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We investigate the characteristics of o, f((980), and a((980) with the formalism of chiral unitary
approach. With the dynamical generation of them, we make a further study of their properties by evaluating
the couplings, the compositeness, the wave functions, and the radii. We also research their properties in the
single channel interactions, where the a,(980) cannot be reproduced in the KK interactions alone with
isospin I = 1 since the potential is too weak. In our results, the states of ¢ and f(980) can be dynamically
reproduced stably with varying cutoffs both in the coupled channel and the single channel cases. We find
that the 777 components is much important in the coupled channel interactions to dynamically reproduce the
a,(980) state, which means that a,(980) state cannot be a pure KK molecular state. We obtain their radii

as: [/ (%), 080) = 1.80 £ 0.35 fm, [\/ ()], = 0.68 £0.05 fm and |\/(r)],, o50) = 0.94 = 0.09 fm.

Based on our investigation results, we conclude that the f,(980) state is mainly a KK bound state, the ¢
state a resonance of zz and the a,(980) state a loose KK bound state with the significant compositeness of
7y. From the results of the compositeness, they are not pure molecular states and have something
nonmolecular components, especially for the o state.

DOI: 10.1103/PhysRevD.101.094034

I. INTRODUCTION

Even though quantum chromodynamics (QCD) is the
fundamental theory of strong interaction and governs the
high energy region, the nature and the structure of the
lowest scalar mesons still problematic and under debate.
One of the main topics of the high energy physics is to
comprehend the properties of the hadronic resonances. The
conventional picture of the hadrons based on the quark
model is the baryon made of ggg and the meson ¢g.
However, that is not the whole picture of the observed
hadrons, with the development of the experiments, many
resonances have been found, which may have complex
structures since their nature cannot be interpreted by the
conventional ways, such as tetraquarks [1], hybrids [2], and
glueballs [3] for mesons, and pentaquarks and heptaquarks
for baryons, or molecular states. These exotic states have
drawn much attention both in theories and experiments to
understand their structure and decay properties, see more
details in the reviews [4—14]. In the low energy region the
perturbative QCD failed because of the confinement, so we
need to explore a nonperturbative QCD, such as Lattice
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QCD [15-17], QCD sum rules [18-24], effective field
theory [25-27], chiral unitary approach (ChUA) [28-32],
and so on. In case of meson-meson and meson-baryon
interaction, chiral dynamics is crucial in understanding the
structure and the nature of the resonances, and it has shown
that many known resonances are dynamically generated in
the hadron-hadron interaction [33].

Following the work of Ref. [34], we continue to study
the properties of the o [or f((500)], f¢(980) [35], and
ap(980) [36] states. Although the states of f((980) and
ao(980) are nearly degenerated, they have different isospin
and other properties. Several proposals were made about
the nature of these scalar particles, such as gg state [37—40],
multiquark states [1,22-24.,41,42], or KK molecules [43—
46]. The evidence of four-quark nature for the f,(980) and
ay(980) states are found in the ¢ meson radiative decay
[42] where more experimental information and discussions
can be referred to Refs. [47-49]. The nature of the o
resonance is different from the other two. The masses of the
f0(980) and ay(980) are close to the KK threshold,
conversely o is far above zz threshold. Moreover the
decay width of the ¢ is very large, which does not behave
like an ordinary Breit-Wigner resonance [50]. Furthermore,
from the large N limit calculations [51,52] and Regge
theory [53] are confirmed that ¢ is not an ordinary ¢g
structure. References [54,55] have found that the states of o
and a,(980) display a very different N behavior. In the
work of Ref. [56], using the ChUA, the potential of the
pseudoscalars calculated from the chiral Lagrangians [57—
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62], and then by applying the unitarity in coupled channel
scattering amplitudes, the o, f((980) and ay(980) are
dynamically generated. Along the line of Ref. [56], we
make a further investigation of the properties of the o,
f0(980), and a((980) states by evaluating their compos-
iteness, the wave functions and the radii both in the coupled
channel and the single channel interactions.

In the present work, we will firstly introduce the formalism
of the interactions of KK and its coupled channels. Then, we
discuss the definition of the couplings and how to calculate
the compositeness, the wave functions and the radii for a
resonance in ChUA. Following, we show our results in
details for the cases of the coupled channel and the single
channel, respectively. Finally, we close with our conclusions.

II. FORMALISM

In this section, we firstly revisit the formalism
of Ref. [56], where the interaction potentials for the
coupled channels are derived from the lowest order chiral
Lagrangian, and then performing the S-wave projection, the
scattering amplitudes are evaluate with a set of on-shell
Bethe-Salpeter equations. Next, we introduce the defini-
tions of the couplings in the coupled channel, the wave
functions, the compositeness and the radii of the generated
resonances.

