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Dirac fermion, cosmological event horizons, and quantum entanglement
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We discuss the field quantization of a free massive Dirac fermion in the two causally disconnected static
patches of the de Sitter spacetime, by using mode functions that are normalizable on the cosmological event
horizon. Using this, we compute the entanglement entropy of the vacuum state corresponding to these two
regions, for a given fermionic mode. Further extensions of this result to more general static spherically
symmetric and stationary axisymmetric spacetimes are discussed. For the stationary axisymmetric Kerr-de
Sitter spacetime in particular, the variations of the entanglement entropy with respect to various eigenvalues
and spacetime parameters are depicted numerically. We also comment on such variations when instead we
consider the nonextremal black hole event horizon of the same spacetime.
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I. INTRODUCTION

The de Sitter spacetime is the simplest solution of the
Einstein equation with a positive cosmological constant, A.
It is maximally symmetric with isometry group SO(4, 1) in
dimension 4. Its physical significance is chiefly twofold.
First, owing to the observed accelerated expansion of the
current Universe, there seems to be a strong possibility that
our current Universe is endowed with a small but positive
A, or some alternative form of the dark energy. Second, the
observed high degree of spatial homogeneity and isotropy
in all directions in the sky at large scales indicates that the
very early Universe might also have gone through a phase
of a rapid accelerated expansion, known as the inflation;
see, e.g., Ref. [1] and references therein.

The positive A is the simplest and phenomenologically a
very successful model of the dark energy. Even though the
exact nature/form of the dark energy is yet far from being
well understood, it is reasonable to expect that the de Sitter
spacetime would qualitatively model at least some salient
features of any cosmological spacetime undergoing accel-
erated expansion. In particular, the highest degree of
symmetry present in this spacetime makes many compu-
tations doable analytically.

There has been tremendous effort over decades to
explore various aspects of quantum fields living in a de
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Sitter universe. A complete review on this topic is far from
the scope of this paper. We refer our reader to Refs. [2-4]
for various aspects of particle creation and vacuum states in
the cosmological de Sitter spacetime. See Ref. [5] and
references therein for a study on the Schwinger effect in de
Sitter. See, e.g., Refs. [6—11] for aspects of particle creation
and thermal effects in the static de Sitter or de Sitter black
hole spacetimes. Further, we refer our reader to, e.g.,
Refs. [12—14] (also references therein) for discussions on
the late time nonperturbative infrared effects in the cos-
mological de Sitter spacetime. See also Refs. [15,16] for
discussions on fermion-driven inflation.

A natural and interesting aspect of the de Sitter space is
the relativistic quantum entanglement of fields, which is the
focus of this paper. If we consider an “in” vacuum state in
the cosmological de Sitter spacetime, due to the accelerated
expansion, the state may evolve in the future to a different
or “out” vacuum state, indicating particle pair production.
Such pairs turn out to be entangled. On the other hand, due
to the accelerated expansion, all parts of the de Sitter space
cannot be causally connected. Quantum fields living in
various causally disconnected parts of de Sitter can show a
very nontrivial aspect of quantum entanglement. We refer
our reader to Refs. [17-33] and references therein for a
study of quantum field theoretic entanglement in the
cosmological and hyperbolic coordinatization of de
Sitter. We further refer our reader to Refs. [34-37] and
references therein for a study of holographic aspects of de
Sitter entanglement entropy.

The static coordinatization of de Sitter is interesting in
the sense that the cosmological event horizon is explicitly
“visible” in it and, second, it is explicitly time translational
invariant (within the cosmological event horizon), e.g.,
Ref. [6]. The maximal analytic extension of the spacetime
across this horizon shows, like that of the nonextremal
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black hole or the Rindler horizon, four causally discon-
nected spacetime regions, two of which are static, Sec. II. A
quantum field living in these two regions possesses local
vacua as well as some global vacuum defined with respect
to the Kruskal null coordinates. It is thus interesting to
address the issue of quantum entanglement between the
quantum fields living in these two static regions, say R
and L. This issue was addressed recently in Ref. [38] for a
scalar field, using the closed form mode functions, and the
behavior of the entanglement entropy was shown to be
similar to that of the Rindler spacetime.

In this work, we wish to do the same for the Dirac
fermions. Precisely, using the closed form mode functions
obtained in Sec. III for the static de Sitter coordinate,
Eq. (1), we derive the R-L entanglement for the vacuum
state of the Dirac field in Sec. I'V. The result is found to be
similar to that of the Rindler spacetime, found earlier in
Refs. [39,40]. Such similarity follows from the universal
Rindler-like behavior of the ¢ — r part of any (nonextremal)
near—Killing horizon metric and the subsequent simplifi-
cation of the mode functions. Such universality and
simplification allow us to extend our result further to
(a) the de Sitter horizon of a general static and spherically
symmetric spacetime, such as the Schwarzschild-de Sitter,
Sec. 1V, and also to (b) stationary axisymmetric spacetime
such as the Kerr-de Sitter, Sec. V. For the latter in particular,
we numerically investigate the behavior of the entangle-
ment entropy with respect to the variation of the energy, the
angular momentum eigenvalues, and the spacetime mass
and rotation parameters.

We shall work with the mostly negative signature of the
metric in 3 + 1 dimensions and will set c=G=h=1
throughout.

