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Finite-size effects on the self-force
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Electromagnetic and linear gravitational radiation do not solely propagate on the null cone in 3 + 1
dimensions in curved spacetimes, contrary to their well-known behavior in flat spacetime. Their additional
propagation inside the null cone is known as the tail effect. A compact body will produce a signal whose tail
will interact with its future worldline, thus producing a tail-induced self-force. We present new results for
the tail-induced scalar, electromagnetic, and gravitational self-force for a test mass in orbit around a central
mass, including effects from the internal structure of that body.
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I. INTRODUCTION

With the recent direct detection by LIGO [1,2] of
gravitational waves (GWs) from inspiraling binaries, there
is now increasing interest in computing physical effects
beyond the leading-order Keplerian dynamics of idealized
point masses orbiting one another. Within the gravitational
waves literature, the so-called self-force problem has been
an outstanding issue for several decades and is usually
studied in the case of a small body orbiting a larger central
mass. The “extreme” versions of such systems are dubbed
“extreme-mass-ratio-inspiral” systems (EMRIs). These
typically involve order solar-mass compact objects orbiting
the order 10°-10° solar-mass supermassive black holes
(SMBHs) that apparently reside within most, if not all,
galactic centers. By the 2030s, the space-based gravita-
tional wave detector LISA [3,4] will be launched to detect
GWs of much lower frequencies than those to which the
current LIGO and Virgo detectors are sensitive. Among
LISA’s primary targets are EMRIs. Hence, there is a need
for a practical scheme to compute EMRI waveforms, with
the associated self-force effects properly incorporated—
see, for instance, the reviews [5,6].

In curved spacetimes, massless waves such as those of
electromagnetism and gravitation no longer travel strictly
on the null cone—they also “scatter” off the background
geometry and develop “tails,” propagating inside the light
cone. At least within the de Donder gauge, this is
responsible for the dominant gravitational self-force expe-
rienced by a compact body orbiting a SMBH; in the strong-
gravity region of the latter, the former interacts with the tail
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portion of the signal it generated in the past. This, in turn,
affects the orbital evolution of the system and the gravi-
tational wave signal that will be detected.

Abraham and Lorentz [7] first calculated the recoil force
on an accelerating charge caused by the emission of
electromagnetic radiation. Dirac [8] derived the relativistic
generalization of the Abraham-Lorentz force. Building on
work by Hadamard [9], it was DeWitt and Brehme [10]
(followed shortly by Hobbs [11]) who first pointed out the
novel contribution to the electromagnetic self-force from
the tail effect in curved spacetimes. (This has no analog in
four-dimensional Minkowski, where electromagnetic and
linear gravitational waves propagate strictly on the light
cone.) Mino et al. [12] derived the linear gravitational self-
force for a point particle moving in an arbitrary back-
ground, where the metric satisfies Einstein’s equations in
vacuum.' Quinn and Wald [15] derived similar results using
an “axiomatic approach.” Nowadays, this linear tail-
induced self-force vacuum-background equation carries
the acronym MiSaTaQuWa.

In this work, we focus on the tail-induced self-force, not in
the EMRI system, but where the central body is replaced by a
significantly smaller mass so that the spacetime is weakly
curved everywhere. This setup is more closely related to the
post-Newtonian/Minkowskian description of the compa-
rable-mass binary systems whose GWs are currently
detected by LIGO (see, for instance, Ref. [16]). In our
setup, and at first order in perturbation theory, the tail arises
from the null signal generated by the orbiting compact body
scattering off the central mass and its Newtonian potential,
before returning to exert a self-force on the orbiting body ata
later time. In particular, we will improve upon the methods in

'For a treatment in nonvacuum spacetimes, see Refs. [13,14].
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the work by DeWitt and DeWitt [17] as well as Pfenning and
Poisson [18] and show how to capture self-force effects that
are sensitive to the internal structure of the central body. Our
method allows the evaluation of these effects perturbatively
in the ratio of the size of the central object to its separation
from the point mass. We demonstrate this for a specific
choice of the radial density profile. Comparison with the
extant literature reveals finite-size self-force terms that had
previously been overlooked. This should not be confused
with the usual discussion on the quadrupole effects induced
by tidal forces in the post Newtonian literature [19]. This is
known to arise at 5 post-Newtonian (PN) order, but here we
are discussing the effect of the central body’s intrinsic
quadrupole moment on the orbiter’s self-force. In this work,
we show that for the scalar and electromagnetic case this
enters at a lower PN order and comment on the potential
appearance of finite-size effects at 2 PN for the gravita-
tional case.

Extended bodies have previously been considered in the
literature. Isoyama and Poisson [20] considered the self-force
acting on a (scalar or electric) charge held in place outside a
massive body. Harte considered extended sources moving in
an arbitrary background spacetime [21] while Harte et al.
[22] considered the electromagnetic problem nonperturba-
tively. The body of work by Harte and collaborators lays out a
formalism to compute scalar, electromagnetic, and gravita-
tional self-forces in various dimensions. However, they did
not appear to carry out any concrete computations of the
finite-size dependence of these self-forces within the context
of binary systems. Finally, Pfenning and Poisson [ 18] studied
the gravitational self-force problem for pointlike objects in
the weak-field limit. They nominally considered an extended
central object but did not carry the relevant effects into the
ultimate calculation of the self-force.

This manuscript is organized as follows. In Sec. II, we
review the generic equations of the self-force, while in
Secs. 111, IV, and V, we show the calculation involving the
finite-size effects. After discussing our results in Sec. VI,
we provide the reader with more technical details in the
Appendixes.

