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An influence of a magnetic field on beta-processes is investigated under conditions of a core-collapse
supernova. For realistic magnetic fields reachable in astrophysical objects we obtain simple analytical
expressions for reaction rates of beta-processes as well as the energy and momentum transferred from
neutrinos and antineutrinos to the matter. Based on the results of one-dimensional simulations of a
supernova explosion, we found that, in the magnetic field with the strength B ∼ 1015 G, the quantities
considered are modified by a few percents only and, as a consequence, the magnetic-field effects can be
safely neglected, considering neutrino interaction and propagation in a supernova matter. The analytical
results can be also applied for accretion discs formed at a merger of compact objects in close binary systems.
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I. INTRODUCTION

Core-collapse supernova (SN) is the final stage of a star
evolution with a massMstar ≳ 10 M⊙. For the first time, an
importance of neutrinos for the SN was recognized by
Colgate and White [1] and Arnett [2]. A recent era of a
study of neutrino effects in collapsing stars has begun
after the foundation of the unified electroweak theory of
fundamental interactions—the Weinberg-Salam-Glashow
model [3]. Neutrinos play a significant and sometimes
even dominant role in all phases of the SN explosion. The
β-processes, also called direct URCA-processes:

pþ e− → nþ νe; ð1Þ

nþ νe → pþ e−; ð2Þ

nþ eþ → pþ ν̄e; ð3Þ

pþ ν̄e → nþ eþ; ð4Þ

are the dominant neutrino processes in a SN matter [4].
They provide an energy exchange between neutrinos and
the matter and change a chemical composition of a matter.
Note an absence of the β-decay, n → pþ e− þ ν̄e, because
it is kinematically suppressed in the SN matter.
An origin of amagnetic field with a strength up to 1015 G,

extracted from observables from magnetars [5] and other
classes of isolated neutron stars [6], is one of the hot topics of
modern astrophysics. Several more or less successful
models have been proposed to explain its appearance. As
shown in Refs. [7–9], the magnetic field strength in the iron

core at the presupernova stage is B ∼ ð109–1010Þ G that
yields the magnetic field strength of order of B ∼
ð1012–1013Þ G after the collapse. An additional amplifica-
tion of this primary magnetic field can occur at the SN
explosion. Generally, this amplification is caused by a fast
rotation of a supernova core [10] that leads to a growth of the
magnetic field up to B ∼ ð1014–1015Þ G and a magneto-
rotational supernova explosion (see, e.g., Refs. [11–13]).
However, a generation of such a strongmagnetic field is also
possiblewithout the fast rotation of the supernova core [14].
The magnetic field can influence not only SN dynamics,

but modify also neutrino processes which are allowed in a
supernova matter. Early studies of the β-processes [15–17],
although done with certain simplifications, show that
modifications of these processes can be significant. Later
on, this was applied to various astrophysical objects. In
particular, for the core-collapse supernova, a magnetic field
influence on β-processes was studied in Refs. [18–28]. In
most studies, there were either numerical analyses or
analytical calculations with simplified assumptions, for
example, about a strength of the magnetic field. In the
present paper we omit restrictions on the magnetic field
strength and consider any magnetic field strength discussed
in applications to astrophysical objects. For such magnetic
fields, we obtain simple analytical expressions for reaction
rates of beta-processes as well as the energy and momen-
tum transferred from neutrinos and antineutrinos to the
matter. These analytical results allow us to analyze a
magnetic-field influence on beta-processes for various
models of a supernova explosion. Note that these expres-
sions can be also applied to postmerger accretion discs.
In previous studies, a magnetic-field impact was estimated
based on individual β-processes. In a difference, we
consider an effect of the magnetic field on the whole set
of beta-processes (1)–(4) in this paper.
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This paper is organized as follows. Simple analytical
expressions for reaction rates of beta-processes (1)–(4),
from which local number densities of nucleons (or a
chemical composition of a matter) can be determined,
heating rates by neutrinos and antineutrinos as well as
momenta transferred from neutrinos and antineutrinos to
the matter in dependence on the magnetic field strength are
collected in Sec. II. In Sec. III, we present numerical
analysis of macroscopic quantities mentioned above under
conditions of the core-collapse supernova with magnetic
field strengths up to B ∼ 1016 G, reachable in strongly
magnetized supernovae. These quantities depend on a vast
amount of matter and neutrino parameters, many of
which can be fixed by using the results of the 1D
PROMETHEUS-VERTEX simulations [29].1 This allows
us to study the magnetic field influence on reaction rates,
heating rates and momenta transferred to the matter. Note
that these quantities are local and in the core-collapse
supernova model considered, they depend on the distance
from the protoneutron star center and evolve in time after a
bounce. The corresponding dependences are worked
out numerically. We conclude in Sec. IV. Properties of
two basic functions entering analytical expressions are
presented in Appendix.

