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We use the effective field theory (EFT) framework to compute the mass quadrupole moment, the
equation of motion, and the power loss of inspiralling compact binaries at the second order in the post-
Newtonian (PN) approximation. We present expressions for the stress-energy pseudotensor components of
the binary system in higher PN orders. The 2PN correction to the mass quadrupole moment as well as to the
acceleration computed in the linearized harmonic gauge presented here are the ingredients needed for the
calculation of the next-to-next-to leading order radiation reaction force, which will be presented elsewhere.
While this paper reproduces known results, it supplies the building blocks necessary for future higher order
calculations in the EFT methodology.
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I. INTRODUCTION

The successful detections of gravitational waves by
LIGO and Virgo [1–8] and the consequent advent of
multimessenger astronomy [9–11] have expedited the need
for precise theoretical descriptions of the dynamics of
binary inspirals. While numerical techniques are required
for the late stages of inspirals, the early stage admits a
perturbative treatment via the post-Newtonian (PN)
approximation, which is an expansion in v2=c2, and can
be matched onto numerical results for later stages of the
inspiral. Generating higher order PN corrections will allow
for more accurate parameter estimations.
In this paper, we will utilize the effective field theory

(EFT) approach called nonrelativistic general relativity
(NRGR), proposed in [12] (for reviews see [13–17]), as
our calculation framework. To date, most of the results in the
nonspinning sector of the EFT formalism have been geared
towards the potential sector culminating in the present state
of the art 4PN results [18,19], which agree with results
previously derived using other methods [20–23]. In the
radiation sector, the EFT results have only1 been calculated
to 1PN [26] as compared to the 3PN results calculated using
more traditional GR methods [27]. Therefore, this paper is
the next step in the calculation of higher order radiative
effects in NRGR. In particular, in a separate paper we will
use the results herein to calculate the next-to-next-to leading
order radiation reaction force via the generation of an
effective action.

The radiation sector of NRGR, the topic of this
paper, was first studied in [12]. The effective action that
describes radiative effects is determined by the underlying
symmetries—reparameterization and diffeomorphism
invariances—and is applicable to arbitrary gravitational
wave sources in the long wavelength approximation. The
Wilson coefficients of the action, the multipole moments,
cannot be determined by the symmetries and need to be
fixed by a matching procedure. The expression for the
effective action to all orders in the multipole expansion and
the exact expressions of the multipole moments in terms of
the components of the stress-energy tensor were presented
in [28]. The NRGR framework provides a systematic way
to compute the multipole moments of a binary system by
integrating out the modes of the gravitational field that live
in the near zone. The stress-energy tensor, whose moments
are our targeted goal, is determined by calculating the
radiation graviton one point function in the presence of the
background potentials using Feynman diagrams. The
number of Feynman diagrams grows rapidly with PN order.
The goal of this paper is to determine the 2PN correction

to the mass quadrupole moment, which comes from various
moments of the stress-energy pseudotensor. Each such
contribution starts at different order in the PN expansion
and only a few of these contributions can be derived from
known quantities. We also derive the equation of motion of
the binary system at 2PN order in Appendix B. Note that
this acceleration was calculated previously in the EFT
approach in [29], where the authors worked with Kaluza-
Klein variables [30] in conjunction with harmonic coor-
dinates. The 2PN acceleration derived here, on the other
hand, is written in the linearized (background) harmonic

1For spinning constituents the relevant multipole moments at
3PN for the flux [24] and 2.5 for the amplitude [25].
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gauge, which leaves a gauge invariant effective action for
the radiation field after the potential modes are integrated
out, and can be used in combination with previous results
obtained in the EFT approach where the linearized har-
monic gauge was used. Our results constitute the final
missing part necessary for the computation of the next-to-
next-to-leading order radiation reaction force as well as for
the construction of spinning templates at 2.5PN order for
the phase and 3PN order for the amplitude. These compu-
tations are ongoing and will be reported in a subsequent
publication.
This paper is organized as follows. In Sec. II, we provide

a summary of NRGR for binary systems of compact bodies
with emphasis in the radiation sector, where we explicitly
show how the mass quadrupole moment depends on the
components of the pseudotensor in different PN orders. The
contributions to the quadrupole that come from higher PN
order components of the pseudotensor are computed in
Sec. III, while the contributions coming from the lower PN
order components are obtained in Sec. IV. We use the
results obtained in these sections to write down, in Sec. V,
the components of the pseudotensor that can be used to
compute the multipole moments, which are shown to agree
with the literature. The assembly of all contributions
constitutes the 2PN correction to the mass quadrupole
moment, presented in Sec. VI, in terms of the worldlines of
the compact bodies and also in the center-of-mass (c.m.)
frame. In Sec. VII we present our final remarks on the
results presented in this paper. Appendix A is intended for
readers interested in computing radiation effects in NRGR
to higher orders. The necessary ingredients for the com-
putation of the higher PN order components of the
pseudotensor are presented therein. In Appendix B we
show the result for the acceleration at 2PN order computed
in the linearized harmonic gauge, which is necessary to
compare the quadrupole moment obtained in this paper
with the result in [27], as well as to compute the power loss
at the second PN order.
We use the following definitions throughout this paper:

m ¼ m1 þm2, ν≡m1m2=m2, and μ ¼ mν. The relative
position is defined as r≡ x1 − x2, while v≡ v1 − v2 and
a≡ a1 − a2 are the relative velocity and acceleration,
respectively. If those relative quantities appear inside a
sum over the particles indices a; b ¼ 1; 2, they become
dependent on the indices a, b instead, e.g., r≡ xa − xb. We
adopt the mostly minus signature convention for ηαβ and
Latin indices are contracted with the Euclidean metric.
We use c ¼ 1 units and the Planck mass is defined as
mPl ≡ 1=

ffiffiffiffiffiffiffiffiffiffiffi
32πG

p
.

II. EFT SETUP

During the inspiral stage, the physics of a binary system
of compact bodies is naturally separated into three length
scales: the typical size of the bodies of order of the

Schwarzchild radius rs, the orbital distance between the
two bodies given by r, and the wavelength λGW of the
gravitational radiation. As the relative velocity v of the
bodies is small, those three length scales together constitute
a hierarchical structure

rs ≪ r ≪ λGW: ð2:1Þ

The first step is to “integrate out” the scale associated with
the bodies’ size.2 Hence, the binary system can be initially
described by the action

S ¼ SEH þ SGF þ Spp; ð2:2Þ

such that gravity is described by the Einstein-Hilbert (EH)
action SEH ¼ −2m2

Pl

R
d4x

ffiffiffiffiffiffi−gp
gμνRμν with a gauge fixing

term SGF, while the massive bodies are described by the
point particle action Spp ¼ −

P
a ma

R
dτa. The index

a ¼ 1, 2 distinguishes the two bodies.
Next, the two different modes of the gravitational field

are separated in a diffeomorphism invariant way3 via

gμν ¼ ημν þ hμνðxÞ ¼ ημν þ h̄μνðxÞ þHμνðxÞ: ð2:3Þ

The off-shell potential mode H obeys ∂0Hμν ∼ ðvrÞHμν

and ∂iHμν ∼ ð1rÞHμν whereas the on-shell radiation mode
obeys ∂αh̄μν ∼ ðvrÞh̄μν. Moreover, the radiation field h̄μνðxÞ
has to be Taylor expanded around a point inside the source
(for instance c.m. of the binary system) at the level of the
action in order to achieve a uniform power counting in
the parameter v2 ∼ rs

r [32]. With these considerations, the
action in (2.2) is then given as an expansion in the fields
h̄μνðxÞ and HμνðxÞ, each of which scale homogeneously
in v2.
To describe the dynamics associated with gravitational

waves, the potential mode of the gravitational field is
integrated leaving an effective action that will depend only
on the radiation field and the worldlines. This action will be
diffeomorphism invariant if one chooses the linearized
harmonic gauge when integrating out the potential field, via
the gauge fixing action

SGF ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p
Γ̄μΓ̄μ; ð2:4Þ

where Γ̄μ ¼ ∇̄αHα
μ − 1

2
∇̄μHα

α, with ∇̄μ representing the
covariant derivative associated with the background metric

ḡμνðxÞ ¼ ημν þ h̄μνðxÞ
mPl

.

2Finite size effects are accounted for by inserting higher-
dimensional operators in the effective action, respecting the
symmetries of the system.

3Double counting subtleties arise at 4PN but can be system-
atically disentangled [31].
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Moreover, as a result of the “elimination” of the degrees of freedom that live in the orbital scale, the binary system is then
regarded as a single point particle coupled to its gravitational field and whose internal dynamics is described by a set of
multipole moments. We present a brief review of the EFT radiation sector in the next section.

A. Radiation sector

The radiation action, which describes arbitrary gravitational wave sources in the long wavelength approximation, can be
written in a diffeomorpshim invariant way in terms of multipoles. Specifically, it is a derivative expansion where higher
order terms are suppressed by powers of the ratio between the size of the binary system over the wavelength of the radiation
emitted. In the c.m. frame, the action of the radiation sector is

Srad½h̄; xa� ¼ −
Z

dt
ffiffiffiffiffiffi
ḡ00

p �
mþ 1

2
Lijω

ij
0 þ

X∞
l¼2

�
1

l!
IL∇L−2Eil−1il −

2l
ð2lþ 1Þ! J

L∇L−2Bil−1il

��
; ð2:5Þ

where a multi-index representation L ¼ i1…il is used. The
first two terms generate the Kerr background in which the
gravitational waves propagate. The multipole moments,
which constitute the source of radiation, are coupled to the
electric and the magnetic components of the Weyl tensor.
To check the expressions of the terms present in the
equation above, see Ref. [26].
To determine the moments, one performs a matching

between the effective action (2.5) in the long wavelength
limit and the action valid below the orbital scale (2.2),
which depends on both radiation and potential modes of the
gravitational field. The latter action is used in order to

compute the one-graviton emission amplitude. As a result,
by definition the resulting action takes the form

Γ½h̄� ¼ −
1

2mPl

Z
d4xTμνh̄μν; ð2:6Þ

where Tμν is the stress-energy pseudotensor of the system.
Relations from the Ward identity ∂μTμν ¼ 0 as well as the
on-shell equations of motion can be used to bring both
actions (2.5) and (2.6) in a comparable form. After that, a
general form for the mass quadrupole moment is obtained
in terms of the components of the stress-energy pseudo-
tensor and its derivatives,

Iij ¼
X∞
p¼0

5!!

