p,U)_— A
* (x = 2)*[(x = 2)* +p°]
(D6)

The quark zero modes have mass dimension two, while that
of the source J is zero. We then introduce a source with
canonical mass dimension,

Ji = pi' i (D7)

When |x;; — z;| > p;, we can relate the zero modes to free
quark propagators, Eq. (C17), and the quark zero mode
correlations are related to those of free quarks,

~ 872U i A(x — 2)T;(x) A(x = 2)RU.
(D8)

F,’(X;Zap, U)

Note that this is independent of the instanton scale p. Since
the generating functional involves an integral over the
collective coordinates, we can express Eq. (D5) as

3N
dety (V)| giagonal = f/d xpFi(xp321.p1, U]

= [deto(J)|Q:1]Q' (D9)
Thus to leading order for small constituent-instantons, the
determinant over quark zero modes factorizes into a
product of contributions from terms with Q = 1.

As discussed in Refs. [10,11,20], the functional deter-
minants of the gluons and ghosts factorize to order
~p*/|R|* for small constituent-instantons. Hence, the
generating functional factorizes,

1 0
20 Ulsman [ [ dcimoenlo-

1

= (ZW1))e, (D10)

where Z([J] is the result for Q = 1. If V is the volume of
space-time, this is ~VI€/, this is evidently the expansion of
the exponential of the term with |Q| = 1. Instead, what we
need is a subleading term, proportional to a single power of
V. We compute this term explicitly for Q = 2 in the next
sections.
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APPENDIX E: GENERATING FUNCTIONAL
FOR Q=2 AND ONE FLAVOR

Here we compute the generating functional beyond leading order in the limit of small constituent-instantons for Q = 2.
The determinant over the quark zero modes follow from Eq. (C11). We begin with the case of a single flavor and so drop the
flavor index to obtain

win= [ (Al A (Ao )]

We adopt a shorthand notation where fx] = f d*x,, etc. For small constituent-instantons, Eqs. (C11) and (C16) show that

this contains various contributions. The integrations over the locations of the sources at x; and x, is always present, and so
we suppress it. Instead we concentrate on the integrals over the locations of the instantons, at z; and z,. Taking the dominant
piece from each zero mode,

[ (D) ae (A (A, pea( )]
- [ A 2o (AD (A (N}

This term has no overlap between the contributions at z; and z,, and so completely decomposes into two contributions from
independent instantons with |Q| = 1. These are ~)}?, as discussed in the previous section.
We need to extract local terms ~)), which are given by

/th2 [(JL)HW?D(JL)J {Xz(ﬂﬁmZ2)(JL)2J2($2)X2(1‘2’Zz)(JL) }

2

O e A A i A frsmm)
e
[ e A pwomen (A, |[(A) ne (A,
[ {snert} (A e AN AD e D))
s o e ivn by four © — 1 et s cnered sround sl . The e
T = [ Xtz (E3)

i

represents the “leakage” from the constituent-instanton at z, to z;, or vice versa. This integral can be done analytically,

2
X —Z;
Tyi(p1.p2) = PP} / d*z; (—)]3 = 7°pip; {m(

R} > _ R3(3R§ +2p7)
[(x; = 2:)* + p}

(E6)
B+i) 2’4 a)

For a single flavor this overlap integral is dominated by large distances, |x — z;|. There is a logarithmic divergence in the
infrared, which we cut off at a scale R > p;. Presumably R is related to the average separation between instantons and
anti-instantons in the vacuum [16-18].
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With this, Eq. (E3) becomes

11,2/Z1 [(L)lJl(m)(L)

[[(A) (N

1

211,2/2 [ﬂl(ﬂ?l,Zl)Jl(l‘qu(thl)] [ﬂl(fvza21)J2($2)1211($2721)] (E7)

211,2/ [Pi’fl(xlazl,puUl)} {/3%,02 ]:2(372;21701,[]2)} ;
21

where we used Egs. (C11), (D6) and (D7). For Eq. (E4) we
find the same result, but with the charge indices ;| and ,
interchanged. The peculiar powers of the instanton sizes in
Eq. (E7), as compared to the leading-order result in
Eq. (DY), arise from the overlap of the zero modes. The
contributions of the first zero mode, wﬁ)

2 .
zero mode, ‘/’(12>’ centered around the same point z;, each

have the scale p; so that they each contribute pi to the
determinant. Rescaling the two quark sources J; and J,
according to Eq. (D7) yields additional factors p; and p,
respectively. For a single quark flavor, the local quark zero

, and the second

mode determinant therefore goes like p3p,, instead of p3p3
for the nonlocal contribution at leading order.