II. ANALYTICAL RESULTS

Macroscopic effects of neutrinos and antineutrinos on a
supernova matter are described by a reaction rate Γ (the
number of processes occurring in a unit volumeper unit time)
as well as the energy and momentum Pμ transferred from
neutrinos or antineutrinos to a unit volume of themediumper
unit time. These quantities for β-processes (1)–(4) can be
expressed in terms of neutrino Kν and antineutrino K̄ν

medium emissivities [28]:

Γð1Þ ¼
Z

½1 − fν�Kν
d3q
ð2πÞ3 ;

Pð1Þμ ¼ −
Z

qμ½1 − fν�Kν
d3q
ð2πÞ3 ; ð5Þ

Γð2Þ ¼
Z

eðω−δμÞ=TfνKν
d3q
ð2πÞ3 ;

Pð2Þμ ¼
Z

qμeðω−δμÞ=TfνKν
d3q
ð2πÞ3 ; ð6Þ

Γð3Þ ¼
Z

½1 − f̄ν�K̄ν
d3q̄
ð2πÞ3 ;

Pð3Þμ ¼ −
Z

q̄μ½1 − f̄ν�K̄ν
d3q̄
ð2πÞ3 ; ð7Þ

Γð4Þ ¼
Z

eðω̄þδμÞ=Tf̄νK̄ν
d3q̄
ð2πÞ3 ;

Pð4Þμ ¼
Z

q̄μeðω̄þδμÞ=Tf̄νK̄ν
d3q̄
ð2πÞ3 : ð8Þ

Here, qμ ¼ ðω;qÞ and q̄μ ¼ ðω̄; q̄Þ are the neutrino and
antineutrino 4-momenta, δμ ¼ μe þ μp − μn, μe, μp and μn
are the chemical potentials of electrons, protons, and
neutrons, respectively, T is the matter temperature, fν and
f̄ν are the neutrino and antineutrino distribution functions.
Throughout the paper, we use the system of units in which
ℏ ¼ c ¼ kB ¼ 1. Hereafter, parameters with the bar corre-
spond to antiparticles—antineutrinos and positrons. Upper
indices in ΓðiÞ and PðiÞμ indicate the β-process from the
set (1)–(4).
The emissivities for neutrinos,Kν, and antineutrinos, K̄ν,

were obtained in Ref. [28] for the case of nondegenerate
protons and moderately degenerate electron-positron
plasma. We consider an ultrarelativistic electron-positron
plasma, therefore, neutrino and antineutrino emissivities
can be written as follows:

Kν ¼ G2Npm2
efeðωÞΦðω=me; b; ϑÞ;

K̄ν ¼ G2Nnm2
ef̄eðω̄ÞΦðω̄=me; b; ϑ̄Þ: ð9Þ

In addition, we assume that neutrons are nondegenerate too
and, hence, the number densities Nn and Np of nucleons in
Eq. (9) are connected as:

Nn ¼ Np exp½ðμe − δμÞ=T�: ð10Þ

Here, me is the electron mass, fe and f̄e are the Fermi-
Dirac distribution functions for electrons and positrons,

Φðx; b; ϑÞ ¼ b½Θðx − 1Þ − Θðx − ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b

p Þ�
þ 2x2Θðx − ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2b
p Þ − gvab cosϑΘðx − 1Þ;

ð11Þ

where ΘðxÞ is the Heaviside step function, b ¼ B=Be is the
reduced magnetic field strength written in terms of critical
Schwinger value, Be ¼ m2

e=e ≃ 4.41 × 1013 G, ϑðϑ̄Þ is the
angle between the neutrino (antineutrino) momentum
and the magnetic field direction, as shown in Fig. 1,
G2 ¼ G2

F cos
2 θcðg2v þ 3g2aÞ=ð2πÞ, where gv and ga are

the vector and axial constants entering the nucleon charged
current, θc is the Cabibbo angle, GF is the Fermi constant,
and gva ¼ ðg2a − g2vÞ=ð3g2a þ g2vÞ.
The neutrino fν and antineutrino f̄ν distribution func-

tions introduced in Eqs. (5)–(8) are nonequilibrium. They
are normalized on the local neutrinoNν and antineutrino N̄ν

number densities as follows:1https://wwwmpa.mpa-garching.mpg.de/ccsnarchive/archive.html.
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Nν ¼
Z

fν
d3q
ð2πÞ3 ; N̄ν ¼

Z
f̄ν

d3q̄
ð2πÞ3 : ð12Þ

We assume that fν and fν̄ are spherically symmetric with
the origin in the supernova center, neglecting a magnetic
field and stellar rotation dependence on the neutrino
propagation. It is useful to introduce angular moments:

χn ≡ hχni ¼ 1

Nν

Z
χnfν

d3q
ð2πÞ3 ; ð13Þ

χ̄n ≡ hχ̄ni ¼ 1

N̄ν

Z
χ̄nf̄ν

d3q̄
ð2πÞ3 ; ð14Þ

where χ ¼ cos θ, χ̄ ¼ cos θ̄, θ and θ̄ are the angles between
the neutrino and antineutrino momenta and radial direction,
respectively (for neutrino see Fig. 1).
It is convenient also to introduce the energy moments:

ωn ≡ hωni ¼ 1

Nν

Z
ωnfν

d3q
ð2πÞ3 ; ð15Þ

ω̄n ≡ hω̄ni ¼ 1

N̄ν

Z
ω̄nf̄ν

d3q̄
ð2πÞ3 : ð16Þ

As indicated in Ref. [30], the neutrino energy distribu-
tion can be approximated by a nominal Fermi-Dirac
distribution:

ω2fν ∼
ω2

1þ expðω=Tν − ηνÞ
; ð17Þ

which is characterized by two effective parameters Tν and
ην. The alternative approximation, motivated by an analytic
simplicity, for the neutrino energy spectrum was suggested
in Ref. [31] and is called “α-fit”:

ω2fν ∼ ðω=ω1Þα−1e−αðω=ω1Þ; ð18Þ

where ω1 ¼ hωi is its averaged energy and α is the
pinching parameter:

α ¼ ω2
1

ω2 − ω2
1

; ð19Þ

depending on the second energy moment ω2 (15). The
notations ᾱ, ω̄1, and ω̄2 are used for antineutrinos. In our
analysis, we approximate the energy distributions of
neutrinos and antineutrinos by “α-fit”.
Under an assumption that the matter is in the local

equilibrium, the energy distributions of ultrarelativistic
electrons ε2feðεÞ and positrons ε̄2f̄eðε̄Þ, where ε and ε̄
are the electron and positron energies, respectively, are
described by Eq. (17), and they can be also approximated
like in Eq. (18). As analysis in Ref. [31] shown, these two
types of distributions, (17) and (18), are largely equivalent
when neutrinos or antineutrinos are quasinondegenerate,
but with a growth of the parameter ην or ην̄, respectively, a
difference between the fits increases. For practical purposes
of our calculations, the α-fit (18) introduced for the
neutrino distribution can be safely adopted for electrons
and positrons if the electron chemical potential satisfy the
condition μe=T ≲ 10. Due to the matter electroneutrality,
we have μ̄e=T ≲ 0 for positrons at any time and the
distribution in the form of the α-fit (18) is also applied
here. The averages of electron energy ε1 and its squared ε2
and the corresponding pinching parameter s entering the
electron α-fit (18) are dependent on μe and T. Similar
quantities ε̄1, ε̄2, and s̄, being dependent on μ̄e and T, are
used for positrons.
It is convenient to define the ratios γ ¼ ε1=ω1 of the

electron and neutrino averaged energies and γ̄ ¼ ε̄1=ω̄1 for
positrons and antineutrinos as well as γt ¼ ε1=T and
γ̄t ¼ ε̄1=T, which are the electron and positron averaged
energies in units of the temperature.
Despite electrons and positrons, assumed to be massless,

are thermalized in the magnetized medium, unmagnetized
number densities of these particles:

N0 ¼
1

π2

Z
∞

0

feðεÞε2dε; N̄0 ¼
1

π2

Z
∞

0

f̄eðε̄Þε̄2dε̄; ð20Þ

are more convenient in applications.
Due to the symmetry assumed, calculations are carried

out in the spherical coordinate system shown in Fig. 1,
in which nR is the unit vector in the star radial direction,

FIG. 1. Definitions of vectors and angles used in the analysis.
Here, nB ¼ B=B is the unit vector along the magnetic-field
strength, nR specifies the star radial direction, q is the neutrino
momentum. The angles β, θ, and ϑ between the vectors and the
polar angle φ are also shown.
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nB ¼ B=B is the unit vector along the magnetic field
strength, and ðnBnRÞ ¼ cos β.
For the reaction rates, we have:

Γð1Þ ¼ G2NpN0ε
2
1s

sΓ−1ðsÞ
× ½Is−1;sðε1; bÞ − nνIsþα−4;sþγαðε1; bÞ
þ gva cos βχ1nνJsþα−4;sþγαðε1; bÞ�; ð21Þ