II. SELF-FORCE EQUATIONS
A. Scalar

We consider a massive spin-zero test particle with
trajectory z¢(z) (where 7 is the particle’s proper time),
moving in a background spacetime characterized by a
metric g, the associated Ricci tensor R4, and scalar R.
The particle is coupled to a classical scalar field and is
subject to an external force fZ,,.

The2 modified geodesic equation for this particle
[23] is

2Throughout the manuscript, we set ¢ = Gy =1, unless
specified otherwise.

14% .
mua;ﬁuﬂ = fgxt + gz (5aﬂ + uauﬂ)fgxt

1
tg q* (R + u Ryl u?) + fo e (1)

This includes a “self-force” contribution

T

fcatar = qZ(gaﬂ + uauﬁ) / G,ﬂ(Z(T), z(7))de, (2)

—00

where u“(z) =dz#/dr represents the 4-velocity of the
particle. The ; denotes partial derivative with respect to
7#(r); an overdot is the derivative with respect to proper
time; while ¢ is the scalar charge of the scalar. G is the
scalar Green’s function, obeying

(O—ER)G(x,x') = —4rn

As is conventional, £ is the nonminimal coupling of the
scalar field to the Ricci scalar R.

Pioneering work by Hadamard [9] informs us that the
retarded solution to the Green’s function equation—in a
region of curved spacetime where the observer at x can be
linked via a unique geodesic to the spacetime point source
at x'—is comprised of a term (proportional to Dirac’s delta
function) that propagates signals strictly on the light cone
and another (proportional to a step function) that transmits
signals within the null cone,

G(x.x)=0(1—1)(\/A(x.x')5(c) +O(—0)V(x.X')). (4)

where

Ao = — det[0,, 0,0, ] ’ (5)
99"/

is the Van Vleck determinant and V(x,x’) obeys the
homogeneous wave equation with the appropriate boun-
dary conditions on the light cone. Here, the ¢ is Synge’s
world function, half of the square of the geodesic distance
between x and x’, so that 6 = 0 is null while ¢ < 0 is
timelike. It is the presence of the tail V in (4) that gives rise
to (2). The integral in (2) extends over the entire past
history of the particle until “almost” the present time z~.
The — indicates that the integral is only over the tail portion
of the Green’s function and does not include the light-
cone piece. We shall witness below that the same tail
phenomenon is responsible for the analogous history-
dependent contributions to the electromagnetic and linear-
gravitational self-forces in curved spacetimes.

When the particle is moving in vacuum, R = 0, and,
if there are no external forces, f.,, = 0. The remaining
piece is the tail integral. Quinn derived (1) using an
extended body coupled to a scalar field in the limit of
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small spatial extent.” An extensive discussion and
delicate issues with this limit can be found in Ref. [15].

B. Electromagnetism

The electromagnetic force felt by a point charge is given
by [15]

2 &2

mua;/iu/} = fgxt + (50[/7' + uauﬁ)fgxt

3m

1
+ gez(R“ﬂuﬁ + u"Rﬂyuﬂlﬂ) + fe., (6)

where the history-dependent self-force reads

T /
gm = —62/ (Gayl;ﬁ - Gﬁy/;”)u/}uy dT/. (7)

Here and below, the primed index indicates the proper
velocity is evaluated at the integration time, namely, u”' =
dz#/d7. The Lorenz—gauge4 electromagnetic Green’s func-
tion itself obeys

8 (x—x')
V9()g(x)
(8)
where g,/ is the parallel propagator. Comparing (1) to (6),
we observe that the scalar case is technically simpler than

its electromagnetic counterpart. Nevertheless, their funda-
mental derivation follows the same rules.

OG,y (x.x") =R,°G,y (x,X') = —4rg,, (x.x')

C. Gravitation

Finally, up to quadratic order in the point mass m,
the gravitational force felt by a point mass is given by
[12,15,18]

11 .
gxt - _m(éa/} + uau/})fgxt + fgravv (9)

mu®. quf =
P 3

where the tail-induced self-force is

-
fgrav = _2m2/_ (ZGaﬂu’v’;y - Gﬁyﬂ’u”a

o]

+ UGy sU® ) uPul u u’ dr’ (10)

The gravitational Green’s function is related to the trace-

s . )4 / .
reversed Green’s function G(x, ')z, Via

v

G;wa’/i’ (X, x/) = P/ww) (x>Pa’/3’/VK/ (XI)GU/J/I’K’ (xv X/), (1 1)

Here, we are referring to the spatial extent of the orbiting
body, not the central mass.
“At the level of the vector potential A,, we mean V”A” =0.

a5/lj + 5/;5;/1 - gaﬁg/u/)' (12)

G obeys the following vacuum (i.e., R,, = 0) equation in
the de Donder gauge5 :

Déﬂua’ﬂ' (x’ X/) + 2Rﬂa ﬁé}wa’/}’ (x’ x/)

8@ (x —x)
:—27[ o y/+ 4 ya’ py———————
Oty 9 )" 720500)

The equations of motion in all of three cases [Egs. (1), (6),
and (9)] are integrodifferential equations that require us to
know the entire past history of the particle.

v

(13)

1. TWO-POINT FUNCTIONS

Throughout the paper, we set f.,, = fext = 0 so that we
are left only with the integral over the entire history of the
particle. We solve the wave equations (4), (8), and (13),
perturbatively to first order in the Newtonian potential, in

the weak-field limit of the Schwarzschild metric,
ds? = —(1 = 2@)dr* + (1 + 2®)5,;dx'dx/,  (14)

to obtain [18,24]°

G(x,x') = G"(x,x') + GV (x,x) + O(®?),  (15)

G (x,x') =GN (x,x')6 + GV (x,x') + O(®?), (16)

1
G y5(x.x') = <5(ay’5ﬁ )y = 5’7“/5 7]7’5’) G (x, x')
+ Gy (x, ) + O(@?), (17)
where the flat retarded Green’s function is given by

t—t—|x—Xx
S / >
i

G (x, x') = (18)

