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Sorbonne Universités, 98 bis boulevard Arago, F-75014 Paris, France
3Institut Lagrange de Paris (ILP), Sorbonne Universités, 98 bis Boulevard Arago, 75014 Paris, France

4Department of Astrophysical Sciences, Princeton University, Princeton, New Jersey 08540, USA
5The Johns Hopkins University, Department of Physics and Astronomy, Bloomberg Center for Physics and

Astronomy, Room 366, 3400 North Charles Street, Baltimore, Maryland 21218, USA
6Beecroft Institute for Cosmology and Particle Astrophysics, University of Oxford,

Keble Road, Oxford OX1 3RH, United Kingdom

(Received 10 April 2019; accepted 8 April 2020; published 8 May 2020)

General relativity (GR) predicts concordant trajectories for photons and gravitational waves (GWs). We
propose a new multimessenger avenue (GW-CMB-CMB) to prove this aspect of fundamental physics by
cross-correlating the GW signal of astrophysical origin with the lensing field derived from the cosmic
microwave background (CMB). This new window will allow robust measurement of the prediction from
GR with high signal-to-noise ratio and will be able to unveil the true nature of gravity using the GW sources
detected by missions such as the Laser Interferometer Space Antenna, Einstein Telescope, and Cosmic
Explorer.
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I. INTRODUCTION

Our endeavor to understand the Universe through
electromagnetic waves (EWs) over a wide frequency band
ranging from radio to gamma rays has enabled us to
construct the standard model of cosmology over a large
redshift range and unveiled various cosmic secrets. Several
probes such as supernovae, the cosmic microwave back-
ground (CMB), galaxy surveys, and quasars are the
founding pillars of the Lambda cold dark matter
(LCDM) standard model of the Universe. This model
matches the observational evidence of enigmatic late-time
acceleration and invisible, dark matter.
Gravitational waves (GWs) are a new avenue capable of

probing the Universe through white dwarfs, neutron stars,
and binary black holes (BBHs). In the framework of
general relativity (GR), GWs (like EWs) propagate along
the geodesics defined by the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric. However, due to the
presence of the matter distribution in the Universe, GWs
interact gravitationally with the matter distribution and
hence propagate through the perturbed FLRW metric,
written as

ds2 ¼ ð1 − 2ΦÞdt2 − aðtÞ2ð1 − 2ΨÞðdx2 þ dy2 þ dz2Þ;
ð1Þ

where aðtÞ is the scale factor, and Φ and Ψ are the scalar
perturbations due to the matter distribution in the Universe.
We propose a new method for probing the propagation of

GWs in a perturbed metric. General relativity predicts that
weak lensing due to the intervening matter distribution
affects the geodesics of EWs and GWs in the same manner
[1] (see the schematic diagram in Fig. 1). To test this
fundamental prediction, the cross-correlation of GW and
EW signals we propose is the only known avenue capable to
detect the gravitational lensing of GW unambiguously.
Furthermore, this new avenue will be capable to explore

multiple theoretical aspects such as (i) alternative theories
to GR [2,3] (by probing the running of the Planck mass,
anisotropic stress, graviton mass), (ii) dimensions of the
space-time [4], and (iii) the difference between the two
scalar potentials Φ and Ψ [5–9]. The above mentioned
theoretical aspects lead to several observable effects.
Alternative theories of gravity lead to a different propaga-
tion equation of GWs from GR which can be written in
terms of a few additional parameters αM; cT; μ, and Γij

[3,10–14] as

h00ij þ ð2þ αMÞHh0ij þ ðc2Tk2 þ a2μ2Þhij ¼ a2Γij: ð2Þ
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The single combined EW-GW observation of a binary
neutron star ruled out vast swathes of alternative gravity
models via the time delay between EW and GW signals
[13] and constraining the term cT and μwhich are related to
the speed of GWs and the graviton mass. However, the
other two parameters such as αM and Γij remain uncon-
strained. Along with the effects on GW propagation,
alternate theories of gravity also affect the Poisson equation

∇2ðΦþ ΨÞ ¼ 8πGlighta2ρδ;

