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Spin-2 quasinormal modes in generalized Nariai spacetimes
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In this work we analytically obtain the quasinormal spectrum for the gravitational perturbation on a
higher-dimensional generalization of the Nariai spacetime that is comprised of the direct product of the
two-dimensional de Sitter space with several two-spheres. A key step in order to attain this result is to use a
suitable basis for the angular functions depending on the rank of the tensorial degree of freedom that one
needs to describe. Here we define such a basis, which is a generalization of the tensor spherical harmonics
that is suited for spaces that are the product of several spaces of constant curvature.
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I. INTRODUCTION

Suppose one disturbs a system that is initially at stable
equilibrium. The forces driven by such disturbance are
generally nonlinear on the perturbation. However, assum-
ing small perturbations, it turns out that in several problems
the components of the forces that are linear on the
disturbance amplitude are much more relevant than the
higher order terms, so that the dynamical equation can be
linearized. This is tantamount to approximating a general
potential by a parabola that osculates its minimum. In this
scenario, the so-called normal frequencies are of central
importance. These are the natural oscillation frequencies of
the system, irrespective of the details of the disturbance.
When the perturbations naturally tend to decay as time
passes by, these frequencies are complex numbers whose
real parts give the oscillation frequencies while the imagi-
nary parts are related to the characteristic times of the
decay. These complex frequencies form the so-called
quasinormal spectrum of the system.

The study of perturbations is of central importance in
almost all branches of physics, since often the physical
systems are in a stable configuration and the changes are all
due to small disturbances that do not build up as time passes
by. The perturbation formalism is even more necessary
when the mathematical equations that describe the dynam-
ics of a system are nonlinear, since the effect of pertur-
bations can generally be handled by means of linear
equations, providing thus a great deal of simplification.
Relativistic gravitational physics is an important example
of this, since its field equation, Einstein’s equation, is a
coupled set of ten nonlinear partial differential equations
that are impossible solve analytically in the generic case,
i.e., without assuming the existence of special sym-
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metries. However, one can start with a stable solution, like
Schwarzschild or Kerr black holes, and then study the
dynamical evolution of arbitrary perturbations in these
backgrounds. Since in the classical realm the event horizon
is a one way membrane, dissipation is always present in the
black hole scenario, so that the natural frequencies of these
gravitational systems are complex [1]. Because of the
recent capability of detecting gravitational waves [2], the
study of quasinormal modes of the gravitational field have
gotten even more attention lately and, certainly, will
increase its relevance in the forthcoming years. For in-
stance, by measuring the natural frequencies of a black hole
through a gravitational wave detector one can find the
parameters of this black hole, like mass and angular
momentum. Moreover, one can test alternative theories
of gravity against the experiment [3]. For very good
reviews on quasinormal modes in gravitational physics,
the reader is referred to Refs. [4-8].

In spite of the fact that the perturbation equation for the
gravitational field is much more simple to solve than the
full Einstein’s equation, even the simplest cases, like
perturbations on the Schwarzschild background, proved
to be challenging. In fact, first and foremost, the quasi-
normal spectrum of the Schwarzschild black hole cannot be
obtained exactly [9,10], analytical results were found only
for the extremal case of the Schwarzschild—de Sitter
solution. Moreover, this humble problem was a source
of some debate and confusion in the literature. Regge and
Wheeler were the first to decompose the gravitational
perturbations in Schwarzschild background in terms of
tensor harmonics [11], a tensorial generalization of the
spherical harmonics. In order to perform this, they classi-
fied gravitational perturbations into two types: odd parity
and even parity. In addition, they showed that the equations
for the odd parity perturbations can be put into the form of a
Schrodinger-like equation with a nonintegrable potential.
However, there were some minor errors in the equations
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given by Regge and Wheeler. Indeed, Manasse pointed out
that the equations appearing in the literature contained
mistakes and were inconsistent with Einstein’s field equa-
tion [12]. Brill and Hartle rederived the odd parity
equations which once again contained some errors as
published [13]. The correct differential equations for
perturbations on the Schwarzschild metric, for both par-
ities, have been given by Vishveshwara [14], displayed in
Appendix of his doctoral thesis and published later in
Ref. [15]. Using the latter equations, Zerilli [16] has found
that the even parity perturbation equations can also be put
into a Schrodinger-like equation, just as the odd parity
perturbations. Zerilli’s equation yields an enormous sim-
plification in the analysis of such perturbations and his
work was of great significance in the study of gravitational
radiation formed from an asymmetric gravitational col-
lapse. It is also worth mentioning the contribution of
Fackerell on the analysis of the solutions to Zerilli’s
equation [17]. The Regge-Wheeler formalism was later
extended to other static black holes in four dimensions
[16,18,19] and in higher dimensions [20,21]. Rotating
black holes in four dimensions were tackled in the seminal
works of Teukolsky [22,23]. Recently, some techniques
based on monodromy calculations have been put forward to
obtain analytical expressions for the quasinormal spectrum
of perturbations in five-dimensional Kerr background [24].
However, the latter spectrum is written in terms of
transcendental equations whose solutions must be found
numerically [25].

Continuing the study of the gravitational perturbation in
higher-dimensional spacetimes, here we look for the quasi-
normal spectrum of a generalization of Nariai solution. In
fact, we manage to obtain analytically the spectrum for the
background discussed in Ref. [26]; see also Ref. [27]. In four
dimensions the spacetime considered here reduces to the
well-known Nariai solution, which is a static solution of
Einstein’s field equation that can be attained from the
Schwarzschild—de Sitter black hole in the limit in which
the cosmological and black hole horizons coincide [28,29].
Thus, our spectrum should reduce to Nariai quasinormal
frequencies when the dimension is set to four. This turns out
to be true when a comparison with the spectrum displayed in
Ref. [30] is performed, although the explicit calculation is
not shown there. Nevertheless, our result in four dimensions
coincides only partially with the ones obtained in
Refs. [31,32], where it shows three types of spectra for
the gravitational perturbation in Nariai spacetime depending
on the tensor nature of the degree of freedom being perturbed
—namely scalar, vectorial, or tensorial. On the other hand,
according to our calculations all these degrees of freedom
must have the same spectrum in four dimensions. More
precisely, our spectrum coincides with two of the three
spectra considered in Refs. [31,32]. We believe that a typo
has occurred in the first of these articles, Ref. [31], and then
has been propagated in Ref. [32].

