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In the framework of the Standard Model, we present predictions for partial widths, double and
single differential distributions, and forward-backward lepton asymmetries for four-leptonic decays
B =y uv.e,B-=ete bu , B- = p b, and B~ — ete D,e”. We consider the contributions of

virtual photon emission from the light and heavy quarks of the B~ meson, and we include bremsstrahlung
of a virtual photon from the charged lepton in the final state. We use the model of vector meson dominance
for calculation of virtual photon emission by the light quark of the B~ meson and take into account the
isotopic correction. The dependence of branchings on the relative phase of the contributions of the light

intermediate vector mesons is studied.
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I. INTRODUCTION

Four-leptonic decays of B mesons allow a precise test of
Standard Model (SM) predictions in the higher orders of
perturbation theory. At the same time, these decays may be
background processes to the helicity-suppressed ultrarare
decays B, — p*pu~, which are under study at the Large
Hadron Collider (LHC) [1-5]. These studies are motivated
by searches for Beyond the Standard Model physics.

Rare four-leptonic decays of B mesons in the SM may be
divided into two groups. The decays of the first group are
forbidden at the tree level and occur through the higher
order loop diagrams of perturbation theory—“penguin”
and/or “box.” In this way, the SM includes flavor changing
neutral currents. An example of the first group of decays is
the process B, — eTe~uu~ and any other four-leptonic
decays of neutral B mesons. In the second group, in order to
obtain the given multilepton final state, a number of tree
level weak and electromagnetic processes are involved.
Examples are the decay B~ — e*e D,u~ and analogous
processes involving charged B mesons. Both groups are
studied at the LHC and potentially could be investigated
at the Belle II experiment. Currently, only upper limits
for branching ratios of the decays B, — u*pu~pu*p~ and
B~ — p"p,u"p~ are available [6-8].
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The experimental upper limits [6,7] for the decays
By — pp utu~ are an order of magnitude higher than
the corresponding theoretical predictions [9] and estimates
[10]. The situation with the decay B~ — u™ D~y 18
different. The experimental upper limit [8],

Br(B~ — pup~) < 0.16 x 1077, (1)

obtained with 95% confidence level (CL) is almost an
order of magnitude lower than the theoretical predictions
[10,11]. We present here to more detailed calculation of the
branching ratios of B~ — u*u0,e”, B~ = ete iu,
B~ = y"p~0,u”,and B~ — e*e D, e, taking into account
isotopic effects. Also, in the phase space of the decays, a
correction to nonzero lepton mass is considered. While this
leads to better agreement between theory and experiment,
some discrepancy remains. Special attention is given to the
predictions of the behavior of differential distributions, e.g.,
forward-backward lepton asymmetries.

This article is organized as follows. In Sec. I, we give a
task description. In Sec. II, we write the effective
Hamiltonian and give definite the hadronic form factors.
In Sec. III, the common dependence of the decay ampli-
tudes B~ — £7¢ vx¢"~ on dilepton four-momenta is
studied. Section IV contains the exact formulae for ampli-
tudes of the decay B~ — £+¢ 0p"~ for £ # ¢/, and Sec. V
provides analogous formulas for £ =¢". In Sec. VI, we
present numerical results for the decays of charged B
mesons into three charged leptons and a neutrino and
discuss the precision of the predictions. Section VII con-
tains the main outcome of the work. Appendix A contains
some formulas necessary for analytical calculations of
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differential distributions. Some details of the four-leptonic
decay kinematics are given in Appendix B.

II. EFFECTIVE HAMILTONIAN AND
HADRONIC MATRIX ELEMENTS

In terms of fundamental quark and lepton fields, the
Hamiltonian for calculation of the amplitudes of four-
lepton decays B~ — ¢*¢~0p¢'~ has the form

Hegr (x) = Hyy (x) + Hem(x)- (2)

The Hamiltonian of the transitions b - uW~ — uf v, is
written as

_% Vup(2(x)7*(1 = 7)b(x))

x (£(x)7,(1 = 7" )ve(x)) + He.,

Hy(x) =

<0‘ﬁ},ﬂy5b|B_(Ml’p)> = ifBupﬂ’
0lgr*Q|V(My, k,€)) = eMyfy,

2V (k)
V(M,.q.€)lay,b|B-(M,.p)) = ——" '
(V(M,, q,€)lay,b|B~(My, p)) MM,

(V(M,, q.€)|iy,y°b|B~(M,, p)) = ie™

va(qz)

(B*~ (Mg, k,€)|by*b|B~(M,, p)) = — "¢ vap€™ Pk,

M, + Mg

where M| — B~ is the meson mass, p* is the its four-
momentum, Mg, is the B*~ meson mass, M, is mass of the
light (p°(770) or w(782)) mesons, My = {M,, My} are
masses of the intermediate vector mesons, and ¢# are their
polarizations. Four vectors p*, ¢*, and k* satisfy the
conservation law p# = g 4 k. The components of the
fully antisymmetric tensor “*? are fixed by the condition
&% = —gg1p3 = -1, and g, is the metric tensor in
Minkowsky space with diagg,, = (1,—1,-1,-1).

III. GENERIC STRUCTURE OF THE AMPLITUDES
FOR THE DECAYS B~ - ¢*¢ vp,¢"~ WITH THE
ZERO LEPTON MASS APPROXIMATION

There are three main types of diagrams needed
for description of the decays B~ (p) — y*(¢)W~ (k) -
1 (k)¢ (ky)Dp (k3)E'~ (ky), when the flavor of lepton #
is different from the flavor of lepton #’. The first type arises
in the situation when a virtual photon is emitted by light a u
quark (see Fig. 1). The second type corresponds to the
emission of a virtual photon from a b quark (see Fig. 2).
The third type is related to bremsstrahlung, when a virtual
photon is emitted by the lepton £~ in the final state

gﬂuaﬁe*ppaqﬁﬁ

(Ml + M2)Al (kz)g/w -

where u(x) and b(x) are quark fields, #(x) and
vy(x) are lepton fields, Gy is the Fermi constant,
V., 18 the corresponding matrix element of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix, and the matrix y° is
defined as y° = iy%yly%y3.