∇2Φ ¼ 4πGmattera2ρδ; ð3Þ

where Glight and Gmatter are equal in GR, but differ in
alternative theories of gravity, ρ is the matter density, and δ
denotes the density contrast. The gravitational lensing of
GWs is affected by both Φ and Ψ. As a consequence, in
order to understand the theory of gravity it is essential to
measure all the effects on the GW signal as it propagates
through the space-time. For a given theory of gravity, all the
parameters αM, Γij, Gmatter, and Glight lead to an observable
signature and are not necessary to be independent from
each other. The method proposed by us in this paper
enables one to probe both Eqs. (2) and (3). As a result, the
modification in the luminosity distance due to the modified
theories of gravity and the effects on the GW strain [which
can be related to the luminosity distance, see the discussion
around Eq. (17)] can be jointly estimated in this method. It
will also be a direct test of the equivalence principle by
comparing the concurrent trajectory of EWs and GWs up to
a high cosmological redshift. This method opens a new
scientific window to study fundamental physics with GW
binaries by exploring the two-point correlation between
GW strain and CMB lensing (or equivalently the three-
point correlation between GW strain and CMB fields such

as temperature and polarization anisotropies) and goes
beyond the luminosity distance-redshift test which probes
only the background cosmology. It also enables a correct
estimate of the signatures of modified gravity theories from
the strain of the GW signal by eliminating the degeneracy
with the weak lensing field. Finally, our proposed scheme
makes it possible to remove the effect of weak lensing (or
delense) from the GW signal and hence reduce the addi-
tional uncertainty in the GW source parameters.

II. WEAK LENSING OF CMB

Cosmological observables like the CMB and the galaxy
field carry the imprint of lensing and were measured
recently [15]. The weak lensing of the CMB temperature
(T) and the polarization field (E, B) can be written as

X̃ðn̂Þ ¼ Xðn̂þ ∇⃗ϕðn̂ÞÞ; ð4Þ

where X ∈ T; E; B and ∇⃗ϕðn̂Þ is the deflection angle and
ϕðn̂Þ is the lensing potential. Different lensing estimators
[16–18] are developed to reconstruct this signal by using
the off-diagonal correlations between T, E, B (EB; TT;
EE; TE; BB; TB). The commonly used quadratic minimum
variance estimator [16] reconstructs the lensing potential
with the corresponding lensing reconstruction noise Nκκ

l
[16] which is obtained from all the cross- and autocorre-
lations between T, E, and B mentioned above.
The deflection angle ∇⃗ϕ is related to the lensing

convergence field κ by the relation κ ¼ −∇2ϕ=2 [or in
the spherical harmonic space1 by the relation κlm ¼
lðlþ 1Þϕlm=2]. This in turn is related to the intervening
matter distribution between us and the CMB source plane
by the relation

κCMBðn̂Þ ¼
Z

zs

0

dzWCMBðχðzÞÞδðχðzÞn̂; zÞ; ð5Þ

where zs ¼ 1089 is the source redshift of CMB, and
WCMBðχðzÞÞ is defined as

WCMBðχðzÞÞ ¼
3

2

ΩmH2
0ð1þ zÞχðzÞ
cHðzÞ

�ðχðzsÞ − χðzÞÞ
ðχðzsÞÞ

�
; ð6Þ

where H0 is the Hubble constant, Ωm is the matter density,
χðzÞ is the comoving distance to redshift z, and δ is the
perturbation in the matter distribution. Here we have used
the Poisson equation ∇2Φ ¼ 3Ωm0H2

0δ=2a to connect the
potential Φ with the matter density perturbations δ.

FIG. 1. GR predicts identical geodesics of the lensed GWs as
for the lensed photons due to cosmic perturbations and hence
should be correlated. This schematic diagram depicts the physical
mechanism behind the correlation between the lensed CMB
photons and the lensed GW signal from astrophysical sources.