II. STATIC DE SITTER—A QUICK REVIEW

The metric of the static patch of the de Sitter spacetime
reads

ds* = (1 = r)dt* — (1 = r?)~'dr* — r*(d6? + sin? 0dg?),
(1)

where the radial coordinate is made dimensionless via
scaling by Hy' = \/3/A. The coordinate system is not
well defined for r > 1. This corresponds to the fact that the
timelike Killing vector field of Eq. (1) only exists in
0 < r < 1. The r = 1 null hypersurface is the cosmological
event horizon serving as the causal boundary of our
Universe.

The singularity at » = 1 of this metric can be removed by
choosing Kruskal-like coordinates, which analytically con-
tinues the metric into the region r > 1, e.g., Ref. [6]. In
terms of the Kruskal null coordinates (i, ), the metric
reads

ds* = (1 + r)>dudv — r*(d6* + sin®> 0dg?*),  (2)

where r above as a function of &, 7 is understood and

U= —e", vi=eV

1
r, ==In
2

1+r
1—r|

u=t-r,, v=1+r,, (3)

The tortoise coordinate r, reaches co as r — 1. The metric
Eq. (2) has no singularity at r = 1.

The coordinate system described in Egs. (2) and (3)
covers the region R (0 < rg < 1) of Fig. 1. C* are, res-
pectively, the future and past segments of the cosmological
event horizon. We have

a(CT) =0=70(C) (4)

and in general

u<0, 720 (region R)

Likewise in region L, we define
il = e, Di=—e" (5)

so that
>0,

with Eq. (4) still holding.
Regions [ and I, being located at » > 1, are not endowed
with any timelike Killing vector field. We have

<0 (region L)

>0, >0 (regionl) #<0, <0 (regionIl)

It is manifest from the orientations of C* in Fig. 1 that the
directions of the timelike Killing vector field, 0,, are
opposite with respect to each other in R and L. We shall

B AN EEY

Yy

L1
0

I, ro>00

FIG. 1. The Penrose diagram of the de Sitter spacetime, found
after the maximum analytic extension of Eq. (1). Each point of
the above diagram is a 2-sphere. C* denote, respectively, the
future and past cosmological event horizons. The causally
disconnected static patches R and L are the regions of our
concern. Region L is the time reversal of R, and hence the
timelike Killing vector field is taken to be past directed in L.
Regions I and II are nonstatic located in » > 1. The infinities, 7 =+
are spacelike.
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accordingly take it to be future directed in R, whereas it is
past directed in L. The existence of C*, just like the black
hole, splits the spacetime into four causally disconnected
wedges R, L, I, and II. For example, a particle initially in R
can only cross C* to enter region I along a future directed
trajectory, whereas it can only enter R from the contracting
region L via C™.

Similar causally disconnected regions also show up
across the cosmological event horizon of a general static
spherically symmetric spacetime (e.g., the Schwarzschild-
de Sitter) and the stationary axisymmetric spacetime (e.g.,
the Kerr-de Sitter). For all of them, we shall investigate the
quantum entanglement between regions R and L for a free
massive Dirac field.

II1. DIRAC EQUATION IN THE STATIC
DE SITTER SPACETIME

We shall solve in this section for the four mode functions
of a free massive Dirac field in a closed form, in the
background of Eq. (1) for both regions R and L in Fig. 1.
The latin indices appearing below will stand for the local
Lorentz frame, whereas the greek indices will denote the
curved spacetime.

(1—7r2)2 0
o — 0 (1 —r2)zsin6cos ¢
‘ 0 r~! cos @ cos ¢
0 —(rsin@)~!'sing

The Dirac equation is expanded to be

The Dirac equation in the static de Sitter coordinates was
previously studied in Refs. [7,41,42] (also references
therein) using the Newman-Penrose formalism for spinors
developed in Ref. [43]. See also Refs. [44,45] for dis-
cussions on choices of spacetime bases and group theoretic
treatment of Dirac operators in static and time-dependent
de Sitter coordinates.

The Dirac equation in a generally covariant form reads

(6)

where my is the rest mass of the field. y, := e,“y,, where
e,"’s are the tetrad. The spin covariant derivative is defined
as

[iy"D,, — mo]¥ = 0,

1
D,=09,+ Ewﬂabzab, (7)

where X% = [y, y?]/4 and the Ricci rotation coefficients
’s are given by

w,, = —e,"(0,e", —T},e%)).

Following Ref. [46], we now define for Eq. (1)

0 0
(1—r2)2sinfsing (1 —r?)icosd
r~! cos @sin ¢
(rsin@)~! cos ¢ 0

—r~lsing

o= 0 _i—n\ 2z _ 1- l_r2 = A 1 - 2 }7(27 . o
{(1 r)2<y8, 2y.r>—|— 1—r*(y-7)0, <7r )y.r—l—r y.989+—sin98¢, ¥+ im¥ =0, (8)

where 7,8, ¢ refer to the usual unit vectors in spherical polar coordinates and the gamma matrices are defined as

y0_<(§ —01> yi_<
-

Decomposing ¥ as

0 o
, i=1,23.

