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Two strategies for constructing general geometric operators in all dimensional loop quantum gravity
are proposed. The different constructions mainly come from the two different regularization methods for
the basic building blocks of the spatial geometry. The first regularization method is a generalization of the
regularization of the length operator in standard (1þ 3)-dimensional loop quantum gravity, while the
second method is a natural extension of those for standard (D − 1)-area and usual D-volume operators. Two
versions of general geometric operators to measure arbitrary m-areas are constructed, and their properties
are discussed and compared. They serve as valuable candidates to study the quantum geometry in arbitrary
dimensions.
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I. INTRODUCTION

As a nonperturbative and background-independent
approach to unify general relativity (GR) and quantum
physics, loop quantum gravity (LQG) has made remarkable
progress [1–4]. An important prediction of this theory is the
quantum discreteness of spatial geometry at Planck scale,
since the spectrums of the geometric operators, such as
volume and area, are discrete [5–7]. A key step in the
procedure of constructing these geometric operators is to
regularize the classical geometric quantities in terms of
holonomy and flux which have direct quantum analogs.
Different choices of regularization strategies may lead to
different versions of a geometric operator, e.g., the two
versions of volume operator [5,7,8]. Some consistency
checks [9–11] on different regularization methods have
been done in order to choose suitable construction and fix
the regularization ambiguity. It turns out that many geo-
metric quantities, including length [12–14], area [5,6],
volume [5,7], angle [15], metric components [16], and
spatial Riemann curvature scalar [17], have been quantized
as well-defined operators in the kinematic Hilbert space of
LQG [6,18–20]. The starting point of LQG is the Ashtekar-
Barbero connection dynamics of (1þ 3)-dimensional GR,
and this theory will be called (1þ 3)-dimensional standard
LQG in the following part of this paper. However, this
Hamiltonian connection formulation depends on the
dimensions of space such that the internal gauge group
is SUð2Þ, since its definition representation and adjoint
representation have same dimension. This structure cannot
be directly extended to the higher dimensional case. An

alternative connection dynamics of GR in arbitrary
(1þ D)-dimensions was proposed by Bodendorfer,
Thiemann and Thurn [21,22]. In their scheme, the con-
nection formulation is achieved by extending the Arnowitt-
Deser-Misner (ADM) phase space (1þ D)-dimensional
GR as a Yang-Mills phase space with gauge group
SOðDþ 1Þ, and extra Gaussian constraint and simplicity
constraint is introduced to eliminate the gauge degrees of
freedom. By such a scheme, the connection formulation
with compact gauge group SOðDþ 1Þ is valid for both
Euclidean and Lorentzian signatures. The difference of
signatures is reflected by the plus and minus signs
respectively in front of the Hamiltonian constraints in
the two cases. In the present paper, the construction of
geometric operators in arbitrary dimensional LQG based on
this alternative formalism will be studied.
The phase space of the classical connection theory is

coordinated by a canonical pair ðAIJ
a ; πbKLÞ with nontrivial

Poission bracket,

fAIJ
a ðxÞ; πbKLðyÞg ¼ 2κβδbaδ

½I
Kδ

J�
L δ

ðDÞðx − yÞ; ð1Þ

where κ ¼ 16πGðDþ1Þ is the gravitational constant in
(1þ D)-dimensional space-time, β is the Barbero-
Immirzi parameter in this theory, the spatial indices read
a; b; c;… ∈ f1;…; Dg, internal indices read I; J; K;… ∈
f1;…; Dþ 1g and x; y;… are coordinates on a D-dimen-
sional spatial manifold σ. This phase space is subject to the
Gaussian constraint

GIJ ≔ ∂aπ
aIJ þ 2A½I

aKπ
jaKjJ� ¼ 0; ð2Þ

and simplicity constraint
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Sab
IJKL ≔ πa½IJπ

b
KL� ¼ 0; ð3Þ

which induce gauge transformations, as well as spatial
diffeomorphism constraint and Hamiltonian constraint
which give the spacetime diffeomorphism transformations.
The solution of simplicity constraint links the momentum
πaIJ and spatial geometry by

πaIJ ¼̂ ffiffiffi
q

p
n½IeaJ�; ð4Þ

where ¼̂ represents “equal on simplicity constraint sur-
face,” eaJ is the “D-frame” related to the inverse spatial
metric qab by qab ¼ eaI e

bI, q is the determinant of the
spatial metric qab, and nI is an internal normalized vector
such that eaJn

J ¼ 0. Also, on the constraint surface of the
simplicity constraint, one can define the spin connection
field ΓIJ

a by [21]

ΓaIJ ¼ n½I∂anJ� þ eb½I∂aebJ� þ Γb
aceb½IecJ�; ð5Þ

where eIa ¼ qabebI , and Γc
ab is the Levi-Civita connection.

Then on the constraint surface of the Gaussian and
simplicity constraints, the extrinsic curvature Kab of the
spatial hypersurface σ is related to the SOðDþ 1Þ con-
nection by

Kb
a ¼

1

β
ffiffiffi
q

p ðAaIJ − ΓaIJÞπbIJ: ð6Þ

Based on these relations, the symplectic reduction of the
SOðDþ 1Þ Yang-Mills phase space with respect to
Gaussian and simplicity constraints can be identified
with the familiar ADM phase space of GR in (1þ D)-

dimensional space-time. Especially, the transformations
induced by the simplicity constraint only change some
components of AIJ

a , while the Gaussian constraint induces
the local SOðDþ 1Þ rotations. This classical connection
theory can be quantized following the standard loop
quantization methods, and the resulting all dimensional
LQG is equipped with a kinematic Hilbert space H ¼
L2ðĀ; dμ0Þ and the corresponding quantum constraints.
The kinematic Hilbert space is the completion of the space
of cylindrical functions and spanned by a basis of states
each of which is given by a network of holonomies, with a
specific SOðDþ 1Þ representation assigned to each edge of
the network, and a specific coupling between the neighbor-
ing SOðDþ 1Þ representations assigned to each vertex of
the network. The basic operators, including holonomy
operator and flux operator, act on a cylindrical function
fγðAÞ in H as

ĥeðAÞ · fγðAÞ ≔ heðAÞfγðAÞ; ð7Þ

π̂IJðSÞ · fγSðAÞ ≔ −iℏκβ
X

e∈EðγSÞ
ϵðe; SÞRIJ

e fγSðAÞ; ð8Þ

where heðAÞ is the holonomy of AaIJ field along edge e,
π̂IJðSÞ is the standard flux operator corresponding to the
classical flux πIJðSÞ ≔ R

S dSπ
aIJnaðSÞ, with dS and naðSÞ

being the measure and normal covector field on (D − 1)-
surface S respectively, γS denotes a graph adapted to S and
equivalent to γ, RIJ

e ≔ trððτIJheð0; 1ÞÞT ∂
∂heð0;1ÞÞ is the right

invariant vector fields on SOðDþ 1Þ associated to the edge
e of γS with τIJ being an element of soðDþ 1Þ, and T
representing the transposition of the matrix, and ϵðe; SÞ is
defined by

ϵðe; SÞ ¼
8<
:

þ1 if e lies above the surface S andbðeÞ ∈ S;

−1 if e lies below the surfaceS and bðeÞ ∈ S; e ∈ EðγSÞ;
0 if e ∩ S ¼ ∅ or e lies in S:

Here γS is such a graph that there are only outgoing edges at
each true vertex, and bðeÞ denotes the beginning point of
the edge e. In comparison with the standard LQG in
(1þ 3)-dimensions, a subtle issue in the arbitrary dimen-
sional LQG is how to solve the simplicity constraint
[23,24]. Up to now, the edge simplicity constraint operator
has been solved by restricting the representation labeled to
each edge being simple representation, while the anoma-
lous vertex simplicity constraint has several alternative
solutions which are called simple intertwiners. Besides, the
construction of geometric operators in H is also a com-
plicated issue. Although the candidates of the (D − 1)-area

operator and the D-volume operator in (1þ D)-
dimensional LQG were proposed following the same
procedure in the construction of 2-area operator and 3-
volume operator in standard (1þ 3)-dimensional LQG, a
systematic method to construct more general geometric
operators is lacking. The general construction method is
crucial, since there are more and more geometric quantities
as the increasing of spatial dimensions. Notice that for a
given geometric quantity, several different classical ex-
pressions with the basic conjugate variables could exist.
Hence there would be different ways to construct the
corresponding geometric operators. Notice that the spatial
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metric qab is determined by the momentum variable by
qqab ¼̂ 1

2
πaIJπbIJ, q denotes the determinant of qab. Then

we can define the de-densitized dual momentum
ffiffiffi
q

p
πIJb as a

function of πaIJ on simplicity constraint surface, with πIJa
as the inverse of πbKL satisfying 1

2
πaIJπ

IJ
b ¼̂ δab. Now we can

give the relation between the spatial metric qab and de-
densitized dual momentum

ffiffiffi
q

p
πIJa by

qab ¼̂ 1

2

ffiffiffi
q

p
πaIJ

ffiffiffi
q

p
πIJb ; ð9Þ

where
ffiffiffi
q

p
πaIJ plays the role of coframe. Therefore, if one

could construct an operator corresponding to the de-
densitized dual momentum

ffiffiffi
q

p
πIJa , a building block for

all geometric operators in arbitrary dimensions would be
ready. In this paper, two strategies to construct such a
building block operator will be proposed. In the first
strategy, we employ the expression

ffiffiffi
q

p
πIJa ðxÞ ¼̂

ðD − 1Þ
βκ

fAIJ
a ðxÞ; Vðx;□Þg; ð10Þ

where Vðx;□Þ ≔ R
□
dDy

ffiffiffi
q

p ðyÞ and □ ∋ x is a proper
small open D-dimensional region. In the second strategy,ffiffiffi
q

p
πIJa is purely expressed by conjugate momentum πaIJ.
This paper is organized as follows. In Section II, we will

construct general geometric operators by the first strategy
mentioned above. First, Thiemann’s construction of length
operator in standard (1þ 3)-dimensional LQG will be
extended to construct a length operator in the all dimen-
sional case. Then, we will construct an alternative two-
dimensional area operator by using cotriad as building
blocks in the standard (1þ 3)-dimensional LQG. The
method can naturally be extended to construct a 2-area
operator in (1þ D)-dimensional LQG. Finally, following
the construction procedure of the 2-area operator, by using
the de-densitized dual momentum as building blocks,
general m-area operators for m-dimensional surfaces in
D-dimensional space will be proposed. In Sec. III, certain
special cases of the general “m-area” operators and the
problems related to their construction will be discussed.
The consistency of the alternative flux operator, which is
used to construct the general m-area operators, with the
standard flux operator will also be checked. The second
strategy to construct general geometric operators will be
discussed in Sec. IV. The de-densitized dual momentum is
totally given by the conjugate momentum in this strategy.
By suitable regularization, its components can be expressed
in terms of flux and volume properly. Then it becomes an
operator by replacing the flux and volume by their quantum
analogs. By using this well-defined dual momentum
operator as building blocks, we will get the general geo-
metric operators corresponding to the m-areas which are
totally composed with flux operator and volume operator.
Certain special cases of the general geometric operators
and their virtues and problems will be also discussed.

