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We present a systematic calculation of the current jet production semi-inclusive deeply inelastic
scattering process at the electron-ion collider energy. Contributions from weak interactions are considered
which give rise to parity-violating effects. We consider the general form of the polarized electron beam
scattering off the polarized target which has spin 1. The calculations are carried out up to twist-3 level in
the quantum chromodynamics parton model by applying the collinear expansion where multiple gluon
scattering is taken into account and gauge links are obtained automatically. We present complete results for
structure functions and spin/azimuthal asymmetries in terms of the gauge-invariant transverse momentum
dependent parton distribution functions. Both the unpolarized and the polarized electron beam cases
correspond to 24 azimuthal asymmetries, in which 6 of them appear at the leading twist, while 18 of them
contribute at twist-3 level. In addition, we also calculate the parity-violating asymmetries which arise from
the interference of the electromagnetic and weak interactions.
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I. INTRODUCTION

Thanks to the asymptotic freedom of the strong inter-
action, many high-energy reactions can be studied within
the formalism of quantum chromodynamics (QCD) fac-
torization theorems [1], which separate the calculable hard
parts from the nonperturbative soft parts in the cross
sections. These soft parts often involve parton distribution
functions (PDFs) and fragmentation functions (FFs). Both
of them are important quantities in describing high-energy
reactions. When three dimensional, i.e., the transverse
momentum dependent (TMD) PDFs and FFs are consid-
ered, the sensitive quantities studied in experiments are
often different azimuthal asymmetries. These asymmetries
are measurable quantities which can be used to extract
TMD PDFs and FFs which give information about the
nucleon structure and the hadronization mechanism. If only
TMD PDFs are taken into account, one of the best reactions
to study them is the semi-inclusive deeply inelastic scatter-
ing (SIDIS) with current jet production process. Usually
one photon approximation is used to calculate the (SI)DIS
processes. When weak interaction is taken into account,

considering the neutral current interactions, the inter-
mediate propagator can either be virtual photon (γ�) or Z0

boson. Since weak interaction does not respect parity
conservation, we can study the asymmetries induced by
the parity-violating effects through weak interaction. This
process is called as parity-violating deeply inelastic
scattering (PVDIS). Parity-violating asymmetries [2,3],
arising from the interference of electromagnetic (EM) and
weak interactions, were first observed in DIS experiments
carried out at SLAC [4,5] and have been studied widely.
Recently, measurements have been carried out [6–18].
Proposals for precise measurements in the future are
available [19,20]. We further extend the consideration
into the SIDIS at the electron-ion collider (EIC) [21]
energies in this paper.
The EIC is a high-energy, high-luminosity collider with

the capability to accelerate polarized electron and nucleon/
ions. The high energy and luminosity combined with
polarized beams will provide a wealth of data in an area
never explored before. Therefore, it offers many oppor-
tunities to study spin effects and different azimuthal
asymmetries. Though the EIC is proposed mainly for the
study of strong interactions, it has the ability to measure
parity-violating quantities when weak interaction is taken
into account. Electroweak inclusive and semi-inclusive
DIS processes have been studied extensively [3,22–27].
However, systematic researches about structure functions
and spin/azimuthal asymmetries are still lacking. This
includes a full kinematic analysis for the cross section,
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QCD parton model calculations beyond the leading power
accuracy, the study of hadron polarization effects, etc.
Higher twist effects are often significant for semi-

inclusive reaction processes and TMD observables.
Especially for the case of twist-3 (sub-leading power)
corrections, they often lead to azimuthal asymmetries
which are different from the leading twist ones [28–30].
Thus, the studies of higher twist effects will give
complementary or even direct access to the nucleon
structure or hadronization mechanism. It has been shown
that the collinear expansion is a powerful tool to calculate
higher twist effects systematically by taking into account
multiple gluon exchange contributions. By using collin-
ear expansion, on the one hand, gauge links will be
generated automatically which make the calculation
explicitly gauge invariant. On the other hand, the for-
malism takes a very simple factorization form which
consists of calculable hard parts and TMD PDFs/FFs.
This will greatly simplify the systematic calculation of
higher twist contributions. Based on the collinear expan-
sion formalism, higher twist contributions to DIS and
electron positron annihilation processes have been stud-
ied extensively [31–41].
The rest of this paper is organized as follows. In Sec. II,

we make kinematic analysis for e−N → e−qðjetÞX process
and present the differential cross section in terms of
structure functions. In Secs. III and IV, we present detailed
calculations of the hadronic tensor and the cross section,
respectively, up to twist-3 level in terms of the gauge-
invariant TMD PDFs in the QCD parton model. The results
including structure functions and spin/azimuthal asymme-
tries are given in Sec. V. Finally, a summary is given
in Sec. VI.

II. THE PROCESS AND GENERAL FORM
OF THE CROSS SECTION

A. The semi-inclusive PVDIS process

To be explicit, we consider the current jet production
SIDIS process at EIC energies,

e−ðl; λeÞ þ Nðp; SÞ → e−ðl0Þ þ qðk0Þ þ X; ð2:1Þ

where N can be a nucleon with spin-1=2 or an ion, e.g., a
deuteron with spin-1. q denotes a quark which corresponds
to a jet of hadrons observed in experiments. In this paper,
we consider the case of the electron scattering off a spin-1
target. This gives us the opportunity to access also the
tensor polarization effects. We consider the neutral current
interaction at the tree level of electroweak theory, i.e., the
exchange of a virtual photon γ� or a Z0 boson with
momentum q ¼ l − l0 between the electron and the target.
The standard variables for SIDIS are

Q2 ¼ −q2; xB ¼ Q2

2p · q
; y¼ p · q

p · l
; s¼ ðpþ lÞ2:

ð2:2Þ

The differential cross section is given by

dσ ¼ α2em
sQ4

ArLr
μνðl; λe; l0ÞWμν

r ðq; p; S; k0Þ d3l0d3k0

ð2πÞ32El0Ek0
:

ð2:3Þ

The symbol r can be γγ, ZZ, and γZ, for EM, weak, and
interference terms, respectively. A summation over r in
Eq. (2.3) is understood, i.e., the total cross section is
given by

dσ ¼ dσZZ þ dσγZ þ dσγγ: ð2:4Þ

Ar’s are defined as

Aγγ ¼ e2q;

AZZ ¼ Q4

½ðQ2 þM2
ZÞ2 þ Γ2

ZM
2
Z�sin42θW

≡ χ;

AγZ ¼ 2eqQ2ðQ2 þM2
ZÞ

½ðQ2 þM2
ZÞ2 þ Γ2

ZM
2
Z�sin22θW

≡ χint: ð2:5Þ

The leptonic tensors are given by

Lγγ
μνðl;λe;l0Þ¼2½lμl0νþ lνl0μ−ðl · l0Þgμν�þ2iλeεμνll0 ; ð2:6Þ

LZZ
μν ðl; λe; l0Þ ¼ ðce1 − ce3λeÞLγγ

μνðl; λe; l0Þ; ð2:7Þ

LγZ
μνðl; λe; l0Þ ¼ ðceV − ceAλeÞLγγ

μνðl; λe; l0Þ; ð2:8Þ

where ce1 ¼ ðceVÞ2 þ ðceAÞ2 and ce3 ¼ 2ceVc
e
A. ceV and ceA

are defined in the weak interaction current JμðxÞ ¼
ψ̄ðxÞΓμψðxÞ with Γμ ¼ γμðceV − ceAγ

5Þ. Similar notations
are also used for quarks where the superscript e is replaced
by q. The hadronic tensors are given by

Wμν
γγ ðq; p; S; k0Þ ¼

X
X

ð2πÞ3δ4ðpþ q − k0 − pXÞ

× hp; SjJμγγð0Þjk0;Xihk0;XjJνγγð0Þjp; Si;
ð2:9Þ

Wμν
ZZðq;p;S; k0Þ ¼

X
X

ð2πÞ3δ4ðpþ q− k0 −pXÞ

× hp;SjJμZZð0Þjk0;Xihk0;XjJνZZð0Þjp;Si;
ð2:10Þ
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Wμν
γZðq; p; S; k0Þ ¼

X
X

ð2πÞ3δ4ðpþ q − k0 − pXÞ

× hp; SjJμZZð0Þjk0;Xihk0;XjJνγγð0Þjp; Si;
ð2:11Þ

where Jμγγð0Þ ¼ ψ̄ð0Þγμψð0Þ, JμZZð0Þ ¼ ψ̄ð0ÞΓμ
qψð0Þ with

Γμ
q ¼ γμðcqV − cqAγ5Þ. Wμν

r ðq; p; S; k0Þ is related to the had-

ronic tensor WμνðinÞ
r ðq; p; SÞ for the inclusive process

e−N → e−X by

WμνðinÞ
r ðq; p; SÞ ¼

Z
d3k0

ð2πÞ32Ek0
Wμν

r ðq; p; S; k0Þ: ð2:12Þ

It is convenient to consider the k0⊥-dependent cross
section, i.e.,

dσ¼ α2em
sQ4

ArLr
μνðl;λe;l0ÞWμν

r ðq;p;S;k0⊥Þ
d3l0d2k0⊥

El0
; ð2:13Þ

where the k0z integrated TMD semi-inclusive hadronic
tensor is given by

Wμν
r ðq; p; S; k0⊥Þ ¼

Z
dk0z

ð2πÞ32Ek0
Wμν

r ðq; p; S; k0Þ: ð2:14Þ

In terms of the variables in Eq. (2.2), we have

d3l0

2El0
¼ yðs −M2Þ

4
dxdydψ ≈

ys
4
dxdydψ ; ð2:15Þ

where ψ is the azimuthal angle of ⃗l0 around ⃗l,M is the target
mass which will be often neglected at high-energy limit.
Therefore, the cross section can be written as

dσ
dxdydψd2k0⊥

¼ yα2em
2Q4

X
r

ArLr
μνðl; λe; l0ÞWμν

r ðq; p; S; k0⊥Þ:

ð2:16Þ

B. The general form of the cross section
in terms of structure functions

In considering the polarized reactions, the general form
of the hadronic tensor is divided into a symmetric and an
antisymmetric part, Wμν ¼ WSμν þ iWAμν, where we have
omitted the subscript r ¼ γγ; ZZ; γZ for simplicity.
Furthermore, we have

