
 

Neutrinos in curved spacetime: Particle mixing and flavor oscillations
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We present a quantum field theoretical approach to the vacuum neutrino oscillations in curved space, we
analyze the nontrivial interplay between quantum field mixing and field quantization in curved space and
derive new oscillation formulas. We compute the formulas explicitly in the spatially flat Friedmann–
Lemaitre–Robertson–Walker metrics for universes dominated by a cosmological constant and by radiation.
We evaluate the transition probabilities in the Schwarzschild black hole metric, and we show that the
Hawking radiation affects the oscillations of neutrinos. We show that our results are consistent with those of
previous analyses when the quantum mechanical limit is considered.
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I. INTRODUCTION

Since they were theoretically proposed by Pauli [1],
neutrinos have proven to be among the most enigmatic
particles in the universe. Until the discovery of flavor
oscillations [2,3], whose theory was pioneered by Pon-
tecorvo [4,5], neutrinos were believed to be massless.
Today it is accepted that neutrinos are massive particles,
and that they oscillate among three flavors νe, νμ, ντ
corresponding to the companion charged leptons e, μ, τ.
This peculiarity renders neutrinos unique among the known
elementary particles and puts them beyond the scope of
the standard model of particles [6]. In many respects,
neutrinos are forerunners of a new physics, as several
issues, including the origin of their mass [7] and their
fundamental nature [8], are still open to the present day.
On the other hand, the relevance of neutrinos in

astrophyisical and cosmological contexts has grown dra-
matically during the last years. They figure as a valuable
source of information, along with gravitational waves and
electromagnetic radiation, in the ever–growing field of
multimessenger astronomy [9]. The study of neutrinos of
astrophysical origin can indeed provide fundamental
insights on the source that produced them. In addition,
neutrinos are expected to play an important role in the first
phases of the universe [10,11], and the detection of the

cosmic neutrino background, pursued in experiments as
PTOLEMY [12], could represent an essential test for the
standard cosmological model [11]. Mass varying neutrinos
have also been proposed as a possible explanation for dark
energy [13].
This state of affairs requires a careful investigation of

neutrino oscillations on a curved spacetime. The topic has
been discussed in several works, where it was found that
gravitational fields may alter both the oscillations in
vacuum and in matter [14–16].
Here we wish to go beyond the heuristic treatment

of Ref. [16], and present a quantum field theoretical
approach, based on the field quantization in curved
space-time, to evaluate the effects of gravitational fields
on neutrino oscillations. We derive general oscillation
formulas for flavor fields in curved space-time, which
represent our main result. We discuss the particle inter-
pretation of the fields in presence of gravity and study how
the mixing changes when moving from a mass field
representation to another. We demonstrate the invariance
of local observables, which are represented by expectation
values on flavor states of local operators constructed from
the flavor fields. We show that the oscillation probabilities,
on the other hand, do in general depend on the representa-
tion of the mass fields, since they are not a local observable
and involve the comparison between particles in different
spacetime regions. We establish the conditions which
have to be satisfied in order that the resulting transition
probabilities are invariant under changes of mass field
representation.
We also compute explicitly the oscillation formulas for

two examples of spatially flat Friedmann–Lemaitre–
Robertson–Walker (FLRW) spacetimes, corresponding
to a cosmological constant-dominated and a radiation–
dominated universe respectively. In these cases, exact
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analytical solutions to the Dirac equation are available, and
the formalism here introduced can be applied directly.
Moreover, we give an estimation of the oscillation formulas
for neutrinos propagating from the past infinity to the future
infinity in a stationary Schwarzschild spacetime. We
introduce a method to extract the oscillation formulas on
spacetimes with asymptotically flat regions without resort-
ing to the exact solutions of the Dirac equation. We then
employ this strategy to compute the formulas on the
Schwarzschild black hole spacetime, for neutrinos propa-
gating from the past infinity to the future infinity. We show
how the Hawking radiation is naturally embedded in the
resulting transition probabilities.
Our results generalize those of the previous treatments

[16], and are consistent with the latter when the suitable
limits are considered. In our computation, for simplicity, we
limit our analysis to the vacuum oscillations, therefore
considering the sole effect of gravity.
The paper is organized as follows: in Sec. II we provide

the setting for the description of the mass fields in curved
space; in Sec. III we develop field mixing and find the
oscillation probabilities in curved spacetime, with a
thorough analysis of their features; in Sec. IV we apply
the formalism to some spacetimes of interest, including the
spatially flat FLRW metric for a radiation-dominated
universe and for a cosmological constant-dominated uni-
verse, and the Schwarzschild black hole metric, where we
show the impact of the Hawking effect on neutrino
oscillations; finally in Sec. V we draw our conclusions.

II. MASS NEUTRINO FIELDS IN CURVED SPACE

To evaluate the oscillation formulas for neutrinos on a
curved spacetime, it is necessary to consider both the
effects of curvature and mixing on the (free) mass fields.
Let M be a globally hyperbolic spacetime, and let τ ∈ R
label a foliation of M by Cauchy surfaces. Consider the
tetrad fields eμaðxÞ satisfying ηabeμaðxÞeνbðxÞ ¼ gμνðxÞ. Here
ηab ≡ diagð1;−1;−1;−1Þ is the Minkowski metric tensor,
while gμνðxÞ is the contravariant metric gμνðxÞgνρðxÞ ¼ δμρ
on M in a given coordinate system. The massive neutrino
fields satisfy the Dirac equations:

ðiγμðxÞDμ −miÞψ i ¼ 0 ð1Þ

where γμðxÞ ¼ eμaðxÞγa, γa being the usual flat space Dirac
matrices, and Dμ ¼ ∂μ − i

4
ωab
μ σab. The spin connection is

defined as ωab
μ ¼ eaνΓν

ρμeρb þ eaν∂μeνb, whereas σab are the
commutators of flat Dirac matrices σab ¼ i

2
½γa; γb�. In

equation (1), the index i ¼ 1; 2;…; N ranges over the
number of neutrino species N. For the sake of simplicity
we focus on the case N ¼ 2, though the generalization to
N ¼ 3 is straightforward. In general equation (1) cannot be
solved exactly. Even if one is able to find exact solutions,
these do not play the same prominent role as their flat

spacetime counterpart. It is well-known, indeed, that the
positive frequency solutions of equation cannot be defined
univocally, and that, consequently, there is no natural (nor
unique) particle interpretation for the corresponding quan-
tum field theory [17,18]. Nevertheless, the canonical
quantization of the Dirac field proceeds along the same
lines as in Minkowski spacetime.
To perform a field expansion, one must find a set of

positive ζk;i and negative ξk;i frequency solutions for each
of the equations (1). In general the bipartition of the
solutions to Eq. (1) makes sense only locally, while there
is no natural global definition of positive and negative
frequency modes. Anyway, one is free to choose a set of
modes [19] fζk;i; ξk;ig, deemed to be positive/negative
frequency modes according to some specified observer,
and expand the field with respect to them, provided that
they form a complete (and orthonormal) set of solutions
under the inner product

ðai; biÞ ¼
Z
ΣðτÞ

ffiffiffiffiffiffi
−g

p
dΣμðτÞāiγμðxÞbi ð2Þ

with ai, bi any solution to Eq. (1) with mass mi and
b̄i ¼ b†i γ

0ðxÞ. Here dΣμðτÞ ¼ nμðτÞdVτ denotes the volume
element on the surface τ with unit timelike normal nμðτÞ.
This has to hold separately for each i ¼ 1, 2. As it is easy to
prove, for ai, bi solutions of the (same) Dirac equation, the
inner product (2) does not depend on the hypersurface
chosen for the integration. In particular, it is independent on
the foliation by Cauchy hypersurfaces employed. The fields
can then be expanded as

