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In this paper we discuss different mechanisms of open-heavy flavor meson production. Using the color
dipole framework,we analyze indetail the contributionsof the conventional two-Pomeron fusion and the three-
Pomeron fusion correction. In a parameter-freewaywe found that the three-Pomeronmechanism is significant
for D-meson production in the small-pT kinematics, although it is less important at large pT , as well as for
B-mesons. The inclusion of the three-Pomeronmechanism significantly improves the agreement of theoretical
predictions with experimental data in the small-pT kinematics. We also consider the nonprompt charmonia
production, and demonstrate that the theoretical results are in reasonable agreement with experimental data.
Finally, we compare the theoretical predictions for the dependence on multiplicity of coproduced hadrons
to experimental data recently measured by the ALICE collaboration. We found that, contrary to naive
expectations, the contribution of the three-Pomeron mechanism has only a mild effect on the self-normalized
observables in the range of multiplicities studied at ALICE, and for this reason the two-Pomeron fusion
mechanism can describe reasonably well the experimentally observed multiplicity dependence.
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I. INTRODUCTION

Hadrons containing heavy quarks present a widely used
tool to test the predictions of quantum chromodynamics
(QCD). In theheavyquarkmass limit thedynamics of a heavy
quark can be described perturbatively [1], which allows us to
test the perturbativeQCD(pQCD)predictions. For this reason
the production of heavymesons has been extensively studied
in the literature (see, e.g., [2–10] for an overview), and a
reasonable description of the experimental data on inclusive
production has been achieved. However, the existing theo-
retical models are constantly being challenged by the
improving precision of the available data and the technical
advances which make it possible to measure more compli-
cated observables. In fact, the start of the High Luminosity
Run 3 at LHC (HL-LHC mode) [11–13] will significantly
enhance the available data and will give the possibility to
analyze the mechanisms of different processes.
One of the observables which can be measured, thanks to

the large luminosity, is the dependence of the cross section
on yields (multiplicity) of the charged particles coproduced
together with a given heavy meson [14–19]. Since the
charged particles are produced nonperturbatively, this
observable allows to test an interplay of the soft and hard

physics, while, as was explained in [20,21], the high
multiplicity events allow to test the physics in a deeply
saturated regime, which otherwise would require signifi-
cantly larger energies. Recent experimental data [15–19]
show that the yields of S-wave quarkonia (J=ψ ,
ψð2SÞ;ϒð1SÞ) grow rapidly as a function of the multiplic-
ity of charged particles. Such behavior is at tension with
conventional two-Pomeron fusion mechanisms, and poten-
tially might signal that there are sizable contributions from
three-Pomeron fusion mechanisms [20,21], which were
previously disregarded as higher twist effects. For this
reason it is important to revisit the analysis of open heavy-
flavor (D- and B-) meson production and check if the
conventional mechanisms can describe the multiplicity
dependence. In the case of D- mesons such dependence
was recently measured by the ALICE collaboration [14],
while in B-meson production to the best of our knowledge
there is no direct experimental data on the multiplicity
dependence,1 yet there are data on the multiplicity depend-
ence of nonprompt J=ψ production, which proceeds via
B → J=ψ decays [14]. These data allow to test the
predicted multiplicity dependence for the case of heavier
b-quarks. The range of multiplicites in the currently
available experimental data is quite limited, because the
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1B-mesons are usually reconstructed from the B → J=ψK
decay channel, which has an order of magnitude smaller
branching fraction than the inclusive B → J=ψ þ X decay. For
this reason it is more challenging to study this channel, especially
in rare high-multiplicity events.
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statistics falls rapidly as a function of event multiplicity, but
we expect that it will be significantly extended with data
from Run 3 at LHC (HL-LHC mode) [11–13]. Another
goal of this paper is to estimate the contribution of the
three-Pomeron mechanisms, which are usually disregarded
in the heavy quark mass limit. While in the dipole picture it
is believed that a universal dipole cross section should take
into account all such contributions, in phenomenological
parametrizations of the dipole cross section usually such
contributions are taken into account only partially or not
taken into account at all. For this reason in our explicit
evaluation we estimate explicitly the role of such contri-
butions. In particular, since the contribution of the three-
Pomeron mechanism is expected to grow faster than that of
the two-Pomeron fusion, we pay special attention to the
three-Pomeron mechanism in large multiplicity events.
The paper is structured as follows. In Sec. II we discuss

the framework used for the evaluation of the open-heavy
meson production. In Sec. II Awe evaluate the contribution
of the two-Pomeron fusion mechanism and compare its
predictions with experimental data. In Sec. II B we evaluate
the contributions of the three-Pomeron mechanisms and
estimate numerically their relative contributions. Our major
finding is that they are significant for D-mesons for small
pT ≲ 10 GeV, yet become negligible for large pT and for
B-mesons. In Sec. III we develop the framework for the
multiplicity dependence description in the dipole formal-
ism and compare its predictions for the multiplicity
dependence with available experimental data. Finally, in
Sec. IV we draw conclusions.

II. EVALUATION OF THE INCLUSIVE
CROSS-SECTION

In this section we will focus on the production of open
heavy-flavor mesons (D- and B-mesons). The cross section
for heavy meson production can be related to the cross
section for heavy quark production as [4,5,9,10].

dσpp→MþX

dyd2pT
¼

X
i

Z
1

xQ

dz
z2

Di

�
xQðyÞ
z

�
dσpp→Q̄iQiþX

dy�d2p�
T

ð1Þ

where y is the rapidity of the heavy meson (D- or B-meson),
y� ¼ y − ln z is the rapidity of the heavy quark, pT is the
transverse momentum of the produced D-meson, DiðzÞ is
the fragmentation function which describes fragmentation
of the parton i into a heavy meson, and dσpp→Q̄iQiþX=dy

� is
the cross section of heavy quark production with rapidity y�.
The fragmentation functions for the D- and B-mesons, as
well as nonprompt J=ψ production, are known from the
literature (see the Appendix B for details). Since the
dominant contribution to all mentioned states stems from
the heavy c- and b-quarks (prompt and nonprompt mech-
anisms respectively), their production can be evaluated in
the heavy quark mass limit, and for this reason in what

follows we will focus on the evaluation of the cross section
dσpp→Q̄iQiþX=dy

�d2p�
T , which appears in the integrand

of (1).

