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This paper introduces an analytical treatment of accelerated and geodesic motion within the framework
of the Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime. By employing conformal time trans-
formations we manage to convert second order differential equations of motion in FLRW spacetime to first
order equations in the conformally transformed spacetime. This allows us to derive a general analytical
solution in closed-form for accelerated motion in spatially curved FLRW spacetime. We provide few
examples of this general solution. The last part of our work focuses on the return journey for a traveler
exploring a FLRW universe. We derive certain conditions for a de Sitter universe that have to be satisfied in

order to achieve a return journey.
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I. INTRODUCTION

The paradigm of a homogeneous expanding isotropic
universe in the framework of general relativity is realized
via the Friedmann-Lemaitre-Robertson-Walker (FLRW)
model [1-4]. In this work we are going to investigate
the accelerated motion of a test particle in FLRW. Such a
test particle corresponds to a rocketeer traveling in an
FRLW universe. The derivation and the interpretation of
accelerated motion have suffered from ambiguous treat-
ments which will be discussed later on.'

The motion of a uniformly accelerated traveler in an
expanding universe is described by a set of differential
equations which are in general nontrivial coupled. This set
of equations does not become less complicated even if a
specific cosmological model is applied. Thus, an analytical
derivation of the path of a rocketeer is highly challenging.
Actually a goal of this work is to present a general
formulation which allows an analytical treatment. In parti-
cular, this work has been inspired by [10] in which
W. Rindler proposed a generalization of the hyperbolic
motion in Minkowski spacetime to solve the corresponding
set of equations. However, Rindler solved it only for the
de Sitter spacetime [10].

Studying the accelerated motion of a rocketeer is useful
for the future accelerated space probe. For our universe
(with Q,, #0.27, Q) =~ 0.73 and nearly spatially flat) a
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For example, it has been debated whether analysing uni-
formly accelerated motion in an expanding universe could clarify
the physics behind the expansion. Namely, the debate has been
about if the expansion is a trick of coordinates or a physical
phenomenon [5-9].
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space traveler could visit a galaxy which is observed today
at a redshift of 1.7 on a one-way journey with proper
acceleration equal to the terrestrial gravitational acceler-
ation, in almost 100 years [11]. However, for galaxies at
redshift less than 1.7, e.g., 0.65, it is not clear whether the
traveler would succeed to return back home. Therefore, it
might be appropriate to consider a traveler of intermittent
accelerations to explore the universe [9]. In this study, we
are going to address this issue from a different point of
view, i.e., our rocketeer travels with uniform deceleration in
order to achieve a return trip.

The formalism presented in this work reduces to the
geodesic motion in a spatially curved FLRW spacetime in
the limit of zero proper acceleration. Since geodesic in an
expanding universe has vast applications in cosmology,
astrophysics, and quantum gravity, many attempts have
been undertaken to solve the geodesic equations of motion
(for more details see Refs. [12-39] of [12]). The first
attempt to tackle this issue was initiated by Whiting [13].
Whiting derived the equations of motion for a free particle
with Newtonian background and its relativistic generali-
zation. In [14] geodesic in low-velocity regime has been
studied. These efforts by [13,14] for solving geodesic
motion was not sufficient due to the number of short-
comings in calculation and interpretation. Latter on, Grgn
and Elgargy [15] derived a general solution for geodesics in
the full general relativity framework. Moreover, Ref. [13]
claimed that particle moving uniformly in an expanding
universe will join the Hubble flow. This claim has been
refuted in [16], in which it has been formally proven that
particles following the geodesic motion in an eternally
expanding universe do not asymptotically rejoin the
Hubble flow. Recently, a method for deriving both timelike
and spacelike geodesic distances in spatially flat FLRW

© 2020 American Physical Society
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spacetime with given initial-value or boundary-value con-
straints was presented in [12].