ψ iðxÞ ¼
X
k;s

ðγk;s;iζk;s;iðxÞ þ ϵ†k;s;iξk;s;iðxÞÞ ð3Þ

with the operator coefficients γk;s;i; ϵk;s;i satisfying the usual
canonical anticommutation relations, k momentum index
and s helicity index. The annihilators are also required to
anticommute for i ≠ j, and, in particular fγk;s;i; γ†k;s;jg ¼
δij, fϵk;s;i; ϵ†k;s;jg ¼ δij. In Eq. (3) we prefer to keep any
space-time dependence within the modes, for ease of
treatment with a general metric. The expansions (3) define
the mass Hilbert space Hm ¼ H1 ⊗ H2, which is con-
structed out of the vacuum j0mi ¼ j01i ⊗ j02i. Here j0ii
is defined, as usual, by γk;s;ij0ii ¼ 0 ¼ ϵk;s;ij0ii for
each k, s, i.
As hinted above, the field expansions (3) are somewhat

arbitrary, as opposed to the flat spacetime case, where there
is no ambiguity in the definition of positive and negative
frequency modes. Any other basis fζ̃k;s;i; ξ̃k;s;ig can be
used to expand the fields ψ i ¼

P
k;sðγ̃k;s;iζ̃k;s;iðxÞ þ

ϵ̃†k;s;iξ̃k;s;iðxÞÞ. Since both the sets fζk;s;i; ξk;s;ig and

fζ̃k;s;i; ξ̃k;s;ig form a basis for the space of solutions of
Eq. (1), one can write the modes of a set in terms of the
other, for each i:
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ζ̃k0;s0;i ¼
X
k;s

ðΓ�
k0;s0;k;s;iζk;s;i þ Σ�

k0;s0;k;s;iξk;s;iÞ

ξ̃k0;s0;i ¼
X
k;s

ðΓk0;s0;k;s;iξk;s;i − Σk0;s0;k;s;iζk;s;iÞ ð4Þ

where Γk0;s0;ks;i ¼ ðζ̃k0;s0;i; ζk;s;iÞ ¼ ðξk;s;i; ξ̃k0;s0;iÞ and
Σk0;s0;ks;i¼ðζ̃k0;s0;i;ξk;s;iÞ¼−ðζk;s;i; ξ̃k0s0;iÞ. This is a
fermionic Bogoliubov transformation, for whichP

q;r ðΓ�
k;s;q;r;iΓk0;s0;q;r;i þ Σ�

k;s;q;r;iΣk0;s0;q;r;iÞ ¼ δk;k0δs;s0 for
each i. The corresponding relation between the two sets
of annihilators is given by

γ̃k;s;i ¼
X
k0;s0

ðΓk;s;k0s0;iγk0;s0;i þ Σk;s;k0;s0;iϵ
†
k0;s0;iÞ

ϵ̃k;s;i ¼
X
k0;s0

ðΓk;s;k0;s0;iϵk0;s0;i − Σk;s;k0;s0;iγ
†
k0;s0;iÞ: ð5Þ

It is often the case that the Bogoliubov coefficients
Γk;s;k0;s0;i;Σk;s;k0;s0;i can be written as Γk;s;k0;s0;i ¼
δk;k0δs;s0Γk;i, Σk;s;k0;s0;i ¼ δk;k0δs;s0Σk;i, with Γk;i and Σk;i

depending on k alone. In this occurrence, they admit the
parametrization Γk;i ¼ eiηk;i cosðθk;iÞ, Σk;i ¼ eiϕk;i sinðθk;iÞ,
with ηk;i;ϕk;i; θk;i real functions of k. We remark that the
Bogoliubov transformations (5) can be recast in terms of

the generators Ji ¼ e
P

k;k0 ;s;s0 ½ðλ�k;k0 ;s;s0 ;iγ
†
k;s;iϵ

†
k0s0 ;i−λk;k0 ;s;s0 ;iϵk;s;iγk0 ;s0 ;iÞ�,

with λk;k0;s;s0;i ¼ ArctanðΣk;s;k0 ;s0 ;i
Γk;s;k0 ;s0 ;i

Þ, as

γ̃k;s;i ¼ J−1i γk;s;iJi; ϵ̃k;s;i ¼ J−1i ϵk;s;iJi: ð6Þ

The maps Ji∶H̃i → Hi interpolate between the Fock spaces
Hi built from the γk;s;i; ϵk;s;i and the Fock space H̃i built
from the γ̃k;s;i; ϵ̃k;s;i. In particular, one has for the vacuum
states j0̃ii ¼ J−1i j0ii. As for the untilded representation,
the mass Hilbert space in the tilded representation is the
tensor product H̃m ¼ H̃1 ⊗ H̃2. It is convenient to define a
unique generator of Bogoliubov transformations J∶ H̃m →
Hm on H̃m as the tensor product J ¼ J1 ⊗ J2. Then

γ̃k;s;i ¼ J−1γk;s;iJ; ϵ̃k;s;i ¼ J−1ϵk;s;iJ ð7Þ

for i ¼ 1, 2. The expansions of the two fields ψ1 and ψ2

must be compatible with each other, i.e., each of the modes
ζk;s;2; ξk;s;2 must be obtainable from the corresponding
modes ζk;s;1; ξk;s;1 by the substitution m1 ↔ m2, and
vice-versa. In the context of mixing, this ensures that the
same kind of particle, described by the same set of quantum
numbers, is being mixed. This, of course, does not under-
mine the arbitrariness in the choice of the modes; these can
be any complete set of solutions to the Dirac equation,
provided that the same choice is made for the two fields.

III. NEUTRINO MIXING AND OSCILLATION
FORMULAS IN CURVED SPACE-TIME

In this section, we show new oscillation formulas for
flavor fields in curved space-time and we present general
considerations on the infinitely many unitarily inequivalent
representations of the canonical anticommutation relations
which characterize the quantization of mixed fields and of
fields in curved space.

A. Oscillation formulas

As discussed above, the QFT of free Dirac fields in
curved space is characterized by infinitely many unitarily
inequivalent representations of the canonical anticommu-
tation relations. The phenomenon of mixing, even in
Minkowski space, suffers from an analogous ambiguity,
in that the flavor and the mass representations are unitarily
inequivalent [20]. The effects of such inequivalence have
been analyzed in flat space time [21] and the possibility to
reveal them in experimental setup has been recently
proposed [22]. Let us start by fixing the mass field
expansions (3) and describe the mixing in a given repre-
sentation of the mass fields. The flavor fields are defined as
ψe ¼ cosðθÞψ1 þ sinðθÞψ2 and ψμ ¼ cosðθÞψ2 − sinðθÞψ1

with θ the (2-flavor) mixing angle. Just like the Bogoliubov
transformations (7), the rotation to flavor fields can be cast
in terms of a generator IθðτÞ. This is given by

IθðτÞ ¼ eθ½ðψ1;ψ2Þτ−ðψ2;ψ1Þτ�: ð8Þ
where the scalar products ðψ i;ψ jÞ do depend on the
hypersurface chosen for the integration, since they are
solutions to different Dirac equations. Then, by definition,
the flavor fields are expressed as

ψe ¼ I−1
θ ðτÞψ1IθðτÞ; ψμ ¼ I−1

θ ðτÞψ2IθðτÞ: ð9Þ
If we let the generator (8) act on the mass annihilators, we
obtain the flavor annihilators for curved space

γk;s;eðτÞ ¼ I−1
θ ðτÞγk;s;1IθðτÞ ¼ cosðθÞγk;s;1

þ sinðθÞ
X
q;r

½Λ�
q;r;k;sðτÞγq;r;2 þ Ξq;r;k;sðτÞϵ†q;r;2�:

ð10Þ
And similar for γk;s;μðτÞ; ϵk;s;eðτÞ; ϵk;s;μðτÞ. The Bogoliubov
coefficients are provided by the inner products of the solu-
tions to the curved space Dirac equation with mass m1 and
m2, that is, Λq;r;k;sðτÞ ¼ ðζq;r;2; ζk;s;1Þτ ¼ ðξk;s;1; ξq;r;2Þτ and
Ξq;r;k;sðτÞ ¼ ðζk;s;1; ξq;r;2Þτ ¼ −ðζq;r;2; ξk;s;1Þτ. The mixing
coefficients always satisfyX
q;r