-t 0

lyl)
y, )’

where ¥, and ¥, are each two component spinors, and using

(5:-986 Lo a¢>

0.
sin @

= —(6.7)(Ky = 1),

where K, = 6.L + 1 is an eigenoperator of the spherical spinors, we find that Eq. (8) splits into two coupled equations,
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_ 2—% A1 — 2 %
((1_”2)_%8;-1-1'"10)‘1'14-(5‘7’ (‘%‘F\/l_rzar-i- L-r —&>‘I’2=

r r
_ 2\ J1_.2 p
((1—r2)‘%6,—im0>‘1‘2—l—(&'-?)(—%—l— V1-10, + lr s —%)111_ . 9)

We recall that the spherical spin-1/2 harmonics, Q jim» are simultaneous eigenfunctions of L% 8%, J%,J ., given by [47]

ChY1m-12(0.0) )
CinYimse12(0,9)

ot — /l:l:m—&—l/Z'
m 20+ 1

They satisfy the orthonormality relations (with j =1+ 1/2)

—Cp Y 11200, ) )

Qii1/00m(0,P) = <
o CiYims1/2(0, h)

Qz-1/2,z,m(9» ¢) = <

where

/ sin 9d9d¢gj L m 0 = 5jj’5ll’5mm" (10)
Further, we shall make use of the following easily verifiable properties:

(G- P)ui1/2.0m = =11)=1/2.041.m5 KrQuiijoim = (L4 DQuiotm
(6 ) 1)-1/2.001.m = =Rs1/2.0m> KoQi1)-1/2.01m = =L+ D)Qus1)-1/2.04 1 (11)

A. Mode functions in R and L

We now make the ansatz of variable separation,

Y A=)t gD aim
W ( 1) _ e—lpf( r?) 4( 9(r) Q1121 >’ (12)
f(r)Q(l+l)—l/2,l+l,m

with p > 0. Note that the future directedness of the timelike Killing vector field in R guarantees the above mode to be
positive frequency. However, since that vector field is past directed in L, the above mode will be negative frequency in L.
We insert Eq. (12) into Eq. (9) and use Eq. (11) to obtain

(1=r)f" + Hlv Pf=((p-mV1-riyg
—(p+moV1=r3)f, (13)

(1-r

where a prime denotes differentiation once with respect to r. Following Ref. [41], we now write

f:ngRz’ g:i(Rlz_RZ)' (14)
Further defining
Ri(r) = (=) VI=r(fi(n) = f2(r),  Ra(r) = (1 =) VTH7(f1(r) + fa(r)), (15)

Eq. (13) can be expressed as
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(1 - rz)f/l — <#— im0r>f1

(1=r)f5+ <¥—imor>f2:—{l‘Fil"f’(l‘Fl)—imo]fl‘

—B—I—ip—(l%—l)—l—imo]fz

; (16)

Form the above equation, we get an uncoupled equation for f/,

(1=rppt=2r=apy =) (St ) -

The solution that is regular as r — 1 is given by

[+1 2 1 2
+T—im0r> +(l—im0+1)2—<§+ip) ]flzo. (17)

filr) = (1= P)EE .

S . 1 2
, 1 5+ ips ] r)- (18)

We next plug f into Eq. (16) to determine f,. Using the identities 15.2.15, 15.2.24, and 15.2.17 of Ref. [48], we find

F(a,b+l;c;z)—%F(a—kl,b—i—l;c—i— 1;z) = F(a,b;c;z) =0,
c

which yields

204 2imy+2ip+5) (21—2imy+2ip+7) 3

(21=2img+2ip+3) .,

_ iz (
P2 == 2imy —2ip 7 1) (1_’2)+'F(

R1+
plm>

Denoting now the mode function Eq. (12) by ¥

lPRlJr — e—ipt
plm 2

A few comments on the normalizability of the mode
functions are in order here. In Refs. [7,41,42], the Dirac
mode found is bounded at the origin, » — 0, whereas they
are seemingly not well defined at the cosmological horizon,
r = 1. Accordingly, the normalization integral for those
modes must exclude the horizon. This problem is present
for a massive scalar and a vector field as well, as pointed
out in Ref. [8]. Our mode function, Eq. (20), on the other
hand, is not well behaved as r — 0, follows from the
properties of the hypergeometric function [48].
Accordingly, its normalization integral must exclude
r = 0, which can be realized by considering modes which
are localized near the horizon. To the best of our knowl-
edge, a Dirac mode in the static de Sitter coordinate that is
regular everywhere in 0 <r <1 is unknown. Such a
problem may just be a coordinate artifact. The mode
function we have taken will be appropriate to make the
analytic continuation across the horizon in order to form the
global modes, for our current purpose.