1Any spin-0 field Pðn̂Þ in the sky can be written in the
spherical harmonics basis as Pðn̂Þ ¼ P

lm PlmYlmðn̂Þ.
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III. EFFECT OF COSMOLOGICAL
PERTURBATIONS ON GWs

GW strain from the inspiraling binaries can be written in
Newtonian order2 in frequency domain (ν) as [1,19–21]

hðνzÞ ¼ QðanglesÞ
ffiffiffiffiffi
5

24

r
G5=6M2

zðνzMzÞ−7=6
c3=2π2=3dL

eiϕz ; ð7Þ

where νz and Mz are redshifted frequency and red-
shifted chirp mass, respectively, which are related to the
source chirp mass Mc and emitted frequency νe by Mz ¼
ð1þ zÞMc and νz ¼ νe=ð1þ zÞ. ϕz ¼ 2πνzt0 þ ϕrðt0Þ is
the phase of the GWs with t0 as the stationary point of the
phase. QðanglesÞ is the factor which depends upon
the source orientation. The above equation is valid only
in the inspiraling phase of the binaries and not during its
merger. The information regarding the background cos-
mology can be inferred from the luminosity distance
independent of the chirp mass by using the relationship [22]

dL ∝
1

h̄ðtÞτν2 ; where τ≡
�
dν=dt
ν

�
−1

∝
πM2

z

ðπMzÞ11=3ν8=3
;

and h̄ðtÞ ∝ MzðπνzMzÞ2=3
dL

: ð8Þ

Here h̄ is the GW strain averaged over detectors and source
orientations and τ is the timescale related to the change of
the frequency. The above quantity is independent of the
chirp mass and is an useful estimator of the luminosity
distance [22]. A more general luminosity distance estimator
using the two polarization states of the GW (hþ; h×) and the
source orientation has also been studied [23].
The observed GW strain can be modeled as hobsðtÞ ¼

hðtÞ þ nðtÞ where hðtÞ is the signal strain and nðtÞ is the
noise strain. The signal-to-noise ratio (ρ) for the GW signal
can be written in the frequency domain as [21,24]3

ρ2 ¼ 4

Z
∞

0

ν2jhðνÞj2
jhnðνÞj2

d ln ν; ð9Þ

where hn is the dimensionless noise strain which depends
upon the experimental noise power spectrum (Sn) as
jhnðνÞj2 ¼ νSn. jhðνÞj2 is the power spectrum of the signal
strain and depends upon the GW source properties and
luminosity distance as mentioned in Eq. (7).

GWs propagate through the geodesics defined by the
perturbed FLRWmetric defined in Eq. (1). The presence of
cosmological perturbations in this metric leads to change in
the emitted GW frequency ν̃ which can be written as [25]

ν̃ ¼ ν

�
1 −

�
Φjre − ðn⃗:v⃗Þjre −

Z
λr

λe

∂ηðΨþΦÞdλ0
��

; ð10Þ

where the first term is the Sachs-Wolfe (SW) effect, the
second term is the Doppler effect due to the difference in
the velocity of the source and the observer, and the third
term is the integrated-SWeffect due to the presence of dark
energy. The rms fluctuations in ν is of the order 10−5 [25]
and can be considered to be a negligible effect for the
current discussion.
The GW strain also gets modified by the matter

perturbations [25–28], with the dominant contributions
arising from lensing for the GW sources at high redshift

h̃ðn̂; νzÞ ¼ hðνzÞ½1þ κgwðn̂Þ�; ð11Þ

where κgwðn̂Þ is the convergence field due to weak lensing,
which can be written in terms of the intervening matter
density field δ by the relation

κgwðn̂Þ ¼
Z

zs

0

dzWgwðχðzÞÞδðχðzÞn̂; zÞ; ð12Þ

where WgwðχðzÞÞ is the lensing kernel defined as

WgwðχðzÞÞ ¼
3

2

ΩmH2
0ð1þ zÞχðzÞ
cHðzÞ

×
Z

∞

z
dz0

dngwðz0Þ
dz0

ðχðz0Þ − χðzÞÞ
ðχðz0ÞÞ : ð13Þ

Here dngwðzÞ
dz is the normalized (

R
dz dngwðzÞ

dz ¼ 1) redshift
distribution of the GW sources, χðzÞ is the comoving
distance to redshift z, Ωm ≡ ρm=ρc is the matter density in
terms of critical density ρc, and H0 is the current value of
the Hubble parameter.
The all-sky lensing convergence map can be expressed

as κðn̂Þ ¼ P
lm κlmYlmðn̂Þ, where Ylmðn̂Þ are the spherical

harmonics. The correlation between the convergence lens-
ing field of the CMB and GWs due to the perturbed
geodesics can be written as

