PHYSICAL REVIEW D 101, 096018 (2020)

Three-boson bound states in Minkowski space with contact interactions
E. Ydrefors ,1’2 J. H. Alvarenga Nogueira,l’3 V. A. Karmanov,4 and T. Frederico®'
Unstituto Tecnologico de Aerondutica, DCTA, 12228-900 Sdo José dos Campos, Brazil
2Université Paris-Saclay, CNRS/IN2P3, IJCLab, 91405 Orsay, France
3Dipartimento di Fisica, Universita di Roma “La Sapienza” INFN,
Sezione di Roma “La Sapienza” Piazzale A. Moro 5—00187 Roma, Italy
*Lebedev Physical Institute, Leninsky Prospekt 53, 119991 Moscow, Russia

® (Received 2 March 2020; accepted 15 May 2020; published 26 May 2020)

The structure of the three-boson bound state in Minkowski space is studied for a model with contact
interaction. The Faddeev-Bethe-Salpeter equation is solved both in Minkowski and Euclidean spaces. The
results are in fair agreement for comparable quantities, like the transverse amplitude obtained when
the longitudinal constituent momenta of the light-front valence wave function are integrated out. The
Minkowski space solution is obtained numerically by using a recently proposed method based on the direct
integration over the singularities of the propagators and interaction kernel of the four-dimensional integral
equation. The complex singular structure of the Faddeev components of the Bethe-Salpeter vertex function
for space and timelike momenta in an example of a Borromean system is investigated in detail.
Furthermore, the transverse amplitude is studied as a mean to access the double-parton transverse
momentum distribution. Following that, we show that the two-body short-range correlation contained in
the valence wave function is evidenced when the pair has a large relative momentum in a back-to-back
configuration, where one of the Faddeev components of the Bethe-Salpeter amplitude dominates over the

others. In this situation a power-law behavior is derived and confirmed numerically.
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I. INTRODUCTION

The Bethe-Salpeter (BS) approach is an important and
efficient tool to investigate relativistic few-body systems.
Solving the BS equation with a realistic interaction,
especially for a three-body system, is technically a rather
complicated problem. However, the principal qualitative
properties can be understood through models that retain the
main features of the physical system. One of these models,
fundamental in nuclear physics and described (in the two-
body case) in any textbook, is the zero-range interaction.

The three-body BS equation in Minkowski space with
zero-range interaction was derived in Ref. [1] in 1992.
Later on, in 2017, the equation was solved in Euclidean
space [2] for the first time and then, quite recently, directly
in Minkowski space [3]. Concerning the Euclidean space
solution, the reasons of this time lag was due to the fact
that, though the BS equation was given in Ref. [1] in a
simple and transparent form, as it was there presented the
equation did not allow to make the Wick rotation directly.
Whether the rotating integration contour crosses the
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singularities or not, this depends on the point around which
it is rotated. To determine the safe point one must make a
shift of variables in the BS equation [1], as proposed in
Ref. [2]. This was the key to success. As for the Minkowski
space solution [3], the methods were absent until recently.
In Ref. [3] the method developed in Ref. [4] was used.

The aforementioned method is based on the direct inte-
gration of the singularities of the propagators and inter-
action kernel [4]. It does not resort to the Nakanishi integral
representation [5,6] and light-front (LF) projection. In the
present paper we will follow this method and explore it for
obtaining information on the structure of relativistic three-
body systems.

However, the corresponding equation in the light-front
dynamics (LFD) was derived and solved already in Ref. [1].
Then the stability of the solution was thoroughly explored
in Ref. [7]. Finding the solution of the BS equation fully in
Minkowski space is rather important for applications when
used to calculate observables like parton distributions
and electromagnetic form factors (see e.g., Ref. [8]). The
Euclidean solution, though it provides the bound state
spectrum, requires a careful analytical extension of the
Euclidean BS amplitude, and for large enough momentum
transfers overlapping cuts turns the task cumbersome,
preventing to explore the whole range of momentum
transfers. Besides that, the comparison between the BS
and the LFD solutions provides valuable information about
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the structure of the system, i.e., regarding contribution of
the higher Fock components etc.

As it was shown in Ref. [2], the effect coming from
higher Fock components on the binding energy and trans-
verse amplitude is huge, even for weakly bound states. This
is different from the two-body case, where the truncation at
the valence state does not present such a dramatic effect
(see e.g., Refs. [9,10]). This difference in a three-body
system is explained by the contribution of effective three-
body forces of relativistic origin, as investigated in
Ref. [11]. It is noteworthy that the BS equation for three
bosons has a kernel analogous to the contribution provided
by the quark exchange diagrams in quark-diquark models
in the constituent quark picture [12], making even more
appealing the outcomes of the Minkowski space approach
to be presented as follows.

The conclusion that the effect coming from higher
Fock components is sizable leads to raise doubts regarding
the range of validity of valence inspired models, which
are widely applied to hadron physics, as they might be
inappropriate to describe certain features of the bound state
dynamics, particularly for three-body systems. It is worth
mentioning that even for two-boson bound states the
contributions coming from higher Fock components, as
shown by the calculations [9,13], can constitute more than
30% of the normalization. The BS equation and LFD
approaches have already been used as a suitable framework
in phenomenological applications. For instance, the calcu-
lation of the LF amplitudes in a simplified pion model with
strongly bound constituent quarks was done through the
solution of the BS equation directly in Minkowski space
[14] and also the final state interaction in heavy meson
decays was studied using a relativistic LF model [15,16].

As mentioned, the comparison of the binding energies
calculated within LFD and BS equation for a one-boson
exchange kernel presents a significant discordance [11],
unlike what happens for two-body systems [17]. In
Ref. [11] there was found an increasing effect of the
three-body forces as the exchanged boson mass y grows,
what is relevant for the zero-range case, which corresponds
effectively to u — oo. Although that work was quite
instructive, the three-body forces were taken into account
only perturbatively, producing a significant contribution to
the bound state energy, what indicates the necessity to go
beyond perturbation theory. It is essential to obtain the
nonperturbative solution of the three-body BS and LFD
equations, including three-body forces, in order to have a
thorough understanding of the physical system.

In the nonrelativistic approach, within the Schrodinger
equation, it is well known that the binding energy of a
three-boson system with the two-body zero-range inter-
action is not bound from below, what is known as the
Thomas collapse [18]. As shown in Ref. [1], and further
explored numerically in Ref. [7], the relativistic effects
result in an effective repulsion at small distances that

prevents the Thomas collapse in the relativistic case.
This result was found for the valence truncation, within
the LFD framework. Therefore, exploring the complete
amplitude by means of the BS equation, which includes
higher Fock contributions, is necessary to describe such a
relativistic three-body system.

Furthermore, the approach for three-boson systems
allows one to explore within the relativistic context a wide
and important field of research that is already very well
established nonrelativistically, known as the Efimov phys-
ics [19,20]. The three-body approach developed here paves
the way to explore many interesting relativistic phenomena
and it is expected to bring more remarkable outcomes as
further studies are done.

This paper is devoted to a detailed study of the
Minkowski space solution of the three-boson Faddeev-
BS equation in the case of the two-body zero-range inter-
action. As the goal is to address the zero-range interaction
case, a major point is the influence of relativistic effects
on the stability of the three-body system and the impact on
its structure. To accomplish such a goal we focus on
Borromean systems and the Faddeev-BS equation is solved
both in Minkowski and Euclidean spaces. The choice
made for Borromean states simplifies the computations
in Minkowski space, as the bound state pole is absent in the
two-body scattering amplitude, which is an input to the
kernel of the Faddeev-BS equation.

The Minkowski space solution is obtained by the direct
integration of the singularities of the propagators and
interaction kernel [3], what allows us to explore in the
space and timelike momenta regions the complex singular
structure of the Faddeev components of the BS vertex
function of such a Borromean state. We study in detail
the numerical solutions by showing that both methods
produce results in fair agreement for the Faddeev compo-
nent of the transverse amplitude obtained from the corre-
sponding component of the valence wave function, after
integration over the longitudinal LF momentum fractions.
In addition, the double-parton content of the transverse
amplitude is studied, and we evidenced the two-body short-
range correlation contained in the valence wave function.
The kinematical condition to expose the pair short-range
correlation was set for large relative momentum in a back-
to-back configuration, in such situation the Faddeev com-
ponent of the BS amplitude that brings the pair interaction
is the dominant one. We also found, as expected for large
relative momentum, a power-law behavior, that was con-
firmed numerically.

The paper is organized as follows. The theoretical
formalism for the two-body scattering amplitude, 3-body
BS equation and transverse amplitudes is outlined in
Secs. II-VI. In Sec. VII the Wick rotation of the three-
body BS amplitude is revisited to clarify that the transverse
amplitude is independent of that. In Sec. VIII the numerical
results are presented and discussed. The conclusions are
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then drawn in Sec. IX. Some of the more lengthy
derivations, and also a brief summary of the numerical
methods, are available in appendixes.

II. TWO-BODY SCATTERING AMPLITUDE

For the contact interaction (with the four-leg vertex il),
the two-body amplitude F(M?,) is determined by the
equation shown graphically in Fig. 1 (see also Ref. [1]).
Iterating, we find that the first contribution is simply i/, the
second one is (i1)?B, where B is the amputated from (iA)?
the bubble graph, etc. That is

iF(M3,) = id+ (iA)*B + (iA)’B> + ...
__ # ! (1)
1= (A)BM3,)  (iA)7 - B(M3,)
or
1
FM) = T Bory)] )
where
d*k i i
B(M?,) = / 2n)* (k2 = m* + ie) [(k — P)?> — m* + ie]
(3)

Here m denotes the boson mass, and P is the total four-
momentum of the two-body system, P> = M7,, where M7,
denotes the squared effective off-shell mass.

