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The form factors of γ�N → Δð1600Þ transition is calculated within the light-cone sum rules assuming that
Δþð1600Þ is the first radial excitation ofΔð1232Þ. TheQ2 dependenceof themagnetic dipole G̃MðQ2Þ, electric
quadrupole G̃EðQ2Þ, and Coulomb quadrupole G̃cðQ2Þ form factors are investigated. Moreover, the Q2

dependence of the ratios REM¼− G̃EðQ2Þ
G̃MðQ2Þ and RSM¼− 1

4m2
Δð1600Þ
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Δð1600ÞQ
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q
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are studied. Finally, our predictions on G̃MðQ2Þ, G̃EðQ2Þ, and G̃CðQ2Þ are compared with the results of other
theoretical approaches.
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I. INTRODUCTION

Advance technologies in accelerators enabled to search
of high energy regions as well as improving the precision of
the experiments by collecting data with high luminosity.
This reveals new possibilities to study the electromagnetic
structures of the baryon resonances above the ground state
region. The facilities like CLAS (Jefferson Lab), BATES
(MIT), MAMI (Mainz), Spring-8 (Japan), and ESSA
(Bonn) have the potential to measure the electromagnetic
structures of baryons around their first excitations. These
experimental possibilities stimulated theoretical studies for
deeply understanding the properties of the baryon reso-
nances. Δð1600Þ baryon, which is the first excitation of
Δð1200Þ one, may be one of the resonances which deserves
special attention. Theoretically, this resonance has not been
studied comprehensively yet.
The electroproduction of Δð1600Þ is studied within the

quark model [1], and the effects of Δð1600Þ in baryon-
meson reactions is studied in [2,3]. However, the existing
data [2,4] can be used for a more detailed analysis of this
resonance. The γ�p → Δþð1232Þ; ðΔþð1600ÞÞ transitions
are computed using a diquark-quark picture and a covariant
spectator constituent quark model in [5,6], respectively.
The form factors of the γ�N → Δð1232Þ and γ�octet →

decuplet baryon transitions within the same framework was

studied in [7,8], respectively. In the present work, we study
the transition form factors for the electroproduction of the
Δð1600Þ resonance within light-cone sum sum rules
method.
The article is organized as follows. In Sec. II, the sum

rules for the transition form-factors of γ�N → Δð1600Þ
within the light-cone sum rules (LCSR) is derived. The
numerical analysis of the obtained LCSRs is carried out
in Sec. III. This section also contains discussion and
summary.

II. DERIVATION OF LCSR FOR γ�N → Δð1600Þ
TRANSITION FORM FACTORS

The transition γ�N → Δð1200Þ and Δð1600Þ is des-
cribed by the matrix element of the electromagnetic current
jμ ¼ euūγμuþ edd̄γμd between the nucleon, ground, and
first radial excitation of Δ baryon hΔiðp0Þjjνð0ÞjNðpÞi.
By using the Lorentz invariance and current conserva-

tion, this matrix element is determined in terms of the
following form factors [9]:

hΔiðp0jjelμ ÞjNðpÞi ¼ ūαðp0ÞfGðiÞ
1 ðQ2Þð−qαγμ þ =qgαμÞ

þ GðiÞ
2 ðQ2Þð−qαPμ þ ðqPÞgαμÞ

þ GðiÞ
3 ðqαqμ − q2gαμÞgγ5uðpÞ ð1Þ

where i ¼ 0, and i ¼ 1 corresponds to the ground and
first radial excitation of Δ baryon, Gi

1, G
i
2, and Gi

3 are
the corresponding form-factors, and Pα ¼ 1

2
ðpþ p0Þα ¼

1
2
ð2p0 þ qÞα. However, the multipole form factors are more

useful than the form factors G1, G2, and G3 for the
experimental point of view. The relations among the form
factors G1ðQ2Þ, G2ðQ2Þ, and G3ðQ2Þ and multipole form
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factors (magnetic dipole GM, electric quadrupole GE, and
Coulomb quadrupole Gc) form factors are given in [10]:

GðiÞ
M ðQ2Þ ¼ mN

3ðmN þmΔi
Þ

×

�
ðð3mΔi

þmNÞðmΔi
þmNÞ þQ2ÞG

ðiÞ
1 ðQ2Þ
mΔi

þ ðm2
Δi
−m2

NÞGðiÞ
2 ðQ2Þ − 2Q2GðiÞ

3 ðQ2Þ
�
;

GðiÞ
E ðQ2Þ ¼ mN

3ðmN þmΔi
Þ
�
ðmΔi

−m2
N −Q2ÞG

ðiÞ
1 ðQ2Þ
mΔi

þ ðm2
Δi
−m2

NÞGðiÞ
2 − 2Q2GðiÞ

3 ðQ2Þ
�
;