Our results will be summarized and discussed in the
final section.
As two frameworks of connection dynamics and several

geometric operators are involved, it is necessary to clarify
some expressions and indices appeared in this paper. We
denote by Ai

a, Eb
j , and eia as the Ashtekar-Barbero con-

nection, densitized triad (which is also the conjugate
momentum in this theory), and cotriad respectively in
(1þ 3)-dimensional standard LQG, where qab ¼ eiaebi is
the spatial metric in this formulation. We denote by AIJ

a ,
πbKL, and

ffiffiffi
q

p
πIJa as the connection, conjugate momentum,

and de-densitized dual momentum respectively in all
dimensional LQG. Besides, in the following part of this
paper, the 2-area and 3-volume operator constructed in
[6,7] will be called standard 2-area and usual 3-volume
operator (or just area and volume operator) in (1þ 3)-
dimensional standard LQG respectively, which are totally
constructed with the standard flux operators in this theory
and the usual volume operator takes a special internal
regularization. Similarly, the (D − 1)-area and D-volume
operator constructed in [22] will be called standard (D − 1)-
area and usual D-volume operator (or just area and volume
operator) in all dimensional LQG respectively, which are
also totally constructed with the standard flux operators.

II. GEOMETRIC OPERATOR IN ALL
DIMENSIONAL LQG: FIRST STRATEGY

In the standard (1þ 3)-dimensional LQG the volume
operator, area operator and angle operator were directly
constructed by the standard flux operator ÊiðSÞ, while the
length operators were constructed in several different
ways [12–14]. The construction of these length operators
involves two steps, the classical length of a curve is
expressed by cotriad eia in the first step. In the second
step, different expressions for eia are used in different ways.
In Thiemann’s construction of length operator, eia is
expressed as [12]

eiaðxÞ ¼
2

κγBI
fAi

aðxÞ; Vðx;□Þg; ð11Þ

wherein γBI is the Barbero-Immrizi parameter in standard
(1þ 3)-dimensional LQG. In the other construction eia is
expressed as [13,14]

eiaðxÞ ¼
1
2
ϵijkϵabcEb

jE
c
k

sgnðdetðEÞÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detðEÞjp : ð12Þ

In contrast to the standard flux operator ÊiðSÞ corresponds
to the classical flux EiðSÞ ≔ R

S E
ainaðSÞ with naðSÞ being

the normal covector field of 2-surface S, the expressions
(11) of cotriad imply an alternative flux operator Êi

altðSÞ
whose expression involves the commutator of holonomy
and volume operator [9]. We will introduce its detail in
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Sec. II B. The consistency checking of Êi
altðSÞ with ÊiðSÞ

indicated a suitable volume operator V̂ and fixed its
regularization ambiguity [11]. We will refer to this V̂ as
the usual volume operator. Thus it is also reasonable to
consider alternative ways in the construction of the general
geometric operators in all dimensional LQG, which are
based on two different expressions of the de-densitized dual
momentum

ffiffiffi
q

p
πIJa . In this section, we will discuss how to

construct general geometric operators based on the expres-
sion (10), which is similar to that of Thiemann’s length
operator in standard (1þ 3)-dimensional LQG.
Let eϵ be a small segment of a curve e with coordinate

length ϵ → 0. The dual de-densitized momentum can be
smeared over eϵ as

πðeϵÞ ≔
Z
eϵ

ffiffiffi
q

p
πIJa τIJ _eaϵds ¼̂ −

ðD − 1Þ
βκ

heϵfh−1eϵ ; Vðv;□Þg;

ð13Þ

where τIJ is the basis of Lie algebra soðDþ 1Þ, heϵ denotes
the holonomy of the connection AIJ

a along eϵ, v is the
starting point of eϵ, and s is the parameter of eϵ. This
smeared quantity can be quantized directly as

π̂ðeϵÞ ≔ −
ðD − 1Þ
iβκℏ

heϵ ½h−1eϵ ; V̂ðv;□Þ�; ð14Þ

which is called smeared de-densitized dual momentum
operator, and where V̂ðv;□Þ is the usual D-volume opera-
tor which is totally constructed by flux operators [22].

It will be used as building blocks to construct general
geometric operators in all dimensional LQG.

A. The first length operator in all dimensional LQG

Classically, the length of a curve e reads

Le ¼
Z
e
ds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qab _ea _ebðsÞ

q
: ð15Þ

Partitioning of the curve e as a composition of T segments
feϵt ; t ∈ N; 0 ≤ t ≤ Tg, i.e.,

e ¼ eϵ1∘eϵ2∘ � � � ∘eϵt∘ � � � ∘eϵT; ð16Þ

wherein ∘ is a composition of composable curves which can
be carried out with

eϵt∶½ðt − 1Þϵ; tϵ� → σ; st ↦ eϵt ðstÞ; ð17Þ

and ϵ ¼ 1
T. Then, we have

Le ¼ lim
ϵ→0

XT
t¼1

Leϵt ; ð18Þ

where one has up to Oðϵ2Þ, Leϵt ¼̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ðReϵt ds ffiffiffi

q
p

_eaπaIJÞð
R
eϵt
ds

ffiffiffi
q

p
_ebπIJb Þ

q
. Then our task turns

to be constructing the length operator L̂eϵt of a small curve
eϵt . By Eq. (10) one has

qabðxÞ ¼̂
−ðD − 1Þ2
2ðβκÞ2 trðτIJτKLÞfAIJ

a ðxÞ; Vðx;□ÞgfAKL
b ðxÞ; Vðx;□Þg: ð19Þ

It is easy to see that in the limit ϵ → 0, we have

Leϵ ¼̂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
trðπðeϵÞπðeϵÞÞ

r
: ð20Þ

Hence, by Eq. (14), LðeϵÞ can be quantized as

L̂eϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
trðπ̂ðeϵÞπ̂ðeϵÞÞ

r
¼ ðD − 1Þffiffiffi

2
p

βκℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðheϵ ½h−1eϵ ; V̂ðv;□Þ�heϵ ½h−1eϵ ; V̂ðv;□Þ�Þ

q

¼ ðD − 1Þffiffiffi
2

p
βκℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDþ 1ÞV̂2ðv;□Þ − trðheϵV̂ðv;□Þh−1eϵ V̂ðv;□ÞÞ − trðV̂ðv;□ÞheϵV̂ðv;□Þh−1eϵ Þ þ trðheϵV̂2ðv;□Þh−1eϵ Þ

q
:

ð21Þ

Denoting l̂eϵ ≔ IV̂ðv;□Þ − heϵV̂ðv;□Þh−1eϵ , we have

L̂ðeϵÞ ¼
ðD − 1Þffiffiffi
2

p
βκℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðl̂eϵ l̂eϵÞ

q
: ð22Þ
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Note that l̂eϵ ¼ l̂†
eϵ because of h†eϵ ¼ h−1eϵ and V̂ðv;□Þ ¼

V̂†ðv;□Þ. Therefore L̂eϵ is a positive and symmetric
operator. Then the length operator for the curve e can be
defined as

L̂e ¼ lim
ϵ→0

XT
t¼1

L̂eϵt : ð23Þ

Note that, although the expression of L̂e contains the
summation of infinite terms at the limit ϵ → 0, only a
finite number of terms are nonvanishing when it acts on a
cylindrical state fγ since the volume operator only acts on
nontrivial vertices v of γ. Thus the regulator ϵ can be
removed in the graph-dependent manner. In the rest of the
paper, all the limits of this kind of infinite summation of

operators can be understood in this way. The domain of L̂e
is the Dth order differentiable cylindrical functions satisfy-
ing the simplicity constraint inHkin, and the demonstration
of its cylindrical consistency is similar to that in the
standard (1þ 3)-dimensional LQG [12].

B. 2-area operator in all dimensional LQG

Although the area operator of 2-surface can be defined
by the flux operator naturally in the standard (1þ 3)-
dimensional LQG, the construction cannot be directly
extended to higher dimensional cases. In order to construct
a 2-area operator in the all dimensional case, let us come
back to the (1þ 3)-dimensional theory to construct an
alternative 2-area operator.