A. S-wave scattering amplitude in the
coupled channels and single channel

In chiral pertubative theory, the most general chiral
Lagrangian can be written in a perturbative manner
according to the powers of the momenta of the pseudo-
scalar mesons [57-62],

Lewpr(U) = Z’CZn =L+ L4+ O(p°), (1)

where the lowest order chiral Lagrangian £, of the
pseudoscalar meson octet is given by

L, = r < L UTorU) + Jf (MU' + U))
1 1
=3 <aﬂ<1>aﬂ ) =5 (M®?) + o7 (9,0 — ®9, D)%)
1 ®°
+sz<Mcb4> + O<f4> (2)

which has combined with the mass term and contains the
kinetic terms (the first two terms) and the interaction terms
containing at least four meson fields [59,62]. In the ChUA,
we only consider the interaction parts of the lowest order of
chiral Lagrangian, the third and the fourth terms, which
contain four meson fields. Thus, taking the interaction parts
with four meson fields in Eq. (2), the interaction
Lagrangian for the ChUA is given by [56],

1

Lo —
n 12f2

(0,0 — ®I,@)* + MD*), (3)

where f is the pion decay constant, the value of which is
taken as 92.4 MeV [63], () stands for the trace of matrices,
and @ is the pseudo Goldstone boson fields, defined as

Ox) = e
%ﬂ'o —l—\/igr]g s K*
= n 2+ g KO | (4)
K~ K° —%ng

Besides, the pseudoscalar meson mass matrix M is given by

m2 0 0
M=| o0 m 0 , (5)
0 0 2m%—m?

where we have taken the isospin limit (m, = m).

Using the interaction Lagrangian, Eq. (3), we can derive
the tree level amplitudes for KK, zz and 7 channels,
which will be used as the interaction potentials in the
coupled channel Bethe-Salpeter equations. After perform-
ing the S-wave projections, the interaction potentials in the
isospin bases are given by [56],

Vi=0 = 4f2 (3s +4m% — Z;p?),

_ 9
Vi =— 3\/_f2< s+ 3m% + 3m3 ——Zp)

V0 = T (9s + %) (6)

_ 1
vigt = "L <3s - Zp, + 4mK)

15m2

_ \/3 4
Vish = 127 <6 —ZE 2+ m ——m%)
VI=1 _ 1 2 7
22 —_—3f2mm ( )

where we specify the KK and zz channels with the labels 1
and 2, respectively, for the case of isospin / = 0, and the
KK and 7 channels for the case of I = 1. For the on shell
amplitudes, one can take p? = m?.

For the scattering amplitudes of the coupled channels,
one can solve the Bethe-Salpeter equations factorized on

shell [56],

T=[1-VG]'V. (8)
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It is worthwhile to note that in the present case 7', V, and G
are 2 x 2 matrices. The element of the diagonal G matrix is
the loop function of two intermediate mesons in the ith
channel, given by

d*q 1 1
Gii(s)_i/ ) 2 . ) 2 )
(27)* q* —mi +ie(py + pa—q)* —m; + ie

©)

where p; and p, are the four-momenta of the two initial
particles, respectively, and m,, m, are the masses of the
two intermediate particles appearing in the loop. Note that
the G function is logarithmically divergent. There are two
methods to solve this singular integral, either using the
three-momentum cutoff method [56], where the analytic
expression is given by Ref. [64], or the dimensional
regularization method [65]. Using the cutoff method we
can rewrite Eq. (9) as

Gii(s) = /‘1 q*dq ) +
! o Q) omls - (0 + @) +ie]”

(10)

where g =1g|, w; = (q* +m)"? and s = (p; + p2)*,

and the cutoff, ¢, is the only one free parameter. We
show our results of the real part and the imaginary part of
the G functions in the isospin / = 0 case in Fig. 1 with two
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FIG. 1.

different cutoffs (about their values see the discussions at
the beginning of next section), where one can see that the
imaginary part of the loop function is independent with the
cutoff, which leads to extrapolate to the second Riemann
sheet easily, see the discussions below.

Using ChUA, one also can easily determine the masses
and the decay widths of the states produced in the coupled
channel interactions just by looking for the poles in the
complex Riemann sheets. Thus, one need to extrapolate the
analytical structure of the scattering amplitudes in the
complex s plane. To fulfill these, one can extrapolate the
G(s) function into the second Riemann sheet by

Gy"(s) = G (s) - 2iImG ()

) i Pemi(s)
=G;;'(s) +ET’ (11)

where the loop function on the first Riemann sheet, Gfll ) (s),

is given by Eq. (10), and the three momentum in center-of-
mass (CM) frame is given by

B M2(s,m}, m3)

pcmi(s) - 2\/5 ,

with the usual Killen triangle function A(a,b,c) =
a*+b*+ ¢ =2(ab + ac + bc), see more details in

(12)
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Real part and imaginary part of the propagator for the case of isospin / = 0 with two different cutoffs ¢,y-
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Ref. [56]. In our case of two coupled channels, there are
four Riemann sheets, defined as
Sheet I: Imp; > 0,Imp, > 0 — G<11>,G§2),
Sheet II: Imp, > 0,Imp, < 0 — G55, G\!);
Sheet III: Tmp; < 0,Imp, < 0 — G5, G\'\);

Sheet IV: Imp, < 0,Imp, > 0 — G4, G\II).