We have shown that the overlap between the different
quark zero modes arises only beyond leading order in the
limit of small constituent instantons. This is essential for
deriving a local effective action ~). Remarkably, even to
order £, the gauge contribution to the path integral
factorizes and we can still use Eq. (B20) for the 2-instanton
[10]. So only corrections of O(¢?) for the quark zero mode
determinant need to be included. With the results above, the
local part of the Q = 2 partition function Z(>[J], Eq. (2),
for Ny =1 reduces to

1
Z N iocal zi/dmnl(pl)ﬁ/d/)zm(pz 2112/61 ZlH{/dUi/d4xi]:i(xi§Zl,Ui)} + (1< 2). (E8)

Since this expression is symmetric under the exchange of the topological charge indices | and ,, we finally arrive at

Z(z)[‘]”local_/dplnl(pl)p?/dpznl(Pz Pzzlz/d ZIH{/dUi/d4xi‘7:i(xi;zlvUi>}v (E9)

where the QO = 1 instanton density n; is given by Eq. (14).

APPENDIX F: GENERATING FUNCTIONAL FOR Q=2 AND Ny > 2

The discussion for two or more flavors is a straightforward generalization of that for a single flavor. Taking the quark

source to be diagonal, the determinant is

Ny
det O(J)

f=1

ding I { /xfl [(kf)fljfl(xﬂmk)fl} /z

{(J&)ﬁjﬂ(xﬂ)(wjk)ﬁ]}. (F1)

f2

There are numerous contributions ~)>. Assuming that the instantons are uncorrelated, the leading term is

) lJf1($f1)<

vl

as discussed in Appendix D.

LI

) 2Jf2($f2)<_A)fJ }, (F2)
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The terms of interest, ~)), are given by

/z1 lﬁ{[(k)ﬁm(wﬂ(k)ﬂ] [(L)fQsz(xfz)(JL)fJ}/@ﬁ{&(xﬂ,@y}, (F3)
[T e T, mtern( A, ][ mtora( A, ]} oo

Using Egs. (C11), (D6) and (D7), the integral over z; in Eq. (F3) equals

/Zlf {[ N ntn (N H(JL)ﬁJm@fz)(JL)ﬁ]}

f1

/ H 1/Jf1 $f1721)<71(5€f1)¢f1(96f1,21)} [12;1(%2,21)J2(5€f2)$f1($f2,21)} (F5)

21 f=1

Ny
= / H {[p‘i’ﬂ(aﬁfuzl,m,Ul)} {P%Pz ]:2($f2§zla/)1,U2)} }7

1 =1

and similarly for Eq. (F4). The overlap integral for any N is given by

Ny (x o Z-)2
Iy ,i(plyva{x i}) :/ X (x4, i = (p1p2) ZN’ /d4Zz L l . (F6)
! / zig / xfl )2 +,0,2]3

In general this integral depends on the locations of the two sources. For an instanton with Q = 2, though, if the constituent-

instantons are small, then the zero modes 1;/;22) (x) generate the overlap term in Eq. (F3). This overlap stems from

)

configurations where Wi (xpp) is closer the first constituent-instanton, i.e.,
Then,

-l < |xp -2l ® |z — 2| = [Ri2].

2 N P1P2|R 2|
V/ﬁvz) (xfz)||xf2—z,\<<|xf2—zz\ R =Y (xj'Zv 21) ( (F7)

RY, +p3)**

This limit is consistent with Eqs. (C9) and (C10) as long as [xs, — z;| > py, p,. Other terms ~V? are dominated by
configurations, where at least one of the zero modes 1/15022) (x) is close to z,, and are suppressed for |x; — z;| < [x7; = 25].

The analogous statement is true for the overlap from 1;/}21) (x41) in Eq. (F4). Hence, in this case the overlap term only depends

on the instanton size and the distance between the instantons,

p1P2|R 12|

_ PRl F8
SR .

and the quark zero mode determinant is dominated by a term ~)). The overlap integral for N, > 2 becomes
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R{,
In,ipr.p2) = (plpz)ZNf/d“Rlz =
! H R22 +pl

Pi

(3Nf —1)!

For any N, the partition function for Q = 2 is

2N,
) pi-

(F9)

2 Ny
ZOocar :/dﬂlnl(/)l) /dpznl(Pz)Pz Iy, 2/d4zlH{/dUiH/d4xfifi(xfi;ZlvUi)}v (F10)
i=1 =1

with F; defined in Eq. (D6). We emphasize that since at
large distances JF; contains two free quark propagators
(D8), the generating functional is that of a correlation
function between 2N (Q quarks.

