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In this paper, we follow a “bottom-up” anti–de Sitter (AdS)/QCD approach to holographically probe the
dynamics of a moving qq̄ pair inside a strongly coupled plasma at the boundary. We consider a deformed
AdS-Reissner Nordström metric in the bulk in order to introduce nonconformality and finite quark density
in the dual field theory. By boosting the gravity solution in a specific direction, we consider two extreme
cases of orientation, parallel and perpendicular, for the Wilson loop, which in turn fixes the relative position
of the qq̄ pair with respect to the direction of boost in the plasma. By utilizing this setup, we
holographically compute the vacuum expectation value of the timelike Wilson loop in order to obtain
the real part of the qq̄ potential, and the effects of nonconformality (deformation parameter c), the chemical
potential μ, and rapidity β are observed on this potential. We then compute the in-medium energy loss of the
moving parton (jet quenching parameter qm) by setting β → ∞, which in turn makes the Wilson loop
lightlike. We also use the jet quenching as an order parameter to probe the strongly coupled domain of the
dual field theory. Finally, we compute the imaginary part of the qq̄ potential [ImðVqq̄Þ] by considering the
thermal fluctuation (arbitrary long wavelength) of the string world sheet. It is observed that for fixed values
of the chemical potential and rapidity, an increase in the nonconformality parameter leads to an increase in
the real and imaginary potentials as well as the jet quenching parameter.
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I. INTRODUCTION

Understanding various properties of a strongly coupled
(λ≡ gYM2Nc ≫ 1) gauge theory via AdS=CFT correspon-
dence has been very intriguing so far. In its first avatar, the
duality between a type IIB string theory in AdS5 × S5 and
N ¼ 4 SYM in (3þ 1)-dimensions [1,2] provides the tool
to describe a strongly coupled gauge theory just by
choosing a proper holographic dual. Consideration of a
finite temperature gauge theory holographically demands
the presence of a black hole in the gravity theory. It also
states that if the gauge theory is strongly coupled then the
supergravity (holographic dual spacetime geometry) will be
weakly coupled or vice versa [3].
On the other hand, it is now a well accepted fact that in

the relativistic heavy ion collider (RHIC), a new state of

matter known as quark-gluon plasma (QGP) is formed at
the center of the collision [4–7]. The high temperature and
high density phases of QGP are dominated by quarks and
gluons. It is observed that the binding interaction of a heavy
quark-antiquark (qq̄) pair is screened by the QGP, which
leads to the dissociation of the heavy quarkonium [8]. It is
also realized that one has to consider the motion of the
medium during the production of the qq̄ pair in the strongly
coupled plasma together with the in-medium interaction.
Observations of various paramters, namely, the study of the
in-medium loss of the moving partons (jet quenching),
melting of quarkonium, thermalization, and so on, has been
playing key roles as observables in the RHIC experiments
and QCD. It has been observed that the nature of QGP is
strongly coupled. The only methods to study a strongly
coupled phenomenon in QCD are lattice simulations and
effective field theories. A completely new approach to
study strongly coupled QCD is the AdS=CFT conjecture
due to the strong/weak dual mapping. In particular, the
study of the binding energy of a qq̄ (quark-antiquark) pair,
screening length, and the energy loss of a moving parton in
the high pT limit (jet quenching) by utilizing AdS=CFT
conjecture has been a matter of growing interest in recent
times. Along with these observables, the computation of an
imaginary potential via gauge/gravity is also a matter of
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great importance from the QCD phenomenlogical point of
view as it leads to the computation of the thermal width in
QCD. The thermal width plays an important role in the
study of decay processes. The original calculation of qq̄
binding energy in a supersymmetric N ¼ 4 Yang-Mills
theory via the expectation value of a timelike Wilson loop
was first done in [9], which was later extended to the finite
temperature case in [10–13]. The holographic computation
of the screening length of the moving qq̄ inside a moving
hot plasma was done in [14,15]. The observable of the in-
medium energy loss of a moving parton or the jet
quenching parameter was computed in [16,17], where it
was shown that the jet quenching is related to the lightlike
Wilson loop. The holographic study of the jet quenching
parameter has been generalized to various dual geometries
[18–27] in accordance to the property of the boundary
gauge theory. In [28], it was shown that the jet quenching
parameter can be treated as an order parameter to decide
whether a theory is strongly coupled or weakly coupled.
The scenario has also been extended to the introduction of
charged black holes in the dual geometry in order to include
finite quark density in the gauge theory. The chemical
potential μ appears as the quark density operator, and
according to the AdS=CFT conjecture, a vector operator in
the boundary field theory is dual to a gauge field in the
bulk. This motivates us to include a Uð1Þ gauge field in the
Einstein-Hilbert action of the gravity, which leads to the
well-known solution anti–de Sitter (AdS) Reissner
Nordstrom black hole [29–31].
The computation of an imaginary potential via thermal

fluctuation of the string world sheet was first shown in [32]
in which it was also shown that imaginary part of the qq̄
potential leads to the thermal width by considering a
Coulombic wave function. Some important studies on
imaginary qq̄ potential can be found in [33–41]. For
instance, in [40], the effect of the chemical potential on
the imaginary part of the moving qq̄ pair potential has been
observed. It is found that at a fixed chemical potential,
increasing the rapidity decreases the value of the imaginary
potential. Also at a fixed value of the rapidity parameter,
increasing the chemical potential reduces the value of the
imaginary potential. It has also been pointed out that the
effects are more prominent in the case of the perpendicular
case compared to the parallel case.
However, if a theory is nonconformal, the choice of a

geometry which shall be dual to a strongly coupled QCD is
somewhat tricky. In this paper we follow a “bottom-up”
approach of AdS/QCD correspondence. We use the soft-
wall (SWT;μ) geometry in which the overall metric is
multiplied with warp factor (quadratic dilaton) in order
to probe a more realistic picture of QCD. These type of
models [42–48] were introduced in order to emulate
confinement at zero temperature and have achieved con-
siderable success in describing various aspects of hadron
physics. The SWT;μ model mentioned in this paper, also

introduces a finite quark density in the dual field theory due
to the presence of a chemical potential μ. The study of the
jet quenching in a nonconformal medium was carried out in
[26]. In [47–48], the confinement/deconfinement phase
transition and QCD phase diagram has been obtained using
the SWT;μ dual geometry setup. Studies in this direction can
further be found in [49,50]. The calculation of the imagi-
nary potential in this dual geometry for a heavy quark was
carried out in [47]. In this paper, we find that for a fixed
value of the nonconformality parameter, the effect of
increasing the chemical potential with a fixed value of
rapidity decreases the value of the real potential, decreases
the imaginary potential, but increases the in-medium
energy loss. These observations are in conformity with
the previous findings [11,25,40,47]. Further, for fixed
values of the chemical potential and rapidity, increasing
the nonconformality parameter results in the increase in the
real potential, imaginary potential, and the jet quenching
parameter.
The paper is organized as follows. In Sec. II, we briefly

discuss the dual geometry (SWT;μ) and introduce a Lorentz
boost to the metric in order probe a moving qq̄ pair.
Furthermore, we choose two extreme cases for the ori-
entation of the qq̄ pair, parallel to the direction of boost and
perpendicular to the direction of boost. In Sec. III, we
compute the screening length and real qq̄ potential for both
the parallel and perpendicular case. We represent the results
graphically. In Sec. IV, we compute the jet quenching
parameter for the SWT;μ model and study the effects of the
chemical potential, nonconformality on it. The computation
of the imaginary potential is done in Sec. V, and the results
are represented graphically. Finally, we conclude in
Sec. VI. We also have an Appendix in the paper.