K-

and satisfies the wave equation with a delta-function
source,

0*GM" (x, x') = 6 (x — ). (19)
According to Eq. (3.14) of Ref. [18],
G (x,x) = =20,,A(x,x') = 2EB(x,x');  (20)

whereas Eqgs. (3.21) and (3.29) of the same reference read,
respectively, as

At the level of the trace reversed metric perturbation Vs
we mean V*7,, = 0. '
®0ur G(V) is equivalent to G in Ref. [18].
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G, = —ADG™ —20,,A + B,
G(Uta’ = (at’a - ata’)A’
Gmut’ = (aat’ - aa,t>A7

Gy = 5% (ADG™ —20,,A — B) + (0%, — 0%)A,
(@) = D(x) + P(x') (21)

and

G(l)”t’r’ = _(Aq)Gﬂat +0,rA),

G(l)nt’a’ = (ar’u - am’)A»

GO 1y = =5, (®) G+ 0,04 + 28]
+ (8a + aa')(ab + ab’)A’
G(l)mz’t’ = (aat’ - aa/z)A,

1 ! !
Gy = =8 (D A+ B) +5 (9 +20, + 0% A,

(22)
G(1>mh’c' = 5”(}}(86)[/ - 80/)1)A,

G,y = 5P [(@)G™ — 8,pA] +
Geb, , = sla_(b), — 9 )A,

(094 0)(0), + Oy)A,

Gy = (261,87 ;= 5°6,4) (ADG™ — 0,4 A)
+ 68?0, + 0:)(04+ Og)A
=260 (") ) + 20" g + 0" ) A
+ 8,g(07 4+ 0) (0" + 0" )A = 258 4B.
AD = d(x) — D(x). (23)

As noted in Ref. [18], the G™ portion of G(V) will not
contribute to the self-force, because it is nonzero only on
the null cone.

We review the steps of solving Egs. (1), (6), and (9) by
introducing the common building blocks of the scalar,
electromagnetic, and gravitational self-force, the two-point
functions A and B,

1 -
A(x, x/) — / Gﬂat(x, x”)CI)(x”)Gﬂm(x”, x’)d4x”. (24)

2w

Equation (24) is nothing more than the first Born
approximation. The particle emits a signal at the point
x'; this in turn interacts with the gravitational potential at
the point x” and then returns back to the particle at the new
location x.

Similarly for the density distribution,

B(x, x/) 1 /Gﬂat(x X ) (f’/)Gﬂat(x/,,xl)d4x//. (25)

2

Inside the integrals in (24) and (25), the G (x, x”) picks
out the past light cone of x, while the G (x”,x") picks
out the future light cone of x’. Substituting (18) into (24)
and (25), and denoting At =1¢—1¢,

_’//
x x 271_/|x "//||"// "/|

X 8(Ar— |7 = — ¥ =), (26)

and

B(x.2) / p(x")
272: |x _’//||_'// _’/‘

x 8(Af—[F—F| - [# =¥, (27)

The delta function in (26) and (27) enforces the relation,

|Xx = X"+ |x" = X| = At. (28)
This defines a two-dimensional surface formed by the
intersection of the past light cone of x and the future light

cone of x'. The locus of this surface in 3-space is an
ellipsoid of revolution centered at

S 1
Xg = 5 (X + .x ) (29)
of semimajor axis
At
=_ 30
5= (30)

F-¥|==R. (31)

We represent the vector X as the sum of a vector pointing
from the origin to the center of the ellipsoid and a vector
pointing from the center of the ellipsoid to a point on its
surface, 7,

X=Xy +1(s,0,9). (32)
We define 7, to be a vector from the center of the ellipsoid
to the center of the mass distribution. For convenience, we
choose the origin at the center of the mass distribution,
}0 = —170. NOW,

® =i~ (33)

points from the center of the mass distribution to the surface
of the ellipsoid.
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The parametric equations of 7j are given by
N1 =V s*—e*cos¢sind,
1, =V s> —e*singsiné,

Similarly,

Moy = £/ s — €% cos ¢y sin 6,
Noa = \/ s — €* sin ¢ sin 6

where

13 = scoso. (34)

oz = o cos by, (35)

(r+7) (36)

NI*—‘

So =

for r = |X| and ¥ = |¥'|.
For the special case of

M

D) = — = (37)
we substitute into (26) to obtain
A(x, x") 38
( 17— ’70| (38)
The final results are
M r+r +R
N — — —_ -
A(x,x") = R@(At R)(@(r—i—r’ At)lo 7R
At+R
O(Ar—r—-1r)1 39
+o(ar-r-r) gy ) (39)
and
M
B(x,x") = —d6(Ar—r—17r). (40)
rr

These expressions have been derived previously in Ref. [18].
In examining (39), we notice that it contains two parts. The
first one corresponds to the Az < r + 1/ (i.e., s < s) case.
This is the early piece of the tail and represents the part of the
ellipsoid before intersecting the mass distribution. The late-
time tail, which represents the case in which the ellipsoid has
swept past the mass distribution, is given by the second
piece, At > r + 1 (i.e., s > s). Here, we notice an abrupt
change in the behavior of the function, due to the pointlike
nature of the mass distribution. For later convenience, we
give the expressions for Ay and Ajyep in terms of the
variables e, s, and s,

M S()+€ M

Aearly—pt = _2_elog So—e ’ Alate—pt = _Z_elogm (41)
Thus,
A Acarty-pt»  fOr s < s50; ()
Pt Apgep.  for s> sq.