In this work, we use conformal time transformations in
order to get a general analytical formulation. Thus, it is
useful to provide a brief overview of what has been
already done in FLRW with conformal transformations.
Conformal transformation and its symmetries help us to
grasp the notion of the causal structure of spacetime [17].
FLRW metric has vanishing Weyl tensor, therefore, all
Friedmann cosmological models are conformally flat and
their systematic description has been studied in detail in
Ref. [18-20]. The nature of FLRW models in conformal
coordinates has been studied in [21]. It has been demon-
strated in [22] that transformation into conformal coordinates
do not eliminate superluminal recession velocities for open
or flat matter dominated FLRW cosmologies, and all of them
possess superluminal expansion. Reference [23] derived the
scalar field and the electromagnetic field of a moving
charged particle in de Sitter spacetime, when the particle
is following geodesic trajectories or it is uniformly accel-
erated. In order to achieve this, conformal transformation
between de Sitter and Minkowski spacetime was applied.

The layout of this work is as follows; Sec. II provides the
essential mathematical background in which the conformal
time transformation is applied. In Sec. III a novel general
formalism is presented. Namely, using the transformed
FLRW spacetime enables us to solve the equations of
motion of accelerated particle. In this way, second order
differential equations reduce to first order differential equa-
tions which allow us to solve the trajectories for accelerated
particle and free motion. In addition, this formalism specifies
the four-velocities of particles. This extends previous results
[12,15] covering only geodesic motion. We prove that
accelerated and geodesic motions in FLRW universe depend
on the expansion factor and its integral for any specific
FLRW model. In Sec. IV we give some examples for known
FLRW models that have an analytic solution. In cases where
there is no analytical solutions, we use numerical integration
to solve them. Furthermore, in Sec. IVD we provide
solutions for both the uniformly accelerated and the geodesic
motion in the global anti—de Sitter spacetime by implement-
ing similar prescription as we did in Sec. III. This accelerated
trajectory is indeed the generalized form of the known
uniformly accelerated observer in the anti—de Sitter space-
time [24-26]. In Sec. V we discuss the return journey. We
show that, in order to achieve a return journey having
uniformly deceleration is not sufficient condition for every
spacetime. For a de Sitter spacetime we derive the boundary
condition that must be satisfied to be able to fulfill the return
journey. Concluding remarks are given in Sec. VI.

II. MATHEMATICAL BACKGROUND

We begin by introducing the line element of the FLRW
spacetime, which describes the metric of an expanding,
homogeneous and isotropic universe

ds*>=—c*dr? + R*(1)[dy* + S3(x ) (d6* +sin*0d¢?)], (1)

where c is light speed (hereafter ¢ = 1),

siny, k=1, closed,
Sc(r) =X x, k=0, flat,
sinhy, k= -1, open,

expresses the space curvature and R(7) is the scale factor
which describes the expansion of the universe. ¢ is the
coordinate time 7 € [0, 0); y lies in the range y € [0, o)
for k =0,-1 and y € [0, z] for k = 1; while the angles
0 € [0, 7] and ¢ € [0,27x) independently of the curvature.

Let us assume a cosmological model with a cosmologi-
cal constant A and a fluid with equation of state given by

P=Pp)=({-1)p (2)

where P is the pressure, p is the energy density and we
assume that constant y can take any values. Then, the
Friedmann equation reads

where dot means derivation with respect to ¢ and C is a
constant proportional to the matter density (see, e.g., [24]).
The four-acceleration of a particle is given by

du* u dx”dx?

— | Z 2T ETEE 4
di + dir di )

where u# is the four-velocity and 4 is the proper time. a*
and u# satisfy the following constraints

u'u, = —1, (5)
a'a, = A%, (6)
a'u, =0, (7)

where A is the norm of the acceleration. Having uniform
acceleration means that A = const.

Solving Eq. (4) for a given acceleration (say for
A = const) is almost analytically intractable (see, e.g.,
[10]). Here we introduce the conformal time transformation
in order to tackle this problem. In particular, the conformal

time # is such that
dt
= | —. 8
n / R(D) (8)

Additionally, by putting 7 = y, the FLRW metric reads
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ds? = R2(n)[~dn? + d7? + SH(7)(d6* + sin20dg?)].  (9)

Notice that, R(17) = R(¢).
When we have cosmological models with A =0 or
A # 0 but without matter, it holds that (see, e.g., [24])

where R, is a constant length which determines the scale of
the universe. The power coefficient b for A = 0is b = 3/%2
The value of b distinguishes between different cosmologi-
cal models. For example, if » = 2 then the universe is filled
with dust;for stiff matter b = %; while b = 1 describes the
radiation case. Moreover, for non-negative curvature when
A # 0 and without matter, which is actually a de-Sitter
cosmological model, then b = —1.