We first consider the alternative flux Ei
ðaltÞð2S⋄12

Þ ≔ R
2S dð2SÞEai

ðaltÞnað2S⋄12
Þ [9,11], where Eai

ðaltÞ ≔
1
2
ϵijkϵ

abcejbSe
k
c,

nað2S⋄12
Þ ¼ 1

2
ϵabc _eb{ _ec|ϵ{| with {; |; {0; |0;¼ 1, 2, and S ≔ sgnðdetðeÞÞ. Here eϵ1; e

ϵ
2 are two linearly independent segments

beginning at v with coordinate length ϵ, _eb1 , _e
c
2 are their tangent vectors respectively, and

2S⋄12
is a proper open 2-surface with

coordinate area ϵ2 and containing eϵ1; e
ϵ
2 and v. Then at the order of Oðϵ2Þ, we have

EðaltÞ
i ð2S⋄12

Þ ¼ ϵ2

−2 × 2
StrðτiτjτkÞejbekcϵ{| _eb{ _ec|

¼ −
1

ðκγBIÞ2
Strðτiheϵ{ fh−1eϵ{ ; Vðx;□Þgheϵ|fh−1eϵ| ; Vðx;□ÞgÞϵ{|

¼ −
1

ðκγBIÞ2
trðτiheϵ|fh−1eϵ{ ; Vðx;□ÞgSfh−1eϵ| ; Vðx;□Þgheϵ{ Þϵ{|: ð24Þ

Notice that in the third step ofEq. (24), theorderingof holonomiesheϵ{ andheϵ| was changed,while the contractionof their indices

was kept unchanged. Classically, it is easy to see thatEai
ðaltÞ ¼ Eai, orEðaltÞ

i ð2S⋄12
Þ ¼ Eið2S⋄12

Þ, whereinEai is the density triad in

standard (1þ 3)-dimensional LQG. Thus we can define the alternative regulated flux operator by

ÊðaltÞ
i ð2S⋄12

Þ ¼ 1

ðκγBIℏÞ2
trðτiheϵ| ½h−1eϵ{ ; V̂ðx;□Þ�Ŝ½h−1eϵ| ; V̂ðx;□Þ�heϵ{ Þϵ{|: ð25Þ

Then a corresponding symmetric operator can be defined as

Êalt
i ð2S⋄12

Þ ¼ 1

2
ðÊðaltÞ

i ð2S⋄12
Þ þ ÊðaltÞ†

i ð2S⋄12
ÞÞ; ð26Þ

where we ordered all the variables following the scheme in [9,11]. This ordering ensures that Êalt
i ð2S⋄12

Þ is consistent with the
standard flux operator Êið2S⋄12

Þ at least in certain cases. Now, the classical identity Arð2S⋄12
Þ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eið2S⋄12

ÞEjð2S⋄12
Þδij

q
indicates that we can define an alternative area operator by

cAraltð2S⋄12
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Êalt
i ð2S⋄12

ÞÊalt
j ð2S⋄12

Þδij
q

: ð27Þ

The alternative area operator can also be understood in another perspective of geometry. The classical corresponding expression

of cAraltð2S⋄12
Þ can be written as

Arð2S⋄12
Þ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δijE

j
altð2S⋄{|

ÞEi
altð2S⋄12

Þ
q

≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ4

2
qbdqceϵ{| _eb{ _ec|ϵ{

0|0 _ed{0 _e
e
|0

r
: ð28Þ
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Hence we have

Arð2S⋄{|
Þ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2ðeϵ1ÞL2ðeϵ2Þ − ðϵ_ea1ðxÞqabϵ_eb2ðxÞÞ2

q
; ð29Þ

where Lðeϵ{ Þ≔
R
eϵ{
dsðeϵ{ Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qab _ea{ _eb{

p
≈ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qab _ea{ _eb{ ðvÞ

p
. Note

that we also have

cos θ12 ¼ lim
ϵ→0

ϵ2 _ea1ðvÞqab _eb2ðvÞ
Lðeϵ1ÞLðeϵ2Þ

; ð30Þ

where θ12 is the angle between _ea1ðvÞ and _eb2ðvÞ. Thereforewe
obtain

Arð2S⋄12
Þ ≈ Lðeϵ1ÞLðeϵ2Þ sin θ12; ð31Þ

which is the standard expression of the area of 2S⋄{|
in

Euclidean space.
The advantage of the alternative 2-area operator (27) is

that its construction can be extended to the all dimensional
case naturally. Let us define an alternative “flux” operator
suitable to (1þ D)-dimensional cases as

ˆ̃E
M̄
ðgenÞð2S⋄12

Þ≡ ˆ̃E
I1…ID−1
ðgenÞ ð2S⋄12

Þ

¼ C
ðκβℏÞ2 ϵ

I1…ID−1KLtre1;e2
X
{;|

ðτe{KIτe|IL

× heϵ| ½h−1eϵ{ ; V̂ðv;□Þ�Ŝ½h−1eϵ| ; V̂ðv;□Þ�heϵ{ Þϵ{|;
ð32Þ

where C ¼ ðD−1Þ2
2

ffiffiffiffiffiffiffiffiffiffiffi
ðD−1Þ!

p , M̄ is (D − 1)-tuple totally asymmetric

indices, ϵI1…IDþ1 is the Levi-Civita symbols in the internal
space, tre1;e2 represents tracing the indices of τe1ID−2I

; heϵ
1
; h−1eϵ

1

and τe2ID−2I
; heϵ

2
; h−1eϵ

2
separately. Note that S takes the value of

1 if (Dþ 1) is odd while takes the value of 1 with a sign of
detðπÞ ≔ 1

2D!
ϵaa1b1…anbnϵIJI1J1…InJnπ

aIJπa1I1K1πb1J1K1
…

πanInKnπbnJnKn
if (Dþ 1) is even. Here ϵa1…aD is the Levi-

Civita symbol in the external space. The quantization Ŝ of S
will be introduced in the Appendix. Then the area Arð2S⋄12

Þ
of the 2-surface 2S⋄12

can be promoted as an operator in the
all dimensional case by

dArð2S⋄12
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ˆ̃E
gen
M̄ ð2S⋄12

Þ ˆ̃EM̄
genð2S⋄12

Þ
q

; ð33Þ

where

ˆ̃E
M̄
genð2S⋄12

Þ ¼ 1

2
ð ˆ̃EM̄

ðgenÞð2S⋄12
Þ þ ˆ̃E

M̄
ðgenÞð2S⋄12

Þ†Þ: ð34Þ

Now we need to show that the classical analog of dArð2S⋄12
Þ

is exactly the 2-area. Note that at the order of Oðϵ2Þ the

classical analog of ˆ̃E
M̄
ðgenÞð2S⋄12

Þ reads

ẼM̄
ðgenÞð2S⋄12

Þ ¼ −
C

ðκβÞ2 ϵ
I1…ID−1KLtre1;e2

X
{;|

ðτe{KIτe|ILheϵ|fh−1eϵ{ ; Vðv;□ÞgSfh−1eϵ| ; Vðv;□Þgheϵ{ Þϵ{|

¼ C
ðκβÞ2 ϵ

2ϵI1…ID−1KLtrðτKIτJ1J01ÞtrðτLIτJ2J02ÞfAaJ1J01
_ea{ ; Vðv;□ÞgSfAbJ2J02

_eb| ; Vðv;□ÞgÞϵ{|

¼ −
C

ðD − 1Þ2 ϵ
2ϵI1…ID−1KL _ea{

ffiffiffi
q

p
πaK

IS _eb|
ffiffiffi
q

p
πbILϵ

{|; ð35Þ

which is the analog of the alternative flux (24) of (1þ 3)-dimensional standard LQG. Hence, at the order ofOðϵ4Þ, we have

δM̄ M̄0ẼM̄
ðgenÞẼ

M̄0
ðgenÞð2S⋄12

Þ ¼ C2

ðD − 1Þ4 ϵ
4ðD − 1Þ!2!δ½KK0δ

L�
L0 _ea{

ffiffiffi
q

p
πaK

I _eb|
ffiffiffi
q

p
πbILϵ

{| _ea
0

{0
ffiffiffi
q

p
πK

0
a0I0 _e

b0
|0

ffiffiffi
q

p
πb0

I0L0
ϵ{

0|0

¼ 1

2
ϵ4qaa0qbb0 _ea{ _eb| ϵ{| _ea

0
{0 _e

b0
|0 ϵ

{0|0

¼ ðLðeϵ1ÞLðeϵ2Þ sin θ12Þ2; ð36Þ

which is extended from the calculation of δijE
j
altð2S⋄{|

ÞEi
altð2S⋄12

Þ that comes from Eq. (28). Therefore, the classical analog

of dArð2S⋄12
Þ does correspond to the classical 2-area expression Lðeϵ1ÞLðeϵ2Þ sin θ12.
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In the above construction of dArð2S⋄12
Þ, we generalized

the alternative 2-area operator in the standard (1þ 3)-
dimensional LQG to the higher dimensional case, and kept
the authentic ordering of its constituents, which has been
shown to be consistent with the standard flux operator in
certain cases.

C. General m-area operators in all dimensional LQG

The above construction of the 2-area operator inspires
us to consider the more general case. We will use a similar
way to construct m-dimensional (1 ≤ m ≤ D) area oper-
ators in (1þ D)-dimensional LQG. Consider a partition
mS ¼ ⋃T

t¼1
mS̄t⋄1m

of an open m-surface mS, with mS̄t⋄1m

being closedm-surface with open interior mSt⋄1m
, t being the

labeling number of these component m-surfaces in this
partition, and T being the total number of them. The
arbitrary small m-surfaces mS⋄1m

has coordinate area ϵm

and contains eϵ1; e
ϵ
2;…; eϵm and v, where the m small

segments eϵ1; e
ϵ
2;…; eϵm have common beginning point v

and coordinate length ϵ. Their tangent vectors
_ea1ðvÞ; _ea2ðvÞ;…; _eamðvÞ at point v span an m-dimensional
vector space. A local right-handed coordinate system
fs1;…; smg can be defined such that v ¼ ð0;…; 0Þ,
tðeϵ{ Þ ¼ ð0;…; s{;…; 0Þjs{¼ϵ, _ea{ ¼ ð ∂

∂s{Þajeϵ{ , and eϵ1; e
ϵ
2;

…; eϵm are its positive oriented coordinate axis, where
{ ¼ 1;…; m, and tðeϵ{ Þ is the target point of eϵ{ . The classical
expression of the m-area of mS reads

ArðmSÞ ¼
X

ArðmS⋄1m
Þ ¼

XZ
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðmqÞ

p
ds1…dsm;

ð37Þ

where

detðmqÞ ¼ 1

m!
mqa1a01…

mqama0m _e
a1
{1 …_eam{m ϵ

{1…{m _e
a0
1

{0
1
…_ea

0
m

{0m
ϵ{

0
1
…{0m

ð38Þ

denotes the determinant of the metric mqab on mS⋄1m

induced by qab. To construct the m-area operator, we need
to consider the following two cases separately.