The loop integration (3) has a log-type ultraviolet
divergence that has to be regularized and renormalized
by fixing the scattering amplitude at some physical value,
which will be given by the bound state pole or scattering
length. Although it is a well known and standard procedure,
we will present it in the following for the sake of
completeness as well as to fix our notation.

A. Normalization of the scattering amplitude

In the derivation of the two-body amplitude, we follow
the definitions and normalization of Ref. [21]. According to
it, the partial wave amplitude of angular momentum L is
defined as

FL(kv) = —ﬂ/_l dZPL(Z)F(km Z>’ (4)

1

FIG. 1. Diagrammatic representation of the integral equation
for the two-body scattering amplitude (1) of Ref. [1].

where k, = |/2 | is the magnitude of the particle momentum
in the rest-frame, z is the cosine of the center-of-mass (c.m.)
scattering angle and P; (z) is the Legendre polynomial. For
a z-independent amplitude (2):

Folk,) = 1o F(M3). 5

In the given normalization, the scattering amplitude is
related to the phase shift by [4]

3 . .
Folk,) = =exp(iy) sindy = exfo(k,).  (6)
with &, = \/k? + m?. The S-matrix is unitary if the phase-
shift §, is real and

1

k,) =——F—,
folks) k, cot &y — ik,

(7)
is the standard nonrelativistic form of the scattering

amplitude. The expansion in powers of k2 in the low
energy region, gives:

1 1
kycot50:_2+§rok%+...’ (8)

where a is the scattering length and r the effective range.
The relation to F(M?,) is

1

— 2
= T FUM) o)

fO(k@)

and the two renormalization conditions to be used in the
following, are based either on fixing the bound state pole or
the scattering length. The latter condition reads

folk, =0) F(4m?) = —a. (10)

~ 16zm

that fixes the scattering amplitude at the continuum
branch point.

B. Renormalization via bound state pole

One way to calculate B(M?,) is to use the standard
Feynman parametrization:

1 1 du
E_A [ua + (1 —u)b]*’ (1)

with @ = k> — m? + ie, b = (k — P)> — m* + ie, and then
compute the 4D integral in the Euclidean space. However,
for M3, > 4m?, the integrand of this integral becomes
singular and this method is not so convenient.

Therefore, to calculate the amplitude (especially for
M2, > 4m?*) we use the initial integral (3) (written in the
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c.m. frame P = 0) and start by performing the integration
over kg by residues, i.e.,

dkyd’k 1
BM3,) =~ [ =2
(M) / (27)* (k3 — k2 —m? + ie)

1
(ko = M12)* =k — m* + ie]
= 2nmi(res| (M) + resy(Myy)). (12)

B

Here res; , are the residues of the integrand in one of the
two poles in the upper half plane of the complex variable
kq. The positions of the poles are

kéw = —¢g, + e, k(()z) =M, — & +ie,

and the corresponding residues are given by

Ak2dk, 1 1
res, (M? :/ vov . (13
(M) = ) (27)* & [(ex + M12)* — & + ie] 13)
Ak2dk, 1 1
M? :/ Casi ) 14
resz(Mi,) o (2m) & [Mp(Myy —2¢;) + ie] (14)

where the integrals are regularized by the momentum cut-
off A. If —co < M2, < 4m?, the integrals (13) and (14) are
nonsingular ones. Contrary to this, if M, > 2m, the second
residue is represented as a sum of two contributions: the
principal value of the integral over &, and the delta-function
contribution, i.e.,

res,(M2,)) = res,,(M2,) + res,,(M3,)

B PV/Ak%dk”I 1
0 (277)3 e Mip(Myy —2¢y)

NRdk, 1
+ /0 2 o (=im)8[M (M5 — 2¢y)]

) 1 y//
= resza(M]Z)—i—z—m.E, (15)
where the delta function is integrated out by taking A — oo
and y” is defined below, in Eq. (21).

As the contribution res,,(M?,) in (15) is divergent in the
ultraviolet limit, it is necessary to perform a regularization
process. By renormalizing we can express the bare param-
eters (in this work, the coupling constant 1) via observables
(usually, in the field theory, via a “physical” coupling
constant). From the condition that the two-body system has
a bound state with the mass M, and the amplitude (2) has a
pole at M, = M,, one finds for the coupling constant A

(iA)~! = B(M3) = 2zi(res,(M3) + res,(M3)).  (16)

The denominator in (2) then becomes

if(ia)~" = B(M?,)]
= i[B(M35) — B(M?,)]

0o 327k} — (M7, — m?)]
ki dk, Y

T =) 16r "

In Eq. (17), the principal value (PV) integral takes into

account the singularity at k, = /3 M?, — m? and the limit

of A — oo is taken since the integral is ultraviolet finite.

Now the integral (17), (in which the bare coupling
constant 4 is expressed via the two-body bound state mass
M) is finite and its calculation in different domains of the
variable M, results for F(M7,) in:

(i) If —c0o < M3, <0 (1>y2>0),then:

1 1+y arctanyj, ]!
F) = | togy 2 - S0y
loz’y “1-y  8z%y),
(ii) If 0 < M3, <4m* (0 <) < o0), then:
arctan y’ arctan yﬁ,, -1
f(M%z) = [ 2 - 2 : (19)
8%y’ 87V,
(iii) If 4m> <M?, <00 (0<y”<1),then:
y// 1+y// arctanyﬁm ) y// -1
F(M3,) = 1 - 2— . (20
(M) [1671‘2 8] -y 87y, "Ton (20)
Here y}, = \/MMj—_m and

y= V-Mi, y = M,
\/4m2—M%2’ \/4m? —M%Z’
" V M%Z _4m2 (21)
yr=X-1z

a M,

We have not yet introduced the scattering length a in
F(M3,) instead of the two-body bound state mass, which
will allow to generalize the scattering amplitude for the
case where no bound state exists. This will be discussed in
detail in the next subsection. It should be also noticed that
above the threshold M, > 2m, the amplitude obtains in the

. . . . V\'”
denominator an imaginary part —lie

C. Renormalization via scattering length

The two-body scattering amplitude (18)-(20) was
obtained by fixing a bound state pole at M, = M,.
However, it can happen that the two-body bound state is
absent, hence, the two-body scattering amplitude has no
any bound state pole. Besides that, the three-body bound
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state may exist in absence of the two-body one. In this
situation a different condition will be used: the requirement
that the scattering amplitude at zero energy is equal to —a,
where a is the two-body scattering length. The (non-
renormalized) two-body amplitude F(M3,) still has the
form of Eq. (2). Its argument can be written as M7, = 4e7.
By using (2) and (10) we obtain

1 1
= - 22
162m i[(id)~" — B(4m?)] “ (22)
and therefore
(id)~! = B(4m2) - ! . (23)
16irma

The two-body amplitude is then given by

1
i[B(4m*) = B(M1,)] - 167

~ T6zma

F(Mt,) = (24)

The two-body scattering amplitude is obtained after
substituting 2m for M, in Eq. (17), and in the different
regions of M?, it reads:

(i) If —c0o <M}, <0 (1>y2>0),then:

1 I+y 1]
M3,)) = 167 |—log———| . 2
F(Mi,) 6”[71); Ogl—y ma] (25)

(i) If 0 < M2, <4m*> (0 <y < o0),then:

2 arctan y’ 1 1-1
F(M%z)zl&r{—arc Y ——] . (26)

Ty ma

(iii) If 4m*> < M3, < oo (0 <" < 1), then:

y// 1
F(M3,) = 167 [; log

For negative scattering length « this amplitude has
no poles.

The two-body amplitude can be written from Eq. (27) in
terms of the c.m. frame momentum as:

k, k, 1 k11
f(M%Q)zmn[—@logw—L———i—@] . (28)

egn e —k, ma g
and then:

k, k,
kaOtfso:;LlOgZi—k —%, (29)

which is real showing the unitarity of the model amplitude.
The power expansion for small k, and comparison with (8)
allows to identify the effective range as

4 1
S A —— 30
To mimr mza ( )

which is determined by the terms o 1/m, 1/m?, reflecting
the relativistic origin of the model.
In the case when the bound state exists, one finds that

y ™,
2m arctan(y),, )’

o 2[2y)y, — arctan(yj, )] (1)
0= My, ’

and Egs. (25)-(27) then coincide with (18)—(20).
Furthermore, for small binding energy B < m the variable
Y, increases as yj,, ~ /m/B. The scattering length a also
increases for B — 0 with

4
a—>— and ryg—>—, (32)

vmB mn

whereas the effective radius ry tends to a constant.