WSμν ¼
X
σ;j

WS
σjh

Sμν
σj þ

X
σ;j

W̃S
σjh̃

Sμν
σj ; ð2:17Þ

WAμν ¼
X
σ;j

WA
σjh

Aμν
σj þ

X
σ;j

W̃A
σjh̃

Aμν
σj ; ð2:18Þ

where hμνσj’s and h̃μνσj’s represent the space reflection
even and odd basic Lorentz tensors (BLTs), respectively.
They are constructed from available kinematical variables
in the reaction process. The subscript σ specifies the
polarizations.
It has been shown that a distinct feature for BLTs in

semi-inclusive reactions is that the polarization-dependent
BLTs can be taken as a product of the unpolarized BLTs
and polarization-dependent Lorentz scalar(s) or pseudo-
scalar(s); see [33] for the detailed discussions about the
description of polarizations for spin-1 hadron and the
construction of BLTs. We repeat the results here for
completeness. There are nine unpolarized BLTs given by

hSμνUi ¼
�
gμν −

qμqν

q2
; pμ

qpν
q; k

0μ
q k0νq ; p

fμ
q k0νgq

�
; ð2:19Þ

h̃SμνUi ¼
n
εfμqpk0pνg

q ; εfμqpk0k0νgq
o
; ð2:20Þ

hAμνU ¼
n
p½μ
q k

0ν�
q

o
; ð2:21Þ

h̃AμνUi ¼ fεμνqp; εμνqk0 g: ð2:22Þ

The subscript U denotes the unpolarized part, and pq ≡
p − qðp · qÞ=q2 satisfies pq · q ¼ 0. We have also used
notations AfμBνg≡AμBνþAνBμ andA½μBν�≡AμBν−AνBμ.
As mentioned above, the vector polarization-dependent

BLTs can be constructed from the unpolarized BLTs and be
written as a unified form given by

hSμνVi ¼
n
½λh; ðk0⊥ · STÞ�h̃SμνUi ; ε

k0S⊥ hSμνUj

o
; ð2:23Þ

h̃SμνVi ¼
n
½λh; ðk0⊥ · STÞ�hSμνUi ; ε

k0S⊥ h̃SμνUj

o
; ð2:24Þ

hAμνVi ¼
n
½λh; ðk0⊥ · STÞ�h̃AμνUi ; ε

k0S⊥ hAμνU

o
; ð2:25Þ

h̃AμνVi ¼
n
½λh; ðk0⊥ · STÞ�hAμνU ; εk

0S⊥ h̃AμνUj

o
; ð2:26Þ

where εk
0S⊥ ¼ εαβ⊥ k0⊥αSTβ, ε

αβ
⊥ ¼ εμναβn̄μnν; λh is the hadron

helicity while ST is the transverse polarization component.
There are 27 such vector polarized BLTs in total.
The tensor polarized part is composed of SLL-, SLT-, and

STT-dependent parts. There are nine SLL-dependent BLTs;
they are given by

hSμνLLi ¼ SLLh
Sμν
Ui ; ð2:27Þ

h̃SμνLLi ¼ SLLh̃
Sμν
Ui ; ð2:28Þ

hAμνLL ¼ SLLh
Aμν
U ; ð2:29Þ
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h̃AμνLLi ¼ SLLh̃
Aμν
Ui : ð2:30Þ

The SLT part can be obtained from Eqs. (2.23)–(2.26) with
replacing ST by SLT, i.e.,

hSμνLTi ¼
n
ðk0⊥ · SLTÞhSμνUi ; ε

k0SLT⊥ h̃SμνUj

o
; ð2:31Þ

h̃SμνLTi ¼
n
ðk0⊥ · SLTÞh̃SμνUi ; ε

k0SLT⊥ hSμνUj

o
; ð2:32Þ

hAμνLTi ¼
n
ðk0⊥ · SLTÞhAμνU ; εk

0SLT⊥ h̃AμνUj

o
; ð2:33Þ

h̃AμνLTi ¼
n
ðk0⊥ · SLTÞh̃AμνUi ; ε

k0SLT⊥ hAμνU

o
: ð2:34Þ

For the STT part, we have

hSμνTTi ¼
n
Sk

0k0
TT h

Sμν
Ui ; S̃

k0k0
TT h̃

Sμν
Uj

o
; ð2:35Þ

h̃SμνTTi ¼
n
Sk

0k0
TT h̃

Sμν
Ui ; S̃

k0k0
TT h

Sμν
Uj

o
; ð2:36Þ

hAμνTTi ¼
n
Sk

0k0
TT h

Aμν
U ; S̃k

0k0
TT h̃

Aμν
Uj

o
; ð2:37Þ

h̃A;μνTTi ¼
n
Sk

0k0
TT h̃

Aμν
Ui ; S̃

k0k0
TT h

Aμν
U

o
; ð2:38Þ

where Sk
0k0
TT ¼ k0⊥αS

αβ
TTk

0⊥β, k̃
0α⊥ ¼ εαβ⊥ k0⊥β. There are 81 such

BLTs in total.
In expressing the cross section, we choose a coordinate

system so that the momenta related to this SIDIS process
take the following forms:

pμ ¼ ðpþ; 0; 0⃗⊥Þ;

lμ ¼
�
1 − y
y

xpþ;
Q2

2xypþ ;
Q

ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
y

; 0

�
;

qμ ¼
�
−xpþ;

Q2

2xpþ ; 0⃗⊥
�
;

k0μ⊥ ¼ kμ⊥ ¼ jk⃗⊥jð0; 0; cosφ; sinφÞ: ð2:39Þ

And the transverse vector polarization is parametrized as

SμT ¼ jS⃗T jð0; 0; cosφS; sinφSÞ: ð2:40Þ

For the tensor polarization–dependent parameters, we
parametrize and define them as in Ref. [42], i.e.,

SxLT ¼ jSLT j cosφLT; ð2:41Þ

SyLT ¼ jSLT j sinφLT; ð2:42Þ

jSLT j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSxLTÞ2 þ ðSyLTÞ2

q
; ð2:43Þ

SxxTT ¼ −SyyTT ¼ jSTT j cos 2φTT; ð2:44Þ

SxyTT ¼ SyxTT ¼ jSTT j sin 2φTT; ð2:45Þ

jSTT j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSxxTTÞ2 þ ðSxyTTÞ2

q
: ð2:46Þ

After making Lorentz contractions with the leptonic
tensor, we obtain the general form for the cross section. We
give the general form of the cross section through weak
interaction channel. The cross section is given by

dσZZ

dxdydψd2k0⊥
¼ α2em

yQ2
χ½WU;U þ λeWL;U þ λhWU;L

þ λeλhWL;L þ SLLWU;LL þ λeSLLWL;LL

þ jST jWU;T þ λejST jWL;T

þ jSLT jWU;LT þ λejSLT jWL;LT

þ jSTT jWU;TT þ λejSTT jWL;TT �: ð2:47Þ

The total cross section including the electromagnetic and
interference terms will formally take the same structure. We
define functions of y which will be often used,

AðyÞ ¼ y2 − 2yþ 2;

BðyÞ ¼ 2ð2 − yÞ
ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
;

CðyÞ ¼ yð2 − yÞ;
DðyÞ ¼ 2y

ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
;

EðyÞ ¼ 2ð1 − yÞ: ð2:48Þ

In expressing the cross section, these functions are equiv-
alent to variables K and ε used in Ref. [29]. From
ε ¼ ð1 − y − 1

4
γ2y2Þ=ð1 − yþ 1

2
y2 þ 1

4
γ2y2Þ and K ¼ ð1þ

γ2=2xÞy2=ð1 − εÞ with γ ¼ 2Mx=Q, if neglecting the
hadron mass, i.e., γ ¼ 0, we have

K ¼ AðyÞ;
Kε ¼ EðyÞ;

K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
¼ BðyÞ;

K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p
¼ DðyÞ;

K
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε2

p
¼ CðyÞ: ð2:49Þ

The explicit results for the cross section in terms of
structure functions for different polarization configurations
are
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WU;U ¼ AðyÞWT
U;U þ EðyÞWL