ðΛ�
k;s;q;rðτÞΛk0;s0;q;rðτÞ þ Ξ�

k;s;q;rðτÞΞk0;s0;q;rðτÞÞ

¼ δk;k0δs;s0 : ð11Þ
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Since the mass expansions are compatible, the mixing
coefficients are often diagonal, namely of the form

Λq;r;k;sðτÞ ¼ δq;kδr;sΛk;sðτÞ
Ξq;r;k;sðτÞ ¼ δq;kδr;sΞk;sðτÞ ð12Þ

with Λk;sðτÞ, Ξk;sðτÞ depending on k and s alone [23].
Exceptions to this arise when we consider expansions of the
mass fields in terms of modes labelled by the energy. In such
a case, the mixing coefficients are nondiagonal and different
from zero Λω;ω0 ≠ 0, Ξω;ω0 ≠ 0, once ω is fixed, only for a
specific value of ω0. In these occurences, Eq. (11) becomes

jΛk;sðτÞj2 þ jΞk;sðτÞj2 ¼ 1 ð13Þ

for each k, s, τ, and

jΛω;ω0 ðτÞj2 þ jΞω;ω0 ðτÞj2 ¼ 1 ð14Þ

respectively. The mass and the flavor representations are
unitarily inequivalent. For each τ one has a distinct flavor
Fock space HfðτÞ defined by γe;μðτÞ; ϵe;μðτÞ. The flavor

vacuum j0fðτÞi ¼ I−1
θ ðτÞj0mi is a condensate of ψ1, ψ2

particle-antiparticle pairs.
In order to define the transition probabilities, we

observe that the total Lagrangian is invariant under Uð1Þ
gauge transformations. Therefore the total charge Q ¼
Q1 þQ2 ¼ Qe þQμ is conserved [24], where Qi ¼P

k;s ðγ†k;s;iγk;s;i − ϵ†k;s;iϵk;s;iÞ for i ¼ 1; 2; e; μ. It is then
meaningful to define the transition probabilities as

Pρ→σ
k;s ðτÞ ¼

X
q;r

ðhνρ;k;sðτ0ÞjQq;r
σ ðτÞjνρ;k;sðτ0Þi

− h0fðτ0ÞjQq;r
σ ðτÞj0fðτ0ÞiÞ: ð15Þ

Here ρ; σ ¼ e, μ, the state jνρ;k;sðτ0Þi ¼ γ†k;s;ρðτ0Þj0fðτ0Þi is
the state with a single neutrino of flavor ρ, momentum k and
helicity s on the reference hypersurface τ ¼ τ0. The second
term on the rhs of (15) is just the implementation of the
normal ordering with respect to j0fðτ0Þi. By construction
Pe→e
k;s ðτÞ þ Pe→μ

k;s ðτÞ ¼ 1 and Pμ→e
k;s ðτÞ þ Pμ→μ

k;s ðτÞ ¼ 1 for
each τ. A straightforward calculation yields, in the general
case (accounting for both diagonal and nondiagonal mixing
coefficients) the result

Pe→μ
k;s ðτÞ ¼ 2cos2ðθÞsin2ðθÞ ×

�
1 −

X
q;r

ℜðΛ�
k;s;q;rðτ0ÞΛk;s;q;rðτÞ þ Ξ�

k;s;q;rðτ0ÞΞk;s;q;rðτÞÞ
�
: ð16Þ

Equation (16) is the central result of the paper. When equations (12) hold, this reduces to

Pe→μ
k;s ðτÞ ¼ 2cos2ðθÞsin2ðθÞ × ½1 −ℜðΛ�

k;sðτ0ÞΛk;sðτÞ þ Ξ�
k;sðτ0ÞΞk;sðτÞÞ�: ð17Þ

In both cases one has

Pe→e
k;s ðτÞ ¼ 1 − Pe→μ

k;s ðτÞ: ð18Þ

B. Mixing on a curved background and gravity-induced
ambiguity in the particle interpretation

Up to now, we have worked within a fixed, but arbitrary,
representation of the mass fields. The question arises about
the other possible representations, and how the mixing
changes when moving from a representation to another. For
the definition (15) to make sense, we must determine if and
how the probabilities vary when the mass representation is
changed. We take as a guideline the principle of covariance,

so that the local physical observables should be indepen-
dent of the underlying representation. In moving from a
given representation fγ1; ϵ1g; fγ2; ϵ2g to another fγ̃1; ϵ̃1g;
fγ̃2; ϵ̃2g, we know how to connect the mass Fock spaces,
namely via the generator (7) J−1∶Hm → H̃m. For each
mass representation, we can proceed as we did above and
build the corresponding flavor annihilators and flavor
spaces HfðτÞ; H̃fðτÞ, together with the mixing generators
IθðτÞ∶HfðτÞ → Hm, ĨθðτÞ∶H̃fðτÞ → H̃m. It is useful, at
this point, to determine the relations among the mixing
coefficients ΛðτÞ;ΞðτÞ and Λ̃ðτÞ; Ξ̃ðτÞ that appear in the
explicit form of the two generators IθðτÞ and ĨθðτÞ. By
definition we have

Λ̃q;r;k;sðτÞ ¼ ðζ̃q;r;2; ζ̃k;s;1Þτ ¼
X

q0;k0;r0;s0
ð½Γ�

q;r;q0;r0;2ζq0;r0;2 þ Σ�
q;r;q0;r0;2ξq0;r0;2�; ½Γ�

k;s;k0;s0;1ζk0;s0;1 þ Σ�
k;s;k0;s0;1ξk0;s0;1�Þτ: ð19Þ

Here the first equality is just the definition of Λ̃ðτÞ, the second follows from the Bogoliubov transformations (5). By using
the properties of the inner product (2), in the general case (again, accounting for both the diagonal and nondiagonal mixing
coefficients), we obtain
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Λ̃q;r;k;sðτÞ ¼
X

q0;k0;r0;s0
½Γq;r;q0r0;2Γ�

k;s;k0;s0;1ðζq0;r0;2; ζk0;s0;1Þτ þ Γq;r;q0;r0;2Σ�
k;s;k0;s0;1ðζq0;r0;2; ξk0;s0;1Þτ

þ Σq;r;q0r0;2Γ�
k;s;k0s0;1ðξq0;r0;2; ζk0;s0;1Þτ þ Σq;r;q0;r0;2Σ�

k;s;k0;s0;1ðξq0;r0;2; ξk0;s0;1Þτ�; ð20Þ

and, finally, from the definition of ΛðτÞ and ΞðτÞ, we have

Λ̃q;r;k;sðτÞ ¼
X

q0;k0;r0;s0
½Γq;r;q0r0;2ðΓ�

k;s;k0;s0;1Λq0;r0;k0;s0 ðτÞ − Σ�
k;s;k0;s0;1Ξq0;r0;k0;s0 ðτÞÞ

þ Σq;r;q0;r0;2ðΓ�
k;s;k0;s0;1Ξ

�
q0;r0;k0s0 ðτÞ þ Σ�

k;s;k0;s0;1Λ
�
q0;r0;k0;s0 ðτÞÞ�: ð21Þ

Similarly we have

Ξ̃q;r;k;sðτÞ ¼
X

q0;k0;r0;s0
½Γq;r;q0;r0;2ðΓk;s;k0;s0;1Ξq0;r0;k0;s0 ðτÞ þ Σk;s;k0;s0;1Λq0;r0;k0;s0 ðτÞÞ

− Σq;r;q0;r0;2ðΓk;s;k0;s0;1Λ�
q0;r0;k0;s0 ðτÞ − Σk;s;k0;s0;1Ξ�

q0;r0;k0;s0 ðτÞÞ�: ð22Þ
When equations (12) hold for both the representations fq; rg; fq0; r0g, the equations reduce to