The outline of this article is as follows. In Sec. II we
present the problem and its details. First we discuss the
general field equation for the gravitational perturbation and
then present the higher-dimensional background that is
adopted here. Moreover, we discuss the symmetries of such
background and illustrate how we can take advantage of
these to find a suitable basis to expand the components of
the gravitational perturbation. In particular, we split the
degrees of freedom into two broad types that are not mixed
by the field equations, namely, the odd perturbations and
the even perturbations. Then, in Sec. III we consider the
equations obeyed by the odd degrees of freedom. After
imposing suitable boundary conditions, we are then able to
find an analytical expression for the frequencies that are
compatible with such boundary conditions. In Sec. IV we
follow analogous steps for the even degrees of freedom.
Finally, in Sec. V we present some conclusions and, taking
into account the results of a previous work of ours [33], we
find a formula for the quasinormal spectrum of a perturba-
tion with generic spin and mass in the higher-dimensional
Nariai space considered here. In the brief Appendix, we
provide explicit expressions for the angular functions
adopted as a basis in this work.

II. FIELD EQUATION FOR THE
SPIN-2 PERTURBATION

Let the metric g,, be a solution to Einstein’s vacuum
equation with a cosmological constant A, namely,

R;w = Ag/un

where R, is the Ricci tensor associated with the metric.
Then, performing a perturbation on the gravitational field
9y, and on some matter fields ®; living in this perturbed
background, so that
gﬂl/:gﬂl/—i_h[ll/’ and éi:0+¢i:¢i’ (1)
where £, and ¢; are infinitesimal, it follows that the matter
field perturbation decouples from the gravitational pertur-
bation. Indeed, the matter fields appear in Einstein’s
equation through its energy-momentum tensor, which is
typically quadratic or of higher order in the matter fields ®;.
Since we are assuming that these were zero, before the
perturbation, it turns out that quadratic expressions on ®,
are quadratic on the infinitesimal perturbation and, there-
fore, should be neglected. Thus, the differential equation
for h,, does not have the matter fields as a source.
Likewise, in the field equations for ®; we should only
consider the nonperturbed metric g,,, since each term of
these equations is at least linear in the infinitesimal field ¢;,
so that any contribution of 4,, would lead to a negligible
order. Thus, in general, the perturbations of matter fields
can be analyzed independently from the gravitational
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perturbation. In our previous work [33] we have considered
quasinormal modes associated the matter fields of spin O,
1/2, and 1 in the generalized Nariai spacetime. Now, in this
paper, we will tackle perturbations on the spin-2 gravita-
tional field.

Linearizing Einstein’s equation around the background
with metric g,, we end up with the following equation
for hy,:

2V°V,hyy — Ohy, = V,V,h = 2Ah, =0, (2)

where V, is the Levi-Civita covariant derivative built from
the initial background metric g,,, h = h*,, and [1 = V”V”,
with the indices being raised using the inverse of the
unperturbed metric ¢**.

Here, the background spacetime is assumed to be a
higher-dimensional generalization of the Nariai spacetime
that is the direct product of the de Sitter space dS, with
(d — 1) spheres S2. The line element of this 2d-dimensional
spacetime is given by

ar +lid£22 (3)
I—AP AT

ds*> = —(1 = Ar?)de* +

where dQ? is the line element of the jth unit sphere, given
explicitly by

de = d9j2- + sin? €jd¢j2. (4)

For each of the (d — 1) spheres, there exist three indepen-
dent Killing vectors that generate rotations, namely,

k= sing;0y + cotd;cosp;0y .
k2,j = COS ¢j80j — COtej sin ¢18¢],
k3.] = a¢j‘

In particular, note that the operator that acts on h,, in
Eq. (2) commutes with the Lie derivatives Ek”. Indeed,
since k;; are Killing vector fields of the background
metric, it follows that the action of ﬁk,_/- on g,, yields
zero. Since the Levi-Civita covariant derivative depends
only on the background metric it follows that
ﬁkUVﬂ = V”L',ku. Thus, since Ly, , generates infinitesimal
rotations in the jth sphere, it turns out that if &, is a
solution of Eq. (2), then its rotated version will also be a
solution. This humble assertion has an important practical
consequence, namely, when we expand h,, in terms of
irreducible representations of the SO(3) symmetry group
associated with each sphere, we just need to consider the
elements of the representation basis with m = 0, where m j
is the eigenvalue with respect to ks ;. The other possible

values for m; can be attained by applying the ladder

operators, which are just linear combinations of the
rotations generated by k; ; and k, ;. This leads to great
simplification in the calculations. We shall return to this
point when we introduce the basis used to expand the
components of /.

In addition to these Killing vectors, k, = 0, also gen-
erates an isometry. In particular, this Killing vector is
lightlike at the closed surfaces r = +A~!/2, so that these
are Killing horizons. The boundary conditions of the
quasinormal modes will be posed at these surfaces, as
discussed in Ref. [33], and the domain of interest will be
r € (—=A~'2,A712). In such domain one can use the
tortoise coordinate x defined by r = A~!/2 tanh(xA!/?),
in terms of which the line element becomes

|4
Gudxtdx? = f(x)(—dr* + dx*) + A g dQ;,  (5)
=

where f=f(x) is the following function of the coordinate x:
f = sech?(xV/A).