GðiÞ
C ðQ2Þ ¼ 2mN

3ðmN þmΔi
Þ
�
2mΔi

GðiÞ
1 ðQ2Þ

þ 1

2
ð3m2

Δi
þm2

N þQ2ÞGðiÞ
2 ðQ2Þ

þ ðm2
Δi
−m2

N −Q2ÞGðiÞ
3 ðQ2Þ

�
: ð2Þ

After these preliminary remarks, we can proceed with the
determination of these form factors for γ�N → Δð1600Þ
transitions within the light-cone QCD sum rules. For this
purpose, we consider the following correlator function

Παμ ¼ i
Z

d4xeiqxhTfηαð0Þjelμ ðxÞgNðpÞi; ð3Þ

where ηα is the interpolating current with the same quantum
numbers of Δð1232Þ and Δð1600Þ, and jelμ is the electro-
magnetic current.
Since Δþð1232Þ and Δþð1600Þ states have the same

quantum numbers, the interpolating current for these states
is also the same and it is given by the following expression

ηα ¼
1ffiffiffi
3

p ϵabc½2ðuaCγαdbÞuc þ ðuaCγαubÞdc�; ð4Þ

where a, b, c are color indices, and C is the charge
conjugation operator. According to the sum rules method
approach, the correlation function should be calculated in
two different regions. In one domain, the correlation
function is saturated by the full tower of states carrying
the quantum numbers of Δ baryon in the region p02 ≃m2

Δi
.

On the other hand, the correlation function is calculated in
the deep Euclidean region where p02 ≪ 0 by using the
operator product expansion (OPE) in terms of the nucleon
distribution amplitudes with an increasing twist. The sum
rules for the relevant physical quantities are obtained by
matching these results of the representations of the corre-
lation functions via the dispersion relation.
Following the mentioned prescription above and for the

hadronic part of the correlation function after isolating the
contributions of the ground Δð1232Þ, and its first radial
excitation Δð1600Þ state we get

Παμ ¼ −
X2
i¼1

h0jηαð0ÞjΔiihΔijjelμ jNi
m2

Δi
− p02 þ

Z
∞

s0

ds
Πhad

αμ ðsÞ
s − p02 ;

ð5Þ

where i corresponds to the ground and first excited states.
Parametrizing the matrix element

h0jηαjΔiðp0Þi ¼ λiuαðp0Þ; ð6Þ

where uαðp0Þ is the Rarita-Schwinger spinor and
p0 ¼ p − q. Performing summation over the spins of
Rarita-Schwinger spinors with the help of the formula

X
s

uðsÞα ðp0ÞūðsÞβ ðp0Þ ¼ −ð=p0 þmΔi
Þ
�
gαβ −

1

3
γαγβ −

2p0
αp0

β

3m2
Δi

þ p0
αγβ − p0

βγα
3mΔi

�
ð7Þ

we get the following result for the correlation function

Παμ ¼ −
X
i

λi
m2

Δi
− p02 ð=p0 þmΔi

Þ
�
gαβ −

1

3
γαγβ −

2p0
αp0

β

3m2
Δi

þ p0
αγβ − p0

βγα
3mΔi

�
fGi

1ð−qβγμ þ gβμ=qÞ þ Gi
2ð−qβPμ þ gβμqPÞ þGi

3ðqβqμ − gβμq2Þgγ5uNðpÞ: ð8Þ

At this point, we would like to make the following
remark. In general, the interpolating current, ηα, interacts
not only with spin-3=2 states, but also with the spin-1=2
ones. For the generic spin-1=2 states, the matrix element of
the ημ current between the vacuum and spin 1=2 state is
determined as

h0jηαj
1

2
ðp0Þi ¼ ðmγα − 4p0

αÞuðp0Þ: ð9Þ

In other words, the terms with ∼γα and p0
α contain the

contributions of the spin-1=2 states. Comparing Eqs. (8)
and (9), it follows that only the terms with∼gαβ contains the
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information of purely spin-3=2 states. Hence, for our
problem the terms containing spin-1=2 contributions should
be removed. Retaining the contributions of spin-3=2 states
only, we get

Παμ ¼ −
λ0

m2
0 − p02 ð=p0 þm0Þ½G1ð−qαγμ þ gαμ=qÞ

þ G2½−qαðp0 þ q=2Þμ þ q · ðp0 þ q=2Þgαμ�
þ G3½qαqμ − q2gαμ��γ5uNðpÞ

−
λ1

m2
1 − p02 ð=p0 þm1Þ½fG1ð−qαγμ þ gαμ=qÞ

þ fG2½−qαðp0 þ q=2Þμ þ q · ðp0 þ q=2Þgαμ�
þ fG3½qαqμ − q2gαμ��γ5uNðpÞ; ð10Þ

in which λ0; m0ðλ1; m1Þ are the residue and mass of the
ground state,Δð1232Þ,Δð1600Þ baryons andGiðfGiÞ are the
form factors for γ�N → Δð1232Þ and γ�N → Δð1600Þ
transitions, respectively. For simplicity, the mass of the
Δð1600Þ state we will be denote as m1 from now on.
From Eq. (10), it follows that, for the description γ�N →

