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We present a holographic analysis of diffractive photoproducton of charmonium J=ψ and upsilonium ϒ
on a proton, considered as a bulk Dirac fermion, for all ranges of

ffiffiffi
s

p
, i.e., from near threshold to very high

energy. Using the bulk wave functions of the proton and vector mesons, within holographic QCD, and
employing Witten diagrams in the bulk, we compute the diffractive photoproduction amplitude of J=ψ and
ϒ. The holographic amplitude shows elements of the strictures of vector meson dominance. It is dominated
by the exchange of a massive graviton or 2þþ glueball resonances near threshold, and its higher spin-j
counterparts that reggeize at higher energies. Both the differential and total cross sections are controlled by
the gravitational form factor AðtÞ, and compare well to the recent results reported by the GlueX
Collaboration near threshold and the world data at large

ffiffiffi
s

p
. The holographic gravitational form factors,

including the D-term, which is due to the exchange of massive spin-0 glueballs, are in good agreement with
lattice simulations. We use it to extract the holographic pressure and shear forces inside the proton. Finally,
using a pertinent integral representation of the holographic gravitational form factor AðtÞ near threshold,
and its Pomeron counterpart way above threshold, we extract the generalized parton distribution of gluons
inside the proton at different resolutions.

DOI: 10.1103/PhysRevD.101.086003

I. INTRODUCTION

Exclusive production of heavy mesons such as charmo-
nia and bottomonia through the use of photo- or electro-
production processes provides the optimal framework for
diffractive physics. In the limit when the coherence length
of the virtual photon is large in comparison to the proton
size, the scattering virtual photon on a hadron is equivalent
to the scattering of a hadron onto a hadron. The process is
mostly dominated by the exchange of gluons with vacuum
quantum numbers, leading to a slowly rising cross section
at high energy. The rise is due to the exchange of a
Pomeron, an effective object lying on the highest Regge
trajectory. First principle perturbative QCD calculations
[1, 2] provide insights to the nature of this exchange,
although the softness of the exchange suggests an alto-
gether nonperturbative approach.
Soft electroproduction on a nucleon is analogous to a

hadron of varying size scattering off a nucleon, with a
virtual photon wave function of squared transverse size

1=Q2. In the photoproduction limit withQ2 → 0, the size is
hadronic and nonperturbative physics applies. The diffrac-
tive and nonperturbative production process whereby the
soft virtual photon turns to a heavymeson is analogous to the
scattering of two dipoles with light-cone wave functions for
the in-out virtual photon states. It is inherently nonpertur-
bative at small Q2. Throughout, we will focus on electro-
production close to the photon point or photoproduction for
heavy mesons such as charmonium and bottomium.
Holographic QCD provides a nonperturbative frame-

work for discussing structure and scattering of hadrons. It
stems from a conjecture that observables in strongly
coupled gauge theories in the limit of a large number of
colors can be determined from classical fields interacting
through gravity in generally an anti–de-Sitter space in
higher dimensions [3]. The original conjecture was put
forth and demonstrated for conformal N ¼ 4 Yang-Mills
theory, and argued by many to hold under some assump-
tions for nonconformal gauge theories such as QCD.
Exclusive production of heavy mesons has been analyzed
in the context of holographic QCD at high energy [4,5],
where the exchange reggeizes [6–13]. Diffractive produc-
tion of vector mesons in the nonholographic context can be
found in [14].
Recently, the GlueX Collaboration has put forth mea-

surements of threshold charmonium production using vir-
tual photons close to the photon point [15]. Additional
measurements at JLab in this channel with higher accuracy
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using the SoLID detector should improve further the
statistics [16]. One purpose of these experiments is the
extraction of the gluonic component entering the composi-
tion of the nucleon mass. In this spirit, a new analysis of
these threshold data was carried in [17,18] using a hybrid
holographic construction combining general QCD argu-
ments and lattice results. One of the purposes of this paper is
to carry an analysis of the new GlueX data near threshold
[15] and the existing world data well above threshold, all
within a holographic QCD model using the bottom-up
approach. This analysis complements the earlier investiga-
tions in [4,5] at high energy, all the way to threshold. For
completeness, we note the earlier suggestion to use the
photoproduction process near threshold to probe the gluon
content of the nucleon [19].
The holographic photoproduction amplitude is domi-

nated by the exchange of a massive 2þþ graviton at
threshold, and higher spin-j exchanges away from threshold
that rapidly reggeize. The 0þþ glueballs are found to
decouple owing to their vanishing coupling to the virtual
photons, while the dilatons are shown to decouple from the
bulk Dirac fermion. At threshold, the holographic photo-
production amplitude directly probes a pertinent gravita-
tional form factor which maps on the gluonic contribution
to the energy-momentum tensor of the nucleon as a Dirac
fermion in the bulk.
This paper consists of several new results: (i) The

derivation of all three holographic gravitational form
factors and their comparison to recent lattice data.
(ii) The derivation of the gluonic pressure and shear forces
inside the proton. (iii) The derivation that the holographic
processes γp → Vp and γp → γ�p are related in bulk by
vector meson dominance (VMD). (iv) The derivation of the
holographic photoproduction differential and total cross
sections for J=Ψ and their comparison to current data for all
energies. (v) The derivation that the threshold cross section
is dominated by only one invariant gravitational form factor
AðtÞ, due to the exchange of a 2þþ glueball in bulk. (vi) The
extraction of the value of Að0Þ from the data for different
brane embeddings. (vii) The derivation of the holographic
gluonic generalized parton distribution (GPD) of the
nucleon as a bulk Dirac fermion. (viii) The prediction
for the diffractive photoproduction of ϒ.
The organization of the paper is as follows: In Sec. II we

review the kinematics for a general 2 → 2 process. In
Sec. III, we detail the general structures of the Witten
diagrams for exclusive process, like the diffractive photo-
production of J=ψ , by using the bulk wave functions of
hadrons in holographic QCD. In Sec. IV, we introduce in
detail the bottom holographic model we use, and derive the
bulk vertices for theWitten diagrams from the bulk action of
themodel. In Sec. V, we derive the holographic gravitational
form factors usingWitten diagrams, and campare them to the
recent lattice results. In Sec. VI, we use our holographic
D-term to calculate the pressure distribution and shear forces

inside the proton. In Sec. VII, we show how vector meson
dominance holds in the present holographic construction,
and derive the scattering amplitude for the diffractive
photoproduction by approximating the bulk-to-bulk glue-
ball propagator near the boundary which will enable us to
write down the scattering amplitude explicitly in terms of the
gravitational form factor AðtÞ of spin-2 glueball exchanges.
In Sec. VIII, the photoproduction differential and total
cross sections close to the photon point are detailed at
threshold in the single graviton exchange limit. In Sec. IX,
we generalize the result beyond threshold through reggeiza-
tion by including the higher spin-j exchanges and their
resummation. In Sec. X, we derive the gluonic GPD from a
pertinent integral representation of the form factor AðtÞ. Our
conclusions are in Sec. XI, and details of the calculations are
given in several appendixes.

II. KINEMATICS OF THE γ�p → Vp PROCESS

Throughout, we will refer to real and virtual photo-
production by γ� in the general presentation, but we will
specialize to photoproduction in most of the specific
analyses and results. All our arguments extend readily to
diffractive electroproduction of heavy mesons V ¼ J=Ψ;ϒ
with minor changes.
We start by briefly reviewing the kinematics for the

process γ�p → Vp. We first define the Lorentz scalars as
s ¼ W2 ¼ ðp1 þ q1Þ2, and t ¼ ðp1 − p2Þ2 ¼ ðq1 − q2Þ2
where q1;2 are the four-vectors of the virtual photon and
vector meson, respectively (note that we occasionally use
the notation q≡ q1 and q0 ≡ q2), and p1;2 are the four
vector of the proton. Throughout we will work with mostly
negative signature, i.e., ημν ¼ ðþ1;−1;−1;−1Þ. Note that
our convention is different from the mostly positive
signature used in most holographic analyses.
We will work in the center-of-mass frame of the pair

composed of the virtual photon γ� and the proton. In this
frame, one can derive the mathematical relationships
between the three-momenta of the virtual photon and
vector meson (qγ , qV) and Lorentz scalars (s, t, q21¼−Q2,
q22¼M2

V , p
2
1 ¼p2

2¼m2
N) as (see, for example, Eqs. (11.2-4)

in [20])

jqγj ¼
1

2
ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2−2ð−Q2þm2

NÞsþð−Q2−m2
NÞ2

q
; ð2:1Þ

jqV j ¼
1

2
ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2−2ðM2

V þm2
NÞsþðM2

V −m2
NÞ2

q
; ð2:2Þ

and

t ¼ −Q2 þM2
V − 2EγEV þ 2jqγjjqV j cos θ: ð2:3Þ

Here Eγ ¼ ð−Q2 þ q2
γÞ12 is the energy of the virtual photon,

and EV ¼ ðM2
V þ q2

VÞ12 is the energy of the vector meson.
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The t-transfer at low
ffiffiffi
s

p
is bounded by tmin ≡ jtjcos θ¼þ1j

and tmax ≡ jtjcos θ¼−1j as illustrated in Fig. 1.
We now note that at threshold and for example V ¼ J=Ψ

with str ¼ ðmN þMVÞ2 ¼ 4.04 GeV2

−tminðs ¼ strÞ ¼
mNM2

V

mN þMV

¼ 1.52 GeV2 ≪ 4.042 GeV2 ¼ str ð2:4Þ
and away from threshold

−tminðs ≫ strÞ ∼
�
mNMV

s

�
2

≪ s: ð2:5Þ

The photoproduction kinematics for charmonium and also
bottomium is dominated by the diffractive process all the
way to threshold.
The differential cross section for the photoproduction

process γ�p→Vp is given by (see for example, Eq. (11.34)
in [20])

dσ
dt

¼ e2

64πsjqγj2
jAγ�p→Vpðs; tÞj2 ð2:6Þ

and the total cross section for small
ffiffiffi
s

p
close to threshold is

σðsÞ ¼
Z

tmax

tmin

dt

�
dσ
dt

�
: ð2:7Þ

We now show how to use Witten diagrams in AdS
with bulk wave functions for the vector mesons, bulk-to-
boundary and bulk-to-bulk propagators within pertinent
holographic models in the bottom-up approach.

III. HOLOGRAPHIC PHOTOPRODUCTION OF
VECTOR MESONS

The diffractive amplitude for the photoproduction of a
vector meson, in a given holographic model of QCD, can

be computed by using the Witten diagram shown in Fig. 2,
where bulk VMD is manifest as we will detail below. The
structure of the Witten diagram is pretty general, and can be
applied to any holographic model to QCD with a mass gap,
and a discrete mass spectrum of hadrons.
The main elements of the Witten diagrams shown in

Fig. 2 (also in Figs. 2 and 3 for the gravitational form
factor) are composed of the following:
(1) The bulk-to-boundary propagator of the vector

mesons (or virtual photons for spacelike momenta
q2 ¼ −Q2) as

Vðq; zÞ ¼ Vðq ¼ iQ; zÞ ¼ CV × g5
X
n

FnϕnðzÞ
Q2 þm2

n
;

ð3:1Þ

FIG. 1. tmin and tmax vs W ¼ ffiffiffi
s

p
for MV ¼ MJ=ψ ¼ 3.10 GeV,

mN ¼ 0.94 GeV, and Q ¼ 0. Note that at the threshold energy
Wtr ¼ ffiffiffiffiffi

str
p ¼ mN þMV ¼ 4.04 GeV, we have tmin ¼ tmax.

FIG. 2. Witten diagram for the diffractive photoproduction of
vector mesons with a bulk wave function ϕV . The thick lines or
thick wiggles represent the propagators of summed over vector
meson or glueball resonances. The thin lines or thin wiggles
correspond to a single vector meson and proton. For scalar
glueball resonances, due to the dilaton and the trace-full part of
the metric fluctuation, we simply replace the bulk-to-bulk
propagator Ghðk; z; z0Þ of spin-2 glueballs by Gφ;fðk; z; z0Þ.

FIG. 3. Witten diagram for the gravitational form factor AðtÞ
due to the exchange of spin-2 glueball resonances.
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where ϕnðmn; zÞ, mn, fn ≡ −Fn=mn, and g5 are the
bulk wave function, mass, decay constant, and
hadronic coupling constant of each meson resonan-
ces, respectively. CV is a normalization constant for
the mesons which can be identified with the value of
the electromagnetic form factor of the proton at zero-

momentum transfer [and CV ¼ FðPÞ
1 ðQ ¼ 0Þ ¼ 1

since the electric charge of the proton is normalized
to one in units of e].

(2) The bulk-to-boundary propagator of the spin-2 glue-
balls (for spacelike momenta k2 ¼ −K2)

hðk;zÞ¼HðK;zÞ¼Ch×
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
K2þm2

n
; ð3:2Þ

where ψnðmn; zÞ, mn, fn ≡ −Fn=mn, and κ are the
bulk wave function, mass, decay constant, and
hadronic coupling constant of each glueball reso-
nances. Ch is the normalization constant for glue-
balls [which will be identified with the gravitational
form factor of the proton at zero momentum transfer,
i.e., Ch ≡ Aðt ¼ 0Þ].

(3) The bulk-to-bulk propagators of the vector meson
and glueball resonances

GVðq0; z; z0Þ ¼ CV ×
X
n

ϕnðzÞϕnðz0Þ
q02 −m2

n
; ð3:3Þ

and

Ghðk; z; z0Þ ¼ Ch ×
X
n

ψnðzÞψnðz0Þ
k2 −m2

n
; ð3:4Þ

and the bulk wave function of the proton (a Dirac
fermion in the bulk) is denoted as Ψðp; zÞ.
More specifically, for the hard-wall and soft-wall

holographic models of QCD, that we focus on in this
paper, all the ingredients of the Witten diagram
Fig. 2 are determined in terms of their bulk wave
functions, the normalization constants CV;h, the
mass scale parameters z0 for the hard wall (κ̃V;N
and cV for the soft wall), and the hadronic coupling
constants g5 (for mesons) and κ (for glueballs).

The mass scale parameters z0 or κ̃ρ;N are simultaneously
fixed to the proton’s and the ρ meson’s mass, κ̃V and cV for
V ¼ ðJ=ψ ;ϒÞ are fixed by their mass mV ¼ ðmJ=ψ ; mϒÞ
and decay constants fV ¼ ðfJ=ψ ; fϒÞ. The hadronic cou-
pling constant of glueballs κ is fixed by using type II
supergravity action on AdS5 × S5, and the hadronic cou-
pling of vector mesons is fixed by using the DBI action for
D7 or D9 flavor branes. Finally, we will extract the
gravitational form factor Að0Þ ¼ Ch=g25 by comparing
the holographic scattering amplitude to experimental data
in the low-energy regime.

Note that, in general, the normalized bulk wave function
of one of the vector meson resonances ϕn¼0 ≡ ϕV takes
the form

ϕV ¼ cVzJðMVzÞ ¼
fV
MV

×MVzJðMVzÞ ð3:5Þ

where JðMVzÞ is a special function that depends on the
details of the holographic model. And, the decay constant
fV , for a meson at rest, defined as

h0jJV;ijVji ¼ fVMVδij ð3:6Þ

is calculable in a given holographic model to QCD, and can
be extracted experimentally from the leptonic width as

ΓðV → lþl−Þ ¼ 4π

3
α2QEDe

2
V
f2V
MV

ð3:7Þ

where eV is the electric charge of the constituent quarks
of the vector meson. For V ¼ ðJ=Ψ;ϒÞ: eV ¼ ð2=3; 1=3Þ,
MV ¼ ð3.097; 9.460Þ GeV and eVfV ¼ ð270; 238Þ MeV.

IV. HOLOGRAPHIC MODEL

We consider AdS5 with a background metric gMN ¼
ðημν;−1Þ=z2 and ημν ¼ ð1;−1;−1;−1Þ. Confinement will
be described by a background dilaton ϕ ¼ κ̃2Vz

2 for
mesons, ϕ ¼ κ̃2Nz

2 for protons and ϕ ¼ 2κ̃2Nz
2 for glueballs

in the soft-wall model. In the hard-wall model, ϕ ¼ 0 and
confinement is set at z ¼ z0. The bulk graviton and dilaton
fields will be described by φ and hμν respectively, while the
bulk U(1) vector gauge field and a spin-1

2
Dirac fermion by

VM and Ψ respectively.