III. PATH OF PARTICLES
IN FLRW SPACETIME

We would like first to present the general formulation
for the motion of particles in the transformed FLRW
spacetime (9) by considering only the radial motion. To
do that, we shall define the four-velocity as follows [11]

_dn _ cosh{(2) »_ dy _sinh{(4)
“d Rm " @ Rw

where {(4) is the rapidity, which will be determined later.
Note that Egs. (10) automatically satisfy constraint (5).

The only needed nonvanishing Christoffel symbols for
this case are

u'l , (10)

El

; 1 dR(n)
FZn:FZ;:F%:@d—n- (11)

The four-acceleration in the set of coordinates (9) can be
written in the following way

du"

a :E+FZW(MYI)2 + ;;;7(”)?)2, (12)
_ o df ;o s
@ = S 2T, (13)

From now on, since all used Christoffel symbols have
equal value, we shall denote them by I

By differentiating the first term in the right-hand side of
Eq. (12) and by using Eq. (10) we obtain

du'  sinh(2)dg(2)  cosh¢(A) dR(n)
di~ R() di  R(p)? di

(14)

Since the % can be written in terms of y
dR(n) _ dndR(n) _ , dR(n) (15)
dA di\ dn dn

by substituting it into Eq. (14) together with Egs. (10)
and (11) we arrive to

dw L de(2)

=y (16)
Thus
al = di’(j) + ()T =¥ (%Ef) + Fuff). (17)

Similar calculation can be undertaken for ¢ where

dv* d¢(4) -
= —u
=W T, (18)
which finally gives
o d(4) ; <) | -
Fo— 2 AT = %
@ =u'— + u"W'T u< 7 +Tw ).  (19)
We denote
dg(4) 7
A=—""4TWw 2
a (20

where A, is the norm of acceleration as mentioned earlier in
Eq. (6). As a result, the four-acceleration becomes
al = A, @ = Au'. (21)
Note that Eq. (21) satisfies also the constraints (6) and (7).
In the transformed FLRW metric (9) the coordinates #
and 7 share a common coefficient, i.e., the R(y). If we
constraint the motion only on the radial direction through
this transformation we get a solvable set of equations from

Eq. (4). This allows us to analyze the radial motion of the
rocketeer in the FLRW spacetime.

A. Accelerated radial motion

It is convenient to express the equation of motion of
the rocketeer in terms of 7. Therefore, from the four-
velocity (10), we get

dy dy/di

dn ~ dnjdi tanh {(4). (22)

To find the unknown rapidity (1) we need to use Eq. (20)
and reparametrize it in terms of 5
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di(n) -

A—w g, (23)
dn

where £(17) = (n(4)) = ¢(A) and A = const.
Integrating Eq. (23) with respect to #, we obtain
Z(n) = arcsinh <A7~€(77) + %’7)) (24)
where
: J" R(Gp)*di
R(p) =—5—. 25
=% 25)

and v is an integration constant which is related to the initial
velocity of particle. Consequently,

dn

i R(n)
A/\/ (AR() +525)" +1

1/R( )

dn. (26)

/ \/ AR(y )+ %0 “ + 1

Now, we go back to the coordinates of the original
FLRW metric (1). This is achieved by using the inverse
transformation of Eq. (8), i.e., R(7)dn = dt, and by recall-
ing that R(¢) = R(n). Thus, we obtain for Eq. (24)

&(r) = arcsinh (AR(t) + ﬁ) (27)
where
R(1) = % (28)

Using Eq. (27) enables us to derive the four-velocity in
standard FLRW spacetime as follows

t ~
u’:d—:coshé’(t), u)f:dx

_ sinh{(r)

dr~ R(1) (29)

Finally, the trajectory of uniform acceleration motion is
given by

sz/Rl R(t)

(”VKARuy+ﬁﬁz+1

o [ L ! dr. (30)
+o 7 \/<AR@+%>2H f

dt

By specifying the evolution of the scale factor R(7)
Eq. (30) provides the accelerated radial path of the
rocketeer in the standard FLRW coordinate.