II. SOFT-WALL DUAL GEOMETRY MODEL

We start from a geometry in the bulk in order to represent
the basic characteristics of the boundary SUðNÞ gauge
theory in the large N limit. The motivation of starting with
this bulk spacetime is to study the dynamics of a moving qq̄
pair in a nonconformal, strongly coupled Yang-Mills theory
with a finite quark density. The study of such a strongly
coupled Yang-Mills theory, namely QCD, is in general a
difficult problem. However, the gauge/gravity correspon-
dence, also known as the AdS=CFT duality, tries to provide
a solution to this difficult problem by means of a gravi-
tational dual in a higher dimensional spacetime. It should
be mentioned however, that a geometric dual to QCD is not
known, and these gravitational duals with which one works
are toy models that reproduce the phenomenological
aspects of the strongly coupled QCD. For example, since
QCD is nonconformal, the dual gravitational model should
also have broken conformal invariance. Moreover, to get a
linear confinement at zero temperature and have a mass
scale related to ΛQCD, a five-dimensional gravitational
theory on AdS5 spacetime is used with a warp factor.
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Further, it is known from QCD that the term JD ¼
μψþðxÞψðxÞ has to be added to the Lagrangian in order
to incorporate the effect of a finite quark density. Here, μ
represents the chemical potential and acts as the source of
the quark density operator. The AdS=CFT dictionary says
that the source of an operator is dual to the non-normal-
izable mode of a dual field in the bulk. Since we shall
consider the dual field in the bulk to be massless, the source
of a QCD operator is the boundary value of this massless
dual field in the bulk. Hence, the chemical potential can be
considered as the boundary value of the time component of
a Uð1Þ gauge field Aμðμ ¼ 0; 1;…; 4Þ. This gauge field in
the bulk is dual to the vector quark current.
Before introducing the SWT;μ model, to fix up the

notations, we begin by writing down the action of holo-
graphic models dual to the 3þ 1-dimensional boundary
field theory with a chemical potential μ. This reads

SBulk ¼
1

16πG5

Z
d5x

ffiffiffiffiffiffi
−g

p �
R − 2Λ −

1

4
FμνFμν

�
: ð1Þ

The above action leads to the following equation of
motion:

Rμν −
1

2
ðR − 2ΛÞgμν ¼ gαβFαμFβν −

1

4
gμνðFρηFρηÞ ð2Þ

∂αð
ffiffiffiffiffiffi
−g

p
gμαgνβFαβÞ ¼ 0; ð3Þ

where

Fμν ¼ ∂μAν − ∂νAμ ð4Þ

is the Maxwell field strength tensor and Aμ represents the
Uð1Þ gauge field in the bulk. The solution of the equation
of motion given in Eq. (2) leads to the AdS4þ1 Reissner-
Nordström spacetime, which can be written down in the
planar coordinates as

ds2 ¼ r2

R2
½−fðrÞdt2 þ dx⃗2� þ R2

r2fðrÞ dr
2; ð5Þ

where fðrÞ is given by

fðrÞ ¼ 1 − ð1þQ2Þ
�
rh
r

�
4

þQ2

�
rh
r

�
6

; ð6Þ

with rh representing the event horizon of the black hole and
Q ¼ q

r3h
. The choice for the U(1) gauge field reads

A ¼
�
−k

q
r2

þΦ
�
dt; ð7Þ

where k is a dimensionaless parameter. The fact that the
gauge field vanishes at r ¼ rh yields

Φ ¼ k
q
r2h

: ð8Þ

From the AdS=CFT dictionary, the boundary value of the
time component of theUð1Þ gauge field Aμ is considered to
be the chemical potential in the boundary theory. Hence, we
have

μ≡ lim
r→∞

At ¼
kq
r2h

¼ kQrh: ð9Þ

The time component of the gauge field Aμ can now be
expressed in terms of the chemical potential as

At ¼ μ

�
1 −

r2h
r2

�
: ð10Þ

Equation (9) provides the following relationship between
the charge of the black holeQ and the chemical potential μ:

Q ¼ μffiffiffi
3

p
rh

; ð11Þ

where we set the dimensionless parameter k ¼ ffiffiffi
3

p
[40],

and we have set the AdS radius R ¼ 1. Equation (11)
relates the charge of the black hole Q to the chemical
potential μ, which is measure of the finite quark density in
the dual field theory. By using Eq. (11), we can write the
Hawking temperature of the black hole in terms of the
chemical potential μ as

TH ¼ rh
π

�
1 −

μ2

6r2h

�
: ð12Þ

With the help of Eq. (12), we can express the event horizon
radius rh in terms of the chemical potential μ and Hawking
temperature TH as

rh ¼ TH

"
π

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2

4
þ 1

6

�
μ

TH

�
2

s #
: ð13Þ

The effect of confinement in the boundary theory can be
emulated by introducing a warp factor hðrÞ to the black
hole spacetime (5). The introduction of this factor in this
spacetime also breaks the conformal invariance in the
boundary field theory. This leads to a class of two-
parameter deformed soft-wall models (SWT;μ). These
models include the effects of finite quark density. The
metric of these model reads [42,48]

ds2 ¼ r2hðrÞ
R2

½−fðrÞdt2 þ dx⃗2� þ R2hðrÞ
r2fðrÞ dr

2;

hðrÞ ¼ exp

�
C2

r2
R4

�
; ð14Þ
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where C represents the deformation parameter having the
dimension of energy. As there is only one deformation
parameter to incorporate nonconformality, we shall call it a
class of one-parameter SWT;μ models. The knowledge of
lattice field theory suggests that the range 0 ≤ C

T ≤ 2.5 is the
relevant region to compare SWT;μ models with QCD [51].
We shall use this relevant region of C

T throughout this work.
It is to be noted that in the limit C → 0, we obtain the usual
Reissner-Nordström metric in the bulk.
The scenario of a moving qq̄ pair can be understood

from a frame in which the plasma is at rest and the dipole
qq̄ is moving. Equivalently, we can boost to a reference
frame in which the qq̄ dipole is at rest but the finite
temperature plasma is moving. In this setup, a Lorentz
boost to the reference frame in the x1 direction with the
rapidity β, which can be expressed as

dt ¼ cosh βdt0 − sinh βdx01
dx1 ¼ − sinh βdt0 þ cosh βdx01:

The qq̄ is at rest and feels a hot plasma wind as the plasma
is moving with a velocity v ¼ tanh β in the −x01 direction.
The metric given in Eq. (14) reads in the boosted coor-
dinates ðt0; x01Þ reads

ds2 ¼ −r2hðrÞ½fðrÞcosh2β − sinh2β�dt2
þ r2hðrÞ½cosh2β − fðrÞsinh2β�dx21
þ r2hðrÞ½dx22 þ dx23� þ

hðrÞ
r2fðrÞ dr

2

− 2r2hðrÞ cosh β sinh β½1 − fðrÞ�dtdx1; ð15Þ

where we set AdS radius R ¼ 1 and dropped the primes ( 0)
in the coordinates for the sake of simplicity. Keeping in
mind the presence of boost, we choose two the following
qq̄ pair orientations, namely:

qq̄ dipole is parallel to the direction of boost

qq̄ dipole is perpendicular to the direction of boost:

In the following section, we use this geometry to compute
the screening length and the real part of the qq̄ potential in a
nonconformal plasma with finite density properties.

