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We study the details of eternal inflation in the presence of a spectator Higgs field within the framework of
the minimal Standard Model. We have recently shown that in the presence of scalar field(s) which allow
inflation only within a finite domain of field values, the Universe reaches a steady state where the
normalized distribution for the field(s) converges to a steady state distribution [Phys. Rev. D 100, 023513
(2019)]. In this paper, we analyze this eternal inflation scenario with the renormalized Standard Model
Higgs potential, since it also allows inflation in a finite domain, but turns over at high scales due to the
running of the self-coupling, marking an exit from inflation. We compute the full steady state distribution
for the Higgs using an integral evolution technique that we formulated in Phys. Rev. D 100, 023513 (2019)
and the fractal dimension of the Universe. We then obtain a bound on the inflationary Hubble scale in order
to have a large observable universe contained within the instability scale of H < O(10°) GeV depending
on the top mass. Upon reheating of the Universe, thermal fluctuations in the Higgs field could potentially
pose another problem; however, we compute the rate of thermal bubble production and find that the
probability of tunneling in the postinflationary era is negligibly small even for very high reheat

temperatures.
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I. INTRODUCTION

The discovery of the Higgs boson [1], which is required
to maintain unitarity of W, Z boson scattering, completes
the Standard Model (SM) of elementary particles. For the
first time we now have a theory that does not violate tree-
level unitarity. When combined with gravity, we know that
the theory does violate unitarity at the Planck scale, but one
wonders at what scale, if any, new physics enters before the
Planck scale. There are reasons to suspect all sorts of
possible new physics associated with dark matter, grand
unification, strong CP problem, hierarchy problem, baryo-
genesis, inflation, etc. However, with the lack of discovery
of new physics at the LHC, we have to keep an open mind
to the possibility that such new physics may only enter at
extremely high energies.

We can therefore enquire: What is the absolute highest
scale at which new physics can enter? The Higgs sector
itself may suggest a potential problem when studied
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beyond tree level: It is well known that when loop effects
are taken into account, the Higgs self-coupling 4 becomes
negative at energies around 10'° — 10!" GeV for the latest
top mass bounds [2] (mostly due to its interactions with top
quarks and W, Z bosons). This makes the renormalized
Higgs potential turn over at some field value 4, and then
become negative, meaning there is a potential instability at
high field values [see Fig. 4 (lower panel)]. The lifetime of
the electroweak vacuum is estimated to be much higher
than the current lifetime of the Universe [3-6], and so it
may not appear as an immediate problem. However, this
instability may be very important in the very early Universe
when energy densities were extremely high and the Higgs
field could explore large field values.

In particular, this instability has potentially huge ramifi-
cations for evolution during early Universe inflation
[7-10]. This is because during inflation the Higgs field
on superhorizon scales roughly undergoes quantum dif-
fusion with step size ~H/(2x) per Hubble time and drifts
due to the renormalized potential V. For sufficiently large
Hubble scale during inflation H, the quantum diffusion can
lead to the Higgs field /# becoming larger than the
instability scale Ay,. In this case the renormalized potential
then causes the field to drift down the potential to even
large field values, leading to a potential cosmic catastrophe
and terminating inflation. In any case, it leads to field
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values on the “wrong” side of the potential, which is
evidently not our observed electroweak vacuum.

This leads to several important questions to be
addressed: (i) How frequently does this allow for a large
observable universe, that is at least ~60 e-foldings across in
each spatial direction? (ii) What bounds does this imply for
the scale of inflation? (iii) What is the global structure of
the Universe in the context of eternal inflation? (iv) What
are the effects of reheating? In this paper we will make
progress in addressing these important questions.

Some of these questions have been the subject of con-
siderable investigation in the literature; see Refs. [11-28].
However, the existing works seem to be partially incom-
plete. For instance, usually a Gaussian ansatz is used in the
estimations of the probability distribution of Higgs dur-
ing inflation which is used to obtain bounds on inflatio-
nary Hubble by requiring a large observable universe
(~e'"8H=3) to be born at the end. More importantly, it is
often thought that the number of e-foldings provided by the
inflaton (typically taken to be N = 60) is essential to
estimate the fate of the observable Universe, since other-
wise for large enough e-foldings and high enough Hubble
value the distribution grows indefinitely. However, as we
will show in this paper, neither the Gaussian ansatz, nor the
requirement of finite number of e-foldings (irrespective of
inflationary scales), is needed to describe the physics.

Indeed we will study the system much more systemati-
cally: We will consider the structure of the Universe in the
context of eternal inflation. This leads to results that are
independent of the arbitrary choice of initial conditions
for the Higgs. Other works in the literature often assume
the Higgs begins near the origin, spreads out, and then is
truncated at N ~ 60. But as we will see, this is not
necessary, as a steady state is established, leading us to
consider the possibility of much longer phases of inflation,
including eternal inflation. The assumption of N = 60 is a
conservative one and plausible. However, it is of significant
interest to study the possibility that inflation lasted a lot
longer and may very well have in fact been eternal. To our
knowledge this is the first time such an investigation has
taken place. We will show that the Universe can obtain a
steady state distribution and from this distribution we can
determine the probability of obtaining a large observable
universe. Along the way we will compute global properties,
such as the fractal dimension of the Universe. Furthermore,
we will move beyond the Gaussian ansatz and carefully
track the distribution of different Hubble patches more
accurately than in the standard treatments.

At the time of reheating, temperature corrections to the
Higgs potential can be important and potentially alter the
constraints. For instance, in Ref. [16] it is claimed that high-
scale reheating can save the Universe from the instability;
that high-scale inflation is allowed, because even though
the Higgs can end up on the wrong side of the potential
during inflation, it is rescued during reheating due to

thermal corrections to the potential. These claims are
potentially problematic as it requires extraordinarily
fast reheating to prevent the Higgs field from rolling down
to a catastrophe, and such problems were not properly
taken into account. At the other end of the spectrum,
Refs. [14,15] claim that an upper bound on the reheat
temperature can be obtained, even if the scale of inflation is
relatively low, because they claim the large thermal
fluctuations in the Higgs field can cause it to be thrown
over to the wrong side, unless the temperature is suffi-
ciently low. However, the authors only considered the
Higgs distribution at a single point in space. Instead a
correct analysis would be to compute the probability of
bubble formation of the Higgs at a finite temperature. We
will do this and show that even for extremely high reheat
temperatures, the tunneling probability is small enough for
a true vacuum bubble to form in the observable Universe. In
this sense, finite temperature SM poses no problems for the
observable Universe.