Δð1600Þ transition we have six form factors which should be
determined. To determine the six form factors, we need six
structures. It should be noted that all structures are not inde-
pendent. To obtain the independent structures, the ordering
procedure of the Dirac matrices is implemented. In this
work, we choose the following order of Dirac matrices
γαp0qγμγ5. Taking into account this remark, the correlation
function can be decomposed in terms of the following
independent invariant functions as follows [see Eq. (8)]:

Παμ ¼ Π1p0qγ5gαμ þΠ2qγ5gαμ þΠ3p0γ5p0
μqα þΠ4γ5p0

μqα

þΠ5p0γ5qαqμ þΠ6γ5qαqμ þ other structures ð11Þ

From Eqs. (9) and (10), the following six structures are
found to determine the six form factors

Π1 ¼ −
λ0G1

m2
0 − p02 −

λ1fG1

m2
1 − p02 ;

Π2 ¼ −
λ0m0G1

m2
0 − p02 −

λ1m1
fG1

m2
1 − p02 ;

Π3 ¼
λ0G2

m2
0 − p02 þ

λ1fG2

m2
1 − p02 ;

Π4 ¼
λ0m0G2

m2
0 − p02 þ

λ1m1
fG2

m2
1 − p02 ;

Π5 ¼
λ0

m2
0 − p02

�
G2

2
− G3

�
þ λ1
m2

1 − p02

�fG2

2
− fG3

�
;

Π6 ¼
λ0m0

m2
0 − p02

�
G2

2
− G3

�
þ λ1m1

m2
1 − p02

�fG2

2
− fG3

�
: ð12Þ

Solving these equations for the form factors we get

−m0Π1 þ Π2 ¼ −
λ1fG1

m2
1 − p02 ðm1 −m0Þ;

−m0Π3 þ Π4 ¼
λ1fG2

m2
1 − p02 ðm1 −m0Þ;

−m0Π5 þ Π6 ¼
λ1

m2
1 − p02 ðm1 −m0Þ

×

�fG2

2
− fG3

�
: ð13Þ

From Eq. (13), it follows that to obtain the sum rules for
the γ�N → Δð1600Þ transition form factors, we need to
know the invariant functionsΠi. According to the sum rules
methodology, the invariant functions Πiði ¼ 1 ÷ 6Þ are
calculated at deep Euclidean domain with virtuality p02 ¼
ðp − qÞ2 ≪ 0 in terms of the nucleon distribution ampli-
tudes (DA’s). The nucleon DA’s are the main nonperturba-
tive ingredients of LCSR and they are calculated up to
twist-6 in [11–15]. For completeness, definition of the
nucleon’s DA’s and their expressions are presented in
Appendix A.
Using the expressions of the nucleon DA’s and applying

the quark-hadron duality ansatz, the invariant functions,Πi,
can be written in the following form

Πiðp02; q2Þ ¼
X3
n¼1

Z
1

0

dx
ρðnÞi ðx; q2; p02Þ
ððq − pxÞ2Þn ð14Þ

Matching the representations of the correlation functions
and performing Borel transformations with respect to the
variable −p02 ¼ −ðp − qÞ2 in order to suppress the con-
tributions of higher states and continuum, the correspond-
ing sum rules for the form factors fG1ðQ2Þ, fG2ðQ2Þ andeG2ðQ2Þ

2
− fG3ðQ2Þ can be obtained as

−λ1fG1ðQ2Þðm1 −m0Þe−m2
1
=M2 ¼ −m0I1ðM2; Q2; s0Þ

þ I2ðQ2;M2; s0Þ;
λ1fG2ðQ2Þðm1 −m0Þe−m2

1
=M2 ¼ −m0I3ðM2; Q2; s0Þ

þ I4ðQ2;M2; s0Þ;

λ1

�fG2

2
− fG3

�
ðm1 −m0Þe−m2

1
=M2 ¼ −m0I5ðM2; Q2; s0Þ

þ I6ðQ2;M2; s0Þ:
ð15Þ

The functions IiðM2; Q2; s0Þ can be written in the form of a
master formula (see [16,17])
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Ii ¼
X∞
n¼1

Z
1

x0

dxe−s=M
2 1

ðn − 1Þ!
ð−1ÞnρðnÞi

xnðM2Þn−1 þ e−s0=M
2

×

�ð−1Þn−1
ðn − 1Þ!

