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Elucidating the phase diagram of lattice gauge theories with fermionic matter in 2 4 1 dimensions has
become a problem of considerable interest in recent years, motivated by physical problems ranging from
chiral symmetry breaking in high-energy physics to fractionalized phases of strongly correlated materials in
condensed matter physics. For a sufficiently large number N of flavors of four-component Dirac fermions,
recent sign-problem-free quantum Monte Carlo studies of lattice quantum electrodynamics (QED5) on the
square lattice have found evidence for a continuous quantum phase transition between a power-law
correlated conformal QED; phase and a confining valence-bond-solid phase with spontaneously broken
point-group symmetries. The critical continuum theory of this transition was shown to be the O(2) QEDs-
Gross-Neveu model, equivalent to the gauged Nambu—Jona-Lasinio model, and critical exponents were
computed to first order in the large-N, expansion and the ¢ expansion. We extend these studies by
computing critical exponents to second order in the large-N; expansion and to four-loop order in the
€ expansion below four spacetime dimensions. In the latter context, we also explicitly demonstrate that the
discrete Z, symmetry of the valence-bond-solid order parameter is dynamically enlarged to a continuous
O(2) symmetry at criticality for all values of N.

DOI: 10.1103/PhysRevD.101.094505

I. INTRODUCTION

Lattice gauge theories in 2 + 1 dimensions have received
increasing attention in recent years. From the high-energy
physics perspective, they can be viewed as a theoretical
laboratory to explore ill-understood nonperturbative phe-
nomena analogous to those of interest in four-dimensional
continuum gauge theories, such as confinement [1-3] and
chiral symmetry breaking [4—10]. The logic is reversed in
condensed matter physics, where lattice gauge theories
arise from the reparametrization of gauge-invariant, physi-
cal degrees of freedom—typically itinerant electrons or
localized spins [11]—in terms of slave-particle or parton
degrees of freedom which carry nontrivial gauge charge.
Deconfined phases of lattice gauge theories arising in this
context provide models of fractionalized phases of strongly
correlated systems, whose unusual macroscopic properties
ultimately stem from the ability of partons with fractional
quantum numbers to propagate over long distances. By
contrast, confinement “glues” the partons back together and
a conventional (e.g., broken-symmetry) phase is obtained.
Of particular interest is the case of fermionic partons,
whose dynamics in a deconfined phase can mimic a
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problem of relativistic fermions interacting with dynamical
gauge fields. In a variety of recently studied Z, lattice
gauge theories with fermionic matter [12—-17], some of
which may be relevant to understanding the pseudogap
regime of the cuprate high-temperature superconductors
[18], a nontrivial Z, flux is generated in each plaquette of
the underlying square lattice, and Dirac fermions emerge at
low energies, coupled to fluctuating Z, gauge fields. Since
discrete gauge fluctuations are necessarily gapped, these
emergent Dirac fermions remain free at long distances.
By contrast, stronger effects of gauge fluctuations are
expected to occur for lattice gauge theories with continuous
gauge groups. Recently, sign-problem-free quantum
Monte Carlo (QMC) simulations of a U(1) lattice gauge
theory with an even number N of flavors of fermions on
the square lattice were performed [19-21]. At half filling,
# magnetic flux is spontaneously generated in each
plaquette—as in the Z, case—and Dirac fermions likewise
emerge at low energies. The resulting model is equivalent
to lattice QED3 with N flavors of four-component Dirac
fermions. In contrast to the Z, case, however, gapless U(1)
gauge fluctuations drive the ground state away from the
free-Dirac fixed point. For small values of the gauge

© 2020 American Physical Society


https://orcid.org/0000-0002-8079-5151
https://orcid.org/0000-0002-9101-2853
https://orcid.org/0000-0002-6946-1492
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.101.094505&domain=pdf&date_stamp=2020-05-14
https://doi.org/10.1103/PhysRevD.101.094505
https://doi.org/10.1103/PhysRevD.101.094505
https://doi.org/10.1103/PhysRevD.101.094505
https://doi.org/10.1103/PhysRevD.101.094505

ZERF, BOYACK, MARQUARD, GRACEY, and MACIEJKO

PHYS. REV. D 101, 094505 (2020)

coupling, the numerical results are consistent with a gapless
phase described by the deconfined, conformal QED; fixed
point, which can be accessed either in the large-N;
expansion [22-26] or in the e expansion below four
spacetime dimensions [27-30]. When the gauge coupling
becomes strong, a quantum phase transition from the
deconfined QED; phase to a confining phase occurs,
accompanied by chiral symmetry breaking and dynamical
mass generation for the fermions, and is found to be
continuous [19-21]. For Ny = 2, the confining phase is
a Néel antiferromagnet. The continuum field theory of the
transition, the chiral O(3) QED;-Gross-Neveu model, was
explicitly derived in Ref. [31] and the associated universal
critical exponents were computed to four-loop order in the €
expansion and second order in the large-N, expansion.
(A similar critical theory for an analogous transition on the
kagome lattice was derived and studied at one-loop order in
the € expansion in Ref. [32].)

For Ny = 4, 6, and 8, the confinement transition is found
to be towards a columnar valence-bond-solid (VBS) phase
with spontaneous breakdown of the D, point-group sym-
metry of the square lattice. The continuum field theory of
the transition, the chiral O(2) QEDs-Gross-Neveu-Yukawa
(GNY) model, was explicitly derived in Ref. [33] from the
lattice gauge Hamiltonian, and shown therein to be equiv-
alent to the gauged Nambu—Jona-Lasinio (NJL) model
[34,35]. Critical exponents including the order parameter
anomalous dimension 7,—which in the current context
controls the asymptotic power-law decay of VBS correla-
tions at criticality—and the correlation length exponent v
were first computed to first order in the large-N ; expansion
in Ref. [36] in arbitrary 2 < d < 4 spacetime dimensions,
and evaluated explicitly in 2 + 1 dimensions in Ref. [33].
In the latter reference, exponents controlling the power-law
decay of competing orders—charge-density-wave order
(CDW), SU(N/) antiferromagnetism (AF), and quantum
anomalous Hall (QAH) order—were also computed to
O(1/Ny) in d = 3 dimensions. The chiral O(2) QEDj;-
GNY model was also studied at one-loop order in the €
expansion in d = 4 — ¢ dimensions in Ref. [37], where a
stable fixed point was found and critical exponents com-
puted to O(e) [21].

In this paper we go beyond previous work on the VBS
transition in lattice QED along several directions. First, we
improve upon our previous large-N study, Ref. [33], by
computing the critical exponents v and 7, in arbitrary
2 < d < 4, and performing nontrivial cross-checks with the
€ expansion (see below). Furthermore, the order parameter
anomalous dimension 7,, is now obtained up to O(1/ N})

We also compute the exponent Acpyw, Which characterizes
the universal power-law decay of CDW correlations at
criticality, to O(1/N). Second, we expand upon previous
one-loop e-expansion studies. Representing the VBS order
parameter by a complex scalar field ¢, the critical theory of

the VBS transition in lattice QED is in fact not the pure
O(2) QED5;-GNY model, but contains a Z, anisotropy
term ~(¢* + ¢**) similar to that appearing in critical
theories of the Z, clock models, and allowed by the D,
point-group symmetry of the square lattice. In the large-N
limit in d = 3, this term is irrelevant [33], but at finite N in
d = 4 — ¢ this term is relevant at tree level. [In Ref. [37],
the transition considered was the Kekulé VBS transition
on the honeycomb lattice where instead there is a Z;
anisotropy ~(¢* + ¢*3).] If in fact the Z, anisotropy is
relevant at the fixed point of the chiral O(2) QED;-GNY
model found in Ref. [37], the emergent O(2) symmetry
would be destroyed at long distances and the transition
would ultimately lie in a different universality class (or
become first order). It is thus important to determine the
effect of quantum corrections on the renormalization group
(RG) flow of the Z, anisotropy near the putative O(2)-
symmetric QED;-GNY quantum critical point (QCP),
which has not been done before. Here we show by explicit
calculation that the Z, anisotropy is in fact an irrelevant
perturbation, thus establishing the emergence of an O(2)
symmetry. We also improve upon existing one-loop results
by computing critical exponents in the chiral O(2) QEDs-
GNY model at four-loop order in the e expansion. In
addition to our analytical results, we apply Padé and Padé-
Borel resummation techniques to obtain numerical esti-
mates of critical exponents in 2 + 1 dimensions for N, = 4,
6, 8, which pertain to the QMC studies mentioned earlier
[19-21]. Using both the large-N s and € expansions we also
compute the CDW exponent Acpy for the chiral O(2)
GNY model, which characterizes the power-law decay of
CDW correlations at the Kekulé VBS transition on the
honeycomb lattice and is in principle accessible to QMC
simulations such as those of Refs. [38—41]. Finally, setting
d =4 —¢ we verify that our large-N, and e-expansion
results agree order by order in the respective expansions,
upto O(e*, 1/N ]IZ ), where p is one or two depending on the
order at which an exponent is known. This provides strong
evidence that the fermionic (GN) and bosonized (GNY)
formulations of the critical theory access the same infrared
fixed point, for both the gauged and ungauged models.