APPENDIX G: THE EFFECTIVE INTERACTION

We now derive the effective action from the quark zero
mode determinant computed in the previous sections. The
main trick is to exploit the fact that far away from the
instanton, the determinant can be expressed in terms of free
quark propagators, cf. Eq. (D8), so that it mimics an
operator without a background field, located at the position
of the instanton.

1. Any topological charge at leading order

Before we discuss the local interaction for Q = 2, we
consider the result to leading order for a small Q-instanton,
under the ansatz,

effLO
0+ _ Kolo
Ve
eff.LO KQ,N, 11
Ny
X {/d4zi/dUi [l/_’f(zi)wi][a)il//f(zi)]}’
=1

(G1)

where again without loss of generality we assume Q is
positive. This ansatz applies only to leading order (LO) for
small constituent-instantons. w; are constant tensors carry-
ing spin and color which are determined below, and K y |

is defined in Eq. (G4). The preexponential factor Vg?f?iro

generates a nonlocal 2N Q-correlation function with
coupling strength k. The superscript * indicates that this
is contribution from instantons; ~ denotes that from anti-
instantons. Because of Fermi statistics, this term can be
rewritten as a determinant,

Ny

H(V_/fwi) (@) = Nify

f=1

dety,[(ry01) @) (G2)

This explains why we could take the quark source J to be
diagonal in color and flavor, as all other contributions are

given by permutations of the quark fields. The correlation
Q)

function generated by V fo can be computed by express-
ing the exponential as a power series in J,
oSt iy _ o

S{1+/ @ (o) (e )y (x)
+%/ (211 (xp1)y(xy)

X1

X [ l/_/(xlz)j(xlz)ll’(xu)

12X
ol

ti=1

~

1

T

x/xﬂ (xf;)J(xf,) (xf,-)+...}. (G3)

Wick’s theorem is then used to contract the quarks from the

sources with those in Véfo.)fo- Note our suggestive notation

for the vertex locations in Eq. (G1) and the locations of the
sources in Eq. (G3). For small constituent-instantons, the z;
in Eq. (G1) are by definition widely separated. As a result,
contractions of quark fields are suppressed except for those
where all quarks sourced at x;; are contracted at z; in

Vé?f?fo. Any other contraction involves at least one propa-
gator A(z;,z;), with i # j, which is suppressed for small
constituent-instantons. Hence, only the term of order N fQ
in J in Eq. (G3) contributes. For fixed f, there are Q!
equivalent ways to contract the quarks at x;; with the ones
at z;. Since this can be done for each f, there are (Q!)"s
equivalent contributions. All other contractions are
suppressed, since they contain at least one A(z;,z;). We
combine this into the combinatorial factor,
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(oY
Kow =0

(G4)

Expanding the exponential in powers of the sources and
using Wick’s theorem for small constituent-instantons,
Zﬁg,)fom is dominated by a 2N Q-quark correlation
function multiplied by Ko y,. To compensate for this
factor, we introduced a factor of 1/Ky y, for the effective

coupling in Eq. (G1). In all we find

( Vo ﬁfn | 3w ()| V8 )

(G5)

Comparing this with Eq. (D10), using Eq. (D8), we find

KQ,LOIH/M,/CIUH

X /d4xfi67)iA(xfi - Zi)j(xfi)A(xfi - Zi)wl

2\N,0 Ny
= % [/ dptnl pz :| /d4zz / dUz H
! 0

X /d4xfiU:'r(/’JIr€A(xfi — z)J (x7) A(xp; = 2;) R U
(G6)

From this, the effective coupling is

1 3N, 0

Koo = 5 {(8”2)Nf/dﬂi”1(ﬂi)m f] (G7)

Aside from the combinatoric factor, this is precisely the

effective coupling derived in [4] for the single instanton to

the Q" power. From the integrands on both sides of
Eq. (G6) we infer that the tensor @ obeys the identity,

(w)a(@:)5 = @R U (UT)“ (), (G8)

|

/ dU,-Uia]bl (Uj)cldl U?zbz(U;r)Cde =cy, (5a1d1 Sty ghici ghaca | sards gardy 5b1025bzc]) + (nonsinglet);

cy, is a N -dependent constant. We find

where the color indices (a, b, ¢) and spinor indices (a, )
are explicit here. The color structure of w; is fixed by
requiring that it carries the global color orientation U;,

(@;)g-

Further, from the explicit form of the spinor ¢y in Eq. (C7),

(U al = (G9)

aa a, af
0% (o) = PR, (G10)

where Pp is the right-handed projection operator defined in
Eq. (A4). This implies

wids = PY. (G11)
The integration over the orientation in the gauge group in
Eq. (G1) can now be carried out. Since we have the same
integral for different topological charge indices i, the
integral for fixed i is done following Refs. [4]. The final
result is this result to the Q™ power,