The pointlike nature of the mass distribution is the reason
that A, is continuous but not differentiable across s = s.
As we shall see below, the inclusion of finite-size effects will
smooth out this transition somewhat. This is the motivation
for the following analysis, since in order to properly capture
the finite-size effects, we must smooth out the central
singularity.

IV. INTERIOR OF THE MASS DISTRIBUTION

We start our analysis by considering the Newtonian
potential, which is a solution to Poisson’s equation

D(¥) = A K e o) (43)

dr|x = X'|°
Vo =p. (44)

The Green’s function of the Laplacian (4z|X — X'|)~! may
be expanded as follows:

Ym Ym '\/ 14
Iy Z =) @)
4ﬂ|x X| r> i & 2f+1 re

Here, r. is the larger of the (r=|x|,/ =|¥'|), and * = X/r,
%' =X'/r. This formula implies Eq. (43) can be written as

+0o0
d(x)= / dr'r?
0

o
de .
r. ==, 20 +1 rs

(46)

If X lies well outside the matter source, i.e., p(X) = 0, then
r- = r, and we have

i 2 ) 2f+ /+ arrt

=0 m=— f

< [ dQuplr HTER) (47)

In this case in which X lies well outside the matter source,
we may also Taylor expand the Green’s function:
f /11

1 = ..x’if
4z|X — X'| Jr Zl %

Comparing (47) and (48), we see that

L0, (48

" Axr

_I_

oM S 1
CD{X] = m ZO%MI"‘JK@['I...BI'/ — (49)

M= A &BFp(#), (50)

3
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wie= [@Rp@pwn (s

Equations (47) and (49) are equivalent.

However, when X lies inside the matter source, these
formulas are no longer valid. To see their breakdown,
simply put X = 6, and notice how Eqs. (47) and (49) blow
up at r = 0, whereas the actual Newtonian potential inside,
say, a uniform spherical mass distribution is most definitely
not singular at the origin. In actuality, the r. and r_ in the
Green’s function formula tells us that when X lies inside the
matter source the integration over r’ in (46) needs to be split
in two:

+o00 /o
D(F) = / dr'r? / FOMAGLY
r s? r
©o Ym Ym ) 4
g ;mg o <7>

- /o
/ dr/r/z/ dQ;C/'D(r ,)C)
s? r

+

This situation needs to be accounted for in the tail integrals
in (26) and (27).

A. Small-angle approximation

To capture the finite-size effects, and to make progress
analytically, we choose a simple form for the density
distribution,

po(l —%)n for r < a,

0 for r > «a,

(53)

and fix n = 2 for simplicity. This form for p(r) was chosen
such that it is smooth at both the edges and the center.
Furthermore, the motivation for a spherically symmetric
(i.e., purely radial) profile can appeal to Birkhoft’s theo-
rem. If there were no self-force, the orbiter would expe-
rience a spacetime that is sensitive only to the central

o £ Y_( W) (PN body’s mass. But, we shall shortly see below that the self-
X Z Z By (—) . (52) force is sensitive to the interior structure. We are now able
¢=0 m=—¢ t d to perform the integrals in (52), to obtain
M 105 2012 11" 6 2|4 .
e (- ERCED) e <a
D(F) = o a o o (54)
M for |X'| > a
4r|X"| '
[
where where y = 0 — 0, and
a 32
ME471’/ p(r)r*dr = ”p0a3 (55) 2
0 105 cospr1— >+ O(¢*) (58)

We want to use this expression for @ in (26) and (27) to
calculate the two-point functions A and B. To obtain the
limits of integration, we use the parametric equation of a
sphere,

i = iio|* = . (56)
This parametric equation defines the boundary |X”| = a,
which marks the jump in the interior vs exterior behavior of
the @ in Eq. (54). While we were unable to exactly evaluate
(26) for a generic position of the central mass, we can do so
for locations X and X’ where the small angle approximation
applies, i.e., where the size a of the central body is small
compared to its distance from the center of the ellipsoid. In
this case,

1
sin@ = sin Oy + cos Oy — 5;(2 sinfy + O(*),  (57)

with y and ¢ both small angles. Using (34), (35), (57), and
(58), we can write

|’7i_ ﬁ0|2 = 77%717 +App)(2 - Bpp}( + Cpp¢2' (59)
Here, in terms of the variables s, s5, 7 = Vs> — €2,
Yo = +/s3 — €%, and e, we have defined
Mpp = (r = 10)* +2(e? = 550 + 770) cos 6,
A,, = e+ o+ (=2€* + 550 — y70) cos 63,
B,, = —2(e* — 550 + 170) c0s 6 sin b,
C,p = 170806} (60)
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Of course, s can be regarded as a function of y, and s, can
be regarded as a function of y,, or vice versa.
Solving (56), the ¢ limits of integration are

C ’

2 22
. :_\/BPP)(_APP)( T =My
min

pp

C 9

B A Pt —
¢max_+\/ ppX ~ AppX Mpp (61)
pp

while the y limits of integration are

B3, +4A,,(a? ;7,,,,)[

—M sin6
’ 65536/42/,,%‘/2 7

Ainterior =

\/B +4A,, ;ﬁ,p)
Xmin = s
24,
B,,+ \/B +4A,,(a* —13,)
pp pp
Xmax — 24 (62)
pr

Using (59) in conjunction with (26), (33), (54), and the
limits of integration, we calculate the integral over the
portion of the surface of the ellipsoid that is interior to
the spherical mass distribution, by first integrating with
respect to ¢ and then with respect to y,

5BS,+A,,B},(92a — 603,

pp=rprp

+ 1643, B3, (47a* —46a’n;, + 151,,) 4+ 64A3 (93 — 4Ta iy, + 23071}, — 515,)].