II. THE VBS TRANSITION IN LATTICE QED;

We briefly review the relevant theoretical models; a more
detailed discussion can be found in our previous work [33].
The model studied numerically in Refs. [19-21] is a
quantum rotor model with Hamiltonian

N
1 1 2 2 Ti0
H:2JNfg;>4er/—[;gﬂ:>(Crie rr Cr/i+H.C.)

+%KNchos (A x8). (1)
0
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The operators CS) annihilate (create) a fermion of flavor

i=1, ..., Ny at site r, where Ny is the total number of
flavors; the fermion density is fixed at N;/2 fermions per
site on average (half filling). The sum over (r7’) includes
only the nearest-neighbor sites r and . The angular
variable 0, represents the coordinate operator for rotors
on each bond (rr') of a 2D square lattice, and the
eigenvalue of this operator is an element of [0, 27). The
operator L, is the angular momentum canonically con-
jugate to 6,.. The term proportional to J represents an
electric-field contribution that governs the strength of
gauge fluctuations, whereas the term proportional to K
is a magnetic-field contribution that favors a background
flux of 7 in each plaquette. The magnetic flux of
each plaquette [ is defined by Ax 0=}, 0,.,

where the summation over 9,,r is taken around the
elementary plaquette.

In the absence of gauge fluctuations, i.e., when J = 0,
the angular variable 6, is a classical variable with no
imaginary-time dynamics. The background gauge flux is z,
as a consequence of Lieb’s theorem [42] and the positive
sign of the magnetic coupling K > 0, which produces two
two-component Dirac fermions (or alternatively, one four-
component Dirac fermion W;) per flavor i in the single-
particle fermion spectrum. Turning on a nonzero value of J
produces gauge fluctuations A, which minimally couple to
the Dirac fermions ¥;. In the QMC simulations, a critical
value J = J.(N) dependent on N is found such that, for
J < J.(Ny), the ground state is described by the conformal
QED; fixed point, and, for J > J.(N), the ground state is
a confined VBS phase (we focus on N r= 4, 6, 8). The
continuum theory of the transition was derived from the
lattice Hamiltonian in Ref. [33], and is of the form

N
L= BB+ igliTs + 4T3,
’=i 2 1 2
+1Fﬂy+2—§(8ﬂAM) + Ly. (2)
We define the following 4 x 4 Euclidean gamma matrices,
r,,_(yé‘ _(;), §=01,2, (3)

and

r—(o _i> F—FFFF—(O 1) (4)
3= i 0 ’ S5— Lot 14243 — 1 0 ’

where 7, = (63, 6,,—0;) are 2 x 2 Euclidean Dirac matri-
ces, and o ;3 are the usual Pauli matrices. We define the
Dirac conjugate field ¥, = ‘Pfl“o, the gauge-covariant

derivative » =T,(0, + ieA,,), and the field strength tensor
F,=0,A,—0,A,; & is a gauge-fixing parameter.

The scalar fields ¢, and ¢, represent the x and y
components of the fluctuating VBS order parameter,
respectively. Combining them into a complex scalar
field ¢ = ¢ + i¢h,, their dynamics is governed by the
Lagrangian

1 1
Ly= 5 0,07 + §m2|¢|2 + 22| (5)

The model thus defined is known as the chiral O(2)
QED;-GNY model [19], since it possesses a global
SO(2) symmetry under ¢ — e, ¥; — e~ ™W0/2¥, where
W = —il'3I's. Apart from an anisotropy term discussed
below, it is identical to the field theory considered in
Ref. [37] for the Kekulé VBS transition on the honeycomb
lattice in the presence of a dynamical gauge field. The
scalar-field content and form of the Yukawa coupling in
Eq. (2) make it differ from both the chiral Ising QED3;-GNY
model [30,43—49], which involves a single real scalar field
coupled to a fermion mass bilinear Y, ¥;¥;, and the chiral
O(3) or Heisenberg QED;3;-GNY model [31,32], which
possesses a triplet of scalar fields coupled to a fermion spin
bilinear Y, W,6¥; where ¢ denotes a vector of spin Pauli
matrices. It also differs from a “Higgs-QED;-GNY”” model
studied in Ref. [50], also with a single complex scalar field,
but where the U(1) symmetry is the gauge symmetry and
the scalar field is minimally coupled to the gauge field with
gauge charge twice that of the fermion field. The conformal
QED; phase of the lattice gauge theory (1) corresponds
to the unbroken phase of the chiral O(2) QED;-GNY
model (2), where (¢) = 0, while the VBS phase is the
broken phase with (¢) # 0. However, the symmetry broken
in the VBS phase is really a discrete C, & Z,4 rotation
symmetry with 6§ = zk/2, k =0, ...,3. In the continuum
theory, this discrete symmetry allows for a coupling of
the form

Eanis. = b(¢4 + ¢*4)v (6)

in the long-wavelength critical theory. Many other cou-
plings are allowed by symmetries, but Eq. (6) is the only Z,4
anisotropy term that is relevant or marginal near four
dimensions. This implies that only the gauge coupling
e?, the Yukawa coupling ¢?, the |p|* coupling A2, the
anisotropy b, and the scalar field mass squared m? need to
be kept in the RG analysis to follow.

I1I. ¢ EXPANSION

We first set the anisotropy coupling b in Eq. (6) to zero,
and in Sec. Il C we return to its effect on the critical
properties. In order to perform a perturbative RG analysis
of Eq. (2), its extension to arbitrary d dimensions is
required. To facilitate the dimensional continuation of

094505-3



ZERF, BOYACK, MARQUARD, GRACEY, and MACIEJKO

PHYS. REV. D 101, 094505 (2020)

the chiral O(2) QED;-GNY model, which was derived
from a lattice gauge theory in fixed 2 4+ 1 dimensions, it is
convenient to first rewrite it in terms of the equivalent
gauged NJL model [33]. We introduce a new set of gamma
matrices defined by

Yu = i, 0, u=0,1,2, (7)
y3 =13, (8)
ys = —il30s. )

Y, and y,; = ‘Pjyo. Performing
we obtain the gauged NIJL

In addition, define y; =
these transformations,
Lagrangian [34,35],

N

<

1
wiD + g(dy + ihoys)w: + 4Fﬁy 2%

v
M-

(5A)

Il
w|-

0. +5 mQIcﬁ\2 + 22l (10)

where the gauge-covariant derivative is now defined as
D =y,(0,+ieA,). The SO(2) symmetry of the O(2)
QED-GNY model is realized as a global chiral U(1)
symmetry of the gauged NJL model: y; — =52y, with
a concomitant U(1) rotation of the scalar field ¢ — ¢ as
before. In the absence of gauge coupling (¢? = 0), Eq. (10)
reduces to the ordinary (ungauged) NJL model, or equiv-
alently the chiral O(2) or XY GNY model, which was
previously studied in the ¢ expansion up to four-loop
order [51,52].

To study the critical properties (i.e., the m? = 0 limit) of
the model (10) in d = 4 — € space-time dimensions, we use
field-theoretic RG and the modified minimal subtraction
(MS) prescription. In terms of bare fields y?, ¢, A and
bare coupling constants e, &, mg, A, g, with B =
7,(0, + iegAY) and ¢y = ¢ + i¢Y, the bare Lagrangian is
written as

- lgjy—,? [DO + 90 (¢? + icb%ys)] Vi

1 1
+510udbol” + 5 milol* + Albol*
1

+Z(F2,,) +?(a A9)2. (11)

The renormalized Lagrangian, written in terms of renor-
malized fields y; = Z,,'*y?. A, = 23'A%, ¢ = Z,'* g,
and covariant derivative & = y”(a” + le,u‘/z A,), is

Ny
Lp= Zw, (Z,D + Z,gu"* (1 + ichoys)ly;
i=1

1 1
+52Zyl0, PP+ 5 Zph 2m?| P> 4 Zp A2l p|*
1
+ 4ZAF2 ZE(aﬂAﬂ)z (12)

The dimensionless renormalized coupling constants are

e* = &7y, (13)
T = GoHLYZyZ . (14)
2= R Zi7, (15)
m? = m%ﬂ_zzqu;}, (16)

§=&Zy", (17)

where y is an arbitrary renormalization scale. The renorm-
alization constants Zy, X = w, A, ¢, ¢, A%, g are calculated
up to four-loop order using an automated setup, the
technical details of which can be found in previous
publications [30,31,52]. We perform computations in an
arbitrary £ gauge, which allows us to explicitly verify that
all anomalous dimensions defined below [Eq. (22)] are
properly gauge invariant (except that for the fermion field
w, which is not a gauge-invariant operator). The number of
diagrams that arise during the perturbative calculation of
the renormalization constants is significantly larger than
for the chiral Ising and chiral O(3) QED-GNY theories
[30,31], as in the pure GNY theories [53]. The difference
arises from the fact that in the Ising and O(3) theories, the
Yukawa vertex insertions are either proportional to the
identity or to a spin Pauli matrix, both of which commute
with the gamma matrices y,, that appear in numerator traces
(coming from fermion propagators and QED vertex inser-
tions). Traces over spin Pauli matrices and gamma matrices
factorize and can be evaluated independently. By contrast,
no such factorization occurs in the ungauged or gauged
NJL models, since the Yukawa vertex contains a y5 matrix
which anticommutes with y,,.