III. SCREENING LENGTH AND THE REAL
PART OF THE qq̄ POTENTIAL

In this section, we set out to evaluate the real part of the
qq̄ potential holographically. The field theoretic approach
to obtain this is to evaluate the expectation value of the
Wilson loop operator,

W½C� ¼ 1

N
Tr Pei

H
C
Aμdxμ ; ð16Þ

where C is a rectangular loop in spacetime and the trace is
over the fundamental representation of the SU(N) group
[9]. In the limit τ → ∞, this expectation value is given by

hW½C�i ¼ e−iVqq̄ðLÞT ; ð17Þ

where Vqq̄ðLÞ represents the real part of the qq̄ potential.
In the holographic prescription, the expectation value of

the rectangular Wilson loop is computed by probing a
string in the gravity background. It is assumed that the
string moves in the direction twith a velocity v (0 < v < 1)
with the end points of the strings lying in the xn direction (n
depends upon the choice of the “orientation” of the qq̄ pair
with respect to the direction of the Lorentz boost) with a
spatial separation L. The end points of this open string
represent the quark-antiquark pair in the plasma. The length
of this rectangular Wilson loop is specified as T and L in
the directions t and xn, respectively. Furthermore, it is to be
noted that L ≪ T so that the string world sheet has time
translational invariance. With this rectangular contour C
(T − L) in place, the Nambu-Goto action of the funda-
mental probe, which in this case is the open string, is
computed. This is related to the expectation value of the
Wilson loop (in the supergravity limit) as [9,10]

hW½C�i ¼ e−iSI ; ð18Þ

where SI is the regularized Nambu-Goto action of the open
string.

A. qq̄ pair is parallel to the boost direction

To begin our study, we first choose xn to be x1. This
choice physically represents the fact that the qq̄ pair is
oriented along the direction of the boost which in turn also
specifies that the Wilson loop lies in the t − x1 plane.
The Nambu-Goto string world sheet action reads

SNG ¼ 1

2πα0

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det gab

p
dσdτ; ð19Þ

where gab is the induced metric on the target space given by

gab ¼ Gρη
∂xρ
∂ξa

∂xη
∂ξb ;

xρðσ; τÞ≡Worldsheet embedding coordinates: ð20Þ

Gρη in the above relation represents the metric given in
Eq. (15). The static gauge σ ¼ x1, τ ¼ t, r ¼ rðσÞ, x2 ¼
x3 ¼ fixed is chosen to represent the parallel orientation of
the qq̄ pair. We also require boundary conditions. The open
string with profile r ¼ rðσÞ has the following boundary
conditions:
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r

�
σ ≡ x1 ¼ �L

2

�
¼ ∞: ð21Þ

With the above setup in place, we compute the Nambu-
Goto action (19). This is given by

SNG ¼ T
2πα0

Z þL=2

−L=2
dσLðr; r0Þ

¼ T
πα0

Z
L=2

0

dσ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ þ BðrÞr02

q
; r0 ≡ dr

dσ
; ð22Þ

where

AðrÞ ¼ r4h2ðrÞfðrÞ

BðrÞ ¼ h2ðrÞ
fðrÞ ðfðrÞ cosh

2 β − sinh2 βÞ: ð23Þ

The Lagrangian Lðr; r0Þ leads to the following Hamiltonian
obtained by a Legendre transformation:

L − r0
∂L
∂r0 ¼

AðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ þ BðrÞr02

p ≡H ¼ constant: ð24Þ

Now the condition for the turning point of the open string,
which is the furthest part of the U-shaped string profile,
reads

dr
dσ

¼ 0 at r ¼ rt; ð25Þ

where r ¼ rt is the turning point of the U-shaped string
profile inside the bulk. This fixes the constant to be

H ¼
ffiffiffiffiffiffiffiffiffiffiffi
AðrtÞ

p
; AðrtÞ≡ Aðr ¼ rtÞ: ð26Þ

This leads to

dr
dσ

¼
ffiffiffiffiffiffiffiffiffi
AðrÞ
BðrÞ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
AðrÞ
AðrtÞ

− 1

�s

¼ r2fðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞcosh2β − sinh2β

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
r4h2ðrÞfðrÞ
r4t h2ðrtÞfðrtÞ

− 1

�s
;

ð27Þ

where in the second line of the equality we have used
Eq. (23). Integrating Eq. (27) and using the boundary
condition (21), we obtain the screening length L as

L ¼ 2r2t hðrtÞ
ffiffiffiffiffiffiffiffiffiffi
fðrtÞ

p
×
Z

∞

rt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞcosh2β − sinh2β

p
r4fðrÞhðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ − ðrtrÞ4ðhðrtÞhðrÞ Þ2fðrtÞ

q dr: ð28Þ

It is important to note that dr
dσ encounters a singularity at

r ¼ rc given by

fðrcÞ cosh2 β − sinh2 β ¼ 0: ð29Þ

The presence of this singular point rc restricts the domain
of values for the turning point rt since rt < rc will lead to a
problem in obtaining the screening length L. So the turning
point rt must satisfy the condition rt > rc so that we get a
physically relevant value for the screening length L [19].
This condition for the turning point rt further imposes the
condition [since fðrÞ is a monotonically increasing func-
tion of r],

fðrtÞcosh2β − sinh2β > 0;

fðrtÞ > tanh2β: ð30Þ

This constraint will be taken into account throughout the
subsequent discussion. Defining rt

r ¼ u and rh
rt
¼ α, Eq. (28)

takes the form,

LT ¼ 2

�
α

tμ

� ffiffiffiffiffiffiffiffiffi
fðαÞ

p Z
1

0

du

×
u2 exp½ðαtμÞ2ðCTÞ2ð1 − u2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞcosh2β − sinh2β

p
fðuÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞ − u4fðαÞ exp½2ðαtμÞ2ðCTÞ2ð1 − u2Þ�

q ;

ð31Þ

where

rh ¼ T

"
π

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2

4
þ 1

6

�
μ

T

�
2

s #
≡ Ttμ

fðuÞ ¼ 1 −
�
1þ 1

3tμ2

�
μ

T

�
2
�
α4u4 þ 1

3tμ2

�
μ

T

�
2

α6u6

fðαÞ ¼ 1 −
�
1þ 1

3tμ2

�
μ

T

�
2
�
α4 þ 1

3tμ2

�
μ

T

�
2

α6: ð32Þ

Note that the gauge/gravity duality dictionary is used to
denote the Hawking temperature of the black hole TH as the
temperature T of the plasma. Now substituting r0 ¼ dr

dσ from
Eq. (27) in the Nambu-Goto action (22), we obtain

SNG ¼ T
πα0

Z
L=2

0

dr
hðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞcosh2β − sinh2β

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ − ðrtrÞ4ðhðrtÞhðrÞ Þ2fðrtÞ

q : ð33Þ

Once again setting rt
r ¼ u and rh

rt
¼ α, the string world sheet

action takes the form,
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SNG ¼ T
πα

ffiffiffi
λ

p
Ttμ

Z
1

0

du

×
exp½ðαtμÞ2ðCTÞ2ð1 − u2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞcosh2β − sinh2β

p
u2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞ − u4fðαÞ exp½2ðαtμÞ2ðCTÞ2ð1 − u2Þ�

q :