A. Bulk Dirac fermion and vector meson

The bulk Dirac fermion action in curved AdS5 with
minimal coupling to the U(1) vector meson is [21]

S ¼
Z

d5x
ffiffiffi
g

p ðLF þ LVÞ þ
Z

d4x
ffiffiffiffiffiffiffiffiffiffi
−gð4Þ

q
LUV; ð4:1Þ

with the fermionic, gauge field and boundary actions

LF¼
1

2g25
e−ϕðzÞ

�
i
2
Ψ̄eNAΓAðD⃗N−D⃖NÞΨ−ðMþVðzÞÞΨ̄Ψ

�
;

LV¼−
1

4g25
e−ϕðzÞgμαgβνFV

μνFV
αβ;

LUV¼
1

2g25
ðΨ̄LΨRþΨ̄RΨLÞz¼ε: ð4:2Þ

We have fixed the potential VðzÞ ¼ κ̃2Nz
2 for both the hard-

and soft-wall model. We have denoted by eNA ¼ zδNA the
inverse vielbein, and defined the covariant derivatives
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D⃗N ¼ ∂⃗N þ 1

8
ωNAB½ΓA;ΓB� − iVN;

D⃖N ¼ ∂⃖N þ 1

8
ωNAB½ΓA;ΓB� þ iVN: ð4:3Þ

The components of the spin connection are ωμzν¼−ωμνz¼
1
zημν, the Dirac gamma matrices satisfy anticommutation
relation fΓA;ΓBg¼2ηAB, that is, ΓA¼ðγμ;−iγ5Þ, andFV

MN¼∂MVN−∂NVM. The equation of motions for the bulk Dirac
fermion and the U(1) gauge field follow by variation�
ieNAΓADN −

i
2
ð∂NϕÞeNAΓA − ðM þ ϕðzÞÞ

�
Ψ ¼ 0;

1ffiffiffi
g

p ∂Mð
ffiffiffi
g

p
e−ϕFMNÞ ¼ 0: ð4:4Þ

The coupling g5 is inherited from the nature of the brane
embeddings in bulk: 1=g25≡3NcNf=ð12π2Þ (D7-branes)
and 1=g25 ≡ ð3 ffiffiffi

λ
p

=25=2πÞNcNf=ð12π2Þ (D9-branes). The
brane embeddings with Nf ¼ 1 are more appropriate for
describing heavy mesons in bulk, as the U(1) field mode
decomposes in an infinite tower ofmassivevectormesons on
these branes as we discussed above. When ignoring these
embeddings, the standard assignment is 1=g25 ≡ Nc=ð12π2Þ.
We note that in (4.2), we have excluded a Yukawa-type

coupling between the dilaton and the bulk Dirac fermion,
since neither the fermionic part of the type IIB supergravity
action (see, for example, Eq. (A.20) in [22]) nor the
fermionic part of the DBI action in string theory (see,
for example, Eq. (56) in [23]) support such a coupling.

B. Spectra

The spectrum for the hard-wall model is fixed by the
zeros of the Bessel function J1ðmnz0Þ ¼ 0 and does not
reggeize. It does in the soft-wall model by solving the
equation of motion for VN following from (4.1). The results
for the heavy meson masses and decay constants are [24]

m2
n ¼ 4κ̃2Vðn� þ 1Þ;

g5fn ¼
ffiffiffi
2

p
κ̃V

�
nþ 1

n� þ 1

�1
2

; ð4:5Þ

with n� ¼ nþ c2V=4κ̃
2
V . The additional constant cV is fixed

as c2V=4κ̃
2
V ¼ M2

V=4κ̃
2
V − 1 for n ¼ 0 for the heavy mesons

V ¼ ðJ=ψ ;ϒÞ, and cρ ¼ 0 for the light mesons. The mass
spectrum of the bulk Dirac fermions is given by [21]

m2
n ¼ 4κ̃2Nðnþ τ − 1Þ; ð4:6Þ

with the twist factor τ. For the specific soft-wall applica-
tions to follow we will set κ̃N ¼ κ̃V ¼ κ̃ρ for simplicity,
unless specified otherwise.

C. Bulk graviton and dilaton

The graviton in bulk is dual to a glueball on the boundary.
It is a rank-2 tensor with reducible parts in general. To

decompose the graviton tensor hμν to its transverse and
traceless part h, and trace-full part f we follow [25] and
define

hμν ¼ ϵTTμν hþ k̃2ϵTμνf − k̃μk̃νH þ k̃μA⊥
ν þ k̃νA⊥

μ ð4:7Þ
where

kμϵTTμν ¼ ημνϵTTμν ¼ 0;

ϵTμν ¼
1

4
ημν ð4:8Þ

with α≡ k̃=kz0 a dimensionless normalization constant
which can be fixed empirically. Here z0 is the hard-wall
scale, and kμA⊥

μ ¼ 0. A similar rescaling follows in the soft-
wall model with z0 → 1=κ̃V .
In a gauge where A⊥

μ ¼ 0, the equation of motion for h
decouples. In contrast, the equations for f, H, and φ
(denoted as k in [25]) are coupled (see Eqs. (7.16)–(20) in
[25]). Diagonalizing the equations, one can show that f
satisfies the same equation of motion as h [25]. Also note
that f0 ¼ fðz ¼ 0Þ couples to Tμ

μ of the gauge theory, while
H0 ¼ Hðz ¼ 0Þ couples to kμkνTμν ≡ 0 (see Eq. (7.6)
of [25]).

1. Action

The effective action for the graviton (ημν → ημν þ hμν)
and dilaton fluctuations (ϕ → ϕþ φ) follows from the
Einstein-Hilbert action plus dilaton by expanding to quad-
ratic order, and after adding the background de-Donder
gauge fixing term. The result is

S ¼
Z

d5x
ffiffiffi
g

p
e−2ϕðLhþf þ LφÞ; ð4:9Þ

with

Lhþf¼−
1

4g̃25
gμνηλρηστ∂μhλσ∂νhρτþ

1

8g̃25
gμνηαβηγσ∂μhαβ∂νhγσ;

Lφ¼þ 1

2g̃25
gμν∂μφ∂νφ; ð4:10Þ

and g̃25 ¼ 2κ2 ¼ 16πGN ¼ 8π2=N2
c.

2. Spectrum

In the soft-wall model, the glueball spectrum is deter-
mined by solving the equation of motion for hμν following
from (4.9). The results for the spin-2 glueball masses and
decay constants are

m2
n ¼ 8κ̃2Nðnþ 1Þ; g̃5fn ¼ 2κ̃N: ð4:11Þ

They differ from their vector meson counterparts in (4.5)
by the replacements κ̃V →

ffiffiffi
2

p
κ̃N and g5 → g̃5 due to the

difference in the bulk actions. For spin-0 glueballs, we have
for the trace-full part of the metric fluctuation
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m2
n ¼ 8κ̃2Nðnþ 1Þ;

ffiffiffi
2

p
g̃5fn ¼ 2κ̃N ð4:12Þ

after replacing g̃5 →
ffiffiffi
2

p
g̃5 in the results for spin-2 glue-

balls. For the dilaton fluctuations we have

m2
n ¼ 8κ̃2Nðnþ 1Þ; g̃5fn ¼ 2κ̃N: ð4:13Þ

3. Couplings

For the graviton in the axial gauge hμz ¼ hzz ¼ 0. The
pertinent couplings in Fig. 2, which follow from linearizing
the action (4.1) by replacing ημν → ημν þ hμν, are

hΨ̄Ψ∶ −
ffiffiffiffiffiffiffi
2κ2

p

2

Z
d5x

ffiffiffi
g

p
hμνT

μν
F ;

hAA∶ −
ffiffiffiffiffiffiffi
2κ2

p

2

Z
d5x

ffiffiffi
g

p
hμνT

μν
V ; ð4:14Þ

with the energy-momentum tensors

Tμν
F ¼ e−ϕ

i
2
zΨ̄γμ∂ν

↔
Ψ − ημνLF;

Tμν
V ¼ −e−ϕðz4ηρσημβηνγFV

βρF
V
γσ

− z4ημβηνγFV
βzF

V
γzÞ − ημνLV: ð4:15Þ

Note that the UV-boundary term in the (4.1) vanishes for
the normalizable modes of the fermion. For the dilaton the
couplings are

φΨ̄Ψ∶
ffiffiffiffiffiffiffi
2κ2

p Z
d5x

ffiffiffi
g

p e−ϕ

2

�
z
2
∂zφ

�
Ψ̄γ5Ψ

þ
ffiffiffiffiffiffiffi
2κ2

p Z
d5x

ffiffiffi
g

p e−ϕ

2

�
iz
2
∂μφ

�
Ψ̄γμΨ;

φAA∶
ffiffiffiffiffiffiffi
2κ2

p Z
d5x

ffiffiffi
g

p
e−ϕð−φÞ

�
−
1

4
gμαgβνFV

μνFV
αβ

�
:

ð4:16Þ

We have canonically normalized the bulk fields through the
substitutions

Ψ → g5Ψ; VN → g5VN;

φ →
ffiffiffiffiffiffiffi
2κ2

p
φ; hμν →

ffiffiffiffiffiffiffi
2κ2

p
hμν ð4:17Þ

which makes the couplings and power counting manifest in
Witten diagrams. Note that after this rescaling, the meson
decay constants in (4.5) and the glueball decay constants in
(4.11)–(4.13) redefine through g5fn → fn. This will be
understood in most of our analysis.
Evaluating the couplings or the vertices (4.14)–(4.16) on

the solutions, Fourier transforming the fields to momentum
space, and integrating by part the trace-full part for the
fermions, we find for the couplings to the fermions (hΨ̄Ψ)
and gauge fields (hAA)

hΨ̄Ψ∶
Z

d4p2d4p1d4k
ð2πÞ12 ð2πÞ4δ4ðp2−k−p1ÞðSkhΨ̄ΨþSk

fΨ̄ΨÞ;

hAA∶
Z

d4q0d4qd4k
ð2πÞ12 ð2πÞ4δ4ðq0−k−qÞðSkhAAþSkfAAÞ:

ð4:18Þ

The corresponding couplings to the dilatons are

φΨ̄Ψ∶
Z

d4p2d4p1d4k
ð2πÞ12 ð2πÞ4δ4ðp2 − k − p1ÞSkφΨ̄Ψ;

φAA∶
Z

d4q0d4qd4k
ð2πÞ12 ð2πÞ4δ4ðq0 − k − qÞSkφAA ð4:19Þ

with

Sk
hΨ̄Ψ¼−

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕzϵTTμν hðk;zÞΨ̄ðp2;zÞγμpνΨðp1;zÞ;

Sk
fΨ̄Ψ¼−

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2;zÞðϵTμνfðk;zÞk̃2γμpνþ∂zðϵTμνfðk;zÞÞk2ημνγ5þϵTμνfðk;zÞk̃2ημνkαγαÞΨðp1;zÞ;

SkhAA¼
ffiffiffiffiffiffiffi
2κ2

p Z
dz

ffiffiffi
g

p
e−ϕz4ϵTTμν hðk;zÞKμνðq;q0;n;n0;zÞ;

SkfAA¼
ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕz4ϵTμνfðk;zÞk̃2

�
Kμνðq;q0;n;n0;zÞ−1

4
ημνKðq;q0;n;n0;zÞ

�
; ð4:20Þ

and

Sk
φΨ̄Ψ ¼

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞð∂zφðk; zÞγ5 þ φðk; zÞkαγαÞΨðp1; zÞ;

SkφAA ¼
ffiffiffiffiffiffiffi
2κ2

p

4

Z
dz

ffiffiffi
g

p
e−ϕz4φðk; zÞKðq; q0; n; n0; zÞ: ð4:21Þ
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We have set q2 ¼ −Q2, q02 ¼ −Q02 for spacelike momenta,
and defined

Kμνðq; q0; n; n0; zÞ≡ Bμν
1 VðQ; zÞVðQ0; zÞ

− Bμν
0 ∂zVðQ; zÞ∂zVðQ0; zÞ;

Bμν
0 ðn; n0Þ≡ nμn0ν;

Bμν
1 ðq; q0; n; n0Þ≡ n · n0qμq0ν − q · n0nμq0ν

− q0 · nqμn0ν þ q · q0nμn0ν ð4:22Þ

with B1;0¼ημνB
μν
1;0, and K¼ ημνKμν. The non-normalizable

wave function for the virtual photon VðQ; zÞ is given in
Appendix A.

V. GRAVITATIONAL FORM FACTORS

The graviton coupling to the Dirac fermion in bulk is
through its energy-momentum tensor. In the conformally
broken geometry (hard or soft wall), the corresponding
energy-momentum tensor traces to the normalization of the
bulk Dirac fermion as a nucleon state, modulo the source
field normalization at the boundary (see below). More
importantly, since the holographic construction operates in
the limit of a large number of colors, it follows that the
energy-momentum tensor of the bulk Dirac fermion is dual

to the quenched energy-momentum tensor of the nucleon.
In other words, only the gluonic contribution to the energy-
momentum tensor is picked by the photoproduction ampli-
tude close to threshold in the present holographic analysis.
More specifically, the energy-momentum tensor to the

bulk Dirac fermion involves both the 2þþ tensor glueball
field h and the 0þþ scalar glueball field f; see Figs. 3 and 4,

ihp2jTμνð0Þjp1i ¼ ð−iÞVμνðTTÞ
hΨ̄Ψ ðp1; p2; KÞ þ ð−iÞVμνðTÞ

fΨ̄Ψ ðp1; p2; KÞ; ð5:1Þ

with the explicit vertices

VμνðTTÞ
hΨ̄Ψ ðp1; p2; KÞ ¼ −

1

2g25

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞγμpνΨðp1; zÞHðK; zÞ

¼ −
1

2g25

Z
dz

ffiffiffi
g

p
e−ϕzðψ2

RðzÞ þ ψ2
LðzÞÞHðK; zÞ × ūðp2Þγμpνuðp1Þ;

VμνðTÞ
fΨ̄Ψ ðp1; p2; KÞ ¼ −

1

2g25

Z
dz

ffiffiffi
g

p
e−ϕzðψLðzÞψRðzÞ − ψRðzÞψLðzÞÞ∂zF ðK; zÞ × k̃2ημν × ūðp2Þuðp1Þ

−
1

16g25

Z
dz

ffiffiffi
g

p
e−ϕzðψ2

RðzÞ þ ψ2
LðzÞÞF ðK; zÞ × k̃2ημν × ūðp2Þðγαpα þ 4kαγαÞuðp1Þ: ð5:2Þ

They follow by substituting the normalizable mode
Jhðmn; zÞ and Jfðmn; zÞ by the non-normalizable mode
HðK; zÞ (given in (A31) and F ðK; zÞ (given in (A49) in the
second vertices of (B6) and (B7) for spacelike momenta
k2 ¼ −K2, with the boundary value for the source set
generically to HðK; 0Þ ¼ 1. Below, we show that this
boundary condition is tied to the normalization of the
(gluonic) trace of the energy-momentum tensor in the bulk
Dirac fermion state as a nucleon and will relax it, since it is
arbitrary in holography.
With this in mind, a comparison of (5.1)–(5.3) to the

standard decomposition of the energy-momentum form
factor

hp2jTμνð0Þjp1i ¼ ūðp2Þ
�
AðkÞγðμpνÞ þ BðkÞ ip

ðμσνÞαkα
2mN

þ CðkÞ k
μkν − ημνk2

mN

�
uðp1Þ; ð5:3Þ

yields

AðKÞ ¼ −
CðKÞ

ðαz0mN=2Þ2

¼ 1

2g25

Z
dz

ffiffiffi
g

p
e−ϕzðψ2

RðzÞ þ ψ2
LðzÞÞHðK; zÞ: ð5:4Þ

FIG. 4. Witten diagram for the gravitational form factor CðtÞ
due to the exchange of scalar glueball resonances from the trace-
full part of the metric fluctuation fðk; zÞ. Also shown is a form
factor due to the exchange of the dilatonic scalar glueball
resonances φðk; zÞ.
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For the soft-wall model,

AðKÞ ¼ Að0ÞðaK þ 1Þð−ð1þ aK þ 2a2KÞ
þ 2ðaK þ 2a3KÞΦð−1; 1; aKÞÞ; ð5:5Þ

or equivalently

AðKÞ¼Að0Þ
�
ð1−2aKÞð1þa2KÞ

þaKð1þaKÞð1þ2a2KÞ
�
ψ

�
1þaK

2

�
−ψ

�
aK
2

���
ð5:6Þ

with aK ¼ K2=8κ̃2N . Here Φð−1; 1; a0Þ refers to the
LerchPhi function, and ψðxÞ refers to the digamma function
or harmonic numberHx ¼ ψðxÞ þ γ. Modulo Að0Þ, (5.5) is
in agreement with the result in [21]. The gravitational form
factor CðKÞ is proportional to AðKÞ modulo a negative
overall constant −ðαz0mN=2Þ2 < 0 which is left undeter-
mined since α is arbitrary in the tensor decomposition (4.7).
We note that (5.1) gives hpjTμ