A. Beta functions

The beta functions for the coupling constants @ = e, g, 4
are defined by

da?
=u—. 18
e =14, (18)
Rescaled couplings, where o/ (47)? — o, are used through-

out the paper. Using the definitions in Egs. (13)—(15), along
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with the fact that the bare coupling constants are independent
of u, the beta functions become

B = (—e+7a)e, (19)
Bp=(=€+2y,+74— 21,9 (20)
B = (—€+2y,—vp)A, (21)

where the anomalous dimensions associated with renormal-
ization constants Zy, X =y, A, ¢, ¢*, A%, g are defined by

danX
du

Yx = H (22)

While Egs. (19)—(21) have the same form as in the chiral
Ising [30] and chiral O(3) [31] QED-GNY models, the
explicit form of the renormalization constants, and thus
the form of the anomalous dimensions, are different for the
three theories. As in the aforementioned articles, the four-
loop beta functions can be expressed as a sum over
contributions at a fixed loop order:

B = —ea® + A7+ g1 4+ UM 4 pUY L (23)

Here we present our results up to and including three-loop
order; the four-loop contributions are lengthy and are
deferred to the Supplemental Material [54]. The beta
functions S, for the gauge coupling are given by

8
puY = nge (24)

PO = 8N b — 4N et g, (25)

PO = —6N g + N, (TN, + 6)e* g

4
- §Nf(22Nf +9)eb. (26)

Similarly, the beta functions . for the Yukawa coupling
are given by

Ao = 26" Ny +1) = 12202, (27)
1

par = 5 (12N, =7)¢" +2(5N + 8)¢%g
2
+3 (20N —9)e'? ~64g*i2 + 128", (28)

ﬂ<3 ) _

o PIN (52N + 4885 + 15) + 485 — 227]

2
+ — eg?[N (280N ; — 108(24; — 23))

— 3483
27 ]

1
- §e4g4[Nf(32Nf + 43283 —33) + 1445 — 157]
+ 64¢?¢*4* — e?¢° (27N +70) — 256047 4°
+ 4896/12(5Nf +6)— 48094/14(Nf -3). (29)
Finally, the beta functions f, for the four-scalar coupling
are given by

1
PR = 8044 + AN, 222 — SN (30)
P = ~38402° — 2N g + 20N (&2 P

+ 2N g*2% — 160N ;g?2* + 2N 4P, (31)

PN = 51228(384¢5 + 617)

1

+ ZNfe4g4(1l6Nf —96¢; + 131)

— Nye* P22(32N; — 14485 + 119)

1
+ 5Nf€296(48C3 - 7) + Nf€294/12<373 - 5282_:3)

+ 120N ;2224 (1685 — 17) + T232N ;g22°
1
+ 3 Npg P2 (512N = 336¢; — 1339)
— 4N ;g 24 (60N ; — 40885 — 509). (32)

In these expressions {3 = {(3) ~ 1.202 is Apéry’s constant.

The results for the beta functions can be compared
against existing results in the literature for specific cases. In
the limit g = 4> = 0 the model reduces to pure QED with
N flavors of four-component Dirac fermions. The results
in Egs. (24)—(26), together with the four-loop result [54],
agree with the four-loop QED beta function [55]. In the
limit e? = ¢> = 0 the theory reduces to the O(2) vector
model; the beta functions in Egs. (30)—(32) and Ref. [54]
agree in that limit with the four-loop beta function for that
model [56]. Finally, in the limit e> = 0 the model reduces
to the ungauged NJL or chiral O(2)/XY GNY model, and
the results in Eqs. (27)—(29) and Ref. [54] agree with the
four-loop result in Ref. [52].

B. Quantum critical point

We now utilize the beta functions obtained in the
previous section to investigate the existence of a QCP
for the VBS transition, which should correspond to a stable
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RG fixed point within the critical (m? = 0) hypersurface.
At one-loop order, our beta functions for the gauge
coupling e, the Yukawa coupling g7, and the four-scalar
coupling A agree with those derived in Ref. [37]. Denoting
the critical couplings by (e2, g2, A2), we thus find the same
eight fixed points as them: the Gaussian fixed point (0,0,0),
the conformal QED fixed point (83—1\;,0, 0), the O(2)
Wilson-Fisher fixed point (0,0,g;), a conformal QED x
Wilson-Fisher fixed point (8376, ,0,55), two pure O(2) GNY
fixed points with e2 = 0 and g2 # 0,12 # 0, and two fixed
points with all three couplings nonzero. The stable fixed-

point is given by one of the latter two fixed points [37]:

el = ;Tfe + 0(é?), (33)

gﬁ=Z§%§?%Ee+o@%, (34)

2= %e + O(e?), (35)
where

Yz\/N}+56Nf+424+%. (36)

These three (squared) coupling constants are positive for all
N > 1, including the cases Ny = 4, 6, 8 applicable to the
VBS phase transition found numerically.

C. Fate of Z, anisotropy at criticality

It has so far only been shown that there exists a stable RG
fixed point when the anisotropy term (6) is set to zero and
the Lagrangian has an exact U(1) symmetry. In reality, the
long-wavelength theory will generically have b # 0 and the
exact symmetry is only a discrete subgroup Z, C U(1).
For the chiral O(2) QED;-GNY model to describe the
critical properties of the VBS transition, and assuming the
anisotropy is small, we must show that the U(1) symmetry
is truly emergent, i.e., that the anisotropy is an irrelevant
perturbation at the fixed point found in Sec. III B. For the
Kekulé VBS transition on the honeycomb lattice in the
presence of a dynamical gauge field, the Z5 anisotropy
~(¢* + ¢*3) is strongly relevant at small e for finite N
[37], and its flow cannot be reliably controlled in the e
expansion. By contrast, the Z, anisotropy (6) is marginal in
four dimensions; its flow can thus be reliably controlled in
the e expansion. In the Z; case, at one-loop order the
anisotropy vertex contributes to the renormalization of the
scalar-field two-point function (self-energy), three-point
function (anisotropy vertex), and four-point function (|¢|*
vertex). By contrast, in the Z, case the anisotropy does not

(a)

N a ~
y g s 7 N A
= X+ od m
Py N PR FARS
(b) ,
N} Ve . N
RN L ™
= A o+ H ¥
7w LA A
o x " <
FIG. 1. One-loop renormalization of four-point vertices due to

Z, anisotropy (dashed lines: scalar field propagator, ordinary
crossing: |p|* vertex; box: ¢p* or ¢** vertex). Renormalization of
(a) the four-scalar coupling A%, (b) the anisotropy b.

contribute to the scalar-field self-energy at one-loop order,
only to the scalar-field four-point functions (Fig. 1).
The couplings in the bare and renormalized anisotropy
Lagrangians,

Egnis. = bO(‘bg + ¢84)9 (37)
‘Cfnis. = beﬂ€(¢4 + ¢*4), (38)

are related by b = bou™°Z3Z;". The beta function for b is
thus given by

Br = (=€ + 214 —73)b, (39)

where y, =dInZ,/dInu. Evaluating the diagrams in
Fig. 1, we find additional contributions to the one-loop
renormalization constants Z, and Z,,

576bH%)72
Zp—Zp+ 00 (40)
€
2
Zy =1 4204 (41)
€

which allows us to the find the corrected beta functions

ﬂﬁZ b ﬁl2 + 576b2, (42)

By = (—€ + 4N ;g* +964%)b. (43)
Since the anisotropy contribution to 3,2 is quadratic in b,
the RG eigenvalue y, describing the flow of the anisotropy
near the O(2)-symmetric QED;-GNY fixed point is given
simply by the negative of the slope of the UV beta function
P, evaluated at the fixed point (33)—(35),

yp = €—4N;g> — 962, (44)
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such that y, > 0 denotes a relevant coupling. At the O(2)
Wilson-Fisher fixed point e2 = g2 = 0 and 12 = ¢/80, and
one finds y, = —e/5, in agreement with the analysis of
pure |¢|* theory perturbed by a Z, anisotropy in Ref. [57].
At the QED;-GNY fixed point (33)—(35), we find

(2N, + 16+ 3Y)
€,
5(Nf +1)

Yp = — (45)

which is strictly negative for all N ;. Thus the Z, anisotropy
is irrelevant at small e even for small N, in contrast with
the Z5 case. This establishes the emergent O(2) symmetry
at the VBS QCP, and the fixed point discussed in Sec. II1 B
is the true QCP. In the remainder of Sec. III we compute its
critical exponents at four-loop order in the e expansion.