B. Some characteristic types of motion

1. Purely accelerated motion

When one ignores the integration constant v (i.e., v = 0)
in trajectories (26) and (30) the motion is called purely
accelerated. In the conformally transformed coordinates
the trajectory is given by

R
o [, (1)
\JAPR()* + 1
and in the original FLRW coordinates we get

R(1)

1
X“:A/RU%A¥RUV+1

where index a in both Egs. (31) and (32) refers to the purely
accelerated motion.

dt, (32)

2. Geodesic motion

To get the trajectory for the geodesic motion one has
to substitute A = 0 into the Egs. (24), (26) and (30). Thus,

the rapidity function Z(17) becomes

= )
C(n) = arcsinh<~ > (33)
R(n)
Consequently, Eq. (26) will be

(34)

= | T

and for Eq. (30) we obtain

v 1

Here index v in Eqgs. (34) and (35) denotes geodesic
motion. For all v values, v*> > 0, which guarantees that
Eq. (35) is a timelike geodesic [12].

Egs. (34) and (35) are geodesics in any conformal time
FLRW spacetime and FLRW spacetime respectively.
Eq. (35) is the same as equation derived in [15] and
recently in [12].

3. Null geodesics

We can see from Eq. (30) that for large acceleration A
the particle’s trajectory asymptotically reaches the null
geodesic, that means
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A>

hmm:i/ﬁém. (36)

Moreover, this statement holds for large v value, i.e.,

. 1

4. Transformation conditions

For the flat spatial curvature FLRW spacetime the
accelerated motion (31) can be transformed into geodesic
motion (34) under certain conditions. In order to investigate
this statement, we consider two different spacetimes having
scale factors R,,(17) = un™ and R, (17) = xn*. By substitut-
ing R,,(n) and R,(n) into the Eqgs. (34) and (31) respec-
tively we get

1- 2 -2
. on' ™" 1 m—-13m—-1 oy "
=——0F | 5, ; = . (38
Xv ,u(m—l)z l<2 om 2m qu ( )
and
_ Axptt 1 24k 443k  AMp
Ym0 +202 '\ 2242k 242k (142k)2 )
(39)

where ,F|(a, b; c; z) is the Gauss hypergeometric function.
These two trajectories become equivalent if

1+ k=—-m,

11& = ,% (40)

1+2k#0.

For instance, the uniformly accelerated trajectories in the de
Sitter spacetime get transformed to the geodesic motion in
the Minkowski spacetime and vice versa (See Sec. IV C for
more details). Moreover, one can show that an observer
with a suitable acceleration moving in a decelerating
Friedmann universe, i.e., a dust field universe, has the
same cosmological redshift as the observer in the ACDM
model [27].

IV. SOME EXAMPLES

In this section of Sec. III’s formalism is applied to
specific FLRW universe models. The motion of a particle
both in the original and in the transformed coordinates
depends only on the scale factor and its integral (Eq. (28)
and Eq. (25) respectively). Thus, specifying the expansion
factor for each cosmological model enables us to determine
the particles worldlines. In this section the behavior of the
trajectories presented in paragraphs a and b of Sec. III B is
studied.

Recently, the solution of Friedmann Eq. (3) was pre-
sented for various FLRW models with k = 0 [28]. Namely,
Chavanis has derived an analytical solution for R(¢) in a
universe undergoing a various combination of eras, e.g.,
stiff matter era, dark matter era, and dark energy era due
to the cosmological constant. From this study we use the
form of the scale factor in the cosmological examples of
Sec. IV and Sec. V.

Note that, although the transformation (8) is not, in
general, conformally flat transformation (CFT) for spatially
curved FLRW models, it is CFT for all the flat FLRW
models. Thus, since the cosmological models appearing
in Secs. IVA and IV C have zero spatial curvature, the
transformation (8) is a CFT, i.e., it holds that

dsi_, = Q*ds,,, (41)

where Q = R(7).

It is clear that this formalism is able to reproduce the
known hyperbolic motion in the Minkowski spacetime [29].
In a similar manner as in the Minkowski spacetime, the
uniformly accelerated motion can be derived in the Finstein
static universe, since for both spacetimes the scale factor
R(t) = 1.