(63)

We must also evaluate the integral over the portion of the ellipsoid exterior to the mass distribution. Since we are using the
small ¢ approximation, we cannot directly compute the exterior piece of A. However, we observe that the exterior
contribution to the integral is identical to the point-mass case. Therefore, we calculate the interior integral for the point mass
(i.e., with a 1/r potential),

2 /Ayt =By + 44,1,
M .

Ainterior—pt == 4A C

(64)

pp pp

This has two forms: either Ajyerior-ptiate OF Ainterior-pt-early- depending, respectively, on whether the ellipsoid has or has not
swept through the center of the mass distribution. We then subtract Ajyeriorp; from the full-ellipsoid point-mass results
Acarly-pt OF Apgiepe [1€., Eq. (41)] as appropriate.

Following these steps, we write A as a piecewise function,

A for Xrange < 077 <7o-

early-pt»

A(X, x,) _ (Aea.rly—pt - Ainterior—pt—early) + Ainterior’ for Xrange >0, Y <7Yo- (65)

(Alate—pt - Ainterior—pt»late) + Ainterion for Arange >0, Y >7o-

Alate—pt’ for )(range < O’ Y > 7o

[

where distribution. In this case, r = r/, and for simplicity, we can
place the perturber (shown in blue in Fig. 1), i.e., the object
Xrange = Xmax —Xmin = B3, +44,,(? =n3,)]/A,,.  (66)  inorbit, on the equatorial plane of the ellipsoid given by the

coordinate sy, 0y, and ¢, (and parametrized by e), as in
(35). This is the solid ellipse shown in the three panels of
Fig. 1, with center at 6, = z/2, ¢ = 0. The surface of
integration, given by the coordinate s, 6, and ¢ is shown as
the dashed ellipses in Fig. 1. At early times (middle panel),

The terms in parentheses represent the exterior contribu-
tions to A.

B. Simplest case: Central body at 6,=7x/2

For an example of our formalism, we will apply our
method first to a simple situation: a structureless particle
in a circular orbit around a spherically symmetric mass

the mass distribution lies outside the surface of integration,
while at late times (right panel), the mass distribution lies
inside it. Equation (65) can be rewritten as
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FIG. 1.

,\A

.
\

The leftmost figure denotes the position of the sphere in the ellipsoidal coordinate system used in the paper; see Egs. (32), (34), and

(35). The dotted ellipsoid in the middle and rightmost figures represents the ellipsoid of integration in Egs. (26) and (27). The middle figure
describes the early time tail (prior to intersection), while the rightmost one describes the late-time tail (after intersection).

Aear]y s

Alx,x') =

T
Alate—pt - Ainterior— 2 'pt'late + Ainterior—x’

Alate s

with the various component functions having much simpler
forms:

T
Ainterior— 5-pt—early = (a + V= yO)’ (68)

2v/rr0(e* +770)
M
2v/rr0(€* + 170)

T
Aintcrior— 5 'pt'late = ((Z -v+ 7/0)’ (69)

and

-M — o \2
Ainesons = - [93 ~ 140 (7 70)

2/7ro(e* + 7o) 128 a
— 4 — 6 — 8
+70<r 70) _28<y 7’0) +5<y 70) }
a a a
(70)

where a < 1.

To obtain a visual picture of the tail, we present the two-
point function A(¢) and its time derivatives in Fig. 2. This
function appears to be quite sensitive to the smoothness of
the density profile of the source of gravity near its surface.
We chose n=2 in (53) so that A 1is three-times

Aear]y—pt - Ainterior— %'pt'eaﬂy + Aimerior—x’

for y <y, —a.
foryo—a <y <y,. (67)
foryo <y <yo+ a.

fory >yy+a,

[

differentiable with respect to . This guarantees that we
will not encounter any delta function singularities in the
self-force.

C. B function

In a similar way, we construct the B two-point function
to first order in the metric perturbation from (27),

B= % / p(F)deY". (71)

This yields

35M(B2,+4A,,(d®—1n3,))> . . _
B H096AT [Crd , inside(|y —yo| < @) (72)

0 outside(|y —yo| > ).
For 6, = 7, Eq. (72) using (53) becomes

35M (>~ (r=7,)>)? inside(|y — yo| < a)

= { ST rrote (73)

0 outside(|y — yo| > a).

By

(S5

=
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0A 82 A

(a) 0:A as a function of time (b) 0?A as a function of time

8 A B A

(©) 8t3A as a function of time (d) BfA as a function of time

FIG. 2. The integrated Newtonian potential as a function of time. We used the values r = r,=t,= 2000, R = 1000, M = 1, and
a = 100, to show the qualitative behavior of A and its derivatives.

V. FINITE-SIZE EFFECTS

We now proceed to evaluate the finite-size effects on the self-force in the nonrelativistic and weak-field limits.

A. Scalar self-force

We first consider the spatial components of the scalar self-force. This includes two pieces:

t 1
stcalara — _2§q2/ (B,a + UaB‘t _ 53,a772 + B‘bvbya> dt/,
-

fAsculara — _2q2 /t

—0o0

1 - N .
<A_,,/a + v9A 1 + A P — 2A.,,/av’2> dr, 2=y, (74)

Here and throughout the rest of this section, we will keep in f and f 4 all explicit factors of velocity up to quadratic order.
Moreover, these expressions were derived using (2), assuming that v> = O(®), which holds for bound orbits, and in
virialized systems. For further details on the derivation of (74), see Ref. [18] and references therein. To enable us to compute
fisalara and fjfalar“ simply, we choose a counterclockwise circular orbit in the 1-3 plane,

x:bcosgt, z:bsin%t, x’:bcos%t’, z’:bsin%t’. (75)

We use (73) in combination with (75), to derive the radial component of f%scalar to the leading 1 PN order,