U;U þ BðyÞ
�
sinφW̃sinφ

U;U1 þ cosφWcosφ
U;U1

�
þ EðyÞ

�
sin 2φW̃sin 2φ

U;U þ cos 2φWcos 2φ
U;U

�

þ CðyÞWU;U þDðyÞ
�
sinφW̃sinφ

U;U2 þ cosφWcosφ
U;U2

�
; ð2:50Þ

WL;U ¼ AðyÞW̃T
L;U þ EðyÞW̃L

L;U þ BðyÞ
�
sinφWsinφ

L;U1 þ cosφW̃cosφ
L;U1

�
þ EðyÞ

�
sin 2φWsin 2φ

L;U þ cos 2φW̃cos 2φ
L;U

�

þ CðyÞW̃L;U þDðyÞ
�
sinφWsinφ

L;U2 þ cosφW̃cosφ
L;U2

�
; ð2:51Þ

WU;L ¼ AðyÞW̃T
U;L þ EðyÞW̃L

U;L þ BðyÞ
�
sinφWsinφ

U;L1 þ cosφW̃cosφ
U;L1

�
þ EðyÞ

�
sin 2φWsin 2φ

U;L þ cos 2φW̃cos 2φ
U;L

�

þ CðyÞW̃U;L þDðyÞ
�
sinφWsinφ

U;L2 þ cosφW̃cosφ
U;L2

�
; ð2:52Þ

WL;L ¼ AðyÞWT
L;L þ EðyÞWL

L;L þ BðyÞ
�
sinφW̃sinφ

L;L1 þ cosφWcosφ
L;L1

�
þ EðyÞ

�
sin 2φW̃sin 2φ

L;L þ cos 2φWcos 2φ
L;L

�

þ CðyÞWL;L þDðyÞ
�
sinφW̃sinφ

L;L2 þ cosφWcosφ
L;L2

�
; ð2:53Þ

WU;LL ¼ AðyÞWT
U;LL þ EðyÞWL

U;LL þ BðyÞ
�
sinφW̃sinφ

U;LL1 þ cosφWcosφ
U;LL1

�
þ EðyÞ

�
sin 2φW̃sin 2φ

U;LL þ cos 2φWcos 2φ
U;LL

�

þ CðyÞWU;LL þDðyÞ
�
sinφW̃sinφ

U;LL2 þ cosφWcosφ
U;LL2

�
; ð2:54Þ

WL;LL ¼ AðyÞW̃T
L;LL þ EðyÞW̃L

L;LL þ BðyÞ
�
sinφWsinφ

L;LL1 þ cosφW̃cosφ
L;LL1

�
þ EðyÞ

�
sin 2φWsin 2φ

L;LL þ cos 2φW̃cos 2φ
L;LL

�

þ CðyÞW̃L;LL þDðyÞ
�
sinφWsinφ

L;LL2 þ cosφW̃cosφ
L;LL2

�
; ð2:55Þ

WU;T ¼ sinφS

h
BðyÞWsinφS

U;T1 þDðyÞWsinφS
U;T2

i
þ sinðφþ φSÞEðyÞWsinðφþφSÞ

U;T

þ sinðφ − φSÞ
h
AðyÞWT;sinðφ−φSÞ

U;T þ EðyÞWL;sinðφ−φSÞ
U;T þ CðyÞWsinðφ−φSÞ

U;T

i

þ sinð2φ − φSÞ
h
BðyÞWsinð2φ−φSÞ

U;T1 þDðyÞWsinð2φ−φSÞ
U;T2

i
þ sinð3φ − φSÞEðyÞWsinð3φ−φSÞ

U;T

þ cosφS

h
BðyÞW̃cosφS

U;T1 þDðyÞW̃cosφS
U;T2

i
þ cosðφþ φSÞEðyÞW̃cosðφþφSÞ

U;T

þ cosðφ − φSÞ
h
AðyÞW̃T;cosðφ−φSÞ

U;T þ EðyÞW̃L;cosðφ−φSÞ
U;T þ CðyÞW̃cosðφ−φSÞ

U;T

i

þ cosð2φ − φSÞ
h
BðyÞW̃cosð2φ−φSÞ

U;T1 þDðyÞW̃cosð2φ−φSÞ
U;T2

i
þ cosð3φ − φSÞEðyÞW̃cosð3φ−φSÞ

U;T ; ð2:56Þ

WL;T ¼ sinφS

h
BðyÞW̃sinφS

L;T1 þDðyÞW̃sinφS
L;T2

i
þ sinðφþ φSÞEðyÞW̃sinðφþφSÞ

L;T

þ sinðφ − φSÞ
h
AðyÞW̃T;sinðφ−φSÞ

L;T þ EðyÞW̃L;sinðφ−φSÞ
L;T þ CðyÞW̃sinðφ−φSÞ

L;T

i

þ sinð2φ − φSÞ
h
BðyÞW̃sinð2φ−φSÞ

L;T1 þDðyÞW̃sinð2φ−φSÞ
L;T2

i
þ sinð3φ − φSÞEðyÞW̃sinð3φ−φSÞ

L;T

þ cosφS

h
BðyÞWcosφS

L;T1 þDðyÞWcosφS
L;T2

i
þ cosðφþ φSÞEðyÞWcosðφþφSÞ

L;T

þ cosðφ − φSÞ
h
AðyÞWT;cosðφ−φSÞ

L;T þ EðyÞWL;cosðφ−φSÞ
L;T þ CðyÞWcosðφ−φSÞ

L;T

i

þ cosð2φ − φSÞ
h
BðyÞWcosð2φ−φSÞ

L;T1 þDðyÞWcosð2φ−φSÞ
L;T2

i
þ cosð3φ − φSÞEðyÞWcosð3φ−φSÞ

L;T ; ð2:57Þ
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WU;LT ¼ sinφLT

h
BðyÞW̃sinφLT

U;LT1 þDðyÞW̃sinφLT
U;LT2

i
þ sinðφþ φLTÞEðyÞW̃sinðφþφLT Þ

U;LT

þ sinðφ − φLTÞ
h
AðyÞW̃T;sinðφ−φLT Þ

U;LT þ EðyÞW̃L;sinðφ−φLTÞ
U;LT þ CðyÞW̃sinðφ−φLTÞ

U;LT

i

þ sinð2φ − φLTÞ
h
BðyÞW̃sinð2φ−φLTÞ

U;LT1 þDðyÞW̃sinð2φ−φLTÞ
U;LT2

i
þ sinð3φ − φLTÞEðyÞW̃sinð3φ−φLT Þ

U;LT

þ cosφLT

h
BðyÞWcosφLT

U;LT1 þDðyÞWcosφLT
U;LT2

i
þ cosðφþ φLTÞEðyÞWcosðφþφLT Þ

U;LT

þ cosðφ − φLTÞ
h
AðyÞWT;cosðφ−φLTÞ

U;LT þ EðyÞWL;cosðφ−φLTÞ
U;LT þ CðyÞWcosðφ−φLTÞ

U;LT

i

þ cosð2φ − φLTÞ
h
BðyÞWcosð2φ−φLT Þ

U;LT1 þDðyÞWcosð2φ−φLTÞ
U;LT2

i
þ cosð3φ − φLTÞEðyÞWcosð3φ−φLTÞ

U;LT ; ð2:58Þ

WL;LT ¼ sinφLT

h
BðyÞWsinφLT

L;LT1 þDðyÞWsinφLT
L;LT2

i
þ sinðφþ φLTÞEðyÞWsinðφþφLT Þ

L;LT

þ sinðφ − φLTÞ
h
AðyÞWT;sinðφ−φLTÞ

L;LT þ EðyÞWL;sinðφ−φLTÞ
L;LT þ CðyÞWsinðφ−φLTÞ

L;LT

i

þ sinð2φ − φLTÞ
h
BðyÞWsinð2φ−φLTÞ

L;LT1 þDðyÞWsinð2φ−φLTÞ
L;LT2

i
þ sinð3φ − φLTÞEðyÞWsinð3φ−φLT Þ

L;LT

þ cosφLT

h
BðyÞW̃cosφLT

L;LT1 þDðyÞW̃cosφLT
L;LT2

i
þ cosðφþ φLTÞEðyÞW̃cosðφþφLTÞ

L;LT

þ cosðφ − φLTÞ
h
AðyÞW̃T;cosðφ−φLTÞ

L;LT þ EðyÞW̃L;cosðφ−φLTÞ
L;LT þ CðyÞW̃cosðφ−φLTÞ

L;LT

i

þ cosð2φ − φLTÞ
h
BðyÞW̃cosð2φ−φLT Þ

L;LT1 þDðyÞW̃cosð2φ−φLTÞ
L;LT2

i
þ cosð3φ − φLTÞEðyÞW̃cosð3φ−φLTÞ

L;LT ; ð2:59Þ

WU;TT ¼ sinðφ − 2φTTÞ
h
BðyÞW̃sinðφ−2φTTÞ

U;TT1 þDðyÞW̃sinðφ−2φTTÞ
U;TT2

i
þ sin 2φTTEðyÞW̃sin 2φTT

U;TT

þ sinð2φ − 2φTTÞ
h
AðyÞW̃T;sinð2φ−2φTTÞ

U;TT þ EðyÞW̃L;sinð2φ−2φTT Þ
U;TT þ CðyÞW̃sinð2φ−2φTT Þ

U;TT

i

þ sinð3φ − 2φTTÞ
h
BðyÞW̃sinð3φ−2φTT Þ

U;TT1 þDðyÞW̃sinð3φ−2φTT Þ
U;TT2

i
þ sinð4φ − 2φTTÞEðyÞW̃sinð4φ−2φTT Þ

U;TT

þ cosðφ − 2φTTÞ
h
BðyÞWcosðφ−2φTTÞ

U;TT1 þDðyÞWcosðφ−2φTT Þ
U;TT2

i
þ cos 2φTTEðyÞWcos 2φTT

U;TT

þ cosð2φ − 2φTTÞ
h
AðyÞWT;cosð2φ−2φTT Þ

U;TT þ EðyÞWL;cosð2φ−2φTTÞ
U;TT þ CðyÞWcosð2φ−2φTTÞ

U;TT

i

þ cosð3φ − 2φTTÞ
h
BðyÞWcosð3φ−2φTTÞ

U;TT1 þDðyÞWcosð3φ−2φTT Þ
U;TT2

i
þ cosð4φ − 2φTTÞEðyÞWcosð4φ−2φTTÞ

U;TT ; ð2:60Þ

WL;TT ¼ sinðφ − 2φTTÞ
h
BðyÞWsinðφ−2φTTÞ

L;TT1 þDðyÞWsinðφ−2φTTÞ
L;TT2

i
þ sin 2φTTEðyÞWsin 2φTT

L;TT

þ sinð2φ − 2φTTÞ
h
AðyÞWT;sinð2φ−2φTTÞ

L;TT þ EðyÞWL;sinð2φ−2φTTÞ
L;TT þ CðyÞWsinð2φ−2φTT Þ

L;TT

i

þ sinð3φ − 2φTTÞ
h
BðyÞWsinð3φ−2φTT Þ

L;TT1 þDðyÞWsinð3φ−2φTT Þ
L;TT2

i
þ sinð4φ − 2φTTÞEðyÞWsinð4φ−2φTT Þ

L;TT

þ cosðφ − 2φTTÞ
h
BðyÞW̃cosðφ−2φTTÞ

L;TT1 þDðyÞW̃cosðφ−2φTT Þ
L;TT2

i
þ cos 2φTTEðyÞW̃cos 2φTT

L;TT

þ cosð2φ − 2φTTÞ
h
AðyÞW̃T;cosð2φ−2φTT Þ

L;TT þ EðyÞW̃L;cosð2φ−2φTTÞ
L;TT þ CðyÞW̃cosð2φ−2φTTÞ

L;TT

i

þ cosð3φ − 2φTTÞ
h
BðyÞW̃cosð3φ−2φTTÞ

L;TT1 þDðyÞW̃cosð3φ−2φTT Þ
L;TT2

i
þ cosð4φ − 2φTTÞEðyÞW̃cosð4φ−2φTT Þ

L;TT : ð2:61Þ

For both unpolarized and polarized electron cases, there exist 81 structure functions, respectively, which correspond to the
number of independent BLTs. For unpolarized electron beam, there are 39 structure functions correspond to parity
conserved terms and the other 42 are parity violated. While for polarized electron beam, it is just opposite, i.e., 42 structure
functions are parity conserved and 39 are parity violated.
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III. THE HADRONIC TENSOR IN THE QCD
PARTON MODEL

A. The collinear expansion

In the QCD parton model, we can calculate the hadronic
tensor in terms of gauge-invariant TMD PDFs. At the tree
level, we need to consider the contributions from the
series of diagrams shown in Fig. 1, i.e., the multiple gluon
scattering contributions.
After collinear expansion, the hadronic tensor is

expressed in terms of the gauge-invariant quark-quark
and quark-j-gluon(s)-quark correlators and calculable hard
parts [34,35,38],