In typical models of inflation, it is well known that the
Universe on large scales undergoes eternal inflation (see
[8,10]) and generates infinite numbers of patches in which
inflation has ended. In this work we assume that inflation is
driven by some other field in some potential, characterized
by some scale H. In addition the Higgs field can act as a
spectator field (to be clear, we are not assuming the “Higgs-
inflation” scenario often studied in the literature, where
the Higgs drives inflation, especially because the latest
top mass bounds suggests this is unlikely to be viable).
Nevertheless the Higgs can act as a field to cause inflation
to terminate. In the case of the SM Higgs, inflation is
allowed to continue in regions that contain Higgs within its
slow-roll end point A,y (on the unstable side of its
potential), while other regions exit inflation." Then it is
important to note that the distribution of Higgs in each
Hubble patch ultimately converges to a constant steady
state distribution [29] and any initial transient behavior
washes out. Therefore, there is no dependence on the
amount of e-foldings that the inflaton may provide. All
interesting statistical quantities, like the average sizes of
regions containing Higgs within Ay, the bound on H to
ensure the average size to be at least that of the observable
Universe, the fractal dimensions of the eternally inflating
Universe, etc., must be computed at steady state. Finally, in
order for our observable Universe to be achieved, inflation
must end (at least) locally and there must exist a large
(~e'"®H=3) volume which thermalizes and ultimately
settles to the electroweak vacuum.” To describe this post-
inflationary era, a finite temperature field theory analysis is

'Whether such regions form an anti—de Sitter (AdS) crunch
or a black hole, etc., depends on the details of very high
energy physics and will not be pursued here.

We assume no specific mechanism for the end of inflation
provided by the inflaton, as this is not necessary for our purposes.
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required and one must compute tunneling probability of the
Higgs toward its true vacuum by forming a thermal bubble.
In this paper, apart from pointing out subtleties and
assumptions made in this subject in the literature, our
primary objective is twofold: first, to compute the above-
mentioned statistical quantities for the eternally inflating
universe in the presence of the SM Higgs. For this we make
use of an integral (kernel) evolution technique [29] for the
distribution of the Higgs (radial degree of freedom in a 4D
Euclidean field space). Second, to describe finite temper-
ature effects after inflation by carefully tracking the rate of
bubble formation. Throughout this work, we assume no
new physics beyond the minimal SM and work with the
(two-loop) renormalized effective Higgs potential with the
latest values of relevant parameters [2]; we take central
values of all parameters and scan the top mass in the
allowed range: m,,, = 172.9 £ 0.4 GeV. Also for the sake
of simplicity, we assume H = const throughout this work;
this will be justified because the primary bounds will come
at rather low-scale inflation values, in which H must be
very slowly varying (it requires a very tiny &, = -H /H? to
achieve the correct amplitude of density fluctuations).
The organization of the paper is as follows: In Sec. II, we
first derive the kernel that propagates the probability
distribution for the magnitude (or “radius”) of a multi-
component scalar field (relevant to the Higgs doublet) in
any Hubble patch. Then to illustrate deviations from
Gaussian approximation, we analyze a toy model of four
fields with a rotationally symmetric “M”-shaped potential
and we also simulate a 1 + I-dimensional universe. We
show comparisons of various statistical quantities obtained
from actual simulation, with that from Gaussian approxi-
mated and actual steady state distribution obtained
using the radial field’s kernel. In Sec. IIl, in order to have
a concrete understanding of the situation with SM Higgs
in 3 4 1-dimensional space-time, we simulate 1+ 1-
dimensional universes with the SM Higgs for different
choices of H and central top mass. We provide plots of
various statistical quantities and compare them with ones
obtained through steady state distribution using the radial
field’s kernel and also Gaussian approximated ones.
Having obtained confidence in the kernel propagation
method, we then use this method to obtain the steady state
distribution for our primary subject of interest: the SM
Higgs in 3 + 1 dimensions for various H and different top
masses, and use them to get the average size of regions with
Higgs within /4, bounds on inflationary Hubble, and
fractal dimension of the eternally inflating universe. In
Sec. IV, we assume the scale of inflation is low enough that
a large universe can be achieved and then study the
postinflationary era in a simplified way: We account for
temperature corrections to the Higgs potential, calculate
thermal tunneling probabilities of the Higgs at different
temperatures, and show that the SM provides no instabil-
ities even for very high reheating temperatures. In Sec. V

we summarize our results. Finally, in the Appendix we
include the relevant SM beta functions.

II. EVOLUTION OF RADIAL FIELD
AND STEADY STATE

We are interested in the evolution of a spectator Higgs
field during inflation. On superhorizon scales it acquires de
Sitter fluctuations, with standard deviation (or “kick™) x
that acts as a diffusion per Hubble time and is determined
by the Hubble scale [we have x = H/(2x) in the important
case of three spatial dimensions, but has different units in
other dimensions]. We also assume that the field is
influenced by its potential V.

To model the evolution of the Higgs field on super-
horizon scales, we make use of the usual Fokker-Planck
equation. We consider the slow-roll approximation and for
now we study general spatial dimensions D. We allow for a
multicomponent field of length n (the Higgs is a complex
doublet with n = 4) ¢ and call the corresponding proba-
bility distribution for the field p(¢, N), where N = Ht are
the number of e-foldings. The corresponding Fokker-
Planck equation for the evolution of the distribution in
any Hubble patch is

op 0 [l 8V] K> 0%p

ov=05 |pmoz”| 2o U

This holds only within a field domain that allows infla-
tionary energy to dominate and hence inflation to con-
tinue. For our purposes we have V = V(|@|) = V(p), and
the inflationary domain is 0 < p < p.nq, Where pg,q is the
slow-roll end point. Also, there exists some instability scale
pre in the potential function such that once p gets past it,
its classical evolution is to roll down to higher and higher
field values which quickly acquire negative energy den-
sities and ultimately around p ~ p.,q inflation ends. As we
shall discuss, a useful region to focus on is in fact
0 <p < pu» since when we are near the critical Hubble
values of interest, the field value p, is actually quite close
to penq (see Fig. 9).