Ny
- [av ][, @velavin ). (©12)
=1
For a SU(N,) gauge group,
Ny
[ T[o @y, @)
7=l

where U; is an element of SU(N.)/Zy_, with Zy the
stability group of the instanton, the set of SU(N,)-
transformations that leave the instanton unchanged. For
N_. =2 this is the identity, and dU; is the corresponding
Haar measure. For arbitrary N, and N the integration is
more involved. In general, the group integration in
Eq. (G12) yields products of terms which are color singlet,
~ g, and nonsinglet, ~y; ;. In vacuum only the color
singlet terms, ~y wpg, are important, but at nonzero
density, the nonsinglet terms ~y;y; affect color super-
conductivity. For two flavors, product of color singlet terms
is extracted from

(G14)
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/ au, Hw YU w1(23) sngle

(5a|d15a2d25b|c| 5b2c2 + 5a]d25a2d| 517162517261 )[ lml

= Cn, [@Z’? a’a o) ‘l’/ja1 (mz (z:) a’a a’p’ l/’za2 (zi) + W o

_ p
= ey [0 ( a’a Wy ‘l//a' (zi) i w/; L)

Now we can apply the identity for w in Eq. (G11) to arrive
at,

/dU Hl//f Ua) (UU Wf( )”singlel

= o, [ (20)Pry 1 (20) W2 (2:)Pry2 (27)
-y, (Zi)l]:DRllfz (Z,‘)l/_/z(zi)[FDRV/I (Zi)]

= CNCdetfg[l/_/f(Zi)[FDRl//g(Zi)]' (G16)

Plugging this into Eq. (G1), we find

KoLo

eff LO|Smglet K /d4zl detfq[l//f( )PRWQ( )]

(G17)

Ny i=1

with the coupling k1 o given in Eq. (G7). For any number
of flavors, the color singlet channel is a determinant in
flavor, since the structure of the gauge group integration in
Eq. (G14) is

/ av [uen(uryes
i
= CNL-NfZ H 5“idn(i>5b"'"<i> +
c i

(nonsinglet), (G18)

where o(i) are permutations of i = 1, ..., Ny;seee.g., [53].

To obtain the effective action we need to exponentiate
Vég Lo- So far we considered the generating functional in
the background of a single Q-instanton in the limit of small

constituent instantons. For a single Q—anti-instanton we
replace the right-handed with the left-handed projector
operator, Pr — P;, in Eq. (G17) to obtain V(ff)LO We now
assume that the field configurations of topological charge
Q are described by a dilute gas of Q-instantons and anti-
instantons. This generalizes the dilute instanton gas in [4] to
arbitrary topological charge.

In general, the complete contribution of Q-instantons to
the functional integral of a dilute instanton gas is a simple
statistical ensemble,

flllz ﬁaz( ) _
<j

a)a wﬁ wﬁdl aa2 a)a CU/; Wﬂdz

wa Wy ‘lfﬁa2 (z )ll/(mz )wa CUZIV’/} '(z)]

g <z >w2 oy s (25" (z)ow apyl (). (G1S)
[
Sy (ko/Kon)" ™ 10101, @y,
= IJ+'1/ | eff eff
K
— exp {K 2 (vr Lyl (G19)
O.Ny

v, and v_ are the numbers of instantons and anti-instan-
tons. The anomalous contribution to the effective action is

0 Ko
Angf,)Lo ==

(0)+ (0)-
\% +V .
KQ,Nf ( eff eff )

(G20)

However, since the leading-oder contribution of a Q-
instanton factorizes into single-instanton contributions, a
dilute gas of single-instantons already fully captures this
contribution. Only genuine multi-instanton configurations,
where the constituent-instantons overlap to some extent,
contribute to multi-instanton corrections to the conven-
tional dilute instanton gas. Such contributions have been
computed in Appendixes E and F, and the effective action
which results discussed in the next section. A detailed
discussion of the dilute multi-instanton gas can be found
in [S1].