ð34Þ
In writing down the above expression, we have used the
gauge/gravity dictionary to relate the t’Hooft coupling
constant with the string tension as

ffiffiffi
λ

p
¼ 1

α0
: ð35Þ

The above string action is divergent as it contains the self-
energy contribution from the qq̄ pair. In order to regularize

it, we need to subtract the self energies of the two individual
quarks. The self energy term S0 reads

S0 ¼
τ

πα0

Z
∞

rh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttgrr

p jr→∞dr; ð36Þ

where the metric components gtt and grr are given by

gtt ¼ −r2hðrÞ½fðrÞ cosh2 β − sinh2 β�

grr ¼
hðrÞ
r2fðrÞ : ð37Þ

Subtracting Eq. (36) from Eq. (34), we obtain the regu-
larized open string action, which reads

SI ¼
T
πα

ffiffiffi
λ

p
Ttμ

0
B@Z 1

0

1

u2

2
64exp½ðαtμÞ2ðCTÞ2ð1 − u2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞcosh2β − sinh2β

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞ − u4fðαÞ exp½2ðαtμÞ2ðCTÞ2ð1 − u2Þ�

q − 1

3
75du − 1þ α

1
CA: ð38Þ

This leads to the real part of the qq̄ pair potential to be

ReðVqq̆Þffiffiffi
λ

p
T

¼
�
tμ
α

�0B@Z 1

0

1

u2

2
64exp½ðαtμÞ2ðCTÞ2ð1 − u2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞcosh2β − sinh2β

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞ − u4fðαÞ exp½2ðαtμÞ2ðCTÞ2ð1 − u2Þ�

q − 1

3
75du − 1þ α

1
CA: ð39Þ

The above expression represents the effects of the chemical
potential μ, rapidity β, and nonconformality C

T on the real
part of the qq̄ pair potential moving along the direction of
the Lorentz boost.
We shall now compute the same for the thing in the

scenario representing the moving qq̄ pair in the direction
perpendicular to the Lorentz boost.

B. qq̄ pair is perpendicular (transverse)
to the boost direction

In this case, we choose the following parametrizations
for the string action:

σ ¼ x3; τ ¼ t; r ¼ rðσÞ and x2 ¼ x1 ¼ constant

The open string action (19) now reads

SNG ¼ T
2πα0

Z þL=2

−L=2
dσLðr; r0Þ

≡ T
πα0

Z
L=2

0

dx3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ þ BðrÞr02

q
; ð40Þ

where

AðrÞ ¼ r4h2ðrÞðfðrÞ cosh2 β − sinh2 βÞ

BðrÞ ¼ h2ðrÞ
fðrÞ ðfðrÞ cosh

2 β − sinh2 βÞ: ð41Þ

Following the procedure in the earlier section, we get

dr
dσ

¼
ffiffiffiffiffiffiffiffiffi
AðrÞ
BðrÞ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
hðrÞ
hðrtÞ

�
2 AðrÞ
AðrtÞ

− 1

s
: ð42Þ

The screening length LT is now given by

LT ¼ 2

�
α

tμ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðαÞcosh2β − sinh2β

q

×
Z

1

0

du
u2 exp½ðαtμÞ2ðCTÞ2ð1 − u2Þ�ffiffiffiffiffiffiffiffiffi

fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞcosh2β − sinh2β − u4ðfðαÞcosh2β − sinh2βÞ exp½2ðαtμÞ2ðCTÞ2ð1 − u2Þ�

q : ð43Þ
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The real part of the qq̄ pair potential therefore reads

ReðVqq̆Þffiffiffi
λ

p
T

¼
�
tμ
α

� Z
1

0

du
u2

"
exp½ðαtμÞ2ðCTÞ2ð1 − u2Þ�ðfðuÞcosh2β − sinh2βÞffiffiffiffiffiffiffiffiffi

fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðuÞcosh2β − sinh2β − u4ðfðαÞcosh2β − sinh2βÞ exp½2ðαtμÞ2ðCTÞ2ð1 − u2Þ�

q − 1

#
− 1þ α

!
:

ð44Þ

The expressions for the qq̄ separation length L [Eqs. (31)
and (43)], and also the expressions for the real qq̄ pair
potential [Eqs. (39) and (44)] cannot be computed analyti-
cally. Hence, we take recourse to numerical study to see the
effects of rapidity β, nonconformality C

T, and chemical
potential μ. We do this in the next section. Interestingly,
we observe that in the perpendicular case, there is no
constraint on the turning point rt unlike the parallel case.

C. Numerical analysis and observations

In this subsection, we shall carry out numerical analysis
in order to draw proper conclusions. We have cast the
expressions for the screening lengths and potentials for
both perpendicular and parallel cases in a dimensionless
form in order to avoid any ambiguity in the analysis. In the
dimensionless form, the deformation parameter C, which
has the dimension of energy, now becomes C

T. The same is
true for the chemical potential μ, which now becomes μ

T.
In Fig. 1, we probe the effect of rapidity β on ReðVqq̄Þ. In

both cases, we set the values μ
T ¼ 1 and C

T ¼ 2.5. For the
parallel case, we see that the presence of the constraint on
the turning point rt of the U-shaped string profile restricts
the domain for ReðVqq̄Þ whenever β ≠ 0. In both cases, it is
observed that with the increasing value of β, the value of

ReðVqq̄Þ decreases. It is also to be observed that for
perpendicular scenario, the effect of rapidity on ReðVqq̄Þ
is more prominent.
The values of LTmax in both cases are shown to be

different, and it can be observed for any curve representing
a particular value of β. For β ¼ 1 curve, the value of
LTmax ≈ 0.25 for the parallel case and for the perpendicular
case, LTmax ≈ 0.22.
The curve for β ¼ 0 in both the plots represents the

potential for heavy qq̄ pair (at rest) in presence of the
chemical potential μ and the warp factor C.
In Fig. 2, we have shown the effect of the chemical

potential μ on the real potential of a moving qq̄ pair in the
presence of nonconformality. It can be observed that,
similar to the effect of rapidity β, with an increase in μ,
the value of ReðVqq̄Þ decreases. The constraint on the
turning point rt plays its role in the parallel case. The curve
for μ

T ¼ 0 represents the plasma without the chemical
potential in both cases. It is also to be observed that in
the perpendicular case, the value of LTmax ≈ 0.226 for the
curve μ

T ¼ 0, but in case of the parallel scenario, LTmax ≈
0.258. By comparing Figs. 1 and 2, we can observe that the
value of LTmax decreases more abruptly when we increase
β rather than the case when we increase μ. In Fig. 3, we
observe the effect of nonconformality on the real part of the
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FIG. 1. Effect of the rapidity β on the real qq̄ potential.
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qq̄ potential. In both cases, the value of LTmax increases
with the increase in the value of the deformation parameter
C. In SWT;μ with the deformation C

T ¼ 2.5, the value
of LTmax ≈ 0.2518 for the parallel case, and for the
perpendicular case, LTmax ≈ 0.2207.

IV. JET QUENCHING PARAMETER (qm) IN
THE STRONG COUPLING LIMIT OF

THE FIELD THEORY

We have seen that the presence of Lorentz boost has led
to two different choices for the motion of the qq̄ pair.
Another fascinating phenomenon can be observed in the
limit β → ∞, namely, the jet quenching of partons. Jet
quenching represents the relativistic profile of the partons
in strongly coupled plasma and is the property of the
medium which probes the energy loss of the moving
partons due to gluon radiation in the moving medium.