Λ̃q;rðτÞ ¼
X
q0;r0

½Γq;r;q0r0;2ðΓ�
q;r;q0;r0;1Λq0;r0 ðτÞ − Σ�

q;r;q0;r0;1Ξq0;r0 ðτÞÞ

þ Σq;r;q0;r0;2ðΓ�
q;r;q0;r0;1Ξ

�
q0;r0 ðτÞ þ Σ�

q;r;q0;r0;1Λ
�
q0;r0 ðτÞÞ�: ð23Þ

and

Ξ̃q;rðτÞ ¼
X
q0;r0

½Γq;r;q0;r0;2ðΓq;r;q0;r0;1Ξq0;r0 ðτÞ þ Σq;r;q0;r0;1Λq0;r0 ðτÞÞ

− Σq;r;q0;r0;2ðΓq;r;q0;r0;1Λ�
q0;r0 ðτÞ − Σq;r;q0;r0;1Ξ�

q0;r0 ðτÞÞ�: ð24Þ

Equations (21), (22), (23), (24) provide an explicit rela-
tion between IθðτÞ and ĨθðτÞ, and show how the mixing
coefficients change, in moving from a mass representation
to another, in order to ensure covariance. In particular,
the tilded coefficients turn out to be a linear combination of
the untilded coefficients weighted by the coefficients of the
Bogoliubov transformations between the two mass repre-
sentations. A slightly modified version of the Eqs. (21) and
(22) will be expedient in the calculation of the transition
probabilities in a number of interesting cases.
It remains to establish how the flavor operators γρðτÞ;

ϵρðτÞ and the flavor vacuum j0fðτÞi transform under a
change of mass representation. We focus on the vacuum
state j0fðτÞi ∈ HfðτÞ. First we employ the generator
IθðτÞ∶ HfðτÞ → Hm to get the mass vacuum j0mi. Then
we apply the generator of Bogoliubov transformations (7)
J−1∶Hm → H̃m to obtain j0̃mi. Finally, the generator of
mixing in the tilde representation Ĩ−1

θ ðτÞ∶ H̃m → H̃fðτÞ is
employed to get j0̃fðτÞi. We conclude that the two flavor
vacua are related by the transformation

j0̃fðτÞi ¼ J−1f ðτÞj0fðτÞi ≐ Ĩ−1
θ ðτÞJ−1IθðτÞj0fðτÞi ð25Þ

where we have defined the inverse J−1f ðτÞ for convenience.
The flavor operators must then transform as

γk;s;ρðτÞ → J−1f ðτÞγk;s;ρðτÞJfðτÞ
ϵk;s;ρðτÞ → J−1f ðτÞϵk;s;ρðτÞJfðτÞ ð26Þ

and similarly for the creation operators. Equations (25) and
(26) ensure the invariance of local observables in the form
of expectation values hψfðτÞjFðψeðτÞ;ψμðτÞÞjψfðτÞi with
jψfðτÞi ∈ HfðτÞ and FðψeðτÞ;ψμðτÞÞ any operator con-
structed from the fields ψeðτÞ;ψμðτÞ.

C. Transition probabilities and the mass representation

The oscillation probabilities are not a local observable,
since they involve the comparison between particles at
different values of τ, as it is evident from the definition (15).
In general these quantities do depend on the representation
of the mass fields, and this is because distinct representa-
tions might assign a different meaning to the quantum
numbers k, s. For example, one might consider two
expansions of the mass fields, one in terms of plane waves,
labeled by the three-momenta fkg, and one in terms of
localized wave packets, labeled by a suitable set of
quantum numbers fqg. It is clear that the two expansions
describe particles with different physical properties; the
first describes particles with definite momentum, the
second describes particles for which momentum and
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position are definite to some extent. Therefore the prob-
abilities Pρ→σ

k;s and Pρ→σ
q;s refer to the oscillations of different

particles, and have a different interpretation. It would make
no sense, in such a case, to require the equivalence of the
two. This, of course, would be true even in flat space.
What is meaningful to require, is that the transition

probabilities Pρ→σ
k;s be the same for each compatible

representation, i.e., for each representation that refers to
the same kind of particle, and therefore agrees on the
meaning of the quantum numbers k, s. In mathematical

terms, any two such representations shall be connected by
diagonal Bogoliubov transformations

ζ̃k;s;i ¼ Γ�
k;s;iζk;s;i þ Σ�

k;s;iξk;s;i

ξ̃k;s;i ¼ Γk;s;iξk;s;i − Σk;s;iζk;s;i ð27Þ
where it is understood that Γk;s;q;r;i ¼ δk;qδs;rΓk;s;i and
Σk;s;q;r;i ¼ δk;qδs;rΣk;s;i, In this case the transition probabil-
ities Pρ→σ

k;s are indeed the same, and this can be proven
explicitly, bywriting out Eq. (17) for the two representations

Pe→μ
k;s ðτÞ ¼ 2cos2ðθÞsin2ðθÞ

�
1 −

X
q;r

ℜðΛ�
k;s;q;rðτ0ÞΛk;s;q;rðτÞ þ Ξ�

k;s;q;rðτ0ÞΞk;s;q;rðτÞÞ
�

ð28Þ

and

P̃e→μ
k;s ðτÞ ¼ 2cos2ðθÞsin2ðθÞ ×

�
1 −

X
q;r

ℜðΛ̃�
k;s;q;rðτ0ÞΛ̃k;s;q;rðτÞ þ Ξ̃�

k;s;q;rðτ0ÞΞ̃k;s;q;rðτÞÞ
�

ð29Þ

With the aid of Eqs. (21), (22), and (27) we find

Λ̃�
k;s;q;rðτ0ÞΛ̃k;s;q;rðτÞ þ Ξ̃�

k;s;q;rðτ0ÞΞ̃k;s;q;rðτÞ ¼ þðΛ�
k;s;q;rðτ0ÞΛk;s;q;rðτÞ þ Ξ�

k;s;q;rðτ0ÞΞk;s;q;rðτÞÞ½jΓk;s;2j2jΓq;r;1j2
þ jΓk;s;2j2jΣq;r;1j2� þ ðΛk;s;q;rðτ0ÞΛ�

k;s;q;rðτÞ
þ Ξk;s;q;rðτ0ÞΞ�

k;s;q;rðτÞÞ½jΣk;s;2j2jΓq;r;1j2 þ jΣk;s;2j2jΣq;r;1j2�: ð30Þ

Each of the terms in the square brackets is real. Considering that

Λk;s;q;rðτ0ÞΛ�
k;s;q;rðτÞ ¼ ðΛ�

k;s;q;rðτ0ÞΛk;s;q;rðτÞÞ�; Ξk;s;q;rðτ0ÞΞ�
k;s;q;rðτÞ ¼ ðΞ�

k;s;q;rðτ0ÞΞk;s;q;rðτÞÞ�; ð31Þ

and that the Bogoliubov coefficients satisfy jΓk;s;ij2 þ jΣk;s;ij2 ¼ 1 for each k, s, i, we finally get

ℜ½Λ̃�
k;s;q;rðτ0ÞΛ̃k;s;q;rðτÞ þ Ξ̃�

k;s;q;rðτ0ÞΞ̃k;s;q;rðτÞ� ¼ ℜ½Λ�
k;s;q;rðτ0ÞΛk;s;q;rðτÞ þ Ξ�

k;s;q;rðτ0ÞΞk;s;q;rðτÞ�; ð32Þ

which proves the invariance of (28).
In the most general case, as the quantum numbers k, s

and k0; s0 have a different physical meaning, the proba-
bilities Pρ→σ

k;s and P̃ρ→σ
k0;s0 have different interpretations.

Different representations of the mass fields do indeed
assign a different meaning to such indices, so that the
probabilities (15) have no invariant meaning. In order to
make sense of the probabilities in Eqs. (15) in the most
general case, a representation of the mass fields must be
fixed on the grounds of physical relevance. When the
underlying spacetime M possesses nontrivial symmetries,
as time translational invariance or spherical symmetry,
there is no doubt that the representation should be fixed
so to take them into account. In these cases “good quantum
numbers” are suggested by the symmetries themselves (for
instance, the energy ω for stationary metrics, the angular
momentum l, m for spherically symmetric spacetimes). In
any case, the probabilities in a given mass representation
can always be related to the probabilities in any other mass

representation with the aid of Eqs. (23) and (24). As a final
remark, we stress that the issue discussed here has nothing
to do with the diffeomorphism covariance of the theory. All
the probabilities (17) are (generally covariant) scalars, as it
is evident from the definitions.