In principle, instantons of any topological charge con-
tribute to the functional integral. Of course, in the semi-
classical regime the contributions with higher topological
charge are exponentially suppressed due to the factor
exp(—872Q/¢?) in the instanton density. This picture is
therefore not in conflict with lattice results on the topo-
logical charge at large temperature [34-36]. Still, these
contributions can be present and the resulting anomalous
contribution to the effective action of a dilute gas of
instantons and anti-instantons of all topological charges is

ASur = > _ASLY. (G21)
o

While the effective interactions are certainly small in the
dilute instanton gas, they might have relevant phenomeno-
logical implications as they manifest in anomalous corre-
lation functions of higher order.
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2. The local interaction for Q=2

We now repeat the analysis for Q = 2, taking into account the results of Appendixes E and F. Instead of ~)? in the space-
time volume V), these are ~). We take

Zir - | Dl//DWeXP{ Sl | wfw} vy

A L/d%II{/luaIiwf&ymM@mq@ﬂ}. (G22)

7=t

Following the previous analysis, averaging over ng) * gives

< 'ﬁﬁ[/ w(xsi) xfl)l//(xfi):| gff) >—K /d4zH/dU H/d Xpi@iA(xp; — 2)

i=1 f=1

j(xft) (xpi = 2)w;. (G23)

Choosing k, and the tensors @ so that this correlation function is identical to the generating functional for Q = 2 in
Eq. (F10),

2
Kz/d4ZH/dU H/d xf,a)A Xf, )](Xfl)A(Xf, —z)w,-
i=1
N 5N
= (87%)*Ns / dpany(p2)py” / dpini(p1)p; fINf,z
2
X /d4z 1_[{/dU,-l_[/a"‘xf,UI ROy — 2)J (xp) Axy —z)gaRU,}, (G24)
i=1 I=
which is valid for any N . The overlap integral 7, is given by Eq. (E6) and 7y : for Ny > 2 by Eq. (F9). From this we infer

. N
Ky = (37[2)2N-’/dpznl(ﬂz)ﬂzf/dplm(m) "I, 2 (G25)

The determination of @ and the integration over the gauge group are as before. The main difference here is that all
propagators connect to the same point z. For the channel which is a product of color singlet operators,

2 K _
%ymmz/)zﬁmww@mwww. (G26)
o

This is a genuine 2-instanton contribution. As discussed in the previous section, a dilute gas of 2-instantons then leads to

ASY) = — / dhx—2
Ko,

with «; in Eq. (G25) and K, y, = 2"/ /(2N)!.

{[dety, (7, (x)Pryy ()] + [dety (7, (x) Py, (x))]} (G27)

APPENDIX H: A LOW-ENERGY MODEL

We use our results to construct a linear sigma model (LSM) for two flavors. For the sake of generality we include one
more anomalous quartic term which is generated by instantons with Q = 1; we set it to zero in the main text. The anomalous
part of the effective Lagrangian is
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Lg, = —y1(det® + det @) — y,[(det d)?

+ (det ®%)?] + 13 (Tr® @) (det ® + detd). (HI)

We set 4; = 0 in the main text. The meson field is given by

D = (6+in) + (ap + in)7. (H2)
The equations of motion are
or
— =0; (H3)
oPly=p
= (6,dy,n, @), with the vacuum expectation value
= (5,0,0 6),

=2 _ _2(m2 _gl)
/11 +212+2)V3 —){2‘

(H4)

When m? > y, the expectation value of ¢ vanishes. When
m?* < y; Gy, spontaneously breaks to SUy(2) x Z5. If
there were no anomalous terms, /ngu =0, Uy(1) would
also break, resulting in four Goldstone bosons 7 and 7. In
the presence of the anomalous terms Uy,(1) is broken
explicitly, and only pions are massless. Due to isospin
symmetry, there are four distinct masses,

3 -

m2 =m?+y, _5(/11 + 24 + 203 — 12)5°,
1 -

m2 =m? + y, _5(/11 + 24 + 23 = 1),
1 _

my = m* =y, — 5 (i +2% + 3)5°,

mt, = m? == 5 (34 + 2+ 12)87 (15)
In the symmetric phase, 6 = 0, only the quadratic terms
contribute to the masses directly and the Q = 1 term y;
induces a splitting of the chiral pairs (¢, 7) and (1, dy). In
the symmetric phases higher order couplings only influence
these masses via loop corrections. Inserting the expectation
values from Eq. (H4),

m2 =0,

mtzf = —2(’”’12 - 1)
5, =2m* (2 = A3) + 2 (A + 2/12 + 2 +)(2)

m; —=
1 M 420, + 225 —

md = =2m*(Ay + 2 — 23) + 2){1(2/11 + 24, + 23) . (H6)
0 A+ 200 + 205 —

The pion is always a Goldstone boson. To explore the
influence of the anomalous terms, we fix the masses in
vacuum using the following observables:

fn- = 60 =93 MCV,
m,o = 820 MeV,

m, o = 400 MeV,

My, o = 980 MeV. (H7)
The 7 mass is taken from Ref. [32]. For the other masses,
we chose values compatible with Ref. [49]. Note that we
identify the 6 meson with the f,(500). Within the mean-
field approximation, and in absence of effects from
topological charge Q > 1, taking A; = 0 all parameters,
including y;, are fixed by the vacuum masses. This then
also fixes the amount of axial symmetry breaking above the
chiral phase transition, as the only anomalous contribution
to the masses in the symmetric phase stems from y;. When
x> # 0 the vacuum mass spectrum can be fixed for different
values for y,, and we can explore the influence of
interactions induced by higher topological charge on the
mass spectrum.