Solving this partial differential equation requires precise
boundary conditions p(0, N) and p(penq, N), which can be
highly nontrivial [30,31], unless the form of potential is
whighly simplified. Furthermore, it seems impossible to
obtain exact solutions for any initial condition p(p,0). This
can be dealt with by means of numerical integral evolution
with support only within the specified domain [29].

A. Kernel for radial field

To make progress, it is useful to discretize the time
variable and step the evolution through time by use of a
kernel. Upon time discretization, the kernel K that evolves
the distribution through one time step € can be determined
by the following chain of reasoning. Firstly, the kernel is
implicitly defined by the condition
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pil#l) = [ 1L dot K@i 0pa(3l). (@)
a=1
The field itself evolves in a stochastic fashion, governed by

the Langevin equation

(Bi_(;;i—l_'_ 1 oV
€ DH? 0p

(|@i1]) = xij; (3)

with 77; being a set of n normal random variables, i.e.,
having the following probability density:

n . n ¢ e .
[T anepii) = (H dﬂ?\/g>e LR (4)
a=1 a=1

Then one can show the appropriate kernel is

a_.a . 2
oo e, (L)
B e e e

(5)

with support only in 0 < |@|; < |@|eq and is trivially
obtained by replacing #¢ for ¢¢. Also, the derivative of
potential (or any function of only the radial field p for that
matter) is

ov  pdv
%o ®

Since it is overly complicated to track all individual
components of the field, we can focus on its radial (or
magnitude) p = |@|. This is all we really need as the Higgs
potential is symmetric, and it is only the radial value that
determines its central dynamics [i.e., if p is small then the
field is safe, or if p is too large then it can be unstable; see
Fig. 4 (lower panel) where we replace p — h].

We emphasize that in the case of the SM, even though
different components of the Higgs doublet are related by
gauge redundancies, one must still use a volume measure
on the four-component field space, as we explained in
Ref. [32]. In order to obtain the kernel for p then, we
express the field variables in angular coordinates. With
and q, as the polar angle and the other n—2 angles,

respectively, the integration measure is

[[ d¢® = dpp—'agx (6. a). (7)

a=1

where dQ is the differential solid angle. Throughout this
paper, we will absorb the radial measure p"~! and total solid
angle Q into the probability distribution p, so that it is
normalized as [° dpp(p) = 1. Now since the whole
dynamics must only depend on p at any time step, we

can always align ¢; and ¢,_; such that {,_, points along the
polar axis for ¢; With this, we have the following
simplification:

z": ¢?—fﬂ?—1+ 1 0Vi)?
€ DH? 0¢*°

a=1
N 1 dV,_;\?
DH? dp

_ Pi—Pi-1
€
P i—1 1 dV,,
—-2— - 1- 0.
€ ( € DH? dp >< cos ;). (8)

and we can integrate over the solid angle for any n in
general. For the relevant case of four fields (Higgs doublet),
we have

dQ = dbsin*fda, da, sin a, — 4rxdOsin’6 (9)

with 0 < @ < 7, and therefore the radial field’s kernel for a
four-field system is

e~ (e/2)[(pi/e) =z 1, (p—i,ié—] )e_(pizi—l /K%

K i»Mi—1>s -
(,0, Pi-1 6) €2K2 DiZioi
(10)
with support only in 0 < p; < penq, and
i 1 dv;_
=Pt O (11)

Here I, is the modified Bessel function of the first kind.
Therefore we have the following evolution equation for the
radial field’s distribution:

Pend
pilpi) = A dp; 1 K(pi,pi—1.€)pi—1(pi-1)

i-1
Pend
=] |A dp,K(psi1.ps5.€)p(p0,0). (12)
s=0

This is an iterative matrix multiplication technique (upon
discretization of field space) and will converge to the
dominant eigenstate of the kernel, which after normaliza-
tion will give the steady state distribution p(p):

_ v __ plp,oo)
plp) = T dpp(p. o) (13)

B. Gaussian approximation and its limitations

A concrete way to analyze the Fokker-Planck equation is
to study its moments. For example, the equation for the
variance o can be obtained by multiplying the Fokker-
Planck equation (1) with (zz and integrating over the

fields ¢:

103506-4



ETERNAL INFLATION AND REHEATING IN THE PRESENCE ...

PHYS. REV. D 101, 103506 (2020)

d

)
dNa—l—

— (- VyV) =i (14)

Similarly one can obtain equations of motion for higher
moments.

To simplify things, however, very often in the literature a
Gaussian approximation is made:

pn—l

P2
T w09

where, as mentioned earlier, we have absorbed the radial
integration measure p"~!' in the distribution. The only
quantity then is the variance ¢° which obeys the above
simple ordinary differential equation.