The Hamiltonian of the electromagnetic interaction has

the form

Hem(x) = =€) Q(F()r" £ () Au(x) = =fem(x)A, (x),
7

where the unitary charge e = |e| is normalized by
e’ = 4rna,,; a,, ~1/137, the fine structure constant, oy
is the charge of the fermion of flavor f in units of the
unitary charge, f(x) is the fermionic field of flavor f, and
A,(x) is the four-potential of the electromagnetic field.
We define the following nonzero hadronic matrix ele-
ments, which are needed for the subsequent calculations:

Ax(K?)

—_— — 55 (A5 (k%) — Ag(K*)k ,
M, 1M, (P +4)p. 2 (A3(k*) = Ag(K°)) kP,
(3)
[
1 Wi(k)
[
!
b u
vy (q)
B (p)
u
FIG. 1. Emission of a virtual photon by the light quark of the
B~ meson.
1 Wi(k)
[
[
u b
()
B (p)

FIG. 2. Emission of a virtual photon by the heavy quark of the
B~ meson.
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B'(p)>j -— ==
W:(p)

vy(ky)

FIG. 3. Bremsstrahlung of the virtual photon.

(see Fig. 3 below). The four-momenta ¢ and k are defined
in Appendix B.

The structure of the amplitude, corresponding to dia-
grams on Figs. 1-3, may be presented as

1 )
Myi(g* k) N?Tbﬂ(Q’k)]V(k27kl)‘,ﬂ(k4’k3)’ (4)
where
T4(quk) = i [ e @02 (). 700

X y*(1 =ys5)b(0)|B~ (M, p))
= T8 (q. k) + T4 (g, k) + TS5 (g, k).

The lepton currents are

J(ky ky) = (€(ky)y*¢(=ky)) and
T4 (kg ks) = (€' (kg)y" (1 = P vp(—ks)).

In the amplitude M ;;(¢*, k?), the pole 1/4? of the photon
propagator is evident. For calculations with g*> — 0, it is
necessary to take into account nonzero lepton masses. This
is done using the exact formula (B4) for four-particle phase
space and by introducing an effective cut for some value
g2 If € = pfor g2, it makes sense to choose the natural
kinematical cut 4mﬁ. For the case when £ = e, it is better to
use the kinematical limits of an experimental device, which
are definitely higher than 4m2.

Tensor T, (q. k) satisfies the condition ¢*7,,(g. k) = 0.
According to this condition, and taking into account the
result of Ref. [12], tensor T,,(q. k) has the form

ea(q®,k*) 9.4,
I G eM\b(q*.k*)

o, _(gk) 2d(q*. k%) _  2c(q’k)
(18, ) (428 2t

7 M, oM,

Tuﬂ(q’k) :81//4qk

, a.k
_lQBuefB,(V—QM’ (5)

q
where Qp = Q,—Q,=-1 1is the electric charge
of the B~ meson in units of |e|. The functions
a(g*, k?),...,d(g*, k*) are dimensionless form factors

which depend on two variables, the squares of the trans-
ferred four-momenta, ¢> and k>. From (5), it follows
that d(0,0) = Qp f5 /M.

Using the equations of motion, in the limit of massless
leptons, one can obtain the following generic structure for
the amplitude M ;:

2 12
e a(q-. k .
My 0)~ 5 (e N — b2 )
q 1
) 2ic(q?, k?)\ .
+ lkUQﬂ# J (ko ky) ¥ (ky, k3).
I
The exact calculation of the form factors a(g?, k), ..., and

c(q?, k*) is quite complicated. In the current work, we will
take into account only the leading singular factors to the
corresponding form factors.

Let us start with a study of tensor Tﬁ,bj)(q,k), which
describes the contribution of diagram from Fig. 1 to the
tensor 7', (g, k). The main contribution to the structure of

tensor T,(,Z) (g, k) is given by the lightest intermediate vector

resonances that contain a u# pair. For such states, tensor

Tf,Z)(q, k) has Breit-Wigner poles for variable ¢>. Taking
into account only the contributions from p°(770) and
®(782) mesons, we can write

T (g, k) —

~ 3 (Oly,ulV(Ma. g.€))

izpo,w
x (V(Myi, q.€)lay, (1 - y°)b|B~ (M, p)),

where M,; and I',; are the masses and widths, respectively,
of the intermediate vector resonances.

For the zero leptonic mass approximation, the
range of values of the variable k* is 0 < k*> < M?. The
closest pole in k* is related to the appearance of
the intermediate vector state B*~. As Mg~ > M, this pole
lies outside of the kinematically allowed range of the decay
B~ = ¢T¢"bp"". The existence of the pole at the mass of
the B*~ meson is taken into account when choosing the
pole parametrization of the form factors of the transitions
B — p and B — w [13]. For nonzero leptonic masses,
m2, < k* < (M, —2m,)?. Hence, all the remarks above on

the poles of tensor T,(,Z) for variable k% are still valid.

As the contribution from p° and @ resonances is
dominant, it is possible to use the following estimate for
the branching ratio of B~ - u"u~0,e™:

e
M3, — ¢* —iMy Ty,

Br)(B~ — ptpp,e”)
~|\/BH(B = e m)Br(p — )

++/Br(B~ = we0,)Br(w— uu)

2

~03x 1077, (6)
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where the necessary experimental values for the branching
ratios are taken from [14]. The estimate (6) does not take
into account the fact that the p°(770) meson is a wide
resonance, i.e., in the case of the p° (770) meson, the naive
factorization approximation should lead to a lower branch-
ing ratios. Also, in estimate (6), the photon pole, which
should also lead to lower results, is not taken into account.
Does estimate (6) contradict the experimental upper limit
in (1)? We do not think so, because we attribute to the factor
of 2 accuracy. But the estimate of (6) does point to the
possibility that the minimum of the possible theoretical
predictions may be above the experimental limit [8].
Now consider tensor Tﬁ’,)(q, k), which is related to
diagram from Fig. 2. In the limit of massless leptons, there
are no poles for the variable ¢ in the kinematically allowed

range 0 < ¢° < M% for the tensor T,E,Ii)(q, k). The closest
pole outside the allowed range corresponds to the bb quark
composition. This is the Y(1S) meson, whose mass is
almost two times higher than the mass of the B~ meson.
The dominant contribution to emission of a virtual photon
by a heavy quark is described using the process
B~ — B*7y*. In this case,

T4y (g.k) = (0lay, (1 = y°)b| B~ (Mp-. k. €))
e

X —5— (B (Mp.k.€)|by,b| B~ (M. p)).
M3 —k?