Γð2Þ ¼ G2NnN0ε
2
1e

−τssΓ−1ðsÞ
× ½nνIsþα−4;sþγα−γtðε1; bÞ
− gva cos βχ1nνJsþα−4;sþγα−γtðε1; bÞ�; ð22Þ

Γð3Þ ¼ G2NnN̄0ε̄
2
1s̄

s̄Γ−1ðs̄Þ
× ½Is̄−1;s̄ðε̄1; bÞ − n̄νIs̄þᾱ−4;s̄þγ̄ ᾱðε̄1; bÞ
þ gva cos βχ̄1n̄νJs̄þᾱ−4;s̄þγ̄ ᾱðε̄1; bÞ�; ð23Þ

Γð4Þ ¼ G2NpN̄0ε̄
2
1e

τs̄s̄Γ−1ðs̄Þ
× ½n̄νIs̄þᾱ−4;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ
− gva cos βχ̄1n̄νJs̄þᾱ−4;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ�; ð24Þ

and the energies QðiÞ ¼ PðiÞ0 transferred from neutrino and
antineutrino to the matter are as follows:

Qð1Þ ¼ G2NpN0ε
3
1s

sΓ−1ðsÞ
× ½nνIsþα−3;sþγαðε1; bÞ − Is;sðε1; bÞ
− gva cos βχ1nνJsþα−3;sþγαðε1; bÞ�; ð25Þ

Qð2Þ ¼ G2NnN0ε
3
1e

−τssΓ−1ðsÞ
× ½nνIsþα−3;sþγα−γtðε1; bÞ
− gva cos βχ1nνJsþα−3;sþγα−γtðε1; bÞ�; ð26Þ

Qð3Þ ¼ G2NnN̄0ε̄
3
1s̄

s̄Γ−1ðs̄Þ
× ½n̄νIs̄þᾱ−3;s̄þγ̄ ᾱðε̄1; bÞ − Is̄;s̄ðε̄1; bÞ
− gva cos βχ̄1n̄νJs̄þᾱ−3;s̄þγ̄ ᾱðε̄1; bÞ�; ð27Þ

Qð4Þ ¼ G2NpN̄0ε̄
3
1e

τs̄s̄Γ−1ðs̄Þ
× ½n̄νIs̄þᾱ−3;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ
− gva cos βχ̄1n̄νJs̄þᾱ−3;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ�: ð28Þ

Here, τ ¼ μe=T, and the dimensionless neutrino and anti-
neutrino number densities are introduced:

nν ¼ 2π2
ðαγÞα
ΓðαÞ

Nν

ε31
; n̄ν ¼ 2π2

ðᾱ γ̄Þᾱ
ΓðᾱÞ

N̄ν

ε̄31
: ð29Þ

The momentum F ðiÞ ¼ ðPðiÞ1;PðiÞ2;PðiÞ3Þ transferred
from neutrinos and antineutrinos to the matter can be

decomposed into two components, F ðiÞ¼F ðiÞ
B nBþF ðiÞ

r nR,
as shown in Fig. 2.
Momenta transferred along the magnetic-field strength

vector, F ðiÞ
B , can be presented in the form:

F ð1Þ
B ¼ ðgva=3ÞG2NpN0ε

3
1s

sΓ−1ðsÞ½Js;sðε1; bÞ
þ ð3=2Þðχ2 − 1ÞnνJsþα−3;sþγαðε1; bÞ�; ð30Þ

F ð2Þ
B ¼ ðgva=2ÞG2NnN0ε

3
1e

−τssΓ−1ðsÞ
× ðχ2 − 1ÞnνJsþα−3;sþγα−γtðε1; bÞ; ð31Þ

F ð3Þ
B ¼ ðgva=3ÞG2NnN̄0ε̄

3
1s̄

s̄Γ−1ðs̄Þ½Js̄;s̄ðε̄1; bÞ
þ ð3=2Þðχ̄2 − 1Þn̄νJs̄þᾱ−3;s̄þγ̄ ᾱðε̄1; bÞ�; ð32Þ

F ð4Þ
B ¼ ðgva=2ÞG2NpN̄0ε̄

3
1e

τs̄s̄Γ−1ðs̄Þ
× ðχ̄2 − 1Þn̄νJs̄þᾱ−3;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ: ð33Þ

In the radial direction, F ðiÞ
r are as follows:

FIG. 2. The protoneutron star (PNS) of radius RPNS and
momentum F transferred from neutrinos and antineutrinos to
the matter at the point M, being at the distance R from the PNS
center. nR and nB are unit vectors in the radial direction from the
PNS center and along the magnetic field strength, respectively.
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F ð1Þ
r ¼ G2NpN0nνε31s

sΓ−1ðsÞ
× ½ðgva=2Þ cos βð1 − 3χ2ÞJsþα−3;sþγαðε1; bÞ
þ χ1Isþα−3;sþγαðε1; bÞ�; ð34Þ

F ð2Þ
r ¼ G2NnN0nνε31e

−τssΓ−1ðsÞ
× ½ðgva=2Þ cos βð1 − 3χ2ÞJsþα−3;sþγα−γtðε1; bÞ
þ χ1Isþα−3;sþγα−γtðε1; bÞ�; ð35Þ

F ð3Þ
r ¼ G2NnN̄0n̄νε̄31s̄

s̄Γ−1ðs̄Þ
× ½ðgva=2Þ cos βð1 − 3χ̄2ÞJs̄þᾱ−3;s̄þγ̄ ᾱðε̄1; bÞ
þ χ̄1Is̄þᾱ−3;s̄þγ̄ ᾱðε̄1; bÞ�; ð36Þ

F ð4Þ
r ¼ G2NpN̄0n̄νε̄31e

τs̄s̄Γ−1ðs̄Þ
× ½ðgva=2Þ cos βð1 − 3χ̄2ÞJs̄þᾱ−3;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ
þ χ̄1Is̄þᾱ−3;s̄þγ̄ ᾱ−γ̄tðε̄1; bÞ�: ð37Þ

The magnetic-field dependence enters the rates, energies,
and momenta above through the functions:

Ik;ϰðε1;bÞ¼ ϰ−k−3Γðkþ3;ϰzbÞ

þϰ−k−1
bm2

e

2ε21
½Γðkþ1Þ−Γðkþ1;ϰzbÞ�; ð38Þ

Jk;ϰðε1; bÞ ¼ ϰ−k−1
bm2

e

2ε21
Γðkþ 1Þ; ð39Þ

where zb ¼ ðme=ε1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b

p
and Γðx; yÞ is the incomplete

Gamma-function [32], ΓðxÞ ¼ Γðx; 0Þ. The functions (38)
and (39) are discussed in detail in Appendix. In particular,
the functions Ik;ϰðε1; bÞ and Jk;ϰðε1; bÞ are significantly
modified by the magnetic field at B ≫ Be. The dependence
of these functions on the field strength is defined through
the dimensionless parameters:

η ¼ ϰðme=ε1Þ
ffiffiffiffiffiffi
2b

p
; η̄ ¼ ϰ̄ðme=ε̄1Þ

ffiffiffiffiffiffi
2b

p
; ð40Þ

for neutrinos and antineutrinos, respectively. As follows
from these definitions, these parameters increase with a
growth of the magnetic field strength and the degeneracy
of leptons while the increase of average energy of
electron-positron plasma reduces their values. We are
unable explicitly predict the values of η and η̄ as these
quantities, in addition to the field strength, are implicitly
dependent on the distance from the PNS center and evolve
in time. A combine effect is difficult to determine without
numerical estimations.
It should be noted that Eqs. (21)–(37) are valid for the

magnetic field of an arbitrary, physically motivated
strength. It turns out that a dependence on the magnetic
field and its spatial configuration is sufficiently simple.

Indeed, due to the symmetry of the problem, only the
reduced magnetic field strength, b ¼ B=Be, and its relative
direction, through cos β, enter Eqs. (21)–(37).
To have a matter transparent for neutrinos, it is necessary

to put nν ¼ n̄ν ¼ 0. In this case, all the radial components

F ðiÞ
r of the momentum transferred vanish. The momenta

F ðiÞ
B along the magnetic-field strength vector, reaction rates

ΓðiÞ and energies QðiÞ for the processes with the neutrino
emission coincide with ones in Ref. [28], when the
approximation (18) for the distribution functions of elec-
trons and positrons is not used.