To provide visualization for our examples we are going
to plot some trajectories in Penrose diagrams with coor-
dinates n and y given by the metric (9).

A. Flat FLRW spacetime without A

In this section we consider spatially flat FLRW space-
time with vanishing cosmological constant, i.e., A =0,
and a single fluid content provided by the EoS (2).
From the Friedmann equation (3) one can obtain the
scale factor

R(t) = R,1%, (42)

where R, = (3 y\/é)%v Substituting this scale factor into
the equations Eqs. (32) and (35) we obtain

9AL2/312
Ze = R.Gr+2)(6r —2)

1.1 1 34yt 2
)OF (21— 12— — (222 7), @))
2 3y 3y 243y

and

3/1-2/37
Ao Rc(3 - 27/)

13y 13 1 (RP/37\2
[ UL S A 44
><2l(2’4 23 7 ( v - (44)
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where a and » denote uniform acceleration and geodesic
motion respectively. In conformal representation, where
R(n) = Ry where b = 'iy%Z we have
_ Akcﬂ”b
Aa = 2% b)(1+ 2b)
1 2+b 4+3b A’RZpP>2
Fil 5. ; 5~ B (45)
2°242b°242b° (142b)

1-b 2. .—2b
- on 1 b-13b-1 o7y
, = —™m F =, 5 = = . 46
o —1)2 1(2 26 ' 2b R (46)

The dynamical features of the above trajectories on a
Penrose diagram are very similar for all the usual barotropic
fluids, i.e., for fluids with 1 <y < 2. Thus, in Fig. 1 we plot
just the case y = 1, which shows different trajectories in a
spatially flat FLRW universe with dust. Namely, Fig. 1
shows accelerated trajectories with zero v and nonzero v
(solid blue and dotted dashed red lines respectively), the
geodesic trajectories (orange dashed lines) together with
the null geodesic (black thick solid line). In the case of
constant acceleration, the greater the acceleration the faster
the rocketeer approaches the null geodesic behavior. We
plot also one decelerating trajectory with nonzero v, which
exhibits a return journey: such trajectories will be discussed
in Sec. V. Regarding the geodesic motion the greater the
initial velocity, the further the traveler can reach. Note that
even if initially geodesic travelers overtake accelerated
ones, eventually as expected the accelerated ones prevail.
Additionally, this figure provides the asymptotic behavior
of the trajectories as t — o0. One can see that, accelerated

A=0.1

A=1
“ust A5

FIG. 1. Penrose diagram for the dust-filled universe. The thick
black solid line denotes the photon trajectory. Solid lines have
constant acceleration A and v = 0, while the dotted dashed lines
have constant acceleration A and o # 0. Dashed curves are
geodesics, i.e., A = 0.

trajectories reach the future null infinity, i.e., Z, whereas
the geodesics motion ends up to timelike infinity, i.e., i*.

B. Milne universe

Vacuum FLRW model with A = 0 and k = —1 is known
as Milne universe [30], where R(¢) = ¢. For this spacetime
particle’s paths are

o (At ey 4) +1In(Cs),

where Cs is an integration constant. For a particle starting
from y, =1t =0 (Cs = 1), x, reduces to

A
= inh{ —1¢
Xa = arcsin (2 )

(47)

(48)
and y, becomes

arcsinh( 0 ) + arcsinh( 0 ) (49)
Yo = — — —— .
! V2 4+ 0? V14 v?

For Milne universe we cannot use Eqs. (26) and (34)
since transformation (8) is not CFT. In order to plot the
above case in a Penrose diagram we have to use the
transformation

R
t=+\T?—-R?, y = arcsinh (T)’

(50)

between a Milne universe and the Minkowski spacetime
[29]. Using this transformation we get

R +1 ’ T2—l (51)
A AY

and

oT

V1I+0?

for the trajectories (48) and (49) respectively in the
Minkowski spacetime.

It is known that Eqgs. (51) and (52) describe hyperbolic
and geodesic motion respectively in Minkowski spacetime.
In Fig. 2 examples of these types of motion are depicted in
the same manner as Fig. 1. The shaded region in this figure
indicates the part of the Penrose diagram that does not
belong to the Milne universe.