ð2pÞ!!ð5þ 2pÞ!!
��

1þ 2pð3þ pÞ
3

��Z
d3x∂2p

0 T00x2pxixj

�
TF

þ
�
1þ p

3

��Z
d3x∂2p

0 Tllx2pxixj

�
TF

−
4

3

�
1þ p

2

��Z
d3x∂2pþ1

0 T0lx2pxlxixj

�
TF
þ 1

6

�Z
d3x∂2pþ2

0 Tklx2pxkxlxixj

�
TF

�
; ð2:7Þ

where TF stands for trace free.4 For the exact expressions for the multipole moments in all orders in the PN expansion, see
[28]. The leading-order contribution to the mass quadrupole moment comes from just one term

Iij0PN ¼
�Z

d3xT00
0PNx

ixj

�
TF

¼
X
a

ma½xi
ax

j
a�TF; ð2:8Þ

while its 1PN correction [26] is given by four different contributions of the components of the stress-energy pseudotensor:

Iij1PN ¼
�Z

d3xT00
1PNx

ixj

�
TF

þ
�Z

d3xTll
0PNx

ixj

�
TF

−
4

3

�Z
d3x∂0T0l

0PNx
lxixj

�
TF

þ 11

42

�Z
d3x∂2

0T
00
0PNx

2xixj

�
TF

¼
X
a

ma

��
3

2
v2a −

X
b≠a

Gmb

r

�
xi
ax

j
a þ 11

42

d2

dt2
ðx2

axi
ax

j
aÞ − 4

3

d
dt

ðxa · vaxi
ax

j
aÞ
�
TF
: ð2:9Þ

4More precisely, the multipole moments are symmetric trace-free (STF) quantities, but we are suppressing the “S” in the label to avoid
redundancy since the general expression for the quadrupole moment is explicitly written as a symmetric tensor already.
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The 2PN correction to the leading order mass quadrupole moment is given by

Iij2PN ¼
�Z

d3xT00
2PNx

ixj

�
TF

þ
�Z

d3xTll
1PNx

ixj

�
TF

−
4

3

�Z
d3x∂0T0l

1PNx
lxixj

�
TF

þ 1

6

�Z
d3x∂2

0T
kl
0PNx

kxlxixj

�
TF

þ 11

42

�Z
d3x∂2

0T
00
1PNx

2xixj

�
TF

þ 2

21

�Z
d3x∂2

0T
ll
0PNx

2xixj

�
TF

−
1

7

�Z
d3x∂3

0T
0l
0PNx

2xlxixj

�
TF

þ 23

1512

�Z
d3x∂4

0T
00
0PNx

4xixj

�
TF

þ Iij1PNða1PNÞ: ð2:10Þ

Notice that the last term in the expression above arises from
the last two terms of (2.9) after using the equations of
motion. While T00

0PN and T0l
0PN are known, the higher PN

order components T00
2PN, T

0i
1PN, T

ll
1PN have yet to be obtained

in the EFT formalism.

III. HIGHER ORDER STRESS-ENERGY TENSORS

Introducing the partial Fourier transform of the stress-
energy pseudotensor Tμνðt;kÞ ¼ R

d3xTμνðt;xÞe−ik·x, we
consider the long wavelength limit k → 0 to write

Tμνðt;kÞ ¼
X∞
n¼0

ð−iÞn
n!

�Z
d3xTμνðt;xÞxi1…xin

�
ki1…kin ;

ð3:1Þ

where each term in this expansion corresponds to a sum of
Feynman diagrams that scale as a definite power of the
parameter v. This partial Fourier transform is convenient
since Feynman graphs are more easily handled in momen-
tum space and, with the pseudotensor written in this way,
we can read off the contributions to the mass quadrupole
moment (2.10), the ultimate goal of this paper.

A. 2PN correction to T00

The leading order and the next-to-leading order temporal
components of the pseudotensor, obtained in [26] using the
EFT techniques summarized in the previous section, are
given by

T00
0PNðt;kÞ ¼

X
a

mae−ik·xa ; ð3:2Þ

T00
1PNðt;kÞ ¼

�X
a

1

2
mav2a −

X
a≠b

Gmamb

2r
þOðkÞ þ � � �

�

× e−ik·xa : ð3:3Þ

If we take into account the zeroth order term of the
exponential expanded in the radiation momentum k, we
see that the leading order pseudotensor provides the total
mass whereas the next-to-leading order represents the
Newtonian energy of a dynamical two-body system.

These quantities scale as mv0 and mv2, respectively.
Hence, to obtain the 2PN correction to the leading order
T00, we have to calculate all Feynman diagrams that
contribute to the one-graviton h̄00 emission and enter at
order v4.
The simplest contribution to the second PN correction

for the temporal component of the stress-energy pseudo-
tensor is illustrated in Fig. 1 and comes from the source
action term (A7). Comparing this diagram against (2.6), we
extract the following contribution to the pseudotensor:

T00
Fig1ðt;kÞ ¼

X
a

3

8
mav4ae−ik·xa : ð3:4Þ

By expanding the exponential up to the second order in the
radiation momentum k, we read off the contribution for the
mass quadrupole moment:

Z
d3xT00

Fig1½xixj�TF ¼
X
a

3

8
mav4a½xi

ax
j
a�TF: ð3:5Þ

The diagrams that contain the exchange of one potential
graviton are shown in Fig. 2 and are composed by the

(a) (b) (c) (d)

FIG. 2. One-graviton exchange with external h̄00 momentum.

FIG. 1. No graviton exchange between the two particles, one
external h̄00 momentum.
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couplings between the source action terms (A1)–(A6) and
also the propagator (A15) and its correction (A16). Notice
that we need not separate out all of the various terms that
arise in the Feynman rules into different orders in the PN
expansion as is done in Appendix A. We also calculated
covariant vertices, as is done when calculating in the post-
Minkowskian (PM) expansion (see e.g., [33]), and then
expand in v, as a calculational check. However, for
pedagogical purposes we have separated Feynman rules
into given orders in the PN expansion. The results from
Fig. 2 are given by

T00
Fig2aðt;kÞ ¼

X
a≠b

5

2

Gmamb

r
v2ae−ik·xa ; ð3:6Þ

T00
Fig2bðt;kÞ ¼

X
a≠b

3

2

Gmamb

r
v2be

−ik·xa ; ð3:7Þ

T00
Fig2cðt;kÞ ¼ −

X
a≠b

4
Gmamb

r
va · vbe−ik·xa ; ð3:8Þ

T00
Fig2dðt;kÞ ¼

X
a≠b

Gmamb

2r
ð−aibri þ v2b − ðvb · nÞ2Þe−ik·xa :

ð3:9Þ

Leaving

Z
d3xT00

Fig2a−2d½xixj�TF

¼
X
a≠b

Gmamb

2r
½ð5v2a þ 4v2b − 8va · vb

− ab · r − ðvb · nÞ2Þxi
ax

j
a�TF: ð3:10Þ

Note the implicit dependence on the indices a, b in the
quantities r ¼ xa − xb, r ¼ jrj and n ¼ r

r inside the sum.
Additionally, notice the presence of an acceleration term in
(3.9), which indicates that we are not using the equations of
motion to reduce the accelerations. In fact, we will use the
equations of motion to write the final expression for the
mass quadrupole moment at 2PN order later on in this
paper, after all contributions have been computed.
The graphs in Fig. 3 are composed by the source terms

(A1)–(A3) togetherwith thevertices (A17)–(A21) and (A16).
Note that we multipole expand the denominators in k=q ∼ v

1

q2ðqþ kÞ2 ¼
1

q4
−
2ðq · kÞ

q6
þ 4ðq · kÞ2

q8
þ � � � : ð3:11Þ

In calculating the contributions to the mass quadrupole
sourced by the temporal components of the pseudotensor at
2PN, we are allowed to drop terms depending on k2 in the
expansion of the denominator, since those terms contribute to
the trace part of the mass quadrupole, which is removed in the
definition of the STF moment. The results are organized in
orders of the radiation momentum, as it is shown below:

T00
Fig3aðt;kÞ ¼

X
a≠b

Gmamb

4r
e−ik·xa

�
2ðv2 þ a · r − _r2Þ þ 5va · vb − 5va · nvb · n

þ iki

��
v2 þ a · r − _r2 þ 5

2
va · vb −

5

2
va · nvb · n

�
ri

þ
�
1

2
r_rþ 5

2
vb · r

�
vib −

�
2r_rþ 5

2
vb · r

�
via − r2ðaia þ aibÞ

�

þ 1

6
kikj½−ð2v2 þ 5va · vb − 2_r2 − 5va · nvb · nþ 2a · rÞrirj

þ ð4va · rþ vb · rÞviarj − ð2va · rþ 8vb · rÞvibrj

þr2ð−4vivj − 7viav
j
b þ 2aiarj þ 4aibr

jÞ�
�
þOðk3Þ þ � � � ; ð3:12Þ

(a) (b) (c) (d) (e)

FIG. 3. Diagrams with two potential gravitons coupled to h̄00.
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T00
Fig3bðt;kÞ ¼ −

X
a≠b

Gmamb

r
e−ik·xa

�
7

4
v2b þ

3

4
v2a −

i
2
kiv2br

iþ 1

2
kikj

�
1

2
v2br

irj þ 2r2vibv
j
b

��
þOðk3Þ þ � � � ; ð3:13Þ

T00
Fig3cðt;kÞ ¼

X
a≠b

2Gmamb

r
e−ik·xað2va · vb þ kikjr2viav

j
bÞ þOðk3Þ þ � � � ; ð3:14Þ

T00
Fig3dðt;kÞ ¼ −

X
a≠b

2Gmamb

r
e−ik·xa

�
−
i
2
ki½2r2aia þ 2viaðvb · rþ va · rÞ�

−
1

2
kikj½r2ðviavja − viavib − rjaiaÞ − viarjðva · rþ vb · rÞ�

�
þOðk3Þ þ � � � ; ð3:15Þ

T00
Fig3eðt;kÞ ¼ −

X
a≠b

Gmamb

4r
e−ik·xa

�
6ð−ab · rþ v2b − ðvb · nÞ2Þ −

3i
2
ki½ðab · r − v2b þ ðvb · nÞ2Þri − 2vb · rvib þ r2aib�

−
1

2
kikj½ð−ab · rþ v2b − ðvb · nÞ2Þrirj þ 4vb · rvibr

j−2r2aibrj þ 2r2vibv
j
b�
�
þOðk3Þ þ � � � · ð3:16Þ

Together, these quantities provide us with the following contribution:

Z
d3xT00

Fig3a−3e½xixj�TF ¼
X
a≠b

Gmamb

12r
½ð−2v2a − 35v2b þ 26va · vb − 10va · nvb · n

þ 3ðva · nÞ2 þ 12ðvb · nÞ2 − 4_r2 þ aa · rþ 8ab · rÞxi
ax

j
a

þ ðv2a þ va · vb − 5va · nvb · nþ 3ðva · nÞ2 − 2_r2 þ aa · rÞxi
ax

j
b

þ ðva · rþ vb · rÞð−20viaxj
a þ 26viax

j
bÞ

þr2ð2viavja − viav
j
b − 22aiax

j
a − 23aiax

j
bÞ�STF: ð3:17Þ

Contributions from Fig. 4 are composed of the source
terms (A1), (A4), (A8) and (A9) and yield

T00
Fig4aðt;kÞ ¼

X
a≠b

G2m2
amb

r2
e−ik·xa ; ð3:18Þ

T00
Fig4bðt;kÞ ¼

X
a≠b

3G2mam2
b

2r2
e−ik·xa ; ð3:19Þ

T00
Fig4cðt;kÞ ¼ −

X
a≠b

3G2mambm
2r2

e−ik·xa ; ð3:20Þ

which gives us

Z
d3xT00

Fig4a−4c½xixj�TF ¼ −
X
a≠b

G2m2
amb

2r2
½xi

ax
j
a�TF: ð3:21Þ

The diagrams illustrated in Fig. 5 are composed of the
three-potential-graviton vertices (A28)–(A30) as well as the
three-potential-one-radiation-graviton vertex (A32)–(A33)
in composition with (A1) and (A4) contribute to T00

2PN.
These diagrams give

T00
Fig5aðt;kÞ ¼ −

X
a≠b

G2mam2
b

r2
e−ik·xa ; ð3:22Þ

T00
Fig5bðt;kÞ ¼ −

X
a≠b

2G2m2
amb

r2
e−ik·xa ; ð3:23Þ

T00
Fig5cðt;kÞ¼−

X
a≠b

G2m2
amb

r2
e−ik·xa

�
1

2
−
7

2
ikiriþ5

3
kikjrirj

�

þOðk3Þþ���; ð3:24Þ

(a) (b) (c)

FIG. 4. Two-potential-graviton exchange with external h̄00

momentum.
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T00
Fig5dðt;kÞ¼

X
a≠b

G2m2
amb

r2
e−ik·xa

�
5−2ikiriþ2

3
kikjrirj

�
þOðk3Þþ���; ð3:25Þ

T00
Fig5eðt;kÞ ¼ −

X
a≠b

G2mam2
b

2r2
e−ik·xa : ð3:26Þ

Keeping terms to second order in the radiation momentum we have

Z
d3xT00

Fig5a−5e½xixj�TF ¼
X
a≠b

G2mamb

r2

�
3

2
ðma −mbÞxi

ax
j
a −maxi

ax
j
b þ 2maxi

bx
j
b

�
TF
: ð3:27Þ

Summing the contributions (3.5), (3.10), (3.17), (3.21) and (3.27), the total contribution of T00
2PN to the mass quadrupole is

Z
d3xT00

2PN½xixj�TF ¼
X
a

3

8
mav4a½xi

ax
j
a�TF þ

X
a≠b

Gmamb

12r

��
28v2a − 11v2b − 22va · vb − 10va · nvb · n

þ 3ðva · nÞ2 þ 6ðvb · nÞ2 − 4_r2 þ aa · rþ 2ab · rþ 12
Gma

r
þ 6

Gmb

r

�
xi
ax

j
a

þ
�
v2a þ va · vb − 5va · nvb · nþ 3ðva · nÞ2 − 2_r2 þ aa · r − 12

Gma

r

�
xi
ax

j
b

þðva · rþ vb · rÞð−20viaxj
a þ 26viax

j
bÞ þ r2ð2viavja − viav

j
b − 22aiax

j
a − 23aiax

j
bÞ
�
STF

: ð3:28Þ

B. 1PN correction to T0i

The leading order T0i component obtained in [26] is

T0i
0PNðt;kÞ ¼

X
a

maviae−ik·xa : ð3:29Þ

The 1PN corrections enter at v3 and are shown in Fig. 6.
To extract the T0i contributions to the mass quadrupole

moment, which is the third term in (2.10), the expansion of
the denominator of vertices in Fig. 6(c) and 6(d) has to be
carried out to third order. In addition, k2 terms cannot be
dropped, since they contribute terms that cannot be
included in the trace part of the quadrupole.
Comparing the diagrams illustrated in Fig. 6, which are

composed of (A1), (A2), (A10), (A11) together with (A15),
(A22) and (A23) we find

T0l
Fig6aðt;kÞ ¼

X
a

ma

2
vlav2ae−ik·xa ; ð3:30Þ

T0l
Fig6bðt;kÞ ¼

X
a≠b

Gmamb

r
vlae−ik·xa ; ð3:31Þ

FIG. 5. Three-potential-graviton exchange with external h̄00 momentum.

FIG. 6. All diagrams that contribute to T0i
1PN.

SECOND POST-NEWTONIAN ORDER RADIATIVE DYNAMICS OF … PHYS. REV. D 101, 084058 (2020)

084058-7



T0l
Fig6cðt;kÞ ¼

X
a≠b

Gmamb

r
e−ik·xa

�
−2vla þ 2ikiðviarl − rivlaÞ þ kikjðrirjvla − viarjrlÞ

þ i
6
kikjkkðr2δijvkarl − r2δilvjark − 2viarjrkrl þ 2rirjrkvlaÞ

�
þOðk4Þ þ � � � ; ð3:32Þ

T0l
Fig6dðt;kÞ ¼

X
a≠b

Gmamb

4r
e−ik·xa

�
vla þ vlb −

1

r2
ðva þ vbÞ · rrl −

i
2
ki

�
3r_rδil − riðvla þ vlbÞ þ virl þ 1

r2
ðva þ vbÞ · rrirl

�

þ 1

6
kikj

�
−5r2ðvia þ vibÞδjl þ ð4va · r − 5vb · rÞriδjl þ ðvia − 2vibÞrjrl

þ ðvla þ vlbÞ
�
1

2
δijr2 − rirj

�
þ ðva · rþ vb · rÞ

�
1

2
δijrl þ 1

r2
rirjrl

��

−
i
24

kikjkk

�
δklð6r2viarj þ 14r2vibr

j − 5va · rrirj þ 7vb · rrirjÞ

þ δijr2ð3δklva · r − 3δklvb · r − rkvlb − rkvla þ vkarl − vkbr
lÞ − δijðva · rþ vb · rÞrkrl

þ rirjrkðvla þ vlbÞ þ ð3vib − viaÞrjrkrl −
1

r2
ðva þ vbÞ · rrirjrkrl

��
þOðk4Þ þ � � � · ð3:33Þ

Expanding the exponentials up to the third order in the radiation momentum, we get

Z
d3x∂0T0l

1PNx
l½xixj�TF ¼

X
a

d
dt

�
1

2
mav2ava · xaxi

ax
j
a

�
TF

þ
X
a≠b

d
dt

�
Gmamb

12r

�
ð8r2 − 20r · xbÞviaxj

a þ ð20r2 − 22r · xbÞviaxj
b

þ
�
22va · xa − 30vb · xa − 8va · xb þ 8vb · xb −

2

r2
ðva þ vbÞ · rr · xb

�
xi
ax

j
a

þ
�
9va · xa − 7va · xb −

1

r2
ðva þ vbÞ · rr · xb

�
xi
ax

j
b

��
STF

: ð3:34Þ

C. 1PN correction to Tii

The leading order Tii component obtained in [26] has the
form

Tii
0PNðt;kÞ ¼

�X
a

mav2a −
X
a≠b

Gmamb

2r
þOðkÞ þ � � �

�

× e−ik·xa : ð3:35Þ

Notice that, while T0i
0PN in (3.29) is down by v1 relative to

T00
0PN in (3.2), the leading order spatial component (3.35) is

down by v2 compared to T00
0PN; this fixes the PN hierarchy

among the componentsT00,Ti0, andTij of the pseudotensor.
To obtain Tii

1PN as well as its contributions to Iij2PN we
have to compute all diagrams that enter at v4 with one h̄ii

external momentum. To compute the spatial component of
the pseudotensor and to extract its contribution to the mass
quadrupole moment we have to carry out the expansions up
to the second order in the radiation momentum. As in
Sec. III A, k2 may be dropped.
The diagrams illustrated in Fig. 7 involve (A1), (A8),

(A12), (A13), (A15), and (A24) which give

FIG. 7. Diagrams with h̄ii external momentum.
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Tll
Fig7aðt;kÞ ¼

X
a

ma

2
v4ae−ik·xa ; ð3:36Þ

Tll
Fig7bðt;kÞ ¼

X
a≠b

Gmamb

r
v2ae−ik·xa ; ð3:37Þ

Tll
Fig7cðt;kÞ ¼ −

X
a≠b

G2mambm
2r2

e−ik·xa : ð3:38Þ

It is straightforward to extract the contribution for the mass quadrupole moment by expanding the exponentials up to the
second order in the radiation momentum,

Z
d3xTll

Fig7a−7c½xixj�TF ¼
X
a

ma

2
v4a½xi

ax
j
a�TF þ

X
a≠b

Gmamb

r

�
v2a −

Gm
2r

�
½xi

ax
j
a�TF: ð3:39Þ

The computation of Tii
1PN follows from the diagrams shown in Fig. 8 which involve (A1)–(A3) and (A15), (A16),