A. Two-Pomeron contribution

The conventional mechanism widely used for descrip-
tion of the heavy meson production is a Pomeron-Pomeron
fusion (see Fig. 1). The corresponding cross section in the
dipole approach is given by [9,10]

dσpp→Q̄iQiþXðy;
ffiffiffi
s

p Þ
dyd2pT

¼
Z

d2kTx1gðx1;pT −kTÞ
Z

1

0

dz
Z

1

0

dz0

×
Z

d2r1
4π

Z
d2r2
4π

eiðr1−r2Þ·kTΨ†
Q̄Qðr2;z;pTÞΨ†

Q̄Qðr1;z;pTÞ

×NMðx2ðyÞ; r⃗1; r⃗2Þþðx1↔ x2Þ; ð2Þ

x1;2 ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

M þ hp2⊥Mi
p ffiffiffi

s
p e�y ð3Þ

where y and pT are the rapidity and transverse momenta
of the produced heavy meson in the center-of-mass frame
of the colliding protons; kT is the transverse momentum
of heavy quark, gðx1; pTÞ in the first line of (2) is the
unintegrated gluon PDF; Ψg→Q̄Qðr; zÞ is the light-cone
wave function of the Q̄Q pair with transverse separation
between quarks r and the light-cone fraction carried by the
quark z, and we use for it the standard perturbative
expressions [22]

FIG. 1. A typical two-Pomeron fusion diagram, taken into
account in evaluation of the heavy quark production. In the dipole
framework [23–26] the dipole cross section is found as a solution
of the Balitsky-Kovchegov (BK) equation, so effectively the BK
Pomeron includes additional fanlike contributions (shown by
grey lines; resummation of all possible fanlike topologies is
implied). The vertical dashed grey line stands for the unitarity
cut, the blob in the lower part is the hadronic target (proton);
the fermionic loop in the upper part of the figure includes a
summation over all possible gluons.
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Ψ†
Tðr2; z; Q2ÞΨTðr1; z; Q2Þ

¼ αsNc

2π2
fϵ2fK1ðϵfr1ÞK1ðϵfr2Þ½eiθ12z2 þ e−iθ12ð1 − zÞ2�

þm2
fK0ðϵfr1ÞK0ðϵfr2Þg; ð4Þ

Ψ†
Lðr2; z; Q2ÞΨLðr1; z; Q2Þ

¼ αsNc

2π2
f4Q2z2ð1 − zÞ2K0ðϵfr1ÞK0ðϵfr2Þg; ð5Þ

ϵ2f ¼ zð1 − zÞQ2 þm2
f ð6Þ

jΨðfÞðr;z;Q2Þj2¼ jΨðfÞ
T ðr;z;Q2Þj2þjΨðfÞ

L ðr;z;Q2Þj2 ð7Þ

The meson production amplitude NM depends on the
mechanism of QQ̄ pair formation. For the case of the
two-Pomeron fusion, it is given in leading order by [10]
(see also Appendix A)

NMðx; r⃗1; r⃗2Þ

¼ −
1

2
Nðx; r⃗1 − r⃗2Þ −

1

16
½Nðx; r⃗1Þ þ Nðx; r⃗2Þ�

−
9

8
Nðx; z̄ðr⃗1 − r⃗2ÞÞ

þ 9

16
½Nðx; z̄r⃗1 − r⃗2Þ þ Nðx; z̄r⃗2 − r⃗1Þ þ Nðx; z̄r⃗1Þ

þ Nðx; z̄r⃗2Þ�: ð8Þ

For the pT-integrated cross section the gluon uPDF
x1gðx1; pT − kTÞmust be replaced with the integrated gluon
PDF xgGðxg; μFÞ, which should be taken at the scale
μF ≈ 2mQ. In the LHC kinematics at central rapidities
(our principal interest) this scale significantly exceeds the
saturation scale QsðxÞ, which justifies the use of two-
Pomeron approximation. However, in the kinematics of
small-xg (large energies) there are sizable nonperturbative
(nonlinear) corrections to the evolution in the dipole
approach, and therefore in this kinematics the correspond-
ing scale μF should be taken at the saturation momentum
Qs. In this approach the gluon PDF x1Gðx1; μFÞ is closely
related to the dipole scattering amplitude Nðy; rÞ ¼R
d2bNðy; r; bÞ as [27,28]

CF

2π2ᾱS
Nðy; r⃗Þ ¼

Z
d2kT
k4T

ϕðy; kTÞð1 − eik⃗T ·r⃗Þ;

xGðx; μFÞ ¼
Z

μF

0

d2kT
k2T

ϕðx; kTÞ; ð9Þ

where y ¼ lnð1=xÞ. Equation (9) can be inverted and it
gives the gluon uPDF in terms of the dipole amplitude,

xGðx; μFÞ ¼
CFμF
2π2ᾱS

Z
d2r

J1ðrμFÞ
r

∇2
rNðy; r⃗Þ: ð10Þ

The corresponding unintegrated gluon PDF can be
rewritten as [29]

xgðx; k2Þ ¼ ∂
∂μ2F xGðx; μFÞ

����
μ2F¼k2

which allows to rewrite the result in a symmetric and self-
consistent form, which in turn permits a straightforward
generalization of the high-multiplicity events. Here and in
what follows, for our numerical evaluations we will we use
the “CGC” parametrization of the dipole cross section [24]

Nðx; r⃗Þ¼ σ0×

(
N0ðrQsðxÞ

2
Þ2γeffðrÞ; r≤ 2

QsðxÞ
1− expð−A lnðBrQsÞÞ; r > 2

QsðxÞ
; ð11Þ

A¼−
N2

0γ
2
s

ð1−N0Þ2 lnð1−N0Þ
; B¼ 1

2
ð1−N0Þ−

1−N0
N0γs ; ð12Þ

QsðxÞ¼
�
x0
x

�
λ=2

; γeffðrÞ¼ γsþ
1

κλY
ln
�

2

rQsðxÞ
�
; ð13Þ

γs ¼ 0.762; λ ¼ 0.2319;

σ0 ¼ 21.85 mb; x0 ¼ 6.2 × 10−5 ð14Þ

In Figs. 2, 3 we show the pT-dependence for bothD-meson
and B-meson production, as well as for the case of
nonprompt J=ψ mesons. We can see that in the large pT
region the two-Pomeron mechanism describes very well all
the available data. At small-pT ≲ 5 GeV there are no direct
measurements for B-mesons, although there are data for
nonprompt J=ψ (from decays of the B-mesons), and we can
see that the model describes the data available from
Tevatron [30,31]. However, for D-mesons the agreement
is marginal in this kinematics, and the two-Pomeron
mechanism systematically overestimates the experimental
data by more than 2σ. Such behavior is not related to
technical details of our evaluation (like the choice of the
dipole cross sections or fragmentation functions) and was
also observed by other authors (see e.g., [9,10]). Since this
small-pT region gives the dominant contribution to the pT-
integrated cross section, the two-Pomeron mechanism will
also overestimate this observable. As we will demonstrate
in the next section, the agreement with data in the small-pT
kinematics improves after the inclusion of the multigluon
contributions.

B. Three-Pomeron contribution

As we discussed in the introduction, for the c-quarks
potentially there could be a sizable contribution from the 3-
gluon fusion mechanism. While usually it is believed that
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such contributions are suppressed by αsðmQÞ, and in certain
cases additionally by Λ2

QCD=m
2
Q, we have seen from [20,21]

that potentially such contributions might give a sizable
correction for charmonia production, especially in large-
multiplicity events. In the framework of the dipole model it
is usually assumed that the universal dipole cross section
takes into account all such contributions. However, in
phenomenological parametrizations usually such contribu-
tions either are taken into account with additional simplify-
ing assumptions or some of the contributions are
disregarded. For example, a widely used phenomenological
parametrization “CGC” suggested in [23–26], was inspired
by a solution of the Balitsky-Kovchegov (BK) equation and
effectively resums only fan diagrams shown in the left panel

of Fig. 4. This parametrization does not take into account the
three-Pomeron contributions at all. The competing IP-Sat
parametrization [22,41],whichwas inspired byGlauber-like
approach, resums thefor set of Balitsky-Fadin-Kuraev-
Lipatov (BFKL) ladder diagrams shown in the right panel
of Fig. 4. A central assumption which allows for numerical
simplifications is that the interaction of the BFKL
ladder (Pomeron) with a dipole of size r is given by
∼αsðμ2Þr2xgðxÞ, which might work for small color-singlet
dipoles, but in general cases requires a more careful treat-
ment. Although for sufficiently small dipoles the predictions
of both approaches agree with each other, for the subleading
terms the CGC and IP-Sat dipole cross sections might differ
significantly. For this reason in general we cannot extract the