1. Case I: m is even

Taking account of the identity (9), we define the m-form
component

ẼI1…Im
ðgenÞ ≔

1ffiffiffiffiffiffi
m!

p S
ffiffiffi
q

p
πI1J1a1 δJ1J2

ffiffiffi
q

p
πI2J2a2 …

×
ffiffiffi
q

p
πIm−1Jm−1
am−1 δJm−1Jm

ffiffiffi
q

p
πImJmam _ea1{1 …_eam{m ϵ

{1…{m

ð39Þ

such that

detðmqÞ ¼̂ ẼI1…Im
ðgenÞ ẼðgenÞI1…Im : ð40Þ

The general flux of ẼI1…Im
ðgenÞ is defined as

ẼI1…Im
ðgenÞ ðmS⋄1m

Þ ≔
Z
eϵ
1

…

Z
eϵm

ẼI1…Im
ðgenÞ ds1…dsm: ð41Þ

Then, up to Oðϵmþ1Þ we have

ẼI1…Im
ðgenÞ ðmS⋄1m

Þ ¼ ð−1Þmffiffiffiffiffiffi
m!

p
Z
eϵ
1

…

Z
eϵm

trðτI1J1τI00
1
J00
1
ÞS ffiffiffi

q
p

π
I00
1
J00
1

a1 δJ1J2 trðτI2J2τI002J002 Þ
ffiffiffi
q

p
π
I00
2
J00
2

a2 …

× δJm−1Jm trðτImJmτI00mJ00mÞ
ffiffiffi
q

p
πI

00
mJ00m
am _ea1{1 …_eam{m ϵ

{1…{mds1…dsm

¼̂
� ðD − 1Þm
ðβκÞm ffiffiffiffiffiffi

m!
p

�
tre

ϵ
1
…eϵmðτI1J1eϵ{1

δJ1J2τ
I2J2
eϵ{2

…δJm−1Jmτ
ImJm
eϵ{m

Sheϵ{1fh−1eϵ{1 ; Vðv;□Þg…heϵ{mfh−1eϵ{m ; Vðv;□ÞgÞϵ{1…{m :

ð42Þ

Inspired by the ordering of the alternative 2-area operator, the general flux can be quantized as

dẼI1…Im
ðgenÞ ðmS⋄1m

Þ ¼
� ðD − 1Þm
ðiβκℏÞm ffiffiffiffiffiffi

m!
p

�
tre

ϵ
1
…eϵmðτI1J1eϵ{1

δJ1J2τ
I2J2
eϵ{2

…δJm−1Jmτ
ImJm
eϵ{m

dPer:Þϵ{1…{m ; ϵ ↦ 0; ð43Þ

where

dPer:≡ heϵ
1
heϵ

2
…heϵm−1

heϵmV̂ totðv;□Þh−1eϵ
1
h−1eϵ

2
…h−1eϵm−1

h−1eϵm : ð44Þ

Here we denote
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V̂ totðv;□Þ ¼
X

ι1;…;ιm

ð−1Þϑðι1;…;ιmÞV̂ ι11ðv;□ÞV̂ ι22ðv;□Þ…V̂ ι½m=2�;½m=2�ðv;□ÞŜV̂ ι½m=2�þ1;½m=2�þ1ðv;□Þ…V̂ ιmmðv;□Þ; ð45Þ

where ι1;…; ιm takes values fromþ and −, ϑðι1;…; ιmÞ is the total numbers of − in fι1;…; ιmg, and thus V̂ ι{ðv;□Þ denotes
one of the elements of the matrix

� V̂þ1ðv;□Þ V̂þ2ðv;□Þ � � � V̂þðm−1Þðv;□Þ V̂þmðv;□Þ
V̂−1ðv;□Þ V̂−2ðv;□Þ � � � V̂−ðm−1Þðv;□Þ V̂−mðv;□Þ

�
: ð46Þ

Notice that V̂ ι{ðv;□Þ is the D-volume operator and the index ι, { are used to label how it acts on the holonomies in Eq. (44).
Our requirement is that V̂þ{ðv;□Þ acts on the holonomies except h−1eϵ{ on its right, while V̂−{ðv;□Þ acts on all the holonomies

on its right. An explicit expression for them can be given by V̂þ{ðv;□Þ ¼ h−1eϵ{ V̂ðv;□Þheϵ{ and V̂−{ðv;□Þ ¼ V̂ðv;□Þ. The
symmetric version of the general flux operator reads

dẼI1…Im
gen ðmS⋄1m

Þ ¼ 1

2

� dẼI1…Im
ðgenÞ ðmS⋄1m

Þ þ dẼI1…Im
ðgenÞ

†ðmS⋄1m
Þ
�
: ð47Þ

Since classically one has

ArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

ArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẼI1…Im
ðgenÞ ðmS⋄1m

ÞẼðgenÞI1…ImðmS⋄1m
Þ

q
; ð48Þ

we propose the m-area operator as

dArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

dArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidẼI1…Im
gen ðmS⋄1m

Þ dẼgen
I1…Im

ðmS⋄1m
Þ

r
: ð49Þ

Similar to the construction of the length operator L̂e, the regulator ϵ can be removed in the graph-dependent way.

2. Case II: m is odd

Similar to case I, classically we define the m-form component:

ẼII1…Im
ðgenÞ ≔

1ffiffiffiffiffiffiffiffi
2m!

p S
ffiffiffi
q

p
πII1a1

ffiffiffi
q

p
πI2J2a2 δJ2J3

ffiffiffi
q

p
πI3J3a3 …

ffiffiffi
q

p
πIm−1Jm−1
am−1 δJm−1Jm

ffiffiffi
q

p
πImJmam _ea1{1 …_eam{m ϵ

{1…{m : ð50Þ

Note that there are mþ 1 internal indices in (50), while (39) contains only m internal indices. Then it is easy to see that

detðmqÞ ¼̂ ẼII1…Im
ðgenÞ ẼðgenÞII1…Im : ð51Þ

The generalized flux of the m-form can be expressed up to Oðϵmþ1Þ as

ẼII1…Im
ðgenÞ ðmS⋄1m

Þ ≔
Z
eϵ
1

…

Z
eϵm

ẼII1…Im
ðgenÞ ds1…dsm

¼ ð−1Þmffiffiffiffiffiffiffiffi
2m!

p
Z
eϵ
1

…

Z
eϵm

trðτII1τI00I00
1
ÞS ffiffiffi

q
p

π
I00I00

1
a1 trðτI2J2τI00

2
J00
2
Þ ffiffiffi

q
p

π
I00
2
J00
2

a2 δJ2J3…

× δJm−1Jm trðτImJmτI00mJ00mÞ
ffiffiffi
q

p
πI

00
mJ00m
am _ea1{1 …_eam{m ϵ

{1…{mds1…dsm

¼̂
� ðD − 1Þm
ðβκÞm ffiffiffiffiffiffiffiffi

2m!
p

�
tre

ϵ
1
…eϵmðτII1eϵ{1

τI2J2eϵ{2
δJ2J3…δJm−1Jmτ

ImJm
eϵ{m

Sheϵ{1fh−1eϵ{1 ; Vðv;□Þg…heϵ{mfh−1eϵ{m ; Vðv;□ÞgÞϵ{1…{m :

ð52Þ

Following the same quantization procedures as case I, we have
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dẼII1…Im
ðgenÞ ðmS⋄1m

Þ ≔
� ðD − 1Þm
ðiβκℏÞm ffiffiffiffiffiffiffiffi

2m!
p

�
tre

ϵ
1
…eϵmðτII1eϵ{1

τI2J2eϵ{2
δJ2J3…δJm−1Jmτ

ImJm
eϵ{m

dPer:Þϵ{1…{m ; ð53Þ

where dPer: was defined by (44). The symmetric generalized flux operator can be defined by

dẼII1…Im
gen ðmS⋄1m

Þ ≔ 1

2

� dẼII1…Im
ðgenÞ ðmS⋄1m

Þ þ dẼII1…Im
ðgenÞ

†ðmS⋄1m
Þ
�
: ð54Þ

Again, classically one has the area expression

ArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

ArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẼII1…Im
ðgenÞ ðmS⋄1m

ÞẼðgenÞII1…ImðmS⋄1m
Þ

q
: ð55Þ

Hence the m-area operator for this case is proposed as

dArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

dArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidẼII1…Im
gen ðmS⋄1m

Þ dẼgen
II1…Im

ðmS⋄1m
Þ

r
: ð56Þ

III. ISSUES OF THE GENERAL m-AREA OPERATORS

A. The ambiguity in the construction of geometric operators

Let us consider two special cases of the general m-area operator where an ambiguity in the construction of geometric
operators will appear. In the special case of m ¼ 1, the generalm-area operator of mS⋄1m

becomes a length operator of eϵ as

dLaltðeϵÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffid̃EII1
genðeϵÞd̃Egen

II1
ðeϵÞ

r
; ð57Þ

where

d̃EII1
genðeϵÞ ¼ −ðD − 1Þ

iβκℏ
ffiffiffi
2

p trðτII1eϵ heϵV̂ðv;□Þh−1eϵ Þ: ð58Þ

From Eq. (57) we get

dLalt:ðeϵÞ ¼
ðD − 1Þffiffiffi
2

p
βκℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðheϵÞIJV̂ðv;□ÞV̂ðv;□Þðh−1eϵ ÞJI − ðheϵÞIJV̂ðv;□Þðh−1eϵ ÞJKðheϵÞIJ0 V̂ðv;□Þðh−1eϵ ÞJ

0
K

q
: ð59Þ

Recall that the generalization of Thiemann’s length oper-
ator was given by Eq. (21), which is different from Eq. (59)
formally. In fact, this difference comes from the different
choices of the ordering of the holonomies and volumes in
the expressions of qab.
In the case of m ¼ D, the general m-area operator of

mS⋄1m
becomes alternative D-volume operators as

dVolaltðDS⋄1D
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidẼII1…Im
gen ðDS⋄1D

Þ dẼgen
II1…Im

ðDS⋄1D
Þ

r
ð60Þ

for odd D, and

dVolaltðDS⋄1D
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidẼI1…Im
gen ðDS⋄1D

Þ dẼgen
I1…Im

ðDS⋄1D
Þ

r
ð61Þ

for even D. The alternative D-volume operators (60) and
(61) are totally constructed by the dual momentum operator
which involves the usual D-volume operator [22]. There is

an analogous alternative volume operator dVolstaalt in the
standard (1þ 3)-dimensional LQG [25]. Consider the case

ofD ¼ 3 and denote by dVolallalt the operators (60) and (61) in
this case. It is interesting to compare dVolallalt with dVolstaalt .
There are the following two main differences between

them. First, the dual momentum used to construct dVolallalt is
soð4Þ-valued, while the cotriad used to construct dVolstaalt is
Lie algebra suð2Þ valued. Second, the construction schemes
and ingredients of the two operators are different. To

construct dVolstaalt , one employed the classical identity
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Volstaalt ðRÞ ≔
R
R d

3xj detðeÞj with Eq. (11), where Vðv;□Þ
is quantized as the usual volume operator [7] in standard

(1þ 3)-dimensional LQG. To construct dVolallalt, we employed
the classical identity VolallaltðRÞ ≔

R
R d

Dx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðqÞp

with
Eqs. (9) and (10), where Vðv;□Þ is quantized as the usual
volume operator [22] in all dimensional LQG. It should be
noted that, since all the spatially geometric quantities can
be classically expressed by the frame or flux, while there
are alternative regularizations for them, the ambiguity which
appeared in the construction of the above m-area operators
is rather general in the construction of other geometric
operators.