Xn−1
j¼1

1

ðM2Þn−j−1
1

s0

�
d
dx

1

s0

�
j−1 ρðnÞi

xn

�
jx¼x0

ð16Þ

where x̄ ¼ 1 − x, s0 ¼ ds
dx, s ¼ m2

Nx̄xþQ2x̄
x , and x0 is the

solution of s0 ¼ s equation. The explicit forms of the

functions, ρðnÞi are presented in Appendix B. From Eq. (15),
we see that to determine the γ�N → Δð1600Þ transition
form factors, the residue of Δð1600Þ is also needed. This
value within QCD sum rules is already calculated in [18]
and obtained as λ1 ¼ ð0.057� 0.016Þ GeV3.
At the end of this section, we present the ratios REM [10]

and RSM [11] that are more suitable for the experimental
point of view

REM ¼ −
G̃EðQ2Þ
G̃MðQ2Þ ;

RSM ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þm2

1 −m2
N −Q2Þ2

4m2
1

s
1

2m1

G̃CðQ2Þ
G̃MðQ2Þ : ð17Þ

It should be noted that these ratios are identically zero in
SU(6) symmetric constituent quark model. The nonzero
values are the indications of the deformation of one or both
hadrons.

III. NUMERICAL ANALYSIS

This section is devoted to the numerical analysis of
the multipole form factors as well as REM and RSM ratios.
The main nonperturbative input parameters of LCSR
are the DA’s. In numerical calculations, for nucleon
DA’s we will use the results of [12–15], where the general
expressions of DA’s in terms of the orthogonal polynomials
are obtained for octet baryons. The first few polynomials
are obtained in [14]. The parameters entering in expressions
of DA’s are determined in [14].
In addition to these input parameters, the sum rules

contain two auxiliary parameters; the Borel parameter M2

and continuum threshold s0. The physically measurable
quantities should be independent on these auxiliary param-
eters. Therefore, the working regions of M2 and s0 should
be determined in such a way that the physically measurable
quantity should exhibit good stability to the variation of
these parameters. The upper and lower bounds of the Borel
parameter M2 are determined by imposing the following
two conditions.

(i) The reasonable suppression of the integral over the
higher states contributions estimated in accordance
of the hadron-quark duality ansatz.

(ii) Contributions of the higher twist terms should
be smaller than the contributions of the leading
twist term.

Besides, the values of continuum threshold s0 is determined
from the condition that the sum rules should reproduce the
mass of Δð1600Þ state with 10% accuracy. These con-
ditions lead to the following working regions ofM2 and s0:
2.0 GeV2 ≤ M2 ≤ 4.0 GeV2, s0 ¼ ð5.5� 0.5Þ GeV2.
Having specified all the input parameters and determined

the working region of M2 and s0, we are ready to perform
the numerical calculations.
In Figs. 1, 2, and 3, we present the dependencies of

G̃MðQ2Þ, G̃EðQ2Þ, and G̃CðQ2Þ on Q2 at fixed s0 and for
various M2 values. Here, we would like to note that since
LCSR predictions on the form factors are reliable only in
the Q2 > 1 GeV2 region, we present the results only for
this domain. From these figures, it follows that all three
form factors decrease with increasing Q2 and saturates for
high Q2 values.
By comparing the form factors of γ�N → Δð1232Þ

obtained in [7] and γ�N → Δð1600Þ transitions, we infer
the following results:

2 3 4 5 6 7 8

)2 (GeV2Q

0

0.2

0.4

0.6

0.8

1

)2
 (

Q
M

G~

 = 3.02M

 = 3.52M

 = 4.02M

2 = 6.0 GeV0s

(1600)Δ → * N γ

FIG. 1. The dependency of the fGMðQ2Þ on Q2 at a fixed values
of s0 and M2.

2 3 4 5 6 7 8

)2 (GeV2Q

0.2−

0.15−

0.1−

0.05−

0

)2
 (

Q
E

G~

 = 3.02M

 = 3.52M

 = 4.02M2 = 6.0 GeV0s

(1600)Δ → * N γ

FIG. 2. The same as in Fig. 1, but for fGEðQ2Þ form factor.
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(i) The electric quadrupole form factor is small in
magnitude compared to the form factors, G̃MðQ2Þ
and G̃CðQ2Þ in both transitions.

(ii) For the region, Q2 > 1 GeV2, the transition form
factors, G̃MðQ2Þ for γ�N → Δð1600Þ are larger than
the ones for γ�N → Δð1232Þ. This result indicated
that the γ�N → Δþð1600Þ transition is more local-
ized in configuration space.