FIG. 3. Left plot: Comparison of experimental and theoretical results for the B�-mesons production cross section dσ=dydpT . The
experimental data are from CMS [36](“

ffiffiffi
s

p ¼ 7 TeV, jyj < 2.1” data points), ATLAS [37](
ffiffiffi
s

p ¼ 7 TeV, jyj < 0.5 data points) and CDF
[38] (

ffiffiffi
s

p ¼ 1.96 TeV, jyj < 0.6 data points). Right plot: The pT-dependence of the cross section dσ=dydpT for nonprompt J=ψ .
Comparison with experimental data from CMS [39] (

ffiffiffi
s

p ¼ 5 TeV data) and CDF [40](
ffiffiffi
s

p ¼ 1.96 TeV data) at central rapidities.
For ψð2SÞ the pT-dependence has a similar shape and differs only by normalization. In both plots, for some experimentally measured
bin-integrated cross sections dσ=dpT , it was converted into dσ=dpTdy dividing by the width of the rapidity bin (this is justified since in
the LHC kinematics at central rapidities y ≈ 0 the cross section is flat).

FIG. 2. The pT -dependence of the cross section dσ=dpT for Dþ-mesons, evaluated with the two-Pomeron fusion mechanism
and integrated over the rapidity bin. Left plot: comparison with data in the LHC kinematics, at central and forward rapidities. The
experimental data are from [32–34]. Right plot: Comparison with experimental data from the Tevatron at central rapidities. The
experimental points are from the CDF and D0 collaborations [30,31]. For other mesons the pT -dependence has a similar shape, although
it differs by a numerical factor of two (a more detailed comparison with data can be found in [10,35]).
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contribution of the three-Pomeron mechanism from (2), (8)
and need to evaluate it explicitly. However, we should take
into account that in contrast to J=ψ production at the same
order of perturbation theory, we may get also interference
terms of the leading-order with subleading order contribu-
tions. Since we work in the eikonal approximation, these
diagrams will differ only by a numerical (combinatorial)
factor. Due to these interference contributions the correction
is not positively defined.
As was demonstrated in the Appendix A, for the three-

Pomeron contribution we can show that the corresponding
cross section is given by

Nð3Þ
M ðx; z; ⃗r1; ⃗r2Þ

≈
1

8σeff

�
N2þðx; z; ⃗r1; ⃗r2Þ

�
3N2

c

8

�

þ N2
−ðx; ⃗r1; ⃗r2Þ

�ð43N4
c − 320N2

c þ 720Þ
72N2

c

�

þ ðN2
c − 4Þ
2

Nþðx; z; ⃗r1; ⃗r2ÞN−ðx; ⃗r1; ⃗r2Þ
�

ð15Þ

where

N−ðx; r⃗1; r⃗2Þ≡−
1

2
½Nðx; r⃗2− r⃗1Þ−Nðx; r⃗1Þ−Nðx; r⃗2Þ� ð16Þ

Nþðx; z; ⃗r1; ⃗r2Þ≡ −
1

2
½Nðx; ⃗r2 − ⃗r1Þ þ Nðx; ⃗r1Þ þ Nðx; ⃗r2Þ�

þ Nðx; z⃗̄r1 − ⃗r2Þ þ Nðx; z⃗̄r1Þ
þ Nðx;−z⃗̄r2 þ ⃗r1Þ þ Nðx;−z̄ ⃗r2Þ
− 2Nðx; z̄ð⃗r1 − ⃗r2ÞÞ ð17Þ

and σeff ≈ 20 mb is an effective cross section discussed in
detail in A. Both functions N�ðz; ⃗r1; ⃗r2Þ are invariant with
respect to permutation r1 ↔ r2. For the pT-integrated cross

sections it is possible to show that the integration reduces to
⃗r1 ¼ ⃗r2 ¼ ⃗r, so the cross sections N� simplify to

Ñ−ðx; ⃗rÞ≡ N−ðx; ⃗r; ⃗rÞ ¼ Nðx; ⃗rÞ ð18Þ

Ñþðx; z; ⃗rÞ≡ Nþðx; z; ⃗r; ⃗rÞ
¼ 2Nðx; z̄ ⃗rÞ þ 2Nðx; z ⃗rÞ − Nðx; ⃗rÞ: ð19Þ

In addition to the three-Pomeron term (15), in the same
order in αs we should take into account contributions due
to interference of LO and NNLO terms, as shown in the
Fig. 5. As was discussed in Appendix A, the contribution of
these interference terms is given by

NðintÞ
M ðx; z; ⃗r1; ⃗r2Þ

¼ −
3

16σeff

�
2Nþðx; z; ⃗r1; ⃗r2ÞÑþðx; z; ⃗r2Þ

�
3N2

c

8

�
þ

− N−ðz; ⃗r1; ⃗r2ÞÑ−ðx; ⃗r2Þ
�ð43N4

c − 320N2
c þ 720Þ

72N2
c

�

þ ðN2
c − 4Þ
2

ðNþðz; ⃗r1; ⃗r2ÞÑ−ðx; ⃗r2Þ

þ Ñþðx; ⃗r2ÞN−ðz; ⃗r1; ⃗r2ÞÞ
�
: ð20Þ

In general the contribution of the interference term (20) is
negative, and larger by magnitude than the direct contri-
bution (15), and for this reason the total correction of the
three-Pomeron mechanism in general is negative. This
contribution is strongly suppressed at large pT because in
this kinematics a typical dipole size r ∼ 1=pT , and the
contributions (15), (20) have an additional suppression
∼Oðr2Þ ∼Oðp−2

T Þ compared to (2), (8).
In order to illustrate the relative size of the three-Pomeron

mechanism (15) and the interference term (20), in Figure 6
we plotted the ratio of the cross sections evaluated with
three-Pomeron and two-Pomeron mechanisms,

FIG. 4. Left plot: A typical fan diagram taken into account in the CGC parametrization [23–26] of the color singlet dipole cross section
Nðz; rÞ (resummation of all possible treelike topologies is implied). Right plot: The BFKL ladder diagrams resummed in the IP-Sat
(b-Sat) parametrization [22,41]. In both plots a vertical dashed grey line stands for the unitarity cut, the blob in the lower part is the
hadronic target (proton); two fermionic lines in the upper part of the blob stand for the dipole of the transverse size r.
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Rð3Þðy; pTÞ ¼
dσð3Þ=dydpT

dσð2Þ=dydpT
: ð21Þ

We can see that for the c-quarks at small pT both contri-
butions might be substantial and constitute up to a factor of
two correction. For the b-quarks it does not exceed ten per
cent even for pT ≈ 0, in agreement with heavy quark mass
limit expectations. In the large-pT kinematics the relative

weight of the three-Pomeron contribution is suppressed and
does not exceed a fewper cent forpT ≳ 10 GeV. In Fig. 7we
show the pT-dependence of the cross section, taking into
account both two- and three-Pomeron mechanisms. We can
see that in the region of small-pT the agreement with data is
much better than with just the two-Pomeron mechanism
shown in Fig 3. For this reason in what follows we will take
into account both the two- and three-Pomeron mechanisms.