Note that the imaginary addition —iM-I'p+ does not exist
in the propagator, as k> < M%., i.e., the pole of the B*
meson is not reached. The contribution from the Y(1S) is
taken into account effectively when introducing pole para-
metrization for the form factor V,(¢?). For the variable k?

in the kinematically allowed range, the tensor Tl(,z)(q, k)
does not have any other poles.

Numerically, the contribution of the process on Fig. 2 to
the branching ratio associated with the four-leptonic decay
is suppressed comparing to the contribution of the process
on Fig. 1 by factor (A/m,,)?, where m;, ~ 5 GeV, the mass
of b quark, and the parameter A ~300-500 MeV. This
follows from the exact equations for the form factors of the
rare leptonic radiative decays of B mesons [15,16]. Due to
the interference between diagrams 1 and 2 near the
photonic pole, it is necessary, however, to take into account
the contribution of diagram 2 to the full branching ratio.

The bremsstrahlung contribution is described by the
diagram in Fig. 3. The bremsstrahlung amplitude has a

single pole by ¢* from the photon propagator. Hence, the

tensor Tl(,zrem)(q, k) does not have poles by ¢* and k2. It is

important to take into account the bremsstrahlung contri-
bution near the pole by ¢, where the zero-mass approxi-
mation may not be fully correct. This contribution should
be calculated for nonzero lepton masses.

< e(k,)
W (k)4 v(k,)

v(q)

k)
B(p)

p%q), o(q) w(k,)
FIG. 4. Diagram for calculation of ./\/l;l:.) [see Eq. (7)] using the
decay B~ — uTp p,e” as an example. The emission of the
virtual photon by a light quark is described by the vector meson
dominance model.

IV. FORMULAS FOR THE DECAY
B~ > C*C 0o

Consider the decays B~ — u*ub,e” and B~ —
e"e p,u", for the case when the lepton flavors in the final
state are different. Generally, these decays may be written
as B~ > T v for € £ 7.

The contribution to the full decay amplitude B~(p) —
(ki) (ky)op (k3)¢'~ (ky) from Fig. 1 may be calculated
using the vector meson dominance (VMD) model (see
Fig. 4). Assuming m, = m, = 0 and using the effective
Hamiltonian (2), one finds that for VMD the contribution
from process (1) is described by diagram 4, and the
corresponding amplitude may be written as

u A IiMZifV» (1)
M('i) :_[ Vi f,,(kz)
g i;‘:ﬂ q* = M3 + iTyMy; "
x J¥ (k. ky ) J* (ks k3), (7)

where, using the motion equations,

. (&) (12 .
()2 _ 2VV(K) . (i)
]:Ill/ (kz) - 1‘/[1 +M2i Euvkg — I(Ml +M2i)A1 (k2)g/w
(i) (12
Ay (k)
2i—2 " g k.

For the calculation of the resonances sum in the (7), only
the contributions from the lightest po and w mesons,
containing uii pairs, are taken into account. Because the
p" and @ mesons are linear combinations of uit and dd
pairs, in order to extract the contributions only uii pair
alone, an isotopic coefficient /; is introduced. By definition,

Iy = (p"lau) = 1/v2

and
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wik,)

wi-k,)

e(k,)
W(k)

_ > —

B(p)

B*(k)

Ve (7k3)

FIG. 5. Diagram for the calculation of M%) [see Eq. (8)] using
the decay B~ — pu*p~v,e” as an example.

1, = (w|iu) = 1/V2.

The contribution from process (2) is given by the
diagram in Fig. 5, which is the cross-channel of the decay
B* — By* of a heavy vector meson into a heavy pseudo-
scalar meson and a virtual photon, and is represented by

w 2A Mpfp  Vy(q?)

M = ey M2 M,y + My Eukgl’ (ko k) JH (ky, k3).

(8)

There is no imaginary correction in the propagator,
as k2 < M3..

Finally, the contribution of the bremsstrahlung

process (3) of the virtual photon is described by the diagram
in Fig. 6. In the case when m, # 0 and m, # 0, for the
amplitude of the bremsstrahlung is

rem A . . ~
M = i, ko k) 7 (i ).

where

my
(p—k3)* —m3
X (' (k)" (P + me) (1 =7 v (=ks)).

]ﬂ(k4, k3) - Jﬂ<k4, k3) +

As (2my + mp)? < (p — k3)? < M3, the second summand
does not contain any poles in the whole kinematically
allowed range. The second summand may be compatible
with the first one only in the range where (p — k3)> ~
(2m, + my)?*. But this range is suppressed by the phase
|

) Jddcos b,

EPT(B~ =T 0t
dx,d cos 9]2

wiky)

:U'-(ikl)

I(k,)

B(p) >3 - V;(_p}_

FIG. 6. Diagram for the calculation of the amplitude

(brem

of the bremsstrahlung M [see Eq. (9)] for the decay
B~ - utuve . ‘

i (k 3)

space (B4) integration. For this the reason, we assume that
the bremsstrahlung amplitude may be written as

rem ‘A' . )
M}’i ) = ?lfsug,wj (ky, ky)JH (ky, k). )

In formulas (7)—(9), we denote A = \G/—%4ﬂ'aem V-

The full decay amplitude B~ (p)—¢" (k)¢ (ky)x
Uy (k)" (ky) may be written as

MUY = MO+ ME e, (10)

The differential branching ratio of the decay B~ —
¢ vp is calculated as

1234),2
Zsl 182,853,854 |M§1 ) |

(1234)
Ao, =Y,
2M, 4

(1)

where 7p- is the lifetime of the B~ meson, four-particle phase

space d<I>£11234> is defined by Eq. (B4), and the summation is

performed over the spins of the final fermions. In formula
(11), the integration over the angular variables y;,, y34, and ¢
may be performed analytically [see [10], Eq. (16)]. More
accurate and precise values of functions a(x,,x34),
b(x15, x34), and ¢ (x5, x34 ) for calculation of the distribution
(16) from [10] are given in Appendix A.