III. NUMERICAL RESULTS

It is easy to see that analytical results (21)–(37) depend
on different parameters of a matter and neutrino radiation
such as the electron chemical potential μe, temperature T,
unmagnetized number densities of protonsNp and neutrons
Nn, neutrino Nν, and antineutrino N̄ν number densities, the
first two angular moments of neutrino χ1;2 and antineutrino
χ̄1;2, the first two energy moments of neutrino ω1;2 and
antineutrino ω̄1;2. It is possible to fix their values by using
the data provided by numerical simulations. For this
purpose, we use the results of the 1D PROMETHEUS-
VERTEX simulations [29] in which a model for the 27 M⊙
progenitor was employed [33]. The final neutron star has
the baryonic mass equal to 1.76 M⊙. Note that data for the
1.76 M⊙ neutron star are representative and reproduce
the results of modeling for other masses of SN progenitors.
The nuclear equation of state is taken from Ref. [34] with
compressibility modulusK ¼ 220 MeV. As self-consistent
spherically symmetric models do not explode except for a
few exceptional cases of low-mass progenitors, the explo-
sion has to be initiated at t ¼ 0.5 s after the core-bounce in
an artificial way. These simulations do not take into account
the influence of the magnetic field. Thus, we assume that
the magnetic-field influence on both neutrino and matter
parameters is insignificant. Based on the data available, it is
possible to reduce the existing number of parameters to two
only: the distance R from the PNS center and the time t
after a bounce. The other two parameters in our problem are
the magnetic field strength B and angle β between the
radius-vector and field direction.
As follows from simulations, assumptions about non-

degeneracy of the nucleon matter and moderate degeneracy
of electrons are valid outside the protoneutron star, i.e.,
above a sphere of the radius R ∼ 16 km. It should be noted
that inside this sphere neutrinos are in the thermodynamic
equilibrium with the SN matter, therefore, neutrinos do not
affect a matter in this region because the processes of the
neutrino absorption and emission compensate each other. It
follows from the simulations [29] that the electron-positron
plasma is no longer ultrarelativistic in the supernova outer
part, at R≳ 600 km. In this region a neutrino flux suffi-
ciently decreases and the neutrino interaction with the
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matter becomes ineffective. Hence, Eqs. (21)–(37) are valid
in the supernova region where neutrinos can affect the
matter and influence on the supernova dynamics.
Combining together, we determine the spherical layer
bounded by two homocentric spheres with the radii R1 ¼
16 km and R2 ¼ 600 km, in which our analysis is
performed.

A. Gain radius

A spherical boundary between neutrino cooling and
heating layers in supernova, where Qð1Þ þQð2Þ þQð3Þ þ
Qð4Þ ¼ 0, has a radius Rgain, called the gain radius. The gain
radius RPV

gain from the PROMETHEUS-VERTEX simula-
tions in dependence on the time after a bounce [29] is
presented in Fig. 3. In Fig. 4, we compare a temporal
evolution of RgainðB ¼ 0Þ for the matter without the field,
obtained by analytical calculations, with the gain radius
RPV
gain. The deviation of our results from the numerical ones

is less than 8%. This difference is due to other, non-URCA,
processes with neutrinos and antineutrinos included in the
numerical code [29]. The gain radius obtained by us is from
the requirement of vanishing the total energy of β-processes
only. This analysis can be considered as a consistency
check of the approach developed here and numerical
simulations [29].
An influence of the magnetic field on the gain radius,

Rgain, is shown in Fig. 5. To be definite, we use themagnetic-
field configuration with cos β ¼ 1 in our analysis but the
result obtained remains the same for other field directions as
well. The maximal deviation from the unmagnetized case is
limited by 2% for the magnetic field strengthB ¼ 1016 G. It
should be noted that such a magnetic field strength is
difficult to reach in supernova simulations. Thus, the
analysis of a magnetic-field influence on β-processes below
is performed for B ¼ 1015 G, which is more realistic for
supernova conditions. Note that configurations of the
magnetic field following from supernova simulations are

quite different and strongly depend on many parameters. In
calculations presented here, we restrict ourselves with a
constant magnetic field, having a fixed direction to the star
radius, i.e., the fixed angle β.

B. Total reaction rate and energy

The reaction rates of beta-processes (21)–(24) determine
the chemical composition of a supernova matter. As a
quantity characterizing the influence of these processes on
the matter, we consider the proton-to-neutron transition
rate:

ΓðB; cos βÞ ¼ Γp→n ¼ Γð1Þ − Γð2Þ − Γð3Þ þ Γð4Þ: ð41Þ

The relative deviations of ΓðB; cos βÞ from the reference
value Γð0; 0Þ in dependence on the distance R (in km) from
the PNS center for several values of time after a bounce
(t ¼ 0.1, 0.5, 1.5, 4.0, 5.5, 10, 13 sec) and three directions

FIG. 3. The gain radius RPV
gain from PROMETHEUS-VERTEX

simulations [29].

FIG. 4. The deviation of a gain radius RgainðB ¼ 0Þ for a matter
without the magnetic field, obtained by analytical calculations,
from the gain radius RPV

gain from PROMETHEUS-VERTEX
simulations [29].