μjpi ¼ 2Að0Þm2
N . Since the

boundary value HðK; 0Þ ¼ Hð0; zÞ is arbitrary as we just
noted above, it follows that Að0Þ is not fixed in holography.
This will be understood from here on.
The invariant form factors AðkÞ, BðkÞ, CðkÞ (for k2 ≥ 0)

measure the gluonic content of the energy-momentum
tensor in the nucleon state, as the holographic dual of
the energy-momentum tensor of the dilation in bulk in the
double limit of large Nc; λ. This limit maps the bulk fields
in a soft- or hard-wall metric, to a pure Yang-Mills theory at
the boundary in the confining regime. More specifically,
the form factor AðkÞ through HðK; zÞ in bulk resums the
2þþ or tensor glueball Regge trajectory as given in (A31).
For the soft-wall model, the result is in agreement with the
one reported in [21]. The form factor CðkÞ throughF ðK; zÞ
in bulk resums the 0þþ or scalar glueball Regge trajectory
as shown in (A49). In holography, the scalar and tensor
glueball spectra are degenerate as we noted earlier (same
bulk equations for h, f), so HðK; zÞ and F ðK; zÞ are tied,
i.e., F ¼ −2H. The factor of 2 reflects on the 1

2
difference

in the normalization of the kinetic energies in (4.10).
Finally, the Pauli-like form factor BðkÞ ¼ 0 as the coupling
of the graviton to the bulk Dirac fermion through the spin
connection in (4.2) vanishes,

1

8
ωNABΨ̄eNCΓC i

2
½ΓA;ΓB�Ψ→

i
8
hμαΨ̄Γα½Γμ;Γz�Ψ¼ 0: ð5:7Þ

The soft-walll results for the gravitational form factor
AðkÞ compares well with the recently reported lattice
results, as shown in Fig. 5. The solid blue curve is our
result for the soft-wall model, and the red squares are the
recent lattice data [26]. The resummed AðkÞ (for k2 ≥ 0) in

the soft-wall model is well reproduced by the dipole form
factor

AðkÞ ¼ Að0Þ
ð1þ k2

m2
A
Þ2 ð5:8Þ

withmA ¼ 1.124 GeV in comparison to the reported lattice
value mA;lattice ¼ 1.13 GeV. The arbitrary normalization
Að0Þ ¼ 0.58 was adjusted to the lattice data [26]. Recall
that the gravitational form factor AðkÞ is saturated by the
2þþ glueball trajectory without any quark mixing, essen-
tially a quenched result. In Fig. 6 we show in the solid blue
curve the holographic gravitational form factor DðkÞ≡
4CðkÞ ¼ −4AðkÞ with α ¼ 2=ðz0mNÞ in the soft-wall
model, versus the reported lattice results in red squares
[26]. In holography CðkÞ is saturated by the 0þþ massive
glueballs which are degenerate with the 2þþ ones, hence
mA ¼ 1.124 GeV in comparison to mA ¼ 0.48 GeV from
the lattice. The difference is likely due to the strong scalar-
isoscalar quark mixing to the 0þþ gueball channel in the
unquenched lattice simulations, in particular to the light
sigma meson with a mass of about 0.5 GeV. In Fig. 7 we

0.0 0.5 1.0 1.5 2.0
k2 (GeV2)

0.1

0.2

0.3

0.4

0.5

0.6

0.7
A(k)

FIG. 5. Holographic gravitational form factor AðkÞ (for k2 ≥ 0)
shown in solid blue curve versus the lattice data in red
squares [26].

0.5 1.0 1.5 2.0
k2 (GeV2)

5

4

3

2

1

0

1
D(k)=4C(k)

FIG. 6. Holographic gravitational form factor DðkÞ ¼ 4CðkÞ
(for k2 ≥ 0) shown in solid blue curve versus the lattice data in
red squares [26].

KIMINAD A. MAMO and ISMAIL ZAHED PHYS. REV. D 101, 086003 (2020)

086003-8



show the lattice results in red squares for BðkÞ which are
consistent with BðkÞ ¼ 0 in holography shown as a solid
blue curve.

VI. HOLOGRAPHIC PRESSURE AND SHEAR
INSIDE THE PROTON

Using the dipole representation for AðKÞ (5.8) which is a
good parametrization of our holographic results, the D-term
as DðKÞ ¼ −4AðKÞ can be written as

DðKÞ ¼ −4Að0Þ
ð1þ K2

m2
A
Þ2 ð6:1Þ

with mA ¼ 1.124 GeV. The Fourier transform (6.1) of the
three-dimensional coordinate space gives (E ¼ mN)

D̃ðrÞ¼−4Að0Þ
Z

d3K
2Eð2πÞ3

e−iK·r

ð1þ K2

m2
A
Þ2¼−Að0Þ m3

A

4πmN
e−mAr:

ð6:2Þ

The holographic shear sðrÞ and pressure pðrÞ distribu-
tions in the proton can be expressed in terms of D̃ðrÞ as [27]

sðrÞ ¼ −
r
2

d
dr

1

r
d
dr

D̃ðrÞ;

pðrÞ ¼ 1

3

1

r2
d
dr

r2
d
dr

D̃ðrÞ: ð6:3Þ

In Figs. 8(a) and 8(b) we show the holographic gluon
contribution to the pressurepðrÞ distribution and shear force
sðrÞ, respectively. The results are in agreement with the
lattice QCD result [28] for the gluon contribution. They are
also comparable to the experimentally extracted quark
contributions in [29]. Below, we will argue that the holo-
graphic relationshipDðKÞ ¼ −4AðKÞwill allow the extrac-
tion of the pressure and shear of the proton from the
threshold photoproduction data of heavy vector mes-
ons V ¼ J=Ψ;ϒ.

VII. HOLOGRAPHIC VECTOR MESON
DOMINANCE

The diffractive scattering amplitude with a single grav-
iton and dilaton exchanges is detailed in Appendix B. For
photoproduction or electroproduction close to the photon
point Q2 ¼ 0, and we may set VðQ ¼ 0; zÞ ¼ 1 in VhAA in
(B9). This will be indicated by the relabeling of the entry
photon A → γ. This will be understood in the remainder of
our analysis. With this in mind, the combined amplitudes
(B4) read

−Aγp→Apðs;tÞ¼Aφ
γp→Apðs;tÞþAh

γp→Apðs;tÞþAf
γp→Apðs;tÞ

¼ 1

2g45
VhAAB1

αβV
αβðTTÞ
hΨ̄Ψ þ 1

g45
VfAAB1VðTÞ

fΨ̄Ψ

þ 1

g45
ṼφAAB1VφΨ̄Ψ: ð7:1Þ

0.5 1.0 1.5 2.0
k2 (GeV2)

1.0

0.5

0.5

1.0

B(k)

FIG. 7. Holographic gravitational form factor BðkÞ ¼ 0 (for
k2 ≥ 0) shown in solid blue curve versus the lattice data in red
squares [26].
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FIG. 8. Holographic pressure and shear inside the proton.
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The effective vertices for the hard-wall model are

VhAA ¼
ffiffiffiffiffiffiffi
2κ2

p

2

Z
z0

0

dz
ffiffiffi
g

p
z4VðQ0; zÞ z

4

4
;

VfAA ¼ ημνV
μνðTÞ
fAA ¼ 0; ð7:2Þ

ṼφAA ¼
ffiffiffiffiffiffiffi
2κ2

p

4

Z
z0

0

dz
ffiffiffi
g

p
z4VðQ0; zÞ z

4

4
;

VφΨ̄Ψ ¼ 0: ð7:3Þ

The corresponding vertices for the soft-wall model follows
through the substitution

ffiffiffi
g

p
→

ffiffiffi
g

p
e−κ̃V

2z2 with κ̃V the soft-
wall scale. B1

αβ and B1 ¼ ημνB1
μν are defined in (4.22).

The TT-part of the transverse and traceles 2þþ glueball
contribution corresponds to α; β ¼ x, y. The T-coupling of
the transverse and trace-full 0þþ glueball to the virtual
photons involves the full photon energy-momentum tensor
and vanishes after contraction with ϵTμν. The TT-coupling
involves only the nontrace part of the photon energy-
momentum tensor and does not vanish after contraction
with ϵTTμν . The Yukawa coupling of the dilaton to the bulk

Dirac fermion is null as we noted earlier. As a result, the
scattering amplitude (7.1) is solely due to the exchange of
the 2þþ glueball.
The result (7.1)–(7.3) is for a general bulk-to-boundary

current VðQ0; zÞ which sums over a tower of vector meson
resonances. The production of a specific meson at the
boundary, say charmonium or upsilonium, amounts to the
substitution

VðQ0;zÞ→ϕnðzÞ¼cnzJ1ðmnzÞ¼
fn
mn

ðmnzÞJ1ðmnzÞ ð7:4Þ

in (7.2)–(7.2) with cn ¼
ffiffi
2

p
z0J1ðmnz0Þ and fn the decay constant

of a heavy meson of massmn, with the identification n ¼ 0
for J=Ψ. As a result, the total amplitude for the photo-
production of J=Ψ can be written in the block form

Aγp→J=Ψpðs; tÞ ¼ −
1

2g45
VhAAB1

αβV
αβðTTÞ
hΨ̄Ψ ; ð7:5Þ

with the vertices for a hard wall

VμνðTTÞ
hΨ̄Ψ ðp1; p2; KÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕzðψ2

RðzÞ þ ψ2
LðzÞÞHðK; zÞ × ūðp2Þγμpνuðp1Þ;

VhAA ¼
�
fn
mn

�
×

ffiffiffiffiffiffiffi
2κ2

p

2

Z
z0

0

dz
ffiffiffi
g

p
z4 × ðmnzÞJ1ðmnzÞ ×

z4

4

≈
�
fn
mn

�
×

� ffiffiffiffiffiffiffi
2κ2

p

16m4
n

Z
w0

0

dww5

�
≡

�
fV
MV

�
VhAA; ð7:6Þ

with w ¼ mnz, w0 ¼ mnz0. The wave function for the emitted meson near the boundary is J1ðwÞ ≈ w=2. In comparison, the
same arguments for the soft-wall model give

VhAA ¼
�
fn
mn

�
×

ffiffiffiffiffiffiffi
2κ2

p

2

Z
∞

0

dz
ffiffiffi
g

p
e−z

2 κ̃2V z4 × ð2κ̃2Vz2ÞL1
nðz2κ̃2VÞ ×

z4

4

≈
�
fn
mn

�
×

� ffiffiffiffiffiffiffi
2κ2

p

2

L1
nð0Þ
4κ̃4V

Z
∞

0

dξe−ξ
2

ξ2
�
≡

�
fV
MV

�
VhAA; ð7:7Þ

with ξ ¼ κ̃2Vz
2 and κ̃V the soft-wall parameter, and n ¼ 0.

Equations (7.6) and (7.7) embody the general strictures
of VMD with the emergence of fn=mn ≡ fV=MV , the ratio
of the leptonic decay constant to the mass of the heavy
meson emitted, as illustrated in Fig. 2. This result shows
that in holographic QCD, the photoproduction amplitude
γp → Vp follows from the inverse of the diffractive part of
the deeply virtual Compton scattering amplitude γ�p → γp
through VMD with γ� ≈ ðefV=MVÞV.
The triple coupling VhAA is the coupling of the bulk

graviton with wave function near the boundary h ≈
z2J2ðmnzÞ ≈ z4 (heavy 2þþ glueball), to a virtual photon

near mass shell with VðQ ≈ 0; zÞ → 1, and a virtual photon
off mass shell with VðQ0; zÞ → ðfn=mnÞ × ðmnzÞJ1ðmnzÞ
(hard wall) or VðQ0; zÞ → ðfn=mnÞ × ð2κ̃2Vz2ÞL1

nðz2κ̃2Þ
(soft wall). The masses and decay constant for the soft
wall are given in (4.5) with the proviso that g5fn → fn
following the canonical rescaling (4.17).

VIII. DIFFERENTIAL CROSS SECTION FOR
PHOTOPRODUCTION

Althoughour analysis for vectormesonproduction applies
equally well to both photoproduction and electroproduction,
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we now specialize to the photoproduction of heavy mesons
given the recent experimental interest in extracting the gluon
contribution to the proton state from threshold data at current
electron machine facilities. With this inmind, the differential
cross section for photoproduction of V ¼ J=Ψ can now be
constructed from leading spin j ¼ 0, 2 glueball exchanges
near threshold. The contribution of higher spin-j exchanges
and their reggeization will follow. The pertinent differential
cross section is of the form

�
dσ
dt

�
¼ e2

16πðs−m2
NÞ2

1

2

X
pol

1

2

X
spin

jAh
γp→J=Ψpðs;tÞj2; ð8:1Þ

which is dominated by the TT-part of the graviton or
2þþ glueball exchange as we noted earlier. The first sum
over the photon andJ=Ψ polarizations is carried out using the
identities X

s¼1;2

nμsn�νs ¼ −ημν;

X
s0¼1;2;3

n0μs0n
0�ν
s0 ¼ −ημν þ q0μq0ν

M2
V

: ð8:2Þ

The second sum is over the initial and final bulk Dirac
fermion as a proton spin

1

4
Trððγμpμ

2 þmNÞðγμpμ
1 þmNÞÞ ¼ 2K2 þ 8m2

N: ð8:3Þ

Carrying explicitly these summations yield the differential
cross section for photoproduction of a heavy meson in the
spin j ¼ 2 exchange approximation as

�
dσ
dt

�
¼ e2

64πðs−m2
NÞ2

×

�
fV
MV

�
2

V2
hAA×

κ2

2g85

×
g45A

2ðKÞ
m2

N
×Fðs;t¼−K2;MV;mNÞ

× ð2K2þ8m2
NÞ;

¼N 2×
e2

64πðs−m2
NÞ2

×
A2ðKÞ

4m2
NA

2ð0Þ
×Fðs; t¼−K2;MV;mNÞ× ð2K2þ8m2

NÞ ð8:4Þ

with all vertex insertions following the rescaling (4.17) are
shown explicitly and, in the last line, we have defined the
normalization factor N as

N 2 ¼
�
fV
MV

�
2

V2
hAA ×

2κ2

g85
× g45A

2ð0Þ; ð8:5Þ

where AðKÞ is the gravitational form factor (5.4), which
reduces to (5.5) for the soft-wall model. The kinematical
function Fðs; t;MV;mNÞ follows from the contractions of
the various spins emanating from the photon and graviton
vertices, and reads

Fðs;t;M;mÞ¼ 1

4096M2
½−9M10þM8ð−32þ68m2þ28sþ37tÞþ2M6ð256m4þ8m2ð32s−3tÞþ tð56−40s−29tÞÞ

þ2M4ð−136m6þ64s2−56s3þ8m4ð8þ27s−64tÞþ3t2ð−24þ7tÞþ4stð−4þ9tÞ−4m2ð6s2þ32sð1þ4tÞ
þ tð−4þ25tÞÞÞþM2ð144m8þ144s4−192s2tþ96s3t−16sð−4þ tÞt2þð80−13tÞt3þ96m6ð−6sþ7tÞ
þ32m4ð27s2−6t−39stþ8t2Þþ16m2ð−36s3þ30s2tþ24stð1þ2tÞþ t2ð−4þ17tÞÞÞ
− tð2m2−2s− tÞð64m4þ8m6−8s3þ76m4t−16t2−90m2t2þ t3þ4s2ð16þ6m2þ3tÞ
−2sð12m4þ3t2þm2ð64þ44tÞÞÞ�; ð8:6Þ

with MV ¼ M, m≡mN , and V ¼ J=Ψ;ϒ. In the double
limit of large Nc; λ, the differential cross section (8.4)
scales as

dσ
dt

∼f2V

�
κ4

g45

�

∼
1

N0
c
ðλ0∶ soft wall;λ0∶D7 brane;λ2∶D9 brane;Þ ð8:7Þ

since fV ∼ N0
c after the rescaling (4.17). It differs from the

scaling of the surface exchange in [5], where their bulk
Dirac fermion action is not normalized with 1=g25. For large

s, we note that Fðs; tÞ ∼ s4 and the differential cross section
is seen to grow like s2 as expected from a 2þþ glueball
exchange as a graviton. The corresponding amplitude is
purely real in this limit. These features reflect on the
shortcomings of the j ¼ 2 exchange and its lack of
reggeization at large

ffiffiffi
s

p
. They will be addressed below.