Because in the decay of the B~ meson, all the leptons in
the final state are different, it makes sense to define two

dBr(B~ =T 0pl"" ) =1p-

forward-backward leptonic asymmetries A;I?(xlz) and
.
A; )(x34) as

PT(B~—t+ " 0,67)

) _ [0 0
f—l dcos ‘912 dx,d cos 0, (12)

rp (X12) =

and

0B~ =t ¢ 0,.07)

dxi
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) Jd dcos B3,

AT (B~—=¢+ ¢ ”f’f
dxs4d cos Oy

d’T(B~= ¢ 0,07)
dxs4d cos Oy

— [, dcos 05,

App (X34)

where 0, is the angle between the propagation directions
of the #~ and B~ in the rest frame of the #* £~ pair, and
05, is the angle between the propagation directions of
¢'~ and B~ in the rest frame of the #'~7, pair. It is obvious
that 0, = 7 — 0y, and Oy, = 7 — 054. Equations (12) and
(13) are chosen such that they correspond to the notions of
Ref. [12].

V. BRANCHING RATIO FORMULAS FOR
THE DECAY B~ - C*i,0~ ¢~

In practice, the muonic tracks are registered with a much
higher efficiency at almost all contemporary experiments.
That is why from the experimental point of view the decay
B~ — p"p,u~p~ is of the most interest. In this decay, the
final state contains two identical muons of negative charge.
Hence, the Fermi antisymmetry should be taken into
account.
|

AC(B~ =+ 0,07) ’

(13)

dxsy

Consider the full amplitude of the decay B~ (p) —
CH(ky)og(k3)¢~ (ko)™ (ky). In the approximation of zero
leptonic masses, the calculation below is applicable to the
decay B~ —>/,ﬁ17”,u‘y‘ as well as to the decay B~ —
etv,e”e”. The full amplitude of the decay may be
written as

(1234)

0 1432
MY = MEPY — MmO (14)

where the amplitude Mgzw
(1432)

is set by Eq. (10), and the

amplitude M can be obtained from M, 1234) by
exchanging k2 <> k4. This leads to the necessity of replac-

ing q/l g 51/1’ k g k X12 = X4, and X34 = X3 (See

Appendix B) in the calculation of M f11432 .

The differential branching ratio of the decay is given by

1 E ‘ 12'54)|2 Z | (l4'§2)|2
dBI'(B_ R f+17ff_f_) _ 5 5 S1.82, S32S;u dCD£1234) T 51,82, 532&}” fi d¢i1432)
1 1
1234 ¥ (1432) (1432)1 (1234)
S1582553,5. M +M i M i
— 7y Z 152,53, 4( S S )dq)(1234) (15)

1234) 1432)

where d(IDEt and d(IDE1

2Ml

are set by Egs. (B4) and (B5). The common factor of 1/2 is due to by Fermi antisymmetry.

The first and the second summands in (15) are equal. Hence, for the branching ratio, it is possible to write

BI'(B_ - bﬂ+l_/ff_lxﬂ_) = BI'(B_ - f+f_17f/f/_) - Brimerf(B_ - bﬂ+17ff_lxﬂ_), (16)
where
Bl (B~ — £ 0,6-¢7) = / z (./\/l (1234)% 14%2 _’_Mfllzm T./\/l (1234) )d(I) (1234) (17)
1 51,82,83,84
[
From (17), it follows that in the calculation of the masses, lifetimes, and decay widths of the pseudoscalar and

interference contribution it is necessary to perform five-
dimension of numerical integration.

In case of two identical leptons of the same sign in the
final state, the experimental measurement of forward-
backward leptonic asymmetries becomes problematic.
Hence, in the present work, we do not present any
predictions for the corresponding symmetries.

VI. NUMERICAL RESULTS

To calculate the branching ratio, differential distribu-
tions, and asymmetries, we use numerical values of the

vector mesons, and matrix elements of the CKM matrix
from Ref. [14]. The constants f,770) = 154 MeV and
Sw(7182) = 46 MeV were calculated in [16].
Parametrizations of the hadronic form factors (3), except
the electromagnetic form factor V,(g?), were obtained in
[13] in the framework of the dispersion relation of the
constituent quark model. Using the generic formulas from
[17,18] in [10], a parametrization for the electromagnetic
form factor V,(¢?) was obtained. The same method
allows us to obtain the values of the leptonic constants
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4 dz Br 0.2‘:‘
10— ™%
dxq2dX34 0.1}

&? Br(B 4)/4 W D.e”)
x

FIG. 7. Double differential distribution 10* x

0.8 o
X3406 A \ T

T
0. 4 | /
A /|

104 d2 Br 0.4

dxqo dxzy 0.2 “;‘,

0.04

(b)

, calculated according to formula (16) from [10] with coefficients that

are given in Appendix A. In (b), the range x;, € [0. OO O 04} 18 hlghhghted which corresponds to the area of applicability of the model

considered in the present work.

S, =191 MeV and fp- = 183 MeV. These values of the
decay constants and form factors will be used for the
calculations below.

We now calculate the branching ratio of the decay
B~ — putu b,e”. The natural kinematical cut of the pole
by X13 1S X132 min = (2m,/M;)? 7 0.0016. In this case, the
numerical integration of Eq. (16) from [10] with more
precise coefficients from Appendix A of the present work
by x1, and x34 gives

Br(B~ —» utup,e”)

~ 0.6 s Vil g (18)
1.638 x 10712 §1.55 x 1073

The value of the branching of the B~ — u"u " 0,e” decay
given in (18) is approximately two times less than the
corresponding value of 1.3 x 1077 from Refs. [10,11].
This difference is mostly due to the isotopic coefficients
I and 1, in (7), while decreases the contribution from the
intermediate vector p°(770) and w(782) resonances to the
total branching ratio by a factor 2. This contribution is
dominant, so Br(B~ — u*u~p,e”) increases by almost the
same factor. Also, the mean value of V,,;, is changed from
4.09 x 1073 [19] to 3.94 x 1073 [14]. A decrease of the
branching by 10% is due to the use of the exact formula
(B4) for the phase space.