C
κgwκCMB

l ≡ hðκgwÞlmðκ�CMBÞl0m0 iδll0δmm0 ; ð14Þ

where the angular bracket denotes ensemble average and
C
κgwκCMB

l is the power spectrum of the cross-correlation field
between CMB and GWs which can be written as

2For this paper, we will use the Newtonian waveform [19],
which can be generalized to the waveform including post-
Newtonian (PN) corrections and also with the waveform gen-
erated using numerical relativity. Inclusion of the PN corrections
will not change the primary concept of this paper.

3The factor 4 appears due to the definition of the SNR with
only one-sided noise density. Usually the characteristic strain
hcðνÞ≡ 2νhðνÞ is used in the literature.

MULTIMESSENGER TESTS OF GRAVITY WITH WEAKLY … PHYS. REV. D 101, 103509 (2020)

103509-3



C
κgwκCMB

l ¼
Z

dz
χðzÞ2

HðzÞ
c

½WgwðχðzÞÞWCMBðχðzÞÞ

× Pδððlþ 1=2Þ=χðzÞÞ�: ð15Þ

Here Pδððlþ 1=2Þ=χÞ is the nonlinear matter power spec-
trum of the cosmic density field evaluated at k ¼ ðlþ
1=2Þ=χðzÞ in the Limber approximation, obtained using the
numerical code CLASS [29–31].4 This correlation is observ-
able as a GW-CMB-CMB three-point correlation since the
estimate of the CMB lensing potential is quadratic in the
CMB anisotropies. The predicted rms signal strength
ΔGW−CMB ≡ ½Plð2lþ 1ÞCκgwκCMB

l =4π�1=2 for the LCDM
model in the framework of general relativity is shown as
a function of redshift z of the source in Fig. 2. We have
taken the GW source redshift distribution as dn

dz ¼ δðz − z0Þ
for the plot in Fig. 2. The theoretical signal strength of
CMB lensing-GW correlation for the LCDM model is
greater than 10−2 at redshift above 0.5. Since the CMB
source redshift is at zs ¼ 1089, the GW sources present at
high redshift have more overlap with the CMB lensing
kernel and hence exhibit a stronger signal. The autocorre-
lation between the GW signal is also depicted in Fig. 2, in
accordance with [25]. Along with CMB lensing-GW
correlation, galaxy-GW cross-correlation is another avenue
to study the lensing of GW strain [37].

IV. ESTIMATOR OF THE CONVERGENCE FIELD
FROM GW STRAIN

In order to make an estimate of the convergence field
from the luminosity distance, we need to make an estimate
of the true luminosity distance desL to the GW source by

using the redshift z of the source and the best-fit cosmo-
logical parameters. The massive BBHs which can be
detected by Laser Interferometer Space Antenna (LISA)
are expected to have electromagnetic signatures [38–43]
and we can identify the host galaxy [44] and its redshift (z)
using upcoming missions [45–48] or other dedicated
spectroscopic surveys. For stellar origin BBHs which
can be probed from Cosmic Explorer, we may not have
an electromagnetic counterpart and, as a result, the redshift
error will be large.
So, by using the redshift from the electromagnetic

follow-up and the value of the background cosmological
parameters from large scale structure and CMB upcoming
missions [45,49–51],5 we can estimate the luminosity
distance desL as

desL ¼ c
H0

ð1þ z̄Þ
Z

z̄

0

dz0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω̄mð1þ z0Þ3 þ Ω̄de

p : ð16Þ

By using Eqs. (8) and (11), we can write the estimator
of the convergence field for a distribution of the GW
sources as