Before moving on to the critical properties of the O(2)
QED;-GNY model, we observe that the calculation above
can also address the issue of Z, anisotropy at the semi-
metal-columnar VBS quantum phase transition of the
SU(4) Hubbard model on the z-flux square lattice [58],
which is described by the chiral O(2) GNY model or
ungauged NJL model supplemented by the anisotropy
term (6). At one-loop order, the stable fixed point of the
ungauged model is obtained by setting > = 0 in the beta
functions (27) and (30). We obtain

1
2 —

\/N?+38N;+1-N;+1
. (47)

2 —
(/’{‘*)GNY - 160(Nf + 1) €.

€, (46)

Substituting into Eq. (44), we obtain

3,/N7+38N; +1+2N; -2
(48)

SN, +1) “

(Vs)ony = =

which is strictly negative for all N ;. Thus the Z, anisotropy
is irrelevant at criticality also for the pure GNY model.

D. Order-parameter anomalous dimension

The order-parameter anomalous dimension 7, character-
izes the long-range power-law decay of the two-point
function of the order parameter at criticality [59]. Here,
this is the VBS correlation function,

(Ovgs(r)Oygs(r)) NW- (49)

Microscopically, Oygg(r) can be chosen as either
component of the VBS order parameter V = (V,,V,),
where  V, = (=1)* >, Ss(r)Sa(r +%) and V, =
(=1)Y >4 Sa(r)Ss(r + 9) correspond to columnar VBS
order in the x and y directions, respectively. The SU(N/)

spin operator S,(r) is defined by S,(r) =>_;; ciiTZc,j,
where T4, A =1, N}% — 1 are Hermitian generators of
the SU(Ny) Lie group in the fundamental representation,
and we choose the normalization tr74,7 5 = 6,5. Note that
by using the identity

’ A T
> TITH = sl — —8'isH, (50)
A Ny

and the canonical anticommutation relations of fermion
operators, one finds

DS NSI) = 3 Salr)Sa(r). (51)

where S%(r) = clicyj —;—';Zk ¢! c.x. Thus the (z,0) and
(0, ) dimer operators Dy = (=1)* >, Sj.(r)S{(r + %) and
Dy = (=1)" 3 Sj-(r)S{(r + $) used in the QMC simula-
tions [19-21] coincide with the operators V, and V,
defined above. In practice, one often computes equal-time
correlation functions, such that r and ' in (49) are spatial
(lattice) coordinates with |r — 1’| > a, a being the lattice
constant. As a consequence of Eq. (49), the anomalous
dimension 7, also appears in the finite-size analysis of the

VBS structure factor. For instance, the (7, 0) VBS structure
factor on an L x L lattice is given by

SER(L) = 1 SV YL()

1 2 / 1 —(14ny)
Nﬁ/dr/derNL o 52)

at criticality J =J,., where we have approximated the
lattice sum by a continuous integral, and cut the latter
off at long distances by the system size and at short
distances by the lattice constant a, here set to unity [60].
Away from criticality J # J., one has

SENL) ~ L= F(LVY(T = 1,)),  (53)

where F is a universal scaling function.
In the field-theoretic approach, 7, is calculated by
evaluating 7, at the QCP:

Ny = 14(€i, g2, 23). (54)

The anomalous dimensions can be expressed in a similar
way as the beta functions by a sum of contributions at a
fixed loop order:

rx =15 e e . (55)

For the scalar anomalous dimension, the contributions at
each order are given by
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1L
7y = 2N, (56)
@L) — [ONe2g? — 3N ;g* + 128* 57
vy = 10Nge’g 9+ : (57)
1
yf;” - _ENfe4g2(32Nf — 144¢5 + 119)

1
- ENfezg4(4SC3 —5) + 80N, g*1?
1
— 480N fg2/14 —25604°. (58)
At one-loop order, we obtain

2Ny +9
=—— 0(e?). 59
in agreement with Ref. [21]. The four-loop result is
presented in Ref. [54]. The four-loop results to O(e*)
for Ny =4, 6, 8 are respectively given by

Ny ~ 1.7€ + 0.05330€ + 0.9040¢® — 3.455¢*, (60)
Ny~ 1.5¢ — 0.02886€2 + 0.3396€3 — 1.075¢*, (61)
Ny~ 1.389% — 0.04893¢2 + 015973 — 0.4775¢*.  (62)

Both the e expansion and the large-N, expansion (see
Sec. IV) generate asymptotic series that have zero radius of
convergence. In order to extract physical results from finite-
order e-expansion expressions derived perturbatively,
resummation procedures must be implemented [61]. Two
standard resummation techniques are Padé approximants,
discussed below, and the Padé-Borel transformation,
reviewed in Appendix A. For a given loop order L, the
(one-sided) Padé approximants are defined by

m i
i—0 aie

=—==1 63
L+>71 byl (63)

[m/n](e)

Here, m and n are two positive integers satisfying
m+n = L. The coefficients a; and b; are determined
such that expanding the above function in powers of € to
O(e") reproduces the e-expansion results. In Fig. 2 we plot
Padé approximants (colored lines) in d = 3 at two- and
four-loop orders; three-loop approximants turn out to
have poles in the extrapolation region € € [0, 1] for certain
values of N in the range considered, and are thus excluded
from the plot. Apart from the [1/3] approximant, a good
convergence of the approximants with increasing loop
order is found for the values of Ny =4, 6, 8 studied in
QMC. Numerical values of Padé and Padé-Borel approx-
imants for 7, for Ny =4, 6, 8 are given in Appendix A 1
(Tables I, II, and III, respectively).

125

Large—Nr

=3)

N (d

FIG. 2. Padé¢ approximants for 77, as a function of Ny at two
(blue) and four-loop (red) orders. The large-N result (96) is
shown in black.

E. Correlation length exponent

The correlation length exponent v governs the diver-
gence of the zero-temperature correlation length as the
QCP is approached, i.e., as the scalar mass squared m? is
tuned to zero. The anomalous dimension for the scalar mass
squared is defined by y,» =y, —yy where y,, the
anomalous dimension of the order-parameter field ¢, has
already been computed in the previous section. The beta
function for m? is given by

d 2
P = (2 4y, (64)
du

At the QCP, the correlation length exponent v is related to
the anomalous dimension 7,2 by

v =2+47,(cd. gt 22). (65)

The contributions to y,,2, up to three-loop order, are given
by

75,12” - —2Nfg2 - 3212, (66)
7o) =3N gt — 10N pe>g + 64N ;7I2 + 6402*, (67)

1
yo = SN (32N — 14405 + 119)
1
1
+ 5 N6 (24005 — 149)
— 48N ;2 P2 (16¢3 — 17)

— 1056N ;?2* — 721926 (68)

At one-loop order, we obtain
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8N, +29 +2Y

1v=2-
/v 10(N, +1)

€+ 0(e?), (69)

in agreement with Ref. [21]. The four-loop order result is
presented in Ref. [54]. The four-loop order results to O(e*)
for Ny =4, 6, 8 are respectively given by

1/v~2—2397¢ + 148462 — 437663 + 16.46¢*,  (70)
1/v~2—1.972¢ + 0.8886€> — 1.562¢3 + 4.193¢*,  (71)
1/v a2 — 1749 + 0.6315¢2 — 0.7591€% + 1.639¢*. (72)

Padé approximants for 1/v in d =3 up to four-loop
order are plotted using colored lines in Fig. 3. Relatively
poor convergence with increasing loop order is found, and
it is difficult to obtain reliable estimates even for Ny = 4, 6,
8. Numerical values of Padé and Padé-Borel approximants
for 1/v for those values of N, are given in Appendix A 1
(Tables I, II, and III, respectively).

F. Fermion bilinears and CDW exponent

Apart from the scaling dimension Aygg = A, =
(1 +n4)/2, which controls VBS two-point correlations
at criticality [see Egs. (49) and (52)], the scaling dimension
of other gauge-invariant local operators can be computed.
Other microscopic gauge-invariant local observables for
model (1) and accessible to QMC simulations include
the staggered density or CDW operator Ocpw(r) =
(=1)" 32, clie,y, the staggered SU(N,) spin Ozp(r) =
(=1)**S4(r), and a QAH mass operator Ogau(r) [33].
These operators also exhibit universal power-law correla-
tions (O(r)O(r)) ~ |r — r/|724¢ at criticality, which cor-
respond to nondiverging static susceptibilities yo(q) ~
lq|**o~3, with Ap > 3/2. (By contrast, the static VBS
susceptibility diverges as yyps(q) ~ |q|*2473 ~ |q|~ "),
due to critical fluctuations of the VBS order parameter.)
The microscopic observables above correspond in the
long-wavelength, low-energy effective field theory to

Large-N;
— [0/2]
————— [1/1]
— [0/3]
-------- [2/1]

FIG. 3. Padé approximants for 1/v as a function of N at two-
(blue), three- (green), and four-loop (red) orders. The large-N,
result (97) is shown in black.