III. THREE-BODY BETHE-SALPETER EQUATION

The solution of the zero-range three-body BS equation
for three identical spinless particles using the Faddeev
decomposition of the full BS amplitude can be reduced
to the solution of one single integral equation for the
spectator vertex function vy (q, p) (external propagators
are excluded). In the zero-range interaction case vy, (q, p)
depends upon both the total momentum p and on the
four-momentum of the spectator particle ¢g. The equation
reads [1]:

d*k i
(2r)* [k* — m?* + i€

vy (q. p) ZZiF(M%z)/

Mg vq ek 5

Notice that the momentum of the spectator particle, g,
determines the effective mass of the two-boson subsystem,
M ,, due to the four-momentum conservation (see below).
Therefore, the vertex function does not depend on other
momenta besides ¢ and the total four-momentum p. The
other two components of the integral equation (33) can be
easily obtained through the cyclic permutation of the
momentum of the constituent particles. The full BS
amplitude in Minkowski space is recovered by multiplying
the vertex function by the three external propagators and
summing up the components, i.e.,
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i@y (ky .k, k3 p)

vy (ki) + v (ka) +vp(k3)
(k3 —m?+ie) (k3 —m* +ie) (k3 —m* + ie)’

(34)

=3

where vy, (k) = vy, (k, p) (to simplify our notation) and the
four-momenta obey the relation

The relativistic two-body zero-range scattering amplitude
F(M3,) in (33) was derived in Sec. II and, being renor-
malized via scattering length, is given by Egs. (25), (26)
and (27). Its argument M3, is expressed via three-body
momenta as M3, = (p — ¢)*. One major simplification in
Eq. (33) happens due to the fact that the amplitude F(M?3,)
does not depend on the loop integration variable & in the
zero-range case. Due to that the two-body amplitude factors
out in the integral equation, what does not happen for a
finite-range interaction kernel like the one-boson exchange
or the cross-ladder one.

Notice that in Refs. [1,7] the regime M?, > 4m?> of
F(M3,) (27) was not presented, due to the range of the
variables considered in those works. The amplitude in terms
of the bound state mass, as presented in Refs. [1,7], is given
in Eq. (19) (i.e., in the physical domain, 0 < M, < 2m).

Such a link is very important to understand the range
covered by the results obtained previously, in Refs. [1,7],
by considering only the situation where the two-body state
is bound (i.e., a > 0) producing a real M, through Eq. (31),
and the full support covered by Egs. (25), (26) and (27),
including also virtual two-body bound states (i.e., a € R).
In other words, as mentioned, in the region for whicha < 0
the amplitude F(M?3,) has no pole in the physical domain
and, therefore, the two-body bound state does not exist.
The three-body system can still be formed though, as a
Borromean bound state.

The goal now is to solve the scalar three-body BS
equation (33), derived in Ref. [1], for the lowest angular
momentum bound state, with zero-range interaction, fully
in Minkowski space and retaining implicitly the Fock-space
composition beyond the valence truncation. The adopted
method is the direct integration of the singularities of the
four-dimensional integral equation, developed recently for
the two-body BS equation in Ref. [4]. The method does not
rely on any ansatz, as e.g., the Nakanishi integral repre-
sentation used for the solution of the two-body equation in
Ref. [9]. No three-dimensional reduction of the covariant
4D equation, as the one done by performing the projection
onto the LF plane, is adopted. Part of what is exposed here
was published in Ref. [3]. Further comparisons with results
obtained in the Euclidean space calculations will be
provided to test the reliability of the method.

One interesting example of a calculation within the
approach used here is the electromagnetic transition form

factor [22], which quantifies the breakup of a two-body
bound state. This highly complex calculation was per-
formed through the direct integration method in Minkowski
space, using as inputs the solutions, obtained by the same
method [4], of the scattering and bound state BS equations.
The transition form factor, including the final state inter-
action, was calculated in the whole kinematical region. It
satisfied the nontrivial condition of current conservation
explicitly verified numerically.

Equation (33) is a singular integral equation and solving
it numerically is a very challenging task. For that reason,
the equation requires a proper treatment to be rewritten in,
at least, a less singular form before its numerical solution in
the c.m. frame, p = 0. The propagators, containing the
strongest singularities of the BS equation kernel, are
represented in the customary form [4]

1 1
K> —m?+ie ki—ki—m?+ie

PV T sy — ) + 8k + 1)

= -5 — —€ &)l

k%—8% 2€k 0 k 0 k

(36)

where PV denotes the principal value. The terms like

PV [.. kgfii contain the singularities at ky = 4¢;, which
are removed by subtracting integrals from the equation,
with appropriate coefficients, in such a way that the final
equation is not affected. For that, the following identities

are used

0 dk © dk,
PV/ > 02:PV/ Lo =0.  (37)
—ooko_ek 0 k0—8k

The second propagator in Eq. (33) can be integrated over

the angles analytically. Denoting z = cos(]f;j) and recall-

ing that d*k = k2dk,dzdg, one can write that

idzdg
11 ko, k) = -
(qO’ qvs Ko ) / [(P —q- k)2 _ m2 + l€]

in {log' (r 1)‘ - iﬂl(n)}, (38)

T4k, (n—1)
with
1(17)={1 %f < 1, (39)
0 if |y > 1
and

(M3—q0—k0)2—k%—q,2b.—m2
2q,k, ’

n= (40)

where M5 denotes the bound state mass of the three-body
system. The BS equation (33) turns, after integration over

096018-6



THREE-BOSON BOUND STATES IN MINKOWSKI SPACE WITH ...

PHYS. REV. D 101, 096018 (2020)

the angles, into an integral equation with the kernel (38),
that is still singular. However, these singularities are
weakened by integration and become logarithmic ones
and discontinuities, that will be treated numerically.

Once the propagators are expressed as in Eq. (36), the
principal value singularities are subtracted and the angular
integrations are performed, Eq. (33) acquires the follow-
ing form:

F(M? o0 27
our(dor g,) = 00) / k%dkv{—[n<qo,qT,;ek,kmM(sk,m+n<qo,q@.;—sk,ki;)vM(—ek,kv)}

(2m)* 2e

_2/0 dk {H(‘IO»qy;ko,ky)vM(kOvkv)

o8]

B H(qu quvs —Eks kv)”M(_‘gkv kv)
ki — €1

* H(‘]()’ 95 kOv kv)vM(k()’ kv) - H(CIO’ v Eks k1:)UM(£kv kv)
2 | ak,
0

This equation has now, besides the unknown analytical
behavior of vy, (g, g,) that will be discovered numerically,
only weak singularities and discontinuities, but unlike (33)
the singularities in ky = &, no longer exist.

The logarithmic singularities of the kernel (38),
I1(qo, g, ko, k,,), at n = £1 can be found for fixed values
of g9, g, and k,, what makes the numerical treatment in k
easier. Their positions with respect to the variable k, are

ko = (M3 —qo) + 1/ m* + (k, + q,)*,
ko = (M5 - q¢) — \/ m? + (k, £ q,)%. (42)

Analogously, the position of the singularities can be
found for the variable k,, so that the integration over this
variable can be optimized numerically. The positions of the
singularities of I1(qy, ¢,, &, k,) as a function of k, are
given by

_ £/ M, (M3, + q3) (M3, — 4m*) £+ q,M7,

k?}
2M3,

(43)

where M3, = (M3 — qy)? — ¢>. The expression under the
square root is non-negative if

M3, >4m* or M3, <0, (44)

and, therefore, for existing real singularities in k, one needs
to ensure one of the following conditions for gy: gg <
M3 —\/q; +4m* or M3 —q, <qo <M;3+gq, or qo>
M5 + +\/q> + 4m>. This means that the branching points
that need to be considered while fixing the mesh numeri-

cally to separate the regions with and without singularities
in k, are

G- I} “

gy’ = Ms—\/q} +4m*,

2 _

40 = M3~ q,,
3
q(() ) - M3 + 9v>
gy =M+ 1/} + 4, (45)
with qél) < qéz) < qg) < qé4) . As it can be seen from

Egs. (18)—(20), these branching points are also present
in the two-body amplitude F(M3,). For more details on the
behavior of the F(M7,) amplitude, see Sec. C 2.

IV. RELATION BETWEEN THE BS AMPLITUDE
AND LF WAVE FUNCTION

In this section and in Appendix A, we establish the
relation between the three-body BS amplitude and the
three-body LF wave function (LFWF). It generalizes to
the three-body system the relation (3.57) or (3.58) from
Ref. [23] for the two-scalar system and can be easily
generalized to the arbitrary n-body case.

The three-body BS amplitude is defined analogously to
the two-body one, namely:

D@y (x1, X2, X35 p) = (O|T(@(x1)p(x2)p(x3))[p).  (46)

As is shown in Appendix A, the three-body LFWF can
be related to the BS amplitude through

‘l/(/zu,fl;/zu, & E%L@)

_(pt)? o .
—mf1§2§3 dklde(DM(kl’kka’p)’ (47)

where &; + &, + & = 1 and the plus and minus momentum
components are given by p* = p® & p3 with analogous
definitions for the other momenta.
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Similarly, one has for the two-body case that
wkis,&i3ky1. 62)

N
5—2—715152/dk1_®M(k17k22P)- (48)

By introducing the relative variable k =1 (k; — k),
®,, = ©y(k, p), Eq. (48) can be written on the form:

pt
\ 2

It differs from Eq. (3.57) of Ref. [23] by the degrees of #
due to the presence of the factor (27)3/? in Eq. (3.53) of
Ref. [23] which we did not introduce above.

w(f,.8) =L—g(1-¢) / Dy (R K+ k"3 p). (49)

Noteworthy that the support of the function 1//(/? 1,¢) in
the variable &, or of the integral

/dk‘¢M(%l,k+,k‘;p),

is0 < & < 1, as it should be. This follows from the fact that
®,, is not an arbitrary function, but it is defined, in the
coordinate space, by

@y (xy, %25 p) = (O|T(9(x1)@(x2))|p),

analogously to the three-boson BS amplitude defined in
Eq. (46). This support is also automatically obtained if one
represents the BS amplitude in the Nakanishi form (see
Ref. [24], Appendix D). The same conclusion is also valid
for the three-body case, when using Eq. (47).