B. The issue of simplicity constraint

In the construction of geometric operators in all dimen-
sional LQG, there is the issue of how to carry out the
simplicity constraint. Classically, on the simplicity con-
straint surface of the phase space, one has πaIJ ¼ 2

ffiffiffi
q

p
n½IeaJ�

and πIJa ¼ 2
ffiffiffi
q

p −1n½IeJ�a . Hence the identity (10) holds. By
quantization, one expects that this “simple” property be
transformed as the requirement to the right invariant vector

fields such that N̂½IRJK�
e{ ¼ 0, ∀ bðe{Þ ¼ v, where N̂I is the

operator of an auxiliary internal vector field which plays
the role of nI , and bðeiÞ denotes the beginning point of ei.
In the construction of a general geometric operator,
usually there would appear the following term acting on
a state fγ as

h−1
e
{1
ϵ
…h−1

e
{2
ϵ
…V̂m1

□ϵ
he{1ϵ …V̂m2

□ϵ
he{2ϵ …fγ; ð62Þ

where fγ is supposed to satisfy the simplicity constraint
by labeling its edges by the simple representation of
SOðDþ 1Þ and its vertices by the simple intertwiners.
Note that the volume operator can keep its geometric
meaning only on the state satisfying the simplicity con-
straint. However, the holonomy operator may change the
simple intertwiner into a nonsimple one. Suppose that fγ
satisfy the quantum simplicity constraint. Then we have

N̂½IRJK�
e heðAÞ · fγðAÞ ¼ fγðAÞN̂½IRJK�

e heðAÞ: ð63Þ

Equation (63) does not vanish unless N̂½IRJK�
e heðAÞ ¼ 0.

This condition could not be satisfied for the general
holonomy heðAÞ in the construction of the general geo-
metric operator. Hence, the operator (62) already lost its
geometric meaning. One possible solution to this problem
is to introduce a projection operator P̂S, which projects the
space of the kinematic states into the solution space of
simplicity constraint, and insert it into the two sides of each
volume operator in (62) to define

h−1
e
{1
ϵ
…h−1

e
{2
ϵ
…P̂SV̂

m1

□ϵ
P̂She{1ϵ …P̂SV̂

m2

□ϵ
P̂She{2ϵ …fγ: ð64Þ

Generally, the degrees of freedom that should be eliminated
by the simplicity constraints in the construction of a
geometric operator are still unclear. This issue needs further
investigation. Moreover, there is the issue of anomaly for
the quantum simplicity constraint [22,23]. It is argued that
only the weak solutions of the quantum simplicity con-
straints have the reasonable physical degrees of freedom
[24]. In the next section, we will introduce another scheme
for constructing general geometric operators, which leads
to a better behavior of the operators concerning the issue of
simplicity constraints.

C. Consistency of the alternative flux
and the standard flux operators

In the special case of m ¼ D − 1 the m-area operator
introduced in the last section is alternative to the (D − 1)-
area operator defined by the standard flux operator. It is
worth checking whether the two versions of area operators
are consistent with each other. Now we consider the case
that (D − 1) is even. Since the alternative (D − 1)-area
operator consists of the alternative flux operator,

π̂IJaltððD−1ÞS⋄ðD−1Þ Þ

≔
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðD − 1Þ!p ϵIJI1…ID−1

dẼI1…ID−1
gen ððD−1ÞS⋄ðD−1Þ Þ; ð65Þ

the necessary condition for the consistency of the two
versions of area operator is the consistency of
π̂IJaltððD−1ÞS⋄ðD−1Þ Þ with the standard flux operator

π̂IJððD−1ÞS⋄ðD−1Þ Þ. Now we check this issue. Note that the
action of volume operator in the expression of the standard
flux on a cylindrical function fγ is given by

V̂ðv;□Þ · fγ

¼ ðℏκβÞ D
D−1

����creg: iDD!

X
e1;…;eD∈EðγÞ;e1∩���∩eD¼v

qe1;…;eD

���� 1
D−1

· fγ;

ð66Þ

where

qe1;…;eD ¼ 1

2
sgnðdetð_e1ðυÞ;…; ð_eDðυÞÞÞϵIJI1J1I2J2…InJn

× RIJ
e R

I1K1
e1 RJ1

e0
1
K1
…RInKn

en RJn
e0nKn

;

ð67Þ

with RIJ
e ≔ trððτIJheðAÞÞT ∂

∂heðAÞÞ. Here the set ðe1;…; eDÞ
is relabeled as ðe; e1; e01;…; en; e0nÞ in the right-hand side
of Eq. (67). Let Tγ;ðD−1ÞS⋄1;ðD−1Þ

be a spin network state which

intersects the surface ðD−1ÞS⋄1;ðD−1Þ by an inner point v of its
edge e0. By the identity
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½V̂ðv;□Þ�D−1
2 Ŝ½V̂ðv;□Þ�D−1

2 ¼ ðiℏκβÞD creg:
D!

X
e1;…;eD∈EðγÞ;e1∩…∩eD¼v

qe1;…;eD ; ð68Þ

the action of dẼI1…ID−1
gen ððD−1ÞS⋄ðD−1Þ Þ on Tγ;ðD−1ÞS⋄1;ðD−1Þ

reads

dẼI1…ID−1
gen ððD−1ÞS⋄ðD−1Þ Þ ·Tγ;ðD−1ÞS⋄1;ðD−1Þ

¼ ðiℏκβÞDcreg:
D!

� ðD−1ÞðD−1Þ

ðiℏκβÞðD−1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðD−1Þ!p �
tre

ϵ
1
…eϵðD−1Þ ðτI1J1eϵ{1

δJ1J2τ
I2J2
eϵ{2

…δJðD−2ÞJðD−1Þτ
IðD−1ÞJðD−1Þ
eϵ{ðD−1Þ

×heϵ
1
heϵ

2
…heϵðD−2Þ

heϵðD−1Þ
P̂SϵI0J0I0

1
J0
1
…I0nJ0nR

I0J0
e0 R

I0
1
K0

1
e1 R

J0
1

e0
1
K0

1
…

×RI0nK0
n

en RJ0n
e0nK0

n
P̂Sh−1eϵ

1
h−1eϵ

2
…h−1eϵðD−2Þ

h−1eϵðD−1Þ
Þϵ{1…{ðD−1Þ ·Tγ;ðD−1ÞS⋄1;ðD−1Þ

∼ðiℏκβÞD 1

D!

creg:ðD−1ÞðD−1Þ

ðiℏκβÞðD−1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðD−1Þ!p �
1

4

�D−1
2 ðD−1Þ!RI0J0

e0 ϵI0J0
I1I2…ID−1 ·Tγ;ðD−1ÞS⋄1;ðD−1Þ

;

ð69Þ

as ϵ → 0, where e1 ¼ eϵ1, e01 ¼ eϵ2, e2 ¼ eϵ3, e02 ¼ eϵ4;…; en ¼ eϵD−2, e0n ¼ eϵD−1, n ¼ D−1
2
, equation

limϵ→0 trðτIJheϵ{ RKL
eϵ{

h−1eϵ{ Þ ¼ δK½Iδ
L
J� was used, and the symbol ∼ represents “be proportional to.” Hence we obtain

π̂IJaltððD−1ÞS⋄ðD−1Þ Þ · Tγ;ðD−1ÞS⋄1;ðD−1Þ
∼ creg:

ffiffiffi
2

p iℏκβ
D

�
D − 1

2

�ðD−1Þ
RIJ
e0 · Tγ;ðD−1ÞS⋄1;ðD−1Þ

: ð70Þ

Notice that there is the ambiguity of choosing a suitable projection operator P̂S depending on how to solve the quantum
simplicity constraint. This leads to the undetermined factor creg: in Eq. (70), which is still an open issue for the alternative
flux operator. Recall that the action of the standard flux operator reads

π̂IJððD−1ÞS⋄ðD−1Þ Þ · Tγ;ðD−1ÞS⋄1;ðD−1Þ
¼ 2iℏκβRIJ

e0 · Tγ;ðD−1ÞS⋄1;ðD−1Þ
: ð71Þ

Therefore, the actions of π̂IJaltððD−1ÞS⋄ðD−1Þ Þ and π̂IJððD−1ÞS⋄ðD−1Þ Þ on Tγ;ðD−1ÞS⋄1;ðD−1Þ
are equivalent up to an undetermined factor

in the above case.