The result in Eq. (18) is compatible with the naive
estimate of (6) up to an expected factor of 2. The difference
between the estimate of (6) and the exact calculation (18) is
mostly due to the fact that the estimate does not take
into account the pole contribution when x;5, =X pnin. The
importance of the pole contribution becomes obvious when
analyzing the double differential distribution d*Br(B~ —
utu v,e7)/dx ,dxs,, which is presented in Fig. 7. The
figure features the pole when xj5 — X13 yin = 4m%/M7 and

the ridge of the narrow w(782) resonance, the contribution
of which defines the maximum of the matrix element. The
wide p°(770) meson also gives a significant contribution to
the branching ratio, but in the distribution of Fig. 7 is not as
prominent as the narrow w(782) resonance.

The uncertainty on the numerical value (18) depends on
the uncertainty on the calculation of the hadronic form
factors of the transitions B — p(770) and B — »(782), but
does not exceed 20% [13].

Note that the numerical value of the amplitude of the
decay B~ — utpu~p,e” significantly depends on the model
that describes the contributions of the p°(770) and w(782)
mesons. This dependence is due to the choice of the relative
nonperturbative phase ® between the contribution of
the @(782) and p°(770) resonances in the amplitude (7).
In the framework of the model of VMD, which is used in the
present work, phase @ is equal to zero. For the phenom-
enological description of the models with other values of the
phase @, let us parametrize the amplitude (7) as follows:

MY = e M) + M. (19)
As the relative phase @ is unknown, let us vary the phase
in the interval from O to 2z. The results are presented in
Table I. One may observe that for @ = x the branching of the
decay B~ — utu~v,e” may decrease by factor of 3 com-
paring to the result of (18), obtained for ® = 0. This
dependence points to the importance of a future model-
independent study of nonperturbative and nonfactorized
contributions of the strong interaction to the amplitudes of
the decays B~ — £ ¢~ Dp¢'~. Similar issue of generation of
additional relative phases between the contributions of
different charmonia by nonfactorizable gluons was dis-
cussed in [20].

Below for the calculations of the differential distributions
we will work in the framework of VMD, i.e., will imply that
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TABLE 1. Dependence of the branching of the decay
B~ - putup,e” on the relative nonperturbative phase ® in
the amplitude (19). The first row of the table corresponds to
the result of (18).

Phase @ Branching ratio Br(B~ — utu=p,e™)
0 Vel -7
0.6 1638x 10~ 5 1.55x 1075 < 10
/4 oVl -7
0.5 1.638x 102 5 155105 X 10
/2 I =R 27 -7
0.3 1638x 10~ 5 1.55x 1075 < 10
3r/4 7= Vi -7
0.2 1.638x 10~ 5 155x10°5 < 10
T 5~ Vs -7
0.2 1638x10- % 5 1.55% 105 < 10
Sn/4 75~ [V |? -7
0.3 1638x 10~ 5 155x10°5 < 10
37[/2 Ty \Vub\z -7
0.5 1638x 107 5 1.55% 105 < 10
2
Tn/4 0.6 Tp- Vs | % 1077

1.638x107"2 5 1.55x107°

the relative phase ® = 0. Values of ® # 0 will be used
only for calculation of the branching of the decay
B™ =yt o,

In the model used for the result of (18), the nonresonant
contribution, which is not related to the tails from the
p°(770) and w(782) resonances, is not taken into account.
This contribution may be estimated by using the results
from Ref. [21]; in this work, the branching ratio of the
decay B — yfv was predicted, omitting the contributions
from p° and w resonances. An estimation of the nonreso-
nant contribution gives

Br(B™ — utp v.e” )nre

~ Ay X Br(B — y£v) ~0.1 x 1077,

Beneke

which is about 15% of the value of the branching ratio of
(18) and is comparable to the uncertainty of the form
factors calculation. Note that numerically the contributions
to (18) from the processes in Figs. 5 and 6, which were
taken into account, are also comparable to the nonresonant
contribution, which was not taken into account. The
analogous conclusions on the value of nonresonant con-
tribution may be reached if one uses the numerical values
Br(B — y¢v) from [22-25].

It seems that the approximation of using only the
contributions from the lightest p(770) and w(782) reso-
nances, which are used in this work, is not applicable if the
branching ratio of the decay B~ — u"u ,e” will be

measured in the range of \/? > 1 GeV. In this range,
it is necessary to take into account the contributions from
the w(1420), p(1450), w(1650), and p(1700) resonances.
These contributions should not affect the branching ratio of
the decay B~ -yt u~v,e for \/? <1 GeV but will define

the behavior in the range \/¢”> > 1 GeV. However, in the

experimental procedure [8], the variable \/q_2 is chosen to be
less than 980 MeV, in order to remove a potential back-
ground from the decay ¢p — £ £~. So, the experimental data
are available only in the range of applicability of the current
work. This fact allows as to exclude from consideration
resonances heavier than the p°(770) and w(782).

We calculate the branching ratio of the decay B~ —
e"e"v,u for ® = 0. Formal integration in the range around
the photon pole by x;, leads to the rough dependence of the
branching on x5 ins

dx 1
Br ~ %~ —.
X12 X12 min

If we choose x|, min = (2m,/M)?, then by the order of
magnitude

m 2
Br(B~ = etep,u) ~ (—’l) Br(B~ = pu p,.e”)
me

~10*Br(B~ = putuv,e7).

Because the efficiency of detection of the muonic pairs for

v/ q? below 80-100 MeV is low, this range is not suitable for
experimental observation. On the other hand, if we choose
Xiomin = (A/M;)? = 0.0002 for A = 80 MeV, then

Br(B~ — ete D u-
(B” — et tup )x,z 1in=0.0002
Tp- |Vub|2

~3.0
1.638 x 10712 §1.55 x 107

x 1077, (20)

The Br(B~ — e*e™p,u~) will decrease with increasing
X12 min-

The decays B~ — u*u~0,e” and B~ — e"e D,u~ may
be suitable for tests of the hypothesis of leptonic universality,
if one measures the branching ratio for the fixed value of
X3 > (2m,/M,)* = 0.0016. If the hints for [26-30] vio-
lation of the leptonic universality are true, then the ratio
between Br(B~ —u*u"v,e”) and Br(B~—e"e 1,4~ ) may
significantly differ from unity [10].