III. MULTIPLICITY DEPENDENCE

A. Theoretical framework

As was illustrated in the previous section, the dipole
approach (2), (8), (15), (20) with a CGC dipole para-
metrization provides a very reasonable description of the
inclusive D- and B-meson production. Nevertheless, the
description of the multiplicity dependence presents more
challenges at the conceptual level, because there are
different mechanisms to produce enhanced number of
charged particles Nch. The probability of multiplicity
fluctuations decreases rapidly as a function of number of
produced charged particles Nch [42], and for this reason in
the study of the multiplicity dependence it is more common
to use a normalized ratio [43]

dNM=dy
hdNM=dyi

¼ wðNMÞ
hwðNMÞi

hwðNchÞi
wðNchÞ

¼ dσMðy; η;
ffiffiffi
s

p
; nÞ=dy

dσMðy; η;
ffiffiffi
s

p
; hni ¼ 1Þ=dy

�
dσchðη;

ffiffiffi
s

p
; Q2; nÞ=dη

dσchðη;
ffiffiffi
s

p
; Q2; hni ¼ 1Þ=dη ð22Þ

where n ¼ Nch=hNchi is the relative enhancement of the
number of charged particles in the pseudorapidity window
ðη − Δη=2; ηþ Δη=2Þ; hNchi ¼ ΔηdNch=dη is the average
number of charged particles in the pseudorapidity window

FIG. 6. The relative contribution of the 3-gluon to the 2-gluon
mechanism, as defined in (21). The curves with labels “c → Dþ”
and “b → Dþ” correspond to prompt and nonprompt contribu-
tions toDþ-meson production (for otherD-mesons the results are
similar). The additional label “j3IPj2” in some curves implies that
for the contribution of the 3-Pomeron fusion cross section only
the contribution (15) was taken into account, whereas for the
curves with label “All” we also took into account the contribution
of the interference term (20). We can see that for c-quarks the
contribution of the 3-gluon mechanism in the small-pT kinemat-
ics is significant and changes the result by a factor of two,
whereas for b-quarks it is just a minor correction which does not
exceed 10% even for pT ≈ 0. For large pT the relative contri-
bution decreases for all quark flavors, and for pT ≳ 10 GeV it
becomes negligible.

(a) (b)

FIG. 5. The three-Pomeron contributions [diagram (a)] contribute at the same order in αs as the interference of LO and NNLO
diagrams [diagram (b)], and for this reason the interference terms should be taken into account. In both plots the vertical dashed line is a
unitary cut, lower blob is a target (proton), and all possible connections of Pomerons (thick wavy lines) to the heavyQ, Q̄ quark lines are
implied. Note that in diagram (a) both Pomerons are cut, whereas in case of the interference contribution one of the Pomerons is uncut
and thus does not contribute to observed multiplicity enhancement, as explained in the next Sec. III.
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ðη − Δη=2; ηþ Δη=2Þ; wðNMÞ=hwðNMÞi and wðNchÞ=
hwðNchÞi are the self-normalized yields of heavy meson
M (M ¼ D, B) and charged particles (minimal bias events)
in a given multiplicity class; dσMðy;

ffiffiffi
s

p
; nÞ is the produc-

tion cross sections for heavy mesonsM with rapidity y and
Nch ¼ nhNchi charged particles in the pseudorapidity
window ðη − Δη=2; ηþ Δη=2Þ, whereas dσchðy;

ffiffiffi
s

p
; nÞ is

the production cross sections for Nch ¼ nhNchi charged
particles in the same pseudorapidity window. If the inclu-
sive cross section of the process pp → M þ X is propor-
tional to the probability to produce a meson M in a single
pp collision, then the ratio (22) gives a conditional
probability to produce a meson M in a pp collision in
which Nch charged particles were produced. Due to the
local parton-hadron duality (LPHD) hypothesis [44–46] the
number of produced charged particles is directly propor-
tional to the number of partons which stem from the
individual Pomerons and thus can be studied using per-
turbative methods.
In the color dipole approach analyzed in this paper,

we expect that the multiplicity dependence is enhanced
due to a larger average number of particles produced from
each Pomeron. Nevertheless, we still expect that each such
cascade (“Pomeron”) should satisfy the nonlinear Balitsky-
Kovchegov equation, and for this reason we expect that the
dipole amplitude (11) should maintain its form, although
the value of the saturation scale Qs might be modified. As
was demonstrated in [27,47,48], the observed number of
charged multiplicity dNch=dy of soft hadrons in pp
collisions is given by the so-called KLN-style formula

dNch

dy
¼ cNIP

Q2
s

ᾱSðQ2
sÞ

ð23Þ

where c is a numerical coefficient, and NIP is the number of
BK Pomerons. Solving algebraic Eq. (23), we could extract
Q2

s as a function of dNch=dy. Taking into account that the
distribution dNch=dy is almost flat, we may approximate
n ¼ Nch=hNchi ≈ ðdNch=dyÞ=hdNch=dyi, so (23) allows to
express Q2

s as a function of n. Frequently in the literature
the logarithmic dependence on n, which stems from the
running coupling in denominator of (23), is disregarded,
and therefore (23) reduces to a simpler linearly growing
dependence on n [27,47–52],

Q2
sðx; b; nÞ ¼ nQ2ðx; bÞ: ð24Þ

The precision of this assumption was tested in [9], and it
was found that a numerical solution of the running coupling
Balitsky-Kovchegov (rcBK) equation differs from the
approximate (24) by less than 10% in the region of interest
(n ≲ 10). Since this correction is within the precision of
current evaluations, in what follows we will use (24) for our
estimates. While at LHC energies it is expected that the
typical values of saturation scaleQsðx; bÞ fall into the range
0.5–1 GeV, from (24), we can see that in events with
enhanced multiplicity this parameter might exceed the
values of heavy quark mass mQ and lead to an interplay
of large-Qs and large-mQ limits. Thus the study of the high-
multiplicity events gives us access to a new regime which
otherwise would require significantly higher energies.
As was shown in [27,47,53–55], for dilute systems the

saturation scale Qs is closely related to the gluon density of
the target,

CF

2π2

Z
d2bQ2

sðx; b; nÞ ¼ xGðx;QsÞ; ð25Þ

FIG. 7. The pT-dependence of the cross section dσ=dpT for Dþ-mesons, evaluated taking into account both the three-Pomeron and
interference contributions. We use the same notations as in the Fig. 2; the data are integrated over the rapidity bin. Left plot: comparison
with data in the LHC kinematics at central and forward rapidities. The experimental data are from [32–34]. Right plot: Comparison with
experimental data from the Tevatron at central rapidities. The experimental points are from the CDF and D0 collaborations [30,31]. For
other mesons the pT-dependence has a similar shape, although it differs by a numerical factor of two (a more detailed comparison with
data might be found in [10,35]).