This notwithstanding, the differential cross section for
photoproduction of a heavy meson is proportional to the
gravitational form factor AðKÞ with Að0Þ the sought after
gluonic contribution to the trace of the energy-momentum
tensor. However, it is folded with various couplings and
kinematical factors that makes its extraction at threshold
challenging. For the numerical analysis to follow, we will

DIFFRACTIVE PHOTOPRODUCTION OF J=ψ AND … PHYS. REV. D 101, 086003 (2020)

086003-11



use the soft-wall model with a fixed scale κ̃N ¼ 0.350 GeV,
κ2 ¼ 4π2=N2

c as fixed by the normalization of the kinetic
part of the gravitational action in (4.10), and set 1=g25

through the D7 or D9 brane embeddings. The coupling
VhAA is fixed by setting V ¼ J=Ψ in bulk.
In Fig. 9, we show the behavior of the differential cross

section (8.4) for V ¼ J=Ψ photoproduction for a photon
energy Eγ ¼ 10.72 GeV in comparison to the GlueX recent
data near threshold [15]. The solid blue curve is our
result for the soft-wall model. The data near threshold
are from GlueX [15]. The mesonic parameters were fixed
using (4.5) withm0 ¼ MJ=ψ ¼ 3.10 GeV and f0 ¼ fJ=ψ ¼
0.405 GeV for the soft-wall model, and

κ̃V ¼ 23=8π3=4

31=4

ffiffiffiffiffiffiffiffiffiffiffiffi
fVmV

p
λ1=8

ðD9modelÞ;

κ̃V ¼ 23=8π3=4

31=4

ffiffiffiffiffiffiffiffiffiffiffiffi
fVmV

p
ð25=2πÞ1=4 ðD7modelÞ;

κ̃V ¼ 23=8π3=4

31=4

ffiffiffiffiffiffiffiffiffiffiffiffi
fVmV

p
ð25=2π=3Þ1=4 ðoriginalÞ: ð8:8Þ

Here the label “original” refers to the original soft-wall
model. The value of the form factor Að0Þ is model
dependent and follows from fitting the normalization factor
N , defined in (8.5), to data as

N ¼ 20
ffiffiffi
λ

p
NfAð0Þ

ð10κ̃VÞ4
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fJ=ψmJ=ψ

fVmV

s
× 7.768 GeV−4 ðD9modelÞ;

N ¼ 2025=2π × NfAð0Þ
ð10κ̃VÞ4

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fJ=ψmJ=ψ

fVmV

s
× 7.768 GeV−4 ðD7modelÞ;

N ¼ 2025=2π × NfAð0Þ
3ð10κ̃VÞ4

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fJ=ψmJ=ψ

fVmV

s
× 7.768 GeV−4 ðoriginalÞ: ð8:9Þ

In Fig. 10 we show how changing the overall normali-
zation (8.9) affects the result in Fig. 9. The blue band
corresponds to 7.768 → 7.768� 0.732 in (8.9) which
would amount to about a �10% change in Að0Þ for fixed
hologaphic parameters, and vice versa.
In Fig. 11 we show the same differential cross section for

other photon energies in dashed red in comparison to Eγ ¼
10.72 GeV in solid blue and the GlueX recent data [15].
The large red dashed curve is for Eγ ¼ 11 GeV, the
medium red dashed curve is for Eγ ¼ 10.6 GeV, the small
red dashed curve is for Eγ ¼ 10.3 GeV and the dotted red
curve is for Eγ ¼ 10 GeV.
In Fig. 12 we show the empirical ratio of the differential

cross sections as a proposal for the ratio of the gravitational
form factors AðΔtÞ=AðΔtminÞ with Δt ¼ ð−ðt − tminÞÞ12 and
Δtmin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.0075

p
versus Δt2 in GeV2,

AðΔtÞ
AðΔtminÞ

¼
�
Fðs;t¼ tmin;MV;mNÞð−2tminþ8m2

NÞ
Fðs;t¼−K2;MV;mNÞð2K2þ8m2

NÞ
� ðdσdtÞ
ðdσdtÞmin

ð8:10Þ

The blue solid line is our holographic result (8.4), the red
dashed line is the fitted lattice gluonic contribution from the
recent simulations in [26], and the data are the ratio of the
data from GlueX [15]. The empirical errors for the ratio

FIG. 9. Differential cross section for V ¼ J=Ψ photoproduction
for Eγ ¼ 10.72 GeV. The solid blue curve is our result for the
soft-wall model. The data near threshold are from GlueX [15].

FIG. 10. Same differential cross section for V ¼ J=Ψ photo-
production with the normalization (8.9) changed by �10%.
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have been added in quadrature. Equation (8.10) provides
for a model independent extraction of the gravitational form
factor, under two generic assumptions: (i) The Yukawa
coupling of the dilaton to the bulk Dirac fermion vanishes
in holography; and (ii) the tensor 2þþ glueball couplings
map on the graviton couplings in bulk.
In Fig. 13 we show the differential cross section for

V ¼ ϒ production close to threshold for different photon
energies which is a prediction, for the same parameter set as
the one used for J=Ψ production. The photon energies are
Eγ ¼ 58.9 GeV large red dashed line, Eγ ¼ 58.6 GeV
medium red dashed line, Eγ ¼ 58.45 GeV solid blue curve,
Eγ ¼ 58.3 GeV small red dashed line, and Eγ ¼ 58 GeV
dotted red curve. We have used m0 ¼ Mϒ ¼ 9.460 GeV,

f0 ¼ fϒ ¼ 0.714 GeV and κV as in (8.8) for the models
with a soft wall. Note that in this case, Að0Þ is fixed by
the same ratios as in (8.9) with the numbers rescaled
by the factor ðfJ=ψmJ=ψ=fVmVÞ to correct for the V ¼ ϒ
parameters.
In Fig. 14 (solid blue line), we show the total cross

section for photoproduction of V ¼ J=Ψ versus the photon
energy close to threshold. The total cross section follows by
integrating the differential cross section in (8.4) using the
dipole parametrization (10.2) with k2 → −t. The compari-
son is to GlueX data [15] (black ones). All other holo-
graphic parameters are kept unchanged.

IX. REGGEIZED PHOTOPRODUCTION

The differential cross section (8.4) grows rapidly as s2 at
large s as expected from the exchange of a graviton as a
tensor glueball exchange with spin-2. The physical cross

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.2

0.4

0.6

0.8

1.0

FIG. 12. The gravitational form factor Að ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðt − tminÞ

p Þ [nor-
malized by Að ffiffiffiffiffiffiffiffiffiffiffi

0.075
p Þ] for κ̃ρ ¼ 0.350 GeV, mN ¼ 0.94 GeV,

and mJ=ψ ¼ 3.10 GeV. Blue solid line is our result, and dashed
red line is from lattice QCD. We used the data from GlueX [15]
with the errors added in quadrature.
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FIG. 13. Differential cross section for V ¼ ϒ and different
photon energies: Eγ ¼ 58.9 GeV large red dashed line, Eγ ¼
58.6 GeV medium red dashed line, Eγ ¼ 58.45 GeV solid blue
curve, Eγ ¼ 58.3 GeV small red dashed line, and Eγ ¼ 58 GeV
dotted red curve.

FIG. 14. The total cross section for J=Ψ photoproduction with
the same parameters as in Fig. 15, but zoomed in near threshold.
The data points are from GlueX [15] (black), [30] (magneta), [31]
(green), [32] (purple), and [33] (pink).

FIG. 11. Same differential cross section for V ¼ J=Ψ photo-
production but different photon energies: Eγ ¼ 11 GeV large red
dashed line, Eγ ¼ 10.72 GeV solid blue curve, Eγ ¼ 10.6 GeV
medium red dashed line, Eγ ¼ 10.3 GeV small red dashed
line, and Eγ ¼ 10 GeV dotted red curve. The data are from
GlueX [15].

DIFFRACTIVE PHOTOPRODUCTION OF J=ψ AND … PHYS. REV. D 101, 086003 (2020)

086003-13



section grows much slower due to the exchange of a
Pomeron instead. The transmutation from a graviton to a
Pomeron was originally discussed in [8]. With increasingffiffiffi
s

p
, higher spin-j exchanges contribute leading to a

reggeized amplitude with the emergence of a Pomeron.
In this section and in supportive material given in the
appendixes, we detail the spin-j contribution to (8.4) and
then resum these exchanges to extend the photoproduction
results to all

ffiffiffi
s

p
.

A. Spin-j amplitude

The spin-j exchange amplitude follows from the same
considerations as the spin-2 exchange given earlier. Here
we summarize the results for the soft-wall model with more
details given in Appendix C together with the results for the

hard-wall model. With this in mind, the spin-j glueball
contribution to the TT-part of the photoproduction ampli-
tude γp → Ap with an arbitrary virtual photon A, reads

iAh
γp→Apðj; s; tÞ ≈ ð−iÞVμνðTTÞ

hAA ðj; q1; q2; kzÞ ×
�
i
2
ημαηνβ

�

× ð−iÞVαβðTTÞ
hΨ̄Ψ ðj; p1; p2; kzÞ: ð9:1Þ

The explicit form of the tensor TT-vertices VTT depend
on the model used. For the soft-wall model, the normalized
wave functions and bulk-to-bulk propagator are detailed in
Appendix B. The result for the spin-j contribution to the
vertices is

VμνðTTÞ
hAA ðj; q1; q2; kzÞ ¼

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕz4þ2ðj−2ÞKμνðq; q0; n; n0; zÞ × CðjÞ × zΔðjÞ−j−2;

VαβðTTÞ
hΨ̄Ψ ðj; p1; p2; kzÞ ¼ −

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕz1þ2ðj−2ÞΨ̄ðp2; zÞγαpβΨðp1; zÞz−ðj−2ÞHðj; K; zÞ

¼ −
ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕz1þ2ðj−2Þðψ2

RðzÞ þ ψ2
LðzÞÞz−ðj−2ÞHðj; K; zÞ × ūðp2Þγαpβuðp1Þ

¼ −
ffiffiffiffiffiffiffi
2κ2

p
× g25Aðj; KÞ × ūðp2Þγαpβuðp1Þ; ð9:2Þ

with the parameters

CðjÞ ¼ κ̃2ΔðjÞ−4V ×
1

ΔðjÞ
2ΔðjÞ−2ΓðaK þ ΔðjÞ

2
Þ

ΓðΔðjÞ − 2Þ ;

ΔðjÞ ¼ 2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
λ

p
ðj − j0Þ

q
and aK ¼ a

2
¼ K2

8κ̃2
and j0 ¼ 2 −

2ffiffiffi
λ

p ð9:3Þ

For completeness, the analog vertex VμνðTTÞ
hAA for the hard-wall model is

VμνðTTÞ
hAA ðj; q1; q2; kzÞ ¼

ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕz4þ2ðj−2ÞKμνðq; q0; n; n0; zÞ

21−Δ̃ðjÞ
π × KΔ̃ðjÞ × zΔ̃ðjÞþ2−ðj−2Þ

Δ̃ðjÞ þ 2
; ð9:4Þ

Using (C26) in (9.2), we can write the spin-j form factor Aðj; KÞ of the proton as a bulk Dirac fermion in the soft-wall
model as

Aðj; KÞ ¼ 1

2g25

22−ΔðjÞκ̃j−2−ΔðjÞN

ΓðãðjÞÞ
Z

1

0

dxxãðjÞ−1ð1 − xÞ−b̃ðjÞðIRz ðxÞ þ ILz ðxÞÞ; ð9:5Þ

with

ãðjÞ ¼ aK þ 2 −
1

2
ΔðjÞ and b̃ðjÞ ¼ 3 − ΔðjÞ: ð9:6Þ

The integrals (ξ ¼ κ̃2Nz
2)

IR=Lz ðxÞ ¼
Z

dz
ffiffiffi
g

p
e−ϕz1þ2ðj−2Þψ2

R=LðzÞξ
−ðj−2Þ

2 ξ2−
ΔðjÞ
2 exp

�
−

2xξ
1 − x

�
; ð9:7Þ
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are over the wave functions of the proton as a Dirac fermion in bulk in the soft-wall model. Specifically, we have

ψRðzÞ ¼
ñR
κ̃τ−2N

z
5
2ξ

τ−2
2 Lðτ−2Þ

0 ðξÞ;

ψLðzÞ ¼
ñL
κ̃τ−1N

z
5
2ξ

τ−1
2 Lðτ−1Þ

0 ðξÞ; ð9:8Þ

with the twist parameter τ ¼ 7=2 − 1=2 ¼ 3. Here LðαÞ
n ðξÞ are the generalized Laguerre polynomials, and

ñR ¼ ñLκ̃−1N
ffiffiffiffiffiffiffiffiffiffi
τ − 1

p
; ñL ¼ κ̃τN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ΓðτÞ

p
: ð9:9Þ

Using the wave functions, the integrals in (9.7) can be carried out explicitly, with the results

IRz ðxÞ ¼
1

2
× κ̃−2ðj−2ÞN ×

�
ñR
κ̃τ−1N

�
2

×
Z

dξξ
j−2
2
þτ−ΔðjÞ

2 ðLðτ−2Þ
0 ðξÞÞ2 exp

�
−
�
1þ x
1 − x

�
ξ

�
;

ILz ðxÞ ¼
1

2
× κ̃−2ðj−2ÞN ×

�
ñL
κ̃τN

�
2

×
Z

dξξ
j−2
2
þτ−ΔðjÞ

2
þ1ðLðτ−1Þ

0 ðξÞÞ2 exp
�
−
�
1þ x
1 − x

�
ξ

�
; ð9:10Þ

where we used ϕ ¼ e−ξ. Evaluating the integrals in (9.10) we obtain

IRz ðxÞ ¼
1

2
× κ̃−2ðj−2ÞN ×

�
ñR
κ̃τ−1N

�
2

× Γ
�
j − 2

2
þ τ −

ΔðjÞ
2

þ 1

�
×

�
1þ x
1 − x

�
−j−2

2
−τþΔðjÞ

2
−1
;

ILz ðxÞ ¼
1

2
× κ̃−2ðj−2ÞN ×

�
ñL
κ̃τN

�
2

× Γ
�
j − 2

2
þ τ −

ΔðjÞ
2

þ 2

�
×

�
1þ x
1 − x

�
−j−2

2
−τþΔðjÞ

2
−2
: ð9:11Þ

Using (9.11) in (9.5), the spin-j glueball form factor of the proton becomes

Aðj; KÞ ¼ 1

4g25

κ̃−ðj−2Þ−ΔðjÞN

ΓðãðjÞÞ
Z

1

0

dxxãðjÞ−1ð1 − xÞ−b̃ðjÞ
��

ñR
κ̃τ−1N

�
2

× ΓðcðjÞÞ
�
1þ x
1 − x

�
−cðjÞ

þ
�
ñL
κ̃τN

�
2

× ΓðcðjÞ þ 1Þ
�
1þ x
1 − x

�
−ðcðjÞþ1Þ�

; ð9:12Þ

with ΔðjÞ given in (9.3), ãðjÞ; b̃ðjÞ given in (9.6) and

cðjÞ ¼ ðτ þ 1Þ þ j − 2

2
−
ΔðjÞ
2

: ð9:13Þ

Aðj; KÞ generalizes the gravitational form factor for all j ≥ 2. Evaluating the integral in (9.12), we obtain (9.17). Inserting
(9.17) in (9.2), (9.1) becomes

Aγp→J=Ψpðj; s; tÞ ¼ VhAAðjÞ
�
−
1

2
Bαβ
1 ūðp2Þγαpβuðp1Þ

�
VðTTÞ
hΨ̄ΨðjÞ: ð9:14Þ

The spin-j vertices are

VðTTÞ
hΨ̄ΨðjÞ ¼ −g25Aðj; KÞ;

VhAAðjÞ ¼
�
fn
mn

�
×

� ffiffiffiffiffiffiffi
2κ2

p

2

Z
∞

0

dz
ffiffiffi
g

p
e−z

2 κ̃2V z4þ2ðj−2Þ × ð2κ̃2z2ÞL1
nðz2κ̃2VÞ × CðjÞ × zΔðjÞ−ðj−2Þ

�

≈
�
fn
mn

�
×

� ffiffiffiffiffiffiffi
2κ2

p

2

L1
nð0Þ

ΔðjÞκ̃ΔðjÞþj−2
V

× CðjÞ ×
�Z

∞

0

dξe−ξ
2

ξ
ΔðjÞ
2
þj

2
−1
��

≡
�
fV
MV

�
VhAAðjÞ ð9:15Þ
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with Bαβ
1 ðq; q0; n; n0Þ defined in (4.22). The heavy mesons with n ¼ J=Ψ;ϒ are subsumed. Equation (9.14) shows how

VMD extends to general spin-j exchange in holography, with VhAAðjÞ reflecting on its coupling to the pair vector-meson-
photon in bulk.