For a given value of y,, the value of m? determines
whether the symmetry is broken or not. Thus in mean field
theory varying temperature is equivalent to changing m?.
We fix the masses in the vacuum according to Eq. (H7) and
study the mass spectrum as a function of m? for different
values of y,. We then find the following relations:

[N}

1 o _
"12:5(’"%—"1(27)—?(2)(2—/13),

m2 —m?2
/11:0—”4'){2,

52

ma—i—m —m% -
AL L

1, & .
X1 = my —5(2)(2 - A3). (H8)

Since we have six model parameters, but use only four
parameters to fix them, we can choose y, and 5 as free
parameters. Equation (H8) implies that the anomalous
quadratic coupling y; is determined by the anomalous
quartic couplings y, and A3 via

1 12
X1 = Emzo —7(212 —13).

(H9)
Setting  y, =43 =0, the coupling y =m},/2.
Conversely, if we set y; =43 =0, then the coupling
X2 =mpo/(2f7). If we use y; in the following, we mean
x1(r2,43) as defined by Eq. (H9).

The system has two characteristic scales in m?”. The
vacuum scale m?2,. is where the masses in the broken phase

in Eq. (H6) assume their vacuum values (H7). It can be read
off from Eq. (H8),

m%ac =X _7m12):0' (HIO)
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There is also the critical scale m2; for chiral symmetry

breaking. It is defined as the value of m? where the
expectation value ¢ (H4) vanishes,

1
m2, =y = mi + —mio. (H11)

2
Hence, the characteristic scales of the system change as y,
and A3 vary. To meaningfully compare masses for different
values of y, and A3, we define the reduced temperature,

2 2
me—m
t= 2—V23° (H12)
Mg — Myac
and rewrite the masses in terms of #,
2 2 2 2
m=(t) = Mgy + t(me; — myy.). (H13)

t = 0 is the vacuum and ¢ = 1 is where the phase transition
occurs. As a function of ¢,

(1) = { (1-0fs 1< (H14)

0 r>1

With this parametrization, the masses take very simple
forms,

s (I-nmZ, <1
m“(t):{l(t—l)m2 r>1
2 0
5 0 t<1
) =
0=\ - ym2, 1> 1
oMo~ =20 151
m =
! T=)mig+2n  1>1

t(my o=2n) t<1

m? -
m%g:{“w (H15)

e—-Dm2og+20n  t>1
We see that m,(t) and m,(z) are independent of the
anomalous couplings. ¢ is the critical mode that becomes
massless at the phase transition. The mass splitting between
the chiral pairs (o, 7) and (1, dy) in the symmetric phase is
induced by y;. This mass splitting vanishes in the limit
t — oo. In absence of the quartic couplings, y, = A3 = 0,
one has 2y, = m%,o so the n mass is independent of ¢ in the
broken phase. An interesting observation is that for
0<(2r2—4) <mpy/fz, m, is a strictly decreasing
function of ¢ in the broken phase and strictly increasing
in the symmetric phase. Hence, it has a minimum at the
chiral phase transition. This behavior can therefore be
attributed to corrections related to couplings induced by
topological charge two.

The masses and the characteristic scales m,,. and m;
only depend on y,. Hence, due to Eq. (H9), only the
combination of anomalous quartic couplings (2y, — 43) is
relevant. We want to focus on the coupling ~y, which is
induced by instantons with Q = +2. An analysis of the
vacuum stability of the effective potential shows that
A3 <m2,/4f%~4.62. We therefore conclude that setting

13 = 0, which we made in the main text, is innocuous. Most
importantly, Fig. 1 does not change qualitatively for any
value of 5. Our estimated values for the couplings y; and
z» do change, however. The larger 1; < 0 is, the smaller y,
and y, become. Even so, A; has to become very large to
have any significant effect.