Besides the continuous symmetries generated by Killing
vectors, there are also some discrete symmetries. In
particular, the line element is invariant under the parity
transformation (spatial inversion) in each of the spheres.
More precisely, the changes

0j—>n—0;, and ¢, > ¢, +x (6)
do not modify the line element (3). Denoting this trans-
formation by P;, it follows that sz is the identity trans-
formation, so that the eigenvalues of this transformation are
+1. Objects unchanged under P; (eigenvalue +1) are said
to have even parity, while those that change by a global sign
(eigenvalue —1) are said to have odd parity. It turns out that
the differential operator that acts on A, in Eq. (2) com-
mutes with these parity transformations, so that the
components of h,, with different parities will not mix in
this equation. Thus, in order to integrate Eq. (2), we can
analyze the even and odd parts of 4, separately without
loosing generality. This fact will be of great practical
relevance in what follows.

Just for illustration, suppose that we would like to study
a test massless scalar field ® propagating in the four-
dimensional Nariai spacetime, so that in our notation
d = 2. Then, in order to integrate its equation [1® = 0,
it is quite useful to assume that this field has the form

(1, x,05, ) = " P(x) Y (0, ). (7)

The latter time dependence is due to the fact that 9, is a
Killing vector, so that ¢ appears in the equation [J® =0
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just through derivative operators 0,. In turn, Y ;’22 is a
spherical harmonic that is suitable to be used as a basis for
the angular dependence due to the fact that the background
has spherical symmetry. The index ¢, labels the irreducible
representations of the SO(3) isometry subgroup associated
to the spherical part of the line element, while m, is an
integer in the domain —¢, <m, <¢, that labels the
(2¢, 4 1) elements of the basis of the irreducible repre-
sentation 5. It is worth stressing that the most general
solution for the scalar field is not the one given in Eq. (7),
but rather a general linear combination of the solution (7)
for different frequencies @ and different values of the
separation constants , and m,.

Now, suppose that we are interested in integrating the
field equation for a spin 1 gauge field A, in this four-
dimensional background, V¥V,A,; = 0. Since the spheri-
cal harmonics are a basis for the functions in the sphere, we
could also expand A, in terms of them just as we did in
Eq. (7), namely,

A(t,%, 05, ) = €' AL (X)Y 2 (65, r). (8)

However, this is not the most suitable choice. Indeed, while
the components A, and A, are scalars with respect to the
action of the isometry subgroup SO(3), the components Ay,
and Ay, transform under rotations as the components of a
covector field in the sphere. Therefore, the most natural
way to expand Ay, and A, is using a basis of 1-forms in the
sphere. Starting from the spherical harmonic Y ';22 (05, ),
which are scalar fields in the sphere, one can take covariant
derivatives and build the following 1-forms

Vi, =V,Y;2, and Vi =¢&,.,V°Y;”,  (9)
where the indices a, b, ¢ run through {0, ¢}, @az denotes
the covariant derivative in the unit sphere, whose line
element and metric g,,,, are given by

ds® = §o,p,dx2dx? = d63 + sin® 0,d¢?,

whereas €, is the volume form in the sphere. Explicit
expressions for V£ are provided in Appendix. These two
I-forms have different behaviors under the parity trans-
formation (6). Since a spherical harmonic transforms as
ngzzllmi/(_l)fzyzz (10)
under the parity transformation (6), it follows that the
I-form V* =V dx® is multiplied by (—1)" as well,
while V= = V dx® gets multiplied by (—1)">"1. In what
follows, given a certain irreducible representation £, objects

that transform under parity in the same way as the spherical
harmonics, namely, as in Eq. (10), are dubbed even, while

objects that get an extra minus sign under parity trans-
formation are called odd. Thus, for instance, we shall say
that V' has even parity, while V= has odd parity. Using
these objects, the natural decomposition for A, is

Aydxt = e [(Adt + Adx)Y) + ALV + AV,

where A,, A, and A, are functions of the radial coordinate
x. These four functions account for the 4 degrees of
freedom of a 1-form in four dimensions. Moreover, in
the field equation V#V,A,; = 0 the components A,, A,,
and A, do not mix with the component A_ since these have
different parities and the background is invariant under
parity transformation. Thus, in order to find the general
solution one can first ignore the component A_ and
integrate for A,, A,, and A_; then, set A,, A,, and A,
to zero and find A_. This separation represents no loss of
generality.

Finally, suppose that we want to integrate the gravita-
tional perturbation equation given in Eq. (2) for the case
d = 2. Following the idea presented in the previous para-
graph for the gauge 1-form, it follows that the components
hy, h,., and h,, should be expanded in terms of spherical
harmonics, while the components #%,,, and h,,, are com-
ponents of 1-forms with respect to the sphere and, there-
fore, should be expanded in terms of V; and V. On the
other hand, the components £, ,, form a rank two sym-
metric tensor in the sphere and, therefore, should be
expanded in terms of an angular basis that has the same
nature. Three options for basis are

@D _ yhmaa
Ta2b2 - YL”Z Yayb,»
+ _ Y v Ny
Ta2b2 - vazvbz Yfz ’
— oA VAR VIR %D A VAR v R %)
Ta2b2 = €a2C2vb2V prz + €b202va2v Yfz . (11)