B. Reggeized amplitude

After summing over all contributions from the spin-j glueballs, the photoproduction amplitude Atot
γp→J=Ψpðs; tÞ is

Atot
γp→J=Ψpðs; tÞ ¼ −

Z
C

dj
2πi

�
sj−2 þ ð−sÞj−2

sin πj

�
Aγp→J=Ψpðj; s; tÞ;

Aγp→J=Ψpðj; s; tÞ ¼
1

2
VhAAðjÞ × Bαβ

1 ×
2κ2

g45
× g25Aðj; KÞ × ūðp2Þγαpβuðp1Þ: ð9:16Þ

The contour C is at the rightmost of the branch point of Aðj; KÞ. The spin-j glueball form factor Aðj; KÞ of the proton as a
bulk Dirac fermion is given in (9.12) for the soft-wall model. The integrals can be carried explicitly, with the result

Aðj;KÞ¼ κ̃−ðj−2Þ−ΔðjÞN

4g25

ΓðcÞΓð1− b̃þcÞ
Γð1− b̃þcþ ãÞ

×

��
ñR
κ̃τ−1N

�
2

2F1ðã;cþ1;1− b̃þcþ ã;−1Þþ
�
ñL
κ̃τN

�
2 cð1− b̃þcÞ
1− b̃þcþ ã2F1ðãþ1;cþ1;2− b̃þcþ ã;−1Þ

�
: ð9:17Þ

The parameters are fixed in (9.3) as

1 − b̃þ c ¼ ðτ − 1Þ þ j − 2

2
þ ΔðjÞ

2
;

1 − b̃þ cþ ã ¼ ðτ þ 1Þ þ j − 2

2
þ aK: ð9:18Þ

Note that at j ¼ 2, (9.17) is exactly equal to the spin-2 gravitational form factor (5.5) (times 1=κ̃4V to compensate for the new
normalization we used for the higher spin case).
From (9.19)–(9.17), we determine the single Pomeron amplitude (total amplitude) in momentum space, after wrapping

the j-plane contour C to the left,

Atot
γp→J=Ψpðs; tÞ ¼ −sj0−2

Z
j0

−∞

dj
π

�
1þ e−iπ

sin πj

�
sj−j0Im½Aγp→J=Ψpðj; s; tÞ�: ð9:19Þ

The imaginary part follows from the discontinuity of the Γ-function

Im½Aγp→J=Ψpðj; s; tÞ� ≈
κ̃−ðj−2Þ−ΔðjÞN

κ̃4−ΔðjÞþj−2
N

×

�
κ̃N
κ̃V

�
4−ΔðjÞþj−2

×

ffiffiffiffiffiffiffi
2κ2

p

g45

×

�
1

2
κ̃4−ΔðjÞþj−2
V ΓðΔðjÞ − 2ÞVhAAðjÞ × Bαβ

1 × κ̃j−2þΔðjÞ
N g25Aðj; KÞūðp2Þγαpβuðp1Þ

�����
j→j0;ΔðjÞ→2

× Im

�
1

ΓðΔ̃ðjÞÞ

�
ð9:20Þ

with the complex argument

Δ̃ðjÞ ¼ ΔðjÞ − 2 ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
λ

p
ðj0 − jÞ

q
≡ iy ð9:21Þ

and j0 ¼ 2 − 2=
ffiffiffi
λ

p
. For y → 0, we may approximate 1=ΓðiyÞ ≈ iyeiγy, with the Euler-Mascheroni constant γ ¼ 0.55772….

The single Pomeron amplitude (total amplitude) in momentum space (9.19) can now be cast in block form
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Atot
γp→J=Ψpðs; tÞ ¼ Ijðj0; sÞ ×G5ðj0; s; tÞ ð9:22Þ

with

Ijðj0; sÞ ¼ −s̃j0
Z

j0

−∞

dj
π

�
1þ e−iπ

sin πj

�
s̃j−j0 sin ½ξ̃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
λ

p
ðj0 − jÞ

q
�;

G5ðj0; s; tÞ ¼
�
κ̃N
κ̃V

�
4−ΔðjÞþj−2

×
1

s2

�
1

2
κ̃4−ΔðjÞþj−2
V ΓðΔðjÞ − 2ÞVhAAðjÞ × Bαβ

1 ×

ffiffiffiffiffiffiffi
2κ2

p

g45

× κ̃j−2þΔðjÞ
N g25Aðj; KÞūðp2Þγαpβuðp1Þ

�����
j→j0;ΔðjÞ→2

: ð9:23Þ

We have set s̃≡ s=κ̃2N , and defined ξ̃≡ γ þ π=2. We note that the apparent pole in the Gamma function at the Pomeron
intercept cancels out in the combination ΓðΔðj0Þ − 2ÞVhAAðj0Þ.
In the block form (9.22), the spin-j integral Ijðj0; sÞ is similar to the spin-j integral in [8] [see Eq. (4.19)], with the

identifications Kðs; b⊥; z; z0Þ ↔ Atot
γp→J=Ψpðs; tÞ, ðzz0=R4ÞG3ðj0; vÞ ↔ G5ðj0; s; tÞ, ξðvÞ ↔ ξ̃, and ŝ ↔ s̃. We then follow

[8] to evaluate the spin-j integral by closing the j-contour appropriately. In the high-energy limit
ffiffiffi
λ

p
=τ̃ → 0 (τ̃≡ log s̃), the

single Pomeron contribution to the photoproduction amplitude is

Atot
γp→J=Ψpðs; tÞ ≃ ej0 τ̃½ð

ffiffiffi
λ

p
=πÞ þ i�ð

ffiffiffi
λ

p
=2πÞ1=2ξ̃ e

−
ffiffi
λ

p
ξ̃2=2τ̃

τ̃3=2

�
1þO

� ffiffiffi
λ

p

τ̃

��
×G5ðj0; s; tÞ: ð9:24Þ

As expected, the amplitude develops both a real and imaginary part with a ρ-ratio about constant

ρ ¼ Re½Atot
γp→J=Ψpðs; t ¼ 0Þ�

Im½Atot
γp→J=Ψpðs; t ¼ 0Þ� ≃

ffiffiffi
λ

p

π
: ð9:25Þ

The single Pomeron contribution to the total differential cross section is

�
dσ
dt

�
tot

¼ e2

16πðs −m2
NÞ2

1

2

X
pol

1

2

X
spin

jAtot
γp→J=Ψpðs; tÞj2

≃
e2

16πðs −m2
NÞ2

×

�
e2j0 τ̃½ðλ=π2Þ þ 1�ð

ffiffiffi
λ

p
=2πÞξ̃2 e

−
ffiffi
λ

p
ξ̃2=τ̃

τ̃3

�
×
1

2

X
pol

1

2

X
spin

jG5ðj0; s; tÞj2 ð9:26Þ

with the polarization-spin average

X
pol;spin

jG5ðj0;s;tÞj2¼
�
κ̃N
κ̃V

�
2ð4−ΔðjÞþj−2Þ� fV

MV

�
2
�
2κ2

g85
κ̃2ð4−ΔðjÞþj−2Þ
V Γ2ðΔðjÞ−2ÞV2

hAAðjÞ× κ̃2ðj−2þΔðjÞÞ
N

g45A
2ðj;KÞ
m2

N

�����
j→j0;ΔðjÞ→2

×
Fðs;t¼−K2;MV;mNÞ

s4
×ð2K2þ8m2

NÞ ð9:27Þ

and j0 ¼ 2 − 2=
ffiffiffi
λ

p
. Note that the resummed spin-j contribution to the gravitational form factor is now fixed by the Pomeron

exchange with the form factor AðK; j0Þ at large
ffiffiffi
s

p
. Remarkably, the emerging Pomeron exchange in the soft-wall model in

(9.26) which is a new result, bears much in common with the original conformal Pomeron kernel in [8].
The differential cross section rises with twice the conformal Pomeron intercept or 2 × ð1 − 2=

ffiffiffi
λ

p Þ, and asymptotes

�
dσ
dt

�
tot
∼ s2−

4ffiffi
λ

p
×

�
1þ π2

λ

��� ffiffiffi
λ

p

log s̃

�
3

þO
�� ffiffiffi

λ
p

log s̃
Þ4
��

ð9:28Þ

in the high-energy limit with log s̃ ¼ logðs=κ̃2VÞ ≫
ffiffiffi
λ

p
. Using the optical theorem one can determine the total cross section

σVðsÞ for γp → Vp with V ¼ J=Ψ;ϒ to be
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σVðsÞ ¼
�

16π

1þ ρ2

�
dσ
dt

�
tot

�1
2

t¼0

ð9:29Þ

with the Pomeron rise σVðsÞ ∼ s1−2=
ffiffi
λ

p
at large

ffiffiffi
s

p
[8].

Recall that close to threshold, the t-exchange is kinemat-
ically bounded as shown in Fig. 1, and the total cross
section follows from the differential cross section (8.4) by
integration using (2.7).
In Fig. 15, we show the total cross section for photo-

production of charmonium with V ¼ J=Ψ from threshold
to very high energy. The same soft-wall parameters (8.8)
and the same fitting condition on Að0Þ as in (8.9) are used
in the threshold region for the solid blue curve. In this
region, the parameter set is insensitive to the expansion of
the vector meson wave function L1

nðzÞ near the holographic
boundary. At very high energy, we used the parameter set
(8.8) for the D9 model and adjusted Að0; j0Þ to�
κ̃N
κ̃V

�
j0
×
10NfAð0;j0Þffiffiffi

λ
p ð10κ̃VÞ4

¼ 3.631GeV−4 ðD9modelÞ

ð9:30Þ

with λ ¼ 11.243. The fit value (9.30) is sensitive to the
expansion of L1

nðzÞ near the holographic boundary. The
value of the coupling λ is not. Similar fits are found for
the other two holographic models. The solid (blue) curve is
the low-energy regime. The data are from GlueX [15]
(black). The red (tiny dashed line) is the high-energy regime.
The green line (medium dashed) is found after fixing a

normalization constant with one high-energy data point but
with the same high-energy ’t Hooft coupling constant λ ¼
11.243 as the red (tiny dashed) one. In Fig. 14, we zoomed in
the total cross section for J=Ψ photoproduction near the
threshold with the same parametrs as in Fig. 15, and
compared to data from GlueX [15] in this regime.
In Fig. 16, we show the total cross section for V ¼ ϒ

photoproduction from close to threshold to very high-
energy regime, with the same parameter set. The solid
(blue) curve is the low-energy regime. The green line
(medium dashed) is found after fixing a normalization
constant with one high-energy data point but with the same
’t Hooft coupling constant λ ¼ 11.243 as J=ψ . In Fig. 17,
we show the total cross section for ϒ photoproduction
zoomed in close to the threshold with the same parameters
as in Fig. 16.

100 500 1000 5000 104

0.1
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1000

105

FIG. 17. Total cross section for ϒ photoproduction with the
same parameters as in Fig. 16 but zoomed in near the threshold.

FIG. 15. Total cross section for photoproduction of charmo-
nium with V ¼ J=Ψ, from close to threshold to very high energy.
The solid (blue) curve is the low-energy regime compared to the
data from GlueX [15] (black). The red (tiny dashed line) is the
high-energy regime. The green line (medium dashed line) is
found after fixing a normalization constant with one high-energy
data point but with the same high-energy ’t Hooft coupling
constant λ ¼ 11.243 as the red (tiny dashed) one. The data points
are from [30] (magneta), [31] (green), [32] (purple), [34]
(orange), [33] (pink), [35] (yellow), [36] (brown), [37] (orange),
and [38] (gray).
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FIG. 16. Total cross section for photoproduction of upsilonium
with V ¼ ϒ from close to threshold to the very high-energy
regime. The solid (blue) curve is the low-energy regime (near
threshold). The green line (medium dashed) is found after fixing a
normalization constant with one high-energy data point but with
the same ’t Hooft coupling constant λ ¼ 11.243 as J=ψ . The data
points are from [39] (green), [40] (purple), [41] (blue), [42]
(orange), and [43] (black).
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X. GENERALIZED PARTON DISTRIBUTION OF
GLUONS INSIDE THE PROTON

The generalized parton distribution can be viewed as the
amplitude for removing a parton with momentum fraction-x
and then reinserting it, while the nucleon is receiving a
momentumkick K⃗ all thewhile traveling on the light cone. It
is related to the form factor of the energy-momentum tensor
by a sum rule as we now detail. The fact that the gluon GPD
can be picked in the diffractive photoproduction of heavy
mesons is not surprising. Indeed, as we noted earlier, the
Witten diagram for the holographic photoproduction ampli-
tude is related to the amplitude for the inverse deeply virtual
Compton scattering amplitude through VMD.

A. Gluon GPD: j= 2

The tensor coupling of the glueball to the nucleon as a
Dirac fermion is through its gravitational invariant form
factors (5.3). For j ¼ 2 the exchange is dominated by the
graviton at threshold, with the contribution (τ ¼ 3 and
aK ¼ K2=8κ̃2N)

AðKÞ ¼ Að0Þ × ΓðaK þ 2Þ × g25κ̃
4
NAðj ¼ 2; KÞ

¼ Að0Þ
Z

1

0

dx
aKðaK þ 1Þ

xαGðtÞ

�
1 − x
1þ x

�
τ

ð10:1Þ

with the graviton Regge trajectory αGðtÞ ¼ 1þ t=m2
0 and

−t ¼ K2 ≪ s. Herem0 is fixed by the 2þþ glueball mass in
(4.11). For a spin-2 and twist-2 exchange, the AðKÞ form
factor obeys the sum rule [27] (see also Eq. (3.154) in [44],
and reference therein)

AðKÞ≡
Z

1

0

dxxj−1gðx; KÞ ð10:2Þ

with xgðx; KÞ the gluon GPD, at the renormalization scale
set by the nucleon mass.
The representation (10.1) suggests that 0 ≤ x ≤ 1maybe

interpreted as the x-momentum fraction of the gluons in the
proton probed by the graviton. At small-x, the exchange is
dominated by the graviton Regge trajectory which is
manifest in the integral representation (10.1)

xg<ðx; KÞ ∼ Að0Þ aKðaK þ 1Þ
xαGðtÞ

�
1 − x
1þ x

�
τ

: ð10:3Þ

For zero skewness (ξ ¼ 0), the momentum transfer is
purely transverse and the spatial and transverse Fourier
transform of (10.3) samples the distribution of an x-parton
at a given transverse spatial distance in the light cone,

xg<ðx; b⊥Þ ¼
Z

dK⊥
ð2πÞ2 e

−iK⊥·b⊥xg<ðx; K⊥Þ ð10:4Þ

with

b2⊥xg<ðx; b⊥Þ ∼ Að0Þ 2κ̃
2
Nb

2⊥
πx

�
1 − x
1þ x

�
τ e

2κ̃2
N
b2⊥

ln x

ln5x

× ð−4κ̃4Nb4⊥ þ ln xð−8κ̃2Nb2⊥
þ ln xð−2þ 2κ̃2Nb

2⊥ þ ln xÞÞÞ: ð10:5Þ

Equation (10.5) is seen to spread or diffuse (Gribov
diffusion) in the transverse plane over a length scale fixed
by l⊥ ∼ ð2 lnð1=xÞÞ12=κ̃N, with

b2⊥xg<ðx; b⊥Þ ∼ Að0Þ 8ðκ̃Nb⊥Þ
6

πx

�
1 − x
1þ x

�
τ e

−
2κ̃2
N
b2⊥

ln1x

ln5 1
x

ð10:6Þ

which is enhanced at low-x as 1=ðx ln5 1
xÞ. The diffusion

ceases to be semipositive for b⊥ < l⊥ or K⊥ > 1=l⊥. In
Fig. 18 we show the behavior of the transverse gluon
density (10.6) as probed by the graviton at small-x and
small K⊥ or large b⊥. The central hole in Fig. 18(b) occurs
at small b⊥ < l⊥ and falls outside the range of the diffusive
approximation in (10.6).
To probe large-x and small b⊥ through (10.1), it is best to

remove the large K-factors in the integrand through two
integrations by parts without modifying the sum rule for
AðKÞ. The result is

xg>ðx; KÞ ∼ Að0ÞxaKþ1

��
1 − x
1þ x

�
τ
�00

ð10:7Þ

with the primes referring to x-derivatives. The correspond-
ing transverse density at large-x is semipositive throughout,
and reads

b2⊥xg>ðx; b⊥Þ ∼ Að0Þx
��

1 − x
1þ x

�
τ
�00 2ðκ̃b⊥Þ2

π

e
−
2κ̃2
N
b2⊥

ln1x

ln 1
x

:

ð10:8Þ

In Fig. 19(a) we show the large-x behavior of the gluon
GPD (10.8) as probed by the graviton, as a function of
parton-x and the rescaled transverse size κ̃Nb⊥ for τ ¼ 3.
The GPD distribution for large-x and fixed x ¼ 0.5 in the
transverse plane is shown in Fig. 19(b). For comparison,
one can look at the GPD of valence quarks in the proton
extracted from holographic QCD models in [45].