Wr;μνðq; p; S; k0Þ ¼
X
j;c

W̃ðj;cÞ
r;μν ðq; p; S; k0Þ; ð3:1Þ

where j denotes the number of gluons exchanged and c

denotes different cuts. After integration over k0z, W̃
ðj;cÞ
r;μν ’s are

simplified as

W̃ð0Þ
r;μνðq; p; S; k0⊥Þ ¼

1

2
Tr
h
ĥð0Þr;μνΦ̂ð0Þðx; k0⊥Þ

i
; ð3:2Þ

W̃ð1;LÞ
r;μν ðq; p; S; k0⊥Þ ¼

1

4p · q
Tr
h
ĥð1Þρr;μν φ̂

ð1Þ
ρ ðx; k0⊥Þ

i
ð3:3Þ

up to the relevant twist-3 level. The hard parts hr’s are

ĥð0Þγγ;μν ¼ γμ=nγν=pþ; ĥð1Þργγ;μν ¼ γμ=̄nγ
ρ
⊥=nγν; ð3:4Þ

ĥð0ÞZZ;μν ¼ Γq
μ=nΓq

ν=pþ; ĥð1ÞρZZ;μν ¼ Γq
μ=̄nγ

ρ
⊥=nΓ

q
ν ; ð3:5Þ

ĥð0ÞγZ;μν ¼ Γq
μ=nγν=pþ; ĥð1ÞργZ;μν ¼ Γq

μ=̄nγ
ρ
⊥=nγν: ð3:6Þ

The gauge-invariant quark-quark and quark-gluon-quark
correlators are defined as

Φ̂ð0Þðx; k⊥Þ ¼
Z

pþdy−d2y⊥
ð2πÞ3 eixp

þy−−ik⃗⊥·y⃗⊥

× hNjψ̄ð0ÞLð0; yÞψðyÞjNi; ð3:7Þ

φ̂ð1Þ
ρ ðx; k⊥Þ ¼

Z
pþdy−d2y⊥

ð2πÞ3 eixp
þy−−ik⃗⊥·y⃗⊥

× hNjψ̄ð0ÞD⊥ρð0ÞLð0; yÞψðyÞjNi; ð3:8Þ

where DρðyÞ ¼ −i∂ρ þ gAρðyÞ is the covariant derivative.
Lð0; yÞ is the gauge link obtained from the collinear
expansion procedure, which guarantees the gauge invari-
ance of the correlators.

B. Decomposition of quark-quark and
quark-gluon-quark correlators

The quark-quark and quark-gluon-quark correlators are
4 × 4 matrices in Dirac space which can be decomposed in
terms of the Dirac gamma matrices fI; iγ5; γα; γαγ5; iσαβγ5g.
In the SIDIS process e−N → e−qX, where the fragmenta-
tion is not considered, only the chiral even PDFs are
involved. Thus, we only need to consider the γα and the
γαγ5 terms in the decomposition of the correlators. We have

Φ̂ð0Þ ¼ 1

2

h
γαΦð0Þ

α þ γαγ5Φ̃
ð0Þ
α

i
þ � � � ; ð3:9Þ

φ̂ð1Þ
ρ ¼ 1

2

h
γαφð1Þ

ρα þ γαγ5φ̃
ð1Þ
ρα

i
þ � � � : ð3:10Þ

The TMD PDFs are defined through the decomposition
of the correlation functions. Following the convention in
Ref. [39], we have

Φð0Þ
α ¼ pþn̄α

�
f1 þ SLLf1LL −

k⊥ · S̃T
M

f⊥1T

þ k⊥ · SLT
M

f⊥1LT þ SkkTT
M2

f⊥1TT
�
þ k⊥αðf⊥ þ SLLf⊥LLÞ

−MS̃TαfT þMSLTαfLT þ SkTTαfTT − λhk̃⊥αf⊥L

−
k⊥hαk⊥βi

M

�
S̃βTf

⊥
T þ SβLTf

⊥
LT þ SkβTT

M
f⊥TT

�
;

ð3:11Þ

Φ̃ð0Þ
α ¼ pþn̄α

�
−λhg1L þ k⊥ · ST

M
g⊥1T

þ k⊥ · S̃LT
M

g⊥1LT −
S̃kkTT
M2

g⊥1TT
�
− k̃⊥αðg⊥ þ SLLg⊥LLÞ

−MSTαgT −MS̃LTαgLT − S̃kTTαgTT − λhk⊥αg⊥L

þ k⊥hαk⊥βi
M

�
SβTg

⊥
T − S̃βLTg

⊥
LT −

SkβTT
M

g̃⊥TT
�
:

ð3:12Þ

For the quark-gluon-quark correlator, we have

(a) (b) (c)

FIG. 1. The first few diagrams of the Feynman diagram series
with exchange of j gluons, where j ¼ 0, 1, and 2 for diagrams (a),
(b), and (c), respectively.
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φð1Þ
ρα ¼ pþn̄α

	
k⊥ρðf⊥d þ SLLf⊥dLLÞ −MS̃TρfdT

þMSLTρfdLT þ SkTTρfdTT − λhk̃⊥ρf⊥dL

−
k⊥hρk⊥βi

M

�
S̃βTf

⊥
dT þ SβLTf

⊥
dLT þ SkβTT

M
f⊥dTT

�

;

ð3:13Þ

φ̃ð1Þ
ρα ¼ ipþn̄α

	
k̃⊥ρðg⊥d þ SLLg⊥dLLÞ þMSTρgdT

þMS̃LTρgdLT þ S̃kTTρgdTT þ λhk⊥ρg⊥dL

−
k⊥hρk⊥βi

M

�
SβTg

⊥
dT − S̃βLTg

⊥
dLT −

S̃kβTT
M

g⊥dTT
�


;

ð3:14Þ

where SkβTT ≡ SαβTTk⊥α and S̃kβTT ≡ εβ⊥μS
kμ
TT . We have 1

M SkβTT
behaves as a Lorentz vector like SβLT ,

1
M S̃kβTT and S̃βLT behave

as axial vectors like SβT .
In fact, not all of these TMD PFDs shown in

Eqs. (3.11)–(3.14) are independent. We use the QCD
equation of motion =Dψ ¼ 0 to obtain the following
equations to eliminate PDFs which are not independent,
i.e.,:

xpþΦð0Þρ ¼ −gρσ⊥ Reφð1Þ
σþ − ερσ⊥ Imφ̃ð1Þ

σþ; ð3:15Þ

xpþΦ̃ð0Þρ ¼ −gρσ⊥ Reφ̃ð1Þ
σþ − ερσ⊥ Imφð1Þ

σþ: ð3:16Þ

By inserting Eqs. (3.11)–(3.14) into Eqs. (3.15) and (3.16),
we can get the relationships between the twist-3 TMD
PDFs defined via the quark-quark correlator and those
defined via the quark-gluon-quark correlator. They can be
written in a unified form, i.e.,

fKdS − gKdS ¼ −xðfKS − igKS Þ; ð3:17Þ

where k ¼ null, ⊥, S ¼ null, L, T, LL, LT, and TT
whenever applicable.

C. The hadronic tensor results

Substituting the Lorentz decomposition expressions of
the parton correlators into the hadronic tensor expression
in Eqs. (3.2) and (3.3), by carrying out the traces we can
obtain the results for the hadronic tensor up to twist-3. The
relevant traces we need are

pþTr
h
γαĥ

ð0Þ
γγ;μν

i
¼ −4ϱμνα; ð3:18Þ

pþTr
h
γαĥ

ð0Þ
ZZ;μν

i
¼ −4cq1ϱμνα − 4icq3εαnμν; ð3:19Þ

pþTr
h
γαĥ

ð0Þ
γZ;μν

i
¼ −4cqVϱμνα − 4icqAεαnμν; ð3:20Þ

pþTr
h
γαγ5ĥ

ð0Þ
γγ;μν

i
¼ 4iεnαμν; ð3:21Þ

pþTr
h
γαγ5ĥ

ð0Þ
ZZ;μν

i
¼ −4cq3ϱμνα þ 4icq1εnαμν; ð3:22Þ

pþTr
h
γαγ5ĥ

ð0Þ
γZ;μν

i
¼ −4cqAϱμνα þ 4icqVεnαμν; ð3:23Þ

Tr
h
=̄nĥð1Þργγ;μν

i
¼ −8gρ⊥νn̄μ; ð3:24Þ

Tr
h
=̄nĥð1ÞρZZ;μν

i
¼ −8cq1g

ρ
⊥νn̄μ − 8icq3ε

ρ
⊥νn̄μ; ð3:25Þ

Tr
h
=̄nĥð1ÞργZ;μν

i
¼ −8cqVg

ρ
⊥νn̄μ − 8icqAε

ρ
⊥νn̄μ; ð3:26Þ

Tr
h
=̄nγ5ĥ

ð1Þρ
γγ;μν

i
¼ −8iερ⊥νn̄μ; ð3:27Þ

Tr
h
=̄nγ5ĥ

ð1Þρ
ZZ;μν

i
¼ −8cq3g

ρ
⊥νn̄μ − 8icq1ε

ρ
⊥νn̄μ; ð3:28Þ

Tr
h
=̄nγ5ĥ

ð1Þρ
γZ;μν

i
¼ −8cqAg

ρ
⊥νn̄μ − 8icqVε

ρ
⊥νn̄μ: ð3:29Þ

Here the μν-symmetric tensor ϱμνα≡gμνnα−gναnμ−gμαnν.
It is noted that, we can get the pure EM terms by replacing
fcq1; cq3g → f1; 0g and the interference terms by replacing
fcq1; cq3g → fcqA; cqVg from the expressions of the pure weak
interaction terms. Therefore, we only give the pure weak
interaction part W̃μν

ZZ up to twist-3 level for simplicity. W̃μν
γγ

and W̃μν
γZ can be obtained by the above-mentioned replace-

ment. We first present the hadronic tensor at the leading
twist (twist-2) level for completeness. It only comes from
the quark-quark correlator in Eqs. (3.11) and (3.12). The
result is