In this limit (β → ∞), the rectangular Wilson loop becomes
lightlike. This can also be done by writing down the metric
in the light cone coordinates [16]. Note that the rapidity β is
related with the velocity as

v ¼ tanh β: ð45Þ
Hence, in the limit, β → ∞, we have v ¼ 1. Before we
proceed to calculate the jet quenching parameter, we
perform a small simplification in the concerned spacetime
metric. The metric coefficient gtt in the metric (15) reads

gtt ¼ −r2hðrÞ½fðrÞcosh2β − sinh2β�;

fðrÞ ¼ 1 − ð1þQ2Þ
�
rh
r

�
4

þQ2

�
rh
r

�
6

:

In the computation of the jet quenching parameter (qm), we
need to take the limit β → ∞, which can be confusing with
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FIG. 2. Effect of the chemical potential μ on the real qq̄ potential.
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FIG. 3. Effect of the nonconformality on the real qq̄ potential.
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the current expression for gtt in hand. This motivates us to
simplify gtt as

gtt ¼ −r2hðrÞ
�
cosh2β − sinh2β

−
�
ð1þQ2Þ

�
rh
r

�
4

−Q2

�
rh
r

�
6
�
cosh2β

�
≡ −r2hðrÞ½1 − aQðrÞcosh2β�; ð46Þ

where aQðrÞ is given by

aQðrÞ ¼ ð1þQ2Þ
�
rh
r

�
4

−Q2

�
rh
r

�
6

: ð47Þ

Now it can easily be observed from Eq. (46) that gtt ≪ 1 in
the limit β → ∞. This leads to the open string action,

SNG ¼ iτ
πα0

Z
0

−L=2
Lðr; r0Þdσ; ð48Þ

where the Lagrangian Lðr; r0Þ is a real quantity and reads

Lðr; r0Þ ¼ r2hðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þ r02

r4fðrÞ
�
ðaQðrÞ cosh2 β − 1Þ

s
:

ð49Þ

Here we have used the fact that in the β → ∞ limit,
aQðrÞ cosh2 β ≫ 1.
The associated Hamiltonian reads

H ¼ Lðr; r0Þ − r0
∂Lðr; r0Þ

∂r0

¼ r2hðrÞ

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aQðrÞcosh2β − 1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r02

r4fðrÞ
q

3
75

¼ constant≡ γ: ð50Þ

Solving Eq. (50) for r0 gives

dr
dσ

¼ r4hðrÞ ffiffiffiffiffiffiffiffiffi
fðrÞp

γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aQðrÞcosh2β − 1

q

×

�
1 −

γ2

r4h2ðrÞðaQðrÞcosh2β − 1Þ
�
1=2

: ð51Þ

To have real values of r in the large β limit, the condition
that must be satisfied reads

γ < r2hðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aQðrÞ cosh2 β − 1

q
: ð52Þ

Keeping the dominant contribution of γ, we obtain

dr
dσ

≈
r4hðrÞ ffiffiffiffiffiffiffiffiffi

fðrÞp
γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aQðrÞ cosh2 β − 1

q
: ð53Þ

Integrating Eq. (53), we obtain

L ¼ 2γ

Z
∞

rh

dr

r4hðrÞ ffiffiffiffiffiffiffiffiffi
fðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aQðrÞ cosh2 β − 1
q : ð54Þ

By using Eq. (54), we obtain the constant γ in terms of the
qq̄ separation length L to be

γ ¼L
2
r3h

2
64Z 1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞcosh2β− 1
q

3
75
−1

;

ð55Þ
where we have defined

rh
r
¼ u

fðuÞ ¼ 1 −
�
1þ 1

3tμ2

�
μ

T

�
2
�
u4 þ 1

3tμ2

�
μ

T

�
2

u6

aQðuÞ ¼
�
1þ 1

3tμ2

�
μ

T

�
2
�
u4 −

1

3tμ2

�
μ

T

�
2

u6:

Substituting dr
dσ in Eq. (53) into the Nambu-Goto action, we

obtain

SNG ¼ iτ
πα0

Z
∞

rh

dr
hðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aQðrÞcosh2β − 1

q
ffiffiffiffiffiffiffiffiffi
fðrÞp

×

�
1þ γ2

r4h2ðrÞðaQðrÞcosh2β − 1Þ
�
1=2

: ð56Þ

From the condition expressed in Eq. (52), we know that γ is
a small parameter, and therefore, we can expand the open
string action given in Eq. (56) in powers of γ as

SNG ≈
i
ffiffiffi
λ

p
τ

π

Z
∞

rh

hðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aQðrÞcosh2β − 1

q
fðrÞ dr

þ γ2
i
ffiffiffi
λ

p
τ

2π

Z
∞

rh

dr

r4hðrÞ ffiffiffiffiffiffiffiffiffi
fðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aQðrÞcosh2β − 1
q

þOðγ4Þ
≈ S0 þ γ2SI þ � � � ð57Þ

It can be observed that in the limit γ → 0, the Nambu-Goto
action SNG ¼ S0, which is the self energy of two quarks
moving in the plasma. S0 can also be realized as the area of
two disjoint world sheets. Now subtracting the self energy
term S0 from the Nambu-Goto action, we obtain the
regularized open string action to be
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Sreg ¼ SNG − S0 ≈ γ2SI

¼ γ2
iτ

ffiffiffi
λ

p

2πr3h

Z
1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞcosh2β − 1
q

¼ iL2
ffiffiffi
λ

p
τ

8π
r3h

2
64Z 1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞcosh2β − 1
q

3
75
−1

; ð58Þ

where we have substituted the value of γ from Eq. (55) in order to express the regularized action in terms of the qq̄
separation length L. With the regularized action in hand, we now take the limit β → ∞ to make the rectangular Wilson loop
lightlike. This yields

Sreg ¼
iL2

ffiffiffi
λ

p
r3h

8π
ðτ cosh βÞ

2
64Z 1

0

u2

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞ
p ×

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

aQðuÞcosh2β
q du

3
75
−1

≈
iL2

ffiffiffi
λ

p
r3h

8π
ðτ cosh βÞ

"Z
1

0

u2

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞ
p du

#−1
; ð59Þ

where we keep only the dominating term in β.
By identifying the transverse screening length of a

moving qq̄ pair as [17]

τ cosh β ¼ L−ffiffiffi
2

p ; ð60Þ

we write down the regularized action in the final form as

Sreg ¼
iL−L2

ffiffiffi
λ

p
r3h

8
ffiffiffi
2

p
π

�Z
1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞ
p �

−1
:

ð61Þ

The standard relation between the regularized string world
sheet area and the jet quenching parameter qm reads [16]

hW½C�i ¼ e2iSreg ≈ e−
qm
4
ffiffi
2

p L−L2

: ð62Þ
By substituting Eq. (61) in Eq. (62), we obtain the jet
quenching parameter qm to be

qm ¼
ffiffiffi
λ

p
r3h
π

"Z
1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞ
p

#−1

¼
ffiffiffi
λ

p

π

"
π

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2

4
þ 1

6

�
μ

T

�
2

s #
3

T3

×

"Z
1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞ
p

#−1
: ð63Þ

The above expression for qm is given completely in terms
of the boundary field theoretical parameters, which are

temperature T, chemical potential q, and warp factor C. In
the limit μ

T → 0 and C
T → 0, we obtain

qm ¼ π3=2
Γ½3

4
�

Γ½5
4
�
ffiffiffi
λ

p
T3; ð64Þ

which is the well-known jet quenching parameter qm of a
qq̄ pair in a N ¼ 4 super Yang-Mills plasma [16].
The plot in the left panel of Fig. 4 represents the behavior

of the jet quenching parameter qm with respect to the
chemical potential μ for both with and without noncon-
formality. It is to be observed that in both cases the value of
qm increases with the increase in the value of the chemical
potential. In the right panel of Fig. 4, we depict the effect of
nonconformality on the jet quenching for a chosen value
of the chemical potential. It is observed that for lower value
of the deformation parameter C