Moreover, we also compared our results on the consid-
ered form factors with the predictions obtained by
quark-diquark approximation to the Poincaré-covariant
three-body bound state problem in relativistic quantum
field theory [5] and found out that our predictions on the
form factors at the considered regions ofQ2 is considerably
larger in magnitude than the one predicted in [5].
Furthermore in Figs. 4 and 5, we present the Q2

dependence of REMðQ2Þ and RSM at fixed values M2

and s0 considering their working regions. From these
figures, we observe that while RSMðQ2Þ is negative,
REMðQ2Þ is positive at all values of Q2.
Comparing our predictions on RSM with the results

obtained in [7], we observed similar qualitative behavior

considered in both works. However, behavior of REM in
our case is remarkably different than in γ�N → Δð1232Þ
transition, i.e., magnitude REM is larger than the one in
γ�N → Δð1232Þ transition case. This observation high-
lights the sensitivity of the electric quadrupole form
factor to the degree of deformation of the Δ baryon.
Finally, we compare our predictions on RSM and REM
with the results obtained within light-front relativistic
quark model [19]. Comparing our results on REM
presented in Fig. 4 and the results of [19] we observed
that our result on REM is larger than the one predicted
in [19]. Besides, comparing our result on RSM, we
deduce that the behavior of RSM is similar to the results
of [19]. For example, in our case, when Q2 varies
between 2 and 8 GeV2 region, the RSM varies between
(0.1 and 0.5), however it changes between (0.1 and 0.3)
in [19].
Our final note is that the obtained results will shed light

to the understanding the inner structures of the resonance
Δð1600Þ, and can be checked in ongoing and planning
experiments.

IV. CONCLUSION

In this article, we studied the LCSR to evaluate
the magnetic dipole G̃MðQ2Þ electric quadrupole
G̃EðQ2Þ and Coulomb quadrupole G̃�ðQ2Þ form factors

as well as the ratios REM ¼ − G̃E

G̃M
and RSM ¼ − 1

4m2
1

×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

1Q
2 þ ðm2

1 −Q2 −m2
NÞ2

p G̃cðQ2Þ
G̃MðQ2Þ on Q2 when Q2

varies in the region 1 GeV2 ≤ Q2 ≤ 10GeV2. This domain
may be covered in the incoming CLAS-12 at the Jefferson
Lab. Appearance of experimental information would be
very useful to establish the nature of Δþð1600Þ resonance
by assuming it as radial excitation ofΔð1232Þ in the γ�N →
Δð1600Þ transition. We also compared our predictions on
the form factors G̃MðQ2Þ, G̃EðQ2Þ, and G̃CðQ2Þ, as well as
REM and RSM with results of results of other theoretical
approaches.

2 3 4 5 6 7 8

)2 (GeV2Q

0

0.05

0.1

0.15

0.2

0.25

E
M

R

 = 3.02M

 = 3.52M

 = 4.02M

2 = 6.0 GeV0s

(1600)Δ → * N γ

FIG. 4. The dependency of REM on Q2 at the fixed values of s0
and M2.

2 3 4 5 6 7 8

)2 (GeV2Q

0

0.1

0.2

0.3

0.4

0.5

0.6

S
M
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 = 4.02M
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(1600)Δ → * N γ

FIG. 5. The same as in Fig. 4, but for RSM.
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FIG. 3. The same as in Fig. 1, but for fGCðQ2Þ form factor.
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APPENDIX A: NUCLEON DISTRIBUTION AMPLITUDES

For completeness, in this Appendix, we present expressions of distribution amplitudes Vi, Ai, Ti, Si, and Pi for nucleon.

V1=6 ¼
1

2
ðΦþ;3=6ðx1; x2; x3Þ þΦ−;3=6ðx1; x2; x3ÞÞ þ

1

2
ðΦþ;3=6ðx2; x1; x3Þ þΦ−;3=6ðx2; x1; x3ÞÞ;

A1=6 ¼ −
1

2
ðΦþ;3=6ðx1; x2; x3Þ þΦ−;3=6ðx1; x2; x3ÞÞ þ

1

2
ðΦþ;3=6ðx2; x1; x3Þ þΦ−;3=6ðx2; x1; x3ÞÞ;

T1=6 ¼ Π3=6ðx1; x3; x2Þ;

where the DAs on the left-hand side are functions of ðx1; x2; x3Þ. The twist 4 and twist 5 amplitudes read

S1=2 ¼
1

24
ðΞþ;4=5ðx1; x2; x3Þ þ Ξ−;4=5ðx1; x2; x3ÞÞ −

1

24
ðΞþ;4=5ðx2; x1; x3Þ þ Ξ−;4=5ðx2; x1; x3ÞÞ

þ 1

4
ðΠ4=5ðx2; x3; x1Þ − Π4=5ðx1; x3; x2ÞÞ;