In the present case, only two coupled channels, the
elements of the scattering amplitudes 7" matrix can be
written as [56],

1
T, = A_(A Vii+ Vi,Gy).
1
Ty = A (VaiGuiVin + AVay),
V V2,G
7122 _ A22+ AIZAH (13)
where one defines
Ay =1=VyGy,
Ag =1-VGyy,
Ac = AKAfr - V%ZGIIGZZ' (14)

For the single channel cases, we have the KK and 7z
(zn) interaction channel separately for I =0 (I = 1). Just
by taking V,; = 0, one can easily reduce Eq. (13) to,

Tll = s

A, Ty =-——. (15)

Az
B. The couplings and the wave functions
By applying the Laurent expansion of the amplitude
close to the pole, the scattering amplitudes can be written
as [66,67]
9i9;
S = Spole

T.. =

ij +7/0+7/1(s_sp01e)+"" (16)

where g; and g; are the coupling constants of the ith and jth
channels, which can be calculated from the residue of the
pole [68,69]

glgj = lim ( spole)Tij‘ (17)

S_)spolu
Using Cauchy integral formula, we can evaluate the residue
as a loop integral in the complex s plane,

1

T 1
S Tuds, (18)

g =

where the integral is over a closed path in the complex s
plane around the pole s = s.. Furthermore, with the

couplings of the corresponding poles, one can generalize
Weinberg’s rule [70] for bound state or resonance to the
formalism of ChUA [71]

dG
—Zg? { o

where an alternative derivation of this relationship can be
found in Ref. [72]. The sum rule of Eq. (19) holds for the
pure molecular states, the bound states or resonances,
which are dynamically generated in the coupled channel
interactions. More discussions and the applications of this
rule can be found in Refs. [73-77]. However, in some
cases, if a physical state couples not only to hadron-hadron
pairs, but also to a different component of nonmolecular
type, this relation becomes for the composite states

dG,
—Z_:g? [ 7

} =1-2, (20)
§ spu]e

’] =1, (19)
S=Spole

where Z represents the probability of which the system is
not a molecule components but something else. As dis-
cussed in Ref. [76], the interpretation of Z as a probability
nonmolecular (meson-meson or meson-baryon state in
ChUA) component is strict for bound states, which is
related to the genuine component in the wave function of
the state omitted from the coupled channels. Note that for a
specified channel the G; function should be extrapolated to
the right Riemann sheet for a corresponding pole of
the state.

To understand more about the sources of the resonances,
we study the wave function of the resonance at small
distances. Once we have the wave function of a resonance,
one can also investigate its form factor, which responses the
state to external sources. Following the formalism of
Ref. [78], the wave function of a resonance in coordinate
space is given by

3=
p(r) = /q (2‘2)’3’/2 P (p|P). (21)

After performing the angle integration of the momentum,
we obtained [68]

N 1 4n1 .
$(r) = WTE/%M pdpsin(pr)
i 2
X ®(sz§ |p|) - _}2m\/ = (22)
E —w,(p) — o:(p) p* + m3,

where C is the normalization constant, and E = | /Sy,
thus, which is real for a pure bound state with zero width
and otherwise complex for the general cases in ChUA. Note

2
I to

that here we put an extra form factor f(g) = pia
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regulate the scale of the wave function, and our conclusions
do not change if we remove it. Besides, Eq. (22) is the
scattering wave function of the two components, which
does not include the outgoing plane wave function for the
case of the resonance with open channel(s), and thus, it will
be confined within a few fm for the molecular states,1 see
our results later. Using the wave functions that we have,
one can evaluate the form factor of the states with its
definition [78],

F@) = [ @R e (et

e
) 0(A=p)O(A~ |5~ 3)
E=an(p)=on(p)[E= (5= )~ (5~

(23)

9’

with a normalization to keep F(¢ =0)=1. For a gen-
erated state in ChUA, a pole with its width, which is
complex, the form factor is complex too, see the results
below. Finally, the radii of the states (or mean square
distance) can be evaluated from the form factor,

() = -6 {dF @} e (24)

Note that a soft step function needed to make the form
factor converge in this case. On the other hand, for the case
of a bound state, the radii of the state can also be obtained
from the tail of the wave functions as done in Ref. [73]

27dG;(s)
_gl[ ds ]S:xoe
(r); BT = (25)

where the binding energy Bg; = m; + m; — Mg, and the

m;m,
m,~+t£§'
squared distance of the bound state in the ith channel. In fact,
using the relations of the sum rule and the wave functions, it
is easy to know that Eq. (25) is an approximation of Eq. (24),
see more discussions in Refs. [71,72,76,84].

reduced mass p; = Conceptually, (r?); is the mean-

III. RESULTS

We first revisit the KK interactions with its coupled
channels of zz or zn, where the states of o, f((980), and

'Within ChUA, more discussions about the wave functions for
the s-wave bound states can be found in Ref. [79], for the s-wave
resonances with open channel(s) in Refs. [76,78], the extrapo-
lation to any partial wave interactions in Ref. [71], and more
details connected with the sum rule in Refs. [71,80]. Furthermore,
Refs. [81-83] have discussed more about the wave functions for
the molecular state and the compact four-quark states.