B. Gluon GPD: j= j0
Higher spin-j exchanges once resummed yield Pomeron

exchange at higher energies. The emerging Pomeron form
factor follows from (9.12) for j ¼ j0 in the form
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APðKÞ ¼ Aðj0; 0ÞΓðaK þ Δðj0Þ=2Þ × g25κ̃
j0−2þΔðj0Þ
N Aðj0; KÞ

¼ Aðj0; 0Þ
Γðτ − 1=

ffiffiffi
λ

p Þ
ΓðτÞ

Z
1

0

dxxj0−1
1

xαPðtÞ

�
1 − x
1þ x

�
τ− 1ffiffi

λ
p 1

1 − x2

�
ðτ − 1Þð1þ xÞ þ

�
τ −

1ffiffiffi
λ

p
�
ð1 − xÞ

�
ð10:9Þ

with the Pomeron trajectory αPðtÞ ¼ 1–2=
ffiffiffi
λ

p þ t=m2
0, and with m0 fixed by the 2þþ glueball mass in (4.11). By analogy

with the j ¼ 2 exchange, we suggest that the gluon content of the proton as probed by the Pomeron for small K is
concentrated at small-x, and follows from the dominant Pomeron exchange which is manifest in (10.9) as

xgðx; KÞ ∼ Aðj0; 0Þ
Γðτ − 1=

ffiffiffi
λ

p Þ
ΓðτÞ

1

xαPðtÞ

�
1 − x
1þ x

�
τ− 1ffiffi

λ
p 1

1 − x2

�
ðτ − 1Þð1þ xÞ þ

�
τ −

1ffiffiffi
λ

p
�
ð1 − xÞ

�
: ð10:10Þ

The corresponding transverse gluon density is

FIG. 18. Small-x gluon GPD as probed by graviton exchange in photoproduction of a heavy meson close to threshold.

FIG. 19. Large-x gluon GPD as probed by graviton exchange in photoproduction of a heavy meson close to threshold.
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b2⊥xgðx;b⊥Þ∼Aðj0;0Þ
Γðτ−1=

ffiffiffi
λ

p Þ
ΓðτÞ

�
1−x
1þx

�
τ− 1ffiffi

λ
p 1

1−x2

�
ðτ−1Þð1þxÞþ

�
τ−

1ffiffiffi
λ

p
�
ð1−xÞ

�
2ðκ̃b⊥Þ2
πx1−

2ffiffi
λ

p

e
−
2κ̃2
N
b2⊥

ln1x

ln1
x

: ð10:11Þ

In Fig. 20(a) we show the behavior of the transverse
gluon density probed by the Pomeron in (10.11), for λ¼
11.243, τ¼3. The same density is shown in Fig. 20(b) for
fixed x ¼ 0.01. We note that the low-x contribution probed
by the Pomeron at high energy or equivalently large
rapidity χ ¼ lnðs=strÞ ≫ 1 far from threshold, is substan-
tially larger than the one probed by the graviton close to
threshold at small rapidity χ ¼ lnðs=strÞ ∼ 1. Also, we note
that at high energy, the transverse gluon density probed by
the Pomeron is diffusivelike throughout.

C. Skewed Gluon GPD

The gluonic skewed GPD for the energy-momentum
tensor with finite skewness ξ ¼ Kz=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ K2=4
p

are
related to the invariant form factors in (5.3) through (see
Eqs. (3.127) and (3.151) in [44], and references therein)Z

1

0

dxHgðx; ξ; KÞ ¼ AðKÞ þ ξ2DðKÞ → ð1 − 4ξ2ÞAðKÞ;Z
1

0

dxEgðx; ξ; KÞ ¼ BðKÞ − ξ2DðKÞ → 4ξ2AðKÞ

ð10:12Þ

with the rightmost results following from our holographic
results for the invariant form factors, BðKÞ ¼ 0 and
DðKÞ ¼ 4CðKÞ ¼ −4AðKÞ. In terms of (10.6)–(10.8)
(graviton) or (10.10) (Pomeron), we have for the skewed
gluonic distributions

Hgðx; ξ; KÞ ¼ ð1 − 4ξ2Þxgðx; KÞ;
Egðx; ξ; KÞ ¼ 4ξ2xgðx; KÞ; ð10:13Þ

which amounts to the gluonic contribution to Ji’s sum rule
[46] as

Jgluonð0Þ¼ 1

2

Z
1

0

dxðHgðx;ξ;0ÞþEgðx;ξ;0ÞÞ¼ 1

2
Að0Þ:

ð10:14Þ

As we noted in (8.9), the extraction of Að0Þ from the
threshold photoproduction data is model dependent.

XI. CONCLUSIONS

We have analyzed heavy meson photoproduction for allffiffiffi
s

p
, using a bottom-up approach holographic construction.

We have used the Witten diagrams in AdS5 for diffractive
photoproduction of J=ψ , shown in Fig. 2, and explicitly
computed the differential cross section for the heavy meson
production, first near threshold, where it is dominated by
the exchange of massive 2þþ glueballs as spin-2 gravitons
in bulk, and second away from threshold, where the
exchange involves a tower of spin-j states that transmute
to the Pomeron. Our construction is general, and carries
readily to heavier meson production such as ϒ. We have
presented direct predictions for this production near and
away from threshold.

FIG. 20. Gluon GPD as probed by Pomeron exchange in photoproduction of a heavy meson at high energy.
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Our analysis allowed for the explicit derivation of all
three holographic gravitational form factors AðkÞ, BðkÞ,
CðkÞ. In the double limit of a large number of colors and
strong coupling, the holographic approach is dual to
quenched QCD, so the form factors are mostly gluonic.
Indeed, we have found that the form factors AðkÞ and
DðkÞ ¼ 4CðkÞ compare well to the gluonic gravitational
form factors from the recent lattice QCD simulations [26].
The exception is the form factor CðkÞ where a strong
mixing on the lattice with the low-lying scalar-isoscalar
was noted. We have used the DðkÞ form factor to
determined the distribution of the pressure and shear inside
the proton. The results are comparable to those extracted
recently from the lattice [28], and empirical data in [29].
We have found that the differential cross section for the

photoproduction of heavy meson production is solely
dependent on the invariant form factor AðkÞ in our holo-
graphic analysis. The agreement of the differential and total
cross sectionswith the recently reportedGlueX data for J=Ψ
production near threshold [15] suggests that the heavy
meson production is controlled by the tensor 2þþ glueball
as a graviton exchange in bulk. Indeed, it is the graviton
Regge trajectory at low

ffiffiffi
s

p
that transmutes to the Pomeron

Regge trajectory at large
ffiffiffi
s

p
in holography, thereby provid-

ing a unified description of the photoproduction process of
heavy mesons at all energies. These results complement
those presented originally in [4,5] away from threshold, and
are overall consistent with some of the general observations
presented recently in [17,18] close to threshold.
From a pertinent integral representation of AðkÞ in the

soft-wall model, we have determined the GPD of the gluons
in the proton as probed by the spin-2 glueball or graviton
near threshold, and the Pomeron way above threshold in the
photoproduction process. The holographic construction
clearly shows that the GlueX experiment [15] directly
probes the tensor gluonic contribution of the energy form
factor in the nucleon state as a bulk Dirac fermion.
Conversely, we have used the GlueX data in combination
with our holographic cross section result to extract in an
almost model independent way the gravitational form
factor AðkÞ modulo Að0Þ, and consequently the gluon
GPD of the proton. The value of Að0Þ as it relates to the
gluonic contribution to the proton spin is model dependent,
and cannot be reliably extracted from the threshold data in
the photoproduction process. Our observations are overall
consistent with the original arguments presented in [19]
using short distance QCD methods.
The forthcoming high statistics measurements from

SoLID [16] will provide further insights and checks on
the present holographic analysis.
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APPENDIX A: WAVE FUNCTIONS AND
PROPAGATORS IN HOLOGRAPHIC QCD

1. Dirac fermion/proton

The normalized wave functions for the bulk Dirac
fermion are [21]

Ψðp; zÞ ¼ ψRðzÞΨ0
RðpÞ þ ψLðzÞΨ0

LðpÞ;
Ψ̄ðp; zÞ ¼ ψRðzÞΨ̄0

RðpÞ þ ψLðzÞΨ̄0
LðpÞ; ðA1Þ

where for the hard-wall

ψRðzÞ ¼
ffiffiffi
2

p
z5=2Jτ−2ðmNzÞ

z0Jτ−1ðmNz0Þ
;

ψLðzÞ ¼
ffiffiffi
2

p
z5=2Jτ−1ðmNzÞ

z0Jτ−1ðmNz0Þ
; ðA2Þ

with the Bessel functions JαðmNzÞ, and for the soft-wall

ψRðzÞ ¼
ñR
κ̃τ−2N

z
5
2ξ

τ−2
2 Lðτ−2Þ

0 ðξÞ;

ψLðzÞ ¼
ñL
κ̃τ−1N

z
5
2ξ

τ−1
2 Lðτ−1Þ

0 ðξÞ; ðA3Þ

with the generalized Laguerre polynomials LðαÞ
n ðξÞ, ñR ¼

ñLκ̃−1N
ffiffiffiffiffiffiffiffiffiffi
τ − 1

p
, and ñL ¼ κ̃τN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ΓðτÞp

. The bulk wave
functions are normalized for the hard-wall asZ

z0

0

dz
ffiffiffi
g

p
eμaψ2

R=LðzÞ ¼ δμa; ðA4Þ

and for the soft-wall asZ
∞

0

dz
ffiffiffi
g

p
e−ϕeμaψ2

R=LðzÞ ¼ δμa; ðA5Þ

with ϕ ¼ κ̃2Nz
2, and the inverse vielbein eμa ¼

ffiffiffiffiffiffiffiffiffijgμμjp
δμa (no

summation intended in μ).
For both the hard-wall and soft-wall models, we have

the twist parameter τ¼3, Ψ0
R=LðpÞ¼P�uðpÞ, Ψ̄0

R=LðpÞ¼
ūðpÞP∓, and P� ¼ ð1=2Þð1� γ5Þ. We also work with the
normalizations of the boundary constant spinors for both
the hard-wall and soft-wall models as

ūðpÞuðpÞ ¼ 2mN;

2mN × ūðp0ÞγμuðpÞ ¼ ūðp0Þðp0 þ pÞμuðpÞ: ðA6Þ

2. Photon/spin-1 mesons

a. Hard wall

For timelike momenta (q2 > 0), the non-normalizable
wave function for the virtual photon is generally given by
Aμ ¼ Vðq; zÞnμe−iq·x where [47,48]
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Vðq; zÞ ¼ −g5
X
n

FnϕnðzÞ
q2 −m2

n
; ðA7Þ

with Vð0;zÞ¼Vðq;0Þ¼ 1, the decay constant of the vector
mesons Fn ¼ð1=g5Þð− 1

z0∂z0ϕnðz0ÞÞjz0¼ϵ, and the normalized
wave functions of the vector mesons Aμ ¼ ϕnðzÞnμe−q·x

ϕnðzÞ ¼ cnzJ1ðmnzÞ≡ JAðmn; zÞ; ðA8Þ

with cn ¼
ffiffi
2

p
z0J1ðmnz0Þ, which satisfy the normalization

condition

Z
dz

ffiffiffi
g

p ðgxxÞ2ϕnðzÞϕmðzÞ ¼ δnm: ðA9Þ

In the hard-wall model, the summation in (A7) can be
carried out analytically and is given by

Vðq; zÞ ¼ π

2
zq

�
Y0ðqz0Þ
J0ðqz0Þ

J1ðqzÞ − Y1ðqzÞ
�
: ðA10Þ

For spacelike momenta (q2 ¼ −Q2), the non-normal-
izable wave function for the virtual photon is generally
given by Aμ ¼ VðQ; zÞnμe−q·x where

VðQ; zÞ ¼ g5
X
n

FnϕnðzÞ
Q2 þm2

n
: ðA11Þ

For example, in the hard-wall model, the summation in
(A11) can be carried out analytically and is given by

VðQ; zÞ ¼ Qz

�
K0ðQz0Þ
I0ðQz0Þ

I1ðQzÞ þ K1ðQzÞ
�
; ðA12Þ

with the normalization Vð0; zÞ ¼ VðQ; 0Þ ¼ 1.
The bulk-to-bulk propagator for the massive mesons, for

timelike momenta (q2 > 0), can be written as

Gμνðz;z0Þ ¼ TμνGðz;z0Þ ¼
�
−ημνþ

kμkν
m2

n

�
Gðz;z0Þ; ðA13Þ

with

Gðz; z0Þ ¼
X
n

ϕnðzÞϕnðz0Þ
q2 −m2

n
: ðA14Þ

For spacelike momenta q2 ¼ −Q2 in (A14). Also recall that
Vðq; zÞ ¼ 1

z0 ∂z0Gðz; z0Þjz0¼ϵ. Note that for z → 0, we can
write (A14) as

Gðz → 0; z0Þ ≈ ϕnðz → 0Þ
−g5Fn

X
n

−g5Fnϕnðz0Þ
q2 −m2

n

¼ z2

2

X
n

−g5Fnϕnðz0Þ
q2 −m2

n
¼ z2

2
Vðq; z0Þ; ðA15Þ

where we used

Fn ¼ ð1=g5Þ
�
−
1

z0
∂z0ϕnðz0Þ

�����
z0¼ϵ

¼ −
1

g5
cnmn; ðA16Þ

and ϕnðz → 0Þ ≈ 1
2
cnmnz2 for the hard-wall. Defining the

decay constant as fn ¼ − Fn
mn
, we have

ϕnðzÞ ¼
fn
mn

× g5mnzJ1ðmnzÞ; ðA17Þ

as required by vector meson dominance. For spacelike
momenta (q2 ¼ −Q2), we have

Gðz → 0; z0Þ ≈ z2

2

X
n

g5Fnϕnðz0Þ
Q2 þm2

n
¼ z2

2
VðQ; z0Þ: ðA18Þ

b. Soft wall

Similar relationships hold for the soft-wall model
where the normalized wave function for vector mesons
is given by [49]

ϕnðzÞ ¼ cnκ̃2Vz
2L1

nðκ̃2Vz2Þ≡ JAðmn; zÞ; ðA19Þ

with cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=nþ 1

p
which is determined from the nor-

malization condition (for the soft-wall model with back-
ground dilaton ϕ ¼ κ̃2Vz

2)

Z
dz

ffiffiffi
g

p
e−ϕðgxxÞ2ϕnðzÞϕmðzÞ ¼ δnm: ðA20Þ

Therefore, we have

Fn ¼
1

g5

�
−e−ϕ

1

z0
∂z0ϕnðz0Þ

�
z0¼ϵ

¼ −
2

g5
cnðnþ 1Þκ̃2V;

ðA21Þ

with ϕnðz → 0Þ ≈ cnκ̃2Vz
2ðnþ 1Þ. If we define the decay

constant as fn ¼ −Fn=mn, we have

ϕnðzÞ ¼
fn
mn

× 2g5κ̃2Vz
2L1

nðκ̃2Vz2Þ; ðA22Þ

as required by vector meson dominance.
Note that for z → 0, we can write the bulk-to-bulk

propagator (A14) as
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Gðz → 0; z0Þ ≈ ϕnðz → 0Þ
−g5Fn

X
n

−g5Fnϕnðz0Þ
q2 −m2

n

¼ z2

2

X
n

−g5Fnϕnðz0Þ
q2 −m2

n
¼ z2

2
Vðq; z0Þ: ðA23Þ

For spacelike momenta (q2 ¼ −Q2), we have the bulk-
to-bulk propagator near the boundary

Gðz → 0; z0Þ ≈ z2

2

X
n

g5Fnϕnðz0Þ
Q2 þm2

n
¼ z2

2
VðQ; z0Þ; ðA24Þ

where [49]

VðQ;zÞ¼ κ2Vz
2

Z
1

0

dx
ð1−xÞ2 x

a exp

�
−

x
1−x

κ2Vz
2

�
; ðA25Þ

with the normalization Vð0; zÞ ¼ VðQ; 0Þ ¼ 1.