(A24)–(A27),

Tll
Fig8aðt;kÞ ¼

X
a≠b

3Gmamb

4r
e−ik·xa

�
2v2 þ va · vb − 2_r2 −

1

r2
va · rvb · rþ 2a · r

þ i
2
ki

��
2v2 þ va · vb − 2_r2 −

1

r2
va · rvb · rþ 2a · r

�
ri

þvibð4vb · r − 3va · rÞ þ viað3vb · r − 4va · rÞ − 2r2ðaia þ aibÞ
�

þ 1

6
kikj

��
−2v2 − va · vb − 2a · rþ 2_r2 þ 1

r2
va · rvb · r

�
rirj

þ ð6va · r − 8vb · rÞvibrj þ ð4va · r − 3vb · rÞviarj

þr2ð−4viavja − 3viav
j
b − 4vibv

j
b − 4airj þ 6aiarjÞ

��
þOðk3Þ þ � � � ; ð3:40Þ

Tll
Fig8bðt;kÞ ¼

X
a≠b

Gmamb

r
e−ik·xa

�
1

4
ðv2a þ v2bÞ − iv2akiri − kikj

�
r2viav

j
a −

1

2
v2arirj

��
þOðk3Þ þ � � � ; ð3:41Þ

Tll
Fig8cðt;kÞ ¼

X
a≠b

Gmamb

2r
e−ik·xa ½−4va · vb − ikið2va · vbri þ 4va · rvib − 4vb · rviaÞ

þkikjð2r2viavjb þ va · vbrirj − 2vb · rviarj þ 2va · rvibr
jÞ� þOðk3Þ þ � � � ; ð3:42Þ

FIG. 8. One potential graviton exchange with h̄ii external momentum.
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Tll
Fig8dðt;kÞ ¼

X
a≠b

Gmamb

r
e−ik·xa

�
−4

�
v · va þ aa · r −

1

r2
v · rva · r

�

− 2iki

�
ri
�
v · va þ aa · r −

_r
r
va · r

�
þ va · rðvi − 2viaÞ

�

þ 1

3
kikj½r2ðvivja þ aariÞ þ 2rirjðv · va þ aa · rÞ

þ r_rviarj þ 2va · rð2virj − 3viarjÞ − 2
_r
r
va · rrirj�

�
þOðk3Þ þ � � � ; ð3:43Þ

Tll
Fig8eðt;kÞ ¼ −

X
a≠b

Gmamb

4r
e−ik·xa

�
2ð−ab · rþ v2b − ðvb · nÞ2Þ −

i
2
ki½ðab · r − v2b þ ðvb · nÞ2Þri − 2vb · rvib þ r2aib�

þ i2

6
kikj½ð−ab · rþ v2b − ðvb · nÞ2Þrirj þ 4vb · rvibr

j − 2r2aibr
j þ 2r2vibv

j
b�
�
þOðk3Þ þ � � � ; ð3:44Þ

which provide us with

Z
d3xTll

Fig8a−8e½xixj�TF ¼
X
a≠b

Gmamb

12r
fð10v2a − 17v2b − 10va · vb

þ5ðva · nÞ2 þ 2va · nvb · n − 8ðvb · nÞ2 − 5aa · rþ 8ab · rÞxi
ax

j
a

þ ð−5v2a þ 7va · vb þ 5ðva · nÞ2 − 7va · nvb · n − 5aa · rÞxi
ax

j
b

þ ð4va · r − 44vb · rÞviaxj
a þ ð14va · r − 58vb · rÞviaxj

b

þr2ð38viavja − 7viav
j
b þ 14aiax

j
a þ 19aiax

j
bÞgSTF: ð3:45Þ

Finally, the diagrams containing a three-potential-
graviton exchange shown in Fig. 9 which involve (A1),
(A31), and (A34) give

Tll
Fig9aðt;kÞ¼

X
a≠b

G2m2
amb

r2
e−ik·xa

�
−
5

2
þ7

2
ikiri−

4

3
kikjrirj

�

þOðk3Þþ���; ð3:46Þ

Tll
Fig9bðt;kÞ¼

X
a≠b

G2m2
amb

r2
e−ik·xa

�
1−6ikiriþ7

3
kikjrirj

�

þOðk3Þþ���; ð3:47Þ

Tll
Fig9cðt;kÞ ¼

X
a≠b

7G2mam2
b

2r2
e−ik·xa ; ð3:48Þ

which lead to

Z
d3xTll

Fig9a−9c½xixj�TF

¼
X
a≠b

G2mamb

r2

�
3

2
mxi

ax
j
a −maxi

ax
j
b

�
STF

: ð3:49Þ

With this, we now write the total contribution of Tll
1PN to the

mass quadrupole,

FIG. 9. Three-potential-graviton exchange with h̄ii external
momentum.
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Z
d3xTll

1PN½xixj�TF ¼
X
a

ma

2
v4a½xi

ax
j
a�TF þ

X
a≠b

Gmamb

12r

��
22v2a − 17v2b − 10va · vb

þ5ðva · nÞ2 þ 2va · nvb · n − 8ðvb · nÞ2 − 5aa · rþ 8ab · rþ 12
Gm
r

�
xi
ax

j
a

þ
�
−5v2a þ 7va · vb þ 5ðva · nÞ2 − 7va · nvb · n − 5aa · r − 12

Gma

r

�
xi
ax

j
b

þ ð4va · r − 44vb · rÞviaxj
a þ ð14va · r − 58vb · rÞviaxj

b

þr2ð38viavja − 7viav
j
b þ 14aiax

j
a þ 19aiax

j
bÞ
�

STF
: ð3:50Þ

IV. LOWER ORDER STRESS-ENERGY TENSORS

Although Tij
0PN, T

ii
0PN, and T00

1PN have been computed before in [26], to write an expression for the mass quadrupole
moment at 2PN order, we need to expand them in the radiation momentum to higher order and terms depending on k2 must
be kept.
To obtain the sixth term of (2.10) we need diagrams in Figs. 10(a) and 10(b). This gives us an expression for the leading

order Tij, as shown below:

Tkl
0PNðt;kÞ ¼

X
a

mavkavlae−ik·xa þ
X
a≠b

Gmamb

2r
e−ik·xa

�
−

1

r2
rkrl −

i
2
ki 1

r2
rirkrl

þ 1

12
kikj

�
10r2ðδklδij − δikδjlÞ þ δklrirj þ δijrkrl − 2δikrjrl þ 1

r2
2rirjrkrl

�

−
i
24

kikjkm

�
r2rmð10δikδjl − 10δklδijÞ − δijrmrkrl þ rirj

�
2δmkrl − δklrm −

1

r2
rmrkrl

��

þ 1

240
kikjkmkn

�
16

3
r4δmnðδklδij − δikδjlÞ þ r2δijδmnrkrl − 2r2δmnδikrjrl

þ rmrn
�
34r2δikδjl − 33r2δklδij − 3δklrirj þ 6δikrjrl − 3δijrkrl −

2

r2
rirjrkrl

���
þOðk5Þ þ � � � : ð4:1Þ

The first term in the expression above is related to Fig. 10(a), which comes from the simple source action term
−
P ma

2mpl

R
dtaviav

j
ah̄ijðxaÞ. The other terms come from Fig. 10(b), which is composed of (A1) and (A17) by considering

FhH00H00i½q; k; h̄ij� ¼ h̄ij
�
−
1

2
qiqj −

1

2
qikj −

1

2
kikj þ δij

�
1

4
q2 þ 1

4
k · qþ 1

2
k2

��
; ð4:2Þ

where FhH00H00i is defined in (A22).
Now, expanding the exponentials up to the fourth order in the radiation momentum, we extract the contribution

Z
d3x∂2

0T
kl
0PNx

kxl½xixj�TF ¼ d2

dt2

�X
a
maðva · xaÞ2xi

ax
j
a

�
TF

þ d2

dt2

�X
a≠b

Gmamb

6r

��
27r2 þ x2

a − 2xa · xb −
2

r2
r · xar · xb

�
xi
ax

j
a

þ
�
27

2
r2 þ x2

a −
1

r2
ðr · xaÞ2

�
xi
ax

j
b

��
STF

: ð4:3Þ

Taking the trace of (4.1), we get
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Tll
0PNðt;kÞ ¼

X
a

mav2ae−ik·xa þ
X
a≠b

Gmamb

2r
e−ik·xa

�
−1 −

i
2
kiri þ 1

4
kikjð7r2δij þ rirjÞ

þ i
24

kikjkmð21r2δijrm þ 2rirjrmÞ

þ 1

144
kikjkmknð7r4δijδmn − 42r2δijrmrn − 3rirjrmrnÞ

�
þOðk5Þ þ � � � ; ð4:4Þ

which contributes to the quadrupole in the form below:

Z
d3x∂2

0T
ll
0PNx

2½xixj�TF ¼ d2

dt2

�X
a
mav2ax2

axi
ax

j
a

�
TF

þ d2

dt2

�X
a≠b

Gmamb

12r
½ð−104x2

a þ 196xa · xb − 98x2
bÞxi

ax
j
a − 49r2xi

ax
j
b�
�

STF
: ð4:5Þ

To be able to compute the fifth contribution in (2.10), we
need an expression for T00

1PN up to the fourth order in the
radiation momentum. We regard the source action term
−
P ma

4mpl

R
dtav2ah̄00ðxaÞ and also (A15), (A1), (A4), and

(A18) to solve the diagrams in Figs. 10(a)–10(c). With this,
we get an expression for T00

1PN and its contribution to the
mass quadrupole at 2PN, respectively:

T00
1PNðt;kÞ¼

X
a

1

2
mav2ae−ik·xa þ

X
a≠b

Gmamb

r
e−ik·xa

�
−
1

2

−
3

8
k2r2

�
1þ i

2
kiri−

1

6
kikjrirjþ r2

36
kikjδij

��

þOðk5Þþ���; ð4:6Þ
Z

d3x∂2
0T

00
1PNx

2½xixj�TF

¼ d2

dt2

�X
a

1

2
mav2ax2

a½xi
ax

j
a�TF

�

þ d2

dt2

�X
a≠b

Gmamb

r

�
7

4
r2ð2xi

ax
j
aþxi

ax
j
bÞ−

1

2
x2
axi

ax
j
a

�
STF

�
:

ð4:7Þ

Moreover, considering the expansion up to the fifth
and sixth orders in the radiation momentum at (3.29) and
(3.2), respectively, in addition to taking time derivatives,
we get

Z
d3x∂3

0T
0l
0PNx

2xl½xixj�TF¼
d3

dt3

�X
a
mava ·xax2

axi
ax

j
a

�
TF
;

ð4:8Þ

Z
d3x∂4

0T
00
0PNx

4½xixj�TF¼
d4

dt4

�X
a
max4

axi
ax

j
a

�
TF
: ð4:9Þ

Before writing the final expression for the 2PN correc-
tion to the mass quadrupole moment, we still need to write
the contribution of Iij1PNða1PNÞ, which is given by the two
terms

�Z
d3x∂0T0l

0PNx
lxixj

�
TF

!2PN
X
a

maa1PNa · xa½xi
ax

j
a�TF;

ð4:10Þ

�Z
d3x∂2

0T
00
0PNx

2xixj

�
TF

!2PN
X
a

2ma½x2
aai1PNax

j
a þ a1PNa · xaxi

ax
j
a�STF; ð4:11Þ

where the 1PN correction to the acceleration, for
instance obtained in [34] using the EFT framework, is
given by

v2

(a) (b) (c)

FIG. 10. Diagrams (a) and (b) contribute to Tij
0PN when the

external leg is h̄ijðxÞ, while diagrams (a), (b), and (c) contribute to
T00
1PN when we consider h̄00ðxÞ as the external leg.
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ai
1PNð1Þ ¼

Gm2

2r2

�
ni

�
2Gm
r

− 3ðv21 þ v22Þ þ 7ðv1 · v2Þ þ 3ðv1 · nÞðv2 · nÞ
�

− vi1ðv2 · nÞ − ðv1 · nÞvi2 þ _rð6vi1 − 7vi2 − niðv2 · nÞÞ

− 6rai1 þ 7rai2 þ ðvi − ni _rÞðv2 · nÞ þ rniða2 · nÞ þ niðv2 · ðv − n_rÞÞ
�
−
1

2
ai1v

2
1 − vi1ðv1 · a1Þ: ð4:12Þ

V. CONSISTENCY TESTS

Now we check the expressions for the components T00
2PN, T

0i
1PN, and Tll

1PN, which were obtained here for the first time in
the EFT approach, with previous results derived using different methods.
The results presented in Sec. III A allow us to write down an expression for the temporal component of the pseudotensor

up to 2PN order,5

T00ðt;kÞ ¼ e−ik·xa
�X

a

ma

�
1þ 1

2
v2a þ

3

8
v4a

�
þ
X
a≠b

Gmamb

2r

�
−1þ v2 þ 7

2
v2a −

5

2
v2b þ

5

2
va · vb

−
5

2
va · nvb · nþ 2ðvb · nÞ2 − _r2 þ a · rþ 2ab · rþ

G
r
ð4ma − 3mbÞ

þ 1

2
iki

��
v2 þ 1

2
v2b þ

5

2
va · vb − _r2 −

5

2
va · nvb · nþ 3

2
ðvb · nÞ2 þ a · rþ 3

2
ab · r

�
ri

þ
�
8va · rþ

11

2
vb · r − 2r_r

�
via þ

�
9

2
vb · rþ

1

2
r_r

�
vib þ r2ð7aia − 2aibÞ þ

6Gm
r

��
þOðk2Þ þ � � �

�
: ð5:1Þ

We can use (3.1) to read off different contributions of T00 to the dynamics of the binary system. For instance, at zeroth
order in the radiation momentum, we can read off the mechanical energy of the system. It is straightforward to see in (5.1)
that the leading order terms in the PN approximation reproduce the total mass of the two-body system, while the next-to-
leading order terms provide us with the Newtonian energy. The terms that account for the next-to-next-to-leading order
(2PN) correction to this pseudotensor, which were calculated in Sec. III A, give us the following contribution to the
conserved energy:

E1PN ¼
Z

d3xT00
2PNðxÞ ¼

3

8

X
a

mav4a þ
X
a≠b

Gmamb

4r

�
6v2a − 7ðva · vbÞ − ðva · nÞðvb · nÞ þ

Gm
r

�
: ð5:2Þ

This result is equal to the first correction to the Newtonian energy presented in Eq. (205) of [35] and can also be calculated
computing the Hamiltonian function using the Lagrangian obtained by Einstein, Infeld, and Hoffman in [36].
Regarding the 2PN terms in Eq. (5.1), we can read off the correction to the c.m. position

G2PN ¼
Z

d3xT00
2PNðxÞx

¼ 3

8

X
a

mav4axa þ
X
a≠b

Gmamb

4r

��
19

2
v2a − 7va · vb −

7

2
v2b − va · nvb · n

−
1

2
ðva · nÞ2 þ

1

2
ðvb · nÞ2 − 5

Gma

r
þ 7

Gmb

r

�
xa − 7ðva · rþ vb · rÞva

�
; ð5:3Þ

which agrees with the result presented in Eq. (B2c) of [37], where dG
dt ¼ P, the total conserved linear momentum, such that

the c.m. frame is defined byG ¼ 0. By solving this equation iteratively, using the equations of motion to reduce the second
time derivatives of the position, we get the 2PN correction to the c.m. frame,

5To have an expression for T00 containing terms of second order in the radiation momentum, we would have to include k2 terms, but
we discarded those terms since they are not needed to extract the contribution of T00

2PN to the mass quadrupole moment. Nevertheless, it is
enough to consider terms up the first order in the radiation momentum to perform the consistency tests on T00

2PN in this section.
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δr2PN ¼ νδm
m

�
r

��
3

8
−
3ν

2

�
v4 þ Gm

r

��
19

8
þ 3ν

2

�
v2
�
þ
�
−
1

8
þ 3ν

4

�
_r2 þ

�
7

4
−
ν

2

�
Gm
r

�
− v

�
7

4
Gm_r

��
; ð5:4Þ

with δm ¼ m1 −m2, which agrees with (B4a), (B4b), and (B5b) of [37].
Let us now consider the results obtained in Sec. III B to write down an expression for T0l up to 1PN order,

T0lðt;kÞ ¼ e−ik·xa
�X

a

mavla

�
1þ 1

2
v2a

�
þ
X
a≠b

Gmamb

4r

�
−3vla þ vlb −

1

r2
ðva þ vbÞ · rrl

−
i
2
ki

�
virl − 16viarl þ 15rivla − rivlb þ 3r_rδil þ 1

r2
ðva þ vbÞ · rrirl

��
þOðk2Þ þ � � �

�
: ð5:5Þ

Taking into account only terms of order zero in the radiation momentum, we obtain the 1PN correction to the linear
momentum of the binary system,

P1PN ¼
Z

d3xT0l
1PNðxÞ ¼ −

�
Gm1m2

2r3
ðv1 þ v2Þ · r

�
xl
1 þ

�
m1

2
v21 −

Gm1m2

2r

�
vl1 þ 1 ↔ 2: ð5:6Þ

The result above agrees with Eqs. (B1) and (B2b) of Ref. [37]. Considering all linear terms in the radiation momentum in
(5.5), we are able to obtain the 1PN correction to the angular momentum of the binary system,

Li
1PN ¼ −

1

2
ϵilk

Z
d3xðT0l

1PNx
k − T0k

1PNx
lÞ ¼ 1

2
νmðr × vÞi

�
ð1 − 3νÞv2 þ Gm

r
ð6þ 2νÞ

�
; ð5:7Þ

which agrees with Eq. (2.9b) of Ref. [38].
Furthermore, considering the result obtained in Sec. III C, we provide an expression for Tllðt;kÞ up to 1PN order:

Tllðt;kÞ ¼ e−ik·xa
�X

a

mav2a

�
1þ 1

2
v2a

�
þ
X
a≠b

Gmamb

4r

�
−2 − 5v2a þ 5v2b − va · vb − 6_r2

− 3va · nvb · nþ 2ðvb · nÞ2 þ 16_rva · n − 10aa · r − 4ab · rþ
G
r
ð−8ma þ 12mbÞ

þ iki

�
ri
�
−9v2a þ

5

2
v2b −

1

2
va · vb −

3

2
va · nvb · nþ 1

2
ðvb · nÞ2

−3_r2 þ 8_rva · n − 5aa · r −
5

2
ab · r −

10Gma

r

�
þ
�
2va · rþ

25

2
vb · r

�
via

þ
�
−
9

2
va · rþ 5vb · r

�
vib − r2

�
3aia þ

5

2
aib

���
þOðk2Þ þ � � �

�
: ð5:8Þ

We can use the moment relation

Z
d3xTll ¼ 1

2

d2

dt2

Z
d3xT00x2 ð5:9Þ

to prove the self-consistency of our results. At leading order in the PN expansion, it is trivial to prove that this relation
holds using (5.1) and (5.8), while at next-to-leading order more computation is required. From (5.8) we can read off
up to 1PN,

Z
d3xTll ¼

X
a

mav2a

�
1þ 1

2
v2a

�
þ
X
a≠b

Gmamb

r

�
−
1

2
−
1

4
va · vb þ

3

2
ðva · nÞ2 −

7

4
va · nvb · nþ 5

2

Gma

r

�
: ð5:10Þ

To check if the result above satisfies (5.9), we need a complete expression for T00ðt;kÞ up to 1PN order and which contains
all terms up to the quadratic order in the radiation momentum. In other words, we cannot discard terms proportional to k2 as
we did in Sec. III A, where we dropped these terms that would not contribute to the trace-free quadrupole moment.
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Therefore, the expression that we need for T00ðt;kÞ is the sum of (3.2) with (4.6), which provides us with the following
result up to 1PN order:

1

2

d2

dt2

Z
d3xT00x2 ¼ 1

2

d2

dt2

�X
a

ma

�
1þ 1

2
v2a

�
x2
a þ

X
a≠b

Gmamb

r

�
−
1

2
x2
a þ

9

4
r2
��

: ð5:11Þ

At this point, it is straightforward to show, after taking the second order time derivative and imposing the leading and next-
to-leading order equations of motion, that (5.9) holds, as we expected.