IV. NEUTRINO OSCILLATION FORMULAS IN
FLRW METRICS AND IN PRESENCE OF A

SCHWARZSCHILD BLACK HOLE

In this section we apply the formalism developed
above to some cases of interest. After an analysis of
the flat space limit, we consider two cosmologically
relevant FLRW metrics, corresponding to a cosmological
constant-dominated and a radiation-dominated universe
respectively. In these cases, exact analytical solutions to
the Dirac equation are available, and it is possible to
employ equation (16) directly. We then introduce a
method to extract the oscillation formulas on spacetimes

A. CAPOLUPO, G. LAMBIASE, and A. QUARANTA PHYS. REV. D 101, 095022 (2020)

095022-6



with asymptotically flat regions without resorting to the
exact solutions of the Dirac equation. We employ this
strategy to compute the formulas on the Schwarzschild
black hole spacetime, for neutrinos propagating from the
past infinity to the future infinity. We show how the
Hawking radiation is naturally embedded in the resulting
transition probabilities.

A. Flat spacetime limit

As a first, trivial, application of the formulas (17), let us
check the flat spacetime limit. We can see at once that the
equations (17) reduce to the ordinary oscillation formulas.

Indeed, in this case, we can choose the cauchy hypersurfaces
to be the t ¼ constant surfaces in a given Minkowskian
coordinate system, while the modes fζk;s;iðxÞ; ξk;s;iðxÞg are
just the plane wave solutions to the flat Dirac equation with
definite momentum, so that Λq;r;k;sðtÞ → Uq;r;k;sðtÞ and
Ξq;r;k;sðtÞ → Vq;r;k;sðtÞ, where Uq;r;k;s and Vq;r;k;s are the
usual mixing coefficients in flat space [20]. Assuming,
without loss of generality, k along the z direction, the
helicity indices decoupleUq;r;k;s¼δ3ðk−qÞδr;sUk, Vq;r;k;s¼
δ3ðk−qÞδr;sð−1ÞsVk. Since UkðtÞ ¼ Ukð0Þeiðωk;2−ωk;1Þt and
VkðtÞ ¼ Vkð0Þeiðωk;2þωk;1Þt, we get

X
k0;r0;q;r

ℜ½U�
k;s;k0;r0 ð0ÞUk0;r0;q;rðtÞ þ V�

k;s;k0;r0 ð0ÞVk0;r0;q;rðtÞ� ¼ ℜ½jUkð0Þj2eiðωk;2−ωk;1Þt þ jVkð0Þj2eiðωk;2þωk;1Þt�

¼ jUkð0Þj2 cos½ðωk;2 − ωk;1Þt� þ jVkð0Þj2 cos½ðωk;2 þ ωk;1Þt�:
ð33Þ

Substituting this result in Eqs. (17) yields the flat space oscillation formulas, which further reduce to the Pontecorvo
oscillation formulas in the quantummechanical limit (Vk ¼ 0). Flat space also offers the possibility to illustrate some points
discussed above in the simplest possible context. One might well expand the mass fields in terms of modes with definite
energy and angular momentum ζω;κj;mj;i, ξω;κj;mj;s;i instead of considering modes with definite cartesian three–momentum k.
The former shall be suitable combinations of spherical spinors [25]. An interesting aspect, is that in such a representation,
the mixing coefficients are no longer diagonal. Indeed one has

Λω0κ0jm
0
j;ωκjmj

ðtÞ ¼ δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p δκ0j;κjδm0
j;mj

jUω;ω0 jeiðω0−ωÞt ð34Þ

with Δm2 ¼ m2
2 −m2

1 and

jUω;ω0 j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω0 þm2

2ω0

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþm1

2ω

r  
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω0 −m2Þðω −m1Þ
ðωþm1Þðω0 þm2Þ

s !
; ð35Þ

and similar for Ξ, where the exponential is eiðω0þωÞt and jUω;ω0 j is replaced by

jVω;ω0 j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω0 þm2

2ω0

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþm1

2ω

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω0 −m2

ω0 þm2

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω −m1

ωþm1

r !
: ð36Þ

Here the quantum number κj refers to a relativistic generalization of the spin-orbit operator, which enters the Dirac equation
in spherical coordinates [25,26], and takes into account both the orbital and spin angular momentum. The indexmj refers to
one component of the total angular momentum J, and has not to be confused with the masses mi. Without delving into the
details of the calculation, the result of Eq. (34) can be understood as follows. The modes, apart from a normalization
constant, are given by

ζω;κj;mj;i ¼ e−iωt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþmi

2ωr2

r 0
B@ PκjðλirÞΩκj;mj

ðθ;ϕÞffiffiffiffiffiffiffiffiffi
ω−mi
ωþmi

q
PκjðλirÞΩ−κj;mj

ðθ;ϕÞ

1
CA ð37Þ

ξω;κj;mj;i ¼ eiωt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωþmi

2ωr2

r 0
B@−

ffiffiffiffiffiffiffiffiffi
ω−mi
ωþmi

q
Pκjð−λirÞΩκj;mj

ðθ;ϕÞ
Pκjð−λirÞΩ−κj;mj

ðθ;ϕÞ

1
CA ð38Þ
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where Ωκj;mj
ðθ;ϕÞ are spherical spinors, and PκjðλirÞ are

radial functions of the product λir, with the radial momen-
tum λi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2

i

p
. These are solutions to the radial part

of the Dirac equation, which turns out to be a Riccati–
Bessel equation [27]. The functions PκjðλirÞ are combina-
tions of spherical bessel functions jn of the form
PκjðλirÞ ¼ rjκjðλirÞ. In computing the inner products,
the radial integration

R
drP�

κj;2
ðλ2rÞPκj;1ðλ1rÞ will produce

a factor δλ2;�λ1, because of the closure relation satisfied by

the spherical Bessel functions. Since λ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω02 −m2

2

p
and

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2

1

p
, this will give rise to the delta factor

appearing in (34). Notice that jUω;ω0 j; jVω;ω0 j are numeri-
cally the same as the usual flat space coefficients jUkj; jVkj,
when k2 ¼ ω2 −m2

1 ¼ ω02 −m2
2. This shows why the

mixing coefficients Λ, Ξ are not generally diagonal, and
the flexibility of the formalism we have employed. Indeed,
the nondiagonal coefficients automatically ensure that the
flavor operators γω;ρ, ϵω;ρ take into account the mass
difference, involving operators with distinct energies
ω;ω0 for the fields ψ1 and ψ2 [28]. In flat space, the shift

between the two representations is actually of no use.
However, in a nontrivial framework, the versatility of the
formalism is essential, as there are instances in which the
cartesian components of the momentum kx, ky, kz are
useless, while the “spherical” quantum numbers ω, l, m are
well defined.

B. Expanding universe with exponential growth
of the scale factor

The simplest nontrivial application is to spatially flat
FLRW spacetimes. Consider the metric ds2 ¼ dt2 −
a2ðtÞðdx2 þ dy2 þ dz2Þ with an exponential expansion
aðtÞ ¼ eHt, H ¼ constant. This is well-suited to describe
a homogeneous, spatially flat and isotropic universe domi-
nated by a cosmological constant. The normalized solu-
tions to the Dirac equation for this metric were derived in
[29]. Assuming, without loss of generality, the momentum
k to be along the z direction, the helicities decouple as in
flat space. Choosing the Cauchy surfaces as the surfaces
with t ¼ constant, or equivalently with aðtÞ ¼ constant, the
mixing coefficients read