P1=2 ¼
1

24
ðΞþ;4=5ðx1; x2; x3Þ þ Ξ−;4=5ðx1; x2; x3ÞÞ −

1

24
ðΞþ;4=5ðx2; x1; x3Þ þ Ξ−;4=5ðx2; x1; x3ÞÞ

−
1

4
ðΠ4=5ðx2; x3; x1Þ − Π4=5ðx1; x3; x2ÞÞ;

V2=5 ¼
1

4
ðΦþ;4=5ðx1; x2; x3Þ þΦ−;4=5ðx1; x2; x3ÞÞ þ

1

4
ðΦþ;4=5ðx2; x1; x3Þ þΦ−;4=5ðx2; x1; x3ÞÞ;

A2=5 ¼ −
1

4
ðΦþ;4=5ðx1; x2; x3Þ þΦ−;4=5ðx1; x2; x3ÞÞ þ

1

4
ðΦþ;4=5ðx2; x1; x3Þ þΦ−;4=5ðx2; x1; x3ÞÞ;

V3=4 ¼
1

4
ðΦþ;4=5ðx3; x1; x2Þ −Φ−;4=5ðx3; x1; x2ÞÞ þ

1

4
ðΦþ;4=5ðx3; x2; x1Þ −Φ−;4=5ðx3; x2; x1ÞÞ;

A3=4 ¼ −
1

4
ðΦþ;4=5ðx3; x1; x2Þ −Φ−;4=5ðx3; x1; x2ÞÞ þ

1

4
ðΦþ;4=5ðx3; x2; x1Þ −Φ−;4=5ðx3; x2; x1ÞÞ;

T2=5 ¼
ϒ4=5ðx3; x2; x1Þ

6
;

T3=4 ¼
1

24
ðΞþ;4=5ðx1; x2; x3Þ þ Ξ−;4=5ðx1; x2; x3ÞÞ þ

1

24
ðΞþ;4=5ðx2; x1; x3Þ þ Ξ−;4=5ðx2; x1; x3ÞÞ

þ 1

4
ðΠ4=5ðx2; x3; x1Þ þ 1Π4=5ðx1; x3; x2ÞÞ;

T7=8 ¼ −
1

24
ðΞþ;4=5ðx1; x2; x3Þ þ Ξ−;4=5ðx1; x2; x3ÞÞ −

1

24
ðΞþ;4=5ðx2; x1; x3Þ þ Ξ−;4=5ðx2; x1; x3ÞÞ

þ 1

4
ðΠ4=5ðx2; x3; x1Þ þ Π4=5ðx1; x3; x2ÞÞ:

The explicit expressions of the functions Φ�;3=6, Ξ�;4=5, Φ�;4=5, ϒ4=5, and Π4=5 can be found in [12–14].

APPENDIX B: SUMMARY OF CORRELATION FUNCTION

In this Appendix, we present the explicit expressions of the functions ρni entering to the sum rules for the form factors

G̃1ðQ2Þ, G̃2ðQ2Þ, and G̃2ðQ2Þ
2

− G̃3ðQ2Þ for the γ�N → Δð1600Þ transition.
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1. Functions ρðnÞi for the form factor fG1

ρð3Þ1 ðxÞ ¼ 0

ρð3Þ2 ðxÞ ¼ 8ð1 − xÞ
x

eq2m
2
Nmq2ðx2m2

N þQ2Þ ˜̃B6

ρð2Þ1 ðxÞ ¼ −4eq3mNðmN
ˆ̂B6 − 2mq3B̂4Þ þ 8eq2mNmq2B̃2

− 8eq2m
2
N

Z
x̄

0

dx1ðT1
M − A1

MÞðx1; x; 1 − x1 − xÞ þ 8eq3m
2
N

Z
x̄

0

dx1T1
Mðx1; 1 − x1 − x; xÞ

ρð2Þ2 ðxÞ ¼ −
4mN

x
f−eq1 ½ðx − 1Þðx2m2

N þQ2ÞČ2 þ 2xðxþ 1ÞĎ2� þ eq2 ½x3m2
NB̃2 þ x3m2

NB̃4 þ ðx − 1Þðx2m2
N þQ2ÞD̃2

− ðx − 1Þðx2m2
N þQ2ÞC̃2 − x2m2

NB̃2 − x2m2
NB̃4 − 2x2mNmq2H̃1 þ 2x2mNmq2B̃5 þ 2x2mNmq2B̃7

þ 2ðx − 1Þxm2
N
˜̃B8 þ 2xmNmq2H̃1 − 2xmNmq2B̃5 − 2xmNmq2B̃7 − xmNmq2

˜̃B6 þ xQ2B̃2 þ xQ2B̃4 − 2mNmq2
˜̃B6

−Q2B̃2 −Q2B̃4� þ xeq3mN ½ðx − 1ÞðmNð ˆ̂D6 − 2 ˆ̂C6Þ þmq3ðD̂5 − 2Ĉ5 þ 2B̂5 þ 4B̂7ÞÞ þmq3
ˆ̂B6�g