V. NONRELATIVISTIC LIMIT

In this section, the nonrelativistic limits of the three-body
Euclidean BS and valence LF equations, i.e., Egs. (7) and
(10) of Ref. [2], are considered. The Euclidean BS equation
will be first analysed. Representing the three-body mass M5
as M; = 3m — Bj, with B3 denoting the three-body bind-
ing energy, and truncating the denominator in Eq. (7) of
Ref. [2], and the terms in the fraction of the argument of the
log in Eq. (8) of the aforementioned reference, to the
leading terms of momenta and the binding energies,
one gets

_ HE(Q4’ Q17’k47k’l})
(ky —£M3)* + k3 + m?

log ket aatiMs) +(q,+k, ) +m?
(ky+qa+5M3)*+(q,—k,)* +m*

(ks =i M3)* + ki + m?

1
2

kptap)? | -
llOg %BE+7( L )2+l(k4+114)
2 ky—qy .
%Ber—( L0 L ikytq,)

2m(%B3 - lk4)

=K, ~

2
At first glance, one could neglect the terms % in

comparison to (ks + g4), however, this would result in
K, =0, and therefore it is necessary to keep them.

Following Ref. [1], one can write E, through M3, =
(2m — E,)?, the two-body bound state mass as M, = 2m —
B, and introduce them in the two-body amplitude F(M?,)
in the physical domain (0 < M3, < 4m?) [see Eq. (19)] to
elaborate the nonrelativistic limit. In such case, m — oo,
and the F(M?,) amplitude becomes

167\/m

F(M3) = ————F—=, 51
( 12) \/E_‘2_\/B_2 ( )
or, alternatively,
167\/m
F(=M7,) = (52)

2m = /=M1, = /B,

Since M}, = Gp —iqs)* —qi = —(GiMs + q4)* — q; in
the limit m — oo one gets

2 2
N N A

2 q’
~-B j L 53
3 3+lﬂl4+4m (53)

Substituting it in (51), one finds for the scattering
amplitude

167y/m . (54)

2 ; 9w /

After these manipulations, Eq. (7) of Ref. [2] obtains
the form

1

. 2
$Bs +iqy+ i —VBy

A o0 dk
x/ dkv/ -
0 o0 (3B3 — iky)

2B —l——(k”’Lq”)z%—i ky +
303 o ( 4 114) ’T/E(k4vkv>9

— 2 .
%33 + —(kl'g,zv) +i(ky + q4)

V(e ) = —
R 2V

x log

(55)

where it was introduced a cutoff A to prevent the Thomas
collapse [18]. In order to obtain the time independent
equation, the integration over k, needs to be performed.
Since this is a lengthy derivation, it will not be done here
explicitly.

For the three-body LF equation given by Eq. (10) of
Ref. [2], the nonrelativistic limit, obtained by following the
same steps as before, reads
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1 1
r,(g)=
) = 2 s - B,
K)dk
« / Lok ) (56)
Bg _|_ qz _|_ 5 + (quk)
where
3q;
E2—2m M12%B3 + —-—. (57)

dm

1 . . . . _
Here the factor JE—vE; Is originating from the two-body

amplitude (51) when m — .

Equation (56) is the same as Eq. (18) of Ref. [1]. This
equation is known as the Skorniakov-Ter-Martirosyan
equation [25]. The nonrelativistic equation can be also
written in the form

F(@) = — 1
wr\d) =
mV B+ 3E - VB
X/ T, (k)dk (58)
24 k-G+qd+mB;

and, for the s-wave, after integrating over the angles, it
reads

1

q,) =
7[\/_ B3 4 m V
8 /A log <k%. +k,q, +q>+ mB3>F (k)
0 k%_kvq1/‘+q%}+m83 e
Kk,
ql}

L

(59)

The above equation, like (55), and in contrast to (33),
requires a cutoff in order to allow a physical solution
avoiding the Thomas collapse [18].

VI. TRANSVERSE AMPLITUDES

The vertex function v(gg, g,) is fundamentally depen-
dent on the metric (Euclidean or Minkowski one) adopted
to define the integral equation. The transverse amplitude
is, instead, an useful quantity for comparison between
calculations performed in Euclidean and Minkowski
spaces. Furthermore, it gives information on the valence
wave function integrated in the longitudinal momenta in
the present model, where an infinite number of Fock-
components are taken into account implicitly by the Bethe-
Salpeter framework. The rich structure of the three-boson
bound state transverse amplitude is investigated numeri-
cally in Sec. VIII B, as it is a mean to exploit the double
parton momentum dependence of the valence wave

function, and also gives access to the dynamical correlation
between the constituents.

The derivation of the expressions for the Minkowski
transverse amplitude is presented below in Sec. VI A. The
final amplitude, computed with the BS amplitude obtained
from the solution of the BS equation in Minkowski space
(41), is expected to coincide with the one defined in
Euclidean space. The expressions for the latter one will
be derived in Sec. VIB.

A. Minkowski space

As mentioned, the BS amplitude ®;, can be written in
terms of the three vertex components by introducing the
external propagators. It is given above by Eq. (34).

The transverse amplitude can be defined via @, as

(kUJkZJ_)
=Ly( ku,ku + Ly ku,ku +L3(ku,ku)

— [Tt [t [ e [ ae

X 1Dy (k. ki k207k21;k1¢,ku)- (60)

However, in the three identical boson case, only one of
its Faddeev components L; is enough for the comparison
with the transverse amplitude derived from the Euclidean
BS solution. The first Faddeev component is given by

ku,ku = l/ dklO/ dklz k2

X)((klo,k1z§ku7ku), (61)

klO’klb)
m? + ie

with

x(kio, kyikyg ko))

_ 12/ d2k2
- (k3 —m3 +ie)[(p" -

, 62
k2)2 — m% + le] ( )

where the following quantities enter: k; = (k;o. k;,;) and
d*k; = dk;ydk;, with i = 1, 2. Moreover,

m3 =m* + |ky |, — ki —kyp )%

(63)

m3 =m*+ (P,

and p" = (py. p2) = p — ki = (po — k1o, P — ki)

The two-dimensional integral in (62) can be performed
by first introducing the Feynman parametrization (11) and
then making the transformation k, — k, + (1 — u)p’. After
integration over k,, using a Wick rotation as ky = iky,
we find
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y(kiokyiky Lk / d / il
’ z° ’ _l u
10- ki ki ko) k2+D+ze
= —ni’® 64
& A D +ie’ (64)
with
=u(l—u)p”? —miu— (1 — u)m3. (65)

The denominator D is zero at

1
Uz = 27 |:p/2 —m3+m3

F \/(my = ma) = p2)(my +m)2 = p?)|. (66)

but for p” < (m, + mj3)?, the equality D =0 is never
satisfied in the interval O < u < 1, so the term ie can be
dropped out in Eq. (64) and the integral over the Feynman
parameter u can be performed safely analytically, giving
the following

)((k107klz;]_éu_’ ];u)

i’ /‘ d 1 1
= u _—
PP u_—uy) Jo u—u_ 1—u,

— T flog(1 —u)
p(u-—uy)
~log(-u_) ~log(~1 + ) + log(u,)].  (67)

with u. defined in (66).

In the situation where p’? > (m, + m3)?, the zeroes of
the denominator, u,, are placed on the real axis for the
interval u € [0, 1]. For that reason, one can separate y in
two terms, analogously to what was done in (36), i.e.,

x(kio, kygikyy ko)

=1 (kio. ki kv ko) + 2" (kos kigski kot ), (68)
where
X (ks ki ki1 k)
3 1 d L d
= PV/ . —PV/ .
pr(u_ —uy) 0 U—u_ 0o U—u,
(69)
and
)(H(klO’klz;li_’ k2J_)
- 7i3
B pPu- —uy)
1 1
X |:—iﬂ'/ dud(u —u_) — i]'[/ dud(u — u+)}
0 0
2 2

VIr? -

The principal value integrals in Eq. (69) can be carried
out analytically and one obtains for y’ the following
expression

(my —m3)?][p™ = (my + m3)?

X (ko ki ki ko)

lo og 2+m; p” [P —=(my—m3)?][p”—(ma+m3)?]
mZ m 2 2 m m m m 2

Cin /2+ -p +\/ 2( 2/23 )2 [p"2—(my+ 3>2]. (71)
\/[P — (my —m3)?[p (my + m3)?]

The contribution Ll(lzl l,l% 1) can subsequently be
written in the form

Ll(l_c)lLal_éZL):_i/ dklz{zk D((kl()’k]z’kliykQL)UM(kl()vkl@)"')(( klkalz’lekaL)UM( I;l()vklv)]
-0 10

o )((—km,k1z;z1¢,%2L)UM(—k1o,k11;)
— dkg -
0

x(=kio. k; ]_EIJ_’ zZL)”M(_%107 kw)]

Iy — kio ko — ki
_ /°° dkio |:)((k10,klz;ku_7k2j_>”M(k10vklv> _Z(iﬂo’ klz;li_’k2J_)”M(I~CIO7klv):| } (72)
0 k%o - k%o k%o - k%o
|
where It should be noticed that the function y in Eq. (72) has
square-root singularities at p”?> = (m, & mj3)?. The func-
ko = \/k%z + |/;u|2 + m2. (73)  tons y(£kio, ki;3 ki1, ko) are thus singular at

Similarly to the treatment of the BS equation in Sec. III,
propagators like [k? —m? + ie]™! were expressed in the
form (36) and subtractions were made to eliminate the
principal value singularities at ky = +k;,.