PRODUCTION MECHANISMS OF OPEN-HEAVY FLAVOR MESONS PHYS. REV. D 101, 094020 (2020)

094020-7



CF ≡ N2
c − 1

2Nc
: ð26Þ

This qualitative relation just reflects the fact that for dilute
system the saturation scaleQ2

s is proportional to the density
of partons (gluons), which is described by the gluon density
G. It is tempting to extrapolate the relation (25) to study the
multiplicity dependence of the gluon density. However,
such interpretation might be useful only for the case when n
is not very large, while for the events with very large
multiplicity (n ≫ 1) the concept of the gluon density
becomes quite obscure, since in this case the twist
expansion does not work (it is heavily broken by higher
order terms). The n-dependence of (24) hints to the fact that
the contributions with large number of cut Pomerons
should be enhanced compared to the n ¼ 1 case. Indeed,
in the heavy quark mass limit and for not very large n, the
typical dipole size in (2) is given by hri ∼m−1

Q , so from the
structure of (11) we can see that this enhancement is
given by a factor ∼nγeff . However, in the deeply saturated
regime (n ≫ 1), when Q2

sðx; b; nÞ ≳m2
Q, the typical dipole

size is controlled by the saturation scale and thus the n-
dependence should be the same for all multi-Pomeron
contributions. We would also like to mention that the uncut
Pomerons do not contribute to the observed enhancement
of charged particles and thus should not be taken into
account in the multiplicity evaluation.
To conclude, the suggested mechanism introduces a

dependence on multiplicity of soft produced particles,
and it is quite different from other approaches such as

the percolation approach [56] or the modification of the
slope of the elastic amplitude [57]. Moreover, it can be
applied both to the production of soft and hard particles.
In the following subsection we will use this approach
for analyzing the multiplicity dependence of quarkonia
production.

B. Phenomenological estimates

In a typical experimental setup the detector used to
collect charged particles Nch usually covers some small
rapidity bin Δη, in which a relative enhancement of
multiplicity n ¼ Nch=hNchi is observed. This enhance-
ment is a result of superpositions of increased multiplic-
ities from individual Pomerons. Since each Pomeron
hadronizes independently, we may expect that we should
apply the modification of the dipole cross section dis-
cussed in the previous section to each of the Pomerons,
modifying the corresponding dipole amplitude. However,
the number of Pomerons which can participate in the
observed multiplicity enhancement depends crucially on
the details of how the experiment is done, as explained
in Fig. 8.
For the simplest case when the bins used for the

collection of mesons and charged particles are well-
separated in rapidity (left panel in Fig. 8), it is clear that
all charged particles can stem only from cut Pomerons at a
given rapidity (lower Pomerons in Fig. 8), so the cross
section to produce heavy meson M and N particles can be
found as a mathematical expectation, convoluting the
probability of a given partition (N1;…Nk) with the value
of the corresponding cross section, viz.:

FIG. 8. Demonstration that only some Pomerons should be taken into account in the evaluation of enhanced multiplicity. For
definiteness we consider only the three-Pomeron fusion mechanism and for simplicity disregard the heavy quark fragmentation
(convolution with fragmentation function), which slightly changes the rapidity. Left plot: When the rapidity bin used for the collection of
heavy mesons (blue box) does not overlap with the bin used for the collection of charged particles (red box), the elevated multiplicity
should be unambiguously attributed to (shared between) the two lower Pomerons. Right plot: Situation when the bins partially overlap.
For the partons in the intersection region (magenta color) the assignment to upper or lower bins depends on the position of heavy meson
inside the bin (y − Δy=2, yþ Δy=2). In the final result we should average over all possible rapidities of heavy meson inside the bin.
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dσpp→Q̄iQiþXðy;
ffiffiffi
s

p
; nÞ

dyd2pT
¼

�Y
k

XN
Nk¼0

PðNk; hNkiÞ
�
δN;

P
k
Nk

×
dσpp→Q̄iQiþXðy;

ffiffiffi
s

p
; n1…nkÞ

dyd2pT
;

nk ≡ Nk

hNki
ð27Þ

In (27) we sum over all possible partitions of the number of
observed charged particles N≡nΔη¼N1þN2þ���þNk.
The additional arguments n1…nk in the arguments of the
cross section in the second line of (27) imply a modification
of the saturation scale in a dipole cross section of individual
BK Pomerons by factors n1…nk, as described in the
previous section. The function PðNk; hNkiÞ in the integrand
is the probability that a single Pomeron has a given
multiplicity fluctuation with a mean value hNi. This
distribution should satisfy a convolution identity

X
N1

PðN1; hN1iÞPðN − N1; hN2iÞ

¼ PðN; hN1i þ hN2iÞ: ð28Þ

which implies that a contribution of a Pomeron to the
observed number of charged particles equals the sum of all

FIG. 10. Left plot: Relative contribution of the 3-Pomeron to the 2-Pomeron mechanism, as defined in (21). The curves with
labels “c → Dþ” and “b → Dþ” correspond to prompt and nonprompt contributions to Dþ-meson production (for other D-mesons
the result is similar). The additional label “j3IPj2” in some curves implies that for the contribution of the 3-Pomeron fusion
cross section only the contribution (15) was taken into account, whereas for the curves with label “All” we also took into
account the contribution of the interference term (20). We can see that for c-quarks the contribution of the 3-Pomeron
mechanism is substantial and constitutes up to 50% of the total result at small pT , whereas for b-quarks it does not exceed 10% even
for pT ≈ 0. For large pT the relative contribution decreases both for the c- and b-quarks, and for pT ≳ 10 GeV becomes
negligible. Right plot: the same evaluation for high-multiplicity events with n ¼ 5. The total result (sum of direct and
interference terms) decreases as a function of multiplicity and nearly vanishes for the high-multiplicity events near n ≈ 5, as
explained in the text.

FIG. 9. Case of “minimal bias” measurement done by the V0
detector at ALICE. The charged particles are collected in
both backward and forward directions, and only their sum is
used to measure Nch. For the sake of definiteness we
consider only the three-Pomeron fusion mechanism and for
simplicity disregard the fragmentation of heavy quark (con-
volution with fragmentation function), which slightly smears
the distribution over rapidity. The rapidity bin used for the
collection of heavy mesons (blue box) does not overlap with
the bins used for the collection of charged particles (red
boxes); however, the elevated multiplicity cannot be unam-
biguously attributed to be (shared between) the upper or lower
Pomerons.
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possible contributions of its parts. The exact evaluation
of (27) requires knowledge of the function PðN; hNiÞ,
which is an essentially nonperturbative object, studied in
the literature in the context of different models (see e.g.,
[58] for details), and which has been suggested that it might
be described by the Poisson distribution. Fortunately, for
phenomenological estimates we may minimize the sensi-
tivity to the choice of the model for PðN; hNiÞ, taking into
account the following facts:

(i) The dependence on nk, which stems from the cross
section in the second line of (27), is very mild and

saturates (becomes constant) in the region of large n.
In contrast, the functions PðNk; hNkiÞ decrease
exponentially for nk ≡ Nk=hNki ≫ 1, and for this
reason in the evaluation of (27) we may replace each
nk with some average value hnki (which in general
depends on n).