T, the value of jet quenching
remains almost the same. However, at higher values of the
deformation parameter (CT > 1), the effect on the jet
quenching is much more pronounced and similar to the
effect of the chemical potential; it also increases the amount
of in-medium energy loss. The above plots suggest that the
presence of nonzero chemical potential and nonconformal-
ity enhances the in-medium energy loss in the high pT
region, which can be tested via the RHIC experiments. In
the limit μ

T → 0, the above discussion qualitatively matches
with the results obtained in [51]. Recent observations made
in RHIC shows that after collision, QGP expands and the
jet quenching decreases with a decrease in temperature,
and the observed values for the jet quenching parameter is
5 − 15 GeV2=fm [52–55]. We can compare our results
with this observed value for qm. In the left panel of Fig. 5,
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we plot the jet quenching parameter with respect to the
temperature at the conformal limit (C → 0). From this,
we observe that our result agrees with RHIC in the range
0.62 ≤ T ≤ 0.9 GeV for μ ¼ 0 GeV, 0.59 ≤ T ≤ 0.88 GeV
for μ ¼ 1 GeV and 0.5 ≤ T ≤ 0.81 GeV for μ ¼ 2 GeV.
This observation in turn reveals that an increase in the finite
quark density in the strongly coupled plasma produces the
observed values of jet quenching at a relatively lower value
of the temperature region. In the right panel of Fig. 5, we
plot it for C ¼ 2.5 × T GeV. Similar to the effect of the
chemical potential μ, the deformation parameter C (non-
conformality) further lowers the required temperature
region in order to observe the obtained RHIC values for
jet quenching.
We now compare our result of qm [given in Eq. (63)]

with the observed values of the jet quenching parameter in
RHIC and LHC at fixed temperatures. The observed values
of qm in the most central Au-Au collisions at RHIC reads

qm ¼ 1.2� 0.3 GeV2=fm at the highest temperature T ¼
0.37 GeV, and in the most central Pb-Pb collisions at LHC
reads qm ¼ 1.9� 0.7 GeV2=fm at the highest temperature
T ¼ 0.47 GeV [54]. We now use the above values of
temperature T in Eq. (63) and constraint the values of the
chemical potential μ and the deformation parameter C in
such a way that the resulting values of qm satisfies the
experimentally observed values mentioned above.
In Fig. 6, we graphically represent the allowed values of

μ and C at the mentioned temperatures. The left plot
corresponds to the value of the jet quenching parameter
qm ¼ 1.2� 0.3 GeV2=fm observed at the RHIC at temper-
ature T ¼ 0.37 GeV and the right plot corresponds
to the value of the jet quenching parameter qm ¼ 1.9�
0.7 GeV2=fm observed at the LHC at temperature
T ¼ 0.47 GeV. Note that the allowed values in the param-
eter space of μ and C shrink when the temperature
increases. We can also compute theoretical values of qm
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and compare them with the experimentally observed
values. In particular, for μ ¼ 0 with 0 ≤ C

T ≤ 2.5 at
T ¼ 0.37 GeV, the value of the jet quenching parameter
obtained from Eq. (63) is found to be qm ¼ 1.31�
0.18 GeV2=fm.
Another thing that we would like to discuss in this

section is to exploit the relation between qm and shear
viscosity to the entropy density ratio (ηs) in order to probe
the strength of the coupling in the strong coupling limit. In
[28], it is conjectured that in the strong coupling limit (large
N limit), the shear viscosity to entropy density ratio shows
the following behavior:

η

s
≫ K: ð65Þ

On the other hand, in the weakly coupled limit (quasipar-
ticle dominated quark-gluon plasma),

η

s
≈K; K ¼ 1.25

T3

qm
: ð66Þ

The above relations suggest that the quantity K can be
treated as a order parameter which probes the behavior of
the coupling constant of the gauge theory as the gauge
theory must obey the condition η

s ≫ K in order to be a
strongly coupled one. Interestingly, small values of η=s are
also favored by hydrodynamic models describing elliptic
flows observed in experiments involving RHIC [56]. This
observation was supported from AdS=CFT calculations,
where it was shown that the ratio of the shear viscosity to
entropy density is given by η=s ¼ ℏ

4πkB
, which turns out to

be indeed a small value. This result obtained in the
AdS=CFT setup led to the speculation that all relativistic
quantum field theories at a finite temperature and zero
chemical potential have a lower bound [57,58],

η=s ≥
ℏ

4πkB
: ð67Þ

As mentioned above, AdS=CFT computations saturated the
above bound. The above conjecture is also supported in the
strongly coupled limit of N ¼ 4 supersymmetric SU(N)
Yang-Mills theory, where it has been shown that η=s has the
well-known form [59],

η

s
¼ 1

4π

�
1þ 135ξð3Þ

λ3=2
þ � � �

�
: ð68Þ

By substituting the jet quenching parameter (qm) of sa
trongly coupled N ¼ 4 SYM [given in Eq. (64)] in
Eq. (65), one obtains [28]

0.166ffiffiffi
λ

p ≪
η

s
: ð69Þ

From the above relation, we find that for λ ≫ 4.3537, the
strongly coupled behavior of the finite temperature quan-
tum field theory is sustained. On a similar note, we sub-
stitute our result for qm [given in Eq. (63)] in Eq. (65) and
obtain

η

s
≫ 1.25

πffiffiffi
λ

p 1h
π
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2

4
þ 1

6
ðμTÞ2

q i
3

×
Z

1

0

u2du

expððCTÞ2ðutμÞ2Þ
ffiffiffiffiffiffiffiffiffi
fðuÞp ffiffiffiffiffiffiffiffiffiffiffiffi

aQðuÞ
p : ð70Þ

Once again making use of the conjecture about the lower
bound of η=s [given in Eq. (67)] for all relativistic finite
temperature quantum field theories, we get λ ≫ 2.5632 for
μ
T ¼ 0 with the deformation parameter C

T ¼ 2.5. This sug-
gests that if the conformal invariance in the gauge theory is
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broken, the minimum value for the t’Hooft coupling
constant λ reduces with increasing C

T.