Λk;s;q;rðtÞ ¼ δs;rδ
3ðk − qÞ πke−Ht

2H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðiπm2

H Þ cosðiπm1

H Þ
q ×

�
J�v2

�
k
H
e−Ht

�
Jv1

�
k
H
e−Ht

�
þ J�v2−1

�
k
H
e−Ht

�
Jv1−1

�
k
H
e−Ht

��

ð39Þ

Ξk;s;q;rðtÞ ¼ δs;rð−1Þsδ3ðkþ qÞ πke−Ht

2H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðiπm2

H Þ cosðiπm1

H Þ
q �

J�v1

�
k
H
e−Ht

�
J−v2

�
k
H
e−Ht

�
− J�v1−1

�
k
H
e−Ht

�
J1−v2

�
k
H
e−Ht

��

ð40Þ
where Jα denotes the α Bessel function and vj ¼ 1

2
ð1þ 2imj

H Þ for j ¼ 1, 2. Plugging these expressions in equations (17), we
obtain

Pe→μ
k;s ðtÞ ¼ 2cos2ðθÞsin2ðθÞ

�
1 −

π2k2e−Hðtþt0Þ

4H2 cosðiπm2

H Þ cosðiπm1

H Þ

×ℜ

��
Jv2

�
k
H
e−Ht0

�
J�v1

�
k
H
e−Ht0

�
þ Jv2−1

�
k
H
e−Ht0

�
J�v1−1

�
k
H
e−Ht0

��

×

�
J�v2

�
k
H
e−Ht

�
Jv1

�
k
H
e−Ht

�
þ J�v2−1

�
k
H
e−Ht

�
Jv1−1

�
k
H
e−Ht

��

þ
�
Jv1

�
k
H
e−Ht0

�
J�−v2

�
k
H
e−Ht0

�
− Jv1−1

�
k
H
e−Ht0

�
J�1−v2

�
k
H
e−Ht0

��

×

�
J�v1

�
k
H
e−Ht

�
J−v2

�
k
H
e−Ht

�
− J�v1−1

�
k
H
e−Ht

�
J1−v2

�
k
H
e−Ht

����
ð41Þ

The qualitative behavior of Eq. (41) for sample values of
masses and momenta is shown in the left panel of (Fig. 1).
We notice that for small times the oscillations display an
interference pattern similar to that of coupled harmonic

oscillators. As time is increased, the transition probabilities
gradually converge to a flat space like oscillation and the
interference pattern eventually disappears. In the right
panel of (Fig. 1) a qualitative comparison with the
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Pontecorvo formulas, for different sample values of masses
and momenta is shown.

C. Expanding universe dominated by radiation

Here we consider the FLRWmetric for a radiation domi-
nated universe aðtÞ ¼ a0t

1
2. Notice that since aðtÞ has to be

adimensional, a0 has dimension ½t�−1
2 ¼ ½m�12. As before,

without loss of generality, we assume the neutrino momen-
tum k along the z direction to decouple the helicities, and
consider a foliation by the t ¼ constant hypersurfaces. The
solutions to the Dirac equation for this metric are again
found in [29], and yield the mixing coefficients

Λk;s;q;rðtÞ ¼ δs;rδ
3ðk − qÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m1m2t2
4
p e

−πk2ðm1þm2Þ
4m1m2a

2
0

�
W�

κ2;
1
4

ð−2im2tÞWκ1;
1
4
ð−2im1tÞ

þ 4k2

m1m2a20t

�
1

4
W�

κ2;
1
4

ð−2im2tÞ −
1

8

�
1þ ik2

m2a20

�
W�

κ2−1;14
ð−2im2tÞ

�

×

�
1

4
Wκ1;

1
4
ð−2im1tÞ −

1

8

�
1 −

ik2

m1a20

�
Wκ1−1;14

ð−2im1tÞ
��

ð42Þ

Ξk;s;q;rðtÞ ¼ δs;rð−1Þsδ3ðkþ qÞ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m1ð2m2Þ3a40t24

p e
−πk2ðm1þm2Þ

4m1m2a
2
0

�
W�

κ1;
1
4

ð−2im1tÞW−κ2;14
ð2im2tÞ

þ k2

m1m2a20t

�
1

4
W�

κ1;
1
4

ð−2im1tÞ−
1

8

�
1þ ik2

m1a20

�
W�

κ1−1;14
ð−2im1tÞ

��
W−κ2;14

ð2im2tÞ þ
2im2a20

k2
W−κ2þ1;1

4
ð2im2tÞ

��
ð43Þ

whereWκ;μðzÞ are the Whittaker functions [27] and κj ¼ 1
4
ð1þ 2ik2

a2
0
mj
Þ for j ¼ 1, 2. Insertion in Eqs. (17) gives the transition

probabilities (t0; t > 0)

Pe→μ
k;s ðtÞ ¼ 2cos2ðθÞsin2ðθÞ

�
1 −ℜ

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m1m2t0t2
p e

−πk2ðm1þm2Þ
2m1m2a

2
0

�
Wκ2;

1
4
ð−2im2t0ÞW�

κ1;
1
4

ð−2im1t0Þ

þ 4k2

m1m2a20t0

�
1

4
Wκ2;

1
4
ð−2im2t0Þ −

1

8

�
1 −

ik2

m2a20

�
Wκ2−1;14

ð−2im2t0Þ
�

×

�
1

4
W�

κ1;
1
4

ð−2im1t0Þ −
1

8

�
1þ ik2

m1a20

�
W�

κ1−1;14
ð−2im1t0Þ

��

FIG. 1. Plots of the oscillation formulas from Eq. (41) for different sample values of masses and momenta, chosen in order to highlight
the qualitative behavior of Eq. (41). Masses and momenta are expressed in units ofH, time is expressed in units ofH−1. (Left panel) Plot
of the νe − νμ transition probability Eq. (41) as a function of time. Here we have used the sample values sin2ðθÞ¼0.3;k¼30;m1¼
1;m2¼80 and t0 ¼ 0. (Right panel) Plot of the oscillation formulas from Eq. (41) (blue solid line) and from the Pontecorvo formulas
(orange dashed line) for sample values of masses and momenta. Here we have used sin2ðθÞ¼0.3;k¼20;m1¼1;m2¼15 and t0¼0.
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×

�
W�

κ2;
1
4

ð−2im2tÞWκ1;
1
4
ð−2im1tÞ þ

4k2

m1m2a20t

�
1

4
W�

κ2;
1
4

ð−2im2tÞ −
1

8

�
1þ ik2

m2a20

�
W�

κ2−1;14
ð−2im2tÞ

�

×

�
1

4
Wκ1;

1
4
ð−2im1tÞ −

1

8

�
1 −

ik2

m1a20

�
Wκ1−1;14

ð−2im1tÞ
��

þ k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m1ð2m2Þ3a40t0t2

p e
−πk2ðm1þm2Þ

2m1m2a
2
0

�
Wκ1;

1
4
ð−2im1t0ÞW�

−κ2;14
ð2im2t0Þ þ

k2

m1m2a20t0

�
1

4
Wκ1;

1
4
ð−2im1t0Þ

−
1

8

�
1 −

ik2

m1a20

�
Wκ1−1;14

ð−2im1t0Þ
��

W�
−κ2;14

ð2im2t0Þ −
2im2a20

k2
W�

−κ2þ1;1
4

ð2im2t0Þ
��

×

�
W�

κ1;
1
4

ð−2im1tÞW−κ2;14
ð2im2tÞ þ

k2

m1m2a20t

�
1

4
W�

κ1;
1
4

ð−2im1tÞ

−
1

8

�
1þ ik2

m1a20

�
W�

κ1−1;14
ð−2im1tÞ

��
W−κ2;14

ð2im2tÞ þ
2im2a20

k2
W−κ2þ1;1

4
ð2im2tÞ

����
ð44Þ

The qualitative behavior of Eq. (44) is shown in (Fig. 2)
for sample values of masses and momenta.