(ii) Since all active Pomerons have the same
average number of particles hNki, taking into
account a very mild dependence of the cross
section on nk, we may apply iteratively (28) and
rewrite (27) as

FIG. 11. Theoretical multiplicity dependence of the prompt and nonprompt mechanisms of the D-meson production in different bins
in pT at central rapidities. The experimental data are from ALICE [14] and correspond to prompt production mechanism for averaged
contribution of D0, Dþ, and D�þ mesons. For the sake of reference we have also shown a dotted line which corresponds to a linear
dependence. The charged particles and D-mesons are collected in rapidity window jyj < 0.5, jηj < 1.
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dσpp→Q̄iQiþXðy;
ffiffiffi
s

p
; nÞ

dyd2pT

¼ PðN; hNiÞ dσpp→Q̄iQiþXðy;
ffiffiffi
s

p
; hn1i…hnkiÞ

dyd2pT

hnii≡ n=k; i ¼ 1;…; k: ð29Þ

Thus effectively we come to the conclusion that the
observed multiplicity is shared equally between all the
Pomerons at a given rapidity window. The convolution of
the distributions PðniÞ just cancels in the ratio (22), so the
latter can be rewritten as

dNM=dy
hdNM=dyi

¼ dσ̃pp→QQ̄þXðy; η; Q2; nÞ=dy
dσ̃pp→QQ̄þXðYη; Q2; hni ¼ 1Þ=dy ð30Þ

where we use notation dσ̃ instead of dσ for the cross
section, to emphasize that we took out the normalization
to probability distribution of charged particles (factor
PðN; hNiÞ) and share multiplicity equally between all
Pomerons in a given rapidity window.
The situation becomes more complicated for the setup

when the heavy meson and charged particles bins partially
overlap, as shown in the right panel of Fig. 8. In this case in
the intersection region the enhanced multiplicity is due to
either the upper or to the lower cut Pomerons, depending on
the position of the heavy quark inside the bin. For the sake
of simplicity we will consider the case of complete overlap
of both bins, which is realized in the case of ALICE
measurements at central rapidities. In this case we have to
average over the rapidity of heavy quark in the relation
(27), taking into account that for the upper Pomerons
hNki∼ðdN=dyÞðy−yminÞ, whereas for the lower Pomerons
hNki ∼ ðdN=dyÞðymax − yÞ. Following the assumptions
formulated after Eq. (28), we can see that instead of
(30) we should use

dNM=dy
hdNM=dyi

¼
R
ymax
ymin

dydσ̃pp→QQ̄þXðy; η; Q2; nÞ=dy
Δydσ̃pp→QQ̄þXðYη; Q2; hni ¼ 1Þ=dy ð31Þ

with values nk ¼ nðy − yminÞ=ðkupΔyÞ and nk ¼
nðymax − yÞ=ðkdownΔyÞ where kup, kdown is the number
of Pomerons in the upper and lower parts of the diagram.
Finally, we would like to stop briefly on the case of the

so-called minimum bias configuration studied by the V0
detector at ALICE. In this case the total charge is
accumulated in two rapidity bins, in very forward and
very backward directions, as seen from Fig. 9. In this
configuration we do not have overlap of y- and η-bins, yet
still we cannot assign the enhanced multiplicity either to
upper or to lower Pomerons. Instead of this, we should use
a sum of all possible partitions of the total number
of charged particles. The corresponding cross section is

given by (30), although we should use nk ¼ n=kup and
nk ¼ n=kdown, where kup, kdown is the number of Pomerons
in the upper and lower parts of the diagram.
We would like to start the discussion of the numerical

results from estimates of the role of the three-Pomeron
mechanism. In Fig. 10 we plotted the ratio of the three-
Pomeron and two-Pomeron contributions (21), which was
discussed in Sec. II B. We can see that in the large-
multiplicity events the relative contribution of the three-
Pomeron mechanism is sizable even for n ¼ 1. As a
function of multiplicity this ratio grows, and starting from
n ≈ 5 for D-mesons it becomes a dominant contribution, as
can be seen from the right panel of Fig. 10. Such increase
can be understood from a comparison of the structures
of (8), (15): in the heavy quark mass limit the size of the
dipole is given by hrQi ∼ 1=max ðmQ; pTÞ, and as we
explained in Sec. III A, in this regime each cut Pomeron
yields an additional factor ∼nγeff . However, such grow
cannot continue up to infinity. When the saturation scaleQs
becomes significantly larger than all the other scales, the
relevant dipole size is given by hrQi ∼ 1=Qs and the system
saturates, i.e., having a very mild dependence on n. The
interference term (20) has the same number of cut
Pomerons as the two-Pomeron mechanism, and for this
reason we expect that the ratio (21) should be largely
independent on n. Since at n ¼ 1 the contribution of the
interference term is larger than (15) and has opposite sign,
their sum decreases by absolute value in the range
1≲ n≲ 5, and changes sign near n ≈ 5. For this reason
a combined contribution of the three-Pomeron mechanisms
(15), (20) does not affect the multiplicity dependence
significantly in the multiplicity range studied in [14]. We
also may notice that due to the increase of the saturation
scale Q2

s , the transition to the large-pT regime happens at
significantly larger pT.
Currently the data on the multiplicity dependence of

open charm mesons are available from the ALICE experi-
ment [14]. As we can see from Fig. 11, our results can
perfectly describe the available data on D-meson produc-
tion. For the sake of definiteness we make the comparison
with experimentally available averaged contribution of the
Dþ,D0 andD�0 mesons. In the same figure we have shown
the contribution of the nonprompt mechanism (dashed
lines). As expected, this contribution has the same depend-
ence on n, though numerically its relative size in the
inclusive cross section varies depending on the kinematics
(values of pT).
Finally, in Fig. 12 we have shown the multiplicity

dependence of the nonprompt J=ψ , which are formed
from the decays of the b-mesons. The experimental
data clearly show that the multiplicity dependence
grows faster than linear. The dipole approach provides a
very reasonable description of the available multiplicity
dependence.
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IV. CONCLUSIONS

In this paper we studied the mechanisms of the open-
heavy flavor meson production. We took into account
both the standard two-Pomeron mechanism, as well as
estimated the contribution of three-Pomeron fusion. We
found that the latter correction is important for D-mesons
for small-pT data, where it changes the result by a factor of
two and allows to improve considerably the agreement of
theoretical predictions with data. The correction is less
relevant for B-mesons, where it does not exceed ten per
cent. As a function of transverse momentum pT , the relative
weight of the three-Pomeron contribution decreases, and
for pT ≳ 10 GeV the correction does not exceed one per
cent. Such behavior agrees with general expectations based
on large-pT and heavy quark mass limit evaluations. Since
the pT-integrated cross section is dominated by the small-
pT-region, we conclude that it is sensitive to the contri-
butions of the three-Pomeron mechanism. Our evaluation is

largely parameter-free and relies only on the choice of the
parametrization for the dipole cross section (11).
The suggested approach is able to describe the multiplic-

ity dependence measured by ALICE [14]. Contrary to naive
expectations, the relative contribution of the three-Pomeron
mechanism has a rather complicated dependence on multi-
plicity. Due to interplay of direct and interference contri-
butions, shown in Fig. 5, the relative contribution of the
three-Pomeron correction decreases as a function of multi-
plicity for small n, changes sign near n ≈ 5 and starts
growing at larger values of n. For this reason this contri-
bution does not lead to a pronounced multiplicity depend-
ence for the range of multiplicities available from LHC [14].
This result differs dramatically from quarkonia production,
where the measurement of multiplicity dependence was
suggested as a means to estimate the role of the three-
Pomeron contributions [20,21]. This difference occurs due
to lack of the interference contributions shown in the right
panel of Fig. 5, in the quarkonia production case.