VI. MASS QUADRUPOLE MOMENT AT 2PN ORDER

We are now ready to sum the contributions (3.28), (3.34), (3.50), (4.3), (4.5), (4.7), (4.8), (4.9) and to write down the
expression for the 2PN correction to the mass quadrupole moment in a general orbit,

Iij2PN ¼
X
a

maf
ij
1ðaÞ þ

X
a≠b

Gmamb

r
fij
2ða;bÞ þ

d
dt

�X
a

maf
ij
3ðaÞ þ

X
a≠b

Gmamb

r
fij
4ða;bÞ

�

þ d2

dt2

�X
a

maf
ij
5ðaÞ þ

X
a≠b

Gmamb

r
fij
6ða;bÞ

�
þ d3

dt3

�X
a

maf
ij
7ðaÞ

�
þ d4

dt4

�X
a

maf
ij
8ðaÞ

�
; ð6:1Þ

where we have defined the following quantities for convenience:

fij
1ðaÞ ≡

�
7

8
v4axi

ax
j
a þ 11

21
x2
aai1PNax

j
a −

17

21
a1PNa · xaxi

ax
j
a

�
STF

; ð6:2Þ

fij
2ða;bÞ ≡

1

12

��
50v2a − 28v2b − 32va · vb − 4_r2 − 24va · nvb · n

þ8ðva · nÞ2 þ 14ðvb · nÞ2 − 4aa · rþ 10ab · rþ 24
Gma

r
þ 18

Gmb

r

�
xi
ax

j
a

þ
�
−4v2a þ 8va · vb − 12va · nvb · nþ 8ðva · nÞ2 − 2_r2 − 4aa · r − 24

Gm1

r

�
xi
ax

j
b

þ viax
j
að−16va · r − 64vb · rÞ þ viax

j
bð40va · r − 32vb · rÞ

þr2ð40viavja − 8viav
j
b − 8aiax

j
a − 4aiax

j
bÞ
�
STF

; ð6:3Þ

fij
3ðaÞ ≡ −

2

3
v2ava · xa½xi

ax
j
a�TF; ð6:4Þ

fij
4ða;bÞ ≡ −

1

9

�
ð8r2 − 20r · xbÞviaxj

a þ ð20r2 − 22r · xbÞviaxj
b

þ
�
22va · xa − 30vb · xa − 8va · xb þ 8vb · xb −

2

r2
ðva þ vbÞ · rr · xb

�
xi
ax

j
a

þ
�
9va · xa − 7va · xb −

1

r2
ðva þ vbÞ · rr · xb

�
xi
ax

j
b

�
STF

; ð6:5Þ

fij
5ðaÞ ≡

�
1

6
ðva · xaÞ2 þ

19

84
v2ax2

a

�
½xi

ax
j
a�TF; ð6:6Þ
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fij
6ða;bÞ≡

��
31

42
x2
a−

11

6
xa ·xbþ

8

9
x2
b−

1

18

1

r2
r ·xar ·xb

�
xi
ax

j
a

þ
�
4

9
r2þ 1

36
x2
a−

1

36

1

r2
ðr ·xaÞ2

�
xi
ax

j
b

�
STF

; ð6:7Þ

fij
7ðaÞ ≡ −

1

7
va · xax2

a½xi
ax

j
a�TF; ð6:8Þ

fij
8ðaÞ ≡

23

1512
x4
a½xi

ax
j
a�TF: ð6:9Þ

With the exception of the accelerations in (6.2) which are of
1PN order, all other accelerations in Iij2PN should be taken as
the Newtonian acceleration.
In order to write the 2PN correction of the mass

quadrupole moment in the c.m. frame, we must have in
mind that the positions of the compact bodies in this frame
are given by

x1 ¼
m2

m
rþ δr1PN þ � � � ; ð6:10Þ

x2 ¼ −
m1

m
rþ δr1PN þ � � � ; ð6:11Þ

where δr1PN accounts for the 1PN correction to the c.m.
frame, which can be obtained following the procedure
presented through (5.3) and (5.4) but this time using (4.6).
Thus, the corrections to the c.m. frame necessary to write
the 2PN mass quadrupole are

δr1PN ¼ νδm
2m

r

�
v2 −

Gm
r

�
; ð6:12Þ

δr2PN ¼ νδm
2m

�
r

��
3

4
− 3ν

�
v4 þ Gm

r

��
19

4
þ 3ν

�
v2
�

þ
�
−
1

4
þ 3ν

2

�
_r2 þ

�
7

2
− ν

�
Gm
r

�
− v

�
7

2
Gm_r

��
:

ð6:13Þ

Applying (6.10) and (6.11) to (2.8) and (2.9), we obtain the following contributions at 2PN order:

Iij0PNþ2PN ¼ ν2δm2

4m

�
v4 − 2v2

Gm
r

þG2m2

r2

�
½rirj�TF; ð6:14Þ

Iij1PNþ1PN ¼ ν2δm2

21m

��
−29v4 þGm

r

�
41v2 þ 17

2
_r2 − 12

Gm
r

��
rirj

þ
�
24v2 − 19

Gm
r

�
r_rvirj þ

�
−22v2 þ 22

Gm
r

�
r2vivj

�
STF

: ð6:15Þ

Adding these two contributions to (6.1) after applying (6.10) and (6.11), we finally obtain the expression for the 2PN
correction to the mass quadrupole moment in the c.m. frame,

Iij2PN ¼ mν

�
rirj

�
1

252
ð653 − 1906νþ 337ν2ÞG

2m2

r2
þ 1

756
ð2021 − 5947ν − 4883ν2ÞGm

r
v2

−
1

756
ð131 − 907νþ 1273ν2ÞGm

r
_r2 þ 1

504
ð253 − 1835νþ 3545ν2Þv4

�

− r_rrivj
�

1

378
ð1085 − 4057ν − 1463ν2ÞGm

r
þ 1

63
ð26 − 202νþ 418ν2Þv2

�

þvivj
�

1

189
ð742 − 335ν − 985ν2ÞGm

r
þ 1

126
ð41 − 337νþ 733ν2Þv2 þ 5

63
ð1 − 5νþ 5ν2Þ_r2

��
STF

: ð6:16Þ

We can use the result above to compute, for instance, the 2PN correction to the power loss, whose expression in terms of
the multipole moments is given by [28]

P ¼ −
G
5

�
Ið3Þij I

ð3Þ
ij −

5

189
Ið4ÞijkI

ð4Þ
ijk þ

5

9072
Ið5ÞijklI

ð5Þ
ijkl þ

16

9
Jð3Þij J

ð3Þ
ij −

5

84
Jð4ÞijkJ

ð4Þ
ijk þ � � �

�
: ð6:17Þ

The expressions for these multipole moments below 2PN order are known and can be found for instance in [16].
Considering all terms which contribute to the power loss at 2PN order in the expression above, making use of (6.16) and the
2PN acceleration (B10) obtained in Appendix B, we get
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P2PN
EFT ¼ −

8

15

G3m4ν2

r4
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2

3
ð−253þ 1026ν − 56ν2ÞG

3m3

r3
þ
�

1

756
ð245185þ 81828νþ 4368ν2Þv2

−
1

252
ð97247þ 9798νþ 5376ν2Þ_r2

�
G2m2

r2
þ
�
1

21
ð−4446þ 5237ν − 1393ν2Þv4

þ 1

7
ð4987 − 8513νþ 2165ν2Þv2 _r2 − 1

63
ð33510 − 60971νþ 14290ν2Þ

�
Gm
r

þ 1

42
ð1692 − 5497νþ 4430ν2Þv6 − 1

14
ð1719 − 10278νþ 6292ν2Þv4 _r2

þ 1

14
ð2018 − 15207νþ 7572ν2Þv2 _r4 − 1

42
ð2501 − 20234νþ 8404ν2Þ_r6

�
: ð6:18Þ

At this point we can see that (6.16) and (6.18) seem to be in
disagreement with the results presented at [39] and [40]
where the Epstein-Wagoner formalism and multipolar
post-Minkowskian approach of Blanchet, Damour, and
Iyer (BDI) were used, respectively. For instance, the
mass quadrupole moment presented in this paper and the
ones in the mentioned references differ by a factor of
− 4G2m2

r2 ½mνrirj�TF. The power loss shown above and the
energy fluxes at (6.13d) in [39] and at (3.5d) in [40] differ
by a global minus sign, as well as by the numerical factors
on terms depending on G5m6ν2v2

r6
and G5m6ν2 _r2

r6
. The difference

in the global sign comes from the relation P ¼ − dE
dt , which

is actually a matter of convention on how the energy flux is
defined. For this reason, we consider instead jPj ¼ j dEdt j
and compare the result for the power loss obtained here
against the ones in the literature, and we find the following
difference:

PEFT − P̄ ¼ 32

5

G5m6ν2

r6
ð4v2 − 3_r2Þ; ð6:19Þ

where P̄ is the modulus of the energy flux computed via the
Epstein-Wagoner and BDI approaches.6

Furthermore, the 2PN acceleration obtained in
Appendix B is also different from the one presented in
[40],whichwas computed via theBDI formalism. It turns out
that these differences should not be a surprise since the gauge
choice adopted here and in other formalisms are not the same:
in the BDI and in the Epstein-Wagoner approaches the
harmonic gauge is used, while in the EFT approach we use
the linearized harmonic gauge (2.4), which depends on the
background field metric. The different gauge choices for
fixing the gravity action imply different coordinate systems.
In fact, the difference between themass quadrupolemoments
suggests a coordinate transformation of the form

rEFT → r̄ −
2G2m2

r2
r̄; ð6:20Þ

where r̄ is the coordinate used in the BDI and Epstein-
Wagoner approaches. When this transformation is applied to
the power loss (6.18), we can verify that

PEFTðr̄Þ ¼ P̄: ð6:21Þ

An analogous comparison holds for the mass quadrupole
moment and the 2PN acceleration, showing the agreement
between our results and the literature. It should also be
noticed that this coordinate transformation was already
brought to attention in [12] when the authors used NRGR
to calculate the spacetime metric generated by a point mass
at rest.