a(980) are dynamically generated in the coupled channel
interactions as done in Ref. [56]. But, we make a further
study of the couplings, the compositeness, the wave
functions and the radii for these states to investigate more
details on their properties, as the results shown below. To
find more information about the structure of the poles
corresponding to these states, we examine the single
channel interactions. Note that, for the only one free
parameter in our approach, what we used below for the
value of the cutoff is the one determined in Ref. [34] by
performing a combined fit for the experimental data,
dmax = 931 MeV, which is a bit different with the ones
used in Ref. [56]. To see the uncertainties of our calcu-
lations, we also show the results with the one of about 15%
division to the upper limits, g,,,, = 1080 MeV and varying
the values between 15% division in some cases.

A. Coupled channel approach

We first calculate the phase shifts and the inelasticities.
As done in Ref. [56], the two-channels S-matrix are used,

2201 i(1 = 172\ 1/2i(81+6)
s o =y (26)
i(1- n2)1/2ez(51+52) ne2id:

where the observables of §;, d, correspond to the phase
shifts of the channel 1, 2, respectively, and the one of 7 is
the inelasticity. These observables can be calculated from
the relationship between S-matrix and the scattering
amplitude 7-matrix, having

= — S —1),
1 2ipcm1( n=1)
8m+\/s
=—— (S —1),
» 2ipcn12( »n—1)
8m\/s
T, =1ty :—7\/_(512—1)7 (27)

2i\/ Pem1Pem2

where p.,; is the corresponding three momentum in the
CM frame as discussed above. The results of the phase
shifts and the inelasticities in isospin of / =0 and / =1
sectors are shown in Figs. 2 and 3, respectively. In Fig. 2,
we can see that the results of / =0 sector are in good
agreement with the experimental data up to /s = 1.2 GeV
even with the upper limit of the cutoff. From Fig. 2(b), one
can see that the o structure is a wide bump and the signal of
f0(980) is in the sharp increasing region which crosses 90°
[50]. However, in I = 1 sector because of the lack of
experimental data for phase shifts and inelasticities, we
make some predictions for them, where the structure of
ay(980) can be clearly seen in the phase shifts of the zn
channel.

Next, we show our results for the invariant mass
distributions. As done in Ref. [56], we compare our results

094034-5
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FIG. 2. Our results for the sector of isospion / = 0 with two different values of ..

with the data of zx invariant mass distribution from the
reaction K~ p — X(1385)z 7 and the ones of KK from the
reaction K~ p — STK~K°, see Fig. 4, where we use

daii
dv/s

= C|Tii|2qcmiv (28)

where T;; is the scattering amplitude of the KK or zn
channel, ¢,,; is three momentum in CM frame and C the
normalization factor. To see more clearly the resonances
dynamically reproduced in the coupled channel inter-
actions, we plot the modulus squared of the scattering
amplitudes in / = 0 and / = 1 sectors, as shown in Figs. 5
and 6. From Figs. 5(a) and 5(b) of |T},|*> and |T,|* for
I = 0, the peak of f(980) state is clearly seen. In Fig. 5(c),
the broad structure of 75, are o resonance, where the dip is
the signal of f,(980) state closed to the KK threshold and
the structure of the amplitudes are consistent with the ones
calculated with dispersion method [85]. Likewise, the
ay(980) resonance can be clearly seen in |T,]%, |T1,|?,
and |T,|* for I = 1 sectors in Fig. 6. In spite of showing
the a,(980) resonance in the results of |75, |?, see Fig. 6(c),
there is an extra feature, which is called threshold effect
[56,86], of which more details can be seen a recent review
[87]. This feature is due to the strong coupling of the

resonance a,(980) to the KK channel which cause to
dwindle the width of the scattering amplitude and change
the location of the maximum. This effect is originated from

V2.G .
the second term of T;, 4> Ai‘, see Eq. (13), and precisely
comes from the imaginary part of the term % as shown

in Fig. 7.

In Figs. 5 and 6, we have dynamically reproduced the
states of o, f((980) and a((980) in the modulus squared of
the scattering amplitudes. Thus, we can search for their
corresponding poles in the Riemann sheets to determine
their masses and widths. To see their poles stable or not, we
plot the trajectories for the masses and the widths of their
poles by changing the value of ¢,,,,, see Fig. 8, where all of
these poles are found in the second Riemann sheet (sheet II
as defined in the last section). Because all of these poles
locate in the second Riemann sheet, where the channel of
zz or 7 is open and KK close, we only can obtain rough
information on their structures since all of them are above
the threshold of 7z or i channel and below the one of KK.
This is why we need to continue researching their couplings
of a certain channel later for revealing more structure
details. From Fig. 8, we can find that even varying the free
parameter, g, the corresponding poles for them are
stably produced in the second Riemann sheets. But, one
can see that the behavior of the pole for ¢ is different from
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the other two states, f(980) and a,(980). When the cutoff
increases, the mass of ¢ slightly increases to a maximum
and then declines, and its width decreases, whereas the
masses of f,(980) and a,(980) always decline from above
KK threshold to below threshold, and their widths increase
(the width of a,(980) increase to an upper limit). These
differences mean that the properties of ¢ look like different
from the ones of f(980) and a((980). On the other hand,
the mass of f,(980) is more stable than the one of a,(980),
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(C=25x%x1075).
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Our results for the sector of / = 1.

whereas, the width of a,(980) does not change much when
the cutoff varies. Thus, we continue to make further
investigations about their different properties.