An important point to note, however, is that for potentials
like that of the SM Higgs and especially under a Gaussian

PO (p,N) =

ansatz, there exists a critical Hubble Hg(,» (that depends on
the parameters of the potential), such that although for H <

H £‘3> this Gaussian approximated distribution p(©) tends to a
constant function even if one had no a priori knowledge of

the steady stateness in eternal inflation; for H > Hﬁ?), p(o)

grows indefinitely. In any case, people often simplify the
analysis by evolving it for some finite e-foldings (typically
~60 in the case of SM Higgs for our Universe) and use this
to calculate various quantities, e.g., probability of obtaining
large volumes with a field within the domain 0 < p < py,,
etc. [11-15]. However, in either case, the simplification
made is significant. First of all it is obvious that due to a
finite p.,q, for any H there exists a steady state distribution
p(p) which cannot have support outside of p > p..q. Then,
to leading order the Gaussian approximation can be valid in
principle, only as long as 6(N) < penq- For the latter case
H > Hﬁ(r)), this eventually breaks completely and therefore
the approximation is not meaningful for all N. For the
former case H < H((;(r)), even though it could be that
6(00) < Pend> the non-Gaussianity in the actual steady state
distribution could be significant enough for there to be
corrections in the estimated quantities. To demonstrate this,
we consider the following M-shaped potential:

2

m A
V(p) = 7p2 - Zp“ + const (16)

(ironically, this is upside down from the classical Higgs
potential, but it qualitatively captures the renormalization
group (RG) corrected Higgs potential since it in fact rises,
then goes negative at large values, just like this). This leads
to the following equation for the variance in the Gaussian
approximation:

which can be rewritten as

d , 220n+2) 5 5vi2_
I T 52 - =0. (1
Al 5s—(0°—03)(6"—02)=0. (I8)

For the sake of comparison with actual 1D simulations, we
work in one spatial dimension (although the argument
holds for any spatial dimension in general) for which we

have k = 1/+/2x [29]. This gives

2

R — I H
= 24(n+2) gO) |
4 1/2
(0) Tm
Hy = |—+——— 19
) (ﬂ(n + 2)> )

with H the above-mentioned critical Hubble. The sol-

ution is trivially obtained [with ¢(0) ~ 0]

_oiot(l—eM)

2
o*(N) = T (20)
where
2A(n 4+ 2

Now for H < Hﬁ?), we have an attractive fixed point o_ and
thus o(c0) = o_ dictating a constant distribution.” In this
case, the Gaussian approximation is valid in principle since
we have o_ < p.,q, Where p.,q marks the slow-roll end
point

V" (pena)| = 9H?

OH? + m?

307 (22)

= Pend =
and neglecting the effect of the finiteness of p.q is
warranted, at least in principle, to first order in approx-
imations.* However, on the other hand, for H > H ﬁ(r)), there
is no real fixed point and the distribution grows indefinitely
6(o0) = o0. The Gaussian approximation therefore com-
pletely breaks. In reality a finite p,,q would lead to a steady
state distribution p(p) which we can easily obtain numeri-
cally using the radial field’s kernel derived earlier.

C. Comparisons

We now present some numerical results for various
important quantities. For a 1 + 1-dimensional simulation,
we have used our network I as we outlined in detail in

zThis is true for any ¢(0) < 0.
The factor of 9 here is not of much significance. Our results
are very insensitive to increments in the slow-roll end point.
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Ref. [29]. We begin with one cell with four field values all
at zero and double the number of cells at each step. The
field values in the daughter cells are dictated by Langevin
equation (3) with ¢ =In2 and are produced only if the
radial field p in the parent cell was less than the slow-roll
end value p.,q. For the kernel evolution, we begin with a
delta distribution p(p,0) = 6(0) and evolve it until the
normalized distributions at the final step and one previous
step (with € = In2) differed from each other by only one
part in 103, In order to converge to steady state in a few e-
foldings in our simulations for this case of M potential, we
carefully choose our parameters:

For H <« Hc(r) , we can use Gaussian approximation
to estimate the scaling of the time of convergence.
From Eq. (20), the number of e-foldings to converge to
o_ goes like

N ol H>  H?
Cyoomt Jpy

(23)
On the other hand, for H > ng)), we can use the classical
equation of motion to estimate the time it takes for the field
to roll to p.,q. A straightforward calculation gives the
following:

H
v
We model different scenarios keeping A fixed at 0.06H>
while varying py, (in units of «) such that we always have
N, < O(10). For any given scenario, our results are very
insensitive to increments in the slow-roll end values;
cf. Eq. (22). Note that the Gaussian approximation is so
simple that we carry it out in the continuum limit, while the
full simulations and kernel evolution are more complicated,
so they have a discrete time step, as mentioned above.

To begin, we first show plots of field distributions for the
two cases of H. Figure 1 (upper panel) compares the field
distribution obtained from simulation after 18 2-foldings
(red curve) with the actual steady state distribution obtained

from kernel evolution (green curve) and Gaussian approxi-

mations (cyan and blue curves) foran H > H 5;9). In order to

force a finite bounded distribution for the latter (otherwise
spreading indefinitely), we show two illustrations of
truncating the standard deviation of the radial field at the
hilltop and the slow-roll end point, i.e., 6(c0) = p;,;/2 and
6(00) = pena/2, respectively.

Figure 1 (lower panel), on the other hand, compares the
simulation result against the steady state and Gaussian
approximated [o(c0) = 6_] distributions for an H < H£?>.
Here, even though a Gaussian approximation is allowed,
deviations from it in the actual distribution are large. In
either case, our steady state distribution is in excellent
agreement with the actual simulation result.

Now, one of the interesting and necessary quantities that
we must compute is the average size of regions that contain

-
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FIG. 1. Upper panel: Field distribution in a Hubble patch for

H~216H E?) . The red curve is the actual simulation result after
18 2-foldings, the dashed green curve is the steady state
distribution obtained from kernel evolution, and the dashed cyan
and blue curves are Gaussian approximations with their widths
truncated at pp /2 and penq/2, respectively, and pe,q & 2.18py,.
Lower panel: Field distribution in a Hubble patch for
H~ 0.54H£?>. Color coding is the same as above. For the
Gaussian approximated distribution, ¢(c0) = o_ = 0.11py,. This
is all in 1 + 1 dimensions.

the radial field p within the hilltop value py, = m/v/A. As
can be seen from above distribution plots, the non-
Gaussianity in the actual (steady state) distribution is
important to track. Figure 2 shows the average length of
inflating chains in 14 1 dimensions, computed from
steady state distribution obtained from kernel evolution
(green curve) and Gaussian approximated distributions
(cyan and blue dashed curves), as compared with the actual
simulation result (red curves). The former two are obtained
assuming completely uncorrelated patches, giving the
following:

1
(length) = —— H™;

1-f
f= Opmdﬂiﬂ(p)- (25)
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FIG. 2. Average length of chains with a radial field within the
hilltop in 1 4 1 dimensions. Red curves are from simulations at
12, 15, and 18 2-foldings in increasing order of darkness, while
the green, cyan, and blue are from actual steady state and
Gaussian approximated distributions, respectively, with the
assumption of completely uncorrelated Hubble patches (25).