VII. FINAL REMARKS

In this paper, we provided an independent computation
of the 2PN correction to the mass quadrupole moment of a
binary system of compact bodies moving in general orbits,
using the EFT approach in the linearized harmonic gauge.
We calculated high order corrections to the components of
the pseudo-stress-energy tensor, which were used to obtain
the mass quadrupole moment correction as well as the 1PN
correction to the conserved energy and to the linear and
angular momenta of the system and the 2PN correction to
the c.m. frame. We used these quantities to perform tests
that confirmed the consistency of our results within the EFT
formalism itself and with results presented in the literature
computed using different formalisms. Therefore, we not
only extracted the contributions of the stress-energy pseu-
dotensor to the 2PN correction to the mass quadrupole, but
we provided the expressions for the components of the
pseudotensor with higher order corrections that will be
useful for future calculations on the dynamics of a compact
binary system.
We also calculated the 2PN correction to the equation of

motion in the linearized harmonic gauge that was used,
together with the mass quadrupole moment obtained in this
paper, to write down the power loss due to the emission of
gravitational waves. We thus compared our results against
the literature and we showed that the 2PN correction to the
mass quadrupole moment, to the relative acceleration of the

6If the power is expressed in terms of the gauge invariant
frequency of a circular orbit P ¼ P̄.
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two-body system, and to the power loss obtained in this
paper are in agreement with the results computed via the
BDI and in the Epstein-Wagoner formalisms once a
coordinate transformation is performed.
Although the 2PN correction to the mass quadrupole and

to the equation of motion of compact binary systems
obtained here were known in the literature, this derivation
establishes the ground work for higher order calculations in
the EFT formalism. Finally, these are the final missing
ingredients necessary for the analysis of the radiation
reaction of the binary system at the next-to-next-to-leading
order in the EFT approach, which will be presented in a
future paper.
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APPENDIX A: COMPONENTS IN THE
CALCULATION OF THE PSEUDOTENSOR

In this appendix we show the ingredients used to
compute the components of the pseudotensor. We used
the package xAct [41] from Mathematica for the extraction
of the vertices from the action.

1. Source terms

The source action terms needed to compute the con-
tributions to T00

2PN are given below:

Sv
0 ¼ −

X
a

ma

2mPl

Z
dtaH00ðxaÞ; ðA1Þ

Sv
1 ¼

X
a

ma

mPl

Z
dtaviaH0iðxaÞ; ðA2Þ

Sv
2 ¼−

X
a

ma

2mPl

Z
dta

�
v2a
2
H00ðxaÞþviav

j
aHijðxaÞ

�
; ðA3Þ

Sv
0

h̄00
¼

X
a

ma

4m2
Pl

Z
dtaH00ðxaÞh̄00ðxaÞ; ðA4Þ

Sv
1

h̄00
¼ −

X
a

ma

2m2
Pl

Z
dtaviaH0iðxaÞh̄00ðxaÞ; ðA5Þ

Sv
2

h̄00
¼
X
a

ma

8m2
Pl

Z
dtað3v2aH00ðxaÞþ2viav

j
aHijðxaÞÞh̄00ðxaÞ;

ðA6Þ

Sv
4

h̄00
¼ −

X
a

3ma

16mPl

Z
dtav4ah̄00ðxaÞ; ðA7Þ

Sv
0

H2 ¼
X
a

ma

8m2
Pl

Z
dtaH00ðxaÞH00ðxaÞ; ðA8Þ

Sv
0

H2h̄00
¼ −

X
a

3ma

16m3
Pl

Z
dtaH00ðxaÞH00ðxaÞh̄00ðxaÞ: ðA9Þ

In addition, to write down the contributions for T0i
1PN we

must to consider

Sv
1

h̄0i
¼ −

X
a

ma

2m2
Pl

Z
dtaviaH00ðxaÞh̄0iðxaÞ; ðA10Þ

Sv
3

h̄0i
¼

X
a

ma

2mPl

Z
dtv2aviah̄0iðxaÞ; ðA11Þ

whereas for Tll
1PN the following terms are also necessary:

Sv
2

h̄ij
¼

X
a

ma

4m2
pl

Z
dtaviav

j
aH00ðxaÞh̄ijðxaÞ; ðA12Þ

Sv
4

h̄ij
¼ −

X
a

ma

4mpl

Z
dtav2aviav

j
ah̄ijðxaÞ: ðA13Þ

Although all the sources terms above are conveniently
expressed in position space, effectively we perform the
partial Fourier transform7

Hμνðt;qÞ ¼
Z

d3xHμνðt;xÞe−iq·x; ðA14Þ

to carry out the Feynman diagrams in momentum space.

2. Vertices

From the EH action expanded in the radiation and
potential fields and fixed with the background gauge, we
obtain the propagator

hHμνðt;qÞHαβðt0;q0Þi

¼ −ið2πÞ3Pμναβδðt − t0Þδ3ðqþ q0Þ 1

q2
; ðA15Þ

as well as its correction

hHμνðt;qÞHαβðt0;q0Þiv2

¼ −ið2πÞ3Pμναβ
d2

dtdt0
δðt − t0Þδ3ðqþ q0Þ 1

q4
: ðA16Þ

The two-potential-one-radiation vertex regarded inside
the momentum integrals of the internal potential momenta
coupled to the particles has the form

7We consider the partial Fourier transform for the radiation
field as well.
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Z
d3q
ð2πÞ3

Z
d3q0

ð2πÞ3 e
−iq·x1e−iq

0·x2hiSh̄H2i

¼ −
i

mPl
δðt − t0Þ

Z
d3q
ð2πÞ3 e

−iq·x F½q; k; h̄�
q2ðqþ kÞ2 ; ðA17Þ

for which the different contractions necessary to write
down the contributions to T00

2PN are

FhH00H00i½q; k; h̄00�

¼ h̄00
�
3

4
ðq2 þ k · qÞ − 5

4
q20 −

5

4
k0q0 −

1

2
k20

�
; ðA18Þ

Fhvk
1
H0kH00i½q; k; h̄00� ¼ h̄00vk1

�
−qk

�
q0 þ

1

2
k0

��
; ðA19Þ

Fhvk
1
vl
1
HklH00i½q; k; h̄00�

¼ h̄00vk1v
l
1

�
1

4
δklðq2 þ 3k · qÞ − 1

2
kkkl

�
; ðA20Þ

Fhvk
1
H0kH0lvl

2
i½q; k; h̄00�

¼ h̄00vk1v
l
2

�
−
1

4
δklðq2 þ k · qÞ þ 1

4
kkkl

�
: ðA21Þ

On the other hand, to compute the contributions to T0i
1PN,

the contractions required are

FhH00H00i½q;k; h̄0i� ¼ h̄0i
�
q0

�
qiþ1

2
ki

�
þk0

�
1

2
qiþki

��
;

ðA22Þ

Fhvk
1
H0kH00i½q;k;h̄0i�

¼ h̄0ivk1

�
−δik

�
1

2
q2þk ·q

�
þqikkþ1

2
kikk

�
; ðA23Þ

whereas for Tll
1PN we need

FhH00H00i½q; k; h̄ll�

¼ h̄ll
�
1

4
q2 þ 1

4
k · q −

3

4
ðq20 þ k0q0 þ 2k20Þ

�
; ðA24Þ

Fhvk
1
H0kH00i½q; k; h̄ll� ¼ h̄llvk1

�
−k0

�
qk þ 1

2
kk

��
; ðA25Þ

Fhvk
1
vl
1
HklH00i½q; k; h̄ll�

¼ h̄llvk1v
l
1

�
δkl

�
−
1

4
q2 þ 1

4
k · q

�
−
1

2
kkkl

�
; ðA26Þ

Fhvk
1
H0kH0lvl

2
i½q;k; h̄ll�

¼ h̄llvk1v
l
2

�
1

4
δklðq2 þk · qÞ− 1

2
qlkk þ 1

2
qkkl þ 1

4
kkkl

�
:

ðA27Þ

The three-graviton vertex, in turn, comes naturally in a
simple form even not integrated on the internal momenta:

hH00
q1H

00
q2H

00
q3i¼−

ð2πÞ3
4mPl

δðt2− t1Þδðt3− t1Þδ3ðq1þq2þq3Þ

×
ðq21þq22þq23Þ

q21q
2
2q

2
3

: ðA28Þ

In the composition of the three-potential-graviton vertex
with two-potential-one-radiation-graviton vertex, after inte-
grating in the third momentum, the integrand takes the form

F½q1;q2;k; h̄�
q2
1q

2
2ðq1 þ kÞ2ðq1 þ q2 þ kÞ2 ; ðA29Þ

in which the numerators for the contractions needed
to compute the contributions for T00

2PN and Tll
1PN are,

respectively,

FhH00H00H00i½q1;q2;k;h̄00�

¼1

4
h̄00

�
q4
1þ

5

2
q2
1ðq1 ·q2Þþ

5

2
q2
1q

2
2þðq1þq2Þ2ðq1 ·kÞ

þ5

2
q2
1ðq2 ·kÞþ3ðq1 ·kÞðq2 ·kÞ−ðq1 ·kÞ2þðq2 ·kÞ2

�
;

ðA30Þ

FhH00H00H00i½q1;q2;k; h̄ll�

¼−
h̄ll

8
½2q4

1−q2
1q1 ·q2þ10q2

1q1 ·kþ10ðq1 ·kÞ2−q2
1q

2
2

−q2
1q2 ·k−2ðq1 ·kÞðq2 ·kÞ−2ðq2 ·kÞ2�: ðA31Þ

The three-potential-one-radiation-graviton vertex inte-
grated in the internal momenta can be expressed in this
way:

Y3
i¼1

Z
d3qi

ð2πÞ9 e
iqi·xihiSh̄H3i

¼ −
1

m2
Pl

δðt2 − t1Þδðt3 − t1Þ
Z

d3q2

ð2πÞ3

×
Z

d3q3

ð2πÞ3
eiðq2þq3Þ·xF½q2;q3;k; h̄�
q2
2q

2
3ðq2 þ q3 þ kÞ2 ; ðA32Þ

where we have chosen to integrate on q1, for instance
coupled to particle 1, and leaving the momenta q2 and q3,
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both coupled to particle 2, to be integrated in the process of
solving the diagrams. For this case, the contractions
required to write down the contribution for T00