C. de Sitter Universe, y=0

Considering the dark energy dominated universe in the
absence of any matter the scale factor is

R(1) = RoeV™, (53)
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!

FIG. 2. Penrose diagram for the Milne universe. Curves have
the same coloring as described in Fig. 1. Note that, the shaded
part of the plot does not belong to the Milne universe.

where A is a cosmological constant [28]. This solution is
known as the de Sitter solution.

Accelerated and geodesic motion in this particular
spacetime are described by

A

Na = — x
VAReeVE [a42 14
3y (RoeVi2 402

URoe\/ét

+ Cy, (54)

In conformal coordinates, where scale factor is R(y) =

(56)

B 3
){y:—\/m+ﬂ2+c3- (57)

It is clear from Eqgs. (56) and (57) that the geodesic
equation in conformally flat coordinates (Minkowski
spacetime) get transformed to uniformly accelerated world-
line in de Sitter spacetime, whereas the trajectory of a
uniformly accelerated particle in Minkowski spacetime get
transformed to geodesic in de Sitter spacetime (see Fig. 3).
This result confirms previous works of Rindler’ [10] and
Bicak and Krtous [23].

*Note that, W. Rindler obtained only one special case of
accelerated motion in de Sitter spacetime. Namely, he studied the
case when a particle leaves the origin ( = y = 0) from rest, i.e.,
u' =1 and w¥ =0. One can rederive Rindler’s trajectory by

putting v = —\/%A into the Eq. (30) together with y(,_g) = 0.

Figure 3 shows the trajectories in the de Sitter spacetime.
In this spacetime, all trajectories have the same description as
in Fig. 1, but some of them have different initial conditions.
Namely, some of them do not pass through the origin t = 0.
Another difference is that the de Sitter spacetime covers only
the lower part of the Penrose diagram, since all trajectories
end up at the Z". We continue plotting the trajectories even
to the upper shaded region in order to provide a global view
of the behavior of these trajectories.

D. Anti-de Sitter spacetime

In this section we consider a vacuum FLRW universe
with a negative cosmological constant A and negative
spatial curvature k = —1 namely anti—de Sitter universe.
This particular case of anti—de Sitter universe has the

scale factor
R(1) cos
= —_
a

where @ = \/3/|A|. Thus, the accelerated and geodesic
trajectories become

(58)

P <2A2a2 + Aar/A2a’sin?(t/a) + cosz(t/a))’

cos(t/a)
(59)
and
B vsin(t/a)
Yo = arctanh( T lija) T 1)2). (60)

In Fig. 4 we illustrate these trajectories and we denote the
different types of trajectories as we did in Fig. 1.

Note that this coordinate system does not cover the
whole anti—de Sitter spacetime. In order to study the
accelerated motion in the whole anti—de Sitter spacetime
we use the following line element

ds?® = —cosh?(r)dr* + a? (dr* + sinh?(r)(d6? + sin’0d¢?)),
(61)

where r is dimensionless. The accelerated and geodesic
motions of this metric cannot be studied from the formu-
lation presented in Sec. III. However, we can introduce a
similar prescription to obtain those trajectories. Namely, we
introduce the conformal coordinate y by setting sinh(r) =
tan(y) together with # = an. Then, the metric (61) takes
the form

2
ds* = 00:2()() [—dn? + dy* + sin®(y) (d6 + sin’0dep?*)].

(62)
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r’:oo

\Y
A=—1 ,u'k‘o.zs U=1

I7=—OO t:—oo
FIG. 3. Penrose diagram for de Sitter universe. The shaded part is not covered by the flat de Sitter universe.
It is clear that the anti—de Sitter spacetime time covers v
E(y) = arcCosh| AF (y) + o)) (66)

only half of the Einstein static universe, namely in the

range y € [0,7/2).
Now, similarly to the formulation presented in Sec. III,
where

we introduce the radial four-velocity

dn_cohE() ,dpsinh(E(d) _[F@Pay
TRy YT a o FO="Fq (7

and v is an initial velocity of the accelerated particle. Thus,

where F(y) = @ This radial motion has the four-
from the four-velocity (63) and Eq. (66) we get

acceleration given by

al = Aw¥, a* = Au', (64)
1= [ coth (€0 (68)
where
dE(2) By substituting v = 0 into the Eq. (68), namely for the
A=—"=+Tu" (65)  purely accelerated motion, after some manipulation we get
da the following trajectory