We consider predictions for the branching ratio of the
decay B~ — ;ﬁﬂﬂy‘/f at ® = 0, which is more suitable
for experimental observation [8], as the efficiency of muon
detection is higher than the efficiency of electron detection.
Numerical integration of the interference contribution (17)
for x13 min = (2m,/M;)* = 0.0016 gives

Brinert (B~ = u D)

~ —0.09 TB~ |Vub|2

1077, (21
1638 x10-2 51,55 x 10 (21)

which is comparable due to uncertainty of the strong
nonperturbative effects, the contributions from Egs. (5)
and (6) and the result with the nonresonant contribution
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TABLE II.

Dependence of the interference contribution and of the branching of the decay B~ — u*D,u"u~ on the relative

nonperturbative phase @ in the amplitude (19). The first row of the table corresponds to the results of (21) and (22). The third column of
the table is obtained by adding up the results of the second column of the table and the last column of Table I according to (16).

Phase ® Interference contribution Branching ratio Br(B~ — u"D,u"p")

0 —0.09 {5 5‘5><1|0 < x 107 0.7 { G510 555105 sl‘ijbl‘(r‘ x 1077

/4 ~0.10 55 s < 107 0.6 5355 s x 107

7/2 _0'09W 1.5‘;/171'0*5 x 1077 04% 1.5|Z;h|‘0*5 x 1077
2

3n/4 ~0.02 g s X 107 0.2 35 s x 107
2

d ~0.01 g s X 1077 0.2 5 e x 107

>u/4 _O'OSWIS‘SXJO s x 1077 0. 4W 1. slslbl‘o 5% 1077

37/2 0,12 5 e x 107 0.6 555 e < 107

Tn/4 ~0.13 g it 1077 0.7 et ot x 1077

omitted. So, we may state that in the limit of massless
leptons, with a 30% precision from Egs. (16) and (18), it
follows that

Br(B~ — uo,uu")
O |Vub|

10-7.
T 638 x 102 5155 x 105~

(22)

This is obtained for x5 i, = (2m,4/M])2 = 0.0016. This
prediction is almost four times higher than the experimental
upper limit (1), obtained in Ref. [8]. What may explain the
discrepancy between the experimental result and the
theoretical prediction? First, there is quite high uncertainty
of the theoretical prediction (22). Second, the value of
Br(B~™ — u"v,u"pu~) depends on the relative phase ®
between the contributions of the w(782) and p°(770)
resonances. In the framework of VMD, ® = (. The depend-
ence of the interference contribution and of the branching of
the decay B~ — u"D,u~pu~ on nonperturbative phase @ is
presented in Table II. One may see that the branching of

the decay B~ — p*D,u”pu~ strongly depends on the value
of nonperturbative phase ®. For ® = z, it is numerically
close to the upper experimental limit (1), but still slightly
exceeds it. However, there are no solid theoretical arguments
to favor the value ® =7z over ® =0. All the other
contributions, which were omitted in the current work,
could not significantly influence the numerical result of
Eq. (22). It seems unlikely that the discrepancy between the
prediction and measured result may be attributed to Beyond
the Standard Model physics.

Note that the decays B~ — e¢'D,e”e¢” and B~ —
uFD,pup allow us to introduce yet another test for lepton
universality at x;, > 0.0016 and x5, > 0.0016 [10].

We consider single differential distributions for the
decays B~ — u*uv,e” and B~ = ptp,u pu at @ = 0.
One-dimensional projections of the double differential

distribution ddBr by x;, and x3; are given in Figs. 8

and 9, respectlvely. The distributions by x, are given in the
range [0,0.04], which corresponds to the area of appli-
cability of the model. Figure 8§ features a photon pole for
X12 = X132 min = (2m,/M;)? = 0.0016 and a peak from the

Bouutve Boputvp
0.22F- M
02E- 0.18
0.18F- 0.16
0.16F- 0.14
L 0.14F L 012
3|5 0.2 52 o1
= oaE =
0.08F- P
0.06E- 0.06
0.04E- 0.04
0.02F L 0.02
O 0005 001 0015 002 0025 003 0035 004 00 0005 001 0015 002 0025 003 0035 004
Xpp Xi2
(a) (b)
FIG. 8. Normalized differential distributions %d— for the decays (a) B~ — u*u D,e” and (b) B~ — u*D,up~, obtained by

integration by dx3,dy,dys4de of Egs. (11) and (153 respectively.
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0.04 Bouutve - Boppvw
0.035 0.062
0.03 0.055
o7 0.025 o7 0.04F
—E 002 —I= E
0.03F
0.015 E
- 0028
0.005 0.01;—
0" 00 02 03 04 05 06 07 08 09 1 00 "00 02 03 04 05 06 07 08 05 1
X34 X34
(@) (b)
FIG. 9. Normalized differential distributions & FT for the decays (a) B~ — u*u,e” and (b) B~ — u*D,uu~, obtained by

integration by dx,dy,dys4d¢ of formulas (11) and (15), respectively.

Boputve

=0.025
?E 0.02
0.015

0.01

0.005

!III TTTT IIII\IIII||III|IIII|IIH|II|I|

OO0 | g W VO Oy Oy Oy O O O gy o

I I I
-0.6 -04 -02 0

1
-0.8

-1 08 06 -04 —02 , 0 02 04 06 08 I -1 , 02 04 06 08 1
12 12
(a) (b)
FIG. 10. Normalized differential distributions 1 fT for the decays (a) B~ — u*pu0,e” and (b) B~ — u",u"p~, obtained by

integrating by dx,dxs4dys4de of formulas (11) and (15) accordingly.

w(782) resonance for x;, — (M,/M;)? ~0.023. Due to
the fact that the p°(770) meson has a width of about
150 MeV, the contribution from this meson in Fig. 8
appears as a wide background to the narrow peak of the
@(782) resonance. The distributions by x34 in Fig. 9 does
not have poles, in agreement with the analysis from Sec. 111,
and demonstrates the importance of taking into account the
Fermi antisymmetry in the decay B~ — u"7,u~ ", because
due to the additional contribution from Fermi antisymmetry