By bosonizing the multiquark interactions generated by
Q-instantons, the fermionic couplings «, can be related to
the anomalous mesonic couplings y . For two flavors, k; is
a four-quark coupling and can readily be bosonized by
means of a Hubbard-Stratonovich transformation. The 2-
instanton term k, is an §-quark interaction for two flavors,
so more elaborate path integral bosonization techniques are
required [23]. Here we adopt a simplistic bosonization
scheme motivated by low-energy models where mesons are
coupled to quarks through Yukawa interactions, i.e., quark-
meson models. Using the equations of motion, mesons are
proportional to quark bilinears, so we make a simple ansatz
based upon Eq. (H2),

® = —— [y + rsw) + (F Ty + Gysi)7l. (HL6)

R
- 2M?

M is a fundamental parameter of our effective theory and

has dimensions of mass. By using the identity,
. 1, ... . .

€leld = 3 (617619 — (24)f (24)79], (H17)

the instanton-induced quark determinant becomes

) | _
det(pPry) = 3 €e! (P ryy) (W Pryry)

Lo L
=gl @w +rsw)’ = (7w + grsiy)’]
M4
and similarly for the anti-instanton term,
M4

The 1-instanton induced effective interaction transforms as
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K1 _ _ K1M4 &
— [det(yPry) + det(pPy)] = 3 (det® + det @),
12 1.2
(H20)
and for the 2-instanton term,
K _ _
K—; {[det(@Pry)]? + [det(@PLy) P}
M?® .
= 2 1(det ®)? + (det@')2). (H21)
4K2.2
We therefore identify
K1M4 K2M8
= , = . H22
X1 2K, , A2 4K, , ( )

By plugging this into the expressions for the mesons
masses above, the dependence on y; and y, is replaced
by a dependence only on M, provided that we know the
values of x; and k. This reduces the number of indepen-
dent parameters to four. Given the four input parameters
(H7), at the level of mean field theory the effective
Lagrangian of Eq. (11) is uniquely determined.

APPENDIX I: THE INSTANTON DENSITY

In vacuum the instanton density is given by Eq. (14),
where

265/6

d—= = —1.511374NC+O.291746Nf; 11
MS ™ 22(N, — 1)!(N, —2)! (I

e

¢*(pAjz5) is the running coupling constant at two loop
pi log(log(x~2
A (x) JM . (12)

order,
_ (ep (1 )
 folog(x7?) fo log(x7?)

with o = (11N, —2N,)/3 and f;=34N?2/3—(13N,./3—
1/N )N . Ay is the renormalization mass scale of QCD in
the modified minimal subtraction scheme. This expression
is valid for small x, where log(x~2) is positive. By
asymptotic freedom, the coupling gz(pAm) is small at
small p, so instantons are suppressed by the exponential of
the classical action, 872 / g*. Of necessity in a semiclassical
computation, the exponential from the classical action
dominates over the prefactor, ~g~'2, which arises from
the Jacobian for the collective coordinates of the instanton
[4]. Conversely, when p increases so does the coupling
¢*(pAy5)- The instanton density increases at first, but
eventually decreases, suppressed by the prefactor from the
Jacobian. The instanton density n; (pAgg) is illustrated in
Fig. (3); as seen there, there is a natural maximum when
p ~ 0.50Ag5 in the vacuum.

12F

10} —— TNy =0
TiAgg =03

------- TiAgg =07

instanton density
)

FIG. 3. The instanton density for a dilute instanton gas,
Eq. (14), versus pAgyg, for two massless quarks and three
different temperatures at u = 0.

For a single instanton, at a temperature 7" and quark
chemical potential y, we approximate the change to the
instanton density as

272 5 5
n(p,T,p) = exp —?P mip, — 12A(zpT)

« [1 +é(NC —Nf>] }nl(p), (13)

where

N, N; N
m3 (T, pu) = ¢ K3+6f) T? +2ﬂf;u2}, (14)

is the Debye mass at leading order, and [12,13]

1 2 0.159\ -8

The dominant term, ~p*m3, is straightforward to under-
stand. The topological charge is proportional to tr(E . E),

where E and B are the color electric and magnetic fields. In
any plasma, electrically charged particles screen static
electric fields over distances ~1/mp. Since instantons
must carry color electric fields, by itself Debye screening
suffices to suppress the instanton density. Needless to say,
this argument applies in a plasma where there is Debye
screening, and not at low temperature.

For a single instanton at 7' # 0 and y = 0, to one loop
order the instanton density can be computed analytically
either with puerile brute force [12] or by being clever [13].
The computation at p # 0 is, unexpectedly, rather more
difficult [15,21], and as of yet has not been computed for
arbitrary values of pu. At nonzero y, then, we only include
the leading contribution of quarks to the Debye mass. At
u =0 and T # 0, though, numerically one can show that
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for the instanton density, the relative difference between the
complete result and that with just the leading term from the
Debye mass is small, at most a few percent for all values of
pT. We comment that the instanton density to one loop
order could be computed at y # 0 numerically using the
Gelfand-Yaglom method [6], as has been done for the
computation of the one loop determinant in an instanton
field for quarks of nonzero mass [27].