FIG. 5. The deviation of a gain radius RgainðBÞ in the presence
of the magnetic field with cos β ¼ 1 from an unmagnetized
one. Magnetic field strengths are B ¼ 1015 G (blue line) and
B ¼ 1016 G (green line).
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of the magnetic field (cos β ¼ −1, 0, 1) are presented in
Fig. 6. The dashed parts of the lines correspond to super-
nova regions where the electron-positron plasma is no
longer ultrarelativistic. As seen in Fig. 6, the magnetic field
affects significantly the reaction rates of the proton-to-
neutron transition in dashed regions only, so one should
perform corresponding calculations differently there.
For solid lines, the influence of the magnetic field

becomes more pronounced just after a bounce in region
of the stalled shock wave and in a more later time, when the
supernova has already cooled down through the neutrino

emission. Apparently, such a behavior is connected with the
low-temperature region in the preshock environment and at
the end of the neutrino cooling phase. Nevertheless, even for
these times, the modification of the proton-to-neutron
transition rate by the magnetic field reaches a few percent
only. Moreover, the magnetic field suppresses the neutron
production in comparison with the unmagnetized case. It
should be noted also that the direction of the magnetic field
can also affect the proton-to-neutron transition.
The other important for supernova modeling quantity is

the energy transferred from neutrinos and antineutrinos
to the matter, known also as the heating rate. For the
β-processes (1)–(4), it has the form:

QðB; cos βÞ ¼ Qð1Þ þQð2Þ þQð3Þ þQð4Þ: ð42Þ

FIG. 6. The relative deviation of the proton-to-neutron reaction
rate of beta-processes in the magnetic field from the unmagne-
tized case as a function of distance R from the PNS center for
several values of the time t after a bounce and different directions
of the magnetic field. Configurations of magnetic field are
cos β ¼ −1 (top panel), cos β ¼ 0 (middle panel) and cos β ¼
1 (bottom panel). Red lines: t ¼ 0.1 sec; orange: t ¼ 0.5 sec;
yellow: t ¼ 1.5 sec; green: t ¼ 4 sec; cyan: t ¼ 5.5 sec; blue:
t ¼ 10 sec; violet: t ¼ 13 sec.

FIG. 7. The relative deviation of the total energy transferred
from neutrinos and antineutrinos to the matter. The legend is the
same as in Fig. 6.
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The relative deviations of the total energy, calculated in the
presence of a magnetic field, from its representative value
Qð0; 0Þ, corresponding to the unmagnetized matter, for
several values of the time after a bounce (t ¼ 0.1, 0.5, 1.5,
4.0, 5.5, 10, 13 sec) and three directions of the magnetic
field (cos β ¼ −1, 0, 1) are shown in Fig. 7. The spikes are
related with the gain radius where the total energy
QðB; cos βÞ goes through zero and changes its sign.
As seen in Figs. 6 and 7, the character of the magnetic

field influence on the matter heating has similarities with
the reaction rates. Note that the magnetic field can increase
the matter heating which is important for the explosion
mechanism, but numerically this effect is small and, at
most, reaches one percent only.
Some comments about the reaction ΓðiÞ and heating QðiÞ

rates of the individual β-processes (1)–(4) are in order. The
magnetic-field influence on ΓðiÞ and QðiÞ is consistent with
the results obtained earlier (see, Refs. [19,20,26,28]), in
particular, these rates for each process separately are sup-
pressed by themagnetic field. The calculations done give the
suppression up to a few tens of percent at a maximum,
which, nevertheless, is an order of magnitude larger than our
estimates for the total rates of the beta-processes (1)–(4),
presented in Figs. 6 and 7. The further substantial reduction
in the total rates is due to the different signs of the reaction
and heating rates in the individual processes.

C. Total momentum

The total momentum transferred from neutrinos and
antineutrinos to the matter has the form:

F ¼ F ð1Þ þF ð2Þ þF ð3Þ þF ð4Þ: ð43Þ
Each vector can be decomposed as follows (see Fig. 2):

F ðiÞ ¼ F ðiÞ
B nB þ F ðiÞ

r nR: ð44Þ
The radial component, F ðiÞ

r , is determined by the radial
asymmetry of the neutrino and antineutrino distribution

functions, therefore, it vanishes in the matter transparent for

neutrinos and antineutrinos. The component F ðiÞ
B along the

magnetic field direction is originated by the asymmetry of
the neutrino emission and absorption caused by the
magnetic field, and it is absent in the unmagnetized matter.
As shown in Fig. 8,F r dominates overFB in the supernova
matter. The most sizable effect of FB is in the first few
seconds after a bounce in the vicinity of a protoneutron star
surface. Despite the fact that FB is relatively small, it can
modify the supernova dynamics, namely, it causes an
additional nonradial motion of the supernova matter. In
particular, for a toroidal configuration of the magnetic field,
FB contributes into a supernova rotation. In Fig. 9, we
present the relative deviation of the total radial momentum,

FIG. 8. The total momentum projection along the field, FBðBÞ,
compared with the momentum projection F rð0; 0Þ on the radial
direction. The legend is the same as in Fig. 6.