358 g*M b3 22 o? a2 a*\ b a\ o
scalar __ - _ - | = — —
fE = 6 o 5 35 1 7 5+ 2 aarctanh b + | (76)
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We computed this worldline integral and carefully derived
the angular limits of integration by solving’ y — y, = a for
¢ and using the appropriate expressions for y, y, in terms of
t and R. Here, the integrals are evaluated from # = —oo to
# =0 with the nonzero part of the B function being

evaluated between ¢ = -2(b+a)+ (b+a v + O(v*)

and ¢ = =2(b — q) + 2202 b+a L2 4 O(). N0t1ce that the
integrand should be expanded accordingly in powers of Z so
that the appropriate terms are kept in every PN order. We
need to expand (76) in powers of { =7, and keep terms
only up to O(&?) corrections to the leading term, so that we
are consistent with the small-angle approximation we
employed in Sec. IIL® As expected, the leading term is
the a-independent one, and

M 2
fyilar = 2¢q? = <1 +58+ O(C“))- (77)

There are, of course, O(£g*Mv?/b?) corrections to this, but
they are order 2 PN.

An alternative way of deriving the coefficients is given in
Appendix B for a generic radial-density profile. We note
that the multipole expansion in Ref. [18] omitted certain
contributions to the static self-force which could have been
included. We present an improved version in Appendix B,
which indicates that in fact the finite-size corrections do
contribute to the calculation of self-forces, even though
they are suppressed by factors of the radius of the mass over
the radius of the orbit. That the next-order term of the static
self-force is sensitive to the interior structure was in fact
pointed out in Ref. [25] and later in Ref. [20]. Drivas and
Gralla’ pointed out finite-size effects for the static part of
the self-force; nevertheless, our results are general for any
density profile as shown in Appendix B. Moreover, their
mode sum representation of the relevant Green’s functions
does not provide as much insight into where the finite-size
effects are coming from, as far as the causal structure of the
signal is concerned. Here, we present a more insightful
derivation in terms of the tail integral. In addition, we are
able to prove concretely that not only is the static part of the
self-force sensitive to finite-size corrections, but the non-
conservative part is sensitive as well, meaning that the
radiation emitted will carry information about the internal
structure of the central body. The radial component of the
self-force will not contribute to the power radiated; never-
theless, these corrections would affect the orbital evolution
of the system.

"We evaluate the self-force at t = 0, and therefore in that limit,
¥ — 70 is the same as [ij — 7jo|.

¢ is an independent small parameter. On the one hand,
we are working in the weak-field approximation, requiring
a>> GM ~ (v/c)?, where v is the orbital velocity of the perturber
around the source; on the other hand, we require a < b, the
semlmajor axis of that orbit.

“Their work was based on Ref. [26].

Similarly, to leading order in v, the tangential component
of f%scalar is

358 2Mb 8 . 11, 16
scalar __ _ 2 A6
A TR il Lt L S 714
1 2\3 1+¢
e -roe(152)|. (79)

with the perturbative result,

sl — 26q2 1 (1—18(:2+0<c4>>v. (19)

This contributes to order 1.5 PN. To the same order, the
tangential component of 544 contributes as well, with

M

Zcilar — _2 W v
The integral for the A part of the self-force is evaluated from
! =—cotor ==2(b+a)+2y
the latter to ¥ = —2b for the middle late, from ¢ = —2b to
' ==2(b—a)+ W v? for the middle early, and from
the latter to O for the early piece. Looking at (80), it is quite
interesting that the finite-size corrections (which carry the
information about the choice of the mass distribution)
canceled perfectly for the part of the self-force that is related
to the potential. This is consistent mathematically with the
result obtained in Ref. [ 18], though there it was argued that at
this PN order the evaluation of any integrals is unnecessary
since the integral can be massaged to a boundary term. Here,
we have shown this explicitly by directly computing the
integral, showing that £, the part of the self-force that is
related to the integrated Newtonian potential, does not
receive finite-size corrections at leading order. Finite-size
effects do enter into f54". This persists for the electromag-
netic case, as we show below. The total scalar self-force at
1.5 PN, ignoring the terms to O(£*), is given by

(80)

2 for late times, from

olar M 1
fgfi = 423? <—1 +§§Cz> 0. (81)

In the limit of { — 0, we recover at 1.5 PN the result
obtained in the literature,

,dg
dt’
For completeness, we report that the 2 PN contributions

to the scalar self-force are not incurred in f4, but do enter
fp—including finite-size corrections':

~Zscalar M 1
£ =2 St 3q (82)

1
f;gl?lar — _§q2%02 (1 + gcz =+ 0(54)) (83)

ONote that we have not included corrections that are of
order M?2.
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B. Electromagnetic self-force

Just like the scalar, we find that the electromagnetic self-
force (7) has A and B contributions:

t
EM“ = 62/ |:<A.tta’ +Ara) + (A _A,mb’>”b
-0

+ (25abA,tt’t —Aup+ 2A,tab’ _A,t’ab)vb/

- . / !
=24 1P vy +A gV VP — Ao vV + 24,0007

1 1
+§An/av2 + EAW/ 02] dr’ (84)

and

13
EMa _ _ 2 ' b,d
B “——e/ (B’a—v“Bq,—BJ,v v
—0o0

P
+ B uu0” —I—EB,aUz)dt'. (85)

We use (73) in combination with (75) to derive the radial
component of fEM to 1 PN order,

M 2%( +2 CQ+O(C“)> (86)

Again, there are O(e’?Mv?/b3) corrections to this,
but they are order 2 PN. Similarly, we calculate the
tangential component (i.e., parallel to the orbital velocity)

of fEM

M
) LA )
which contributes to order 1.5 PN. To the same order,
2M
ET = —mezl). (88)

The total electromagnetic self-force at 1.5 PN, ignoring the
terms to O({*), is given by

5 2M l

The 2 PN contributions to the electromagnetic self-force
do include finite-size effects as well. For completeness, we
report the finite-size corrections to order 2 PN'' for fEM
and

"Note again that we have not included terms of

order M?2.