Lorentz-invariant, —gauge-invariant fermion bilinears
[31,33]. In terms of the fermion fields ¥, ¥ in the O(2)
QED;-GNY model (2), the identification is

Ocpw ~ PV, (73)
OAF ~ lil’TA‘P, (74)
OQAH ~ i‘PF3F5‘P, (75)

while in the gauged NJL formulation (10) with the fields
v, ¥, these bilinears are

Ocpw ~ —iyry3y, (76)
Oar ~ =T sy, (77)
Oqan ~ Wrysysy. (78)

In both sets of equations a sum over repeated flavor indices
is understood. Since our four-loop analysis is based on a
d-dimensional representation of the gauged NJL model, the
appearance of the y; matrix makes the dimensional
continuation of the above fermion bilinears while preserv-
ing their Lorentz invariance appear intractable at first sight
(see Ref. [31] for a discussion of related issues in the
context of the Ising QED;-GNY model). To overcome this
issue, in our diagrammatic calculations we introduce a
formal object y; = (v3)" which squares to the identity, is
traceless, and naively anticommutes with all gamma matri-
ces: {y5.7s} = O0and {y5,7,} =O0foru =0.1,....,d—1in
general d dimensions. This object obeys the same properties
as y3 in d = 3 dimensions, and is thus a suitable replacement
for y5 in the bilinears (76)—(78) for general d calculations.
As an example application of this procedure, we calculate
the scaling dimension of the simplest bilinear of this type,
the CDW operator (76), thus defined as Acpw = Aiv‘/rgw in
general d. The corresponding anomalous dimension is
given by

yO = 6e? + P, (79)

1 1
y 2 = —§e4(20Nf —9) + 82 —Zg‘*(sz —1), (80)

y3 = _2i7e6[4Nf(70Nf — 6480 + 621) — 3483)]
+ % 'GP (32N, — 72005 + 13)
+ i g [N (4885 — 19) — 9675 + 72]
- 1l6g6[2Nf(10Nf —31) + 4875 — 57]
+ 166442 — 28224, (81)
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at three-loop order, with the four-loop contribution given in
Ref. [54]. At one-loop order, we obtain

4N7 + 15N, + 18

ACDW:3_ €

AN, (N, £+ 1) +0(e?). (82)

The four-loop order results for Ny = 4, 6, 8 are respectively
given by

Acpw = 3 = 1.775¢ + 0.1394€> + 0.4558¢> — 1.317¢*,
(83)

Acpw = 3 — 1.500€ + 0.1453€% + 0.1677¢3 — 0.1937¢*,
(84)

Acpw = 3 — 1.368¢ + 0.1223€> + 0.09757€> — 0.05859¢*.
(85)

We plot the corresponding Padé approximants as colored
lines in Fig. 4. Except for the four-loop approximants, all
approximants agree quite well for Ny = 4, 6, 8. Numerical
values of the approximants for the latter are given in
Appendix A 1 (Tables I-III).

G. Kekulé VBS transition on the honeycomb
lattice: CDW exponent

The CDW operator (76) also corresponds to the long-
wavelength limit of the staggered density (or Semenoff mass
[62]) on the honeycomb Ilattice. Evaluating the anomalous
dimension ycpyw computed above at the stable fixed point of
the chiral O(2) GNY model or the ungauged NJL model, i.e.,
setting the gauge coupling to zero in the Lagrangian (10), one
can determine the universal exponent AXKY characterizing
the decay of CDW correlations at the QCP of the Kekulé VBS
transition on the honeycomb lattice [38—41]. We assume here
that N is sufficiently large that the Z3 anisotropy is irrelevant

at the QCP. At one-loop order, we obtain

2.0
—= Large-N¢
1. >
o ° gy — [0/2]
3 5 — [0/3]
= 1.0t /4, /7
g /2 A S [1/2]
< !
05 ) [0/4]
[ [2/2]
o] - 3

FIG. 4. Padé approximants for Acpw as a function of N, for
d = 3 at two- (blue), three- (green), and four-loop (red) orders.
The large-N, result (100) is shown in black.

Large-N¢
2.0
@ [0/2]
e S = T (1]
3 — [0/3]
s/ e [1/2]
< —— [0/4]
=17
-------- [2/2]
16— ] . - [3/1]

FIG. 5. Padé approximants for Acpy in the chiral O(2) GNY
model as a function of N, for d =3 at two- (blue), three-
(green), and four-loop (red) orders. The large-N result (104) is
shown in black.

2N; +3

ARekulé _ 3
2(N, + 1)

ChW €+ O(e?). (86)
Evaluating the four-loop expressions [54] numerically for
N = 2, 3, 4, respectively, we obtain

AESRIE =3 —1.167¢ —0.04222¢? 4-0.02605¢> — 0.04662¢*,
(87)

AFSUE =3 —1.125¢ — 0.01980€> +0.02584€> —0.01168¢*,
(83)

ARUIE — 3 — 1.100€ — 0.009¢2 + 0.02384¢> — 0.001980¢*.

The corresponding Padé approximants are plotteéggg
colored lines in Fig. 5. An excellent convergence with
increasing loop order is found; in particular, all four-loop
approximants agree very closely. Numerical values of
the approximants for select values of N, are found in
Appendix B, Table VII.

IV. LARGE-N; EXPANSION

The previous section is based on a perturbative analysis
of the chiral O(2) QED-GNY model (gauged NJL model)
in d = 4 — e spacetime dimensions up to O(e*). Since the
physical dimension of interest is d = 3, it is pertinent to
consider other approximation techniques that allow com-
plementary aspects of the critical point to be illuminated.
One such approach is the large-N, expansion, reviewed
in Ref. [63], where one formally considers a large and
arbitrary number of fermion flavors N, and constructs an
expansion in powers of 1/N,. A large-N, analysis for the
chiral Ising QED-GNY theory was performed to O(1/ Nj%)
in 2 < d < 4 spacetime dimensions, in Ref. [47] using the
large-N critical point formalism. A large-N, analysis of
the same model, to O(1/N;) but for fixed d = 3, was
performed in Refs. [49,64], and it was noted that in fixed
d = 3 certain critical exponents have contributions that are
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not captured in the continuous 2 < d < 4 analysis. For the
chiral O(3) QED5-GNY theory, the large-N ; analysis was
performed in Ref. [31].

The chiral O(2) QED3;-GNY model considered here
was first studied in the large-N, expansion in Refs. [36]
and [33]. In Ref. [36], the critical exponents 74 and v were
computed to O(1/Ny) in 2 < d < 4, while in Ref. [33] the
scaling dimensions of the CDW, AF, and QAH bilinears
(73)~(75) were computed to O(1/Ny) in fixed d = 3.
Following the method used in Ref. [36], here we expand
upon these previous studies by computing 7, to O(1/ Nj%)
and Acpw to O(1/Ny), in general 2 < d < 4. We also
establish consistency between the results of the € expansion
(Sec. IIT) and those of the large-N ; expansion, by verifying
that all exponents computed by both methods agree to
O(e*, 1 /Nj’f7 ), with p =1 or 2 the order at which a given
quantity is known in the large-N, expansion. This con-
stitutes a strong check on both the e-expansion and large-
N expansion results.

A. Critical exponents
A critical exponent x can be expanded in a series of the
formx =) %, x;/ N’f To first order in 1/N/, the pertinent
|

quantities to compute here are the fermion anomalous
dimension #; and the fermion-scalar vertex anomalous
dimension y, . As a result of the Ward-Takahashi identity,
the fermion-gauge vertex obeys y, ; = —#;; thus, it is not
an independent quantity. The fermion anomalous dimen-
sion is a gauge-dependent quantity and throughout this
paper we consider the Landau gauge (with gauge fixing
parameter & =0). To determine 1/v the exponent A
(defined in Ref. [36]) must be computed. The results for
these quantities at O(1/N) have already been computed
[36], and are reproduced here for convenience:

(4> =8> +u+2) T'(u-1)

m=- (90)

Apu=1)  uC(1=p)l(u)
N p(2u = 1)
Xpa __(4/43—8/42—1-/4—{—2)”1’ (91)
A _ 1= =24+ 2= 1) (92)

2 U2 = p)ul(u)?

Here I'(z) denotes Euler’s gamma function and pu = d/2.
To O(1/N7), n, and y;, are given by

1 = | 8207 = )= 17900 + 3020 = D =582 1+ 2= 0= 1) =y (1)

N 1607 — 1128 + 240p° — 184u* + 1543 + 464> — 20u + 2] n (93)
plp—1) (44’ = 8u> +u+2)>
o = = 30 = 1820+ )= D700 = 1) =/ (1)
N 487 — 184ub 4 204> — 30u* — 824> + 31p% + 8u — 2] n (94)
p—1 (4® — 8> + p +2)*
[
where w(z) =1"(z)/T'(z) and 56 31687 — 14368
=1 96
Mol = 1 3y 272°N2 (%)
W) =wu—1)—w() +w(l—p) —wu—-1). (95)
1 80
I P . (97)
Vlg=3 3z Nf

The scalar anomalous dimension is then determined via
Ny =2(2—u—(n+x,)), and the inverse correlation ex-
ponent is obtained from 1/v =2(u — 1+ 4). Expanding
the expressions for 5, and 1/vind = 4 — eup to O(e*), we
find agreement with the counterpart expressions in Egs. (54)
and (65) respectively, when the latter are expanded in
powers of 1/N; to O(I/N]%) and O(1/N;) respectively.
This agreement is an important verification of the validity
of our results. In fixed d = 3, the large-N; expressions
reduce to

The results for 7, and 1/v at O(1/N ;) agree with Ref. [36].
Note that, for the chiral O(2) QED3;-GNY model, in fixed
d = 3 spacetime dimensions, there are no additional con-
tributions at O(1/Nj) arising from Aslamazov-Larkin
diagrams [49], and the above result agrees to O(1/Ny)
with Ref. [33].