To find out the second positive frequency mode, we
make the ansatz by “flipping” the angular part of the
previous ansatz, Eq. (12),

(1—;»2)-%( —[VI=r(fi(r) -
[

D2
2 , ) ,2—|—zp,1 r>. (19)

in terms of f,(r) and f,(r), we have

F2(r) + V147 (f1(r) + f2(r)] Qs 1/2.0m > (20)
V1=r(fi(r) = f2(r)) = V1 +r(£1(r) + £2(r)]Q051)-1/2.041m

PREE _ gip (1—r2) <iCl(’)Q(Hl)—l/z,ZH,m) 1)
P r & (M)Qu1/2.0m

for which Eq. (9) takes the form

1=m + D T2 = o+ mpT=P)G

s
(- - = o me/ 1= P

(22)

Comparing the above with Eq. (13), we find that the equations
become identical if welet f — —{, g — {,,and my — —my,.
Thus ¢;(r) and {,(r) are respectively determined by in
Eq. (18) and Eq. (19), with m replaced with —m,.
Having thus determined the two positive frequency
modes, we can obtain the negative frequency ones, simply
found via the charge conjugation. Given a positive fre-
quency mode u,, its charge conjugation v, is defined as

v, = C(u,)" = iyu. (23)
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Using the explicit expressions of the spherical spinors appearing below Eq. (9), it is easy to check that

(i62)82 11 /2. 1.m

:(—l)mﬁgm/z,l.—m, and (i02)97_1/z,1,m:

(-1 )m+%91—1 /2.0,—m-

Using this, from Eq. (20) and Eq. (21), we can at once find out the two negative frequency modes, =) and w2

wlm wlm *

For our purpose, we shall now demonstrate the near cosmological horizon limit of these mode functions. We first recall

that

,Fi(a,b,c,0) = 1.

Thus, Eq. (18) and Eq. (19) behave near the horizon as

fz(r - 1) ~

(21 = 2img + 2ip + 3)
(20 = 2imy — 2ip + 1)

(1—r)ts.

Also in terms of the tortoise coordinates Eq. (3), we have as r — 1

(1= r2)%F = 2%emirr-,

Using these, and after normalizing, we find from Eq. (20), Eq. (21), Eq. (22), and Eq. (23) the expected plane wave solutions

near the horizon in the R region,

—ipvg
Rl+ _ ¢

< Qi 120m )
P Jagr(1 = )\ Q-1 )

PRI L (Q(Z+1)-‘/2vl+"‘m)
1 b
P fAgr(1 = r?)s Qiir2-m

where in order to distinguish the region we have explicitly
put the level R and vy = 5 + r,z. The massless plane
wave behavior of the modes in the near-horizon limit is
consistent with the universal property of spacetimes en-
dowed with a Killing horizon, e.g., Ref. [43]. The overall
factor /4 in the denominators appearing above is neces-
sary to ensure the normalization, as described below.

The inner product between any two modes ¥; and ¥ in
the background of Eq. (1) is defined as

2
(W, ¥)) = / A 0dodp Y.
(1=

Since the mode functions we have found are assumed to be
localized near C*, and the inner product is independent of
time, we may take the constant time hypersurface of the
above integration to be infinitesimally close to either C* in
Fig. 1, where the modes take the simple form, Eq. (24). We
choose our surface to be close to C*. We have, for example,

|

L _ e'PiL < Qii1/2.0m >

P Sarr(1 = )\ Q)12 1m

wLi- _ e~iru <Q(z+1)—1/2,l+1,—m )
plm \/Er(l — r2)}t

Qi 1/2,0-m

o ()
P = Jaar(1 = P2y Qi 1/20m
ipvg Q[+1/2 l,—m
1PR2— — 67 ( h )7 (24)
P a1 = 2 \ Qust)=1/2041-m

[

rdr
(\PRlJr LPRH» )_/ 4Sin9ded¢(lPRl+)T\lle+
r—1

Im 'I'm! 1 plm "I'm’
p p'im (1-r2) I p'i'm

® _dUR e—i(P—P/)”R

— 8731 /

e 27
= 5([7 - p/)éjjléll’amm’9

where we have used Eq. (3) and also Eq. (10).

Likewise, we can prove that the rest of the mode
functions appearing in Eq. (24) are normalizable and the
inner product between any two different modes is vanish-
ing. Thus, Eq. (24) forms a complete orthonormal set in R.

The orthonormal modes in L can be found in exactly
the same manner as described above. However, since the
timelike Killing vector field is past directed there, the
function e’’’ should behave as a positive frequency. We
shall write down the near-horizon forms only,

wlo _ et <Q(1+1)—1/2,1+1,m >
P (1 = ) Qri1/2.0m
—ipuL Q12.0-m
L S— ( . ) (25)
P (1= 2 \ Quu1)-1/2041-m
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We can likewise find out the complete orthonormal set of
R-L modes characterized by the retarded coordinate u.

In the following, we shall use the causally disconnected
near-horizon local mode functions, Eq. (24) and
Eq. (25), to construct the global modes and will compute
the Bogoliubov coefficients.

IV. GLOBAL MODES AND THE BOGOLIUBOV
COEFFICIENTS

We can construct the global modes having support in
R U L in a manner similar to that of the Rindler spacetime,
e.g., Refs. [49,50]. We shall analytically continue an R
mode to L and vice versa along a complex path, by using
the Kruskal coordinates, well defined on C* as discussed in

Sec. II. Let us take the pair (W57, W57) from Eq. (24) and

Eq. (25). Since both of these modes behave as e™P¥ near
the horizon with p > 0, we shall choose our complex path
through the lower half-plane. The angular parts remain
intact during this analytic continuation procedure.