IV. GENERAL GEOMETRIC OPERATOR: SECOND STRATEGY

Another way to construct general geometric operators in all dimensional LQG is to express the de-densitized dual
momentum by the momentum variable πaIJ as

ffiffiffi
q

p
πIJa ¼̂

1
ðD−1Þ! ϵaa1b1…anbnϵ

IJI1J1…InJnπa1I1K1
πb1K1

J1
…πanInKn

πbnKn
Jn

sgnðdetðπÞÞj detðπÞjD−2
D−1

ð72Þ

for D ¼ 2nþ 1 is odd, where

detðπÞ ≔ 1

2D!
ϵaa1b1…anbnϵ

IJI1J1…InJnπaIJπ
a1
I1K1

πb1K1

J1
…πanInKn

πbnKn
Jn

; ð73Þ

and

ffiffiffi
q

p
πa1I1K1

¼̂
2

ðD−1Þ! ϵa1b1…anbnV
IϵI½I1jJ1…InJnjπ

b1J1
K1�π

a2I2K2πb2J2K2
…πanInKnπbnJnKn

ddetðπÞ2D−3
2D−2

ð74Þ

for D ¼ 2n is even, where
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VI ≔
1

D!
ϵa1b1…anbnϵ

II1J1…InJnπa1I1K1
πb1K1

J1
πa2I2K2

πb2K2

J2
…

× πanInKn
πbnKn
Jn

; ð75Þ

and ddetðπÞ ≔ VIVI ¼̂ ð ffiffiffi
q

p Þ2D−2. Then, we can regu-
larize and quantize them through the flux operators,
volume operator and so on, by taking account of
Eqs. (9), (77) and (80). This strategy is similar to that
used to construct the other two versions of length
operator [13,14] in the standard (1þ 3)-dimensional
LQG. In this section, we will first extend the con-
struction of the length operator in [14] to all dimen-
sional theory, and then follow a similar strategy to
construct general geometric operators.

A. The second length operator in all dimensional LQG

Let us recall the classical expression (18) of the length Le
of a curve e. The length segment Leϵ related to an arbitrary
segment eϵ can be rexpressed by fluxes following a
partition of the neighborhood of eϵ in σ as follows.
Choose a set of (D − 1)-faces ðD−1S1;…; D−1Si;…;
D−1SD−1Þ, i.e., (D − 1)-hypercubes, with coordinate vol-
ume ϵðD−1Þ intersecting at eϵ. The normal covectors
ðn1a;…; nia;…; nD−1

a Þ of these (D − 1)-faces are chosen
to be linearly independent so that

_eaϵ ϵaa1a2…aD−1
¼ ϵi1…iD−1

ni1a1…niD−1
aD−1 ; ð76Þ

where ϵi1…iD−1
is the (D − 1)-dimensional Levi-Civita

symbol. Taking account of the expressions (72) and (74)
for

ffiffiffi
q

p
πaIJ, we can define the smeared quantity

leϵ;IJ ≔
ϵi1…iD−1

ϵIJI1J1…InJnπ
I1K1ðD−1Si1ÞπJ1K1

ðD−1Si2Þ…πInKnðD−1SiD−2ÞπJnKn
ðD−1SiD−1Þ

ðD − 1Þ!VD−2
□ϵ

ð77Þ

for D ¼ 2nþ 1 is odd, where V□ϵ
¼ R

□ϵ
dDxj det πj 1

D−1, and □ϵ is the D-hypercube which contains point v and has
coordinate volume ϵD. Here detðπÞ was smeared as detðπÞðpÞ ¼ πðp;△1;…;△DÞ with

πðp;△1;…;△DÞ ≔
1

volð△1Þ…volð△DÞ
Z
σ
dDx1…

Z
σ
dDxDχ△1

ðp; x1Þχ△2
ð2p; x1 þ x2Þ…χ△D

ðDp; x1 þ � � � þ xDÞ

×
1

2D!
ϵaa1b1…anbnϵ

IJI1J1…InJnπaIJπ
a1
I1K1

πb1K1

J1
…πanInKn

πbnKn
Jn

; ð78Þ

where χ△ðp; xÞ denotes the characteristic function in the coordinate x of a hypercube with center p, which is spanned by the
D right-handed vectors △⃗ĩ ≔ △ĩv⃗ĩ; ĩ ¼ 1;…D, with v⃗ĩ being a normal vector in the frame under consideration, and has
coordinate volume vol ¼ △1…△D detðv⃗1;…; v⃗DÞ ¼ ϵD. Thus one has

χ△ðp; xÞ ¼
YD
ĩ¼1

Θ
�
△ĩ

2
− jhv⃗ĩ; x − pij

�
; ð79Þ

where h·; ·i is the standard Euclidean inner product and ΘðyÞ ¼ 1 for y > 0 and zero otherwise. Also, in Eq. (78) we used
the lower indices △I ¼ ð△1

I ;…;△D
I Þ to label different hypercubes, see [22]. Similarly, we have the smeared quantity

leϵ;I1K1
≔

2

ðD − 1Þ! ϵi1…iD−1
VIð□D−1

ϵ ÞϵI½I1jJ1…InJnjπ
J1

K1�ðD−1Si1ÞπI2K2ðD−1Si2ÞπJ2K2
ðD−1Si3Þ…

× πInKnðD−1SiD−2ÞπJnKn
ðD−1SiD−1ÞV□ϵ

3−2D ð80Þ

for D ¼ 2n is even, where VIðpÞ is also smeared as VIð□D−1
ϵ Þ ≔ ½volð□ϵÞ�D−2

R
□ϵ

VIðpÞdpD, with VIðpÞ ¼
VIðp;△1;…;△DÞ and

VIðp;△1;…;△DÞ ≔
1

volð△1Þ…volð△DÞ
Z
σ
dDx1…

Z
σ
dDxDχ△1

ðp; x1Þχ△2
ð2p; x1 þ x2Þ…χ△D

ðDp; x1 þ � � � þ xDÞ

×
1

D!
ϵa1b1…anbnϵ

II1J1…InJnπa1I1K1
πb1K1

J1
πa2I2K2

πb2K2

J2
…πanInKn

πbnKn
Jn

ð81Þ

similar to the definition of πðp;△1;…;△DÞ. With these smeared quantities, we can reexpress the length of a curve as
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Le ¼ lim
ϵ→0

X
eϵ

Leϵ ¼ lim
ϵ→0

X
eϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
lIJeϵ l

eϵ
IJ

r
: ð82Þ

Correspondingly, the length operator based on this ex-
pression is given by

L̂e ¼ lim
ϵ→0

X
eϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
l̂IJeϵ ðl̂eϵ;IJÞ†

r
: ð83Þ

An alternative formulation reads

L̂e ¼ lim
ϵ→0

X
eϵ

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ðl̂IJeϵ þ ðl̂eϵ;IJÞ†Þðl̂IJeϵ þ ðl̂eϵ;IJÞ†Þ

r
: ð84Þ

Now we need to define the operator l̂IJeϵ . In all dimensional
LQG [22], the fluxes and volume can be promoted as
operators immediately. The action of a flux operator on a
cylindrical function fγ reads

π̂IJðD−1SiÞ · fγ ¼ iℏκβ
X

e{∈Eðγ½D−1Si�Þ
ϵðe{; D−1SiÞRIJ

e{ · fγ; ð85Þ

where Eðγ½D−1Si�Þ denotes the collection of the edges
intersecting the face D−1Si, and RIJ

e is the right invariant
vector field on SOðDþ 1Þ ∋ heðAÞ. When D is even, the
action of the volume operator is given by

V̂□ϵ
· fγ ¼ ðℏκβÞ D

D−1

X
v∈VðγÞ∩□ϵ

V̂v;γ · fγ; ð86Þ

where

V̂v;γ ¼ ðV̂I
v;γV̂Iv;γÞ 1

2D−2; ð87Þ

with

V̂I
v;γ ¼

iD

D!

X
e1;…;eD∈EðγÞ;e1∩…∩eD¼v

sðe1;…; eDÞq̂Ie1;…;eD ;

q̂Ie1;…;eD ¼ ϵII1J1I2J2…InJnR
I1K1
e1 RJ1

e0
1
K1
…RInKn

en RJn
e0nKn

; ð88Þ

wherein the set ðe1;…; eDÞ is relabeled as ðe1; e01;
…; en; e0nÞ. When D is odd, the action of the volume
operator is also given by

V̂□ϵ
· fγ ¼ ðℏκβÞ D

D−1

X
v∈VðγÞ∩□ϵ

V̂v;γ · fγ; ð89Þ

with

V̂v;γ ¼
���� iDD!

X
e1;…;eD∈EðγÞ;e1∩…∩eD¼v

sðe1;…; eDÞq̂e1;…;eD

���� 1
D−1

;

ð90Þ

with

q̂e1;…;eD ¼ 1

2
ϵIJI1J1I2J2…InJnR

IJ
e R

I1K1
e1 RJ1

e0
1
K1
…RInKn

en RJn
e0nKn

:

ð91Þ

In the above equations we used the inventions that VðγÞ is
the collection of vertices of the graph γ, sðe1;…; eDÞ ≔
sgnðdetð_e1ðvÞ;…; _eDðvÞÞÞ, and v is the intersection point
of the D-tuple of edges ðe1; e2;…; eDÞ. It is understood that
we only sum over the D-tuples of edges which are incident
at a common vertex. Similarly, we can quantize VIð□D−1

ϵ Þ
in (80) as

V̂Ið□D−1
ϵ Þ · fγ ¼ ðvolð□ϵÞÞD−2

X
v∈VðγÞ∩□ϵ

Z
□ϵ

dp
X

e1;…;eD

ðiℏκβÞDsðe1;…; eDÞ
D!volð△1Þ…volð△D−1Þ

χ△1
ðp; vÞ…χ△D−1

ðp; vÞq̂Ie1;…;eD · fγ

¼ ðκβℏÞD
X

v∈VðγÞ∩□ϵ

V̂I
v;γ · fγ: ð92Þ

Hence the operator l̂IJeϵ is well defined by replacing the
components in its classical expression with the correspond-
ing quantum operators. Several remarks are listed below on
the replacement. First, the expression involves the inverse
of the local volume operator V̂□ϵ

which is noninvertible as
it has a huge kernel. To overcome this problem, we can

introduce an operator dV−1
□ϵ

similar to the “inverse”
volume operator in (1þ 3)-dimensional standard LQG,
which is defined as the limit

dV−1
□ϵ

¼ lim
ε→0

ðV̂2
□ϵ

þ ε2ðlðDþ1Þ
p Þ2DÞ−1V̂□ϵ

; ð93Þ

where lðDþ1Þ
p is the Plank length in (1þ D)-dimensional

space-time. The existence of the “inverses” volume oper-

ator dV−1
□ϵ

indicates that the length operator will be non-
vanishing only on the vertex which does not vanish the
volume operator. Second, although the prequantized
smeared quantities are well defined in some limit, they
are not yet background-independent because of the appear-
ing of kpreðe{1 ;…; e{D−1