The large-N f results are plotted in Fig. 2 (17,) and Fig. 3
(1/v) alongside the Padé approximants for the e-expansion
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results. Excellent agreement with the e-expansion approx-
imants is found for 7, for N, 2 4, while the large spread of
values of the e-expansion approximants for 1/v prevents a
meaningful comparison with the large-N, result. In
Appendix A2, we also resum the large-N, results for
ny and 1/v at Ny = 4 (Table 1V), Ny = 6 (Table V), and
N = 8 (Table VI), treating 1/N; as a small parameter and
using Padé and Padé-Borel resummation.

B. CDW exponent

As discussed in Sec. IITF, in general 2 < d < 4 dimen-
sions a suitable definition of the CDW exponent is as the
scaling dimension of the iyysy fermion bilinear in the
gauged NJL model. In the large-N; formalism, this
exponent is given by

Acpw = Ay =2u—1+103, (98)
where the parameter 7y 3 is given by

2(4p* = 2u—1)
;= — . 99
’10,3 (4/,{3 _ 8M2 +/l + 2) 7]1 ( )

Again, when Eq. (98) is expanded in d =4 —¢ up to
O(e*), we find agreement with the counterpart expression
computed at four-loop order in Sec. IIl F, when the latter is
expanded in powers of 1/N, to O(1/N/). In fixed d = 3
the result is

40

- 100
37[2Nf ( )

Acpwlg—z =2

This agrees with Ref. [33], which computed Agy = Acpw
in the O(2) QED3-GNY model in fixed d = 3 dimensions;
as in the previous section, there are no additional contri-
butions specific to d = 3. The large-N; result is shown in
Fig. 4 alongside the Padé approximants for the e-expansion
results; good agreement is found with those approximants
(except four-loop order). Numerical values of Padé and
Padé-Borel resummations of (100) at Ny = 4, 6, 8 are also
found in Tables IV-VI, Appendix A 2.

Finally, as in Sec. III G, we can turn off the gauge
coupling and study the resulting chiral O(2) GNY model
(ungauged NJL model) in the large-N; expansion. The
critical exponents 77, and 1/v for this model have already
been determined to O(1/N ?) in Ref. [65] and Refs. [66,67],
respectively. Here, we provide the large-N s analysis for the
CDW exponent, to O(1/Ny) in general 2 < d < 4. The
pertinent quantities are given by

(w=Dr@u-1)
p(1 = @)l (u)?

Xp1 = 0,

m = (101)

(102)

1
u—1

nos = — M- (103)

The CDW exponent is computed via the relation
AESE — 24 — 1+ 5oy. Again, when this quantity is
expanded in d =4 —¢ up to O(e*), we find agreement
with the counterpart expression determined in Sec. III G,
when the latter is expanded in powers of 1/N;to O(1/N).

In fixed d = 3 the result is

AKekulé 8

=2 = 104

This agrees with Ref. [33], which computed Agy = AKEKUE
in the O(2) GNY model in fixed d = 3 dimensions; as in
the previous section, there are no additional contributions
specific to d = 3. The large-N result is shown in Fig. 5
alongside the Padé approximants for the e-expansion
results; there is excellent agreement with the four-loop
approximants for values N, 2 6. Numerical values of Padé
and Padé-Borel resummations of (104) for select values
of N, are presented in Table VIII, Appendix B.

C. VBS bilinear vs VBS order parameter

What about the scaling dimension of the VBS fermion
bilinears i¥WT'; ¥, iPTs¥ in the chiral O(2) QED;-GNY (or
pure GNY) formulation, or equivalently yy, iwysy in the
gauged (or ungauged) NJL formulation? The order param-
eter fields ¢, ¢, and those bilinears transform identically
under all symmetries, and are in fact not independent
operators at the critical fixed point in the large-N ; formal-
ism, as ¢,¢, arises from the Hubbard-Stratonovich
decoupling of a four-Fermi interaction. This is sensible,
since VBS correlations at criticality are already controlled
by the order parameter anomalous dimension 7, [see
Egs. (49) and (52)]. At the critical fixed point, the above
VBS fermion bilinears are in fact set to zero by the equation
of motion for ¢ [64,68,69]. Diagrammatically, one finds
that the two-point correlation function of a VBS bilinear
vanishes order by order in the 1/N; expansion, due to
“dumbbell” diagrams (Fig. 6, where the double dashed line
denotes the large-N; scalar-field propagator). The cancel-
lation follows from the fact that in the long-wavelength
limit, the large-N  scalar field propagator is simply (minus)
the inverse of the fermion bubble. Note that these dumbbell
diagrams are only possible when the operator insertion
(denoted by “x” in Fig. 6) corresponds to a VBS bilinear,

FIG. 6. Example of cancellation in the two-point correlation
function of a VBS bilinear at a given order in the large-N
expansion.
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which itself appears in the Yukawa vertex. In Ref. [21],
the critical scaling of the VBS correlation function was
associated with the dimension of the iPI3%¥, iPT's¥
fermion bilinears; as discussed above and also in
Refs. [64,68,69], these bilinears technically correspond
to vanishing operators due to the presence of the diagrams
in Fig. 6. Thus the correct asymptotic scaling of the VBS
correlation function is dictated by 7.

V. CONCLUSIONS

In summary, we have computed several critical expo-
nents for the VBS transition in lattice QED5 using high-
order e- and large-N ; expansions. We have established the
emergent O(2) symmetry at the critical point, previously
only conjectured, by showing that the only potentially
relevant Z, anisotropy term is in fact irrelevant in the
infrared already at leading order in the ¢ expansion. We
have performed state-of-the-art O(e*) computations of
several critical exponents in the resulting chiral O(2)
QED;-GNY model, equivalent to the gauged NJL model:
the anomalous dimension 7, which controls the power-law
decay of VBS two-point correlations at criticality; the
correlation length exponent v; and the exponent Acpy,
which controls the power-law decay of the simplest
competing order (CDW order). In the large-N; expansion,
we have newly computed 77, to O(1/ N?) Furthermore, by

computing all exponents in 2 < d < 4 we have shown that
they agree with the e-expansion results at O(e*, 1/Nj’£’),
with p =1, 2 the highest order computed. We have
additionally computed the CDW exponent at the Kekulé
VBS transition on the honeycomb lattice in both ¢ and
large-N ; expansions. Finally, we have performed Padé and
Padé-Borel resummations for all critical exponents to
obtain numerical estimates for flavor numbers N ; currently
accessible to QMC simulations.
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APPENDIX A: RESUMMED CRITICAL
EXPONENTS: VBS TRANSITION
IN LATTICE QED;

In the following pages we present tables containing
the numerical values of Padé (P) and Padé-Borel (PB)
resummations in d = 3 of the two-, three-, and four-loop

e-expansion results (Sec. A1) and large-N, expansion
results (Sec. A 2) for the critical exponents of the chiral
O(2) QED;3;-GNY model (2). Given the power-series
expansion A(S) = > 2, A" of a quantity A in terms
of a small dimensionless parameter & (here € or 1/N),
the Borel sum is defined as B, (5) = > & A;5/k!. The
Padé-Borel transform is then

A(5) = / " die~' B, (51). (A1)

0
The J-expansion coefficients have been computed here
only to a finite order, and therefore in the expression above,

B is replaced by the appropriate (e-expansion or large-N ;)
Padé approximant.

1. € expansion

We present estimates of 7,4, 1/v, and Acpw for Ny =4
(Table I), Ny = 6 (Table II), and N, = 8 (Table III). Values
for which the approximant either has a pole in the domain
€ € [0, 1], is undefined, or is negative, are denoted in the
tables by x.

2. Large-N; expansion
Here 1/Ny is treated as the small expansion parameter
for resummation. We present estimates of #,, 1/v, and
Acpw for Ny = 4 (Table IV), Ny = 6 (Table V), and Ny =
8 (Table VI). Approximants which are either singular in the
domain Ny > 1, undefined, or negative are denoted by x.
The exponents that are unknown beyond O(1/Nj) are

TABLE L. e-expansion resummations for N, = 4.