ρð1Þ1 ðxÞ ¼ −eq2

Z
x̄

0

dx1ð8B1 − 8D1Þðx1; x; 1 − x1 − xÞ þ 8eq3

Z
x̄

0

dx1B1ðx1; 1 − x1 − x; xÞ

ρð1Þ2 ðxÞ ¼ 4mN

x
½eq2ðD̃2 − C̃2 þ B̃2 þ B̃4Þ − eq1ðxĎ2 þ Č2Þ� þ 4ðx − 1Þeq1mN

Z
x̄

0

dx3ðC3 −D3Þðx; 1 − x − x3; x3Þ

− 4eq2ðx − 1ÞmN

Z
x̄

0

dx1½ðD3 − C3 þ 2P1 − 2S1Þ − 8mq2B1�ðx1; x; 1 − x1 − xÞ

þ 4eq3ðx − 1ÞmN

Z
x̄

0

dx1½ðD3 − 2C3Þ − 8mq3B1�ðx1; 1 − x1 − x; xÞ ðB1Þ

2. Functions ρi for the form factor fG2

ρð3Þ3 ðxÞ ¼ 64ðx − 1Þx2eq1m3
N
ˇ̌C6 þ 16xeq2m

2
N ½4ðx − 1ÞxmNð ˜̃C6 − 2 ˜̃B8Þ −mq2

˜̃B6�
þ 16xeq3m

2
N ½mq3

ˆ̂B6 − 2ðx − 1ÞxmNð ˆ̂D6 − 2 ˆ̂C6 þ 2 ˆ̂B8Þ�
ρð3Þ4 ðxÞ ¼ 32ðx − 1Þeq2m2

N ½ðx2m2
N þ 2xQ2 −Q2Þ ˜̃B6 þ xmNmq2

˜̃B8�
þ 16ðx − 1Þeq3m2

N ½2xðxm2
N þQ2Þ ˆ̂B6 − xmNmq3ð ˆ̂D6 þ 2 ˆ̂C6Þ�

ρð2Þ3 ðxÞ ¼ −8ð1 − 2xÞxeq1mNČ2 þ 8xeq2mN ½ð2x − 1ÞC̃2 þ 2ð1 − 2xÞB̃4 − D̃2 − 2B̃2�
− 8xeq3mN ½xD̂2 − 2xĈ2 þ 2ðx − 1ÞB̂4�

ρð2Þ4 ðxÞ ¼ −8ðx − 1Þxeq1m2
NðĎ5 − Č4Þ − 8eq2mNfðx − 1ÞxmN ½D̃5 − C̃4 − 2ðH̃1 þ Ẽ1 − B̃5Þ� þ ð4x − 3ÞmN

˜̃B6

þ 2xmq2B̃4 þmq2ðB̃2 − B̃4Þg þ 8xeq3mN ½ðx − 1ÞmNðD̂5 þ 2Ĉ5 − 2B̂5Þ þmq3ðD̂2 þ 2Ĉ2Þ�

þ 8ð2x − 1Þeq1m2
N

Z
x̄

0

dx3V1
Mðx; 1 − x − x3; x3Þ − 8eq2m

2
N

Z
x̄

0

dx1½A1
M þ ð1 − 2xÞV1

M

þ 2ðx − 1ÞT1
M�ðx1; x; 1 − x1 − xÞ − 16xeq3m

2
N

Z
x̄

0

dx1T1
Mðx1; 1 − x1 − x; xÞ

ρð1Þ3 ðxÞ ¼ 0

ρð1Þ4 ðxÞ ¼ 8ð2x − 1Þeq1
Z

x̄

0

dx3C1ðx; 1 − x − x3; x3Þ − 8eq2

Z
x̄

0

dx1½D1 − ð2x − 1ÞC1 þ 2ðx − 1ÞB1�ðx1; x; 1 − x1 − xÞ

− 16xeq3

Z
x̄

0

dx1B1ðx1; 1 − x1 − x; xÞ ðB2Þ

γ�N → δþð1600Þ … PHYS. REV. D 101, 114011 (2020)