D. Spacetimes with asymptotically flat regions

The FLRW spacetimes considered above are among the
few nontrivial metrics for which the Dirac equation (1) can
be solved analytically. More often one does not have an
exact solution at his disposal, and the implementation of
Eqs. (17) is a complicated task. In many cases of interest,
however, the spacetime M admits asymptotically flat
regions ΩA;ΩB ⊂ M, usually in the far past and in the
far future. ΩA and ΩB are separated by a region with
nontrivial curvature, where the Dirac equation is usually
unsolvable analytically. In ΩA and ΩB the solutions to the
Dirac equation are the flat space modes fuIk;s;iðxÞ; vIk;s;ig
with I ¼ A, B, and one has a natural choice for the positive

frequency modes. Because of the nontrivial curvature, the
two sets of solutions A, B are distinct. When limited to one
of the two regions, Eqs. (17) reduce to the ordinary flat
space formulas. When the intermediate curvature region is
involved, a direct application of Eqs. (17) is prohibitive.
Nevertheless, if one is able to provide the relation between
the two sets A, B, in the form of a Bogoliubov trans-
formation, it is possible to derive oscillation formulas for
the propagation from ΩA to ΩB. Assume that ΩA ¼
⋃τ≤τAΣτ and ΩB ¼ ⋃τ≥τBΣτ for some values τB > τA,
and consider τ0 ≤ τA, τ ≥ τB. Suppose also that the B
modes are given in terms of the A modes as

uBk0;s0;i ¼
X
k;s

ðΓ�
k0;s0;k;s;iu

A
k;s;i þ Σ�

k0;s0;k;s;iv
A
k;s;iÞ ð45Þ

vBk0s0;i ¼
X
k;s

ðΓk0;s0;k;s;ivAk;s;i − Σk0;s0;k;s;iuAk;s;iÞ: ð46Þ

Here the Bogoliubov coefficients Γk0;s0;k;s;i;Σk0;s0;k;s;i are
again provided by the inner products ðuAi ; uBi Þ; ðuAi ; vBi Þ,
yet their significance is slightly different from those in (4).
While Eq. (4) describes a general and arbitrary change of
basis, the transformation of Eq. (45) is dictated by the
circumstance of having a natural choice for the modes in
ΩA and ΩB, with a well-defined physical meaning. Indeed,
the Bogoliubov coefficients take into account the effect of
the curvature in the intermediate region. Then we can
specialize equations (21), (22) to get

ΛB
q;r;k;sðτÞ ¼

X
q0;k0;r0;s0

½Γq;r;q0;r0;2ðΓ�
k;s;k0;s0;1Λ

A
q0;r0;k0;s0 ðτÞ

− Σ�
k;s;k0;s0;1Ξ

A
q0;r0;k0;s0 ðτÞÞ

þ Σq;r;q0;r0;2ðΓ�
k;s;k0;s0;1Ξ

A�
q0;r0;k0;s0 ðτÞ

þ Σ�
k;s;k0;s0;1Λ

A�
q0;r0;k0;s0 ðτÞÞ�: ð47Þ

FIG. 2. Plots of the νe − νμ transition probability as a function
of time as from Eq. (44) (blue solid line) and from the Pontecorvo
formulas (orange dashed line) for sample values of massed and
momenta, chosen in order to highlight the qualitative behavior of
Eq. (44). Masses and momenta are expressed in units of a20, time
is expressed in units of a−20 . We have used the sample values
sin2ðθÞ ¼ 0.3; k ¼ 5; m1 ¼ 1; m2 ¼ 20 and t0 ¼ 0.1.
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ΞB
q;r;k;sðτÞ ¼

X
q0;k0;r0;s0

½Γq;r;q0;r0;2ðΓk;s;k0;s0;1ΞA
q0;r0;k0;s0 ðτÞ þ Σk;s;k0;s0;1ΛA

q0;r0;k0;s0 ðτÞÞ

− Σq;r;q0;r0;2 × ðΓk;s;k0;s0;1ΛA�
q0;r0;k0;s0 ðτÞ − Σk;s;k0;s0;1ΞA�

q0;r0;k0;s0 ðτÞÞ�: ð48Þ

For τ < τA ΛAðτÞ;ΞAðτÞ are trivial, and vice-versa, for
τ > τB, ΛBðτÞ;ΞBðτÞ are trivial. Choosing, for instance, the
B representation, one would have a trivial expression for
ΛBðτÞ;ΞBðτÞ and one can make use of Eqs. (47), (48) to
obtain ΛBðτ0Þ;ΞBðτ0Þ in terms of ΛAðτ0Þ;ΞAðτ0Þ, which
are also trivial. Then one can plug ΛBðτ; τ0Þ and ΞBðτ; τ0Þ
in Eq. (17) to obtain Pe→μ

k;s→q;rðτÞ for τ ≥ τB and the reference
hypersurface τ0 ≤ τA.

1. Scwharzschild black hole

As a realization of this scheme, consider the (static)
Schwarzschild metric

ds2 ¼
�
1 −

2GM
r

�
dt2 −

�
1 −

2GM
r

�
−1
dr2 − r2dΩ;

ð49Þ
and twosequencesof spacelikehypersurfaces [30]fΣþ

n gn∈N,
fΣ−

ngn∈N approaching, respectively, the future Iþ and the
past null infinityI− asn → ∞.We require thatΣþ

n andΣ−
n be

Cauchy surfaces respectively for the causal past J−ðIþÞ of
Iþ and the causal future JþðI−Þ ofI− for eachn. Forn large
enough, these surfaces span an approximately flat portion of
the Schwarzschild spacetime. On the surfaces Σ−

n , as n
approaches infinity, we expand themassive fields in terms of
the incoming solutions, with frequency defined with respect
to the Schwarzschild time t and with definite angular
momentum,

ζINω;κj;mj;i
ðt; r; θ;ϕÞ ∝ e−iωt; ξINω;κj;mj;i

ðt; r; θ;ϕÞ ∝ eiωt:

ð50Þ
These modes reduce to the flat space solutions (37) and

(38) as I− is approached. Omitting the irrelevant angular
and spin quantum numbers, as n → ∞, we get

ΛIN
ω;ω0 ðΣ−

n Þ → δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p jUω;ω0 jeiφ−ðω;nÞ ð51Þ

ΞIN
ω;ω0 ðΣ−

n Þ → δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p jUω;ω0 jeiρ−ðω;nÞ ð52Þ

with jUω;ω0 j and jVω;ω0 j flat space spherical mixing coef-
ficients as defined in (35) and (36), and φ−ðω; nÞ; ρ−ðω; nÞ
phase factors depending on ω and n. A similar reasoning
can be carried on for the outgoing modes emerging at Iþ,
ζOUTω;κj;mj;i

ðt; r; θ;ϕÞ, ξOUTω;κj;mj;i
ðt; r; θ;ϕÞ, so to yield as n → ∞

ΛOUT
ω;ω0 ðΣþ

n Þ → δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p jUω;ω0 jeiφþðω;nÞ ð53Þ

ΞOUT
ω;ω0 ðΣþ

n Þ → δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p jVω;ω0 jeiρþðω;nÞ: ð54Þ

Because of the black hole, the IN and OUT modes do not
coincide. Fermion creation by the Schwarzschild black hole
has been studied, via the tunneling method, in [31]. There it
has been shown that the Hawking temperature TH ¼ 1

8πGM

is recovered for the emission of spin–1
2
particles. We then

infer that the IN and OUT modes are related by a thermal
Bogoliubov transformation at the Hawking temperature
TH, corrected for fermions:

ζOUTω;κj;mj;i
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e

ω
kBTH

e
ω

kBTH þ 1

s
ζINω;κj;mj;i

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

e
ω

kBTH þ 1

s
ξINω;κj;mj;i

ð55Þ

ξOUTω;κj;mj;i
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e

ω
kBTH

e
ω

kBTH þ 1

s
ξINω;κj;mj;i

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

e
ω

kBTH þ 1

s
ζINω;κj;mj;i

;