ACKNOWLEDGMENTS

We thank our colleagues at UTFSM university and
especially Eugene Levin for encouraging discussions. This
research was partially supported by research project ANID
PIA/APOYO AFB180002 5(Chile) and Fondecyt (Chile)
GrantNo. 1180232.Also,we thankYuri Ivanov for technical
support of the University Santa Maria High Performance
Cluster (USM HPC) where a part of evaluations has
been done.

APPENDIX A: EVALUATION OF THE
DIPOLE AMPLITUDES

In this section for the sake of completeness we explain
the main technical steps and assumptions used for deriva-
tion of the two-Pomeron dipole cross section (2), (8) and
three-Pomeron contributions (15), (20). For heavy quarks it
is expected that the strong coupling αsðmQÞ should be
small, which enables the application of perturbative
methods. For this reason it is very instructive to discuss
different contributions in parallel with the perturbative
kT-factorization-style approach, tacitly assuming that
each gluon should be understood as a parton shower
(“Pomeron”). The rules which allow to express the cross
sections of hard processes in terms of the color singlet
dipole cross section can be found in [59,60]. In the high-
energy eikonal picture, the interaction of the quarks and
antiquark with a target are given by �igtaγðx⊥Þ, where x⊥
is the transverse coordinate of the quark, and the function
γðx⊥Þ is related to a gluonic field of the target. This
function is related to a dipole cross section σðx; rÞ as

Δσðx; rÞ≡ σðx;∞Þ − σðx; rÞ

¼ 1

8

Z
d2bjγðx; b − zrÞ − γðx; bþ z̄rÞj2 ðA1Þ

FIG. 12. Comparison of the theoretical results for the nonprompt
J=ψ mesons with experimental data from ALICE [14]. For the
sake of reference we have also shown a short-dashed line which
corresponds to a linear dependence. It is expected that the charged
particles are collected at rapidity window jyj<0.9, jηj < 1.

(a) (b) (c)

FIG. 13. The diagrams which contribute to the heavy meson
production cross section in the leading order perturbative QCD.
The contribution of the last diagram (c) to the meson formation
can be also viewed as gluon-gluon fusion gg → g with sub-
sequent gluon fragmentation g → Q̄Q. In the CGC parametriza-
tion of the dipole cross section approach, each “gluon” is replaced
with a Reggeized gluon (BK Pomeron), which satisfies the
Balitsky-Kovchegov equation and corresponds to a fanlike
shower of soft particles.
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where r is the transverse size of the dipole, and z is the
light-cone fraction of the dipole momentum carried by the
quarks. Equation (A1) can be rewritten in the form

1

8

Z
d2bγðx; bÞγðx; bþ rÞ

¼ 1

2
σðx; rÞ þ

Z
d2bjγðx; bÞj2 − 1

2
σðx;∞Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼const

: ðA2Þ

For very small dipoles, the dipole cross section is related
to the gluon uPDF2

σðx; ⃗rÞ ¼ 4παs
3

Z
d2k⊥
k2⊥

F ðx; k⊥Þð1 − eik·rÞ þO
�
ΛQCD

mc

�
;

ðA3Þ

so the functions γðx; rÞ can be also related to the unin-
tegrated gluon densities.
For many high energy processes dominated by the

Pomeron-Pomeron fusion mechanism it is possible to
express the exclusive amplitude or inclusive cross section
as a sum of the contributions which have the same structure
as the left-hand side of (A2). For some processes the last
term in (A2) eventually cancels after summation over all
possible diagrams, so the color dipole density matrix
becomes expressed in terms of the linear combination of
the color singlet dipole cross sections σðx; rÞ with different
arguments. While in the deeply saturated regime we can no
longer speak about individual gluons (or Pomerons), we
expect that the relations between the dipole amplitudes and
color singlet cross sections should be valid even in this
case. This is a crucial assumption which essentially con-
stitutes one of the elements of multiplicity dependence
discussed in Sec. II B, and which gives a good description
of the multiplicity dependence [20,21].

For the case of D-meson production, the leading-order
contribution is given by the diagrams shown in Figure (13)
and yields for the cross section the result given in (2), (8) (see
[59,60] for details). In the evaluation of the pT-dependence,
we should project the amplitude in coordinate space (state
with definite quark coordinate rQ) onto the state with
constant momentum pT , by taking an additional Fourier
transform

R
d2pT exp ðipT · rÞ. After squaring the amplitude

in momentum space, this implies the inclusion into (A1) of
the additional factor ∼

R
d2r1d2rqeipT ·ðr1−r2Þ, where ⃗r1;2 are

the coordinates of the quark in the amplitude and its
conjugate. In the frame where the momentum of the
primordial gluon is not zero,weget an additional convolution
with the pT-distribution of the incident (“primordial”)
gluons, as shown in (2), and was demonstrated in [10].3

For the three-Pomeron contribution the above-given
approach can be extended. However, for the description
of the interaction with the target we need to model the
multigluon interactions, which are not taken into account
by (A1). In the perturbative limit, the corresponding inter-
actions are described in terms of the so-called double parton
distribution functions (DPDFs) (see [61,62] for a review and
discussion). In general these objects have a complicated
structure, and are not related to the gluon uPDFs. However,
at high energies the correlations between the partons are
negligible [63–65], so the DPDFs can be expressed as
products of independent uPDFs. Thanks to this property, the
cross sections of the so-called double parton scattering
processes can be represented as products of single parton
scattering (SPS) processes. In the color glass condensate
model [66–68] this assumption is fulfilled automatically.
In the color dipole approach, we expect that the cross
section will be given by a linear combination of structuresQ

4
k¼1 γð⃗rkÞ, which in view of (A1) could be separated into a

sum of products of color singlet dipole amplitudes.
Taking into account all the diagrams shown in Fig. 14,

we obtain for the amplitude of the three-Pomeron process

Að3Þðx; ⃗rQ; ⃗rQ̄Þ ¼
1

4
γþðx; ⃗rQ; ⃗rQ̄Þðdackγ−ðx; ⃗rQ; ⃗rQ̄Þ þ ifackγþðx; ⃗rQ; ⃗rQ̄ÞÞifkbdtd

þ 1

4
γ−ðx; ⃗rQ; ⃗rQ̄Þðdackγ−ðx; ⃗rQ; ⃗rQ̄Þ þ ifackγþðx; ⃗rQ; ⃗rQ̄ÞÞðdkbdtdÞ þ γ2−ðx; ⃗rQ; ⃗rQ̄Þ

δac
6

tb

þ 1

12
γ−ðx; ⃗rQ; ⃗rQ̄Þðdacbγ−ðx; ⃗rQ; ⃗rQ̄Þ þ ifacbγþðx; ⃗rQ; ⃗rQ̄ÞÞ þ ðb ↔ cÞ

where

γþðx; ⃗r1; ⃗r2Þ ¼ γðx; ⃗r1Þ þ γðx; ⃗r2Þ − 2γ

�
x;
⃗r1 þ ⃗r2

2

�
; γ−ðx; ⃗r1; ⃗r2Þ ¼ γðx; ⃗r1Þ − γðx; ⃗r2Þ;