M (1
B = Ak (2 + = §2 + O(g“)) (90)

and
far=e Mu (1—§§2+(’)(§4)>. (91)

The total electromagnetic self-force at 2 PN to order M,
ignoring the terms to (%), is given by

,3M 1
o =€ ﬁ<1+ﬁc2>vz. (92)

These expressions for fEM and fEM were derived by
directly computing (85) and (84), unlike in Ref. [18] where
the result was derived using the near-coincidence limit. We
notice that in the limit of @« — 0 we recover the result
obtained in the literature,

—“EM M R 2 dg
f = 62—31' 5 z (93)

We immediately notice that we recover the Abraham-
Lorentz force along with the static self-force contribution.
The latter was obtained in Ref. [27] and was interpreted
as a repulsive force required to hold a charge at rest in
the presence of a matter distribution. In Egs. (86) and
(87), we showed how this term would receive finite-size
corrections.

It is worth pointing out that, as we would have expected,

|fEM - 9| gives the usual Larmor formula'? for the radiated
power

P=""432 (94)

where a = v?/b is the centripetal acceleration in the
circular orbit. Here, we observe the analog of the usual
electromagnetic Larmor radiation for a charged particle
moving in the gravitational field of a central mass, along
with its finite-size corrections.

C. Gravitational self-force

Similar to the electromagnetic and scalar case, we
can calculate the two parts of the gravitational self-
force (10),

“In the pure electromagnetic case, the Larmor formula shows
the classical instability of the hydrogen atom.
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t /
imva =—2m? / |:(2A,tta’ _A,zt’a) + (_35abA,zt’t +2A 10, +4A 105 + 2A,za’b’)vh + (45abA,rt’t —4A 10y —2A 1y + 2A,rab’)7}b

1 — — / ’ ’
+§”/2A,n"a + %A 24 gy V70 —4A 4 0PV 24 0P 0 =24 4y 0PV — A Ly o 0PV + 24 4y o 1P 06

/ J N / J / . / J
—A’ab/c/vh ¢ +A e tP 06 —A’abcvh v¢ +4A v e —2A sper P —2A’,,Juvd/v‘1 —2A Vg v?

/ ! ! /
+2Am/172 - 5A,,,/;,v“vb +24 ppve? +6A ;0" v — 2A ;pp0° v? + 2A 4y véo?

/ ! ! /
—2A 00" =24 Ly vT 0P + 24 v 0 | dY

and

t , 1 -
%rava:—sz/ (v"B,,—i—EB,a(U’Z—Zv-E")

—I—B.bvhv“'>dt’. (96)

Using the equations for the circular orbit, we obtain from
(95) to order 1.5 PN for the tangential component of the
force

AL =M. (97)

Equation (97) has been previously derived in Ref. [18].
As they observed, f4" has the opposite sign as its order
1.5 PN electromagnetic counterpart fEM [obtained in (88)],
suggesting problematic radiation antidamping.

The resolution of this puzzle is tied to the fact that the
MiSaTaQuWa self-force equation (13) was derived by
assuming the background spacetime is completely devoid
of matter. To account for the presence of matter, such as our
central mass, Pfenning and Poisson [18] demonstrated the
need to introduce a “matter mediated” force fom. T
leading order, this matter mediated force would in fact

cancel the above antidamping self-force in Eq. (97),

ey 1M

mml — szv. (98)

& was not introduced ad hoc. It arises from the fact that

the finite-mass central body is not fixed, so one should
simultaneously solve the equations of motion for the
orbiting particle and the central mass distribution.

There are no 1.5 PN corrections to f; and f 4. Whereas at
2 PN order, there are no finite-size effects in the radial
component of fp,

 — a0 o), 09)

but there are nontrivial ones occurring in the radial
component of (95),

(95)

M
Fi = am 52 (2= 22 - 0(EY).

(100)
These are the order Mv> 2 PN corrections. There
will be additional order M? 2 PN corrections, but these
are higher order in our perturbation theory and reserved for
a future work.

Although for the gravitational case there are no con-
tributions to the radiated power at order 1.5 PN, we were
able to provide a clear method for systematically deriving
the finite-size corrections to the gravitational self-force by
directly calculating the relevant integrals. In (99) and (100),
we showed the corrections that enter the conservative part
of the self-force to order 2 PN at order M. These finite-size
corrections to the radiated power may also enter at 2.5 PN,
making it unclear whether or how they would be canceled
through the matter mediated force. This will be addressed
in a future work.

VI. CONCLUSIONS

In this work, we computed the finite-size corrections to
the self-force, in a system involving a structureless particle
orbiting a finite-size central mass distribution. The first
corrections enter at 1 PN for the scalar and electromagnetic
self-force. For the gravitational case, our results suggest
finite-size effects enter only at order 2 PN. However,
because the MiSaTaQuWa self-force equation was derived
for vacuum spacetimes, as argued by Pfenning and Poisson,
we need to follow up our current work with the compu-
tation of a matter-mediated force so as to properly account
for the central mass distribution, in order to obtain the
complete 2 PN gravitational self-force. Nonetheless, we
have presented a concrete way of calculating these finite-
size corrections to self-forces, by assuming a model for the
density distribution and directly computing the appropriate
integrals. Our starting point was the Green’s function
method already used in Ref. [18] and generalized in
Ref. [24]. We calculated the building blocks, namely, the
potential-two-point function A [in Eq. (24)] and the
density-two-point function B [in Eq. (25)]. This allowed
us to see the sensitivity of the A function to the smoothness
of the central mass distribution at its surface. By picking a
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simple mass distribution, we were able to do all the
calculations analytically, allowing us to demonstrate clearly
the magnitude and nature of the finite-size effects. As a
check, we compared our findings with a previous similar
analysis [18]. In the Appendix, we provide the corrected
version of that calculation and verify that the methods
then match.