Ny v Acpw
Pjo/2) X 0.691178 1.58288
PBg X 0.921858 1.83814
Py 1.75502 0.519214 1.35423
PByj 1.75597 0.426303 1.35013
Pjo/3) X 0.398022 1.5827
PByy3 X 0.829563 1.74961
Pyi o 3.88237 X 1.5827
PBjy X X 1.55548
Pp/y X X X
PBpy X 0.0500637 X
PB4 X 0.786758 1.70129
Ppi/3 0.679069 0.541884 1.58288
PBy 3 1.2536 0.553304 X
Ppa 1.97642 0.138865 1.45687
PBpyy X X 1.45722
Py 1.94078 0.167599 1.48159
PB3/q 1.97185 0.0165785 1.49813
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TABLE II.  e-expansion resummations for Ny = 6. TABLE IV. 1/N s-expansion resummations for N, = 4.
Ny v Acpw un 1/’7(Z1 v Acpw

Po/2 X 0.795683 1.7631 Po/1) X 1.47283 0.596846 1.71106

PBy,y X 1.00854 1.95805 PBy X 1.36619 0.670006 1.74054

Piy 1.47169 0.640775 1.63251 Py x 1.87442 - -

PB(/; 1.47194 0.584353 1.62754  PByyy x 1.5627 - -

Po/3) X 0.592311 1.74195 Py X X - —

PBy/3 X 0.92582 1.88102 PB/y X X - —

P/ 1.89107 X 1.73957

PB(/, x x 1.72435

Py 1.49774 0.350477 X

PBp 1.49694 0.392351 X

Pioys) X 0.750097 1.70513

PB4 x 0.8858 1.84369 , .

Py/3) 0.999387 0.669572 % TABLE V. 1/N ;-expansion resummations for N = 6.

PB 1.25658 0.644327 X -1 -1

P[2/[12]/3] 1.55518 0.465496 1.70842 L /g Y Bcow

PBos 5 0429557 170400 Po x 131522 0.689505 1.79763

Py 1.5527 0.493025 1.72315 gB[om x 1-232(7)4 0.739952 1.81347

PBj3y) 1.56486 0.435965 1.72842 (0/2] X . - -
PBgy X 1.37268 - -
Puy X X — —
PBy/q X X — -

TABLE III.  e-expansion resummations for Ny = 8.

U v Acpw

Po X 0.860757 1.84821

PBg,y X 1.06164 2.01877

Py 134162 0.714953 1.74425

PB[ ) 1.34238 0.675792 1.74029 TABLE VI. l/N_f—expansion resummations for N, = 8.

Pp3 X 0.709312 1.82006 1 1

PEB [0]/3] x 0.984411 1.94698 il 1/ng id Acow

P/ 1.50719 x 1.81517 P X 1.23642 0.747531 1.84428

PB(/y, x x 1.8052  PByy x 1.20138 0.784343 1.85417

Py 1.37741 0.537753 2.23623  Ppopy x 1.33681 - -

PBp 1.37508 0.564138 X PByy X 1.27668 - —

Plo/4) x 0.762125 1.80981 Py x x - -

PB4 x 0.946503 191307  PBpyy X X - -

P13 1.1047 0.746421 1.80381

PBy /3 1.22268 0.714258 1.80322 N _

Py 1.37998 0.618923 1.80761 denoted by —; for these quantities only one approximant

PBjy/y 1.38603 0.601702 1.80332 can be used. ) )

Pi3/) 1.37997 0.642166 1.81526 As both Padé and Padé-Borel resummations fail for 7,,

PBj; 1.38574 0.614338 1.81724  we have performed resummations of 77(;1, then taken the

reciprocal, which is denoted by 1 /17(;] in the tables.
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APPENDIX B: RESUMMED CRITICAL EXPONENTS: KEKULE VBS TRANSITION
ON THE HONEYCOMB LATTICE

We also present Padé and Padé-Borel resummations in d = 3 of the CDW exponent Acpy in the chiral O(2) GNY model,
which describes the Kekulé VBS transition on the honeycomb lattice. Table VII contains resummations of the e-expansion

results, and Table VIII those of the 1/N ;-expansion result.

TABLE VII.  ¢-expansion resummations of Acpy for the chiral O(2) GNY model.

Ny=2 Ny =3 Ny=4
P2 1.93026 1.9708 1.99453
PBjg, 2.0986 2.12455 2.1401
P 1.78953 1.85484 1.89093
PB ) 1.78864 1.85465 1.89089
Pyo/3) 185727 190925 193841
PBjg,3 2.02194 2.05289 2.07122
P/ 1.81701 1.8799 1.91344
PBy1/y) 1.81796 1.88001 1.91324
Py 1.80722 1.86641 1.89753
PB)/ ) 1.80608 1.86555 1.8971
Pio/4 1.81432 1.88521 192088
PB4 1.98289 2.01739 2.03755
Pps) 174667 1.86897 191257
PB[1/3] X X 1.91177
Ppa) 1.80019 1.87288 191261
PBpy)y 1.80114 1.87301 1.91189
Py 1.80045 1.87299 1.91301
PBj3 ) 1.80139 1.87339 1.91304
TABLE VIIL.  1/N j-expansion resummations of Acpyw for the chiral O(2) GNY model.

Ny=2 Ny=3 Ny=4
Py, 187345 191382 193466
PBy, ) 1.88021 1.91711 1.93661

[1] A. M. Polyakov, Phys. Lett. B 59, 82 (1975).

[2] A.M. Polyakov, Nucl. Phys. B120, 429 (1977).

[3] A.M. Polyakov, Gauge Fields and Strings (Harwood
Academic Publishers, Chur, Switzerland, 1987).

[4] E. Dagotto, J. B. Kogut, and A. Koci¢, Phys. Rev. Lett. 62,
1083 (1989).

[5] S. Hands and J. B. Kogut, Nucl. Phys. B335, 455 (1990).

[6] S.J. Hands, J. B. Kogut, and C. G. Strouthos, Nucl. Phys.
B645, 321 (2002).

[7] S.J. Hands, J. B. Kogut, L. Scorzato, and C. G. Strouthos,
Phys. Rev. B 70, 104501 (2004).

[8] C. Strouthos and J.B. Kogut, J. Phys. Conf. Ser. 150,
052247 (2009).

[9] N. Karthik and R. Narayanan, Phys. Rev. D 93, 045020

(2016).

[10] N. Karthik and R. Narayanan, Phys. Rev. D 94, 065026
(2016).

[11] X.-G. Wen, Quantum Field Theory of Many-Body Systems
(Oxford University Press, New York, 2004).

[12] S. Gazit, M. Randeria, and A. Vishwanath, Nat. Phys. 13,
484 (2017).

[13] C. Prosko, S.-P. Lee, and J. Maciejko, Phys. Rev. B 96,
205104 (2017).

[14] S. Gazit, E. F. Assaad, S. Sachdev, A. Vishwanath, and C.
Wang, Proc. Natl. Acad. Sci. U.S.A. 115, E6987 (2018).

[15] S. Gazit, E. F. Assaad, and S. Sachdev, arXiv:1906.11250.

094505-15


https://doi.org/10.1016/0370-2693(75)90162-8
https://doi.org/10.1016/0550-3213(77)90086-4
https://doi.org/10.1103/PhysRevLett.62.1083
https://doi.org/10.1103/PhysRevLett.62.1083
https://doi.org/10.1016/0550-3213(90)90503-6
https://doi.org/10.1016/S0550-3213(02)00869-6
https://doi.org/10.1016/S0550-3213(02)00869-6
https://doi.org/10.1103/PhysRevB.70.104501
https://doi.org/10.1088/1742-6596/150/5/052247
https://doi.org/10.1088/1742-6596/150/5/052247
https://doi.org/10.1103/PhysRevD.93.045020
https://doi.org/10.1103/PhysRevD.93.045020
https://doi.org/10.1103/PhysRevD.94.065026
https://doi.org/10.1103/PhysRevD.94.065026
https://doi.org/10.1038/nphys4028
https://doi.org/10.1038/nphys4028
https://doi.org/10.1103/PhysRevB.96.205104
https://doi.org/10.1103/PhysRevB.96.205104
https://doi.org/10.1073/pnas.1806338115
https://arXiv.org/abs/1906.11250

ZERF, BOYACK, MARQUARD, GRACEY, and MACIEJKO

PHYS. REV. D 101, 094505 (2020)

[16] E.J. Konig, P. Coleman, and A. M. Tsvelik, arXiv:1912
.11106.

[17] D. Gonzalez-Cuadra, L. Tagliacozzo, M. Lewenstein, and
A. Bermudez, arXiv:2002.06013.

[18] S. Sachdev, Phil. Trans. R. Soc. A 374, 20150248 (2016).

[19] X.Y. Xu, Y. Qi, L. Zhang, F. F. Assaad, C. Xu, and Z. Y.
Meng, Phys. Rev. X 9, 021022 (2019).

[20] W. Wang, D.-C. Lu, X. Y. Xu, Y.-Z. You, and Z. Y. Meng,
Phys. Rev. B 100, 085123 (2019).

[21] L. Janssen, W. Wang, M. M. Scherer, Z. Y. Meng, and X. Y.
Xu, arXiv:2003.01722.

[22] J. A. Gracey, Phys. Lett. B 317, 415 (1993).

[23] J. A. Gracey, Nucl. Phys. B414, 614 (1994).

[24] W. Rantner and X.-G. Wen, Phys. Rev. B 66, 144501
(2002).

[25] M. Hermele, T. Senthil, and M. P. A. Fisher, Phys. Rev. B
72, 104404 (2005); 76, 149906 (2007).