V. IMAGINARY PART OF THE qq̄
PAIR POTENTIAL

In this section, we compute the imaginary part of the qq̄
pair, which arises due to the thermal fluctuation δrðxÞ of the
world sheet around the classical string configuration rcðxÞ
at some finite temperature [32]. The fluctuations are of the
form,

rðxÞ ¼ rcðxÞ þ δrðxÞ; ð71Þ

with the boundary conditions δrðx ¼ � L
2
Þ ¼ 0. For the

sake of simplicity, we assume the fluctuations δrðxÞ is to be
of arbitrary long wavelength, that is dδrðxÞ

dx → 0. In the
semiclassical approximation, the string partition function
taking into account the fluctuation reads

Zstring ≈
Z

DδrðxÞeiSNGðrcðxÞþδrðxÞÞ: ð72Þ

We now discretize the above string partition function in the
limit − L

2
≤ x ≤ L

2
by considering 2N points xk ¼ kΔx with

the definition k ¼ −N;−N þ 1;…;þN and Δx ¼ L
2N. By

using these, we obtain

Zstring ≈ lim
N→∞

Z
d½δðx−NÞ�…d½δðxþNÞ�

× exp

�
iτΔx
2πα0

X
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrkÞ þ BðrkÞr0k2

q �
; ð73Þ

where rk ≡ rðxkÞ and r0k ≡ r0ðxkÞ. The thermal fluctuations
are more prominent around x ¼ 0, where r ¼ rt. The
turning point r ¼ rt denotes the closest point to the event
horizon of the U-shaped string profile. Keeping in mind the
importance of the turning point r ¼ rt, we expand rcðxkÞ
around x ¼ 0. Keeping terms up to second order in xk, we
get

rcðxkÞ ≈ rcðx ¼ 0Þ þ r0cðx ¼ 0Þxk þ
1

2
r00cðx ¼ 0Þx2k

≈ rt þ
1

2
r00cðx ¼ 0Þx2k; ð74Þ

where we have used the following definitions of the turning
point rt:

rcðx ¼ 0Þ≡ rt; r0cjrc¼rt ¼ 0: ð75Þ

On the other hand, the expansions for AðrkÞ and BðrkÞ
yields

AðrkÞ ≈ At þ A0
tδrþ

1

2
A0
tr00cðx ¼ 0Þx2k þ

1

2
A00
t δr2

BðrkÞ ≈ Bt;

where At ≡ AðrtÞ and Bt ≡ BðrtÞ. In the above expan-
sions, we have kept terms up to second order in xmk δrn
(mþ n ≤ 2). Substituting the above expanded forms in the
Nambu-Goto action, given in the exponential of Eq. (73),
we obtain

SkNG ≡ τΔx
2πα0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrkÞ þ BðrkÞr0k2

q
¼ τΔx

2πα0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1x2k þD2

q
; ð76Þ

where

D1 ¼
r00cð0Þ
2

½2Btr00cðx ¼ 0Þ þ A0
t�

D2 ¼ At þ δrA0
t þ

1

2
δr2A00

t :

It is to be noted that if the function inside the square root of
the above string action is negative then it will contribute to
the imaginary part of the qq̄ potential. The relevant domain
for the integral in the partition function will be defined by
the roots of the function inside the square root, which is
given in Eq. (77). This leads to the kth component of the
integral given as

Ik ≡
Z

δrmax
k

δrmin
k

dðδrkÞ exp
�
iτΔx
2πα0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1x2k þD2

q �
; ð77Þ

where δrmin
k and δrmax

k are the roots of D1x2k þD2 in δr.
The above integral can be solved by the saddle point
method for α0 ≪ 1. The function in the exponential has a
stationary point when the function D1x2k þD2 assumes an

extremal value, which happens for δr ¼ − A0
t

A00
t
. This further

simplifies

D1x2k þD2 ≡D1x2k þ At −
A0
t
2

2A00
t
: ð78Þ

Now at δrmax
k and δrmin

k , we have

D1x2k þ At −
A0
t
2

2A00
t
¼ 0; ð79Þ

which leads to

xk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

D1

�
A0
t
2

2A00
t
− At

�s
≡ xc: ð80Þ
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The total contribution to the imaginary part comes from
ΠkIk, yielding

ImðVqq̄Þ ¼ −
1

2πα0

Z
jxj<xc

dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−x2D1 − At þ

A0
t
2

2A00
t

s
: ð81Þ

Integrating Eq. (81), we obtain

ImðVqq̄Þ ¼ −
1

2
ffiffiffi
2

p
α0

ffiffiffiffiffi
Bt

p �
A0
t

2A00
t
−
At

A0
t

�
: ð82Þ

We now introduce rh
rt
¼ α, 1

α0 ¼
ffiffiffi
λ

p
and write down the

imaginary part of the qq̄ potential in a dimensionless form
as

ImðVqq̄Þffiffiffi
λ

p
T

¼ −
1

2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffi
BðαÞ

p �
A0ðαÞ
2A00ðαÞ −

AðαÞ
A0ðαÞ

�
: ð83Þ

The expressions for AðαÞ, A0ðαÞ, A00ðαÞ, and BðαÞ are
given in the Appendix for both the parallel and the
perpendicular cases.

A. Numerical analysis and observations

We shall now proceed to numerical analysis in order to
observe the effects of rapidity β, the deformation paramter
C
T, and chemical potential μ

T on the imaginary part of the qq̄
potential.
Figure 7 depicts the effect of the Lorentz boost on the

imaginary potential for different orientations of the qq̄ pair.
In both panels, the curve for β ¼ 0 represents the static qq̄
pair, which is same in both of the plots and also in both
cases, the imaginary potential starts from a smaller value of
LT when the rapidity β increases. However, it is observed
that ImðVqq̄Þ ¼ 0 for β ¼ 1.2 in the parallel case, whereas
ImðVqq̄Þ ≠ 0 in the perpendicular case for the same value of

β. This suggests that in the case of the parallel orientation of
the qq̄ pair, the thermal width vanishes at a smaller value of
β as compared to the transverse orientation of the qq̄ pair.
By comparing both of the above plots, it is observed that
the anisotropy introduced in the analysis via an Lorentz
boost creates a strong suppression of the thermal width at
smaller angles in the strong coupling limit.
In Fig. 8, we observe the effects of nonconformality and

chemical potential on ImðVqq̄Þ. The plots suggest that with
the increment in the value of nonconformality parameter C

T,
the imaginary potential appears at a higher value of LT.
This directly suggests that nonconformality of the medium
increases the distance between q and q̄ (LT). On the other
hand, the increment in the value of the μ

T parameter forces
the imaginary potential to appear at a smaller value of LT,
which implies that the chemical potential of the medium
decreases the distance between q and q̄ (LT). It is known
that the imaginary part of the qq̄ potential is related with the
dissociation properties of the quarkonia in the medium.
This knowledge suggests that the dissociation of the
quarkonia becomes easier in the presence of the chemical
potential in the medium, whereas nonconformality opposes
the dissociation process.
The computation of the imaginary potential also enables

us to comment on the possible thermal widths associated
with it. The relationship between these quantities stands to
be [32–41]

Γ ¼ −hψ jImðVqq̄Þjψi: ð84Þ

It can observed from the computed results of the imaginary
potential that the enhancement of the chemical potential μ

T
decreases the imaginary potential, which in turn suppresses
the thermal width. On the other hand, an increase in the
value of the confining scale in the theory C

T increases the

-1.27

-1.17

-1.07

-0.97

-0.87

-0.77

-0.67

-0.57

-0.47

-0.37

-0.27

-0.17

-0.07

 0.23  0.24  0.25  0.26  0.27  0.28  0.29  0.3  0.31  0.32  0.33  0.34

Im
 V

/(
T

 �
0.

5 )

LT

�/T=1, C/T=2.5
�=0.0
�=0.4
�=0.8

-1.27

-1.17

-1.07

-0.97

-0.87

-0.77

-0.67

-0.57

-0.47

-0.37

-0.27

-0.17

-0.07

 0.18  0.21  0.24  0.27  0.3  0.33

Im
 V

/(
T

 �
0.