Explicit expressions for these tensors are provided in
Appendix. Then, the suitable way to expand h =
hy, dx'dx” is

h = ¢'[(H,,dr* 4 H,,dx* + 2H  dtdx)Y}’
x2(H, dt+H,  dx)V" +2(H,_dt+ H,_dx)V~
+HgT® +H, TT+ H_T],

where T stands for T;’zquxazdxb% and likewise for 79
and T~. The ten H’s are functions only of x and they
account for the 10 degrees of freedom associated to &, in
four dimensions. 7® and T" have even parity, namely,
transform in the same way as the scalar Y?; under a parity
transformation, while 7~ has odd parity. With this ansatz
for h,,, it is much easier to integrate Eq. (2) than using just

the spherical harmonics to expand the angular part of
the field.
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With these examples at hand, we are ready to expand, in
anatural way, the gravitational perturbation h = h,,, dx*dx"
in the generalized Nariai spacetime for arbitrary d. The
components h,,, h,,, and h,, are scalars with respect to the
(d — 1) spheres and, therefore, their angular dependence
should be given by the product of spherical harmonics

Y=Yy 05, $2) Y} (03, 3) - Y7 (Ba. a)-

When we perform a parity transformation in each of the
spheres this scalar transforms as

y@/(_l)fﬁ-drﬂ,y'

Objects that transform in the same way as ) under a parity
transformation will be said to have even parity, while
objects that gains an extra minus sign, compared to ), will
be said to have odd parity.

In turn, Ay, and h,, behave as the components of a
I-form with respect to rotations in the jth sphere, but
behave as scalars with respect to rotations in the other
(d — 2) spheres. Thus, a suitable basis for their angular
dependence would be

d
Vtﬂz:, = Vg:,-<9jv ¢]) H Y;l: (an ¢n>?
n=2,n#j
where VjE have been defined in Eq. (9). With these objects
we can deﬁne the 1-forms

VE =Vido; + Vi dg;.

One can check that the 1-form V}L has even parity, while V;
has odd parity.

In an analogous fashion, ha/_bj behave as a symmetric
rank two tensor with respect to rotations in the jth sphere
and as scalars with respect to rotations in the nth sphere
when n # j. Thus, a suitable basis for the angular depend-
ence of this part is

d
To =T @) 11

n=2,n#j

Y (O n).

where T;”j by T;j b and T?é b, have been defined in Eq. (11).

The corresponding tensors are, then, defined by

T;® = Ty0do; +2T, 2d0;dg; + T, di.

where TjB and T}” have even parity, while 7 has odd
parity.

A more tricky type of component is £, , with n# j,
which behaves as the components of a 1-form under
rotations in the nth and jth spheres, while it behaves as

a scalar with respect to rotations in the other spheres. We
need a basis for the angular dependence that has this

property. On top of that, we would like the basis elements to
have a definite parity. A solution to these constraints is
provided by the following functions:

Wy = Vi 0n ) Vi (0.7 [T Y2 O ).
k#n.j

Vi (0i.4:)Vy (0,.9;) H Y2 (O, i)

k#n.j

Ve (0i.0:)V;, (0,.9)) H Y2 (O i)

k#n,j

Vy (0,.4;) H Y3 (O, i)

k#n,j

D
We, =

W_ b, -

aj

Wey, = Va(0:.)

Using these components we can define the symmetric rank
52 — ©

two tensors W, WS, W5, and WY, in the natural way.

For instance,

W), =W, d0;d0, + Wy , d0,dd,
+ W, g d;d0, + Wy, dipdep,,

and analogously for the other three tensors. W' and W®
have positive parity, as they transform in the same way as )/
under a parity transformation, while YW~ and W® have
negative parity. Note that the odd parity modes come from
the product of modes with opposite parities, whereas the
positive parity modes arise from the product of elements
with the same parity. Moreover, note that in order to
consider W1 i Wﬁ, Wj_n, and Wjen as a basis for the
components of the type h, ;, , with n # j, we just need to
assume n > j, since the case j < n lead to the same rank
two tensors. For instance, W5, = W4,, and W5, = W5,.

The preceding steps used to find a suitable basis for the
angular dependence should not be underestimated. Indeed,
the perturbation equation for A, is quite involved and can
lead to an unbearable entanglement between the compo-
nents of &, if a natural basis is not adopted.

Thus, using these angular bases, a suitable way to expand
the gravitational perturbation h = h,,, dx*dx" is as follows:

h = et {(Hndﬂ +2H, dtdx + H, dx*)Y

+ > (HGVI +HpV)de+ (HE V] +H V7 )dx
+) HjTj +HPTP +H;T;

|’

&M& ILM& =

d
z:Hﬂ/V+ +HEWS + H, W5, + H WS,
>j

where the H’s are all functions of the coordinate x.
Counting the number of independent functions, we have
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three coming from the first line of the right-hand side of the
previous equation, namely from H,, H,,, and H,; in the
second line there are (d — 1) functions H;; and, analo-
gously, more 3(d — 1) components stemming from H;,
Hjj, and H_;; in the third line we have 3(d — 1) indepen-
dent functions; finally, in the fourth line we should recall
that n > j, so that there are 4 W functions. Summing

the number of these functions, we have

34+4(d—1)+3(d=1)+2(d—1)(d-2) :%’
which is exactly the number of independent components of
h,, in 2d dimensions. This proves that no possible degree
of freedom of the perturbation field is being neglected.
Once we have made an appropriate expansion for 4, we
are ready to start the integration process of Eq. (2). In order
to do so, we can take advantage of the spherical symmetries
and only consider the cases m; = 0, for all j, so that no ¢;
dependence will show up. Thus, any derivative of the type
8¢j will not contribute, including those appearing in the

definition of our basis. For instance, V; and V, are
J J

automatically zero in such a case (see the expressions in
Appendix). As explained before, this will represent no
important loss of generality, since the other solutions can be
generated by applying rotations to the ones with m; = 0.
Moreover, in this work we are only interested in the
frequencies of the quasinormal modes, which are invariant
under the rotations in the spheres, so that we do not even
need to bother about generating solutions with nonzero
values of m;. Another great simplification that we can take
advantage of stems from the fact that the field equations for
h,,, do not mix components with opposite parities. Thus, in
what follows we will separate the integration of the
perturbation equation in the odd degrees of freedom, which
will be tackled in the next section, and the even degrees of
freedom, which will be considered in Sec. IV.