To explain the different properties of the states o,
f0(980) and a((980) in the behaviors of Fig. 8, we firstly
look at the results of G functions in Fig. 1, where one can
see that the real parts of the loop function reduce when the
cutoff ¢, increases, whereas the imaginary parts are
independent with the cutoff. To simplify the discussions,

80r
—— 931 MeV
60r 1080 MeV
1>
98
~ 40t
|l
o)
Tl T
20r
o ‘ ‘ ‘ ) ‘
850 900 950 1000 1050 1100

Vs Mev

(b) The invariant mass distribution of

(C'=3.63x1077).

FIG. 4. Results for the invariant mass distribution with two different ¢q,,,,.
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FIG. 7. Results of the real part (left) and imaginary (right) part of () with different cutoffs.

we detail with the single channel formalism, since these
properties can be confirmed by the single channel cases,
except for the one of a((980), see the discussions on the
next subsection and the results of Fig. 13. Since the ¢ state

A

¢

is a resonance above the zz threshold of which the pole is
located in the second Riemann sheet, one can see that
the pole conditions are the modulus and the arguments
of complex G,, and V,, meeting with both |V,,G,,| = 1

I\
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FIG. 8.
and a((980) by varying cutoff (gmay)-

Trajectories for the masses and the widths of the poles in the second Riemann sheets corresponding to ¢ (f,(500)), f(980),
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and Arg(Vy,) = —Arg(G,,), which are equivalent to
1 —Re(V2,Gyy) = 0 and Im(V,G,,) = 0, see the subfig-
ures of Fig. 9(a) and Fig. 9(b). From Fig. 9(a), one can find

that, when the cutoff g,,,, increases, the parts of \G—lzzl close

to x-axes (real energy) will rise up due to the real parts of G
function decreasing, which will lead to the pole moving to
higher energy, and thus, the mass of the o state increases, as
shown in Fig. 8. On the other hand, one also can see that the

surface of |G17| is a bit flat, which make the pole moving to

higher energy not much. This is why the mass of the o state
increases in a small range. In Fig. 9(b), when the cutoff
gmax 1ncreases, the arguments of the complex Gy,
—Arg(G»,), increase. But, on the other hand, the real parts
of G function decrease, which will lead to the imaginary
parts of G function reducing more, and thus, the width of
the o state decreasing more, see Fig. 8. For the case of the
state of £,(980), since it is a bound state of KK which is the
dominant channel for the f,(980) state in the coupled
channel interactions, it is easy to see in Fig. 9(c) that the
mass of the f,(980) state decreases due to the cutoff
increasing, where we plot VL“ and Re(G,;) for the KK

1G22

Kl [Va|

1000
(a) Results of @ and |Va2| in the complex

energy planes.

channel. But, the width of the f,(980) state comes from the
contributions of the zz channel, and thus, from the
discussions for the o state, the width will become larger
for the pole moving to the lower energy region with the
cutoff increasing. In the case of the state of a((980), it looks
like a bit complicated for the potential of the KK channel
being too weak to create a pole in the first Riemann sheet in
the single channel case, see the discussions on the next
subsection. In fact, one can perform similar analyses with
the pole conditions as the case of the o state replacing with
the parts of A. — 1, see Eq. (14), where we do not repeat
this analyses again. One should know that in this case the
transition potential of V|, plays a significant role to
produce a pole in the second Riemann sheet of the coupled
channel case. Besides, the width of the a,(980) state is not
changed much for the cutoff varying because of the
constant potential of the zxn channel, see Eq. (7).

For the sake of the complete investigations about the
characteristics of these resonances, we continue to study
the couplings, the compositeness, the wave functions and
the radii as well. The couplings to various channels for
isospin / = 0 and / = 1 sectors have been calculated using

Kl -Arg(Gz)
0 Kl Arg(V2)

1000

(b) Results for the arguments of the complex
G22 and ‘/22.

~0.010}~ =~ _

-0.012
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00161 g ax=838 MeV N
- - qmax=1024 MeV i
-0.018} e
1V L
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Results of T

(©)

and |G| with the real

energy /s.

FIG. 9. Results of the potentials V and the loop functions G (/s = x + iy).
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Eq. (17), as presented in Tables I and II, respectively. From
these results in / = O sector, it is observed that the o state
couples to the zz channel strongly, while f, strongly
couples to the KK channel. Thus, the pole of the ¢ state
dominates by the zz channel whereas the one of the f|, state
mainly by the KK channel. In I = 1 sector, the a; state is
tightly coupled to both the KK and 75 channels, but it has
more tendency to the K K channel, which means that the
pole of a, is dominated by the KK channel but the
contributions of 77 is significant too.