In terms of the Kruskal coordinates, Sec. II, we have
WA~ (9)7"7 and WL ~ (=2)7P. Thus, while continu-
ing the latter mode through the lower half-plane onto the
region R, we must write —% = e~*7. Accordingly, we have
‘I’;,z,; ~ e~ ()P Thus, the linear combination,

R1+ —zp\plL2—
lPplm te qulm’

e K Rt
w=3" /0 dp(ck, WRe: 4 df

Ims

is analytic across the horizon, has support in R U L, and
behaves as a global mode function. Normalizing, we denote
this mode function as

(1 _ 1 R+ N
Glelm - W <€- lelm te lelm) : (26)

Likewise, we find three other global mode functions to
form an orthonormal set,

1

2 _ \yR2+ iy Ll —
¢¥pim = m(“‘{'mm +e2¥,,)
() _ 1 RI— gLt
¥ pim —m(e”{'mm —e2¥,,)
4) 1 zp — _
G~ plm _ﬂm(ezlyﬁ%m —e zlpéll;:{) (27)

Clearly, there exists another set of global modes, G‘I‘(S)

plm?

G‘Pfl)m, G‘Pgl)m, G\Pi,slzn, found via the interchange R <> L on
the right-hand side of Eq. (26) and Eq. (27).

We quantize the Dirac field ¥ now in R U L in terms of

the local modes, Eq. (24) and Eq. (25), as well as the global

modes found above. In terms of the local modes, we have

PRs— + C-I;plm‘PLSJr _i_d%T lPLS—)’ (28)

plm plm Spim = plm

where s = 1, 2. The operators satisfy the usual anticommutation relations

R R

(€505t ), =5, d5!

plm s pr,/mr + plm N p/

Lt L

[ef, e, 1 =dE, . dy
plm Sl 4 plm S o

and all the other anticommutators vanish.
Likewise, in terms of the global modes, we have

= 5([7 - p/)éss’éll’(smm’

= 5(p - p/)éss’éll’(smm/’ (29)

m 4

+

= i O Lyt gl Lyt gl
Y= IZ/) dp(alplmGlelm + @2pinG¥ pim + 01 pim¥ pim T 02p1m6' ¥ pim
m

5 6 7 8
+ a3plmGlP§11)m + a4plmGLP£11)m + b;plmGlP;l)m + prlmGlP;l)m)‘ (30)

Comparing Eq. (28) and Eq. (30) via Eq. (26) and Eq. (27), we obtain the Bogoliubov relations,

1 zp zp
Alpim = fp—o—— (eTC%, - e_ngT )’
v/2coshzp plm pl=m
1 zp zp
lerplm B s (erfT - 6_76‘51 )’
2 COSh n-p pl-m plm

1 o, —ZP Rt
“rin = rcostap ¢ B T o)
1 np T,
A —— Y A T ) (31)

pl—m plm

2pim = /2 coshzp
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Another similar set is obtained by making the R <> L
interchange on the right-hand side of the above equations,
for the operators as, a4, b3, by appearing in Eq. (30). It is
easy to check using Eq. (29) that the global operators
satisfy the canonical anticommutation relations.

Since the above Bogoliubov coefficients are spacetime
independent, the Bogoliubov relations are valid away from
the horizons as well, even though we used the near-horizon
forms of the modes to derive it. In other words, Eq. (27)
will hold even if we are away from the horizon, with the
local modes taking their nontrivial forms, e.g., Eq. (20).

Being equipped with these, we are now ready to compute
the particle creation and the R-L entanglement for Eq. (1)
for a free massive Dirac field.

A. Entanglement entropy

The local vacua |0), |0), are defined as

C§p1m|O>R = dﬁ)lm|0>R = O’

=db, 10, =0 (s=12). (32

whereas the global vacuum is defined as

aaplm|0> = b6p1m|0> =0, (33)
where o = 1, 2, 3, 4. Hereafter, we shall drop the indices
(p,1,m) on the operators for the sake of brevity.

From the Bogoliubov relations of the preceding section,
it is clear that the operators (ay,a,,bs,b;) and
(a3, a4, by, by) can be grouped into two sectors, anticom-
muting trivially. The global vacuum can therefore be
decomposed as |0) = [0)() ® [0)?), where [0)(!) is anni-
hilated by the first set of operators and |0)(?) is annihilated
by the second. Accordingly, we shall work with |0)(!)
for |0)(?) will yield identical results.

The Bogoliubov relations imply a squeezed state relation
of [0)(!) with the local R-L vacua,

only,

00 NexP(Zén/cs &)o' e o). G

s,8'=1,2

b l
where &’s are four complex numbers, df |0>§3) =

d10)) =0 and ct0)}" = c£[0)) =0 and N is the
normalization. Thus, we may further write

0)%) =10
0y = |

)R @ 104,)r = 104,04, )&
Oc|>L ® |002>L = |0c| ’ Ocz>L7 (35)
where [0, );, |0.,), are annihilated by ¢} and %, respec-

tively. Likewise, |04 )z, |04,)5 are annihilated by df and
d, respectively.

Since [0)(1)
that

is annihilated by a, a,, b3, by, it turns out

& =E&n =0, Cp=—&y =, (36)

We now write Eq. (34) as

0)(1) = N[1 + &7 (=0, 1)£|1,0), + [1,0)£0. 1), )
— e P 1)gl1, 1) ], (37)

where the normalization N is given by

1
(1+e7277)"

As a check of consistency, we may compute the expect-
ation value of the local number operator in the global
vacuum. We find from Eq. (31), for example,

1

Ly
W(0fcy" cf|0)™M e

— N2(e—2np + e—4np) —

showing fermionic “blackbody” distribution with temper-
ature 1/2x.