In the future, we are interested in extending our results to
higher orders in the post-Newtonian expansion. To do so,
we need to go to second order both in M and in perturbation
theory. Although that sounds formidable, it is a necessary
step to fully capture the finite-size effects for the gravita-
tional case and to find the first imprints on the radiated
power. These finite-size corrections are expected to enter at
2.5 PN order, and our aim is to address the possible
appearance of antidamping radiation. From a physical point
of view, an application of our results would be the inspiral
phase of a neutron star-black hole system.13 In this
situation, we might be able to employ the self-force as a
probe of the neutron star’s internal structure. However, in
truth, in this paper, we are at least equally interested in the
in-principle finite-size effects that we have been able to
demonstrate analytically with the specific approximations
that we needed to make in order to carry out the calculation.
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APPENDIX A: CHANGING COORDINATES

The small-¢ approximation works well for angles close
up to the z axis. However, if we want to study what happens
where that the approximation breaks down, we have to
change coordinates. We use instead the modified para-

metric equations
Noa = \/ 53 — €* sin ¢y sin O,

(A1)

No1r = So €O ¢hy sin Oy,

Noz = 4/ S(z) - 62 COS90,

for the center of the ellipsoid, and

The black hole would need to have a mass much smaller than
the neutron star, such as might occur if the primordial black hole
were a primordial black hole.

7, = Vs> — e*singsin6,

7 = scos¢sind,
3 = Vs> — e’ cos b,

for the points along the surface. Using (59), we obtain the
new coefficients,

(A2)

Ny, = (s —s50)* —2(e* — 550 + yy0) cos 6, (A3)
Al,, = —e* + 550+ (—e* + 550 +yy0) cos6f,  (A4)
B,, = —2(e* — 559 + yyo) cosfycos by,  (A5)

C),p = (850 — €*) sin 5. (A6)

APPENDIX B: AN ALTERNATIVE WAY TO
CALCULATE THE STATIC SELF FORCE

We wish to evaluate the static limit of Eq. (5.19) of
Ref. [18]

i — Zi =0 — =4 I (¢ P /
fp=-—e B(x = (t,2),x' = (¢,7))d?,

ax | (B1)

where 7 is the fime-independent trajectory of the point
particle and, from Eq. (4.2) of Ref. [18],

Slt—t — [F— 7| = |7 = 7]
)= [ @p T T @

When both X and X’ lie outside the gravitational source
p(X"), we may Taylor expand the factor multiplying p
in powers of X”. The zeroth-order term would be propor-
tional to the total mass M = [ p(¥")d’x"; the first-order
term would be proportional to the center of mass
C' = [ p(X")x"'d*X"; the second-order term is proportional
to the (time-independent) quadrupole moment

Qij = /x"ix"jp()_cw)dBJ_f”. (B3)
Note that all the terms proportional to derivatives of 5[z —
t' —r—7r'] in Eq. (27), arising from the Taylor expansion,
would yield zero when plugged into Eq. (85). Due to the
time-independent character of the rest of the integrand, a
typical term would be

o 10"
Q’JH’J/ o[t —1 —r—rdr

(e8]

= QN 5[-r— 1] =0, (B4)
for some integer n > 0. We have defined
r=|x| and 7 =|¥|. (B5)
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Therefore, for static self-forces, we merely need to
focus on Taylor expanding the denominator of Eq. (B2).
In particular,

1 1 )-C’// 7 lx//ix//j B o
= = = — —_— oY — 3’\1’\] B6
P e P L (8
1 (IO R
o=t O (BY)
P =Xx/|x], ¥ =X/% (B8)

This in turn implies14

0 =0" /M 1 §9b —3papb
- 2 ) — DY ab e
¢ oy /_oo (rr’+ +o {r -2/

_3'\aAb1 ~as/b
i —,—|—r2r,2} —|—...>5[t—t’—r—r’}dt’

fo=

=21 7y

B M ?a?/b 11 6ab 3’\/a’\/b
:—627<7+---+Qab{ 32 5, 3

oxt \rr r’r's 2r -
159 — 379 |
- . B9
2 r r/}+ >f?2 (B9)

“In Ref. 18], Pfenning and Poisson replaced the denominator
of Eq. (B2) with rr’, i.e., without carrying out the expansions in
equations (B6) and (B7). Because Eq. (4.17) in Ref. [18] only
contained derivatives of §(#—7 —r — '), as explained above,
their result does not capture the static portion of the self-force.

1. Example
Consider the mass density in Eq. (53),

r//22 /!
11— — , forr" <a,
w(1-(5)) orrsa oy

0, for ¥’ > a.

p(®) =

Here, i’ =

mass to be at the origin ¥ = 0. Then, a direct calculation
yields

|x”|, and we have implicitly chosen the center of

M 2
Qb = gb . 2L (B11)
9
M=4zx / “ o) r2dr, (B12)
0

Because Q% o« §°, only the first term in the quadrupole
contribution of Eq. (B9) matters,

, M Ma* 9 (XX
i _,2
fp=—e < 2rJ+ 9 o {r }f=f=2+...) (B13)

o M Ma* (xX'=3(x-3)%/r
=-—e —rp+ 9 3,7 + ... )

X=x'=Z7
B14)
M . 24?

where b = |Z| = |X| = |¥’|. This matches Eq. (86).
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