Using the sum rule of Eq. (20), the compositeness can be
calculated from the couplings of the dynamically generated
states, where one can check that whether f, and a, are a
pure molecular state or have something else. Our results are
given in Tables III and IV. From the results of Table III,
once again we can conclude that the structure of f; is
highly dominated by the K K molecular components, which

is up to 80% with the central value of ¢,,,, = 931 MeV,
and has very small parts of the zz components even though
the coupling to the zz channel is not so small, which is
more than 1/3 of the one to the K K channel, see Table I. By
contrast, the o state has large part components of zz about
40% and quite tiny parts of KK, where one can find that
this state still has much large parts of nonmolecular
components. Our results of the compositeness in
Table III for the states of ¢ and f,, are consistent with
the ones obtained in Ref. [77] with the inverse amplitude
method. The q, state has a main components of KK and
some contributions from the zn component, see Table IV,
but it still has something else about 30%. These results are
comparable with the work of Ref. [73] where the properties
of these resonances are investigated with the formalism of
finite-volume. Therefore, these states are not pure molecu-
lar states and have something else, where Ref. [88] also

TABLE I. Couplings of ¢ and f, to every channel for / = 0 sector.

Gmax = 931 MeV 9kk 9Kk (GCVZ) ‘gKI_(‘(GeV) Ynr9nn (GeVz) ‘g,mKGGV)
o: 469.23 + 199.70i —1.05 + 1.72i 1.42 —-3.49 4 8.20i 2.98
Sfo: 991.17 + 13.45i 10.92 - 10.91i 3.92 —1.76 4+ 0.70i 1.37
Gqmax = 1080 MeV

o: 469.28 + 180.46i —-0.80 + 1.86i 1.42 —-2.0 + 8.28i 292
Sfo: 982.13 +21.67i 16.15 — 10.55i 4.39 -2.34 4+ 1.11i 1.60
TABLE II. Couplings of a, for I = 1 sector.

Gmax — 931 MeV gKI_(gK[_((GeV2) |gK1_(|(GeV) 9rnYGmn (GCV2) |gﬂr/|(GeV)
ay: 1002.90 + 56.68i 24.17 -9.22i 5.08 10.30 +5.711 3.43
Gmax = 1080 MeV

ay: 974.50 + 57.31i 21.83 —3.28i 4.78 8.16 +5.20i 3.11
TABLE III.  Results of the compositeness of the poles in / = 0 sector.

Gmax = 931 MeV (1 -2)kk (1 - Z) kg (1-2)s (1 = Z) ]
c: 469.23 + 199.70i —0.01 +0.01i 0.01 -0.13 - 0.37i 0.40
So: 991.17 + 13.45i 0.79 +0.12i 0.80 0.02 - 0.01: 0.02
Gmax = 1080 MeV

o: 469.28 + 180.46i —-0.00 +0.01i 0.01 —0.16 — 0.36i 0.39
Sfo: 982.13 + 21.67i 0.70 +0.11i 0.70 0.02 - 0.01i 0.02
TABLE IV. Results of the compositeness of the poles in / = 1 sector.

Ymax =931 MeV (1_Z)KI_( |(1_Z)KI_(| (I_Z)ﬂr/ |(1_Z)m1|
ap: 1002.90 + 56.68i 0.37 +0.41i 0.55 —0.09 —0.13{ 0.16
Gmax = 1080 MeV

ay: 974.50 + 57.31i 0.34 +0.29i 0.45 —0.07 - 0.12i 0.14
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conclude that the f,(980) and ay(980) states are not
elementary states based with a Flatté parametrization
analysis.

To study the response of these states to the external
sources, one need to know the form factor of these states.
Thus, we evaluate the wave functions for them, and then,
we can calculate the radii once we have their form factor.
The wave functions of these state for all distances are
shown in Fig. 10, where the real parts and the imaginary
parts of the wave functions for the f, ¢ and q, states are
given since the poles corresponding to these states are
complex. From Fig. 10, one can see that, up to about 4 fm,

the wave functions for them become zero. With the wave
functions obatined, we can investigate the radii of these
states with Eq. (24) which relates the wave functions at the

origin, see the results of Table V with two cutoffs. As
discussed above, we also calculate the radii from the tail of
the wave functions using Eq. (25), as shown in Table VI.
From the results of Tables V and VI, we can clearly see that
the radii of the f, and a, states in two approaches of
Eqgs. (24) and (25) are larger than the typical hadronic scale
0.8 fm [73], whereas the one of the o state keeps in the
typical hadronic scale <0.8 fm. But, in Table VI, we find
that the one for f(980) with cutoff g, =931 MeV is
much larger, |\/(r?)| = 16.36 fm, which is due to the
corresponding pole closing to the KK threshold where the
binding energy becomes zero, see Eq. (25). Indeed, when
we vary the cutoff which changes the positions of the
corresponding poles closed to the threshold, the results with
Eq. (25) become unstable, as shown in Fig. 11. In Fig. 11,
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FIG. 10. Results of the real part and imaginary part of the wave functions for the f,, (upper parts), o (middle parts), and a, (lower parts)

states.
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TABLE V. The radii of states calculated with Eq. (24).