Here again for H > H£?>, we have the above two consid-

erations of truncating the width of Gaussian approximated
distribution at py,/2 and pgnq/2. It is apparent from the
figure that not only is the Gaussian approximated result
further from the steady state result, the latter is much closer
to the actual simulation result, especially for smaller H, and
gets even closer for larger lengths.

Another interesting quantity to consider is the fractal
dimension of chains that are within the instability scale, i.e.,
P < pni> defined as

InL_, (N)
Dy = jim === @9
where L_, (N) is the length of inflating regions with field
values within the instability point. With time discretization
€ and total number of steps s such that N = es, it is equal to
the following:

Pht
<pm =e* H/ dpl Pz+1vﬂl, )P(po, 0) (27)

Figure 3 compares the fractal dimension with p < py,
obtained from 1 + 1-dimensional simulations after 12,
15, and 18 2-foldings, respectively, with that from kernel
propagation at steady state. The convergence of the
simulation toward the steady state result obtained from
kernel evolution is apparent from this plot.

Having laid out a quantitative analysis for the M
potential, all the while elucidating some subtleties and
simplifying assumptions made in the literature, and also
establishing validity of radial kernel (10) to compute
various quantities of interest, we now analyze the eternal
inflation scenario with the SM Higgs.

1o : : : : 3
_08f .
)

c

il

[}

$ 0.6r i
£

a

S

[}

]

[T 04» 4

0.5 1 5 10
H/HO,

FIG. 3. Fractal dimension of 1 + 1-dimensional universe with

P < pne- Red curves are obtained from 1D simulation at 12, 15,
and 18 2-foldings, respectively, while the green curve is obtained
from kernel evolution at the steady state; cf. Eq. (40).

III. ANALYSIS WITH THE STANDARD
MODEL HIGGS

The SM potential for the Higgs V = —u?h? + Ah*/4 is
known to pick up corrections from loops. These lead to
logarithmically slow changes in 4 as we go to high energies.
For my,, = 172.9 + 0.4 GeV, the Higgs self-coupling 4
becomes negative at around ~10'° — 10" GeV within the
minimal SM. Figure 4 (upper panel) shows the RG
evolution of 4 for the central, upper, and lower values of
top mass, at two-loop order. For all other relevant para-
meters, we have taken their central values [2]: m, =
125.1 GeV, a,,, = 1/127.9, a;, = 0.1181, and sin*(6,,) =
0.23122 (all evaluated at Z mass). The two-loop beta
functions for A, the top quark Yukawa coupling, gauge
couplings, and the anomalous dimension are provided in
the Appendix.

By replacing the energy scale by E — A, the correspond-
ing renormalized effective Higgs potential can be written as

vin) =) Gy (28)

(with G related to wave-function renormalization). The
potential is plotted in Fig. 4 (lower panel) on a log-log
scale. The point at which this reaches a maximum V'(h) =
0 we call the “hilltop” value hy,. It is found to be given by

1.0 x 10" GeV  for my,, = 172.5 GeV,
2.4 %10 GeV  for my,, = 172.9 GeV,  (29)
73 x10° GeV  for my,, = 173.3 GeV.

hy =

There exist ideas in the literature as to how to “cure” the
potential by adding new degrees of freedom that alter the
Higgs beta functions (such as [33,34]); however, we will
not pursue that here. Our focus is to put the minimal SM on
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FIG. 4. Upper panel: The running of self-coupling 4 as a
function of energy within the minimal SM for three different
values of the top mass, which spans the currently favored top
mass window. Lower panel: The corresponding effective Higgs
potential V as a function of Higgs value / on a log-log scale.

trial to ever-increasing energies and see what constraints on
inflation, etc., follow.

A. Gaussian approximation and its limitations

For Gaussian approximation, we can proceed similarly
as before. Under Gaussian ansatz (15) and the renormalized
Higgs potential, we have the following simple differential
equation for the variance:

d , 1 /.dv H
< RN (6?) = 2. 30
an’ +2DH2< dh><6) P (30)

For all cases when the Xariance asymptotes to a constant
eventually, i.e., H < HY, we may set do®/dN equal to
zero giving

H _Zg<hj—‘;>(02). (31)

Thus, we have

2 1/4
o <27r < dV> )
HY = (22 (2 : (32)
D dh [ | ax

and for all other Hubble values smaller than this critical
value, we have two roots (fixed points) as before with the
smaller being an attractor. Numerically, we obtain the
following values of critical Hubble for the three values
of top mass and D = 3:

1.4 x 10'° GeV  for my,, = 172.5 GeV,
3.5x10° GeV  for my,, = 172.9 GeV, (33)
1.1 x10° GeV  for my,, = 173.3 GeV.

We note that this says for H > H é(r)) there is no fixed point.
However, as we will again see, when studied more precisely
beyond the Gaussian approximation, a steady state is
realized for any H. However, the sizes of habitable patches
will be strongly dependent on the value of H. On the other

hand, for H < Hﬁ?), the Gaussian approximation does give
a steady state, though in the literature the distribution is
often just cut off at N =~ 60 instead.