2In the literature definitions of the unintegrated PDF F ðx; k⊥Þ might differ by a factor k2⊥.
3There is a minor difference in the expression for the amplitude (8) from its analogue which appears in [10]. The difference is due to the

fact that we request the equality of transverse coordinates of the heavy antiquarks in the amplitude and its conjugate instead of the dipole
center-of-mass. Besides, in our numerical evaluations we do not make transition to themomentum space using the linearized formulas. The
reason for this is that for large multiplicity events such transition might be not justified.
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a is the color index of the incident (projectile) gluon, b and
c are the color indices of the gluons attached to the target
(vertical t-channel gluons in Fig. 14), ⃗rQ, rQ̄ are the
coordinates of the quarks. For the evaluation of the cross
section we should square the amplitude, and potentially
could get different structures with bc ≠ b0c0. Indeed, as was
demonstrated in [61,69]. For the double parton distribution
functions (DPDFs) the corresponding cross section is
described by 6 different color structures, which take into
account possible color state of the gluon pairs in the
amplitude and its conjugate, viz.:

δbb
0
δcc

0
; fbb

0kfcc
0k; dbb

0kdcc
0k; tbb

0;cc0
10 ; tbb

0;cc0
27 ; ðA4Þ

where

tbb
0;cc0

10 ¼ δbcδb
0c0 − δbc

0
δb

0c −
2

3
fbb

0kfcc
0k

− iðdbckfb0c0k þ fbckdb
0c0kÞ

tbb
0;cc0

27 ¼ δbcδb
0c0 þ δbc

0
δb

0c −
1

4
δbb

0
δcc

0 −
6

5
dbb

0kdcc
0k:

However, as was illustrated in [70], the largest intercept has
a configuration when the two gluons are in a relative color

singlet state (two cut Pomerons), which corresponds to the
first term in (A4). This configuration dominates at high
energies, and for this reason in what follows we will take
into account only this contribution.
For the evaluation of the pT-dependent cross section we

need to project the coordinate space quark distribution onto
the state with definite transverse momentum pT , and so we
have for the square of the amplitude

jAð3ÞðpTÞj2¼
Z

d2xQ̄

Z
d2xQ

Z
d2yQeipT ·ðxQ−yQÞðAð3Þðx⃗iÞÞ�Að3Þðy⃗iÞ

����
x⃗Q̄¼y⃗Q̄

¼ ðA5Þ

¼
Z

d2xQ̄

Z
d2xQ

Z
d2yQeipT ·ðxQ−yQÞ

¼ N2
c − 1

4

�
γ2þðx⃗Q; x⃗Q̄Þγ2þðy⃗Q; y⃗Q̄Þ

�
3N2

c

8|{z}
27=8

�
þ γ2−ðx⃗Q; x⃗Q̄Þγ2−ðy⃗Q; y⃗Q̄Þ

�ð43N4
c − 320N2

c þ 720Þ
72N2

c|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
49=24

�

þ ðN2
c − 4Þ
2

γþðx⃗Q; x⃗Q̄Þγ−ðx⃗Q; x⃗Q̄Þγþðy⃗Q; y⃗Q̄Þγ−ðy⃗Q; y⃗Q̄Þ
�
x⃗Q̄¼y⃗Q̄

ðA6Þ

For the pT-integrated cross section these formulas simplify
since we will have to put x⃗i ≡ y⃗i, i ¼ Q, Q̄. As discussed
earlier, at high energies the correlations between the
partons are negligible, and the two gluons Reggeize
independently and are in color singlet state with respect
to each other [64], so the four-Pomeron configuration, up to
numerical factor ∼σ−1eff ≈ ð20 mbÞ−1, can be found from
(A5) applying iteratively the relation (A1). It is possible to
demonstrate that after such procedure we can express the
three-Pomeron dipole amplitude in terms of the color
singlet dipole cross sections as given in (15). The evalu-
ation of the contribution (20) follows a similar algorithm,
although we have to take into account that one of the
Pomerons is uncut, and this reason it does not contribute to
the growth of the multiplicity.

APPENDIX B: FRAGMENTATION FUNCTIONS

In this section we would like to briefly summarize the
fragmentation functions used in our evaluations. The frag-
mentation functions are nonperturbative objects, which
cannot be evaluated from the first principles. For this
reason currently their parametrization is extracted from
the phenomenological fits of eþe− data. For B-mesons
the dominant contribution comes from the fragmentation of
b-quarks, namely one of the four possible subprocesses
b → B−, b → B̄0, b̄ → Bþ, b̄ → B0. If we neglect electro-
weak corrections, in view of the u ↔ d flavor symmetry and
charge conjugation invariance of QCD, we expect that the
fragmentation functions of all these subprocesses should
coincide. For this reason in what follows we will use just a

(a) (b) (c)

FIG. 14. The diagrams which contribute to the heavy meson
production cross section in the subleading order in perturbative
QCD (OðαsÞ-correction). In diagrams (a) and (c) all possible
attachments of the gluon to the quarks and antiquarks are
implied. In dipole approach each “gluon” is replaced with
Reggeized gluon (BK Pomeron) which satisfies the Balitsky-
Kovchegov equation and corresponds to a fanlike shower of soft
particles.
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shorthand notation for all these processes b → B. For the
fragmentation function we used the parametrization [4]

Db→Bðz; μ0Þ ¼ Nzαð1 − zÞβ; ðB1Þ

with the values of free parameters N ¼ 56.4, α ¼ 8.39,
β ¼ 1.16. We cross-checked that its predictions are close to
results obtained with the Peterson’s parametrization [71]

Db→Bðz; μ0Þ ¼
N

zð1 − 1
z −

ϵ
1−zÞ2

; ðB2Þ

ϵ ≈ 0.0126 ðB3Þ

The nonprompt charmonia are produced from decays of the
B-mesons, and for this reason their fragmentation function
can be related to Db→B as [5]

Di→ψ ðz; μÞ ¼
Z

1

z
dxDi→B

�
x
z
; μ2

�
×

1

ΓB

dΓ
dz

ðz; PBÞ

where ΓB ≡ 1=τB is the total decay width of the B-meson,
the parameter PB is related to rapidity y and the transverse
momentum pT of the produced charmonium as PB ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
T þ ðp2

T þm2
ψÞ sinh2 y

q
=z. The function dΓðz; PBÞ=dz

was evaluated in detail in [5]. Due to space limitations we do
notwrite out the full expressions for this function and instead
in Figure 15 we compare the fragmentation functionsDb→B
and Db→J=ψ . These two functions differ by more than two
orders of magnitude, and for this reason in order to facilitate
comparison, we plotted the distributions normalized to
unity, D̃ðzÞ ¼ DðzÞ= R 1

0 dzDðzÞ. As we can see, the distri-
bution Db→J=ψ is significantly wider and has a peak near
smaller values of z ≈ 0.5.
For the case of D-mesons we should take into account

that there are two complementary mechanisms, a direct
(prompt) production, and indirect (nonprompt) mechanism
from decays of B-quarks. In both cases we use a fragmen-
tation function taken from [72],

Di→Dðz;μ0Þ ¼ Niz−ð1þγ2i Þð1− zÞa exp ð−γ2i =zÞ; i¼ b;c

ðB4Þ
with parameters given in Table I. Despite of the significant
difference between the values of constants between Dþ

and D0 mesons, the two parametrizations have very similar
shapes and differ only by a factor of two in normalization.
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