Resonances Gmax = 931 MeV [/ (r?)] Gmax = 1080 MeV [/ (r?)]
fo 1.42 4+ 1.10i fm 1.80 fm 1.31 + 0.62i fm 1.45 fm
o 0.68 + 0.0057 fm 0.68 fm 0.63 4+ 0.04i fm 0.63 fm
ay 0.83 4+ 0.44i fm 0.94 fm 0.96 + 0.35i fm 1.03 fm
TABLE VI. The radii of states evaluated with Eq. (25).

Resonances Gmax = 931 MeV [/ (r?)] Gmax = 1080 MeV [/ (r?)]
fo 16.32 4+ 1.20i fm 16.36 fm 1.73 + 0.13i fm 1.73 fm
o 0.43 4+ 0.31 fm 0.54 fm 0.44 + 0.29; fm 0.53 fm
ag 0.56 — 1.25i fm 1.37 fm 0.96 + 0.36i fm 1.02 fm

we can see that the results with the second method are
much stable, and the ones with the first method have
singularities when the cutoff moves the pole near the
threshold where the binding energy becomes zero. As
discussed in Ref. [84], the mean-squared radius is
well defined with Eq. (24) both for the bound states
and the resonances. Thus, at the end, we obtain

V() |, 080) = 1.80£0.35fm,  |/(r*)|,=0.68+0.05fm

and [/ (r*)|,,080) = 0.94 +0.09 fm, where we take the

central value of the cutoff ¢, = 931 MeV within 15%
uncertainties.

B. Single channel approach

In the previous section, we have investigated the proper-
ties of the o, fy, and a, states in the coupled channel

0.8
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(a) The radii of f,(980). (b) The radii of o.
5
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4
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v
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(¢) The radii of ag(980).

FIG. 11.
with Eq. (24).

Results of the radii by varying the cutoffs, where method 1 means the radii calculated with Eq. (25), and method 2 the one
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FIG. 13. Results of the masses and widths for the states of ¢ and f,(980) as a function of the cutoffs.
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FIG. 14. Real (left) and imaginary (right) parts of the zz scattering amplitude in coupled and single channels.
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TABLE VII.  Couplings of the ¢ and f,(980) states in a single channel.

Gmax = 931 MeV 9kkRIKK (GeVz) ‘gKI?‘(GeV) GunYnn (GCVZ) ‘gmz|(GeV)
0: 466.81 + 212.21i 0 0 —4.41 4+ 7.77i 2.98
f0(980): 948.62 26.4 5.13 0 0

dmax = 1080 MeV

0: 468.213 4+ 195.8i 0 0 —3.20 + 8.05i 2.942
f0(980): 923.77 29.8 545 0 0
TABLE VIII.  Compositeness of the ¢ and f(980) states in single channel.

Gmax = 931 MeV (1 - Z)kk (1 - Z) kil (1 =2) (1 = 2Z) |
o: 467.13 + 209.968i 0 0 —0.11 - 0.37i 0.39
f0(980): 948.62 0.62 0.62 0 0

Gmax = 1080 MeV

0: 468.213 4 195.8i 0 0 —0.13 - 0.36i 0.386
f0(980): 923.77 0.52 0.52 0 0

formalism. For the sake of the completeness and the
comprehensive understanding of these dynamically gen-
erated states, we continue to examine their properties in
single channel interactions where one can make a further
checking their dominant components. At first, we show the
results of the modulus squared of the scattering amplitudes,
|T|?, in Fig. 12, where one can see the sharp peak with
nearly zero width in the KK channel on the left and the
wide bump structure in the zz channel on the right. Next,
we search for the corresponding poles in the complex
Riemann sheets. For the zz channel interactions, as shown
in Fig. 13 where we vary the cutoffs, we always find the
pole in the second Riemann sheet above the threshold, of
which the mass changes weakly and the width varies not so
much as the case of the coupled channel interactions. For
the case of the KK channel, now the pole keeps below the
threshold, and thus, has no width as a pure bound state
since there is no decay channel, see Fig. 13(c), which are
more bound compared with the results of coupled channel
cases in Fig. 8. Therefore, we can conclude that the o state

£(500)
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= 1000} .
= Gmax=931MeV, E=466.81+212.20 i MeV
8 1500} | Gmax=1080 MeV, E=468.21+195.80 i MeV
|
-2000}/}
{
’I
-2500f
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FIG. 15.

is a resonance mainly formed by the zz interactions and the
one of the f,, state is a bound state of the KK component as
found in the coupled channel interactions above. To reveal
more details, see Fig. 14 for the real and the imaginary parts
of the nz scattering amplitudes in the coupled and the
single channel interactions, one can see that in the region of
the o state appeared, 400-700 MeV, the amplitudes are not
affected so much by the coupled channel of KK, which is a
bit far away from the threshold of K K. Indeed, the structure
of the f,(980) state can be clearly seen closed to the
threshold of KK, as shown in Fig. 14. However, in the
isospin I = 1 sector, the potential of the KK channel is too
weak to create a pole in the second Riemann sheet when it
decouples to the zn channel, of which the potential is
independent with the energy. This means that the coupled
channel effects play much important role in the dynamical
production of the a state.