A different source of simplification in the calculations
performed below arise from the gauge freedom in the
choice of the coordinate system. If we perform the change
in the coordinates

X T = xf O (12)

where ¢{# = ({#(x) is infinitesimal, it follows that the
components of the metric in the new coordinate system
are given by

Guv = g;w = 9w + vygu + vugu'

Thus, performing the perturbation (1) in the metric fol-
lowed by the infinitesimal coordinate transformation (12) is
equivalent, to first order in the infinitesimal parameters, to
performing just a metric perturbation with the perturbation
field being

h/w = h/w =+ vﬂz.:b =+ qup-

Since physics is insensitive to coordinate transformations, it
follows that the transformation

h;w = h;w + vﬂgu + vué,;u (13)

is just a gauge transformation; namely, it does not lead to
changes in the physical results. In particular, these trans-
formations do not change the quasinormal spectrum of the
gravitational perturbation (assuming that we are not chang-
ing our time component). In what follows we will perform a
wise choice for the vector field {# in order to eliminate
some degrees of freedom of the perturbation field.

III. ODD PERTURBATIONS

Constraining the perturbation to have just the odd
degrees of freedom, under the parity transformation, it
follows that we can assume that £, is given by

d
h = eiwt{ > [(Hdt + Hydx)V; + H7T7]
=

d_d
>

Jj=2 n>

(H;WV;, + Hﬁwﬁ)}. (14)
J

However, one can eliminate some degrees of freedom by
means of a gauge transformation. Indeed, performing the
transformation (13) with ¢, given by

d
S dxt = —e! ZZH;VT,
j=

it follows that the transformed field fz,w is such that it has
the same form as depicted in the expansion (14) but with
the fields H~(x) transformed to H~(x) where

FI,—]. = Hy; — ioH7,
Hyj = H — e Hy
I:IJT =0,

Hj, = Hj, — H;,
A, = HS, — H7.

Thus, we see that the components H]T of the ansatz (14) can
be eliminated by a gauge transformation, while the other
components just get redefined. Thus, in what follows we
can ignore the degrees of freedom I:IJT and consider that the
gravitational perturbation is given by
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{i Hydt + H;dx) V5]

j=2

d
DR ALALATAGN

Jj=2 n>j

Now, inserting this perturbation into the field equa-
tion (2), we are eventually led to the following equations:

. d|1fad _ . _
Ey, = = [f (dxH thx])] - Ak =2)H;
+1a)AZK He +H,;) =0,
n#j
B io(d . -
ExaﬁjE? d_H’/'_’“’ij ~ Ak =2)Hy
+AZKn (HS, + Hy;) =0,
n#j
. 1fd e
Eg.y, T f EHX/_””HU AZK” Hy, + Hyy) =0,
n#j
d2
Ejy = d2(H®+H )
+ [0 = FAk = 2)[(Hy); + Hj,) = [Eg 4, = 0.
(15)

In the left-hand side of these equations, the objects E,,
are just to stress that the equation E,, = 0 comes from
imposing the component puv of Eq. (2) to hold. The
components that do not appear above, like E;; are identi-
cally vanishing. In the last line of Eq. (15) it is being
assumed that n # j. Above, we have also used the
definitions

d
j=2

Thus, the above equations comprise all the restrictions
associated with the perturbation equation obeyed by h,,.

In order to attain Eq. (15), we have assumed that the
spherical harmonics Y;"/;" (0;.¢;) have m; =0, which is
justified by the sphericél symmetry, as explained before.
So, we have used Yf =Y., (0;), where Y, (0;) obeys the

following dlfferentlal equation:

1 d d
0,2y Y, =0.
sin0; do, <Sm I do, ff) ¥y, =0

In Egs. (15), the fields Hjen and H;, appear only by
means of the combination (Hnej + H3,). Note, however,
that we are always assuming that n # j, so that either n > j

or n < j. These fields were defined through Eq. (14), where
it is always assumed that the second index is greater than
the first. Thus, the fields HS, and Hj, with j > n are not
defined. Hence, the convention in Eqs (15) is that these
undefined fields are zero. So, what might appear as two

fields in the sum (H3, P H;) is, actually, just one field.
Indeed, if n > j it follows that H; vanishes, so that (H, P
H,;) = Hj,, while if j > n we have (HS, + H,,;) = Hy,,.
Summlng up, in Egs. (15) we have

H ., ifj>n

nj’

HS, ifn>j

Jn’?

) -\ —
Assuming that E, , vanishes, in accordance with the
third line in Eq. (15), it follows from the last line in Eq. (15)

that the fields H7, and H,?j both obey the following
differential equation:

“H+

d
Gt |

Ak =2) B
coshz(\//_\x)]H —0.  (17)

This is the well-known Péschl-Teller equation [34], that can
be integrated analytically. In particular, assuming that the
boundary condition for the perturbation field is as depicted
in Fig. 1, which is the appropriate boundary condition for
quasinormal modes, it follows that the spectrum of allowed
frequencies is

o = VA[\/k—9/4+i(N+1/2)], (18)

where N € {0, 1,2, ...}. For more details on the calcula-
tion of the spectrum and on the choice of boundary
condition, the reader is referred to Ref. [33]. Thus,
summing up, we have just proved that the spectrum of
the degrees of freedom Hj, and Hjen is the one given in
Eq. (18). It remains to check whether H " and H; have the
same spectrum. Defining the field

Vavas VY

A i 4

A2 0 A2

FIG.1. The wavy arrows depict the direction of the perturbation
field at the boundaries, while the cones are the local light cones.
This boundary condition is the appropriate one to attain a
quasinormal mode at the generalized Nariai spacetime; see
Ref. [33].