2
ki, = im \/<M3 +my)? = (my + my)?

x \/ (M3 = m1)? = (my 4 ms)2. (74)
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Furthermore, for fixed k., the positions of the singular
points of the functions y(—kyq, k1.5 k1, k1 ) and y(kyg., ky_;
/EM, /zu) are given by

kig = —M; + \/k%z + (my + m3)?, (75)

and

kio = My % \ /R, + (my + my)". (76)

respectively. In this case only the singular points located on
the positive k axis need to be considered [see Eq. (72)]. In
fact, it turns out that the integrands in Eq. (72) are
symmetric with respect to k;, — —k;,. Therefore, one
needs to consider only the region where k;, > 0 and
multiply the equation by a factor 2. Furthermore, only
the positive solutions of Eq. (74) are needed.

B. Euclidean space

The expressions for the transverse amplitudes in the
Euclidean space, presented in Ref. [2], will be derived in
detail in this section and in Appendix B. As mentioned in
that paper, the following change of variables in the original
equation (33) was performed,

k,-:k:»+§, (i=1.2,3), (77)

in order to allow the Wick rotation without crossing any
singularities. The primed momenta satisfy the relation

Ky + k5 + Ky = 0. (78)
The BS amplitude in Minkowski space can be written as

iDy (K, Ky, Ky: M3)
_ DK + B (k) + B (K3)
(k) +£)* —m? + ie
1
10+ 27— + iel[(Ky + )2 — n® + ie]
_ 3 Uy (KY) + Dar (k) + Dy (=K} — &3)
(K} +2)? —m? + i€][(Ky +£)> — m® + ie]
1

-2 —m? +ie’

where

PP, P
3’k2+37k3+39p>1

(80)

Dy (k) kb, Ky; p) = q)M(kll +

and

(81)

(k) = o (K +2)

Now, in new (shifted) integration variable one can
perform the Wick rotation in the Eq. (33) and transform
this equation into the Euclidean space. For the full
Euclidean BS amplitude one gets:

D (K, Ky K 3Ky K Ky )
_p Ue(ky. ky,) + f’E(klzm ky,) + Te(ky, k3,)
(Kiy = i%)? + K3, +m}

1
) + K3

+m%
1
B (K K

X
(kyy — i

x (82)
(Kiy + Koy +1i

where
k;?, = \/ |k;l‘2 + k/zzz’
—(ki1 + ka1 ).

(i=1,2,3)

Ky = (83)

The full Euclidean transverse amplitude, corresponding
to the Minkowski one given by (60), reads

(I_é/lj_ﬂ ]_<>/2J_)
(ku, ku) + L2(’<1L ku =+ L3(ku, ku)

—/ qu4/ dk’/ dK, / di,

X D (K4, K, Koy, Ko s Ky, K ). (84)

By insertion of Eq. (82) in (84), it is found that one of the
contributions to the transverse amplitude is given by

- [T, [T aw,

X g (Krgo K3 Ky 1 ka1 )D(KY, Ky
) ’ (85)
(kly—i ) + K+ my

(ku,ku

where the function y is derived in Appendix B and reads

ldu

){(k/m,k/]z,ku,/?u) =-7 LA (86)

Here the denominator A is given by
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A = au® + bu + c, (87)

with
2 2
a:—k/]zz— <kl14+§lM3> s

3
c=m3, (88)

2 2
b=K:+ <k’14 + —iM3) +m3 —m3,

where the m;’s are defined by Eqgs. (63) and (83).

VII. WICK ROTATION IN THE
THREE-BODY BS EQUATION

It was shown in Ref. [2] that the three-body BS
equation (33), after the introduction of the shifted variables
(77) allows the Wick rotation without crossing any singu-
larities. The validity of this rotation in the complex plane is
a key for the equivalence between the Minkowski- and
Euclidean-space transverse amplitudes. Therefore, we out-
line in this section some of the main points related to the
Wick rotation of (33).

The BS equation (33) enclosing the shifted variables
takes the form

d*K i
2m)* [(K' +5)* — m* + ie]
i
.
“C=q =)= +id] Tu (K. p). (89)

aMWanmfw@y/

where M'}, = (3p — ¢')* and ¥y, is defined by (81).
In the center-of-mass frame the pole in the upper half of
the k{, complex plane of the first propagator is located at

M
—f—\/k’%—i—mQ—l—ie, (90)

and for the second one the position of the pole is

i =

K =1 = g} + ie. (91)
with

/

= (K + ) + m>. (92)

3
3

Consequently, as seen from (90), the first propagator does
not have any poles in the first quadrant. Moreover, since
M; < 3m one has that 7 < 0. The Wick rotation of (89)
can thus be done safely without crossing any singularities.

Contrary to this, for the BS equation in the form (33),
written in terms of the unshifted variables (i.e., k and ¢), the
second propagator has a pole at

kD =n—qo + ie. (93)
where
n=M;—\/(k+ 3>+ m?, (94)

and if My > m, there exist k and g such that 7 > 0, and the
Wick rotation is thus not permitted.

Each of the three Faddeev components of the transverse
amplitude, given by (60), is like the right-hand side of the
BS equation (33), an integral over a vertex function times a
product of propagators. It is therefore clear that the Wick
rotation (after introduction of the shifted variables) also
should hold for the transverse amplitude. The propagators
entering the definition of the BS amplitude (79) have poles
of the form (90), and should therefore not cause any
additional problems in this respect. The expected equiv-
alence between the transverse amplitudes computed in
Minkowski and Euclidean spaces respectively, is confirmed
by the numerical results to be presented in Sec. VIIIB.
Though, in this paper the transverse amplitudes, depending
on k,, ky, are compared, we want to stress that the
aforementioned arguments are also applicable to the more
general amplitudes, not integrated over k_, i.e., depending
on ky, ky, k..

VIII. RESULTS AND DISCUSSION

A. Vertex function in Minkowski space

The Faddeev component of the vertex function is
quantitatively studied in Minkowski space, as it carries
the dynamical content of the relativistic three-body model.
From it the full BS amplitude of the system can be
constructed. In Minkowski space it has a nontrivial analytic
structure since several branch points given by (45) are
present in the kernel of Eq. (41), and reflected in the cusps
appearing in the vertex function, as will be presented in
what follows. Evidently, the Euclidean equation, obtained
after the Wick rotation (see Ref. [2]) does not present in its
integration path any singularity as well as the correspond-
ing solution. Despite this, both solutions can be compared
as we are going to present.

We solved Eq. (41) adopting a spline decomposition of
the vertex function wvy(g,p) used in Ref. [3], see
Appendix C. The inputs are the scattering length a and
the three-body binding energy B;, the same as in the
Euclidean calculations performed in Ref. [2]. In the
numerical solution of (41), we multiplied the right-hand
side of it by a parameter (eigenvalue) 1. A consistent
solution then corresponds to an eigenvalue of 1 = 1.0.

Three results for the eigenvalue are given in Table I, for
the following values of the two-body scattering length:
am = —1.280, am = —1.500 and am = —1.705. The
results for the eigenvalue A, expected to be real and equal
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TABLE I. Eigenvalues of the three-body ground state for three
scattering lengths, a, computed in [3] by using the Euclidean
three-body binding energies.

Bz/m am A
0.006 —1.280 0.999 — 0.054i
0.395 —1.500 1.000 + 0.002i

1.001 —1.705 0.997 + 0.106i

to one, present small deviations from the unity and also an
imaginary part.

Nevertheless, it is important to mention another potential
source of error: cutoffs were introduced to constrain the
domains of the variables ¢, and ¢,. It is very difficult to
reach a reasonable convergence considering the full
domains, as the size of the region where the singularities
[given by Egs. (42) and (43)] appear is enlarged along the
axes. Moreover, the asymptotic regions start at larger
momenta.

The actual values used to truncate the variables were
qgy*/m = 6.0 and ¢{™/m = 13.0, for the two smallest
binding energies, or gi**/m = 15.0, for the case where
B;/m = 1.001. Regardless, the convergence was reached
within about 10% for the worst case. On the other hand, in
the Euclidean calculations it is possible to take into account
the whole range of the involved variables ¢q,, q4, k,, and ky4
through a mapping procedure. The fact that in the
Minkowski approach cutoffs were applied while the whole
domains were used in the Euclidean calculations makes the
results not fully comparable. This might be one of the
reasons why in 4 small nonzero imaginary parts appear and
for the deviations from 1 obtained in the real part.

The rest of this section will be devoted to a detailed study
of the representative case with B/m = 0.395 and
am = —1.5. Though, important to point out that many
of the stated conclusions are valid also for the other cases in
Table 1.

In Fig. 2 it is shown the calculated real and imaginary
parts of the vertex function vy (g, g,) versus g, for three
fixed values of ¢,. For all three cases there is a quite good
agreement between the numerical peak positions and the
analytical ones, given by Eq. (45). Though, worth to
mention that, due to the scale of the figure, some of the
peaks for the case ¢,/m = 2.5 are not clearly visible. The
peaks in Fig. 2 appear as branching points of the kernel
I1(qo, q,» £&x, k), defining its singularities, as discussed in
Sec. III. Interestingly, the aforementioned positions corre-
spond to M3, = 0 and M3, = 4m?, which give the branch-
ing points of the two-body scattering amplitude F(M3,).
In Fig. 2 it is seen that for small values of ¢, a singula-
rity appears at g, =~ M3. The distance between the ex-
ternal peaks, corresponding to M2, = 4m?, is equal

to 21/q2 + 4m?, an increasing function with respect to
q,. This fact makes things more complicated from the

—

— qy/m=0.05

-= q/m=05
- q/m=25 |

Re[v(q0, qv)]

—05}

—1.0}F

qo/m
1.5 p——
— qy/m=0.05
F -= q/m=05
1.0F e qy/m=25 [

Im[v(go, gv)]

-1.5

q/m

FIG. 2. Real (upper panel) and imaginary (lower panel) parts of
the vertex function, vy, (g, g,) with respect to g,. For each value
of g, the analytical positions of the peaks, given in Eq. (45), are
shown with the vertical dotted lines.

numerical point of view, as for large values of g, a very
wide region of ¢ has to be covered. This imposes the need
of cutoffs for the variables.