ð56Þ
It is understood that these equations hold as long as the
spacetime is stationary (eternal black hole). For a body that
collapses to a Schwarzschild black hole, as considered in
the original paper by Hawking [32], we expect a slightly
modified version of the Bogoliubov transformations, com-
prising nondiagonal thermal coefficients Γω;ω0;i and Σω;ω0;i
with ω ≠ ω0. We pick the ingoing representation to calcu-
late the probabilities (of course, the outgoing representation
yields the same result, as the Bogoliubov transformations
are diagonal), and employ Eqs. (47), (48) to obtain,
with FHðωÞ ¼ 1

e
ω

kBTHþ1
,

ΛIN
ω;ω0 ðΣþ

n Þ ¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 − FHðωÞ�½1 − FHðω0Þ�

p
ΛOUT
ω;ω0 ðΣþ

n Þ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞ½1 − FHðω0Þ�

p
ΞOUT
ω;ω0 ðΣþ

n Þ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðω0Þ½1 − FHðωÞ�

p
ðΞOUT

ω;ω0 Þ�ðΣþ
n Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞFHðω0Þ

p
ðΛOUT

ω;ω0 Þ�ðΣþ
n Þg: ð57Þ

Considering that ΛOUT
ω;ω0 ðΣþ

n Þ → δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p jUω;ω0 jeiφþðω;nÞ and Ξþ
ω;ω0 ðΣþ

n Þ → δ
ω0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p jVω;ω0 jeiρþðω;nÞ as n → ∞, we
obtain
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ΛIN
ω;ω0 ðΣþ

n Þ ¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 − FHðωÞ�½1 − FHðω0Þ�

p
jUω;ω0 jeiφþðω;nÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞ½1 − FHðω0Þ�

p
jVω;ω0 jeiρþðω;nÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðω0Þ½1 − FHðωÞ�

p
jVω;ω0 je−iρþðω;nÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞFHðω0Þ

p
jUω;ω0 je−iφþðω;nÞgδ

ω0;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p ð58Þ

and

ΞIN
ω;ω0 ðΣþ

n Þ ¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 − FHðωÞ�½1 − FHðω0Þ�

p
jVω;ω0 jeiρþðω;nÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞ½1 − FHðω0Þ�

p
jUω;ω0 jeiφþðω;nÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðω0Þ½1 − FHðωÞ�

p
jUω;ω0 je−iφþðω;nÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞFHðω0Þ

p
jVω;ω0 je−iρþðω;nÞgδ

ω0;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2þΔm2

p : ð59Þ

Choosing as reference hypersurface Σ−
m for large m, we can now compute the probabilities (17) for a neutrino propagating

from Σ−
m to Σþ

n , i.e. from I− to Iþ in the limit m; n → ∞. We find, for m; n → ∞

Pe→μ
ω ðm; nÞ ≈ 2cos2θsin2 θð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 − FHðωÞ�½1 − FHðω0Þ�

p
½jUω;ω0 j2 cosðΔ−

ω;m;nÞ þ jVω;ω0 j2 cosðΦ−
ω;m;nÞ�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞ½1 − FHðω0Þ�

p
jUω;ω0 jjVω;ω0 j½cosðΘ−

ω;m;nÞ − cosðΨ−
ω;m;nÞ�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðω0Þ½1 − FHðωÞ�

p
jUω;ω0 jjVω;ω0 j½cosðΨþ

ω;m;nÞ − cosðΘþ
ω;m;nÞ�

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞFHðω0Þ

p
½jUω;ω0 j2 cosðΔþ

ω;m;nÞ þ jVω;ω0 j2 cosðΦþ
ω;m;nÞ�Þ: ð60Þ

with Δ�
ω;m;n ¼ φþðω; nÞ � φ−ðω; mÞ, Φ�

ω;m;n ¼ ρþðω; nÞ � ρ−ðω; mÞ, Ψ�
ω;m;n ¼ ρþðω; nÞ � φ−ðω; mÞ and

Θ�
ω;m;n ¼ φþðω; nÞ � ρ−ðω; mÞ. In particular, for large energies of the mass fields ω;ω0, jVω;ω0 j → 0 and jUω;ω0 j → 1, thus

Pe→μ
ω ðm; nÞ ≈ 2cos2θsin2θð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 − FHðωÞ�½1 − FHðω0Þ�

p
cosðΔ−

ω;κj;m;nÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FHðωÞFHðω0Þ

p
cosðΔþ

ω;κj;m;nÞÞ; ð61Þ

where it is understood that ω02 ¼ ω2 þ Δm2. If the limit
TH → 0 is taken in Eq. (61), one obtains, apart from a phase
factor, the usual Pontecorvo oscillation formulas. The
qualitative behavior of Eq. (60) is displayed in (Fig. 3).
To compute the oscillation formulas on a Schwarzschild
background for an arbitrary propagation, since exact
analytical solutions are unavailable, one has to resort to
approximate solutions to the Dirac equation. In all the
applications considered, the oscillation formulas do not
depend on the helicity s of neutrinos. However, when
additional complications due to frame-dragging and non-
conservation of angular momentum arise (see e.g. [33,34]),
the formulas for left-handed and right-handed neutrinos can
differ.

E. Quantum mechanical limit

It is a general feature of Eqs. (17) that when all the
quantum field theoretical effects are negligible, the oscil-
lation formulas are modified only for a phase factor. Indeed,
when one can neglect Ξk;s in Eq. (17), one immediately has
jΛ�

k;sðτÞj ¼ 1, (jΛω;ω0 ðτÞj ¼ 1 respectively, in the nondiag-
onal case) for each τ from Eq. (12). Then the product
Λk;sðτ0Þ�Λk;sðτÞ, (Λω;ω0 ðτ0Þ�Λω;ω0 ðτÞ respectively) is just a
phase eiφðτ0;τÞ and the net effect is a phase shift with respect
to the Pontecorvo oscillation formulas, consistently with
previous results obtained in a heuristic treatment[16]. Of
course, the explicit value of the phase φðτ0; τÞ depends on
the metric and the surfaces τ considered, as well as on the

mode expansion chosen for the mass fields. When the
gravitational fields are weak enough, the phase can be
computed by means of geometrical optics considerations
[16,33,35].

FIG. 3. Plot of the νe − νμ transition probability from Eq. (60)
(blue solid line) and from the Pontecorvo oscillation formulas
(red dashed line) for late times and sample values of masses,
momenta and Hawking Temperature. The phases in (60) have
been chosen so as to match the flat space phases for simplicity,
Δ�

ω;m;n →
ω2−ω1

2
ðt� t0Þ, Φ�

ω;m;n → ω2þω1

2
ðt� t0Þ, Ψ�

ω;m;n →
ω2

2
ðt� t0Þ þ ω1

2
ðt ∓ t0Þ, Θ�

ω;m;n→
ω2

2
ðt� t0Þ−ω1

2
ðt∓ t0Þ, where t

and t0 denote respectively the future and past hypersurfaces.
We have used the sample values sin2ðθÞ ¼ 0.3, k ¼ 30 eV,
m1 ¼ 1 eV, m2 ¼ 20 eV, t0 ¼ 0, kBTH ¼ 10−10 eV and t in
the range ½1010 þ 1; 1010 þ 9.5� eV−1.
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V. CONCLUSIONS

We have developed a quantum field theoretical approach
to the vacuum neutrino oscillations in curved space,
discussing the transition probabilities, and their behavior
under changes of mass representation. We have analyzed
the nontrivial interplay between quantum field mixing and
field quantization in curved space, and have found that the
former has a remarkably richer structure when compared to
its flat space counterpart. In particular, the formalism has to
be versatile enough to deal with the existence of infinite
unitarily inequivalent representations of the mass fields,
which is to say that no preferred notion of particle does
generally exist. In the spirit of general covariance, we have
determined the effect on flavor fields of a shift in the
expansion of the mass fields, and established under which
conditions the resulting transition probabilities are the
same. We have then computed the oscillation formulas
in three example metrics, including two FRLW spacetimes
and the static Schwarzschild black hole. In the latter we
have found that the Hawking radiation affects, although
very slightly, the oscillations for neutrinos propagating
from the asymptotic past infinity to the asymptotic future
infinity. As a general result, it is found that when all the

quantum field theoretical effects on neutrino mixing can be
neglected, the gravitational background only affects the
phase of the oscillations, consistently with previous analy-
ses. While our work is aimed at a consistent theoretical
treatment of neutrino oscillations in curved space, its main
result [namely Eq. (16)] and its applications [Eqs. (41),
(44), (60)] might not be directly testable within present–day
experimental accuracy. Nevertheless, future experiments
could reach the sensitivity required to detect the (expect-
edly) tiny corrections to the neutrino oscillation formulas
predicted by our theory. Furthermore, we provide a
formalism that is well suited to investigate aspects of the
interplay between particle mixing and gravitation other
than the oscillation formulas, which could be relevant when
cosmological scenarios are considered, and particularly
during the first phases of the universe.
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