3. Tansverse-traceless graviton/spin-2 glueballs

a. Hard wall

For timelike momenta (k2 > 0), the non-normalizable
wave function for the virtual tansverse-traceless graviton is
generally given by hμν ¼ hðk; zÞϵTTμν e−ik·x where [50]

hðk; zÞ ¼ −
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
k2 −m2

n
; ðA26Þ

with the normalization hð0; zÞ ¼ hðk; 0Þ ¼ 1, which could
be relaxed. The decay constant of the spin-2 glueball with
mass mn is

Fn ¼
1ffiffiffi
2

p
κV

�
−

1

z03
∂z0ψnðz0Þ

�
z0¼ϵ

ðA27Þ

and the normalized wave functions of the spin-2 glueballs
hμν ¼ ψnðzÞϵTTμν e−ik·x

ψnðzÞ ¼ cnz2J2ðmnzÞ≡ Jhðmn; zÞ; ðA28Þ

with cn ¼
ffiffi
2

p
z0J2ðmnz0Þ, which satisfy the normalization

condition Z
dz

ffiffiffi
g

p jgxxjψnðzÞψmðzÞ ¼ δnm: ðA29Þ

In the hard-wall model, the summation in (A26) can be
carried out analytically and is given by [21,48,50]

hðk; zÞ ¼ π

4
k2z2

�
Y1ðkz0Þ
J1ðkz0Þ

J2ðkzÞ − Y2ðkzÞ
�
: ðA30Þ

For spacelike momenta (k2¼−K2), the non-normalizable
wave function for the virtual transverse-traceless graviton is
generally given by hμν ¼ HðK; zÞϵTTμν e−ik·x where

HðK; zÞ ¼
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
K2 þm2

n
: ðA31Þ

In the hard-wall model, the summation in (A31) can be
carried out analytically and is given by [21,48,50]

HðK; zÞ ¼ 1

2
K2z2

�
K1ðKz0Þ
I1ðKz0Þ

I2ðKzÞ þ K2ðKzÞ
�
: ðA32Þ

For timelike momenta (q2 > 0), the bulk-to-bulk propa-
gator for the massive spin-2 glueballs, can be written as
[21,48,50]

GTT
μναβðz;z0Þ ¼

1

2

�
T μαT νβþT μβT να−

2

3
T μνT αβ

�
Gðz;z0Þ;

ðA33Þ

with T μν ¼ −ημν þ kμkν=m2
n and

Gðz; z0Þ ¼
X
n

ψnðzÞψnðz0Þ
k2 −m2

n
: ðA34Þ

For spacelike momenta, we simply replace k2 ¼ −K2 in
(A34). Also remember that

hðk; zÞ ¼ 1

z03
∂z0Gðz; z0Þ

���
z0¼ϵ

: ðA35Þ

Note that for z → 0, we can write (A34) as

Gðz→ 0;z0Þ≈ z4

4

X
n

−
ffiffiffi
2

p
κFnψnðz0Þ
k2−m2

n
¼ z4

4
hðk;z0Þ; ðA36Þ

where we used

Fn ¼
1ffiffiffi
2

p
κ

�
−

1

z03
∂z0ψnðz0Þ

�
z0¼ϵ

¼−
1

2
ffiffiffi
2

p
κ
cnm2

n; ðA37Þ

and ψnðz → 0Þ ≈ 1
8
cnm2

nz4 for the hard wall. Hence, for
spacelike momenta (k2 ¼ −K2), we have

Gðz→ 0;z0Þ≈ z4

4

X
n

ffiffiffi
2

p
κVFnϕnðz0Þ
K2þm2

n
¼ z4

4
HðK;z0Þ: ðA38Þ

b. Soft wall

Similar relationships hold for the soft-wall model where
the normalized wave function for spin-2 glueballs is given
by [51] (note that the discussion in [51] is for general
massive bulk scalar fluctuation but can be used for the
spin-2 glueball which has an effective bulk action similar to
massless bulk scalar fluctuation)
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ψnðzÞ ¼ cnz4L
ΔðjÞ−2
n ð2ξÞ; ðA39Þ

with

cn ¼
�
24κ̃6NΓðnþ 1Þ
Γðnþ 3Þ

�1
2

; ðA40Þ

which is determined from the normalization condition (for
soft-wall model with background dilaton ϕ ¼ κ̃2Nz

2)

Z
dz

ffiffiffi
g

p
e−ϕjgxxjψnðzÞψmðzÞ ¼ δnm: ðA41Þ

Therefore we have

Fn ¼
1ffiffiffi
2

p
κ

�
−

1

z03
∂z0ψnðz0Þ

�
z0¼ϵ

¼−
4ffiffiffi
2

p
κ
cnL2

nð0Þ; ðA42Þ

with ψnðz → 0Þ ≈ cnz4L2
nð0Þ. For spacelike momenta

(q2 ¼ −Q2), we have the bulk-to-bulk propagator near
the boundary

Gðz→ 0;z0Þ≈ z4

4

X
n

ffiffiffi
2

p
κFnϕnðz0Þ
K2þm2

n
¼ z4

4
HðK;z0Þ; ðA43Þ

where, for the soft-wall model [21,48,51]

HðK;zÞ¼4z4ΓðaKþ2ÞUðaKþ2;3;2ξÞ
¼ΓðaKþ2ÞUðaK;−1;2ξÞ

¼ΓðaKþ2Þ
ΓðaKÞ

Z
1

0

dxxaK−1ð1−xÞexp
�
−

x
1−x

ð2ξÞ
�
;

ðA44Þ

with aK¼a=2¼K2=8κ̃2N , and we have used the transforma-
tion Uðm;n;yÞ¼y1−nUð1þm−n;2−n;yÞ. Equation (A44)
satisfies the normalization condition Hð0;zÞ¼HðK;0Þ¼1.

4. Trace-full graviton/spin-0 glueballs

a. Hard wall

For timelike momenta (k2 > 0), the non-normalizable
wave function for the virtual trace-full graviton is generally
given by hμν ¼ k2fðk; zÞϵTμνe−ik·x where

fðk; zÞ ¼ 2
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
k2 −m2

n
; ðA45Þ

with fð0; zÞ ¼ fðk; 0Þ ¼ 1, the decay constant of the spin-0
glueballs Fn ¼ 1

2
ffiffi
2

p
κ
ð 1
z03 ∂z0ψnðz0ÞÞjz0¼ϵ, and the normalized

wave functions of the spin-0 glueballs hμν ¼ ψnðzÞϵTμνe−k·x
which satisfy the normalization condition

Z
dz

ffiffiffi
g

p jgxxjψnðzÞψmðzÞ ¼ δnm; ðA46Þ

with the normalized wave functions for the spin-0 glueballs

ψnðzÞ ¼ cnz2J2ðmnzÞ≡ Jfðmn; zÞ; ðA47Þ

where cn ¼
ffiffi
2

p
z0J2ðmnz0Þ. In the hard-wall model, the summa-

tion in (A45) can be carried out analytically and is given by

fðk; zÞ ¼ π

4
k2z2

�
Y1ðkz0Þ
J1ðkz0Þ

J2ðkzÞ − Y2ðkzÞ
�
: ðA48Þ

For spacelike momenta (k2 ¼ −K2), the non-normal-
izable wave function for the virtual trace-full graviton is
generally given by hμν ¼ F ðK; zÞϵTμνe−k·x where

F ðK; zÞ ¼ −2
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
K2 þm2

n
: ðA49Þ

The summation in (A49) can be carried out analytically and
is given by

F ðK; zÞ ¼ 1

2
K2z2

�
K1ðKz0Þ
I1ðKz0Þ

I2ðKzÞ þ K2ðKzÞ
�
: ðA50Þ

For timelike momenta (q2 > 0), the bulk-to-bulk propa-
gator for the massive spin-0 glueballs, can be written as
GT

μναβðz; z0Þ ¼ ημνηαβGðz; z0Þ where

Gðz; z0Þ ¼
X
n

ψnðzÞψnðz0Þ
k2 −m2

n
ðA51Þ

with

fðk; zÞ ¼
�
1

z03
∂z0Gðz; z0Þ

�
z0¼ϵ

: ðA52Þ

Note that for z → 0, we can write (A51) as

Gðz → 0; z0Þ ≈ z4

4

X
n

2
ffiffiffi
2

p
κFnψnðz0Þ
k2 −m2

n
¼ z4

4
fðk; z0Þ; ðA53Þ

where we used

Fn ¼
1

2
ffiffiffi
2

p
κ

�
1

z03
∂z0Gðz; z0Þ

�
z0¼ϵ

¼ 1

4
ffiffiffi
2

p
κ
cnm2

n; ðA54Þ

and ψnðz → 0Þ ≈ 1
8
cnm2

nz4 for the hard wall. Hence, for
spacelike momenta (k2 ¼ −K2), we have

Gðz→0;z0Þ≈z4

4

X
n

−2
ffiffiffi
2

p
κFnϕnðz0Þ

K2þm2
n

¼ z4

4
F ðK;z0Þ: ðA55Þ
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b. Soft wall

Note that similar relationships hold for the trace-full
graviton/spin-0 glueball in the soft-wall model. We do not
detail them here as they are similar to the ones given for the
spin-2 glueballs modilo normalization constants.

5. Dilaton/spin-0 glueballs

a. Hard wall

For timelike momenta (k2 > 0), the non-normalizable
wave function for the virtual dilaton is generally given by

φðk; zÞ ¼
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
k2 −m2

n
; ðA56Þ

with φð0; zÞ ¼ φðk; 0Þ ¼ 1, the decay constant of the spin-
0 glueballs Fn ¼ 1ffiffi

2
p

κ
ð 1
z03 ∂z0ψnðz0ÞÞjz0¼ϵ, and the normalized

wave functions of the spin-0 glueballs ψnðzÞ which satisfy
the normalization conditionZ

dz
ffiffiffi
g

p jgxxjψnðzÞψmðzÞ ¼ δnm; ðA57Þ

with the normalized wave functions for the spin-0 glueballs

ψnðzÞ ¼ cnz2J2ðmnzÞ≡ Jφðmn; zÞ; ðA58Þ

where cn ¼
ffiffi
2

p
z0J2ðmnz0Þ. For example, in the hard-wall model,

the summation in (A56) can be carried out analytically and
is given by

φðk; zÞ ¼ π

4
k2z2

�
Y1ðkz0Þ
J1ðkz0Þ

J2ðkzÞ − Y2ðkzÞ
�
: ðA59Þ

For spacelike momenta (k2¼−K2), the non-normalizable
wave function for the virtual dilaton is generally given by

DðK; zÞ ¼ −
ffiffiffi
2

p
κ
X
n

FnψnðzÞ
K2 þm2

n
: ðA60Þ

For example, in the hard-wall model, the summation in
(A60) can be carried out analytically and is given by

DðK; zÞ ¼ 1

2
K2z2

�
K1ðKz0Þ
I1ðKz0Þ

I2ðKzÞ þ K2ðKzÞ
�
: ðA61Þ

For timelike momenta (q2 > 0), the bulk-to-bulk propa-
gator for the massive spin-0 glueballs, can be written as

Gðz; z0Þ ¼
X
n

ψnðzÞψnðz0Þ
k2 −m2

n
: ðA62Þ

We recall that φðq; zÞ ¼ 1
z03 ∂z0Gðz; z0Þjz0¼ϵ.

Note that for z → 0, we can write (A62) as

Gðz → 0; z0Þ ≈ z4

4

X
n

ffiffiffi
2

p
κFnψnðz0Þ
k2 −m2

n
¼ z4

4
φðk; z0Þ; ðA63Þ

where we used

Fn ¼
1

2
ffiffiffi
2

p
κ

�
1

z03
∂z0Gðz; z0Þ

�
z0¼ϵ

¼ 1

4
ffiffiffi
2

p
κ
cnm2

n; ðA64Þ

and ψnðz → 0Þ ≈ 1
8
cnm2

nz4 for the hard wall. Hence, for
spacelike momenta (k2 ¼ −K2), we have

Gðz→0;z0Þ≈z4

4

X
n

−2
ffiffiffi
2

p
κFnϕnðz0Þ

K2þm2
n

¼ z4

4
DðK;z0Þ: ðA65Þ

b. Soft wall

Note again, that similar relationships hold for the dilaton/
spin-0 glueballs in the soft-wall model, but we do not go
into details here as it is very similar to the spin-2 glueballs
up to normalization constants.

APPENDIX B: CONTRIBUTIONS TO
HOLOGRAPHIC PHOTOPRODUCTION

Here most of the results will be given for the soft-wall
model explicitly. The results for the hard-wall model follow
by setting ϕ ¼ 0.

1. Dilaton contribution

The dilaton contribution to the holographic photopro-
duction amplitude can be determined from Fig. 2 by
replacing the spin-2 glueball propagator by spin-0 glueball
propagator of a dilaton as

iAφ
Ap→Apðs; tÞ ¼

X
n

iÃφ
Ap→Apðmn; s; tÞ;

iÃφ
Ap→Apðmn; s; tÞ ¼ ð−iÞVφAAðq1; q2; k; mnÞ × G̃φðmn; tÞ × ð−iÞVφΨ̄Ψðp1; p2; k; mnÞ; ðB1Þ

with the bulk vertices (k ¼ p2 − p1 ¼ q1 − q2)
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VφAAðq; q0; k; mnÞ≡
�

δSkφAA
δφðk; zÞ

�
Jφðmn; zÞ ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

4

Z
dz

ffiffiffi
g

p
e−ϕz4Kðq; q0; n; n0; zÞJφðmn; zÞ;

VφΨ̄Ψðp1; p2; k; mnÞ≡
� δSk

φΨ̄Ψ

δð∂zφðk; zÞÞ
�
∂zJφðmn; zÞ þ

� δSk
φΨ̄Ψ

δðφðk; zÞÞ
�
Jφðmn; zÞ

¼
ffiffiffiffiffiffiffi
2κ2

p

2

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2; zÞðγ5∂zJφðmn; zÞ þ kαγαJφðmn; zÞÞΨðp1; zÞ; ðB2Þ

and the bulk-to-bulk propagator

Gφðmn; t; z; z0Þ ¼ Jφðmn; zÞG̃φðmn; tÞJφðmn; z0Þ;

G̃φðmn; tÞ ¼
i

t −m2
n þ iϵ

: ðB3Þ

For z0 → 0, and t ¼ −K2 in (B3), we can use (A65), which simplifies (B1) as

iAφ
Ap→Apðs; tÞ ≈ ð−iÞVφAAðq1; q2; kÞ × ðiÞ × ð−iÞVφΨ̄Ψðp1; p2; kÞ;

VφAAðq1; q2; kÞ ¼
ffiffiffiffiffiffiffi
2κ2

p
×

ffiffiffi
1

4

r Z
dz

ffiffiffi
g

p
e−ϕz4Kðq; q0; n; n0; zÞ z

4

4
;

VφΨ̄Ψðp1; p2; kÞ ¼
ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dze−ϕ

ffiffiffi
g

p
zΨ̄ðp2; zÞðγ5∂zDðK; zÞ þ kαγαDðK; zÞÞΨðp1; zÞ: ðB4Þ

2. Graviton contribution

The graviton contribution in Fig. 2 in the diffractive part of the holographic photoproduction amplitude was analyzed in
[52] for the Pomeron kinematics in the hard-wall model. Here we will give the results for all kinematics for both the CFT
case in AdS, and the conformally broken case in walled AdS.
In AdS space, for the tansverse-traceless part, Witten’s diagrammatic rules give formally

iAh
Ap→Apðs; tÞ ¼

X
n

iÃh
Ap→Apðmn; s; tÞ;

iÃh
A→Apðmn; s; tÞ ¼ ð−iÞVμνðTTÞ

hAA ðq; q0; k; mnÞ × G̃TT
μναβðmn; tÞ × ð−iÞVαβðTTÞ

hΨ̄Ψ ðp1; p2; k; mnÞ;
iAf

Ap→Apðs; tÞ ¼
X
n

iÃf
Ap→Apðmn; s; tÞ;

iÃf
Ap→Apðmn; s; tÞ ¼ ð−iÞVμνðTÞ

fAA ðq; q0; k; mnÞ × G̃T
μναβðmn; tÞ × ð−iÞVαβðTÞ

fΨ̄Ψ ðp1; p2; k; mnÞ; ðB5Þ
with the bulk vertices (k ¼ p2 − p1 ¼ q − q0)

VμνðTTÞ
hAA ðq;q0;k;mnÞ≡

�
δSkhAA

δðϵTTμν hðk;zÞÞ
�
Jhðmn;zÞ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕz4Kμνðq;q0;n;n0;zÞJhðmn;zÞ;