The density operator corresponding to the global vacuum
state, Eq. (37), is given by p = |0)()(1)(0|. Tracing out now
the states of the region inaccessible to us (say L), we find
the reduced density operator pr = Try (|0)(V(M)(0]). Tts
matrix representation is given by

1 0 0 0
_ |0 e 0o .
PR = 0 0 e_zﬂ.p 0 ( )
0 0 0 e~ 4

Finally, we obtain the entanglement entropy for a single
mode characterized by p,

4zp
1+ 2P’
(39)

S(p) = =Tr(pgInpg) = 2In (1 + e727P)

Note that the above result is identical to that of the
Rindler spacetime [39,40]. This is not surprising, as the
entanglement we are obtaining here is due to the existence
of the R-L regions created by the bifurcation surface C* in
Fig. 1. Now, it is well known that the ¢ — r part of any
nonextremal near-horizon geometry is similar to that of the
Rindler. Thus, we expect a universality of the Bogoliubov
coefficients, Eq. (31), for all nonextremal Killing horizons,
be they black hole or cosmological, at least at the
qualitative level.
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We shall further extend below the above result for both
static spherically symmetric and stationary axisymmetric
spacetimes.

B. General static spherically symmetric spacetimes
We take the ansatz,

ds* = f(r)de* = h(r)dr* — r*dQ>. (40)

We assume that the above metric admits a cosmological
event horizon, located (in a dimensionless unit as earlier) at
r=1,
flr—1)-0, ' (r—1) -0,

with fh(r — 1) being neither vanishing nor divergent.
Equation (40) can represent, e.g., the Schwarzschild-de
Sitter spacetime [i.e., f(r)=(1-2M/r—H}r*)=h7'(r)]
or its charged variants.

The existence of the Killing horizon guarantees the
existence of causally disconnected regions like R and L
similar to Fig. 1. The tortoise coordinate is defined in this

case as
r, = /dr\/?; (41)

whereas the Kruskal null coordinates at the cosmological
event horizon will similar to that of Sec. II. Thus, as of
Sec. III A, due to the spherical symmetry, we can look for a
solution of the form

B (‘P1> e ’1”< W (1)1 /2.0m )
¥, rf P (F) Q1 1)-1 205 1m

(42)

To the best of our knowledge, unlike the static de Sitter,
the Dirac equation cannot be solved in a closed form, even
in the Schwarzschild-de Sitter background. However, we
recall from the preceding section that in order to study the
entanglement we need the Bogoliubov relations between
the local R-L modes and the global ones. To find the global
modes, on the other hand, we must analytically continue
the local modes across the horizon. Thus, we need to be
concerned only about the near-horizon forms of the modes.

The near-horizon limit of Eq. (42) after using Eq. (41) is
given by

8r,,{‘I“2 = p‘i’l, ar,,‘:I:’l = —PliIZv (43)

which yield modes similar to Eq. (24) and Eq. (25). By
defining the Kruskal null coordinates analogously as the
static de Sitter, we can find out the global modes similar to
Eq. (26) and Eq. (27). Hence, we shall obtain identical
Bogoliubov relations as Eq. (31) and the entanglement
entropy, Eq. (39).

Note also that Eq. (40) in addition can also possess a
black hole event horizon, located inside the cosmological
event horizon. As long as the black hole horizon is
nonextremal, the computation of the entanglement entropy
for the black hole will be similar to that of the cosmological
horizon. One needs two different sets of Kruskal coordi-
nates to analyse the near-horizon modes.

We shall end this section with comment on the
Nariai limit of the Schwarzschild-de Sitter spacetime
(3\/§MH0 — 1), for which the radial values of the cos-
mological and black hole event horizons are nearly coinci-
dent. This makes the proper separation between them large.
Utilizing this proper separation as a coordinate, the metric
can be written as, e.g., [10],

IR
~ 9H} |cosh’x

ds? (d?* —dx?) —dQ?|.  (44)

The above metric is dS* x §? and is endowed with a black
hole and cosmological event horizon, located, respectively,
at x —F oo. Result similar to Eq. (39) follows for this case
as well.

V. STATIONARY AXISYMMETRIC SPACETIMES

We finally come to the case of the stationary axisym-
metric spacetimes endowed with a positive A. For example,
the Kerr-de Sitter spacetime in the Boyer-Lindquist coor-
dinates reads

A, —a’sin0A Dasin?6
ds? == 4o TR (P 4 a?) A~ A, )drdgp
p p*E
. 29
(P4 a2)2Ag—A,asin0) dg?
p B
2 2
P" 12 P om
PP e, 45
AT A, (43)
where

A, =(rP+a*)(1-H}r*)=2Mr, Ay=1-+H}a’cos®0,
E=1+H3a%, p*=r*+a’cos’o, (46)
with Hj = A/3 as earlier. The parameter a is related

to the spacetime rotation. For a =0, we recover
the Schwarzschild-de Sitter spacetime, whereas setting
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M = 0, we obtain the de Sitter spacetime written in the
static patch.