As in case of the coupled channel interactions, we make
further studies of the compositeness, the wave functions
and the radii. The results of the couplings are given in

£(500)
O b
-200}
—400}
g Gmax=931 MeV, E=466.814212.20 i MeV
g -6oop i . Gmax=1080 MeV, E=468.21+195.80 | MeV
-800f
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Wave function of the ¢ state in the zz channel.

094034-15



HIWA A. AHMED and C. W. XIAO

PHYS. REV. D 101, 094034 (2020)

TABLE IX. Radii of the states calculated with Eq. (24) in the single channel case.

Resonances Gmax = 931 MeV [V ()] Gmax = 1080 MeV [/ ()]
c 0.69 + 0.007 i fm 0.69 fm 0.64 4+ 0.03 i fm 0.64 fm
f0(980) 1.29 fm 1.29 fm 1.11 fm 1.11 fm

TABLE X. Radii of the states evaluated with Eq. (25) in the single channel case.

Resonances Gmax = 931 MeV [/ (r?)] Gmax = 1080 MeV [/ (r?)]
o 0.43 +0.32ifm 0.54 fm 0.43 +0.30i fm 0.53 fm
f0(980) 0.75 fm 0.75 fm 0.55 fm 0.55 fm

Table VII, even though the strengths of the couplings have
lost the relative meanings in the case of the single channel
interactions. But, from the results of the compositeness, see
Table VIII, with the couplings obtained, the compositeness
for the f,(980) state is a bit smaller than the ones of the
coupled channel case, which is consistent with the results
of the coupled channel case in Table III.

The wave functions of the ¢ and f,(980) states are
shown in Figs. 15 and 16, respectively. And their radii
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FIG. 16.  Wave function of the f(980) state in the KK channel.
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FIG. 17.
referred the same as in Fig. 11.

calculated from the form factor and the tail of the wave
functions are given in Tables IX and X, respectively, of
which the trajectories with different cutoffs are shown in
Fig. 17. The results of Tables IX and X are consistent with
the ones obtained in the coupled channel case, see Tables V
and VL. Since now the £,(980) state is pure KK bound
state, the radii with the tail of the wave functions in Eq. (25)
are well defined and always smaller than the ones evaluated
from the form factor with Eq. (24), compared the right part
of Fig. 17 with the subfigure of Fig. 11(a).

IV. CONCLUSIONS

In the present work, we investigate the properties of the
o, f0(980), and ay(980) states with the chiral unitary
approach, where we use the formalisms of the coupled
channel and the single channel. Within the isospin limit,
two poles are found in the second Riemann sheet in isospin
I = 0 sector corresponding to the ¢ and f,(980) states, and
a pole in I = 1 sector is found, which corresponds to the
a(980) state. In the case of the single channel calculations,
we find the corresponding poles of the ¢ and f(,(980) states
in the zz and KK channels with [ =0, respectively.
However, in I = 1 sector the potential of the KK channel
is too weak to create a pole in the second Riemann sheet.
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Radii of the states o (left) and f,(980) (right) as a function of cutoffs in single channel case, where the methods 1 and 2 are
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When we vary the only one free parameter of the cutoff,
these states are stably dynamically generated both in the
coupled channel and the single channel formalism, except
for the one of a((980) missing in the single channel
interactions. Besides, we also predict the phase shifts in
I =1 sector with the coupled channel formalism.
Furthermore, we studied the couplings, the composite-
ness, the wave functions, and the mean-squared distance of
these dynamically generated states in both the coupled
channel and the single channel formalisms. From the
results of the couplings and the compositeness, we con-
clude that the f,(980) state is essentially made by the KK
component, which is about 80%, and has very small parts
of nzzm. However, the o state has the main contributions
from the zz channel, of which the component amounts to
about 40%, and has quite small quantity of the KK
component. Thus, the ¢ resonance has a large parts of
something else except for the molecular components. For
the case of the a((980) state, the 77 channel has important
contributions to its generations in the coupled channel
interactions. Even though it is dominated by the KK

component with 55%, it also has large contributions of
about 16% from the zn component. With the wave
functions obtained, we calculate the radii of these

states and get |\/(r*)| 1 (9s0) = 1.80 £ 0.35 fm, [\/(r?)|, =
0.684-0.05 fm and |/ (r?) lag(980) = 0.94 & 0.09 fm, which
can be indirectly tested in the future experiments. Finally,
from our results of the couplings, the compositeness, the
wave functions and the radii, we can conclude that the
f0(980) state is mainly a KK bound state, the & state a
resonance of zz and the ay(980) state a loose KK bound
state with the significant contributions from the =y
component.
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