114011-7



3. Functions ρi for the form factor
eG2
2 −fG3

ρð3Þ5 ðxÞ ¼ −64ðx − 1Þ2xeq1m3
N
ˇ̌C6 − 16ðx − 1Þeq2m2

N ½4ðx − 1ÞxmNð ˜̃C6 − 2 ˜̃B8Þ − 2mq2
˜̃B6�

− 16ðx − 1Þeq3m2
N ½2ðx − 1ÞxmNð2C6 −

ˆ̂D6 − 2 ˆ̂B8Þ þmq3
ˆ̂B6�

ρð3Þ6 ðxÞ ¼ −32ðx − 1Þ2
x

eq2m
2
N ½ðx2m2

N þ 2xQ2 −Q2Þ ˜̃B6 þ xmNmq2
˜̃B8�

−
16ðx − 1Þ2

x
eq3m

2
N ½2xðxm2

N þQ2Þ ˆ̂B6 − xmNmq3ð2C6 þ ˆ̂D6Þ�

ρð2Þ5 ðxÞ ¼ −16ðx − 1Þxeq1mNČ2 þ 16ðx − 1Þeq2mNð−xC̃2 þ 2xB̃4 þ D̃2 þ B̃2Þ
þ 8ðx − 1Þeq3mN ½xD̂2 − 2xĈ2 þ 2ðx − 1ÞB̂4�

ρð2Þ6 ðxÞ ¼ 8ðx − 1Þ2eq1m2
NðĎ5 − Č4Þ þ

8ðx − 1Þ
x

eq2mNfðx − 1ÞxmN ½D̃5 − C̃4 − 2ðH̃1 þ Ẽ1 − B̃5Þ�

þ 4ðx − 1ÞmN
˜̃B6 þ 2xmq2B̃4g

− 8ðx − 1Þeq3mN ½ðx − 1ÞmNðD̂5 þ 2Ĉ5 − 2B̂5Þ þmq3ðD̂2 þ 2Ĉ2Þ�

− 16ðx − 1Þeq1m2
N

Z
x̄

0

dx3V1
Mðx; 1 − x − x3; x3Þ

− 16ðx − 1Þeq2m2
N

Z
x̄

0

dx1ðV1
M − T1

MÞðx1; x; 1 − x1 − xÞ

þ 16ðx − 1Þeq3m2
N

Z
x̄

0

dxMT1
ðx1; 1 − x1 − x; xÞ

ρð1Þ5 ðxÞ ¼ 0

ρð1Þ6 ðxÞ ¼ −16ðx − 1Þeq1
Z

x̄

0

dx3C1ðx; 1 − x − x3; x3Þ

− 16ðx − 1Þeq2
Z

x̄

0

dx1ðC1 − B1Þðx1; x; 1 − x1 − xÞ

þ 16ðx − 1Þeq3
Z

x̄

0

dx1B1ðx1; 1 − x1 − x; xÞ ðB3Þ

where q1 ¼ u, q2 ¼ u, and q3 ¼ d, respectively.
In the above expressions for ρ2, ρ4, and ρ6 the functions F ðxiÞ are defined in the following way:

F̌ ðx1Þ ¼
Z

x1

1

dx01

Z
1−x0

1

0

dx3F ðx01; 1 − x01 − x3; x3Þ;

ˇ̌F ðx1Þ ¼
Z

x1

1

dx01

Z
x0
1

1

dx001

Z
1−x00

1

0

dx3F ðx001; 1 − x001 − x3; x3Þ;

F̃ ðx2Þ ¼
Z

x2

1

dx02

Z
1−x0

2

0

dx1F ðx1; x02; 1 − x1 − x02Þ;

˜̃F ðx2Þ ¼
Z

x2

1

dx02

Z
x0
2

1

dx002

Z
1−x00

2

0

dx1F ðx1; x002; 1 − x1 − x002Þ;

F̂ ðx3Þ ¼
Z

x3

1

dx03

Z
1−x0

3

0

dx1F ðx1; 1 − x1 − x03; x
0
3Þ;

ˆ̂F ðx3Þ ¼
Z

x3

1

dx03

Z
x0
3

1

dx003

Z
1−x00

3

0

dx1F ðx1; 1 − x1 − x003; x
00
3Þ:
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Definitions of the functions Bi, Ci, Di, E1, and H1 that appear in the expressions for ρiðxÞ are given as follows:

B2 ¼ T1 þ T2 − 2T3;

B4 ¼ T1 − T2 − 2T7;

B5 ¼ −T1 þ T5 þ 2T8;

B6 ¼ 2T1 − 2T3 − 2T4 þ 2T5 þ 2T7 þ 2T8;

B7 ¼ T7 − T8;

B8 ¼ −T1 þ T2 þ T5 − T6 þ 2T7 þ 2T8;

C2 ¼ V1 − V2 − V3;

C4 ¼ −2V1 þ V3 þ V4 þ 2V5;

C5 ¼ V4 − V3;

C6 ¼ −V1 þ V2 þ V3 þ V4 þ V5 − V6;

D2 ¼ −A1 þ A2 − A3;

D4 ¼ −2A1 − A3 − A4 þ 2A5;

D5 ¼ A3 − A4;

D6 ¼ A1 − A2 þ A3 þ A4 − A5 þ A6;

E1 ¼ S1 − S2;

H1 ¼ P2 − P1:

The expressions of the functions Vi, Ai, Ti, Si, and Pi are presented in Appendix A.
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