Unlike the previous cases, we shall keep the parameters
intact, for the purpose of some numerical analyses we wish
to perform. The cosmological event horizon is given by the
largest root of A, = 0. Its surface gravity is given by

—Kr = Ai;
TP+ d)|,

with k- > 0. Finally, the horizon Killing field is given by

Xc = 5, + QC8¢, with

alB

Qp =
c

12 +a?

being the angular speed on the cosmological event horizon.
There can be a black hole horizon at r = ry (ry < rc),
as well.

Aspects of quantum entanglement in the Kerr spacetime
for a scalar field with its various vacuum states can be seen
in Ref. [51]. Because of the existence of the ergosphere, the
timelike Killing vector field in rotating spacetimes like
Eq. (45) becomes spacelike on or in the neighborhood of
the horizon. To tackle this difficulty, usually one needs to
consider the horizon Killing vector field, future directed
and null on the horizon. This vector field describes a family
of observers corotating with the same angular speed

|

on the horizon. Aspects of quantization of fermions in
rotating backgrounds with the vacuum state defined with
respect to such rigidly rotating observers can be seen in
Refs. [52-55].

Now, the Dirac equation in Eq. (45) can be studied using
the usual Newman-Penrose basis, e.g., Ref. [56] and
references therein. However, to define the aforementioned
rigidly rotating states near the horizon, it is a bit convenient
to go to a diagonal basis as follows. Let us define a vector
field,

RS 2 Ho— _ 9 u
(845 - (945) <8¢> (at) Gop (845) .

It satisfies y - 9, = 0 and also trivially y - 9, = 0 = y - 0.
We have

_ Gubpp— gt(/; p ZA Ay

= 2
P gpe (PPHa?)?A—Aasin? F(say).

which, with A, > 0, is easily seen to be positive. In other
words, y* is a timelike vector field, and it is null on the
horizon(s), A, = 0. It can be also seen that a) y* satisfies
the Frobenius condition of hypersurface orthogonality and,
b) even though y* is not in general Killing, it smoothly
coincides with the horizon Killing field(s) [57]. Thus, we
can define the following orthonormal basis for Eq. (45):

1 1 1

el = (0, e = (Dg)*, et =

! vV =Yrr ' 2 vV ~ Y60 } v " Y9p¢
With this choice and the representation of the y-matrices mentioned in Sec. III, we expand Eq. (6). For the positive
frequency modes, we take the ansatz ¥ = e""””"”“l’(r, ). As earlier, we focus only on the near-horizon limit, A, — 0, to

obtain

e =5z CAZ

(’2 +a*) 0 5 VA, iv/Ay ipE -
—_— —mQc)¥Y 7o, ¥ r20,¥ 30,¥
PVA, 7 (p—mQe)¥+ P A P * (r* + a?) sin 6\/A9y ¢
i[ AL pOp(Agsin®0/p*)] L i
L ¥ ¥ 4 O(A2) = 0, 47
+4L¢A—/ AN v LRt 1)

We multiply both sides with py/A,/(r* + a?) and rewrite it using the tortoise coordinate defined as

(r* +d?)
dr, = [ T4)
' / A,

Note that as r — r- or A, — 0 various terms, including the mass term, drop. We find for the two positive frequency near-
horizon modes in the region R

$,(2.0) $,(2.0)

\I]RH- — \/E e—i(p—mQC)vR+im¢c S_(/I’ 9) , R2+ _ \/E e—i(p—ch)vR+i1n¢C ( ) ; (48)
i \/27rpA‘l} —S_(4.0) phm \/ZﬂpA%, S_(4.0)
5.(1.0) ~5,(1.0)
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FIG. 2. The variation of the entanglement entropy, Eq. (49), with respect to the dimensionless energy p/H,, with different angular

eigenvalues.

where the untwisted azimuthal coordinate ¢, := ¢ — Qt
defines a rigidly rotating observer on the horizon and v =
t + r, as earlier. The negative frequency modes are found
via the charge conjugation of Eq. (48). The modes in the L
region are also found by making the time past directed, as
in Eq. (25). Note that in order to have any sensible field
quantization we must have p — mQ, > 0.

The angular functions S (4,0) are spin-1/2 weighted
spheroidal harmonics with eigenvalues 4, e.g., Ref. [56]
and references therein. They are normalized as

/ " d0sin0[S% (2.0)S. (X.0) + 5*(2.0)S_(X.60)] = 5.
0

We shall not require their explicit forms for our current
purpose.

Choosing our integration hypersurface to be orthogonal
to the vector field y*, it can be easily checked as earlier that
the modes of Eq. (48) (along with the negative frequency

S
0.15

M Hp = 0.1

m— M Hp =0.15

0.10 M Ho = 0.18
0.05

a Hy

0.02 0.04 0.06 0.10

(a) &= =05,m=—-1/2

0

0.08 0.12 0.14

modes) are J-function normalizable and they form an
orthonormal set. With this, we now perform the same
analysis as described in Sec. IV A to obtain a generalization
of Eq. (39),

_2a(p-mQc) 4 —_ Q
s(pom) =2 (14¢75E ) HEPZERD g
ke(l+e 7 7)

Formally, a similar expression corresponding to the black
hole event horizon is obtained simply by replacing x¢ by kg
and Q. by Q, respectively the surface gravity and the
angular speed of the black hole horizon. Setting Q- = 0 in
the above equation yields the result for the Schwarzschild-
de Sitter spacetime. Setting further M = 0 recovers
Eq. (39), with the dimensionless scaling p — p/kc.