2PN and
Tll
1PN, respectively, are given by

FhH00H00H00i½q2;q3;k; h̄00�

¼ −
1

8
h̄00ðq2

2 þ q2
3 þ q2 · q3 þ q2 · kþ q3 · kÞ; ðA33Þ

FhH00H00H00i½q2;q3;k; h̄ll�

¼ −
7

8
h̄llðq2

2 þ q2
3 þ q2 · q3 þ q2 · kþ q3 · kÞ: ðA34Þ

3. Integrals

To solve integrals in the momentum space, it is helpful to
use some general relations that can be obtained by using
Feynman parameters [42]. If we consider a spacetime of d
dimensions, then for D ¼ d − 1 we have

Z
dDk
ð2πÞD

e−ik·r

ðk2Þa ¼
1

ð4πÞD2
ΓðD

2
− aÞ

ΓðaÞ
�
r2

4

�
a−D

2

; ðA35Þ

Z
dDk
ð2πÞD

1

½k2�a½ðk − pÞ2�b

¼ ðp2ÞD2−a−b
ð4πÞD2

Γðaþ b − D
2
Þ

ΓðaÞΓðbÞ
ΓðD

2
− aÞΓðD

2
− bÞ

ΓðD − a − bÞ ; ðA36Þ

Z
dDk
ð2πÞD

ki

½k2�a½ðk−pÞ2�b

¼piðp2ÞD2−a−b
ð4πÞD2

Γðaþb−D
2
Þ

ΓðaÞΓðbÞ
ΓðD

2
−aþ1ÞΓðD

2
−bÞ

ΓðD−a−bþ1Þ ; ðA37Þ

Z
dDk
ð2πÞD

kikj

½k2�a½ðk−pÞ2�b

¼ 1

ð4πÞD2
ðp2ÞD2−a−b

ΓðaÞΓðbÞΓðD−a−bþ2Þ

×

�
gijp2

2
Γ
�
aþb−1−

D
2

�
Γ
�
D
2
−aþ1

�
Γ
�
D
2
−bþ1

�

þpipjΓ
�
aþb−

D
2

�
Γ
�
D
2
−b

�
Γ
�
D
2
−aþ2

��
: ðA38Þ

These integrals are especially important to solve diagrams
that have a composition of the three-potential-graviton
vertex with the two-potential-one-radiation vertex, where
an analysis of the integrals in an arbitrary dimension D is
required to handle divergences.

APPENDIX B: 2PN ACCELERATION

In this appendix we present the result for the 2PN
acceleration computed via the EFT approach in the linear-
ized harmonic gauge.
To write down the equation of motion of the binary

system at 2PN order, we need to obtain the Lagrangian by
integrating out the potential modes of the gravitational
fields in the action (2.2). Below the diagrams which
contribute to the dynamics at 2PN order are presented.
The simplest contribution to the 2PN Lagrangian comes

from the diagram show in Fig. 11, which gives the
following contribution:

LFig11 ¼
X
a

1

16
mav6a: ðB1Þ

Next, we have the diagrams with one-graviton exchange
illustrated in Fig. 12. Summing those diagrams together
yields

LFig12 ¼
X
a≠b

Gmamb

16r3

�
15r4aa · ab þ r2½14v2a − 20v2ava · vb þ 2ðva · vbÞ2

þ 3v2av2b þ 2v2baa · r − aa · rab · rþ 28ab · vava · rþ 24aa · vavb · r�

þ 2ðab · r − v2bÞðva · rÞ2 þ 12ðva · vb − v2aÞva · rvb · rþ
3

r2
ðva · rÞ2ðvb · rÞ2

�
: ðB2Þ

In Fig. 13 we show all diagrams with two-graviton exchange that enter at the second PN order. The sum of those
diagrams is

LFig13 ¼
X
a≠b

G2m2
amb

4r4
ð6r2v2a þ 7r2v2b − 14r2va · vb þ 2r_rva · r − 2va · rvb · rÞ: ðB3Þ
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There is also the diagram with a three-graviton source
term as well as two other diagrams with combinations of
the two-graviton source, as shown in Fig. 14. Their
contribution to the Lagrangian is

LFig14 ¼ −
X
a≠b

G3m2
amb

2r3
ðma þ 3mbÞ: ðB4Þ

The diagrams which contain three-graviton vertices are
illustrated in Fig. 15 and give

LFig15 ¼
X
a≠b

G2m2
amb

2r4
½r2ð5v2a − 6va · vb þ 2v2b þ 2ab · rÞ

− 9ðva · rÞ2 þ 14va · rvb · r − 3ðvb · rÞ2�: ðB5Þ

In Fig. 16, we show diagrams with a four-graviton vertex
that enter at the 2PN order and, together, yield the result

LFig16 ¼
X
a≠b

G3m3
amb

r3
: ðB6Þ

FIG. 11. Diagram with no graviton exchange.

FIG. 12. Diagrams with one-graviton exchange.

FIG. 13. Diagrams with two-graviton exchange.

FIG. 14. (a) Three-graviton emission from one of the bodies; (b) symmetric three-graviton exchange; (c) composition of a three-
graviton vertex with a two-graviton vertex in the source term.

FIG. 15. Diagrams with three-graviton exchange.
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Lastly, the diagrams with five propagators are shown in
Fig. 17 and provide us with the following result:

LFig17 ¼
X
a≠b

G3m2
amb

r3
ðmb − 2maÞ: ðB7Þ

Summing up all contributions from Fig. 11 to Fig. 17, we
write down the Lagrangian at 2PN order in the linearized
harmonic gauge:

L2PN ¼ 1

16
m1v61 −

G3m1m2

2r3
ð3m2

1 þm1m2Þ þ
G2m1m2

4r2

�
ð16m1 þ 11m2Þv21

−13mv1 · v2 − 4m2a1 · r −
2

r2
ð8m1 þ 3m2Þðv1 · rÞ2 þ

12

r2
mv1 · rv2 · r

�

þ Gm1m2

8r

�
15

2
r2a1 · a2 þ 7v41 − 10v21v1 · v2 þ ðv1 · v2Þ2 þ

3

2
v21v

2
2

þ a1 · rv22 − 14a1 · v2v2 · rþ 12a1 · v1v2 · r −
1

2
a1 · ra2 · r −

1

r2
a1 · rðv2 · rÞ2

þ 1

r2

�
6v1 · rv2 · rv1 · v2 − ðv1 · rÞ2v22 − 6v1 · rv2 · rv22 þ

3

2r2
ðv1 · rÞ2ðv2 · rÞ2

��
þ 1 ↔ 2: ðB8Þ

We use the Lagrangian above to determine the equations of motion of the two-body system at the second PN order. Below
we show the acceleration for one of the objects in the binary:

a2PN1 ¼ 1

8

Gm2

r3
r

�
G2

r2
ð−2m2

1 − 20m1m2 þ 16m2
2Þ þ

G
r

�
ð18m1 þ 56m2Þv21 − ð84m1 þ 128m2Þv1 · v2 þ ð58m1 þ 64m2Þv22

þ 30m1a1 · r − 12ma2 · rþ
28

r2
ðm1 − 4m2Þv1 · rðv1 · r − 2v2 · rÞ −

1

r2
ð56m1 þ 176m2Þðv2 · rÞ2

�

þ 2v41 − 16ðv1 · v2Þ2 − 16v42 þ 32v1 · v2v22 − 2v21a2 · r − 2v22a2 · r

−4a2 · v2v2 · rþ
ðv2 · rÞ2

r2
ð12v21 − 48v1 · v2 þ 36v22Þ − 15

ðv2 · rÞ4
r4

�

þ 1

4

Gm2

r3
v1

�
G
r
½ð48m2 − 15m1Þv1 · rþ ð23m1 − 40m2Þv2 · r� þ v2 · rð4v21 þ 16v1 · v2 − 20v22Þ

− 24
v1 · rðv2 · rÞ2

r2
þ 18

ðv2 · rÞ3
r2

þv1 · rð8v21 − 16v1 · v2 þ 16v22 − 2a2 · rÞ þ 2r2ð12a1 − 7a2Þ · v1
�

þ 2a1 · v1v21v1 þ
1

4
a1

�
49

G2m1m2

r2
þ 36

G2m2
2

r2
þ 12

Gm2

r
v21 þ v41

�

þ 1

4

Gm2

r3
v2

�
G
r
½ð31m1 − 24m2Þv1 · rþ ð40m2 − 9m1Þv2 · r� þ v2 · rð−4v21 − 16v1 · v2 þ 20v22Þ

þ 24
v1 · rðv2 · rÞ2

r2
− 18

ðv2 · rÞ3
r2

þv1 · rð16v1 · v2 − 16v22Þ − 14r2a2 · v2

�
−
7

4

Gm2

r
a2

�
6
Gm
r

þ v21 þ v22

�
: ðB9Þ

FIG. 16. Diagrams with four-graviton vertex.
FIG. 17. Diagrams with five propagators.
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All accelerations in the right-hand side of the equality above
shouldbe regarded asNewtonian accelerations ifwewant the
entire expression to be of definite 2PN order. To write the
acceleration in the c.m. frame, we have to consider, in
addition to (B9), the reduced contribution from applying the

equation ofmotion inside (4.12) aswell as the PNcorrections
to the c.m. frame (6.10) and (6.11). Adding these contribu-
tions together,we finally obtain the expression for the relative
acceleration of the two-body system in the c.m. frame, at the
second PN order, in the linearized harmonic gauge:

a2PN ¼ −
Gm
8r3

�
r

�
ð56þ 174νÞG

2m2

r2
− ð32þ 52ν − 16ν2ÞGm

r
v2 þ ð112 − 200ν − 16ν2ÞGm

r
_r2

þð24ν − 32ν2Þv4 − ð36ν − 48ν2Þv2 _r2 þ ð15ν − 45ν2Þ_r4
�

þ4r_rv

�
ð−12þ 41νþ 8ν2ÞGm

r
− ð15νþ 4ν2Þv2 þ ð9νþ 6ν2Þ_r2

��
: ðB10Þ
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