VαβðTTÞ
hΨ̄Ψ ðp1;p2;k;mnÞ≡

�
δSk

hΨ̄Ψ
δðϵTTαβ hðk;zÞÞ

�
Jhðmn;zÞ¼−

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2;zÞγαpβΨðp1;zÞJhðmn;zÞ;

VμνðTÞ
fAA ðq;q0;k;mnÞ≡

�
δSkfAA

δðϵTμνfðk;zÞÞ
�
Jfðmn;zÞ

¼
ffiffiffiffiffiffiffi
2κ2

p
×
1

4

Z
dz

ffiffiffi
g

p
e−ϕz4k̃2

�
Kμνðq;q0;n;n0;zÞ−1

4
ημνKðq;q0;n;n0;zÞ

�
Jfðmn;zÞ;

VαβðTÞ
fΨ̄Ψ ðp1;p2;k;mnÞ≡

� δSk
fΨ̄Ψ

δ∂zðϵTαβfðk;zÞÞ
�
∂zJfðmn;zÞþ

� δSk
fΨ̄Ψ

δðϵTαβfðk;zÞÞ
�
Jfðmn;zÞ

¼−
ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕzk̃2Ψ̄ðp2;zÞðηαβγ5∂zJfðmn;zÞþ γαpβJfðmn;zÞþηαβkμγμJfðmn;zÞÞΨðp1;zÞ;

ðB6Þ
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with p ¼ ðp1 þ p2Þ=2. The bulk-to-bulk graviton propagator is Gμναβ ¼ GTT
μναβ þGT

μναβ. The transverse and traceless TT-
part describes massive 2þþ glueballs [53,54]

GTT
μναβðmn; t; z; z0Þ ¼ Jhðmn; zÞG̃TT

μναβðmn; tÞJhðmn; z0Þ;

G̃TT
μναβðmn; tÞ ¼

1

2

�
T μαT νβ þ T μβT να −

2

3
T μνT αβ

�
i

t −m2
n þ iϵ

;

with G̃ the boundary propagator,

T μν ¼ −ημν þ kμkν=m2
n: ðB7Þ

The trace-full T-part GT
μναβ describes massive 0þþ glueballs [54]

GT
μναβðmn; t; z; z0Þ ¼ Jfðmn; zÞG̃T

μναβðmn; tÞJfðmn; z0Þ; ðB8Þ

with the boundary propagator

G̃T
μναβðmn; tÞ ¼ ημνηαβ

i
t −m2

n þ iϵ
:

For z0 → 0, and t ¼ −K2, and t ¼ −K2 in (B7) and (B8). We can use (A38) and (A55), and simplify (B5) as

iAh
Ap→Apðs; tÞ ≈ ð−iÞVμνðTTÞ

hAA ðq1; q2; kzÞ ×
�
i
2
ημαηνβ

�
× ð−iÞVαβðTTÞ

hΨ̄Ψ ðp1; p2; kzÞ;

iAf
Ap→Apðs; tÞ ≈ ð−iÞVμνðTÞ

hAA ðq1; q2; kÞ × ðiημνηαβÞ × ð−iÞVαβðTÞ
fΨ̄Ψ ðp1; p2; kÞ; ðB9Þ

with

VμνðTTÞ
hAA ðq1;q2;kzÞ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕz4Kμνðq;q0;n;n0;zÞz

4

4
;

VαβðTTÞ
hΨ̄Ψ ðp1;p2;kzÞ¼−

ffiffiffiffiffiffiffi
2κ2

p
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕzΨ̄ðp2;zÞγμpνΨðp1;zÞHðK;zÞ;

VμνðTÞ
fAA ðq1;q2;kÞ¼

ffiffiffiffiffiffiffi
2κ2

p
×
1

4

Z
dz

ffiffiffi
g

p
e−ϕz4k̃2

�
Kμνðq;q0;n;n0;zÞ−1

4
ημνKðq;q0;n;n0;zÞ

�
z4

4
;

VαβðTÞ
fΨ̄Ψ ðp1;p2;kÞ¼−

ffiffiffiffiffiffiffi
2κ2

p
×
1

2
×
1

2

Z
dz

ffiffiffi
g

p
e−ϕzk̃2Ψ̄ðp2;zÞðηαβγ5∂zF ðK;zÞþ γαpβF ðK;zÞþηαβkμγμF ðK;zÞÞΨðp1;zÞ:

ðB10Þ

APPENDIX C: ELEMENTS OF THE REGGEIZATION

1. Hard wall

The reggeization of the graviton exchange is obtained through the substitution [55]

JhðmnðjÞ; zÞ → ψ̃nðj; zÞ ¼ z−ðj−2Þψnðj; zÞ ðC1Þ

followed by the summation over all spin-j exchanges using the Sommerfeld-Watson formula

1

2

X
j≥2

ðsj þ ð−sÞjÞ → −
π

2

Z
C

dj
2πi

�
sj−2 þ ð−sÞj−2

sin πj

�
ðC2Þ
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for a pertinent choice of the contour C. This requires the
analytical continuation of the exchanged amplitudes to the
complex j-plane. For the hard-wall model, the normalized
wave function is given by

ψnðj; zÞ ¼ cnðjÞz2JΔ̃ðjÞðmnðjÞzÞ

cnðjÞ ¼
1ffiffiffi

2
p

z0JΔ̃ðjÞðmnðjÞz0Þ
ðC3Þ

for ∂zψnðj; z0Þ ¼ 0 and

Δ̃ðjÞ≡ ΔðjÞ − 2 ¼ ð4þ 2
ffiffiffi
λ

p
ðj − 2ÞÞ12 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
λ

p
ðj − j0Þ

q
ðC4Þ

with j0 ¼ 2 − 2ffiffi
λ

p and j ≥ 2.

For timelike momenta k2 > 0, we can also determine the
non-normalizable wave function for the virtual tansverse-
traceless spin-j glueball, as

hðj; k; zÞ ¼ −
ffiffiffi
2

p
κ
X
n

FnðjÞψnðj; zÞ
k2 −m2

nðjÞ
; ðC5Þ

which satisfies the boundary conditions ∂zhðj¼2;k;z0Þ¼
0. We define a decay constant function (not exactly the
decay constant) of the spin-j glueballs as

FnðjÞ≡ Cðj; k; ϵÞffiffiffi
2

p
κ

ð− ffiffiffi
g

p
e−ϕjgxxj∂z0ψnðj; z0ÞÞjz0¼ϵ: ðC6Þ

The normalized wave functions of the spin-j glueballs
ψnðj; zÞ satisfy the normalization condition

Z
dz

ffiffiffi
g

p
e−ϕjgxxjψnðj; zÞψmðj; zÞ ¼ δnm: ðC7Þ

For example, in the hard-wall model, the summation over n
in (C5) can be carried out analytically and is given by

hðj; k; zÞ ¼ −
ffiffiffi
2

p
κ
X
n

FnðjÞψnðj; zÞ
k2 −m2

nðjÞ

¼ z2
�
Aðj; k; z0Þ
Bðj; k; z0Þ

JΔ̃ðjÞðkzÞ − YΔ̃ðjÞðkzÞ
�
; ðC8Þ

with

Aðj; k; z0Þ ¼ ∂zðz2YΔ̃ðjÞðkzÞÞjz¼z0 ;

Bðj; k; z0Þ ¼ ∂zðz2JΔ̃ðjÞðkzÞÞjz¼z0 : ðC9Þ

We also define

Cðj; k; ϵÞ ¼ hðj; k; ϵÞ ≈ −ϵ2YΔ̃ðjÞðkϵÞ: ðC10Þ

For spacelike momenta k2 ¼ −K2, the non-normalizable
wave function for the virtual transverse-traceless graviton is
generally given by

Hðj; K; zÞ ¼
ffiffiffi
2

p
κ
X
n

F nðjÞψnðj; zÞ
K2 þm2

nðjÞ
; ðC11Þ

which satisfies the IR boundary conditions ∂zHðj¼2;K;z0Þ¼
0. We have defined a decay constant function (for spacelike
momenta) of the spin-j glueballs as

F nðjÞ≡−
Cðj;k;ϵÞffiffiffi

2
p

κ
ð− ffiffiffi

g
p

e−ϕjgxxj∂z0ψnðj;z0ÞÞjz0¼ϵ: ðC12Þ

In the hard-wall model, the summation in (C11)
reduces to

Hðj; K; zÞ ¼
ffiffiffi
2

p
κ
X
n

F nðjÞψnðj; zÞ
K2 þm2

nðjÞ

¼ z2
�
Aðj; K; z0Þ
Bðj; K; z0Þ

IΔ̃ðjÞðKzÞ þ KΔ̃ðjÞðKzÞ
�
;

ðC13Þ
with

Aðj; K; z0Þ ¼ ∂zðz2KΔ̃ðjÞðKzÞÞjz¼z0 ;

Bðj; K; z0Þ ¼ ∂zðz2IΔ̃ðjÞðKzÞÞjz¼z0 : ðC14Þ
We also define

Cðj; K; ϵÞ ¼ Hðj; K; ϵÞ ≈ ϵ2KΔ̃ðjÞðKϵÞ: ðC15Þ
For timelike momenta k2 > 0, the bulk-to-bulk propa-

gator for the massive spin-j glueballs, can be written as

ḠTT
μναβðj; z; z0Þ ¼

1

2

�
T μαðjÞT νβðjÞ þ T μβðjÞT ναðjÞ

−
2

3
T μνðjÞT αβðjÞ

�
Ḡðj; z; z0Þ;

Ḡðj; z; z0Þ ¼ z−ðj−2ÞGðj; z; z0Þz0−ðj−2Þ

¼
X
n

ψ̃nðj; zÞψ̃nðj; z0Þ
k2 −m2

nðjÞ
; ðC16Þ

and T μνðjÞ ¼ −ημν þ kμkν=m2
nðjÞ. For spacelike momenta,

we simply replace k2 ¼ −K2 in (C16). Also remember that

hðj; k; zÞ ¼ Cðj; k; ϵÞ ffiffiffi
g

p
e−ϕjgxxj∂z0Gðj; z; z0Þjz0¼ϵ: ðC17Þ

Note that for z → 0, we can approximately write the bulk-

to-bulk propagator Gðj; z; z0Þ ¼ P
n
ψnðzÞψnðz0Þ
k2−m2

nðjÞ in (C16) in

terms of the unnormalized bulk-to-boundary propagator
hðj; k; z0Þ as
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Gðj;z→ 0;z0Þ≈ ψnðz→ 0Þ
ð− ffiffiffi

2
p

κÞFnðjÞ
× ð−

ffiffiffi
2

p
κÞ
X
n

FnðjÞψnðz0Þ
k2−m2

nðjÞ
¼ 2−Δ̃ðjÞ×kΔ̃ðjÞ× zΔ̃ðjÞþ2

Δ̃ðjÞþ2
hðj;k;z0Þ; ðC18Þ

where we used

FnðjÞ ¼
Cðj; k; ϵÞffiffiffi

2
p

κ
ð− ffiffiffi

g
p

e−ϕjgxxj∂z0ψnðj; z0ÞÞjz0¼ϵ ¼ −
1ffiffiffi
2

p
κ

2Δ̃ðjÞ

π
cnðjÞ

�
mnðjÞ
k

�
Δ̃ðjÞ

ð2þ Δ̃ðjÞÞ ΓðΔ̃ðjÞÞ
Γð1þ Δ̃ðjÞÞ ; ðC19Þ

with ψnðz → 0Þ ≈ 2−Δ̃ðjÞ
Γ½1þΔ̃ðjÞ� cnðjÞðmnÞΔ̃ðjÞzΔ̃ðjÞþ2, and Cðj; k; ϵÞ ¼ 1

k2 ðkϵÞ2−Δ̃ðjÞ 2
Δ̃ðjÞ
π ΓðΔ̃ðjÞ for the hard wall.

For spacelike momenta k2 > 0, we also have

Gðj; z → 0; z0Þ ≈ ψnðz → 0Þ
ð ffiffiffi

2
p

κÞF nðjÞ
× ð

ffiffiffi
2

p
κÞ
X
n

F nðjÞψnðz0Þ
K2 þm2

nðjÞ
¼

21−Δ̃ðjÞ
π × KΔ̃ðjÞ × zΔ̃ðjÞþ2

Δ̃ðjÞ þ 2
Hðj; K; z0Þ; ðC20Þ

where we used

F nðjÞ ¼ −
Cðj; K; ϵÞffiffiffi

2
p

κ
ð− ffiffiffi

g
p

e−ϕjgxxj∂z0ψnðj; z0ÞÞjz0¼ϵ ¼
1ffiffiffi
2

p
κ
2Δ̃ðjÞ−1cnðjÞ

�
mnðjÞ
K

�
Δ̃ðjÞ

ð2þ Δ̃ðjÞÞ ΓðΔ̃ðjÞÞ
Γð1þ Δ̃ðjÞÞ ; ðC21Þ

with

ψnðz → 0Þ ≈ 2−Δ̃ðjÞ

Γ½1þ Δ̃ðjÞ� cnðjÞðmnÞΔ̃ðjÞzΔ̃ðjÞþ2;

Cðj; K; ϵÞ ¼ 1

K2
ðKϵÞ2−Δ̃ðjÞ2Δ̃ðjÞ−1ΓðΔ̃ðjÞÞ ðC22Þ

for the hard-wall model. Also remember that

Hðj; K; zÞ ¼ −Cðj; K; ϵÞ ffiffiffi
g

p
e−ϕjgxxj∂z0Gðj; z; z0Þjz0¼ϵ:

ðC23Þ

2. Soft wall

The same relationships hold for the soft-wall model,
where the spin-j glueballs’ normalized wave functions are
given in terms of the generalized Laguerre polynomials as
[51] (note that the discussion in [51] is for general massive
bulk scalar fluctuations but can be used for spin-j glueballs
which have an effective bulk action (or bulk equation of
motion) similar to massive bulk scalar fluctuations [55])

ψnðj; zÞ ¼ cnðjÞzΔLΔðjÞ−2
n ð2ξÞ; ðC24Þ

where ξ ¼ κ̃2Nz
2, and the normalization coefficients are

cnðjÞ ¼
�
2ΔðjÞκ̃2ðΔðjÞ−1ÞN Γðnþ 1Þ

Γðnþ ΔðjÞ − 1Þ
�1

2

: ðC25Þ

The non-normalized bulk-to-boundary propagators for
spin-j glueballs are given in terms of Kummer’s (confluent
hypergeometric) function of the second kind and its integral
representation as (for spacelike momenta k2 ¼ −K2)

Hðj;K;zÞ¼ zΔU

�
aKþ

ΔðjÞ
2

;ΔðjÞ−1;2ξ

�
¼ zΔðjÞð2ξÞ2−ΔðjÞUðãðjÞ; b̃ðjÞ;2ξÞ

¼ zΔðjÞð2ξÞ2−ΔðjÞ 1

ΓðãðjÞÞ
Z

1

0

dxxãðjÞ−1ð1−xÞ−b̃ðjÞ

×exp

�
−

x
1−x

ð2ξÞ
�
; ðC26Þ

where

aK ¼ a
2
¼ K2

8κ̃2N
;

ãðjÞ ¼ aK þ 2 −
ΔðjÞ
2

;

b̃ðjÞ ¼ 3 − ΔðjÞ; ðC27Þ
andwe have used the transformationUðm;n;yÞ¼y1−nUð1þ
m−n;2−n;yÞ. The bulk-to-bulk propagator can also be
approximated as (for spacelike momenta k2 ¼ −K2)

Gðj;z→ 0;z0Þ≈ ψnðz→ 0Þ
ð ffiffiffi

2
p

κÞF nðjÞ
× ð

ffiffiffi
2

p
κÞ
X
n

F nðjÞψnðz0Þ
K2þm2

nðjÞ

¼
2ΔðjÞ−2ΓðaKþΔðjÞ

2
Þ

ΓðΔðjÞ−2Þ × κ̃2ΔðjÞ−4N × zΔðjÞ

ΔðjÞ Hðj;K;z0Þ;

ðC28Þ
where we used

F nðjÞ ¼ −
Cðj; K; ϵÞffiffiffi

2
p

κ
ð− ffiffiffi

g
p

e−ϕjgxxj∂z0ψnðj; z0ÞÞjz0¼ϵ;

Cðj; K; ϵÞ ¼ Hðj; K; ϵÞ ðC29Þ
and the substitution ψnðz → 0Þ ≈ cnðjÞzΔLΔðjÞ−2

n ð0Þ for the
soft-wall model.
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