We now wish to numerically investigate the variation of
S(p, m) in Eq. (49), with respect to p, m, and the spacetime
parameters. If we assume a Kerr-de Sitter black hole

m— M Hy = 0.1
m— | Hy = 0.15
M Ho = 0.18

010f

__—

n 1 n n
01a 2 Ho

S R P R
0.02 0.04 0.06 0.08 0.10 0.12

(b) &= =05,m=1/2

FIG. 3. The variation of the entanglement entropy, Eq. (49), with respect to the dimensionless rotation parameter, aH . The qualitative

difference of the m > 0 and m < O states is manifest here.
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FIG. 4. The variation of the entanglement entropy, Eq. (49), with respect to the dimensionless mass parameter, MH,,.

spacetime, we have the bounds on the dimensionless
parameters, MH, < 0.2435 and a/M < 1, e.g., Ref. [58].
Figure 2 shows the monotonic decrease of S(p,m) with
respect to the increase of the dimensionless energy, p/H,.
Figures 3 and 4 show the variation of S(p, m), respectively,
with respect to the dimensionless rotation and mass
parameters. In Fig. 3, the distinction of the positive and
negative m values are manifest, following from the increase
of both Q- and k. with the increase of aH,. This
distinction is a quantum analog of the distinction of the
classical pro- and retrograde orbits [43]. The decrease of
S(p, m) with respect to increasing M H, corresponds to the
fact that k. decreases, whereas Q. increases with the
increase of the same.

|

1 A 9 2 2 P
ds? = o5 {—p—; (dt - <asin29 + dlsin? 5) d¢> + Z—rdrz s

where
[04
Q=1-——(l+acosO)r,
a)

A, = (0’k+q¢* + q3) — "

p?> =r*+ (I+acosh)?,

Finally, we note that, even though for the black hole
event horizon Eq. (49) is formally similar, its horizon
parameters, &y, Qp show some qualitatively different
variations with respect to aHy and MH,. Thus, in this
case, while Fig. 2 will remain similar, a priori, one might
expect Fig. 3 and Fig. 4 to show different behavior.
However, this is not the case, as can be checked numeri-
cally. In fact the variation of the term (p — mQy)/ky is
such that the entanglement entropy for the black hole
horizon behaves qualitatively similarly to that of the
cosmological horizon.

The above result can be extended to more general
stationary axisymmetric spacetimes, for example, the gen-
eral Plebanski-Demianski-de Sitter class [59],

(adt — (r* + (a + 1)*)de)* + r s1n219d«92 (50)

P = sin*0(1 — a5 cos 0 — a,cos0)

2
oMy +ert — 2213 — (Pk + H3)rt.

The parameters @, @, ¢, q,,, €, and k are independent, and a3 and a4 are determined from them via a couple of constraints.
The physical meaning of these parameters could be asserted for only certain special subclasses of Eq. (50). For example, for
a = 0, the above metric reduces to the Kerr-Newman-NUT-de Sitter solution [59],

A 0 2
ds* = -= {dt - (asin29 + 41sin? 5) d¢} + —dr +

P A,

where

p?=r*+ (l+acosb)?,

o
[adt (r? sm29a’92

+(a+1)*)dpP + (51)

P = sin?0(1 + 4alH} cos 0 + H}a’cos*0)

4
A= (a®-P+q¢+q%)—2Mr+1r? —3H%<(a2 - )P+ <%+212>r2+%>,
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where ¢ and ¢,, are, respectively, the electric and magnetic
charge and [ is the NUT parameter. We shall consider below
the most general form of Eq. (50), assuming implicitly it
indeed represents a well-behaved spacetime possessing a
cosmological event horizon at A, = 0. We shall not be
concerned with the explicit parameter values corresponding
to this assertion.

The choice of the hypersurface orthogonal timelike
vector field y* and the orthogonal basis for this case is
exactly formally similar to the Kerr-de Sitter spacetime
described above. Likewise, the R-L entanglement entropy
turns out to be formally similar to Eq. (49) in this case, with
the horizon parameters

!/
a Al

Q =— - - —r
T2 Y (atip TP )

r=re

VI. CONCLUSIONS

In this work, we have addressed the issue of the quantum
entanglement for the Dirac fermions between the causally
disconnected R-L regions of a static de Sitter spacetime. We
have discussed the case of the simple de Sitter spacetime
using the closed form mode functions. The behavior of the

fermionic entanglement entropy, like that of a scalar field
[38], was shown to be similar to that of the Rindler
spacetime [39,40]. We further extended our result to the
case of general static and spherically symmetric spacetime
as well as to the stationary axisymmetric spacetimes. For
the Kerr-de Sitter spacetime, in particular, we have numeri-
cally investigated the variation of the entanglement entropy
with respect to the energy and angular momentum eigen-
values as well as the (dimensionless) spacetime parameters.
The entanglement entropy for the nonextremal black hole
horizon also shows similar variations with respect to these
parameters.

An interesting direction in which this work can be
extended seems to be the consideration of charged fields
in the presence of background electromagnetic fields
associated with a Killing horizon. We hope to come back
to this issue in the near future.
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