084037-7



JOAS VENANCIO and CARLOS BATISTA

PHYS. REV. D 101, 084037 (2020)

. 1(/d _ .
Hj :? Esz_l(”ij ,
it follows immediately from the equation

d .
aE"’l’f —iwE,, = 0
that I:I]T also obeys the Poschl-Teller equation (17) and,
therefore, have the same spectrum of the fields an and
Hjen, namely, Eq. (18). Then, by means of the equations

¢,- =0and E;¢j = 0 we can write the fields H " and H;j

in terms of the fields that obey the Poschl-Teller equation.
More precisely, we have

1 d i iw
- — o _
Htj —ﬁ— ZK,,(H +H
n#/
io
- (S
ij 7A(K'— J K szn H +Hnj)

n#j

So, H;; and H ; must have the same spectrum of H . Hj,e

and Hjen, namely, Eq. (18). Indeed, since fields H Hi,
and Hjen obey the boundary condition depicted in Flg. 1, it
follows that near the boundaries x — +oo (r — £1/v/A)
the behavior of these fields is et®*. Thus, linear combi-
nations of these fields and their derivatives will also obey
the same boundary conditions. Another way to understand
why H; and Hy; have the spectrum (18) is by applying the
differential operator that acts on H in Eq. (17) to the above
expressions for H; and H7;. Doing so, we can check that
H}; and HY; obey the Poschl Teller equation with a source,

namely,

P Lo Ak=2) ], df
— Q) .= P,
dx? cosh?(v/Ax) v ! dx

where F; = F;(x) is some field obeying the Poschl-Teller
equation and likewise for H,;. The general solution for a
linear differential equation with a source is given by the
general solution for the homogeneous part of the equation,
which in the latter case is the Poschl-Teller equation, plus a
particular solution that depends linearly on the source. In
the case of interest, the source goes to exponentially zero at
the boundaries, due to the term df/dx. Hence, near the
boundaries H;; and H}; obey the Poschl-Teller equation
and, therefore, yield the same spectrum (18).

So far, we have imposed and solved the equations
Ey, =0, Ey =0, and E; , =0, whereas we have Jjust

assumed FEj b = =0 to be true, without really solV1ng it.
However, inserting the latter expressions for H;; and H};
the third line of Eq. (15) it follows that Egj 6= 0 whenever

Hjen and Hj, obey the Poschl-Teller equation (17), so that
the constraint Eg/_ 6 = 0 is already guaranteed to hold once

the other equations in Eq. (15) are solved. In conclusion, all
degrees of freedom of the odd perturbation have the
spectrum (18).

IV. EVEN PERTURBATIONS

The even parity perturbation has the general form

h = eiot |:(H dr? + ZHMdldX + Hxxdx )y

d
+ > (HiVidi+H Vi dx+H/TS +HPT?)
j=2

ol x] 7]
J
d
DN D
© 33 HENE) (19)
=2 n>j

Then, performing a gauge transformation (13) with

iwt

e
£, dxt = 5

d
+yt
[Aydt + BYdx — Zz HIV] } ,
J=
where A =A(x) and B = B(x) are functions of the
coordinate x given by

A = ioH! —2H}, (20)
d .. +
B=__Hf -2H), (21)

it follows that the transformed perturbation field il/w is such
that it admits an expansion just as depicted in Eq. (19) but
with the fields H(x) transformed to H(x) where A, H},
and A, all vanish; H? and H$, are equal to H? and HY
respectively; while the other degrees of freedom change as
follows:

" f[d .
H,=H,— 27\d —H+—2H;2 —w’Hi —2ioH},,
. fld_. d? d
Hyo=H =2\ 5 Hs —2H), | +—=H; -2—H,
xx XX 2f x2 +d dx x2
H,=H, ——/(ia)H+—2H+)+iwiH+—iH+—ia)H+
tx X 2f 2 7] dx 2 dx 12 x2°
H/=H/- H++2(H+—H+)vﬁe2
. 1d
H=H}, H2+g(H+ —H[ )V j#2,
. 1
+ _gg+ + +

Hence, the following (d + 1) degrees of freedom can be
set to zero:
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a,=0., HL=0  Hf =0, (22)
since they can be eliminated by a gauge transformation, whereas the other H’s are just equal to the previous H’s added by
functions of x. Thus, assuming this gauge choice and dropping the tildes, it follows that we can assume that the perturbation
field has the form

d d
h = eior {(Ht,dtz +2H,didx + Hod®)Y + S HPT® 1+ (HjVidi + HVFdx)
j=2 J=3
d d
=0 i + HEVE). =
Jj=2 n>j

Now, inserting this ansatz into the field equation (2), we find the following differential equations obeyed by the fields H’s