VA%2a? -1 tan(Ap) >’ (69)

Xa = T — arccos
¢ < Aa 1 + tan?(An)

and I'= %wd};—ff). Therefore, for the rapidity function
E(y) = E(x(4)) = £(A), which can be determined from
Eq. (65), we get
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FIG. 4. Penrose diagram of the part of the anti—-de Sitter
spacetime as a particular case of the FLRW universe. Trajectories
are colored in the same manner as Fig. 1.

where A%a? > 1 has to be satisfied, Ay =5 — 1, and the
constant 7 is an integration constant from integral appears
in Eq. (68). Observers with an acceleration A travel radially
in the range

i ! < < ”
arcsin | — —.
Aa Xa 2

At y, = arcsin (1/(Aa)) the y component of the four-
velocity vanishes and the radial moving observer turns to
the stationary observer. Furthermore, Eq. (69) show that the
maximum duration of the radial accelerated traveler in the
anti—de Sitter spacetime is Ay = x/2, since the trajectories
reach the 7.

Moreover, by putting A = 0 into the Eq. (68) we derive
the trajectories for geodesic motion

> —a*  tan(Ap) ) (10)
v 1 + tan?(Ap)/’

¥, = arcsin <

which holds under the condition that v*> > o (for v = a the
geodesic trajectory vanishes). Equation (70) shows that, the
observer moving with the constant v moves in the range

a
0 <y, < arccos <—>
v

When the observer reaches at y, = arccos (a/v) the w*
becomes zero and therefore the radial moving observer
becomes stationary. Similar to the accelerated motion,
maximum duration of this motion is /2.

Setting £(yo) =0 for any fixed y =y, reduces the
accelerated radial motion to the family of the timelike
worldlines representing uniformly accelerated observers
studied in previous works [24-26]. Thus, the newly found
radially moving accelerated observers have as a limiting
case the already known stationary ones.

Fig. 5 shows these trajectories denoted in the same
manner as in Fig. 1. As we discussed previously,
worldlines of fixed y represent uniformly accelerated
observers. In this figure, trajectory number (1) shows
that the stationary observer from 7 € (—o0,0]. Then, at
n =0 it starts to accelerated radially with an acceler-
ation A =3 and goes toward Z (trajectory (4) has the
similar behavior). Observer number (6) has a deceler-
ation A = —1.8 from n € (—z/2,0). Then, at n =0 its
¥ vanishes and becomes stable. On the other hand,
trajectories (5) and (7) which have the v > 0 start from
n =y = 0 traveling with for Ay = /2 with constant v.
Its radial component of four-velocity, i.e., #* is decreas-
ing until at # = 0 it become zero. After this point, the
observer becomes stationary. Observers (2) and (3) are
at rest from n € (—oo0, —7z/2] and then they move with
negative v toward O.

Xx=Const.

»
~

1}
X

N
w

FIG. 5. The Penrose diagram for the global anti-de Sitter
spacetime. See the text for more details.
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V. RETURN JOURNEY

In this section we are going to focus our study on
analyzing the return journey of the rocketeer in spatially flat
FLRW universe. In particular, we are going to study the
behavior of the Eq. (30) or Eq. (26) in the spacetimes
studied in the previous section. Actually, in order to fulfill
the return journey, our rocketeer must begin to decelerate,
ie., A; <0, long enough time before it reaches the
designated proper distance.

Assuming that, the spaceship is traveling with nonzero
positive value v, at t = 4 = y = 0 the rocketeer applies a
deceleration A,. Thus, the rocketeer reaches the maximum
comoving distance from the origin at the return point with
coordinates {r;,x,} > 0 when £(7,) = 0 or equivalently
ur (t 1 ) =0.

Therefore, depending on the form of scale factor, one can
analyze the return journey of the rocketeer.