[26] S.M. Chester and S.S. Pufu, J. High Energy Phys. 08
(2016) 069.

[27] L. Di Pietro, Z. Komargodski, I. Shamir, and E. Stamou,
Phys. Rev. Lett. 116, 131601 (2016).

[28] L. Di Pietro and E. Stamou, J. High Energy Phys. 12 (2017)
054.

[29] L. Di Pietro and E. Stamou, Phys. Rev. D 97, 065007
(2018).

[30] N. Zerf, P. Marquard, R. Boyack, and J. Maciejko, Phys.
Rev. B 98, 165125 (2018).

[31] N. Zerf, R. Boyack, P. Marquard, J.A. Gracey, and
J. Maciejko, Phys. Rev. B 100, 235130 (2019).

[32] E. Dupuis, M. B. Paranjape, and W. Witczak-Krempa, Phys.
Rev. B 100, 094443 (2019).

[33] R. Boyack and J. Maciejko, arXiv:1911.09768.

[34] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).

[35] S.P. Klevansky and R. H. Lemmer, Phys. Rev. D 39, 3478
(1989).

[36] J. A. Gracey, Mod. Phys. Lett. A 08, 2205 (1993).

[37] M. M. Scherer and I. F. Herbut, Phys. Rev. B 94, 205136
(2016).

[38] T.C. Lang, Z. Y. Meng, A. Muramatsu, S. Wessel, and F. F.
Assaad, Phys. Rev. Lett. 111, 066401 (2013).

[39] Z. Zhou, D. Wang, Z. Y. Meng, Y. Wang, and C. Wu, Phys.
Rev. B 93, 245157 (2016).

[40] Z.-X. Li, Y.-F. Jiang, S.-K. Jian, and H. Yao, Nat. Commun.
8, 314 (2017).

[41] B.-H. Li, Z.-X. Li, and H. Yao, Phys. Rev. B 101, 085105
(2020).

[42] E. H. Lieb, Phys. Rev. Lett. 73, 2158 (1994).

[43] J. A. Gracey, J. Phys. A 25, 1.109 (1992).

[44] J. A. Gracey, J. Phys. A 26, 1431 (1993).

[45] L. Janssen and Y.-C. He, Phys. Rev. B 96, 205113 (2017).

[46] B. Ihrig, L. Janssen, L. N. Mihaila, and M. M. Scherer,
Phys. Rev. B 98, 115163 (2018).

[47] J. A. Gracey, Phys. Rev. D 98, 085012 (2018).

[48] J. A. Gracey, J. Phys. A 51, 479501 (2018).

[49] R. Boyack, A. Rayyan, and J. Maciejko, Phys. Rev. B 99,
195135 (2019).

[50] R. Boyack, C.-H. Lin, N. Zerf, A. Rayyan, and J. Maciejko,
Phys. Rev. B 98, 035137 (2018).

[51] B. Rosenstein, H.-L. Yu, and A. Kovner, Phys. Lett. B 314,
381 (1993).

[52] N. Zerf, L. N. Mihaila, P. Marquard, I. F. Herbut, and M. M.
Scherer, Phys. Rev. D 96, 096010 (2017).

[53] N. Zerf, in Proceedings of Loops and Legs in Quantum
Field Theory PoS(LL2018) (SISSA Medialab, St. Goar,
Germany, 2018), Vol. 303 p. 071.

[54] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevD.101.094505 for the full
analytical four-loop expressions at general N, for the f
and y functions and the critical exponents.

[55] S.G. Gorishny, A. L. Kataev, and S. A. Larin, Phys. Lett. B
194, 429 (1987).

[56] A.A. Vladimirov, D.I. Kazakov, and O. V. Tarasov, Zh.
Eksp. Teor. Fiz. 77, 1035 (1979) [Sov. Phys. JETP 50, 521
(1979)].

[57] M. Oshikawa, Phys. Rev. B 61, 3430 (2000).

[58] Z. Zhou, C. Wu, and Y. Wang, Phys. Rev. B 97, 195122
(2018).

[59] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cambridge
University Press, Cambridge, England, 2011).

[60] A.W. Sandvik, AIP Conf. Proc. 1297, 135 (2010).

[61] H. Kleinert and V. Schulte-Frohlinde, Critical Properties of
¢4—Theories (World Scientific, Singapore, 2001).

[62] G. W. Semenoff, Phys. Rev. Lett. 53, 2449 (1984).

[63] J. A. Gracey, Int. J. Mod. Phys. A 33, 1830032 (2018).

[64] S. Benvenuti and H. Khachatryan, J. High Energy Phys. 05
(2019) 214.

[65] J. A. Gracey, Phys. Lett. B 308, 65 (1993).

[66] J. A. Gracey, Phys. Rev. D 50, 2840 (1994).

[67] J. A. Gracey, Phys. Rev. D 59, 109904 (1999).

[68] S. Giombi, V. Kirilin, and E. Skvortsov, J. High Energy
Phys. 05 (2017) 041.

[69] S. Benvenuti and H. Khachatryan, arXiv:1812.01544.

094505-16


https://arXiv.org/abs/1912.11106
https://arXiv.org/abs/1912.11106
https://arXiv.org/abs/2002.06013
https://doi.org/10.1098/rsta.2015.0248
https://doi.org/10.1103/PhysRevX.9.021022
https://doi.org/10.1103/PhysRevB.100.085123
https://arXiv.org/abs/2003.01722
https://doi.org/10.1016/0370-2693(93)91017-H
https://doi.org/10.1016/0550-3213(94)90257-7
https://doi.org/10.1103/PhysRevB.66.144501
https://doi.org/10.1103/PhysRevB.66.144501
https://doi.org/10.1103/PhysRevB.72.104404
https://doi.org/10.1103/PhysRevB.72.104404
https://doi.org/10.1103/PhysRevB.76.149906
https://doi.org/10.1007/JHEP08(2016)069
https://doi.org/10.1007/JHEP08(2016)069
https://doi.org/10.1103/PhysRevLett.116.131601
https://doi.org/10.1007/JHEP12(2017)054
https://doi.org/10.1007/JHEP12(2017)054
https://doi.org/10.1103/PhysRevD.97.065007
https://doi.org/10.1103/PhysRevD.97.065007
https://doi.org/10.1103/PhysRevB.98.165125
https://doi.org/10.1103/PhysRevB.98.165125
https://doi.org/10.1103/PhysRevB.100.235130
https://doi.org/10.1103/PhysRevB.100.094443
https://doi.org/10.1103/PhysRevB.100.094443
https://arXiv.org/abs/1911.09768
https://doi.org/10.1103/PhysRev.122.345
https://doi.org/10.1103/PhysRevD.39.3478
https://doi.org/10.1103/PhysRevD.39.3478
https://doi.org/10.1142/S0217732393001938
https://doi.org/10.1103/PhysRevB.94.205136
https://doi.org/10.1103/PhysRevB.94.205136
https://doi.org/10.1103/PhysRevLett.111.066401
https://doi.org/10.1103/PhysRevB.93.245157
https://doi.org/10.1103/PhysRevB.93.245157
https://doi.org/10.1038/s41467-017-00167-6
https://doi.org/10.1038/s41467-017-00167-6
https://doi.org/10.1103/PhysRevB.101.085105
https://doi.org/10.1103/PhysRevB.101.085105
https://doi.org/10.1103/PhysRevLett.73.2158
https://doi.org/10.1088/0305-4470/25/3/005
https://doi.org/10.1088/0305-4470/26/6/024
https://doi.org/10.1103/PhysRevB.96.205113
https://doi.org/10.1103/PhysRevB.98.115163
https://doi.org/10.1103/PhysRevD.98.085012
https://doi.org/10.1088/1751-8121/aae663
https://doi.org/10.1103/PhysRevB.99.195135
https://doi.org/10.1103/PhysRevB.99.195135
https://doi.org/10.1103/PhysRevB.98.035137
https://doi.org/10.1016/0370-2693(93)91253-J
https://doi.org/10.1016/0370-2693(93)91253-J
https://doi.org/10.1103/PhysRevD.96.096010
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
http://link.aps.org/supplemental/10.1103/PhysRevD.101.094505
https://doi.org/10.1016/0370-2693(87)91077-X
https://doi.org/10.1016/0370-2693(87)91077-X
https://doi.org/10.1103/PhysRevB.61.3430
https://doi.org/10.1103/PhysRevB.97.195122
https://doi.org/10.1103/PhysRevB.97.195122
https://doi.org/10.1063/1.3518900
https://doi.org/10.1103/PhysRevLett.53.2449
https://doi.org/10.1142/S0217751X18300326
https://doi.org/10.1007/JHEP05(2019)214
https://doi.org/10.1007/JHEP05(2019)214
https://doi.org/10.1016/0370-2693(93)90602-E
https://doi.org/10.1103/PhysRevD.50.2840
https://doi.org/10.1103/PhysRevD.59.109904
https://doi.org/10.1007/JHEP05(2017)041
https://doi.org/10.1007/JHEP05(2017)041
https://arXiv.org/abs/1812.01544