B. 1+ 1-dimensional simulation with Higgs
and comparisons

Now let us move beyond the overly simple Gaussian
approximation toward a full treatment of the problem. In
order to validate our analysis concretely, we begin by
simulating (using our network I as mentioned earlier)
1 4 1-dimensional inflating universes with the SM Higgs,
for the central value of top mass and different H.
With random walk step x, we scale the field(s) and the
potential as

.k
i=—,
I
1%
W= , (34)
i,

giving the following (discretized) Langevin equation for the
fields’ evolution in any Hubble patch:

Li—Zio1 L OW K
GG T Oy K 35
e 21 02 ( 1) hht’Y ( )

and the slow-roll end point is obtained as before:
W”(Zend) ~9. (36)

To mimic some of the aspects of the desired 3 + 1-
dimensional scenario, we simulate universes with different
numerical values of H ranging from 0.1A;, to 10A;, and
simultaneously « ranging from 0.14y,, /27 to 10hy, /2. Note
that with these choices of parameters, it is practically
impossible to achieve steady state in simulations since we
would require a large number of 2-foldings. Therefore we
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obtain results from kernel propagation both for 18 2-
foldings (which is the maximum amount we go in our
simulations) and steady state. To obtain steady state, we
propagate the distribution with the appropriate kernel until
they start to deviate from each other only by one part in 103,
as mentioned before. Also for Gaussian approximation and

D =1, we have HY = 4.54 x 10° GeV for the central
value of top mass. We again note that the simulation and
kernel methods have a discrete time step of ¢ = In 2, while
the Gaussian approximation is in the continuum limit.
First, we present field distributions for both cases

H > Hé(r)) in Fig. 5 (upper panel) and H < Hg(r» in Fig. 5

N N N N
o w o (¢}

Field Distributions

o
o

o
o

10—100

Field Distributions

1 0—200 L

1 0—300 £

0 1 2 3 4
h/ Ayt

FIG. 5. Upper panel: Field distribution in a Hubble patch for

H = 2.09H£?) (i.e., H > H§?>) in 1 + 1 dimensions. The solid red
and green curves are from actual simulation and kernel propa-
gation after 18 2-foldings, respectively, and the dashed green
curve is the steady state distribution obtained from kernel
propagation, while the dashed blue curve is the Gaussian
approximation with the variance truncated at 60 e-foldings:
6(60) ~ 1.2 x 10'° GeV. Lower panel: Field distribution in a

Hubble patch for H ~ 0.52HY (e, H < HY)in 1 + 1 dimen-
sions. The solid red and green curves are from actual simulation
and kernel propagation after 18 2-foldings, respectively, and the
dashed green curve is the steady state distribution obtained from
kernel propagation, while the dashed blue curve is the Gaussian
approximation with ¢(o0) = 2.39 x 10° GeV.

(lower panel). The excellent agreement between actual
simulation result and kernel propagation is evident from the
red and dashed green curves (after 18 2-foldings). For the
former case of H > Hé?) when Gaussian approximated
o(N) blows up eventually, we evolve it until N = 60 as is
usually done in the literature. On the other hand, for the

latter case of H < Hﬁ?), we show the field distribution on a

log-linear scale to make deviations from Gaussian approxi-
mation apparent.

The average length of regions containing Higgs within
its hilltop value is shown in Fig. 6 (upper panel). As before,
under the assumption of uncorrelated patches, average
length obtained using steady state distribution is given
as before [cf. Eq. (25)] with the appropriate kernel for the

< length > with h < hpe (H™")

o
4}
T

Fractal Dimension Dy

o
()
T

1 1 1 1 1

0.5 1 5 10 50
H/HO,

FIG. 6. Upper panel: Average length of chains with Higgs
within the hilltop in 1 + 1 dimensions. As before, solid red curves
are from actual simulation, while green and dashed blue are from
kernel propagation (solid green corresponding to 18 2-foldings
and dashed green corresponding to steady state) and Gaussian
approximated distribution with ¢ truncated at o(60) for

H > H§?>, respectively, under the assumption of uncorrelated
patches. Lower panel: Fractal dimension of regions containing
Higgs within the hilltop. Solid red curves are from actual
simulations after 12, 15, and 18 2-foldings (in increasing bright-
ness). Solid green is from kernel evolution after 18 2-foldings,
while dashed green is at steady state.
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FIG. 7. Upper panel: Higgs dynamics in 1 + 1 dimensions.
Solid curves are some of the steady state distributions for
different Hubble values close to the one required for the
observable Universe, while the corresponding dashed curves
are the Gaussian approximated distributions with ¢ truncated at
N =60 for H > Hﬁ?). Lower panel: The same curves, but on a
log-log scale to emphasize the tails.

Higgs potential. Note that even though the actual average
size (red curves) is bigger in reality (due to correlations
between nearby Hubble patches), the assumption of
uncorrelated patches (solid green curve) gets closer to
the former especially for very large sizes. Finally, the fractal
dimension of these regions containing Higgs within the
hilltop given as before [cf. Egs. (40) and (26)] is shown in
Fig. 6 (lower panel).

C. Full analysis in 3+1 dimensions

Having shown the validity of our kernel evolution
technique concretely, we now move on the important
case of 3+ 1 dimensions. Using the radial kernel (10)
with D = 3 and k = H/2x, and € = In 1.5, we numerically
obtain steady state distributions p(h) for different Hubble
values and the three different top masses. Figure 7 shows
some of these distributions for the central value of top mass
with different H, on a linear (upper panel) and log-log
(lower panel) scale, respectively.

10100 T
1080 L 4
i
T 1080} — Mip =172.5GeV
A
% | — Myp = 172.9 GeV |
S — M = 173.3 GeV
' 1020 i
1 L 1 - 1 1
108 10° 1010 10"
Inflationary Hubble (GeV)
3.00 T - T T T 1

N

©

5
T
,

— Myp = 172.5 GeV
~ Migp = 172.9 GeV ]
— Miep = 173.3 GeV A

NN

Fractal Dimension Dy
N
[(e]
o
T
L

N

™

o
T

280, . . .
10° 100 10" 102
Inflationary Hubble (GeV)
FIG. 8. Upper panel: Average volume of regions with Higgs

within the instability scale in 3 + 1 dimensions within the
minimal SM. Curves are obtained from steady state distributions.
The horizontal dashed black line corresponds to the characteristic
size of our comoving universe ~e'8°H=3 ~ 10’ H=3 at the end of
inflation. Lower panel: Fractal dimension of eternally inflating
universe for regions with Higgs within the instability scale. This
is within the framework of the minimal SM in 3 + 1 dimensions
for three different values of the top mass.