Bouputve

1 1 1 1 1 1 1
-04 -02 0 02 04 06
Y4

(a)

1 1
-0.8 -0.6

1

FIG. 11. Normalized differential distributions
integration by dx;,dxs,dy,de of Egs. (11) and (1§3 respectively.

for the decays (a) B~ = u*p~D,e” and (b) B~ = u'o,up~,

the shapes of the distributions by x34 in the decays B~ —
prub,e” and B~ — ptp,u"p~ are significantly different.
An analogous difference may be seen in the distributions by
Y12 = cosBy,, y34 = cos b34, and ¢, which are presented in
Figs. 10-12, respectively. The definition of angular vari-
ables yi,, y34, and cos ¢ is given in Appendix B.
Detectability of the multilepton decays of the B mesons
with a neutrino in the final state may be linked to the

distributions by normalized invariant mass of the
~ Boppv,pw
0.07
0065
0.0SE—
ols7 oosps
e E
0.03—
0.025
04015—
G: 1 1 1 1 1 1 1 1 1
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
y34
(b)

obtained by
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Bopputve

|II||||||IIIIIIIIIIIIIIIIIII

1 08 —06 04 02 0
cosp
(a)
FIG. 12. Normalized differential distributions &4

B'—>u'p+vpu'

-0.8

06 04 -02 0

cosQ

(b)

0.2 0.4 0.6 0.8 1

for the decays (a) B~ — u*u"0,e” and (b) B~ — u"D,u"u~, obtained by

integration by dxi,dx34dy;»dys, of Egs. (11) and (15), respectively. Variable cos ¢ is defined by (B3).

Boputve
0.05F
0.04
s 0.03F-
5 -é— 0.03! E
—= -
0.02|-
0.01F
G C 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X124
(a)

FIG. 13. Normalized differential distributions %%

(@) B~ = pu~ve” and (b) B~ — u Dup”.

charged leptons. The square of the corresponding mass is
defined as

(ky + ko + ky)?

, (23)
M3

X124 =

where k; are four-momenta of charged leptons in the final
state. The distributions by x;,4 are presented in Fig. 13. One

0150 Boputve
0.1
0.05F—
2
2 0 C e - -
< £
—0.05—
0.1
_0 15 F 1 1 1 1 1 1
70.005 0.01 0.015 0.02 0.025 0.03
X2
(a)

=

<

—~
>

m

o

34

B'—m‘p.*V"u’
0.05F
0.04
5350.032—
B E
0.02F
0.01F
0:....1...‘I....I....I....I....I....l.‘.ul....
0 o0l 02 03 04 05 06 07 08 09 1
Xi24
(b)

by invariant mass of all of the charged leptons in the final state for the decays

can see from the figure that the shape of the distribution by
X1, 1S not very sensitive to the procedure of Fermi
antisymmetrization.

It is well known that forward-backward lepton asymme-
tries are very sensitive to BSM physics. For the decay
B~ — utu p,e”, itis possible to define forward-backward

lepton asymmetries Al(pl;) (x12) and A%—) (x34) according to

Bouutve
04 Ve

ol b b b s b b by 1y
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X34

(b)

FIG. 14. Forward-backward lepton asymmetries (a) Ag)(xlz) and (b) A(Flp(x34) for the decay B~ — u"u~D,e”, calculated using

Egs. (12) and (13), respectively.
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Egs. (12) and (13). These asymmetries are shown in

Fig. 14. The asymmetry A% )(xlz) is shown only for the
interval x;, € [0,0.04], which corresponds to the area of
applicability of the current model. In this interval, exclud-
ing the area of the w(782) resonance, the contributions to

A%)(xlz) come from electromagnetic and strong proc-
esses; thus, this asymmetry is close to zero in almost all of
the considered range. The shape of the asymmetry

A%—)(xﬂ) is very similar to the shape of the asymmetries
in three-body semileptonic decays of B mesons.

One cannot to study forward-backward lepton asym-
metries in the decay B~ — u'D,u"u~, as in this case
there are two identical negative muons in the final state.
Experimentally, it is not possible to distinguish which of
the negatively charged muons should be attributed to the
pu~ pair and which to the D,u~ pair.

All the above that is related to the differential distribu-
tions for the decays B~ — u*u~0,e” and B~ — pu o,y pu~
is also related to the differential distributions for the decays
B~ = eTep,u” and B~ — e*D,e"e”. In this model, the
lepton universality holds, so the differential distributions of
the two latter decays are not needed.

VII. CONCLUSION

In the present work,

(i) Theoretical predictions for the branching ratios of
the decays B~ — u*u~v,e” and B~ — p*o,u~p~ for
the value of nonperturbative hadronic phase ® = 0
are obtained in the framework of Standard Model,

Br(B~ - utpv,e”)~0.6 x 1077
and
Br(B™ = u'0,u pu) ~0.7x 1077,

and uncertainties for every prediction are discussed.

(i1) The difference between the obtained predictions and
the predictions from Ref. [10] is discussed, as well
as the compatibility with the recent experimental
result [8] by the LHCb Collaboration.

(iii) The dependence of branchings of the decays B~ —
uuv.e” and BT — puo,u"p~ on the nonpertur-
bative phase @ is discussed.

(iv) The possibility to test the hypothesis of lepton
universality in rare four-leptonic decays of B mesons
with three charged leptons in the final state is
analyzed.

(v) Double and single differential distributions for
the decays B~ — u"u 0,e” and B~ = u"D,u" " are
considered, and some recommendations for searches
for Beyond the Standard Model physics in these
decays are given.
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APPENDIX A: MORE PRECISE VALUES OF
FUNCTIONS a(xlz,x34), b(xlz,X34), AND C(xlz,X34)

More precise dimensionless functions a(x;s, x34),
b(x15,x34), and ¢ (x5, x34) for calculation of the amplitude
(10) of the present work and double differential distribution
d*Br(B~ — Y€~ 0y ] dx 2dxs, from [10] may be writ-
ten as follows:

71 MB*}‘B* 2Vb(M%X12)
a(xyp,Xx3) = ) c
3X34—MB* 1+MBX
IiAA/[2i]ACV,-
7 Xio— M3 +ily My,

i=p’ @

2V (Mixs,)

+ =
1+M,,;

A LMy fy,
b(x12,x34) =—fp, + ~ =
‘ Z; Xip = M3, +i05: M,

i=p’,®
x (1 +M2i)A(ll)(M%x34)v
(12 %3s) = Z IiMZi]ACV, Aéi)(M?X34)
12:X34) = S - -
X1p— M3+ il My 14 My,

i=p°.w

, (A1)

where the dimensionless variables x;, = ¢>/M? and x3, =
k*/M? are defined in Appendix B, and the dimensionless
constants are defined as ]A”B“ = fg,/My, ]A‘B* =fp /My,
fv,=Ffv. /M, My =My /M, My = Mg /M, andT; =
/M.