5 )

LT

�/T=1, C/T=2.5

�=0.0
�=0.4
�=0.8
�=1.2

FIG. 7. Effect of rapidity β on the imaginary qq̄ potential (we set C
T ¼ 2.5, μ

T ¼ 1).

ASHIS SAHA and SUNANDAN GANGOPADHYAY PHYS. REV. D 101, 086022 (2020)

086022-14



thermal width. The rapidity β creates a similar effect as the
chemical potential, as it also decreases the thermal width.

VI. CONCLUSION

We now summarize our findings. We have holograph-
ically investigated the dynamics of a moving quark-anti-
quark dipole in a strongly coupled nonconformal plasma
with finite quark density. We use the soft-wall dual
geometry (SWT;μ model) in which a Uð1Þ gauge field is
added in the bulk action on the basis of the AdS=CFT
dictionary to provide the quark-density vector operator in
the boundary field theory. The conformal invariance in the
dual field theory is broken by the background dilation,
which appears as an overall warp factor in the metric. The
QGP plasma is moving in a specific direction, namely x1

with a velocity v < 1. In the presence of the Lorentz boost
(in order to probe the moving qq̄ pair), we have considered
two extreme cases of orientation for the qq̄ pair, namely,
parallel and perpendicular to the direction of boost. In the

domain v < 1, the actions remain real, and they lead to a
timelike Wilson loop. We then compute the screening
length (LT) and the real part of the qq̄ potential for both
orientations by holographically computing the expectation
value of the timelike Wilson loop. We observe that in the
case of the parallel orientation of the qq̄ dipole with respect
to the direction of boost, a constraint on the turning point
exists which restricts its domain of possible values, whereas
there is no constraint in case of the transverse case. It is
observed that with an increasing value of rapidity β and
chemical potential parameter μ

T, the value of LTmax

decreases, and also the binding energy of the qq̄ pair
[ReðVqq̄Þ] reduces. However, the deformation parameter
(nonconformality) C

T increases the value of LTmax and also
increases the value of real part of the qq̄ potential. This
observation suggests that the chemical potential and the
deformation parameter affect the screening length of the qq̄
dipole and ReðVqq̄Þ in an opposite manner. We then take
β → ∞ (v ¼ 1) limit. This makes the action imaginary and
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the Wilson loop lightlike. By holographically computing
the lightlike Wilson loop, we obtain the in-medium energy
loss of the moving parton also known as the jet quenching
parameter qm. We observe that the presence of both the
chemical potential and nonconformality increases the in-
medium energy loss of the moving parton. This also
suggests that in the high pT domain, both C

T and μ
T enhance

the gluon radiation of the parton. We compare our results
with the observed values of the jet quenching in the RHIC
experiments. This comparison suggests that an increase in μ
and C lowers the possible allowed domain of temperature
for the computed jet quenching parameter to agree with the
RHIC observed values (5 ≤ qm ≤ 15 GeV2=fm). We then
compute the allowed parameter spaces of μ and C in order
to obtain the experimentally observed values of qm at RHIC
and LHC at a fixed temperature T. Furthermore, we probe
the strength of the coupling in our strongly coupled gauge
theory via an order parameter K≡ 1.25 T3

qm
and obtain the

possible value (minimum) for the coupling constant in
order to obtain η

s ≫ K. We then proceed to compute the
imaginary part of the qq̄ potential by considering the
thermal fluctuation of the string world sheet. It is observed
that an increase in the value of rapidity β forces the
imaginary potential to start from a smaller value of LT.
However, in the case of parallel orientation, an imaginary
potential vanishes at β ¼ 1.2, whereas at that particular
value of β, ImðVqq̄Þ ≠ 0 for the perpendicular case. The
effect of the chemical potential parameter μ

T is similar to
rapidity as increasing μ

T makes ImðVqq̄Þ to start from a
smaller value of LT. However, the presence of noncon-
formality, which is incorporated via the deformation
parameter C

T, forces ImðVqq̄Þ to start from a higher value
of LT. This suggests that both rapidity β and chemical
potential μT help in the dissociation process of the quarkonia
and that nonconformality opposes it. To place our findings

in a proper perspective with the existing results in the
literature, we would like to mention that our results are in
agreement with earlier findings. For instance, we observe
that for a fixed value of the nonconformality parameter, the
effect of increasing the chemical potential with a fixed
value of rapidity decreases the values of the real and
imaginary potentials but increases the in-medium
energy loss.
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APPENDIX

In this Appendix, we write down the functions men-
tioned in Eq. (83) by using the string action corresponding
to the parallel and perpendicular orientation of the qq̄
dipole with respect to the direction of boost.

1. qq̄ pair is in a transverse direction with respect
to the direction of boost

Firstly, we use the string action corresponding to the
perpendicular orientation of the qq̄ pair, given in Eq. (40),
and substitute it in Eq. (72). This leads to the following
functions which arise in Eq. (83):

AðαÞ ¼ T4

�
tμ
α

�
4

h2ðαÞ½fðαÞcosh2β − sinh2β�

A0ðαÞ ¼ T3½hðαÞ½fðαÞcosh2β − sinh2β� ×
�
4

�
tμ
α

�
3

hðαÞ þ 2

�
tμ
α

�
4

h0ðαÞ
�
þ
�
tμ
α

�
4

h2ðαÞf0ðαÞcosh2β
�

BðαÞ ¼ h2ðαÞ
�
cosh2β −

sinh2β
fðαÞ

�

A00ðαÞ ¼ T2

�
12

�
tμ
α

�
2

h2ðαÞ½fðαÞcosh2β − sinh2β� þ 8

�
tμ
α

�
3

hðαÞh0ðαÞ × ½fðαÞcosh2β − sinh2β�

þ 4

�
tμ
α

�
3

h2ðαÞf0ðαÞcosh2β þ ½fðαÞcosh2β − sinh2β� ×
�
8

�
tμ
α

�
3

hðαÞh0ðαÞ þ 2

�
tμ
α

�
4

h0ðαÞ2

þ 2

�
tμ
α

�
4

hðαÞh00ðαÞ
�
þ f0ðαÞcosh2β ×

�
4h2ðαÞ

�
tμ
α

�
3

þ 2

�
tμ
α

�
4

hðαÞh0ðαÞ
�

þ
�
tμ
α

�
4

h2ðαÞf00ðαÞcosh2β þ 2

�
tμ
α

�
4

hðαÞh0ðαÞf0ðαÞcosh2β
�
:
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2. qq̄ pair is in the same direction with respect to the direction of boost

Here also, we use the string action corresponding to the perpendicular orientation of the qq̄ pair, given in Eq. (22), and
substitute it in Eq. (72). This leads to the following functions, which arise in Eq. (83):

AðαÞ ¼ T4

�
tμ
α

�
4

h2ðαÞfðαÞ

A0ðαÞ ¼ T3

�
4h2ðαÞfðαÞ

�
tμ
α

�
3

þ 2

�
tμ
α

�
4

h0ðαÞhðαÞfðαÞ þ
�
tμ
α

�
4

h2ðαÞf0ðαÞ
�

A00ðαÞ ¼ T2

�
12

�
tμ
α

�
2

h2ðαÞfðαÞ þ 16

�
tμ
α

�
3

hðαÞh0ðαÞfðαÞ þ 4

�
tμ
α

�
3

h2ðαÞf0ðαÞ þ 2

�
tμ
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�
;

where
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��
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�
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