W̃ð0Þμν
t2 ¼ −ðcq1gμν⊥ þ icq3ε

μν
⊥ Þ

�
f1 þ SLLf1LL −

k⊥ · S̃T
M

f⊥1T

þ k⊥ · SLT
M

f⊥1LT þ SkkTT
M2

f⊥1TT
�

− ðcq3gμν⊥ þ icq1ε
μν
⊥ Þ

�
−λhg1L þ k⊥ · ST

M
g⊥1T

þ k⊥ · S̃LT
M

g⊥1LT −
S̃kkTT
M2

g⊥1TT
�
: ð3:30Þ

The twist-3 hadronic tensor comes also from the quark-
gluon-quark correlator in Eqs. (3.13) and (3.14). After
using the equation of motion in Eq. (3.17), we get the
complete hadronic tensor at twist-3 level,
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ðp · qÞW̃μν
t3 ¼

h
cq1k

fμ
⊥ q̄νg þ icq3 k̃

½μ
⊥q̄ν�

i
ðf⊥ þ SLLf⊥LLÞ −

h
cq1 k̃

fμ
⊥ q̄νg − icq3k

½μ
⊥q̄ν�

i
λhf⊥L −

h
cq1S̃

fμ
T q̄νg − icq3S

½μ
T q̄

ν�
i
MfT

þ
h
cq1S

fμ
LTq̄

νg þ icq3S̃
½μ
LTq̄

ν�
i
MfLT þ

h
cq1S

kfμ
TT q̄

νg þ icq3S̃
k½μ
TTq̄

ν�
i
fTT

−
	
cq1

�
k⊥ · S̃T
M

kfμ⊥ q̄νg −
k2⊥
2M

S̃fμT q̄νg
�
þ icq3

�
k⊥ · ST
M

k½μ⊥q̄ν� −
k2⊥
2M

S½μT q̄
ν�
�


f⊥T

−
	
cq1

�
k⊥ · SLT

M
kfμ⊥ q̄νg −

k2⊥
2M

SfμLTq̄
νg
�
þ icq3

�
k⊥ · SLT

M
k̃½μ⊥q̄ν� −

k2⊥
2M

S̃½μLTq̄
ν�
�


f⊥LT

−
	
cq1

�
SkkTT
M2

kfμ⊥ q̄νg −
k2⊥
2M2

SkfμTT q̄
νg
�
þ icq3

�
SkkTT
M2

k̃½μ⊥q̄ν� −
k2⊥
2M2

S̃k½μTTq̄
ν�
�


f⊥TT

−
h
cq3 k̃

fμ
⊥ q̄νg − icq1k

½μ
⊥q̄ν�

i
ðg⊥ þ SLLg⊥LLÞ −

h
cq3k

fμ
⊥ q̄νg þ icq1 k̃

½μ
⊥q̄ν�

i
λhg⊥L −

h
cq3S

fμ
T q̄νg þ icq1S̃

½μ
T q̄

ν�
i
MgT

−
h
cq3S̃

fμ
LTq̄

νg − icq1S
½μ
LTq̄

ν�
i
MgLT −

h
cq3S̃

kfμ
TT q̄

νg − icq1S
k½μ
TT q̄

ν�
i
gTT

þ
	
cq3

�
k⊥ · ST
M

kfμ⊥ q̄νg −
k2⊥
2M

SfμT q̄νg
�
þ icq1

�
k⊥ · ST
M

k̃½μ⊥q̄ν� −
k2⊥
2M

S̃½μT q̄
ν�
�


g⊥T

−
	
cq3

�
k⊥ · S̃LT

M
kfμ⊥ q̄νg −

k2⊥
2M

S̃fμLTq̄
νg
�
þ icq1

�
k⊥ · SLT

M
k½μ⊥q̄ν� −

k2⊥
2M

S½μLTq̄
ν�
�


g⊥LT

−
	
cq3

�
k⊥ · S̃kTT
M2

kfμ⊥ q̄νg −
k2⊥
2M2

S̃kfμTT q̄
νg
�
þ icq1

�
k⊥ · SkTT
M2

k½μ⊥q̄ν� −
k2⊥
2M2

Sk½μTTq̄
ν�
�


g⊥TT; ð3:31Þ

where q̄μ ¼ qμ þ 2xpμ. From q · q̄ ¼ q · k⊥ ¼ 0 and q · ST ¼ q · SLT ¼ q · SkTT=M ¼ 0, we see clearly that the full twist-3
hadronic tensor satisfies current conservation, qμW̃

μν
t3 ¼ qνW̃

μν
t3 ¼ 0.

IV. THE CROSS SECTION UP TO TWIST-3

Substituting the leading twist hadronic tensor in Eq. (3.30) and the leptonic tensor into Eq. (2.13) yields the leading twist
cross section. Here, we also give the expressions explicitly for the weak interaction part,

dσZZt2
dxdydψd2k0⊥

¼ α2emχ

yQ2

nh
Tq
0ðyÞ − λeT̃

q
0ðyÞ

i
ðf1 þ SLLf1LLÞ −

h
T̃q
1ðyÞ − λeT

q
1ðyÞ

i
λhg1L

þ jST jk⊥M

h
sinðφ − φSÞðTq

0ðyÞ − λeT̃
q
0ðyÞÞf⊥1T − cosðφ − φSÞðT̃q

1ðyÞ − λeT
q
1ðyÞÞg⊥1T

i

− jSLT jk⊥M

h
sinðφ − φLTÞðT̃q

1ðyÞ − λeT
q
1ðyÞÞg⊥1LT þ cosðφ − φLTÞðTq

0ðyÞ − λeT̃
q
0ðyÞÞf⊥1LT

i

− jSTT jk2⊥M

h
sinð2φ − 2φTTÞðT̃q

1ðyÞ − λeT
q
1ðyÞÞg⊥1TT − cosð2φ − 2φTTÞðTq

0ðyÞ − λeT̃
q
0ðyÞÞf⊥1TT

io
; ð4:1Þ

where we have defined k⊥M ¼ jk⃗⊥j=M, and

Tq
0ðyÞ ¼ ce1c

q
1AðyÞ þ ce3c

q
3CðyÞ;

T̃q
0ðyÞ ¼ ce3c

q
1AðyÞ þ ce1c

q
3CðyÞ;

Tq
1ðyÞ ¼ ce3c

q
3AðyÞ þ ce1c

q
1CðyÞ;

T̃q
1ðyÞ ¼ ce1c

q
3AðyÞ þ ce3c

q
1CðyÞ ð4:2Þ

to simplify the expressions. Tq
i ðyÞ’s and T̃q

i ðyÞ’s are related
to space reflection even and odd structure, respectively, in
the cross section. For EM interaction, it requires ce=q3 ¼ 0

and ce=q1 ¼ 1. In this case, only Tq
0ðyÞ and Tq

1ðyÞ are left,
and Tq

0ðyÞ ¼ AðyÞ, Tq
1ðyÞ ¼ CðyÞ. For the interference

terms, we need to set ce=q3 ¼ ce=qA and ce=q1 ¼ ce=qV . The

kinematic factors are also different. To make it transparent,
we can get the EM and interference cross sections by
replacing the parameters in the weak interaction cross
section according to Table I.

TABLE I. Relations of kinematic factors between weak, EM,
and interference interactions.

Interactions Ar Lμν
r Wμν

r

ZZ χ ce1, c
e
3 cq1 , c

q
3

γZ χ → χint ce1 → ceV , c
e
3 → ceA cq1 → cqV , c

q
3 → cqA

γγ χ → e2q ce1 → 1, ce3 → 0 cq1 → 1, cq3 → 0
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Similarly, substituting the twist-3 hadronic tensor in Eq. (3.31) and the leptonic tensor into Eq. (2.13) yields the twist-3
cross section. It is given by

dσZZt3
dxdydψd2k0⊥

¼ −
α2emχ

yQ2
2xκM

�
k⊥M cosφðTq

2ðyÞ − λeT̃
q
2ðyÞÞðf⊥ þ SLLf⊥LLÞ þ k⊥M sinφðT̃q

3ðyÞ − λeT
q
3ðyÞÞðg⊥ þ SLLg⊥LLÞ

þ λhk⊥M

h
sinφðTq

2ðyÞ − λeT̃
q
2ðyÞÞf⊥L − cosφðT̃q

3ðyÞ − λeT
q
3ðyÞÞg⊥L

i

þ jST j
	
sinφSðTq

2ðyÞ − λeT̃
q
2ðyÞÞfT − cosφSðT̃q

3ðyÞ − λeT
q
3ðyÞÞgT

þ sinð2φ − φSÞðTq
2ðyÞ − λeT̃

q
2ðyÞÞ

k2⊥M

2
f⊥T − cosð2φ − φSÞðT̃q

3ðyÞ − λeT
q
3ðyÞÞ

k2⊥M

2
g⊥T




þ jSLT j
	
sinφLTðT̃q

3ðyÞ − λeT
q
3ðyÞÞgLT þ cosφLTðTq

2ðyÞ − λeT̃
q
2ðyÞÞfLT

þ sinð2φ − φLTÞðT̃q
3ðyÞ − λeT

q
3ðyÞÞ

k2⊥M

2
g⊥LT þ cosð2φ − φLTÞðTq

2ðyÞ − λeT̃
q
2ðyÞÞ

k2⊥M

2
f⊥LT




þ jSTT j
	
sinðφ − 2φTTÞðT̃q

3ðyÞ − λeT
q
3ðyÞÞk⊥MgTT − cosðφ − 2φTTÞðTq

2ðyÞ − λeT̃
q
2ðyÞÞk⊥MfTT

− sinð3φ − 2φTTÞðT̃q
3ðyÞ − λeT

q
3ðyÞÞ

k3⊥M

2
g⊥TT − cosð3φ − 2φTTÞðTq

2ðyÞ − λeT̃
q
2ðyÞÞ

k3⊥M

2
f⊥TT


�
; ð4:3Þ

where we have defined κM ¼ M=Q to simplify the ex-
pression. We have also defined

Tq
2ðyÞ ¼ ce1c

q
1BðyÞ þ ce3c

q
3DðyÞ;

T̃q
2ðyÞ ¼ ce3c

q
1BðyÞ þ ce1c

q
3DðyÞ;

Tq
3ðyÞ ¼ ce3c

q
3BðyÞ þ ce1c

q
1DðyÞ;

T̃q
3ðyÞ ¼ ce1c

q
3BðyÞ þ ce3c

q
1DðyÞ: ð4:4Þ

It is also straightforward to obtain the interference and
EM contributions by doing the corresponding replace-
ments. To further unify the notations, we define Tq

i;rðyÞ’s
and T̃q

i;rðyÞ’s with r ¼ ZZ, γZ and γγ. For the weak
interaction, we have Tq

i;ZZðyÞ’s and T̃q
i;ZZðyÞ’s defined as

Tq
i ðyÞ’s and T̃q

i ðyÞ’s given in Eqs. (4.2) and (4.4), respec-
tively. For γZ and γγ parts, according to Table I, we have

Tq
0;γZðyÞ ¼ ceVc

q
VAðyÞ þ ceAc

q
ACðyÞ;

T̃q
0;γZðyÞ ¼ ceAc

q
VAðyÞ þ ceVc

q
ACðyÞ;

Tq
1;γZðyÞ ¼ ceAc

q
AAðyÞ þ ceVc

q
VCðyÞ;

T̃q
1;γZðyÞ ¼ ceVc

q
AAðyÞ þ ceAc

q
VCðyÞ;

Tq
2;γZðyÞ ¼ ceVc

q
VBðyÞ þ ceAc

q
ADðyÞ;

T̃q
2;γZðyÞ ¼ ceAc

q
VBðyÞ þ ceVc

q
ADðyÞ;

Tq
3;γZðyÞ ¼ ceAc

q
ABðyÞ þ ceVc

q
VDðyÞ;

T̃q
3;γZðyÞ ¼ ceVc

q
ABðyÞ þ ceAc

q
VDðyÞ ð4:5Þ

and

Tq
0;γγðyÞ ¼ AðyÞ; T̃q

0;γγðyÞ ¼ 0

Tq
1;γγðyÞ ¼ CðyÞ; T̃q

1;γγðyÞ ¼ 0

Tq
2;γγðyÞ ¼ BðyÞ; T̃q

2;γγðyÞ ¼ 0

Tq
3;γγðyÞ ¼ DðyÞ; T̃q

3;γγðyÞ ¼ 0: ð4:6Þ

We see that only half of the terms will survive if only EM
interaction is considered.