D̂Lðn̂Þ ¼ κgwðn̂Þ þ ϵðn̂Þ − ϵðn̂Þκgwðn̂Þ; ð17Þ

where D̂Lðn̂Þ≡ 1 − DLðn̂Þ
desL ðn̂Þ is a probe to the convergence

field along with an additional term which is related to the
error ϵ ¼ 1 − dL=desL in the estimate of the true luminosity
distance. We expect the error ϵ to be small (ϵ ≪ 1) if the
source redshift and cosmological parameters are measured
accurately. More details about the estimator can be found in
[37]. Here we have assumed that the waveform of the GW
signal can be modeled according to GR. Alternate theories
of gravity can have imprints on the GW signal in the strong
gravity regime. But it is often assumed that such effects can
be avoided by a screening mechanism [52]. The test
proposed in this paper can be also done by including the
effects in the waveform along with the effects from GW
propagation and lensing. This we will address in future
work.
Studies from simulations have shown that BBH sources

detected by LISA can have an electromagnetic counterpart
[38–43] which will allow us to obtain the redshift of these
objects.6 As a result, the second term in Eq. (17) can be
negligible for 104–107 M⊙. The error in the redshift
measurement from a follow-up photometric survey is
considered as σz=ð1þ zÞ ¼ 0.03 in this analysis. How-
ever, the redshift error can be negligible (σz ≈ 0) for a

FIG. 2. The theoretical rms signal of the CMB lensing-GW
correlation and GW-GW correlation due to the convergence field
is shown in blue and red, respectively, as a function of redshift for
best-fit cosmological parameters using the nonlinear matter
power spectrum.

4We have used the following packages in this analysis: CLASS
[29–31], IPython [32], Mathematica [33], Matplotlib [34], NumPy
[35], and SciPy [36].

5These cosmological probes will reach a much better accuracy
in the cosmological parameters than the current estimates.

6However there can be scenarios where the electromagnetic
counterpart is not present for the LISA source. In this case, we
need to consider large redshift errors as considered for the
forecast for Cosmic Explorer.
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spectroscopic follow-up mission, resulting in an improve-
ment in the SNR. For stellar origin BBHs which can be
probed from Cosmic Explorer, we may not have any
electromagnetic counterpart and, as a result, the desl will
be noise dominant leading to a large value of ϵ. In our
analysis, we have taken this into account by considering
100% error in the estimate of source redshift for the forecast
of Cosmic Explorer.
The cross-correlation ÊκgwκCMB between the convergence

field from CMB κ̂CMBðn̂Þ and the D̂Lðn̂Þ signal can be
written as

ÊκgwκCMB ¼
Z

d2n̂
4π

ðϵðn̂Þ þ κ̂gwðn̂ÞÞκ̂CMBðn̂0Þ: ð18Þ

The correlation of the GW strain with the convergence map
is a three-point correlation function (also called the
bispectrum [53,54]) between two CMB fields (T E;B)
and the GW strain. This equation implies that the sources
of GW compact objects detected at a direction n̂ with a
strain h̃ðν; n̂Þ will show a correlated signal with the
convergence map obtained from the CMB. As the con-
vergence field is uncorrelated with the error ϵðn̂Þ, the first
term on the right-hand side goes to zero. The second term is
a cosmological signal which captures the rms fluctuations
due to the convergence field of the CMB and GWs.
The corresponding covariance matrix with a diagonal

approximation can be calculated using

ðσgw−CMB
l Þ2 ¼ 1

fskyð2lþ 1Þ ððC
κgwκgw
l þ NDD

l ÞðCκCMB
l þ Nκκ

l Þ

þ ðCκgwκCMB

l Þ2Þ; ð19Þ

where C
κgwκgw
l ¼ hðκgwÞlmðκgwÞl0m0 iδll0δmm0 is the conver-

gence power spectrum from the autocorrelation of GW-
GW, NDD

l is the measurement error associated with the GW
luminosity distance determination (we explain this quantity
in detail later), Nκκ

l is the reconstruction noise due to
lensing estimation [16] (as we mentioned previously), and
fsky is the sky fraction available common between the GW
sources and CMB. For a number of GW sources Ngw with
the same value of σdl , the spatial GW noise mentioned in
Eq. (19) can be written as