Similarly, in Fig. 3 we present the real and imaginary
parts of vy(qo,q,) with respect to g, for gy = m. In the
figure is seen a peak (both in the real and imaginary part)
which corresponds to the branching point g, = M5 — ¢q.
However, for the other points given by Eq. (45), no solution
exists such that gy = m and g, > 0. It can be seen in the
figure that the amplitude asymptotically goes to zero for
large values of ¢, as expected.

Furthermore, in Fig. 4, we compare for gy = M5/3
the calculated real and imaginary parts of vy (qo,q,)
versus ¢, with the corresponding Euclidean results for
Ue(q, p) = ve(qd + p/3.p). ie. gy = 0.Itis seen that the
results for both real and imaginary parts are practically the
same for small values of ¢,. However, the Minkowskian
amplitude has a peak at the branching point ¢, = 2M5/3
and the amplitudes also differ significantly at larger values
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FIG.4. Real and imaginary parts of the Minkowski space vertex
function, vy (qy = M3/3,q,) versus ¢,, compared with the
corresponding Euclidean results for 9x(q), ¢,).

of ¢,, a difference coming from the contribution of the
cut necessary to be taken into account to match the limit
of ¢), - 0 with the Minkowski point. For the sake of
comparison both amplitudes are normalized to 1 for ¢;, = 0
and ¢, = 0.

B. Transverse amplitude

Although the transverse amplitude has a different mean-
ing with respect to the standard distribution amplitude (see
Refs. [26,27]), it shares in common with the distribution
amplitude the valence wave function content of the full
LFWEF in Fock space. However, the transverse amplitude
has a distinctive feature with respect to the distribution
amplitude as it can be obtained as well from the BS
amplitude in Euclidean space, making it a useful quantity to
compare with the corresponding Minkowski space quantity.

The demonstration of equivalence between the transverse
amplitude obtained in Minkowski and Euclidean spaces has
been given in Ref. [28] resorting to the Nakanishi integral
representation of the BS amplitude [5,6] in a two-boson
system. Furthermore, as discussed in Sec. VII, the Wick
rotation of the BS equation (33) can be performed without
crossing any singularities and should also hold for the
transverse amplitude. Consequently, the transverse ampli-
tudes computed in Minkowski and Euclidean spaces should
agree with each other also for the three-body system, which
is confirmed by the results presented in this section.

In what follows we will exploit the structure of the
transverse amplitude associated with one Faddeev compo-
nent. The reader has to keep in mind that the full transverse
amplitude from the three-body wave function is a coherent
sum of the three components. However, to expose the
consequences of our dynamical assumptions it is simpler to
look individually to each Faddeev component, as the sum
of L;(|k;1|.|k;1|.0;;) where 6;; denotes the angle between

k;; and k i1, will present a much more complex 3D
landscape as a function of the two independent transverse
momenta.

In Fig. 5 it is displayed the modulus of the contribution

L, (|7€1 i 1_52 1], 0) to the transverse amplitude versus |l_<'1 1
calculated from Eq. (72). It is also shown, for comparison,
the corresponding Euclidean results calculated through
Eq. (85). It is seen that the Minkowski and Euclidean
results are in fair agreement with each other. The non-
smooth behavior of the BS solution in Minkowski space,
shown in Fig. 2, is washed out and makes the agreement
between the Euclidean and Minkowski space transverse
amplitudes even more remarkable.

The dependence of the modulus of the transverse

’

amplitude |L;| on the angle 6 between ki, and 752 | s
also displayed, in Fig. 6. The modulus of L; is a slowly
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FIG. 5. Transverse amplitude modulus, |L,| for & = 0 versus

lk,|/m for |ky|/m = 0.0, 0.5, 1.0, obtained in Minkowski
space compared with the one calculated in Euclidean space.
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FIG. 6. Transverse amplitude modulus, |L;| as a function of

cos(6) for (|ky,|/m.|ky,|/m) = (0.5,0.5).(2.0,0.5), obtained
in Minkowski space compared with the one computed in
Euclidean space.

decreasing function with respect to cos 6. As seen in the
figure, a satisfactory agreement is again found between the
Euclidean (lines) and Minkowski (symbols) calculations.
Although the interaction is active in the s-wave and the
vertex function is dependent only on the time component
and the modulus of the spatial momentum in the rest-frame,
the Faddeev component of the BS amplitude acquired a
weak angular dependence, as we illustrated, due to the
presence of the individual propagators and momentum
conservation, essentially containing both s- and p-wave
dependencies. The mixing of higher waves appears as the
binding energy increases, which is expected as the bound
state mass becomes smaller increasing the sensitivity of the
denominator in Eq. (86) to variations of the relative angle,
as it is transparent in the case of the transverse amplitude in
Euclidean space.

The three-dimensional structure of the transverse ampli-
tude is further exposed in Fig. 7, where we plot the absolute

value of the amplitude L1(|z1 1, I_éz 1|,0) with respect to

k1| and |ky | for different fixed values of 6. The
computations were for simplicity performed in Euclidean
space, since it has already been shown above that the
Euclidean and Minkowski calculations give the same
results for the transverse amplitude. One can conclude
from the figure that the transverse amplitude becomes
wider when the value of is 6 is increased, due to

correlations proportional to 1?1 I Ez - This effect is clearly
visible, in particular, for the antialigned case (6 = n), i.e.,
when the transverse momenta obey the relation
|/j3l|2 = (lkiL| = |ky1])?. For @ =z and along |k | =
|k | there is a clear enhancement of the transverse
amplitude which exhibits a bump due to the vanishing

value of 123 1. The development of this pattern is seen by
inspecting the evolution of the amplitude with 6 and
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A ESSS9859555S

ILa(ka 1] k211,8)I/L1(0,0,0)| [L1(lky 1|, k21,8)1/L1(0,0,0)]

[L1(lky 1|, Ik211,8)1/]L1(0,0,0)]

S S0
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FIG. 7. Transverse contribution, L (|Z1 1 |I€2 1|, 0) with respect

to |1§u\ and |/€u ,for @ =0,7/4,n/2, n calculated in Euclidean
space.

comparing the results for the z/2 and x angles. This
feature is further enhanced when the three-body bound state
mass decreases for a strongly bound system.

C. Short-range correlation

The two-body short-range correlation (in the context of
nonrelativistic nuclear physics, see e.g., Ref. [29]) is
exhibited by the model for large relative momentum,

|l€2 - 123 1|, and a back-to-back momentum configuration
of particles 2 and 3, where the transverse amplitude is
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dominated by the component L. Note that this amplitude is

also symmetric by the exchange of 1?2 | and 1% | due to the
bosonic nature of the system with equal masses. In the
relativistic context the concept of the short-range two-body
correlation has not yet been developed, but its emergent
imprints are observed in the transverse amplitude.

The plot for L, as a function of |l;2 - I_<>3 | | for the back-
to-back configuration (|/€1 1| = 0) is shown in Fig. 8. In the
situation when |I€2 |- 123 1| is large, only L; dominates in
the full three-body transverse amplitude, being the counter-
part of the factorization of the nonrelativistic wave function
as a two-body term depending on the relative distance
between the two particles times a function of the relative
coordinates of the other N — 2 particles [29]. In the model
with contact interaction, the denominator in Eq. (86)
provides the momentum dependence of the “wave func-
tion” of the short-range correlated pair in the valence
LFWEF of the three-body system. The relative momentum
behavior shown in the figure reflects the free propagators of
the bosons, as the contact interaction does not bring any
momentum dependence. This property is shared by the
nonrelativistic three-body model with a zero-range poten-

tial. Furthermore, for |l;1 1| = 0 the denominator of Eq. (86)
provides the large momentum behavior as L, ~ |k |~ that

leads to L; ~ |l_<)2 |- 123 1|72 in the back-to-back configu-
ration, as confirmed by our results. The scale for the
asymptotic behavior is naturally fixed by the individual
boson mass, as it can be seen in Fig. 8, where L; shows an
accentuated drop in this momentum range. In the inset plot
the asymptotic behavior for large relative momentum
is shown.

The asymptotic property of L; also follows from the
structure of the valence LFWF, which has the three-body

5
S osf _ 4
S} S b _____
= E 1
S osf T o2f 1
t e
& S ]
A E
o" N O ! ! ! !
I 0 5 10 15 20
& Ik, - kg, lim
= 02
=

O L L
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Ky, - kg I/m

FIG. 8. Transverse amplitude modulus, |L,| as a function of

|I;2L —l%ﬂ for |I;1L| = 0. In the inset of the figure is shown
|kyy — ks, |?|L,| versus |ky, — ks, | with a dashed line indicating
the asymptotic behavior.

LF propagator as the dominant factor for the contact
interaction and at large momentum is just the inverse of
the free three-body mass, i.e.,

2 ]_C?L
MO:Z =

Note that M2~ |ky, — k3, |2 for |k;,| =0, which is
the power-law behavior seen in Fig. 8. Such asymptotic
form is expected to change for models with finite range
interactions.