V. STRUCTURE FUNCTIONS AND AZIMUTHAL
ASYMMETRIES RESULTS UP TO TWIST-3

In Sec. II, we presented the general form of the cross
section in terms of structure functions. In the previous
section, we also presented the cross section in terms of
the gauge-invariant TMD PDFs. They match to each
other. In this section, we present the structure functions
and azimuthal asymmetries results in terms of the
TMD PDFs.

A. Structure functions results

We first present the structure functions in terms of gauge-
invariant PDFs. For the leading twist part, we have

WT
U;U ¼ ce1c

q
1f1; ð5:1Þ

WU;U ¼ ce3c
q
3f1; ð5:2Þ
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W̃T
L;U ¼ −ce3c

q
1f1; ð5:3Þ

W̃L;U ¼ −ce1c
q
3f1; ð5:4Þ

W̃T
U;L ¼ −ce1c

q
3g1L; ð5:5Þ

W̃U;L ¼ −ce3c
q
1g1L; ð5:6Þ

WT
L;L ¼ ce3c

q
3g1L; ð5:7Þ

WL;L ¼ ce1c
q
1g1L; ð5:8Þ

WT
U;LL ¼ ce1c

q
1f1LL; ð5:9Þ

WU;LL ¼ ce3c
q
3f1LL; ð5:10Þ

W̃T
L;LL ¼ −ce3c

q
1f1LL; ð5:11Þ

W̃L;LL ¼ −ce1c
q
3f1LL; ð5:12Þ

W̃T;cosðφ−φSÞ
U;T ¼ −ce1c

q
3k⊥Mg⊥1T; ð5:13Þ

W̃cosðφ−φSÞ
U;T ¼ −ce3c

q
1k⊥Mg⊥1T; ð5:14Þ

WT;sinðφ−φSÞ
U;T ¼ ce1c

q
1k⊥Mf⊥1T; ð5:15Þ

Wsinðφ−φSÞ
U;T ¼ ce3c

q
3k⊥Mf⊥1T; ð5:16Þ

WT;cosðφ−φSÞ
L;T ¼ ce3c

q
3k⊥Mg⊥1T; ð5:17Þ

Wcosðφ−φSÞ
L;T ¼ ce1c

q
1k⊥Mg⊥1T; ð5:18Þ

W̃T;sinðφ−φSÞ
L;T ¼ −ce3c

q
1k⊥Mf⊥1T; ð5:19Þ

W̃sinðφ−φSÞ
L;T ¼ −ce1c

q
3k⊥Mf⊥1T; ð5:20Þ

WT;cosðφ−φLTÞ
U;LT ¼ −ce1c

q
1k⊥Mf⊥1LT; ð5:21Þ

Wcosðφ−φLTÞ
U;LT ¼ −ce3c

q
3k⊥Mf⊥1LT; ð5:22Þ

W̃T;sinðφ−φLTÞ
U;LT ¼ −ce1c

q
3k⊥Mg⊥1LT; ð5:23Þ

W̃sinðφ−φLT Þ
U;LT ¼ −ce3c

q
1k⊥Mg⊥1LT; ð5:24Þ

W̃T;cosðφ−φLTÞ
L;LT ¼ ce3c

q
1k⊥Mf⊥1LT; ð5:25Þ

W̃cosðφ−φLTÞ
L;LT ¼ ce1c

q
3k⊥Mf⊥1LT; ð5:26Þ

WT;sinðφ−φLTÞ
L;LT ¼ ce3c

q
3k⊥Mg⊥1LT; ð5:27Þ

Wsinðφ−φLTÞ
L;LT ¼ ce1c

q
1k⊥Mg⊥1LT; ð5:28Þ

WT;cosð2φ−2φTT Þ
U;TT ¼ ce1c

q
1k

2⊥Mf
⊥
1TT; ð5:29Þ

Wcosð2φ−2φTTÞ
U;TT ¼ ce3c

q
3k

2⊥Mf
⊥
1TT; ð5:30Þ

W̃T;sinð2φ−2φTTÞ
U;TT ¼ −ce1c

q
3k

2⊥Mg
⊥
1TT; ð5:31Þ

W̃sinð2φ−2φTTÞ
U;TT ¼ −ce3c

q
1k

2⊥Mg
⊥
1TT; ð5:32Þ

W̃T;cosð2φ−2φTTÞ
L;TT ¼ −ce3c

q
1k

2⊥Mf
⊥
1TT; ð5:33Þ

W̃cosð2φ−2φTT Þ
L;TT ¼ −ce1c

q
3k

2⊥Mf
⊥
1TT; ð5:34Þ

WT;sinð2φ−2φTT Þ
L;TT ¼ ce3c

q
3k

2⊥Mg
⊥
1TT; ð5:35Þ

Wsinð2φ−2φTTÞ
L;TT ¼ ce1c

q
1k⊥Mg⊥1TT: ð5:36Þ

In total, we have 36 structure functions which contribute to
the leading twist. If only the EM interaction is taken into
account, only one fourth of them which are related to
ce1c

q
1 ¼ 1 are left.
For the twist-3 part, we have

Wcosφ
U;U1 ¼ −2xκMk⊥Mce1c

q
1f

⊥; ð5:37Þ

W̃sinφ
U;U1 ¼ −2xκMk⊥Mce1c

q
3g

⊥; ð5:38Þ

Wcosφ
U;U2 ¼ −2xκMk⊥Mce3c

q
3f

⊥; ð5:39Þ

W̃sinφ
U;U2 ¼ −2xκMk⊥Mce3c

q
1g

⊥; ð5:40Þ

W̃cosφ
L;U1 ¼ 2xκMk⊥Mce3c

q
1f

⊥; ð5:41Þ

Wsinφ
L;U1 ¼ 2xκMk⊥Mce3c

q
3g

⊥; ð5:42Þ

W̃cosφ
L;U2 ¼ 2xκMk⊥Mce1c

q
3f

⊥; ð5:43Þ

Wsinφ
L;U2 ¼ 2xκMk⊥Mce1c

q
1g

⊥; ð5:44Þ

W̃cosφ
U;L1 ¼ 2xκMk⊥Mce1c

q
3g

⊥
L ; ð5:45Þ

Wsinφ
U;L1 ¼ −2xκMk⊥Mce1c

q
1f

⊥
L ; ð5:46Þ

W̃cosφ
U;L2 ¼ 2xκMk⊥Mce3c

q
1g

⊥
L ; ð5:47Þ

Wsinφ
U;L2 ¼ −2xκMk⊥Mce3c

q
3f

⊥
L ; ð5:48Þ

Wcosφ
L;L1 ¼ −2xκMk⊥Mce3c

q
3g

⊥
L ; ð5:49Þ

W̃sinφ
L;L1 ¼ 2xκMk⊥Mce3c

q
1f

⊥
L ; ð5:50Þ

Wcosφ
L;L2 ¼ −2xκMk⊥Mce1c

q
1g

⊥
L ; ð5:51Þ
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W̃sinφ
L;L2 ¼ 2xκMk⊥Mce1c