APPENDIX B: KINEMATICS OF
FOUR-LEPTON DECAYS

Denote the four-momenta of the final leptons in four-
leptonic decays of B mesons as k;, i = {1,2,3,4}. Let

q = ki + ky;
]~€:k2+k3;

k:k3+k4, é:kl"_kzh
p:k1+k2+k3+k47
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where p is the four-momentum of the B meson and
p? = M2. For the calculations below, it is suitable to use
the dimensionless variables,

~ 72
X12 :A(i[—zz’ x34:]l]i1_22’ x14:%, X23 :%-
1 1 1 1

By common notation, x;; = (k;+k;)?/M3. Hence, x;; = x;;.
The leptons may be considered as massless in almost all of
the calculations of the present work, i.e., kl2 = 0. However,
during the calculation of the bremsstrahlung contribution in
the area ¢> ~ 4m,?, where m, is the mass of any of the
charged leptons of the £ ¢~ pair, it is necessary to take into
account the dependence of the bremsstrahlung matrix
element and phase space on the value of m,.

From the conservation law of four-momentum, in the
zero-mass limit the variables x;; are linked by

Xip + X3+ Xig 4 Xo3 + X4 + X34 = 1. (B1)

Let us find the intervals for x;; using the inequality
(p1p2) = \/pip3; then any x;; > 0. On the other hand,
IZ(M—I—\/E)Z As O §X34, SO X 1o < 1, andx12 (S [O, 1]
The upper limit of the variable x3, depends on the value of
Xipix34 < (1= \/E)z Thus, for the fixed value of x5, the
variable x34 € [0, (1 — \/X1;)?]. For the pair x;4 and x,3, the
analogous condition holds x4 € [0, 1] and for the fixed
X14, %23 € [0, (1 = /x14)%].

Consider the kinematics of the decay B (p) —
£t (ki) (ky)op (k3)¢'~ (ky), when the flavor of negatively
charged lepton £~ (k,) is different from the flavor of the
negatively charged lepton ¢~ (k4). Let the positively
charged lepton have the momentum k;, and let the
antineutrino have the momentum k5. We define an angle
0), between the momentum of the positively charged
lepton and the direction of the B meson (z axis) in the
rest frame of the #7#~ pair, and another angle 65, between

12 ki

e

£
WO

FIG. 15. Kinematics of the decay B~ (p)—¢*(k;)x
¢ (ky)Dp (k3)¢'~ (ky). Angle 6, is defined in the rest frame
of £ (k)¢ (ky) pair; angle 654 is defined in the rest frame of
Dy (k3)?'~ (ky) pair; angle ¢ is defined in the rest frame of B~
meson.

the direction of the antineutrino and the direction of the B
meson (z axis) in the rest frame of £'~0, pair, as it is shown
in Fig. 15. Then,

1
/1]/2(1,)6127)634)
1
/11/2(17?612,?534)

Yip =cosbp = (x23 + X2 — X13 = X14),

V34 =C08 03y = (X144 X4 = X135 = X23),

(B2)

where A(a, b, c) = a> + b> + ¢* — 2ab — 2ac — 2bc, the
triangle function. Angles 6, € [0,z] and 64 € [0, x].
Hence, y, € [-1,1] and y3; € [-1,1]. Angles are mea-
sured relative to z axis. Also let us define an angle ¢ €
[0, 27) in the rest frame of the B meson between the planes
which are set by the pairs of vectors (k;,Kk,) and (ks, ky).
Introduce a vector a; = k; x k,, perpendicular to the plane
(ki,k,), and vector a; = k4 x ks, perpendicular to the
plane (ks3, k). Then,

(al’ a3)
|a||a;]

cos@p =

Using the technique from Ref. [31], for cos ¢, we can write

— 24/ x12x34(1 = y1,) (1 = y34) cos @ + (1 = x5 = x34)y12

= X3 — X4 — X3 + X4. (B3)

Four-particle phase space has the form

dxy d
= mi SRR aofde P dog,

d<I>§1234)

where (assuming nonzero masses for leptons #* and #'~)
we can write

4 52 )
34) _ My, 4iiny my
= A1, X0, X -—— 1 -—
714 6 ( 12 34) X1 X34

(B4)

Ao

X dxpdx3ady pdyssde,

where I’hf = m,g/Ml and ﬁ’Lf/ = mf//Ml.

In the decay B~ (p) — €7 (k)¢ (ky) s (k3)£~ (ky4), there
are two identical leptons £~ (k,) and ¢ (k4) in the final
state, so Fermi antisymmetrization of the decay amplitude
is necessary by four-momenta k, and k. We will need an
additional formula to calculate of the branching ratio in this
case for m, # 0,

4 ) )
(1432) _ M 4iing iy
dq)4 - 214]_[6/1’1/2(1’)6147)(23) _x|2<1 _x34>

X dx14dxy3dy 4dysd, (B5)
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where @ is the angle of planes (k;,k;) and (k,,Kkj3),
measured relative to plane (ki,ky4). Equation (B5) may
be obtained in a fully analogous way to (B4). The cos @
may be found by exchanging indices in Eq. (B3) as
2 < 4. Also, in order to perform numerical integration, it
is necessary to have all the definitions of x;; using the set

of variables x5, X34, V12, Y34, and ¢. In the zero leptonic
mass limit, the formulas for xj3, x4, X553, and x,, are
given in [10]. Finally, note that this paper uses notations
almost identical to the notations of Ref. [32], except for
in case of the y;;, which here have the opposite sign
compared to Ref. [32].
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