; θÞ ≔ ϵi1…iD−1
ϵðe{1 ; D−1Si1Þ…

ϵðe{D−1
; D−1SiD−1Þ after we replace fluxes by flux operators

in Eqs. (77) and (80), where θ ¼ ðD−1S1;…; D−1SD−1Þ
represents the choice of the set of (D − 1)-surfaces D−1S in
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the partition of the neighborhood of eϵ. The background
structure can be removed by suitably “averaging” the
regularized operator over it following a strategy similar
to the treatment of the volume operator and the length
operator in (1þ 3)-dimensional standard LQG [7,14]. The
averaging is taken over the ðD − 1Þ2-dimensional space B
of all the choices of ðD−1S1;…; D−1SD−1Þ in the partition of
the neighborhood of eϵ, and it results in

kavðe{1 ;…; e{D−1
Þ ¼

Z
B
dθμðθÞkpreðe{1 ;…; e{D−1

; θÞ; ð94Þ

where θ ∈ B, and dθμðθÞ is a suitable normalized measure
on B. We take into account the fact that for any finite
set eϵ; e1;…; env which intersected at vertex v, such that
each two of them are not tangent at v, the functions
kpreðe{1 ;…; e{D−1

; θÞ with {1 < {2… < {D−1 and the constant
function constitute a set of linearly independent functions
on B [7]. The averaging result kavðe{1 ;…; e{D−1

Þ has the
following properties: (1) kavðe{1 ;…; e{D−1

Þ depends only on
the segments of the edges ðe{1 ;…; e{D−1

Þ that are located in
the neighborhood of eϵ; (2) kavðe{1 ;…; e{D−1

Þ is totally
antisymmetric in {1;…; {D−1, i.e., kavðe{1 ;…; e{D−1

Þ ¼
kavðe½{1 ;…; e{D−1�Þ; (3) in the limit ϵ → 0,
kavðe{1 ;…; e{D−1

Þ is nonvanishing only if e{1 ;…; e{D−1
and

eϵ intersect at a vertex v and their tangential directions are
linearly independent there; (4) the choice of the measure
dθμðθÞ ensures that kavðe{1 ;…; e{D−1

Þ ¼ kavðe0{1 ;…; e0{D−1
Þ if

ðe; e{1 ;…; e{D−1
Þ and ðe; e0{1 ;…; e0{D−1

Þ are related by an
orientation preserving diffeomorphism of σ. These proper-
ties ensure that kavðe{1 ;…; e{D−1

Þ can be given by kav ·
ςðeϵ; e{1 ;…; e{D−1

Þ uniquely, wherein kav is a constant, and
ςðeϵ; e{1 ;…; e{D−1

Þ is the orientation function which equals
þ1 (or −1) if the tangential directions of eϵ; e{1 ;…; e{D−1

are
linearly independent at the vertex v dual to□ϵ and oriented
positively (or negatively), or equals zero otherwise. Third,
the following noncommutative relations generally hold:

½l̂IJeϵ ; V̂□ϵ
� ≠ 0; ð95Þ

where v ∈ eϵ is the vertex dual to □ϵ, and

½L̂eϵ{ ; L̂eϵ| � ≠ 0; ð96Þ

where eϵ{ and eϵ| intersect at a true vertex which is dual to
a nonvanishing volume. This result indicates that we
should choose a “nice” extended curve to define its length
operator [13].
Based on the above treatment the operator l̂eϵ;IJ can be

given by

l̂eϵ;IJ · fγ ≔
ðiκβℏÞD−1

ðD − 1Þ!
X
e{1

…
X
e{D−1

kav · ςðeϵ; e{1 ;…; e{D−1
ÞϵIJI1J1…InJnR

I1K1
e{1

RJ1
e{2K1

…RInKn
e{D−2

RJn
e{D−1Kn

ðdV−1
□ϵ
ÞD−2 · fγ; ð97Þ

for D ¼ 2nþ 1 is odd, and

l̂eϵ;I1K1
· fγ ≔

2ðiκβℏÞD−1

ðD − 1Þ!
X
e{1

…
X
e{D−1

kav · ςðeϵ; e{1 ;…; e{D−1
Þ

× V̂Ið□D−1
ϵ ÞϵI½I1jJ1…InJnjR

J1
e{1K1�R

I2K2
e{2

RJ2
e{3K2

…RInKn
e{D−2

RJn
e{D−1Kn

dV−1
□ϵ

2D−3
· fγ; ð98Þ

for D ¼ 2n is even. The final formulation of the second
length operator is given by Eq. (83) or Eq. (84).

B. The second version of general m-area operators

The above procedure of constructing the length operator
can be extended to construct the general geometric oper-
ators measuring the m-area of a m-dimensional surface mS.
By the partition mS ¼ P

t∈N;0≤t≤T
mS̄t⋄1m

of an open
m-surface mS, the m-area ArðmS⋄1m

Þ can be reexpressed
by fluxes following a partition of the neighborhood of
mS⋄1m

in σ as follows. Suppose that the (D −m)-tuple of the
(D − 1)-surface D−1Si (i ¼ 1;…; D −m) with coordinate
(D − 1)-area ϵD−1 intersects at the m-dimensional region
mS⋄1m

. The normal covectors ðn1a;…; nia;…; nD−m
a Þ of

mS⋄1m
span a (D −m)-dimensional vector space and satisfy

ϵ{1…{m _ea1{1 …_eam{m

¼ 1

ðD −mÞ! ϵ
a1…amamþ1…aDni1amþ1

…niD−m
aD ϵi1…iD−m

: ð99Þ

We consider the following two cases.
Case I: m̄ ≔ D −m is even
Define

ĒK1…Km̄
≔

1ffiffiffiffiffiffi
m̄!

p πb1K1L1
δL1L2πb2K2L2

…πbm̄−1
Km̄−1Lm̄−1

δLm̄−1Lm̄πbm̄Km̄Lm̄

× ni1b1…nim̄bm̄ϵi1…im̄ j detðπÞj
1−m̄
D−1; ð100Þ

for D is odd, and
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ĒK1…Km̄
≔

1ffiffiffiffiffiffi
m̄!

p πb1K1L1
δL1L2πb2K2L2

…πbm̄−1
Km̄−1Lm̄−1

δLm̄−1Lm̄πbm̄Km̄Lm̄
ni1b1…nim̄bm̄ϵi1…im̄ jddetðπÞj

1−m̄
2D−2; ð101Þ

for D is even. Both of them satisfy

detðmqÞ ¼ ĒK1…Km̄ĒK1…Km̄
; ð102Þ

which gives detðqÞ ¼ detðmqÞ detðm̄qÞ, and

detðm̄qÞ−1 ≔ 1

m̄!
n
i0
1
a1…ni

0
m̄
am̄ϵi1…im̄q

a1b1…qam̄bm̄ni1b1…nim̄bm̄ϵi1…im̄ : ð103Þ

Case II: m̄ ≔ D −m is odd
Similar to the last case, we can define

ĒIJK1…Km̄−1
≔

1ffiffiffiffiffiffiffiffi
2m̄!

p πbIJπ
b1
K1L1

δL1L2πb2K2L2
…πbm̄−2

Km̄−2Lm̄−2
δLm̄−2Lm̄−1πbm̄−1

Km̄−1Lm̄−1
nibn

i1
b1
…nim̄−1

bm̄−1
ϵii1…im̄ j detðπÞj

1−m̄
D−1; ð104Þ

for D is odd, and

ĒIJK1…Km̄−1
≔

1ffiffiffiffiffiffiffiffi
2m̄!

p πbIJπ
b1
K1L1

δL1L2πb2K2L2
…πbm̄−2

Km̄−2Lm̄−2
δLm̄−2Lm̄−1πbm̄−1

Km̄−1Lm̄−1
nibn

i1
b1
…nim̄−1

bm̄−1
ϵii1…im̄ jddetðπÞj

1−m̄
2D−2; ð105Þ

for D is even. They also satisfy

detðmqÞ ¼ ĒIJK1…Km̄−1ĒIJK1…Km̄−1
: ð106Þ

Similar to the construction of the length operator, we define

ĒK1…Km̄ ≔
1

ϵm
ffiffiffiffiffiffi
m̄!

p πK1L1ðD−1Si1ÞδL1L2
πK2L2ðD−1Si2Þ…πKm̄−1Lm̄−1ðD−1Sim̄−1ÞδLm̄−1Lm̄

πKm̄Lm̄ðD−1Sim̄Þϵi1…im̄V
ð1−m̄Þ
□ϵ

; ð107Þ

for m̄ is even, and

ĒIJK1…Km̄−1 ≔
1ffiffiffiffiffiffiffiffi
2m̄!

p πIJðD−1SiÞπK1L1ðD−1Si1ÞδL1L2
πK2L2ðD−1Si2Þ…

× πKm̄−2Lm̄−2ðD−1Sim̄−2ÞδLm̄−2Lm̄−1
πKm̄−1Lm̄−1ðD−1Sim̄−1Þϵii1…im̄−1

Vð1−m̄Þ
□ϵ

; ð108Þ

for m̄ is odd, where □ϵ is a D-dimensional box with coordinate volume ϵD containing the tuple of D−1Si. Then, the m-area
ArðmSÞ can be reexpressed as

ArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

ArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĒK1…Km̄ ĒK1…Km̄

q
ð109Þ

for m̄ is even, and

ArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

ArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĒIJK1…Km̄−1 ĒIJK1…Km̄−1

q
ð110Þ

for m̄ is odd. Since all the components in Eqs. (107) and (108) have clear quantum analogs, we can obtain the general
geometric operators as

cArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

cArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ˆ̄E
K1…Km̄ ˆ̄E

†
K1…Km̄

q
ð111Þ
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for m̄ is even, and

cArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

cArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ˆ̄E
IJK1…Km̄−1 ˆ̄E

†
IJK1…Km̄−1

q
ð112Þ

for m̄ is odd. Also, an alternative formulation can be given as

cArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

cArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ˆ̄EK1…Km̄

ϵ þ ˆ̄E
†
K1…Km̄

Þð ˆ̄EK1…Km̄
ϵ þ ˆ̄E

†
K1…Km̄

Þ
q

ð113Þ

for m̄ is even, and

cArðmSÞ ¼ lim
ϵ→0

X
mS⋄1m

cArðmS⋄1m
Þ ¼ lim

ϵ→0

X
mS⋄1m

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ˆ̄EIJK1…Km̄−1 þ ˆ̄E

†
IJK1…Km̄−1

Þð ˆ̄EIJK1…Km̄−1 þ ˆ̄E
†
IJK1…Km̄−1

Þ
q

ð114Þ

for m̄ is odd. Note that we defined

ˆ̄E
K1…Km̄ ≔

1ffiffiffiffiffiffi
m̄!