NDD
l ¼ 4π

Ngw

�
σ2dl
d2l

þ σ2b
d2l

�
el

2θ2min=8 ln 2; ð20Þ

where σ2dl can be obtained using Eq. (9) and σ2b is the error
due to the estimation of the background cosmological
parameters, lensing, and redshift of the GW source. The
presence of the sky-localization error for the GW sources
will lead to a poor angular resolution of the GW sources,
and as a result the spatial correlations cannot be probed for
scales smaller than the angular scale of the sky-localization

error. This translates to a maximum value of lmax≈
180°=θmin, beyond which there is no signal and the
CMB lensing-GW correlation is noise dominated.
The SNR of the CMB lensing-GW correlation can be

written in terms of C
κgwκCMB

l and σgw−CMB
l (and are defined

in Eqs. (15) and (19) ), respectively, as ðSNRÞ2 ¼Plmax
l ðC

κgwκCMB
l

σgw−CMB
l

Þ2. Using the LISA noise and the

Newtonian GW waveform of the form mentioned in
Eq. (7), we make a Fisher estimate of the luminosity
distance error for different masses of BBHs up to a
maximum frequency equal to the merger frequency defined
as νmerge ¼ 205ð20 M⊙=MÞ Hz [24]. We do not consider
the merger and ring-down phase of the BBHs in the
estimate of the SNR for this paper. Inclusion of the merger
and ring-down phase of BBHs will improve the SNR [55].

V. FORECAST FOR LISA AND COSMIC
EXPLORER

The CMB lensing-GW correlation is strong for GW
sources at high redshift (as depicted in Fig. 2) and hence we

FIG. 3. We show the cumulative SNR as a function of the
maximum cosmological redshift (z). We have considered only the
inspiral phase of the unit mass-ratio BBH with total masses
(a) 2 × 105 M⊙ and (b) 50 M⊙. The area within the shaded
region has SNR less than three for fsky ¼ 1.
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expect that the signal will be more easily accessible from
LISA [56] and Cosmic Explorer [57] than from Laser
Interferometer Gravitational Wave Observatory (LIGO)
[58] (for the currently predicted merger rates [59,60]).
However, if the number of GW sources are more by about
an order of magnitude than the current estimate of the event
rate [59] then this signal is also accessible from Advanced
LIGO. In this analysis, we treat the number of GW sources
Ngw and the smallest angular scale θmin as free parameters.
The numbers of GW sources per unit redshift for four years
of LISA operational time are motivated from a few recent
theoretical studies [61,62]. For the Cosmic Explorer-like
survey, we have taken GW detection rate Δngw=ΔT ¼
24–112 Gpc−3 yr−1 (comoving volume) [60]. For LISA and
Cosmic Explorer we plot the cumulative SNR=

ffiffiffiffiffiffiffiffi
fsky

p
in

Fig. 3 for a total mass of 2 × 105 M⊙ and 50 M⊙ ðMtotal ≡
M1 þM2Þ of the BBHs (with Mratio ≡M1=M2 ¼ 1) as a
function of the maximum redshift (considered in the
cumulative SNR), Ngw and θmin. The region in cyan
indicate SNR ≤ 3 for fsky ¼ 1. This plot indicates that
there is a large measurable window for different possibil-
ities of Ngw, MBH, and θmin which can probe the CMB
lensing-GW correlation signal with high statistical signifi-
cance. The detection of the GW sources with electromag-
netic counterparts is going to improve the sky localization
of the source [63]. This will result in further improvement
of the lensing signal from gravitational waves.

VI. CONCLUSION

The cross-correlation of CMB photons and GW signal
can be a path-breaking probe of fundamental physics. First,
to observe the expected correlation proves that the GWs
and EWs propagate on identical space-time geodesics. The
existence of a nonzero correlation between these two
signals will manifestly verify a fundamental prediction

of general relativity. Second, the strength of the correlated
signal will also probe alternative theories to general
relativity. Under the framework of general relativity and
the LCDM model of cosmology, the predicted signal as a
function of GW source redshift is shown in Fig. 1. Any
variation from this predicted signal for the known BBHs
distributions will be a signature of alternative theories of
general relativity [2–4]. Third, this probes the gravitational
influence of matter on GWs or graviton-graviton inter-
actions in the perturbation regime [64]. Our approach also
makes it possible to measure any deviation in the scalar
potentialsΦ andΨ from the prediction of general relativity.
This method can also be more generally applied to study
the cross-correlation of the GW signal from neutron star
binaries, black hole-neutron star binaries, and with other
probes of cosmic density field such as galaxy surveys [37].
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