q
3f

⊥
L ; ð5:52Þ

Wcosφ
U;LL1 ¼ −2xκMk⊥Mce1c

q
1f

⊥
LL; ð5:53Þ

W̃sinφ
U;LL1 ¼ −2xκMk⊥Mce1c

q
3g

⊥
LL; ð5:54Þ

Wcosφ
U;LL2 ¼ −2xκMk⊥Mce3c

q
3f

⊥
LL; ð5:55Þ

W̃sinφ
U;LL2 ¼ −2xκMk⊥Mce3c

q
1g

⊥
LL; ð5:56Þ

W̃cosφ
L;LL1 ¼ 2xκMk⊥Mce3c

q
1f

⊥
LL; ð5:57Þ

Wsinφ
L;LL1 ¼ 2xκMk⊥Mce3c

q
3g

⊥
LL; ð5:58Þ

W̃cosφ
L;LL2 ¼ 2xκMk⊥Mce1c

q
3f

⊥
LL; ð5:59Þ

Wsinφ
L;LL2 ¼ 2xκMk⊥Mce1c

q
1g

⊥
LL; ð5:60Þ

W̃cosφS
U;T1 ¼ 2xκMce1c

q
3gT; ð5:61Þ

WsinφS
U;T1 ¼ −2xκMce1c

q
1fT; ð5:62Þ

W̃cosφS
U;T2 ¼ 2xκMce3c

q
1gT; ð5:63Þ

WsinφS
U;T2 ¼ −2xκMce3c

q
3fT; ð5:64Þ

W̃cosð2φ−φSÞ
U;T1 ¼ xκMk2⊥Mc

e
1c

q
3g

⊥
T ; ð5:65Þ

Wsinð2φ−φSÞ
U;T1 ¼ −xκMk2⊥Mc

e
1c

q
1f

⊥
T ; ð5:66Þ

W̃cosð2φ−φSÞ
U;T2 ¼ xκMk2⊥Mc

e
3c

q
1g

⊥
T ; ð5:67Þ

Wsinð2φ−φSÞ
U;T2 ¼ −xκMk2⊥Mc

e
3c

q
3f

⊥
T ; ð5:68Þ

WcosφS
L;T1 ¼ −2xκMce3c

q
3gT; ð5:69Þ

W̃sinφS
L;T1 ¼ 2xκMce3c

q
1fT; ð5:70Þ

WcosφS
L;T2 ¼ −2xκMce1c

q
1gT; ð5:71Þ

W̃sinφS
L;T2 ¼ 2xκMce1c

q
3fT; ð5:72Þ

Wcosð2φ−φSÞ
L;T1 ¼ −xκMk2⊥Mc

e
3c

q
3g

⊥
T ; ð5:73Þ

W̃sinð2φ−φSÞ
L;T1 ¼ xκMk2⊥Mc

e
3c

q
1f

⊥
T ; ð5:74Þ

Wcosð2φ−φSÞ
L;T2 ¼ −xκMk2⊥Mc

e
1c

q
1g

⊥
T ; ð5:75Þ

W̃sinð2φ−φSÞ
L;T2 ¼ xκMk2⊥Mc

e
1c

q
3f

⊥
T ; ð5:76Þ

WcosφLT
U;LT1 ¼ −2xκMce1c

q
1fLT; ð5:77Þ

W̃sinφLT
U;LT1 ¼ −2xκMce1c

q
3gLT; ð5:78Þ

WcosφLT
U;LT2 ¼ −2xκMce3c

q
3fLT; ð5:79Þ

W̃sinφLT
U;LT2 ¼ −2xκMce3c

q
1gLT; ð5:80Þ

Wcosð2φ−φLTÞ
U;LT1 ¼ −xκMk2⊥Mc

e
1c

q
1f

⊥
LT; ð5:81Þ

W̃sinð2φ−φLTÞ
U;LT1 ¼ −xκMk2⊥Mc

e
1c

q
3g

⊥
LT; ð5:82Þ

Wcosð2φ−φLTÞ
U;LT2 ¼ −xκMk2⊥Mc

e
3c

q
3f

⊥
LT; ð5:83Þ

W̃sinð2φ−φLTÞ
U;LT2 ¼ −xκMk2⊥Mc

e
3c

q
1g

⊥
LT; ð5:84Þ

W̃cosφLT
L;LT1 ¼ 2xκMce3c

q
1fLT; ð5:85Þ

WsinφLT
L;LT1 ¼ 2xκMce3c

q
3gLT; ð5:86Þ

W̃cosφLT
L;LT2 ¼ 2xκMce1c

q
3fLT; ð5:87Þ

WsinφLT
L;LT2 ¼ −2xκMce1c

q
1gLT; ð5:88Þ

W̃cosð2φ−φLTÞ
L;LT1 ¼ xκMk2⊥Mc

e
3c

q
1f

⊥
LT; ð5:89Þ

Wsinð2φ−φLTÞ
L;LT1 ¼ xκMk2⊥Mc

e
3c

q
3g

⊥
LT; ð5:90Þ

W̃cosð2φ−φLTÞ
L;LT2 ¼ xκMk2⊥Mc

e
1c

q
3f

⊥
LT; ð5:91Þ

Wsinð2φ−φLTÞ
L;LT2 ¼ xκMk2⊥Mc

e
1c

q
1g

⊥
LT; ð5:92Þ

Wcosðφ−2φTTÞ
U;TT1 ¼ 2xκMk⊥Mce1c

q
1fTT; ð5:93Þ

Wcosðφ−2φTTÞ
U;TT2 ¼ 2xκMk⊥Mce3c

q
3fTT; ð5:94Þ

W̃sinðφ−2φTT Þ
U;TT1 ¼ −2xκMk⊥Mce1c

q
3gTT; ð5:95Þ

W̃sinðφ−2φTT Þ
U;TT2 ¼ −2xκMk⊥Mce3c

q
1gTT; ð5:96Þ

Wcosð3φ−2φTT Þ
U;TT1 ¼ xκMk3⊥Mc

e
1c

q
1f

⊥
TT; ð5:97Þ

Wcosð3φ−2φTT Þ
U;TT2 ¼ xκMk3⊥Mc

e
3c

q
3f

⊥
TT; ð5:98Þ

W̃sinð3φ−2φTT Þ
U;TT1 ¼ xκMk3⊥Mc

e
1c

q
3g

⊥
TT; ð5:99Þ

W̃sinð3φ−2φTT Þ
U;TT2 ¼ xκMk3⊥Mc

e
3c

q
1g

⊥
TT; ð5:100Þ

W̃cosðφ−2φTT Þ
L;TT1 ¼ −2xκMk⊥Mce3c

q
1fTT; ð5:101Þ
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W̃cosðφ−2φTT Þ
L;TT2 ¼ −2xκMk⊥Mce1c

q
3fTT; ð5:102Þ

Wsinðφ−2φTTÞ
L;TT1 ¼ 2xκMk⊥Mce3c

q
3gTT; ð5:103Þ

Wsinðφ−2φTTÞ
L;TT2 ¼ 2xκMk⊥Mce1c

q
1gTT; ð5:104Þ

W̃cosð3φ−2φTTÞ
L;TT1 ¼ −xκMk3⊥Mc

e
3c

q
1f

⊥
TT; ð5:105Þ

W̃cosð3φ−2φTTÞ
L;TT2 ¼ −xκMk3⊥Mc

e
1c

q
3f

⊥
TT; ð5:106Þ

Wsinð3φ−2φTTÞ
L;TT1 ¼ −xκMk3⊥Mc

e
3c

q
3g

⊥
TT; ð5:107Þ

Wsinð3φ−2φTTÞ
L;TT2 ¼ −xκMk3⊥Mc

e
1c

q
1g

⊥
TT: ð5:108Þ

In total, we have 72 structure functions contribute at twist-
3. Also, one fourth of them are left if only EM interaction is
taken into account.
One can get the full structure functions results measured

in experiments by summing the weak, EM, and interference
terms together. To this end, we would better redefine the
structure functions to include also the kinematic factor Ar’s.
The results is simple to get, e.g.,

Wcosφ
U;U1 ¼ −2xκMk⊥Mðe2q þ ce1c

q
1χ þ ceVc

q
VχintÞf⊥: ð5:109Þ

B. Azimuthal asymmetries from unpolarized
electron beam

In addition to structure functions, we also calculate
the azimuthal asymmetries results. We consider both the
unpolarized beam (λe ¼ 0) and the polarized beam
(λe ¼ �1) cases. They contribute to different azimuthal
asymmetries results. We first consider the unpolarized case.
The azimuthal asymmetry is defined as, e.g.,

hsinφiU;U ¼
R
dσ̃ sinφdφR

dσ̃dφ
ð5:110Þ

for the unpolarized or longitudinally polarized target case,
and

hsinðφ − φSÞiU;T ¼
R
dσ̃ sinðφ − φSÞdφdφSR

dσ̃dφdφS
ð5:111Þ

for the transversely polarized target case. dσ̃ is used to
denote dσ

dxdydψd2k0⊥
and dφS ≈ dψ in which integration

corresponds to take the average over the outgoing elec-
tron’s azimuthal angle [29,43]. The subscripts such as
(U, T) denote the polarizations of the lepton beam and the
target, respectively. At the leading twist, there are six
polarization-dependent azimuthal asymmetries which are
given by (the sum over r ¼ ZZ, γZ, and γγ is implicit in the
numerator and the denominator, respectively)

hsinðφ − φSÞiU;T ¼ k⊥M
ArT

q
0;rðyÞf⊥1T

2ArT
q
0;rðyÞf1

; ð5:112Þ

hcosðφ − φSÞiU;T ¼ −k⊥M
ArT̃

q
1;rðyÞg⊥1T

2ArT
q
0;rðyÞf1

; ð5:113Þ

hsinðφ − φLTÞiU;LT ¼ −k⊥M
ArT̃

q
1;rðyÞg⊥1LT

2ArT
q
0;rðyÞf1

; ð5:114Þ

hcosðφ − φLTÞiU;LT ¼ −k⊥M
ArT

q
0;rðyÞf⊥1LT

2ArT
q
0;rðyÞf1

; ð5:115Þ

hsinð2φ − φTTÞiU;TT ¼ −k2⊥M

ArT̃
q
1;rðyÞg⊥1TT

2ArT
q
0;rðyÞf1

; ð5:116Þ

hcosð2φ − φTTÞiU;TT ¼ k2⊥M

ArT
q
0;rðyÞf⊥1TT

2ArT
q
0;rðyÞf1

: ð5:117Þ

We find that there are three parity-violating azimuthal
asymmetry modulations among the six in total. If only
electromagnetic interactions are considered, only three
parity conserved modulations are left. At twist-3, we have
18 azimuthal asymmetries. They are given by

hcosφiU;U ¼ −xκMk⊥M
ArT

q
2;rðyÞ

ArT
q
0;rðyÞ

f⊥
f1

; ð5:118Þ

hsinφiU;U ¼ −xκMk⊥M
ArT̃

q
3;rðyÞ

ArT
q
0;rðyÞ

g⊥
f1

; ð5:119Þ

hcosφiU;L ¼ −xκMk⊥M
ArT

q
2;rðyÞf⊥ − λhArT̃

q
3;rðyÞg⊥L

ArT
q
0;rðyÞf1

;

ð5:120Þ

hsinφiU;L ¼ −xκMk⊥M
ArT̃

q
3;rðyÞg⊥ þ λhArT

q
2;rðyÞf⊥L

ArT
q
0;rðyÞf1

;

ð5:121Þ

hcosφiU;LL ¼ −xκMk⊥M
ArT

q
2;rðyÞðf⊥ þ SLLf⊥LLÞ
ArT

q
0;rðyÞf1

;

ð5:122Þ

hsinφiU;LL ¼ −xκMk⊥M
ArT̃

q
3;rðyÞðg⊥ þ SLLg⊥LLÞ
ArT

q
0;rðyÞf1

;

ð5:123Þ
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hcosφSiU;T ¼ xκM
ArT̃

q
3;rðyÞgT

ArT
q
0;rðyÞf1

; ð5:124Þ

hsinφSiU;T ¼ −xκM
ArT

q
2;rðyÞfT

ArT
q
0;rðyÞf1

; ð5:125Þ

hcosð2φ − φSÞiU;T ¼ xκMk2⊥M

ArT̃
q
3;rðyÞg⊥T

2ArT
q
0;rðyÞf1

; ð5:126Þ

hsinð2φ − φSÞiU;T ¼ −xκMk2⊥M

ArT
q
2;rðyÞf⊥T

2ArT
q
0;rðyÞf1

; ð5:127Þ

hcosφLTiU;LT ¼ −xκM
ArT

q
2;rðyÞfLT

ArT
q
0;rðyÞf1

; ð5:128Þ

hsinφLTiU;LT ¼ −xκM
ArT̃

q
3;rðyÞgLT

ArT
q
0;rðyÞf1

; ð5:129Þ

hcosð2φ − φLTÞiU;LT ¼ −xκMk2⊥M

ArT
q
2;rðyÞf⊥LT

2ArT
q
0;rðyÞf1

; ð5:130Þ

hsinð2φ − φLTÞiU;LT ¼ −xκMk2⊥M

ArT̃
q
3;rðyÞg⊥LT

2ArT
q
0;rðyÞf1

; ð5:131Þ

hcosðφ − 2φTTÞiU;TT ¼ xκMk⊥M
ArT

q
2;rðyÞfTT

ArT
q
0;rðyÞf1

; ð5:132Þ

hsinðφ − 2φTTÞiU;TT ¼ −xκMk⊥M
ArT̃

q
3;rðyÞgTT

ArT
q
0;rðyÞf1

; ð5:133Þ

hcosð3φ − 3φTTÞiU;TT ¼ xκMk3⊥M

ArT
q
2;rðyÞf⊥TT

2ArT
q
0;rðyÞf1

; ð5:134Þ

hsinð3φ − 2φTTÞiU;TT ¼ xκMk3⊥M

ArT̃
q
3;rðyÞg⊥TT

2ArT
q
0;rðyÞf1

: ð5:135Þ

There are only ten azimuthal asymmetries left if the weak
interactions are excluded.