We can use the kernel method then to again compute
average volumes, trusting that the assumption of uncorre-
lated Hubble patches is not a terrible approximation. In
general, as a function of Hubble H, Fig. 8 (upper panel)
shows average volume of regions with & < h;,, computed as
before:

H—3 .

(volume) =

1
1-f
fa= /0 " ahp(h). (37)

for the three different values of top mass. We would like the
average volume to be at least as big as our observable
Universe. Now note that we need ~60 e-foldings of
inflation to produce our observable Universe. This leads
to a postinflationary era made up of ~e'3" inflationary
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Hubble patches. If we then expand that comoving volume
to today, it will indeed be on the size of our observable
Universe. Hence the patches created in this steady state
distribution should typically be at least this large, and
ideally the average (volume) should be at least this large.
We find that the bound on inflationary Hubble values in
order to achieve this is

5.8 x10° GeV  for my,, = 172.5 GeV,
1.4 x10° GeV  for my,, = 172.9 GeV, (38)
4.6 x 108 GeV  for My, = 173.3 GeV,

Hypax =

which is one of our primary findings.

We note that these values are less than the Gaussian
approximated critical Hubble values H((;(r)). Hence one
could in principle use the Gaussian approximation to
examine the steady state. However, in the literature, the
steady state is usually not utilized. Instead the distribution
is usually simply cut off at N =~ 60 to obtain a critical
Hubble value.

Finally, Fig. 8 (lower panel) shows the fractal dimen-
sion Dy of regions containing Higgs within the instability
scale as a function of H, which is given as before, but with
D = 3 as the background dimension:

Dy = lim

In V<hht (N)

with

V<hm _e3eSH/ dh;K(hiy, h;,€)p(hy,0)

and N = es.

As mentioned earlier, in any realistic scenario of our
Universe, after inflation it must reheat, rendering thermal
corrections extremely important in the analysis. Having
dealt with the eternal inflation scenario at zero tempera-
ture, in the next section we will analyze these thermal
corrections.

IV. THERMAL EFFECTS AFTER INFLATION

It is known that, at a finite temperature, the Higgs
potential is partially improved, in the sense that at high
temperatures the new effective potential has an instability
scale hy, that is pushed to even higher values. In the
literature it has sometimes been assumed that this can
relax the bounds on the inflationary Hubble scale
completely; ie., any H is now allowed, since even
though the Higgs may be on the wrong side during
inflation, it can be thrown back after inflation in the
altered potential. Often authors assume “instant” reheat-
ing, and some have used related ideas to build interesting

models to explain various physical phenomenon (e.g.,
see [16]).

However there are reasons to be skeptical that the
Higgs field can be “saved” during the reheating era. In
Fig. 9 we plot a measure of slow roll, namely, V"/H?
(which is on the order of the second slow-roll parameter
ns)- This is the effective mass-squared in units of
Hubble. This is evaluated at H = H,,,, that we found
above, and a similar curve applies for nearby value of H
too. The dashed lines are the turnover scale i, at zero
temperature (during inflation). We see that for i > hy,
then |V”|/H2,, is appreciable, so the field is expected to
start to roll quickly. This gives very little time for
reheating to occur and “save” the Higgs field. For
H > H,,,, the field does not roll as fast, but this is
an even more precarious situation since so much of the
Higgs field is on the wrong side, and so it would be
rather nontrivial for it all to be saved. In summary, it
seems safe to assume that H < H,, that we computed
above, although a full exploration of this issue is left for
future work.

On the other hand, it was claimed in Ref. [14] that
even though h,, is pushed to higher values, thermal
fluctuations in the Higgs can be so large and can throw
the Higgs to the wrong side, even if H < H,,,. This may
be a particularly interesting approach when one is
considering the formation of AdS regions where gravity
will ultimately play a significant role. However, it is also
of importance to note that no physical spatial scales were
accounted for in this analysis or a direct inclusion of
local gravitational effects. Thermal fluctuations were
calculated at a point in space, which was then used to

0.2 T T T

N

— Migp = 172.5 GeV

-0.6
— Myp =172.9 GeV
-0.8
— Myop = 173.3 GeV
-1.04 L L L
1x10° 5x10° 1x10"° 5x10"%1 x 10"

Higgs h (GeV)

FIG. 9. A measure of the fast roll V"(h)/H?, with H = H .
(the maximum H value to allow for a large observable universe).
The dashed vertical lines are & = hy, are the hilltop values for the
Higgs. This plot shows that for & > hy, the field is about to
undergo fast roll and we expect it to readily head toward an AdS
crunch or other catastrophe. This is within the framework of the
minimal SM in 3 + 1 dimensions for three different values of the
top mass.
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construct a Gaussian probability distribution in the Higgs.
This was then required to have small enough support for
h > hy, such that a large ~e'8'H=3 sized region can
survive, and a bound on the reheat temperature was
found. However, this does not ensure an instability. The
correct analysis is to consider the formation of thermal
bubbles; these have finite spatial extent (roughly given by
the inverse effective Higgs mass), and one needs to take
into account the spatial dependence of the two-point
correlation function. The appropriate calculation is the
corresponding finite temperature Euclidean bounce sol-
utions (instantons). Taking this into account, we will be
led to different conclusions from Ref. [14]. However,
local gravitational effects could still alter the situation,
and a full inclusion of such effects is an interesting topic.
We also mention there is important earlier work on this
thermal tunneling (including Refs. [5,6,35-38]), which is
connected to our work here.