A. R(t)=t" spacetimes
In this section we analyze the return journey in the
spacetime studied in Secs. [IVA and IV B, namely space-
times having the scale factor like R(7) =¢". In these
particular spacetimes the rockeeter reaches the maximum
comoving distance from the origin at

t = (—M>ﬁ (71)

Aq

Afterwards, the rocketeer returns toward the origin. As
t - oo the trajectory of the rocketeer asymptotically
becomes

1
limy = — / . (72)

1—00

which means that there is a finite 7, > #;, when the
rocketeer arrives back to the origin, y = 0. In Figs. 1
and 2, the dotted dash trajectories represent the return
journeys in each spacetimes.

B. de Sitter case

The return journey in the de Sitter spacetime has a
different behavior with respect to the previous examples,
since the scale factor (53) is given by a different function of
time. In this specific spacetime, the rocketeer reaches the
maximum comoving distance from the origin at

f = \/%m (—\@Ai) (73)

Moreover, the total cosmic time t, needed to cover the
return journey for a rocketeer that leaves the origin at
t =1 =0, is derived from Eq. (30) and it is given by

n=0 1 2 3 4 I* t=+o0

FIG. 6. Penrose diagram for the worldlines of return journeys in
de Sitter spacetime. Here A = 3 and A = —2 and the spacetime is
depicted only for # > 0.

V3w ) (74)

3
ty =/ —n [ -0
: \/; ( V3Av + 6A,

Thus, from Egs. (73) and (74) one can see that the return
journey does not happen for all values of A; and v (see
Fig. 6). Actually, to attain an actual return journey, the
following relation

A
2Ad < —\/;l) < Ad’ (75)

has to be satisfied. In Fig. 6 we show several cases of return
journeys in de Sitter spacetime for A = 3 and A = —2. The
negative values of y represents the opposite direction from
the one that the rocketeer is supposed to explore.

Line 1. For —\/év > Ay, there isn’t any return point for

the particle and rocketeer will move toward the —y
direction.
Line 2. For 2A,; < —\/év < Ay, there is a return point

and the rocketeer is able to come back to the origin.

Line 3. For —\/év = 2A,, there is a return point but the

rocketeer will return back to origin in a infinite
cosmic time.

Line 4. For —\//;v > 2A,, there is a return point but the

rocketeer will never go back to the origin.

Thus, we have seen that in de Sitter spacetime, having
the uniform deceleration motion is not sufficient for the
rocketeer to come back to the origin. One has to apply the
deceleration which satisfies Eq. (75).

VI. CONCLUSIONS

In 1960, W. Rindler [10] proposed the problem of a
“hyperbolic motion in curved spacetime” to study the
accelerated motion in curved spacetime.
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In particular, it was suggested that the accelerated motion
is the best way of exploring our universe in a reasonably
short time [9]. Taking the above suggestion into account,
the motion of an accelerated traveler in an expanding
universe has been studied in this work. This involves
solving the nontrivial Eq. (4) for a given acceleration.
To achieve this, we applied a conformal time transforma-
tion (8) to the generic FLRW universe. Using the method
introduced in Sec. III has helped us to determine a
generalized form of rapidity function (27), which leads
us to derive the trajectory (30) of an accelerated traveler.

We have shown that the accelerated and the geodesic
motion in an expanding universe are solely determined by
the expansion factor and its integral (28). The scale factor is
the solution of the Friedmann equation (3), which depends
on the spatial curvature &, the cosmological constant A, and
the equation of state P = P(p). Although, we have chosen
a specific form of the equation of state in Sec. II, this
formulation is independent of the choice of an equation of
state. It depends only on whether the scale factor can be
expressed analytically as a function of time or not.

Additionally, we have provided a similar formulation in
the case of the anti—de Sitter spacetime for the uniformly
accelerated and geodesic radial motion. The newly found
radially accelerated trajectories are generalizations of the
known uniformly accelerated stationary observers in the
anti-de Sitter universe.

In the last part of our work we have focused on the return
journey of the rocketeer. It had been suggested that having
uniform deceleration would be enough in order to have an
actual return journey [10]. Here we have proved that even if
this condition is necessary, it is not sufficient for all
spacetimes. In particular, among the cosmological models
analyzed here, in the de Sitter case Eq. (75) must be
satisfied for a return journey to be possible.
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