d /
. . f d
Ejf =AN2—«&f)H, - 2AH,, +2Af ) [zw(KjH; + ioH®) - T kiHyG + HY

=2

& . d > (4 d :
+WH"_210)EHM_(U Hxx—i—? aHxx—?)EHn"—ZI(UHm :0,

d (1 , , d (1
E,J}EZ[KJ-]‘E (?HZ> +1a)1<jH;rj—KjH,x+21a)\/fE <WH?)] =0,
j

. d d i d o /' + d ©
ExszAH”—A(Z_Kf)Hxx_Q’Af E KJEHXJ—’__H —_— KJHXJ'FEH]
=

dx*" 7 2f
d? . d f[d d ,
+WHH_2lw$HUC_w2HXX+ﬁ<5HXX_3EHZI+2ZO)HUC> :0,
d[l/d , . |1/d .
Ey = [f (EH; - la)Hjj)] +iw {— (EH;FJ - la)Ht*jﬂ - Ak =2)H;
: d
1d o e TN S
_?EHM —"_g(Htt +Hy)+A 2 (ioHP + x,Hy,) = Z(UE¢].¢/. =0,
1/d d[1/d
+ o + _orrt o iorrt +
El, :la)[? (EHtj—la)ij)] + 7 aij—za)H,j)} - Ak =2)H;
iw 1d L (d d
—H,, ——(H H A —H® Hi | -—E! =0,
+f 1x 2fdx( wt He) + ;(dx 7 Ky xn) dx "hid
d2
i, = s (], + HE) + [0 = A= D)0} + 1) = S}, = SE, =0
d
Ej g, =3 (HS + HY) o+ 07 = Af(x = 2)(HS, + H) = 0.
(L oE ® ‘ & + + 1
E¢/_¢j=} JH = ioH; | + AH] —AZZ[HH +1<n(Hjn+Hnj)]+§(H,,—Hxx):O,

11

El/’j¢/ dx2 J
Il _

E‘)j"j - E(/’j‘/’j 0,
11— pIl I

Egjef = E¢f¢j + 2foE¢j¢j =0, (24)

where f’ stands for df/dx, as usual.
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The great advantage of using the angular basis
{J, V;F,T ?, ---}, instead of just using the spherical har-
monics ) is that when we compute the components of the
perturbation equation (2) the angular dependence auto-
matically factors out as a global multiplicative term, so that
we end up with equations that depend just on the coordinate
x, as we have seen for the odd perturbation, in the preceding
section, and as we now see in the above equations for the
even perturbations. Nevertheless, in the components ¢;¢;
and 60;0; of the even perturbation equation the angular
functions do not factor automatically, rather we face an
equation of the following type

Y9 (0,)A(x) + cot;— - d y Y0 (6,)B(x) =0. (25)

do;

However, in general, the spherical harmonic Y, Y is linearly

independent from cot 9] a0,

implies both A(x) =0 and B( ) = 0. This is the reason
why the equations that stem from the components ¢;¢; and
0,;0; are split in two separate constraints, which are denoted
in Eq (24) by E¢ by Eéfd) , Eéja_,’ and Eéﬁa/_. The only case in
which we cannot conclude that A and B are both zero in
Eq. (25) is when the two angular functions are linearly
dependent, namely, when

Y(} , so that the latter equation

d
aY? (0 () + Beotd;— a0,

Y3.(0;) =0
for some constants a and f. Integrating the latter constraint,
we conclude that the linear dependence happens only if

Y(}j (0;) = c(cos 0,)%7,

where ¢ is some constant. This is true only for #; = 0, in
which case a/f =0, and for #; =1, in which case
a/p = 1. Thus, for any #; > 1 we can promptly assume
that, in Eq. (25), A and B are independently zero, as we
have done.

From the components E;r 0,0 E;f 4,0 and E(I/)Ij 4y We obtain

that the fields H', H®, and HGB obey the Poschl-Teller

jn> Hjn
equation, namely,

P Alc=2)
dx? coshz(\//_\x)

H=0. (26)
In order to conclude this, we have assumed that Einstein’s
equation E(’/) b = = 0 holds. As discussed in the previous
section, assuming the suitable boundary conditions for the
quasinormal modes of the gravitational perturbation the
allowed frequencies are given by

o = VA[\/k—-9/4+i(N+1/2)], (27)

where N € {0, 1,2, ...}, see Eq. (18).

Now, defining the ﬁelds Vi = V[’ , and Vi = V[’j’n] as

1/d . d .
V§n = } <d_thJ; — la)Hj;] _aHj‘;z + la)Hjn) ’

1/d . d .
Vj{/l = ‘? (aHrj - l(UH;; - EH;’ + l(l)H;;) ’
and assuming that E{/;,-r/),- = 0, so that the dependence on
Efﬁ 4, can be omitted from the definitions of E), and E/,,
77T J 7
the following identities hold:

d’ Ak -2
—— Vi +[ p_ Alx=2) }an
dx cosh?(v/Ax)
d .
= Ic (Eza E$ ) — lw(E;rej - E;ran)7
d_2V11 [ 2 _M} Vi
dx? cosh?(v/Ax)] "
d

(Eje Eje,,) - iw(E:B_, - E:@)

dx

Thus, whenever the field equations Ej(;/_ =0 and Ejgj =0

hold, it follows that V and Vil obey the Péschl-Teller
equation and, therefore, have the spectrum (27).

It is worth recalling that our gauge choice is such that
H}j; = H}, = 0. So, from the identities E,y, — E, = 0 and
E., —Ew, = 0, and assuming that E(Zj(/)/_. =0, it follows
that

1 d
+ 1 H 11
i = o=z (s V4t %)
Y= d Vi oV, (28)
T Ak —2) 2 ’

and thus the spectrum associated to these fields must be the
same as that for V% and V], namely, Eq. (27).