p π̂K1L1ðD−1Si1ÞδL1L2
π̂K2L2ðD−1Si2Þ…π̂Km̄−1Lm̄−1ðD−1Sim̄−1ÞδLm̄−1Lm̄

π̂Km̄Lm̄ðD−1Sim̄Þϵi1…im̄
dV−1
□ϵ

ðm̄−1Þ

¼ ðiℏκβÞm̄ffiffiffiffiffiffi
m̄!

p
X

e{1 ;…;e{m̄

ϵðe{1 ; D−1Si1Þ…ϵðe{m̄ ; D−1Sim̄Þ…RK1L1
e{1

δL1L2
RK2L2
e{2

…RKm̄−1Lm̄−1
e{m̄−1

δLm̄−1Lm̄
RKm̄Lm̄
e{m̄ ϵi1…im̄

dV−1
□ϵ

ðm̄−1Þ
;

ð115Þ

for m̄ is even, and

ˆ̄E
IJK1…Km̄−1 ≔

1ffiffiffiffiffiffiffiffi
2m̄!

p π̂IJðD−1SiÞπ̂K1L1ðD−1Si1ÞδL1L2
πK2L2ðD−1Si2Þ…

× π̂Km̄−2Lm̄−2ðD−1Sim̄−2ÞδLm̄−2Lm̄−1
π̂Km̄−1Lm̄−1ðD−1Sim̄−1Þϵii1…im̄−1

dV−1
□ϵ

ðm̄−1Þ

¼ ðiℏκβÞm̄ffiffiffiffiffiffiffiffi
2m̄!

p
X

e{;e{1 ;…;e{m̄−1

ϵðe{; D−1SiÞϵðe{1 ; D−1Si1Þ…ϵðe{m̄−1
; D−1Sim̄−1Þ

× RIJ
e{ R

K1L1
e{1

δL1L2
RK2L2
e{2

…RKm̄−2Lm̄−2
e{m̄−2

δLm̄−2Lm̄−1
RKm̄−1Lm̄−1
e{m̄−1

ϵii1…im̄−1
dV−1
□ϵ

ðm̄−1Þ
; ð116Þ

for m̄ is odd. Here we can also remove the background
structure by suitably averaging the regularized operators.
The average of ϵi1…im̄ϵðe{1 ; D−1Si1Þ…ϵðe{m̄ ; D−1Sim̄Þ gives
m̄kav · ςðeϵ1;…; eϵm; e{1 ;…; e{m̄Þ for m̄ is even, and that
of ϵii1…im̄−1

ϵðe{; D−1SiÞϵðe{1 ; D−1Si1Þ…ϵðe{m̄−1
; D−1Sim̄−1Þ

gives m̄kav · ςðeϵ1;…; eϵm; e{; e{1 ;…; e{m̄−1
Þ for m̄ is odd,

wherein m̄kav is a constant, ðeϵ1;…; eϵmÞ is the set of edges
to give mS⋄1m

, and ςðeϵ1;…; eϵm; e{1 ;…; e{m̄Þ or
ςðeϵ1;…; eϵm; e{; e{1 ;…; e{m̄−1

Þ is the orientation function.
We have constructed the background-independent

“elementary” general geometric operators in all dimen-
sional LQG. The operators (111), (112), (113) and (114)
are symmetric. The overall undetermined factor m̄kav is
expected to be fixed by semiclassical consistency. It
should be noted that in the special case of m̄ ¼ D − 1
the general geometric operators become some length

operators. However, they are not exactly the same as
(83) and (84). Nevertheless, the two versions of length
operators can be identified by certain operator reordering.
Also, the (D − 1)-area operator which is constructed with
flux operators directly can be given as the special case
of m̄ ¼ 1 from the general geometric operators, and the
usual D-volume operator can be given as the special case
of m̄ ¼ 0. Thus the construction strategy of general
geometric operators is the extension of those for the
standard (D − 1)-area operator and usual D-volume
operator.
It is easy to see that the elementary geometric operatorcArðmS⋄1m

Þ does not commute with the D-volume operator
V̂□ϵ

if they both contain a same vertex v. This implies
that these elementary geometric operators are generally
noncommutative,
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½cArðmS⋄1m
Þ;cArðmS0⋄1m

Þ� ≠ 0; ð117Þ

for mS⋄1m
and mS0⋄1m

contain the same vertex v which is dual
to□ϵ. Hence we can only define them-area operator of nice
extended m-surfaces based on the elementary geometric
operators as suggested in Ref. [13]. Also, we leave the
operator ordering issue of our general geometric operators
for further study [24].

V. CONCLUDING REMARKS

In the previous sections, we constructed two kinds of
length operators for all dimensional LQG by extending the
constructions in standard (1þ 3)-dimensional LQG. Based
on the two different strategies, we also constructed two
kinds of general geometric operators to measure arbitrary
m-areas in all dimensional LQG. In the first strategy,
by Eq. (10) the de-densitized dual momentum

ffiffiffi
q

p
πIJa is

regularized as Eq. (13). Then the general geometric
quantities with πðeϵÞ as building blocks can be quantized
by this regularization and suitable choices of operator
ordering. In the second strategy, as the de-densitized dual
momentum can be expressed by the momentum πaIJ and the
volume element by Eqs. (72) and (74), it can also be
regularized as Eqs. (77) and (80). For the general geometric
quantities, the m-area element can be regularized by the
flux of πaIJ through Eqs. (109) and (110). Then they can be
quantized by the regularization and introducing the inverse
volume operator. To get well-defined and background-
independent general geometric operators, the averaging of
the regularizations has to be also introduced.
Several remarks on the two kinds of general geometric

operators are listed in order. First, the first kind of general
geometric operators was constructed in Sec. II with the so-
called (de-densitized) dual momentum, whose smeared
version was expressed by the holonomy of connection.
This construction would lead to some problem if the
simplicity constraint was taken into account, since the
action of a holonomy could change a state satisfying
the constraint into a nonsatisfying one. To solve the
problem, some projection operators should be introduced
in the construction. Different from the first one, the second
kind of general geometric operators constructed in Sec. IV
would have a good behavior even if the simplicity con-
straint was considered, since these kinds of operators and
the simplicity constraint are both totally composed of the
flux operators. In this sense, the second kind of general
geometric operators is expected to be a better choice than
the first one in the consideration of obtaining the semi-
classical spatial geometry from all dimensional LQG.
Second, the second kind of general geometric operators
contains the standard (D − 1)-area operator and usual D-
volume operator as some special cases. Hence, its con-
struction could be regarded as a natural extension of those
of standard (D − 1)-area operator and usual D-volume

operator. Different from the second one, the construction
of the first kind of general geometric operators is com-
pletely different from those of standard (D − 1)-area and
usual D-volume operators. Thus it deserves checking the
consistency between them in future work. Note that a
similar consistency check was performed in (1þ 3)-dimen-
sional standard LQG [25]. Third, in the construction of the
first kind of general geometric operators, the choice of the
operator ordering is inspired by that of the alternative
flux operator in (1þ 3)-dimensional standard LQG
[9,10]. The consistency between the alternative flux oper-
ator π̂IJalt:ððD−1ÞS⋄ðD−1Þ Þ and the standard flux operator

π̂IJððD−1ÞS⋄ðD−1Þ Þ in (1þ D)-dimensional LQG was checked
in Sec. III.
Moreover, the properties of these general geometric

operators are worth further studying. Though it is hard
to obtain the spectra of the general geometric operators,
one may consider the semiclassical behavior of these
operators. For instance, one can study the actions of the
general geometric operators on the semiclassical states that
are equipped with the simple coherent intertwiners [26].
The undetermined regularization constants in these general
geometric operators are also expected to be fixed in such a
kind of semiclassical consistency check.
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APPENDIX: QUANTIZATION OF S

Recall that in all dimensional LQG, S takes a value of 1
if (Dþ 1) is odd while it takes a value of 1 with a sign
of detðπÞ ≔ 1

2D!
ϵaa1b1…anbnϵIJI1J1…InJnπ

aIJπa1I1K1πb1J1K1
…

πanInKnπbnJnKn
if (Dþ 1) is even. Let us focus on the case

that (Dþ 1) is even now. Notice that detðπÞ is smeared as
πðp;△1;…;△DÞ which is defined in Eq. (78) and then
we have

SðpÞ¼ sgnðdetðπÞðpÞÞ¼ sgnðπðp;△1;…;△DÞÞ; ϵ→0:

ðA1Þ

Also we have the volume of the box □ϵ which is given by
V□ϵ

¼ R
□ϵ

dDxj det πj 1
D−1 and it can be transformed as

V□ϵ
¼

Z
□ϵ

dDpjπðp;△1;…;△DÞj 1
D−1

¼ jπðp;△1;…;△DÞj 1
D−1 · ϵD; ϵ → 0: ðA2Þ

It should be noticed that
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SðpÞ · πðp;△1;…;△DÞ ¼ jπðp;△1;…;△DÞj: ðA3Þ

Then, similar to the discussion of the signum operator in
[9], the S must be identified with the signum that appears
inside the absolute value under the (D − 1)-degree roots in
the definition of the volume V□ϵ

in the classical theory.
This meaning of S can be extended to the quantum case

naturally. Recall the expression, Eqs. (89) and (90), of the
volume operator for D is odd and consider the case ϵ → 0:
we can immediately conclude that Eq. (68) holds, where the
right-hand side of Eq. (68) is basically the expression inside
the absolute value in the definition of the volume operator
and Ŝ represents the signum of the expression inside the
absolute values in the volume operator.
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