We ignore the possibility of a direct coupling between
the inflaton and the Higgs, leaving this for future work, and
assume a generic reheating scenario that takes at least a few
e-foldings. One may imagine reheating takes place by
coupling the inflaton to gluons or other SM particles by
higher dimension operators. Once the universe gets in
thermal equilibrium with all the SM degrees of freedom, we
can then attach the thermal free energy to the effective
Higgs potential: The free energies due to bosons and
fermions in the thermal bath are

T4 [e l—e ViTP
AVy(h,T) = — dzz?ln| —MM —
p(h.T) 27[QA zz°In = :
5 m?:(h)
_T4 ) 1+€ 72
AVi(h,T) = — dzz??In| —— |, (40

respectively (we have subtracted out the radiation piece
~T*, since, although it is important to the total energy of
the universe, it does not directly affect the Higgs dynamics
as it is & independent). The only significant contributions
come from the W and Z bosons (six and three total degrees
of freedom, respectively), and the top quark (12 total
degrees of freedom), each of which have the following
masses:

_ ¢*(h)
miy(h) = 4 h?,
5o G (h) +g*(h)
mz(h) = 4 n,
() =2 2 (41)

and where g, ¢/, and y, are the SU(2), U(1) and top Yukawa
couplings, respectively. The effective temperature corrected
Higgs potential is therefore

Ver(hT) = V(h,0)+ > AVi(h.T). (42)

With this new effective potential, we can calculate bounce
actions for tunneling of the Higgs to true vacuum at a finite
temperature. In the next section, we numerically obtain
bounce actions for different temperatures with the above
temperature corrected effective Higgs potential and show
that there is no bound on reheat temperature.

A. Tunneling probability at finite temperature

For a field theory at a finite temperature in 3 + 1
dimensions, the relevant bounce action associated with
a thermal bubble is provided by the Euclidean O(3)
solution [39]

Sp(T) = 4ﬂ/drr2 B (’Z’f)z + V(hB,T)}, (43)

where hg(r,T) is the bounce solution for the equation of
motion

Ph  2dh OV

- = 44
dr2+rdr or’ (44)

with boundary conditions

h(0,T) =0,
dh

“0.7) = 0. (45)

Then, the probability of tunneling via thermal bubble
formation is roughly (we suppress the prefactor here as
it is of subleading importance)

Ss(T)

Plunnel X €Xp |:_ T:| . (46)

With V(h, T), we numerically obtain bounce actions for
different temperatures and hence tunneling probabilities.
Figure 10 (upper panel) shows Sg(T)/T vs temperature 7,
and Fig. 10 (lower panel) shows an estimate of correspond-
ing tunneling probabilities by simply exponentiating the
former.

This probability, when properly normalized, is per unit
volume per unit time. If we take the inverse of this
probability, it is seen to be far greater than the number
of bubble-sized patches in our comoving universe (that is
very roughly ~e'3 ~ 1078, or so). It is clear that not only is
there no bound on reheat temperature, even extremely high
temperatures approaching the Planck scale (though they
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FIG. 10. Upper panel: Three-dimensional Euclidean bounce
action Sp(T)/T vs reheat temperature T for a thermal bubble.
Lower panel: The corresponding tunneling probability

Prannet ~ €58/T_This is within the minimal SM and we have
shown the result for three different top masses.

would not realistically be reached in any postinflationary
era) carry insignificant tunneling probabilities for there to
be a thermal Higgs bubble formation in our observable
Universe.

V. SUMMARY

In this paper, we have for the first time analyzed the
eternally inflating scenario in the context of the minimal
SM. Since the SM Higgs field develops an instability at
high field values, thereby allowing an inflationary phase
only in a finite domain, the Universe gets to an eternally
inflating steady state in which any initial transient behavior
washes out, and all interesting quantities like average
volumes of regions, fractal dimensions, etc., are therefore
independent of the number of e-foldings provided in the
final stages of slow-roll inflation.

The corresponding steady state distribution in the field
has significant deviations from Gaussianity depending on

the value of inflationary Hubble H and is therefore
important to keep track of. In order to obtain it for different
choices of parameters, we derived a kernel that propagates
the radial field’s distribution in time, which upon normali-
zation gives the desired steady state distribution. In order to
compare it against Gaussian approximation, we began with
a toy model of four scalar fields with a spherically
symmetric M-shaped potential in 1+ 1 dimensions and
showed that the usual Gaussian approximated (radial) field
distribution in any Hubble volume deviates significantly
from the former. For a concrete analysis, we also compared
them against actual 1 4+ 1-dimensional simulations, finding
the kernel method to be much more accurate. We then used
the radial field’s kernel to analyze this eternal inflation
scenario with the two-loop renormalized SM Higgs poten-
tial. As before, we first compared kernel propagation
analysis with actual 1+ 1-dimensional simulations and
showed that the former is accurate in calculating various
statistical quantities. Then, we applied it to 3 + 1 dimen-
sions, and along with obtaining these statistical quantities,
we obtained upper bounds on the inflationary Hubble scale
H to obtain an observable universe (of size ~e!'3H=3) for
upper, central, and lower value of top quark mass.

Finally, after inflation ends locally in various regions,
they must reheat and thermal corrections (due to W, Z and
top quark) become important, leading to the instability
scale of Higgs getting pushed to higher values for larger
temperatures. Assuming a generic reheating scenario,
where the inflaton takes at least a few Hubble times to
reheat the Universe, and therefore thermal effects are
unlikely to rescue the Higgs if H > H,,, we then
calculated tunneling probabilities from the electroweak
vacuum at a finite temperature to the true vacuum. We
found that even for extremely high temperatures, the
bounce actions are large enough that thermal bubble
creation is negligibly rare in our comoving volume.
Therefore, high reheating of the SM poses no threat to
the electroweak vacuum metastability all the way to My,
but a high scale of inflation does. Modified reheating
scenarios will be the subject of future work.
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APPENDIX: BETA FUNCTIONS

Two-loop beta functions for the relevant SM couplings
and the anomalous dimension of Higgs y are as follows
[40-44]:

103506-13



MUDIT JAIN and MARK P. HERTZBERG

PHYS. REV. D 101, 103506 (2020)

1 3
P oz [PV = 651+ 5 00+ (74 )+ 21257 =96 - 397
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Here, 4, y;, g, ¢, and g, are the Higgs self-coupling, top quark Yukawa coupling, weak SU(2) coupling, U(1) hyper-charge

coupling, and strong coupling, respectively.
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