It remains to obtam the spectrum of the fields H,,, H,,,
and H,,. From E/, = 0, we can isolate H,, which leads to

the equation

=2 | (774)
+la)KH++2la)\/_ ( ﬂ

Thus, H,, can be written in terms of Hg, Hj], H€B and its
denvatlves so that H,, must have the same spectrum of the
latter fields. Finally, from the equation E& =0, we find

that
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2 [d
I B _ ; (&) +
Hy+ Hy = — [ T H Af;(le” + K,,Hm):| ,

where it has been used that H; and H, both vanish, due to
our gauge choice, and it has been assumed that E;/_ 6= 0,

as done before. Now, from the equation Ef% b = 0 we find

Hy — Hy = 2Af) [H® + x,(H3,)].

n>3

Thus, from these equations for H,, == H,, we conclude that
these fields are written in terms of fields that we already
proved that have the spectrum (27). This finishes the proof
that in the generalized Nariai spacetime all degrees of
freedom of the gravitational perturbation, scalar, vectorial,
and tensorial, even and odd, have the same spectrum of
quasinormal modes. In particular, when D =4 we have
k =¢(¢£+ 1) and the spectrum can be written as

%:ﬂ:\/(f—i—Z)(f—l)—%—H(N—&-%), (29)

this is exactly the spectrum of frequencies shown by
Cardoso in Ref. [30], in which an exact expression for
the quasinormal modes of gravitational perturbations of a
near extremal Scwarzschild—de Sitter black hole, in four
dimensions, was displayed. It is well known that the
extremal limit of the Scwarzschild—de Sitter solution, when
the black hole horizon coalesces with the cosmological
horizon, yield the Nariai spacetime [28,29], so that both
spectra should, indeed, coincide. Nevertheless, when
D =4, our analytical spectrum is in disagreement with
the quasinormal frequencies for the tensorial degrees of
freedom of the gravitational perturbation displayed in
Refs. [31,32]. We believe that this difference might have
come from a typo in Ref. [31] that was replicated
in Ref. [32].

In order to obtain the spectrum of the even part of the
gravitational perturbation it was not necessary to use all
field equations displayed in Eq. (24). More precisely, we
have not solved E;; = 0, E, = 0,and Ej, , = Oforn > 2.
Therefore, it is prudential to check if these remaining
equations are consistent with the solutions of the ones that
we have used. After some algebra, we have checked that
this consistency holds indeed. Thus, once we assume that

Hj,, HS, H® V! and V! obey the Poschl-Teller
equation (26), and that H,;, H,;, H/, Hy;, and H{, are

given by the expressions given above, it follows that the
remaining components of Einstein’s equation are automati-
cally satisfied.

V. CONCLUSIONS

In this article we have explored the quasinormal modes
of a higher-dimensional generalization of the Nariai
spacetime, with dimension 2d, and obtained that all
degrees of freedom of the gravitational perturbation have
the same spectrum, namely the one displayed in Eq. (27).
This differs, for example, from what happens in other
higher-dimensional spacetimes like Schwarzschild and
(anti) de Sitter [10,35,36], in which different parts of
the gravitational perturbation have different spectra.
Thus, the isospectral property of the higher-dimensional
the Nariai spacetime considered here proves that the
existence of different spectra to different degrees of
freedom of the gravitational field is much more related
to the symmetries of the spacetime than to the tensorial
nature of the degree of freedom of the perturbation or to
the dimension of the background. Here the background
has SO(3) x SO(3) x - - - x SO(3) symmetry, d — 1 times,
whereas the Schwarzschild black hole has a SO(2d — 1)
symmetry.

The angular basis constructed here can also be used to
separate the degrees of freedom of the gravitational
perturbation propagating on other backgrounds with the
symmetry SO(3) x SO(3) x - -- x SO(3). In particular, the
higher-dimensional black hole presented in Ref. [26] can
certainly be handled with the technique introduced here.
The same idea can also be applied to any spacetime that is
the direct product of several spaces of constant curvature.

This work completes the results obtained in a previous
paper in which the quasinormal spectrum for fields with
spin 0, 1/2, and 1 have been explicitly calculated [33].
Now, with all these results at hand, we can write down a
unique formula that works for all of these cases:

o= VA[\/i + 12 = (s = 1/22 +i(N +1/2)]

where s is the spin of the perturbation, y is the mass of the
field, and L? is the squared angular momentum eigen-
value. For instance, the gravitational perturbation amounts
to choosing =0, s =2, and L> =k =, Z;(¢; + 1).
The expression for L? is the same for the scalar field
(s =0) and for the electromagnetic field (s = 1), since
these are all bosonic fields. On the other hand, for the
spin 1/2 field we have L*>=3),43, where 1€
{£1,£2,---} are the eigenvalues of the Dirac operator
on the unit sphere. It is worth pointing out that while in
Ref. [33] Einstein’s vacuum equation was not assumed to
hold, so that the spheres of the generalized Nariai
spacetime could have different radii [26], depending on
the electromagnetic charges of the background, here we
have assumed vanishing charges, so that the gravitational
perturbation decouples from the electromagnetic pertur-
bation. Otherwise, we would have to consider the gravi-
tational and electromagnetic perturbations simultaneously,
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since the electromagnetic perturbation field would be a
source for the gravitational perturbation, as discussed
above in Sec. II. Note also that we have not analyzed the
perturbations for the Proca field and for massive gravi-
tational field, i.e., for spin one and two the above formula
has been checked only for the case of vanishing mass,
1 = 0. However, it is natural to expect that the above
formula for the spectrum will also hold for these cases not
considered yet.
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APPENDIX: BASIS FOR THE ANGULAR
FUNCTIONS

In order to facilitate the attainment of the results we
provide the explicit expressions for the basis of tensor fields
adapted to the spherical symmetry that we have used to
span the various degrees of freedom of the gravitational
perturbation in the generalized Nariai spacetime.

V=V, Y2dxt = 0pY2d0 + 9, Y ddp,
V™ =2, .VYZdx® = csc 00, Y1 d0 — sin 00, Y ddp,
T® = Y7d* + sin?0Y" d¢p?,
T+ =03y"do* + 2(0g04 Y} — cot 00, Y )dbddp
+ (037 4 cos 0sin 00, Y )dgp?,
T~ =2cscO(0gdy YV — cot00,Y")d6?
+4(csc 3Y7 + cos 00,7 — sin09GY ) dOdep
+ 2(cos 004 Y — sin 00,0, Y ) dp*.
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