Using the elementary ansatzes of Eqs. (14), (17) and (I3),
we can calculate numerically how the density changes with
temperature and chemical potential. Consider first 7 # 0
and ¢ = 0. As illustrated in the left plot of Fig. (4), as the
Debye mass increases the instanton density decreases
smoothly. To have some definite measure, we define the
temperature as that where the integrated instanton density is
1/10" its value at zero temperature as T;. For three colors

and two massless flavors, T?f I~ 0.71Am; for three mass-
less flavors, T?ﬂ ~ 0.74 Ay Using Ay ~ 332 MeV [49],

for two flavors T?f '~ 236 MeV, and T?f !~ 246 MeV
for three.

We stress that these numerical values are, at best, merely
suggestive. Under our naive ansatz for a dilute instanton
gas, the instanton density is very sensitive to the choice of
Ass; after all, merely on dimensional grounds the instanton
density is ~(Ag)*.

At nonzero temperature, to date the results from lattice
QCD find that above temperatures 300-400 MeV, the fall
off with temperature is a power law, whose value follows
from the classical action for a single instanton and the
running of the coupling ¢> with temperature. The overall
prefactor measured in lattice QCD is approximately 10
times larger than the one loop result, but at high temper-
ature perhaps this is ameliorated by the complete compu-
tation at two loop order [19]. It is still an open question as to
whether topologically nontrivial fluctuations become dilute
below [33,36] or above [34] the appropriate transition
temperature. This is presumably due to a combination of

1.0f
0.8l
0.6l

0.41

integrated instanton density

0.2

0.0f

0 1 2 3 4
TiNgs

effects from fractional dyons and instantons with integral
topological charge, either as a liquid or a gas. For our
purposes, which is frankly phenomenological, the moral
which we draw is that a dilute instanton gas is not a
preposterous assumption, at least at temperatures about 7',.

Consider next the case of zero temperature and nonzero
quark chemical potential. As for temperature, the density of
instantons are smoothly suppressed as p increases. The
integrated density of instantons, shown in the right plot of
Fig. 4, is 1/10" that in vacuum when ,u?f N 2.44 Ay for
two flavors, and ,u?f '~ 2.22 Ay for three flavors. These
correspond to ,u?f "'~ 810 MeV for two flavors, and ,u?f i~
737 MeV for three. Taking T, ~ 156 MeV [50], this is
approximately ~1.5zT,.

While even the instanton density at one loop order is
incomplete at u # 0, we note that these are extremely high
values of the quark chemical potential. They are almost into
the perturbative regime, for g > 1 GeV [54].

This gross disparity has a simple origin and thus may
persist a more careful analysis. In a thermal bath, or the
Fermi sea of cold, dense quarks, instantons are suppressed
primarily because of Debye screening. As can be seen from
the expression for the Debye mass in Eq. (I4), the natural
scale for the chemical potential is y = zT. Indeed, as the
Euclidean energy of any fermion field is an odd multiple of
#T, this balance between y and zT is true of the propagator
at tree level.

The weak dependence upon the quark chemical potential
can also be understood in the limit of large N.. As N, — o
the coupling ¢*> ~ 1/N_, so that if the number of quark
flavors N is held fixed as N, — oo, any effects of quarks
are suppressed by ~1/N_. In the plane of T and y, large N,
then generates a “quarkyonic” regime [55]. Our naive
estimate for a dilute instanton gas is simply another
illustration of this.

At present, numerical simulations of lattice QCD with
classical computers can only provide results at nonzero

integrated instanton density
o o o o e
N » D o] o

o
o
T

0 1 2 3 4
NS

FIG. 4. For two flavors, the ratio of the density of an instanton gas, integrated over p and normalized to the vacuum value. The left plot
shows this as function of 7/Ayg at u = 0 and the right plot as a function of /Ay at T = 0. This demonstrates graphically that
instantons evaporate much more slowly as the quark chemical potential increases, as opposed to increasing the temperature.
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temperature and ¢ < 7. Simulations of cold, dense quark
matter may be possible with quantum computers but will
not be available for some time. Studying the dense regime
of QCD with functional continuum methods, on the other

hand, is possible even in the near-term [47]. Still, using an
effective model, such as a dilute gas of instantons, is useful
for developing the physical picture before results from first
principles are available.
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