IX. CONCLUSIONS

The three-body BS equation has been solved, directly in
Minkowski space, by standard analytical and numerical
methods, where (i) no ansatz or assumption has been
introduced to represent the BS amplitude and (ii) the
singularities from the kernel are treated analytically and
numerically directly in the four-dimensional equation. The
application of the direct integration method to the three-
body Faddeev-BS equation was already presented in
Ref. [3]. However, in the present paper the Minkowski-
space structure of the three-body system has been analyzed
in far greater detail and brings up the structure of the short-
range correlated pair in the Borromean system.

The computed amplitude turns out to be highly peaked,
indicating the presence of a singular behavior, as shown in
Sec. VL. This is very different from what was found for the
amplitude computed through the Wick-rotated equation in
Ref. [2], due to the presence of branching points and
the associated cuts. In one example we expose the cut
contribution to the amplitude comparing results from
Minkowski and Euclidean calculations.

Although the BS amplitudes obtained from the solution
in Euclidean and Minkowski spaces are fundamentally
different, they can be compared by means of the transverse
amplitude. The comparison shows a notable agreement,
giving more confidence on the reliability of the direct
integration method. Furthermore, the transverse amplitude
reveals the structure of the short-range correlated pair in the
valence wave function, which was found when the pair has
large relative momentum in a back-to-back configuration.
We found that the Faddeev component of the BS amplitude
defined with the pair interaction dominates over the others,
and a power-law behavior of the type ~|1?,. - 7{}- st
found for the associated transverse amplitude and con-
firmed by our numerical results.

In this work, we show that the results obtained by the
direct integration in Minkowski space agree well with the
Euclidean results for comparable quantities, however this
method is quite demanding from the numerical point
of view. One possible way to improve on this and addi-
tionally be able to treat more realistic kernels and/or the
spin degree of freedom is to transform the BS equation into
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a nonsingular form by using the Nakanishi integral repre-
sentation [5,6]. The formulation of the BS approach to the
three-body problem via Nakanishi integral representation
is already in progress and computations based on this
method will be undertaken in the near future. Once the BS
amplitude of the three-body state is known in Minkowski
space it can be used to investigate electromagnetic form
factors, the diversity of parton longitudinal and transverse
momentum distributions, as well as the space-time structure
of the pair short-range correlation.

Furthermore, one interesting direction for future explo-
rations of the three-body system is to consider particles
with nonequal masses, as a framework, for example, to
study baryons with a heavy-light content. Of course still
many steps have to be considered to include the subtle
physics of quantum chromodynamics (QCD) in a con-
tinuum model (see e.g., Refs. [12,30]), but now in
Minkowski space. We expect that the formulation will
also allow to explore excited states and, through it, in the
low energy region, the Efimov phenomena relativistically.
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APPENDIX A: DERIVATION OF THE RELATION
BETWEEN THE BS AMPLITUDE AND LFWF

In this Appendix, we derive in detail the relation between
the three-body BS amplitude and the three-body LFWE.

The three-body BS amplitude is defined by Eq. (46). Let
us define the integral

Iy = /d4x1d4x2d4x35(w < x1)8(@ - x,)8(w - x3)
X @y (x1, X, x3; p) exp(iky - x) + iky - x5 + ik - x3),
(A1)

where w = (wy, @), @* =0 and k;,3 are the on-shell
momenta, i.e., k = k3 = k3 = m*. The delta functions in
(A1) restrict the variation of the arguments of the coor-
dinate space BS amplitude to the LF hyperplane @ - x = 0.

We now represent the 5-functions in (A1) in the integral
form

1
S5w-x;) = Z/exp(—iw-xir,-)dri. (A2)

Due to translation invariance, when all x;’s are shifted
by a:x — x+a, the BS amplitude obtains a factor

exp(—ia- p):

Dy (x) +a,x + a,x3 + a; p)

= exp(—ia - p)®y(xy, X2, x3; p), (A3)

like the nonrelativistic wave function.

We introduce then the BS amplitude (46) in momentum
space. We define it, extracting the delta function, respon-
sible for conservation of momenta:

Dy (x1. %2, X33 p)

(27)°
= or | Phdtd'i

X eXp(—zk’l S lklz * Xy — lk/3 . .X3)

x 8 (Ky + Ky + ks — p) @y (k. Ky, Ky p).  (A4)

Because of the delta-function in (A4) the amplitude
@, (xy, x5, x3; p) satisfies the relation (A3). We emphasize
that here, in contrast to Eq. (A1), all the arguments &/ 23 of
the BS amplitude are the off-mass-shell momenta.

We substitute (A4) and (A2) in (A1) and integrate over
X123 and k|, 5. The result reads:

1
13 = W/d’[]d’[zd’l@(ZﬂY‘

x 8(ky + ky + k3 — p— w7 — 07, — 073)
(A5)

X (DM(kl - C()Tl,kz - a)TZ9 k3 - C()T3;p),

where the variables 7, , 3 €] — o0, o0[. To avoid confusion,
we emphasize again: the four-momenta k;,; in this
formula are the on-shell momenta, according to the
definition of (A1), whereas, the arguments of the BS
amplitude are the off-shell momenta, like k7, in (A4);
namely: (k; —wt,)?=m?=2(w-k;)t, #m? since 7, # 0 and
similarly for other arguments except for p*> = M3.

We subsequently introduce the variable 7 = 7; + 7, + 73
and represent the integral (A5) in the following three
equivalent forms:
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2 4
13a = (zﬂ;’i/d‘[é(kl +k2+k3 —p—w‘[)/d‘ild‘[z
)

X ©p(ky — w7y, ky — 07y, k3 — (7 — 71 — 75); p),

(2m)*
1317 :—3 d75<k1 +k2+k3 —p—a)r) dedT3
(27)°
x @y (ky — o1 — 1) = 13), ky — 073, k3 — 0735 p),
2 4
Iy, = %/ drd(ky +ky + ks —p — a)r)/drldr3
(27)
X (DM(kl — Ty, k2 - CU(T - T — 73), k3 - 0)73;17).
(A6)
It can be also represented as:
(2m)*
13:W d15(k1+k2+k3—p—a)f)
X /drld12d135(11 +1,+13—1)
X ©y(ky — w7y, ky — 079, k3 — w733 ), (A7)

where by means of the delta function 5(z; + 7, + 73 — 7) one
can exclude any 7; and obtain Eq. (A6). Depending on the
convenience, one can chose any of the forms in (A6) to
calculate the double integral over z;, 7;. With the standard
choice w* = (1,0,0,—1), ie., in the LF coordinates,
@, =0,0" =0,w” =2, these integrals are reduced to
the integrals over the k; components. The value of 7 is
determined from the conservation law ki +k, + k3 =

p + wt. For example, squaring this equation, we find

(ky + ky + k3)* = M3

2(w- p)
_ 1 k%¢+m2+k%L+m2+k§¢+m2_M2
2(w - p) X1 X2 X3 ’
1
= M? — M?). A8

On the other hand, the integral (A1) can be expressed in
terms of the three-body LFWFE. We assume that the LF
plane is the limit of a spacelike plane, therefore the
operators ¢(x;), ¢(x,), ¢(x3), commute with each other,
and, hence, the symbol of the T product in (46) can be
omitted. In the considered representation, the Heisenberg
operators ¢(x) in (46) are identical on the light front w -
x =0 to the Schrodinger ones (just as in the ordinary
formulation of field theory the Heisenberg and Schrodinger
operators are identical for t = 0). The Schrodinger operator
@(x) (for the spinless case, for simplicity), which for w -
x = 0 is the free field operator, is given by:

1 &Pk
"= e | Vim

x [a(k) exp(—=ik - x) + a' (k) exp(ik - x)].  (A9)

We represent the state vector |p) = ¢(p) in (Al) in the
form of the expansion via the Fock states:

) = 2n)"? / w(ky ko ks p.ar)

x 88 (ky +ky + ky — p — 07)2(w - p)dr

5 &Pk, Bk, dhy
(2)%%, 2¢,, (27)%/%\/2¢,, (27)3/2\ /2¢,
x at(ky)a't (ky)a' (K3)[0) + - - - (A10)

In (A9) and (A10) the four-momenta k;,5; are on mass-
shells. We substitute this expression in @, (x;, x,, x3; p),
Eq. (46). Since the vacuum state on the light front is always
“bare,” the creation operator, applied to the vacuum state (0|
gives zero, and in the operators ¢(x) the part containing the
annihilation operators only survives. This cuts out the three-
body Fock component in the state vector. We thus obtain:

(DM(xth»x?);p)
= (2”)3/2 / W(kl 5 k27 k3’ p’ Q)T)
x 84 (ky + Ky + ks — p — @r)2(w - p)dt
x exp(—ikyx; — ikyx, — ikjx3)

T
(277.') 28/(/] (277.')‘28](/2 (27[) 2:‘5’]{_/3

(A11)

Then we substitute this @y (xy,x,,x3;p) in (Al) and
integrate over x; ;3. The integration, for example, over x;

and then over &) is fulfilled as follows
d*x,d’k]
(Z:STEI;eXp(—ik’lxl) exp(—iw - x;7,)dr; exp(ikix;)

dK,
_/5<4>(kl — k| — w7,)dr, 5 !

Sk/l

= / W (ky — Ky — w1,)dr, d*K\0(@ - K,)5(K'? — m?)

_ /H(a) )8 ((ky + amy)? — m?)

1

:/dTlé(Z(a)'kl)Tl) :m, (A12)

and similarly for the integrations over x,, k5 and x3, k. We
used here that 0(k},) = 0(w - k) for kj, > 0. Then for I5
we get (cf. Eq. (3.56) from Ref. [23]):
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(22)*/?2(w - p)
2w - kp)2(w - ky)2(w - k3)
X 5(4>(k1 + k2 + k3 2 wr).