C. Azimuthal asymmetries form polarized
electron beam

For the case of the polarized electron beam, we obtain
similar results as the unpolarized case. They have one-to-
one correspondence. At the leading twist, we have six kinds
of asymmetries,

hsinðφ − φSÞiL;T ¼ −λek⊥M
ArT̃

q
0;rðyÞf⊥1T

2ArT
q
0;rðyÞf1

; ð5:136Þ

hcosðφ − φSÞiL;T ¼ λek⊥M
ArT

q
1;rðyÞg⊥1T

2ArT
q
0;rðyÞf1

; ð5:137Þ

hsinðφ − φLTÞiL;LT ¼ λek⊥M
ArT

q
1;rðyÞg⊥1LT

2ArT
q
0;rðyÞf1

; ð5:138Þ

hcosðφ − φLTÞiL;LT ¼ λek⊥M
ArT̃

q
0;rðyÞf⊥1LT

2ArT
q
0;rðyÞf1

; ð5:139Þ

hsinð2φ − φTTÞiL;TT ¼ λek2⊥M

ArT
q
1;rðyÞg⊥1TT

2ArT
q
0;rðyÞf1

; ð5:140Þ

hcosð2φ − φTTÞiL;TT ¼ −λek2⊥M

ArT̃
q
0;rðyÞf⊥1TT

2ArT
q
0;rðyÞf1

: ð5:141Þ

We find that three parity-violating azimuthal asymmetry
modulations among the six in total are left if only electro-
magnetic interactions are considered. At twist-3, we have 18
twist-3 azimuthal asymmetries. They are given by

hcosφiL;U ¼ λexκMk⊥M
ArT̃

q
2;rðyÞf⊥

ArT
q
0;rðyÞf1

; ð5:142Þ

hsinφiL;U ¼ λexκMk⊥M
ArT

q
3;rðyÞg⊥

ArT
q
0;rðyÞf1

; ð5:143Þ

hcosφiL;L ¼ λexκMk⊥M
ArT̃

q
2;rðyÞf⊥ − λhArT

q
3;rðyÞg⊥L

ArT
q
0;rðyÞf1

;

ð5:144Þ

hsinφiL;L ¼ λexκMk⊥M
ArT

q
3;rðyÞg⊥ þ ArT̃

q
2;rðyÞf⊥L

ArT
q
0;rðyÞf1

;

ð5:145Þ

hcosφiL;LL ¼ λexκMk⊥M
ArT̃

q
2;rðyÞðf⊥ þ SLLf⊥LLÞ
ArT

q
0;rðyÞf1

;

ð5:146Þ

hsinφiL;LL ¼ λexκMk⊥M
ArT

q
3;rðyÞðg⊥ þ SLLg⊥LLÞ
ArT

q
0;rðyÞf1

;

ð5:147Þ

hcosφSiL;T ¼ −λexκM
ArT

q
3;rðyÞgT

ArT
q
0;rðyÞf1

; ð5:148Þ

hsinφSiL;T ¼ λexκM
ArT̃

q
2;rðyÞfT

ArT
q
0;rðyÞf1

; ð5:149Þ
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hcosð2φ − φSÞiL;T ¼ −λexκMk2⊥M

ArT
q
3;rðyÞg⊥T

2ArT
q
0;rðyÞf1

; ð5:150Þ

hsinð2φ − φSÞiL;T ¼ λexκMk2⊥M

ArT̃
q
2;rðyÞf⊥T

2ArT
q
0;rðyÞf1

; ð5:151Þ

hcosφLTiL;LT ¼ λexκM
ArT̃

q
2;rðyÞfLT

ArT
q
0;rðyÞf1

; ð5:152Þ

hsinφLTiL;LT ¼ λexκM
ArT

q
3;rðyÞgLT

ArT
q
0;rðyÞf1

; ð5:153Þ

hcosð2φ−φLTÞiL;LT ¼ λexκMk2⊥M

ArT̃
q
2;rðyÞf⊥LT

2ArT
q
0;rðyÞf1

; ð5:154Þ

hsinð2φ−φLTÞiL;LT ¼ λexκMk2⊥M

ArT
q
3;rðyÞg⊥LT

2ArT
q
0;rðyÞf1

; ð5:155Þ

hcosðφ − 2φTTÞiL;TT ¼ −λexκMk⊥M
ArT̃

q
2;rðyÞfTT

ArT
q
0;rðyÞf1

;

ð5:156Þ

hsinðφ − 2φTTÞiL;TT ¼ λexκMk⊥M
ArT

q
3;rðyÞgTT

ArT
q
0;rðyÞf1

; ð5:157Þ

hcosð3φ − 3φTTÞiL;TT ¼ −λexκMk3⊥M

ArT̃
q
2;rðyÞf⊥TT

2ArT
q
0;rðyÞf1

;

ð5:158Þ

hsinð3φ − 3φTTÞiL;TT ¼ −λexκMk3⊥M

ArT
q
3;rðyÞg⊥TT

2ArT
q
0;rðyÞf1

:

ð5:159Þ

There are only ten azimuthal asymmetries left if the weak
interactions are excluded.

D. Parity-violating asymmetries

With the advent of highly polarized electron beams, parity
violation measurements have become a standard tool for
probing a variety of phenomena, for example, the Standard
Model, the role of strange quarks in the proton and the
neutron distribution in nuclei. The parity-violating asym-
metry in DIS offers a unique window into the interesting
physics. This asymmetry is sensitive to the hadronic struc-
ture of the nucleon and to the Standard Model couplings,
e.g., cA; c3. To be explicit, it is convenient to consider the
inclusive DIS. Integrating over d2k0⊥ yields

dσZZin
dxdydψ

¼ α2emχ

yQ2
fðTq

0ðyÞ − λeT̃
q
0ðyÞÞ½f1ðxÞ þ SLLf1LLðxÞ� − ðT̃q

1ðyÞ − λeT
q
1ðyÞÞλhg1LðxÞ

þ jST j½sinφSðTq
2ðyÞ − λeT̃

q
2ðyÞÞfTðxÞ − cosφSðT̃q

3ðyÞ − λeT
q
3ðyÞÞgTðxÞ�

þ jSLT j½sinφLTðT̃q
3ðyÞ − λeT

q
3ðyÞÞgLTðxÞ þ cosφLTðTq

2ðyÞ − λeT̃
q
2ðyÞÞfLTðxÞ�g: ð5:160Þ

The complete differential cross section is given by

dσin
dxdydψ

¼ dσZZin þ dσγZin þ dσγγin
dxdydψ

: ð5:161Þ

To calculate the parity-violating asymmetries, we assume
that the lepton is longitudinal polarized. Here we introduce
the definition of the parity-violating asymmetry,

APV
σ ¼ dσσðλe ¼ þ1Þ − dσσðλe ¼ −1Þ

dσγγU
; ð5:162Þ

where the subscript σ denotes the target polarization, super-
script PV denotes parity violating. First of all, we take the
target as unpolarized. According to the definition, we have

APV
U ¼ −

½χintT̃q
0;γZðyÞ þ χT̃q

0ðyÞ�f1ðxÞ
e2qAðyÞf1ðxÞ

; ð5:163Þ

which is consistent with the calculation in Ref. [2] at low
energy.
It is also interesting to calculate the parity-violating

asymmetries when the beam is unpolarized while the target
is polarized. For the longitudinal polarized target, we have

APV
L ¼ −

½χintT̃q
1;γZðyÞ þ χT̃q

1ðyÞ�g1LðxÞ
e2qAðyÞf1ðxÞ

; ð5:164Þ

APV
LL ¼ −

½χintT̃q
0;γZðyÞ þ χT̃q

0ðyÞ�f1LLðxÞ
e2qAðyÞf1ðxÞ

: ð5:165Þ
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For the transverse polarized target, we have

APV
T;x ¼ −

½χintT̃q
3;γZðyÞ þ χT̃q

3ðyÞ�gTðxÞ
e2qAðyÞf1ðxÞ

; ð5:166Þ

APV
T;y ¼

½χintTq
2;γZðyÞ þ χTq

2ðyÞ�fTðxÞ
e2qAðyÞf1ðxÞ

; ð5:167Þ

APV
LT;x ¼

½χintTq
2;γZðyÞ þ χTq

2ðyÞ�fLTðxÞ
e2qAðyÞf1ðxÞ

; ð5:168Þ

APV
LT;y ¼

½χintT̃q
3;γZðyÞ þ χT̃q

3ðyÞ�gLTðxÞ
e2qAðyÞf1ðxÞ

: ð5:169Þ

Parity-violating asymmetries given in this part combine
the electroweak and QCD theories. Measuring these
asymmetries can be important ways to examine electro-
weak and QCD theories simultaneously.

VI. SUMMARY

In this paper, we present a complete and systematic
calculation of the parity-violating current jet production
SIDIS process at the EIC. We consider both the EM and
weak interactions. We presented the general form of the
differential cross section of this process in terms of
structure functions by making full kinematical analysis.
In QCD parton model, the calculations are carried out by
applying the collinear expansion where the multiple gluon

scattering is taken into account and gauge links are
obtained systematically and automatically.
We consider both unpolarized and polarized electron

beams scattering off polarized spin-1 target. There are in
total 36 structure functions that contribute at twist-2 and 72
structure functions that contribute at twist-3 for different
polarization configurations. We also presented the azimu-
thal asymmetries results. For both unpolarized and polar-
ized electron beams cases, there are 24 azimuthal
asymmetries up to twist-3, in which 6 of them correspond
to the leading twist TMD PDFs while the other 18
correspond to the twist-3 TMD PDFs. Among these
structure functions and azimuthal asymmetries results,
only one fourth of them will left if only electromagnetic
interaction is take into account. The remaining others are all
generated through weak interaction and its interference
with EM interaction. We also calculate the parity-violating
asymmetries for weak interaction which is considered.
Though the EIC is proposed mainly for the study of strong
interactions, it has a unique ability to measure parity-
violating quantities.
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