13:

[ duwtts bk o)
(A13)
Comparing (A13) and (A7), we find:

w(ky, ks, ks, p, @7)
_ 1 2(w - ky)2(@ - ky)2(w - k3)
V2n 2@ p)

X /d11d72d135(11 +17,+13—1)

X (I)M(kl — Ty, k2 — W7y, k3 - wT3;p). (A14)

As mentioned, in ordinary LFD, Eq. (A14) corresponds to
the integration over k~. This equation makes the link
between the three-body BS amplitude ®;, and the wave
function y defined on the light front specified by w. As it is
seen from the above derivation, it is generalizable (with the
same coefficient 1/+/27) for arbitrary number of particles.
Simply the number of the factors 2(w - k;) and of the
arguments increases. In the LF coordinates Eq. (Al4)
obtains the form:

W(lzu, flﬂzu’é:z;]zﬁ, &)
1 (ph)?

= \/ﬂ 2 251252253/(171(1’[2(1’[35(71 +72

+ 13 = 1)@y (ks ko3 3 p).

(A15)

where k; = {Eil, ki ki =2t and 0 < & <1 (& +& +
& = 1) denotes the longitudinal momentum fraction of
particle i.

We introduce now new integration variables: k'j =
k7 =27y, etc, and then

ll/(]_éu, fl?lzu,fz;]zuv &)

In the last line, we omitted the integration over the 3rd
argument since it is not independent. In the above formula
it is understood that k3 = p — k; — k,. One can chose any
pair of arguments: (12), (13) or (23), depending on the
convenience.

APPENDIX B: CALCULATING THE EUCLIDEAN
TRANSVERSE AMPLITUDE

In this Appendix we derive in detail the function y
occurring in the expression for the Euclidean transverse
amplitude, Eq. (85).

From Egs. (82) and (84), we define y as the integral

XKy k/w ]_é/lJ_? /?u)

) co i
= dk! / dk’

1
X .
(Kiy + Kby + i 552 + (K, + K5.)? + m3

(BI)

The two propagators in (B1) can then be put together by
using the Feynman parametrization (11) leading to the
result

i
(kyy = i%)z + k%z + m%

l

X
(Kyy + Koy + %22 + (K, + Kb,)> + m}

Ldu
(p*)? =" / D (B2)
= NGT: £1683 / dky dky @y (ky, ky, k33 p) 0
= (" )° 515253/dkfdqu)M(kl,kzyke.;P)- (Al6)
V2w where the denominator reads
|
12 12 12 12 2 . / /7l 2 / / .
D = k24 + k2Z + (1 - u)[k 14 + k IZ} +§lM3 24 + 2(1 - M)klz 22 +§<1 - u)k14(3k24 + 1M3)
4. s, Mj
- glMM3k/24 + (I — u)m5 + ums — <5
iM
= K3, + K3+ (1 —w) k3, + K3 +2[(1 —u)k, - T’ (=1 +2u) | kb,
2. e
+2(1 — u)kl kb, +ZiM5(1 —u)kyy + (1 — u)ymi + um3 — — (B3)

3

5
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We subsequently eliminate the terms linear in k5, and
k’ZZ, by performing in Egs. (Bl), (B2) and (B3) the
transformations

L Ky
s kB, (B4)
with
= (1 -k -T2 k2, (B)
and
= (1-uk,. (B6)

By these transformations the denominator (B3) is
changed into

D - D =K} +k3 +A, (B7)
where
A=u(l—u)k?, + K]+ (1 —uym}+ um3
+giM3u(1—u) ’14—3M%u(1—u). (B8)

The integrals over k%, and k5 in (BI) can now be
performed analytically, and the result is

2 (K KK KD L)
00 o0 dk/
— | du dk! / 2z
fn 2 | ey
K dk' ! du
:—271/ du/ k’2+A = -7 ; X

Alternatively, one can write the quantity A in the form

(B9)

A= au®+ bu+c, (B10)
with
2. 2
b=k + (K g'M -
= lz+ 14+3l 3 +m2 ms3,
c=mj. (B11)

APPENDIX C: NUMERICAL METHODS

We solve in this work Eq. (41) by expanding the
amplitude vy,(qo, ¢,) in a bicubic spline basis, on a finite
domain Q = I, x I, = [-gg™. q5™] x [0, ¢}™], i

2N, +12N,, +1

on(90-a) = Y D AiSi(a0)Si(a,),

k=0 =0

(C1)

where the unknown coefficients A;; are to determined. In
the numerical implementation, the interval 7,(x = ¢, q,)
is partitioned into N, subintervals, so that good conver-
gence was reached. The adopted spline functions, S;(x) are

given by [8]
3 ()C—;;i—l)z _ 2()(_}):'[_1)3’
if x e [xl-_l,x,-]
S i - Xip1—X 2 it 3
21(X) 3( hil+l ) _2< hi]+l ) ’
if x € [xivxi-ﬁ—l]
0, if x & [x;_y. x4
XX 2 x=xip )3
-(5) + (5=) I
if x e [xi_l,x,»]
S5: = Xip1 =X 2 Xip1 =X 3 C2
i) = 3 [ (=)~ (52)7],,, (€
if x e [xi,xiﬂ]
0, if x & [x;_y. x4

with hi =X; — X;_1.
By using (Cl), Eq. (41) can be transformed to a
generalized eigenvalue problem of the form

ZFljt’J’A i'j = A(M3)ZV111’1’A1’/’ (C3)

where

Firp = Si(g5))S; (g7,

» 18 the right-hand side of (41) with vy,

(C4)
and the array V;;y;
replaced by Si/(q(()))S ,(qﬁ, J) ). The variable ¢, (g,) has here
been discretized on a mesh consisting of 2N, +2
(2N, +2) points. The three-body mass M3, or equiva-
lently the three-body binding energy Bs, can subsequently
be obtained from the condition
AM3) = 1. (C5)
Equation (C5) constitutes a nonlinear equation relative to
M5 and is rather time-consuming to solve. For simplicity,
we use thus instead as inputs in the calculations the
scattering length a and the M3, obtained from the solution
of the Euclidean BS equation. Eq. (C3) is then solved for
the eigenvalue 4 and the coefficients A;;.
The kernel T1(qq, g, ko, k,,) [see Eq. (38)], which enters
Eq. (41) has logarithmic singularities, and the analytic
expressions for the singular points are given by Eqgs. (42)
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— 20x40
- - - 32x64 .
-— 40x80
- 48x96

Re[v(q0 ,qV=0 .Sm)]

Im[v(q,,q,=0.5m)]

FIG. 9. Convergence of the real (left panel) and imaginary
(right panel) parts of the vertex function vy, (g, g, = 0.5m) with
respect to the size of the basis, N, x N, . In the calculations we
used By/m = 0.395.

and (43). In the present work, the integrals over k, and £,
are computed by dividing a given integration interval into
subintervals I; = [a;, b;], so that each subinterval contains
at most one singular point which is just one of the end
points of the subinterval. For each subinterval, the inte-
grand singularity is subsequently weakened by adopting a
change of variables of the form

b; \/bi—a;
/ f(x)dx = / 2tf(a; + 1*)dt, (C6)
a; 0
for a subinterval with a singularity at a;, and
b; \/bi—a;
/ f(x)dx _/ 2tf(b; — *)dt,  (C7)
a; 0

if the singularity is at the end point b;. The resulting
integrals involving smooth functions can then be performed
by Gauss-Legendre integration.

1. Numerical convergence

As mentioned, in this work the three-body BS equation is
solved by using an expansion of the amplitude v, (g, ¢,)
in terms of a finite number of spline functions. Evidently, it
is important to check that the adopted number basis
functions is enough.

For this purpose, we show in Fig. 9 the real and
imaginary parts of vy,(qo, ¢, = 0.5m), computed by using
different number of subintervals N, q, and N , correspond-
ing to the variables ¢, and ¢,. In the calculations we used
the parameters am = —1.5 and B3/m = 0.395. It is seen in
the figure that for N, > 40 and N, > 80, the solution is
well converged.

2. Behavior of F(M?2,)

For negative a, the function F(M?2,) is nonsingular
and continuous. However, the function may change
rapidly in the neighborhood of the transition points
M3, =0 and M3}, = 4m?. In terms of g, (for a given g,)
these are

80 T T T T T

Re[F]

Im[F]

q,/m

FIG. 10. Real and imaginary parts of F(M?,) with respect to g,
for different fixed values of ¢,.
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q0:M3:I:\/q%+4m2.

In the Fig. 10 the real and imaginary parts of F are shown
as functions of g (for selected values of g,) in the case of
M;/m = 2.605 corresponding to am = —1.5. It is seen in

the figures that close to gy = M5 £ +\/q> +4m* (ie.,
M2, = 4m?), the amplitude has a nonsmooth behavior.
Although the nonsmoothness exists, this was shown to not
be problematic in solving the equation. To show that, we tested
solving the problem proposing a factorization of the form

qdo = M3 =+ qvs <C8)

vm(q0.9,) = F(M3,(q0.9,))0m(q0.9,),  (C9)

by introducing

ﬁ(CIO’C]hko’kv) = f(M%Z(QO’Qv»H(QOva;kkav)v
(C10)

and obtaining an integral equation in terms of the function 7,
instead of v,,. The resulting equation was solved by expanding
Dy in splines. The result showed no significant difference
between the solutions with and without the decomposition,
with the convergence being achieved with a similar set of basis
functions and integration points.
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