FIG. 9. The relative deviation of the radial component,
F rðB; cos βÞ, of the total momentum transferred from neutrinos
and antineutrinos to the matter from its representative value
F rð0; 0Þ, corresponding to the unmagnetized matter. The legend
is the same as in Fig. 6.
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F rðB; cos βÞ, transferred from neutrinos and antineutrinos
to the matter in the presence of the magnetic field, from its
representative value F rð0; 0Þ, corresponding to the unmag-
netized matter, for several values of the time after a bounce
(t ¼ 0.1, 0.5, 1.5, 4.0, 5.5, 10, 13 sec) and different
directions of the magnetic field (cos β ¼ −1, 0, 1).
When F rðB; cos βÞ is negative, the momentum transferred
from neutrinos and antineutrinos to the matter in the radial
direction is suppressed by the magnetic field. In general,
this is a problem for the SN explosion mechanism which
requires an increase of the matter heating and a motion of
the matter outwards.

IV. CONCLUSIONS

An influence of a magnetic field on beta-processes is
investigated under conditions of the core-collapse super-
nova. The beta-processes are the dominant channels of the
energy exchange between neutrinos and a supernova
matter. For the study of the influence of the magnetic field
on the beta-processes, one should consider macroscopic
quantities like reaction rates as well as the energy and
momentum transferred from neutrinos and antineutrinos to
the matter. We obtain simple analytical expressions for
these quantities for any realistic magnetic field strength
known or believed to exist in astrophysical objects. Our
results generalize the ones calculated earlier for an unmag-
netized matter and for a magnetized matter transparent for
neutrinos and antineutrinos. The matter parameters used in
this analysis correspond to the conditions of the supernova
region where neutrino can affect the matter and influence a
supernova dynamics. The results obtained are applicable
for different astrophysical objects, for example, for accre-
tion discs formed at a merger of compact objects in close
binary systems.
The magnetic field strength enters the reaction rates and

other quantities calculated for the beta-processes through
the dimensionless parameters defined in (40). In addition
to the strength, they also include the matter parameters—
the average energy of electron-positron plasma and degree
of the lepton degeneracy. These parameters, η and η̄,
increase with a growth of the magnetic field strength and
the degeneracy of leptons while the increase of an average
energy of the electron-positron plasma reduces their
values.
Theoretical expressions depend on too many parameters

characterizing a matter and neutrino radiation, and this
makes a problem to be quite involve for study. Likely, it is
possible to fix some of them by using the data from
numerical simulations. For this purpose, we have used the
results of the 1D PROMETHEUS-VERTEX simulations
[29]. Based on the data available, it is possible to reduce the
existing number of parameters to two only: the distance
from the PNS center and time after a bounce. Because the
1D PROMETHEUS-VERTEX simulations [29] do not take
into account the influence of the magnetic field, the other

two parameters of the problem are the magnetic field
strength and angle between the radius-vector of a reference
point and field direction. Our numerical analysis confirms
that the influence of the magnetic field on the matter and
neutrino parameters is insignificant. So, it is a reasonable
assumption to utilize the parameters from the 1D
PROMETHEUS-VERTEX simulations for the magnetic-
field effects’ study. Namely, we get that in the magnetic
field with the strength B ∼ 1015 G, supernova matter
modifications caused by neutrinos are, at most, of a few
percents only and, as a consequence, the magnetic-field
effects can be safely neglected, considering neutrino
interaction and propagation in a supernova matter. Note
that both the magnetic field strength and its direction in the
beta-processes result a comparable effect.
Numerical analysis of the magnetic-field influence on

the chemical composition of a matter and the matter heating
shows that this influence is more pronounced just after a
bounce in a region of the stalled shock wave, and in a more
later time, when the supernova has already cooled down
through the neutrino emission. The magnetic field can both
suppress and stimulate the matter heating through the beta-
processes in a difference to the unmagnetized matter. The
presence of magnetic field results in a decrease of the
reaction rates responsible for the matter chemical compo-
sition and, as a consequence, a neutron production is
suppressed by the magnetic field.
The momentum transferred from neutrinos and anti-

neutrinos to the matter can be decomposed into two
components. The first one, F r, is connected with a
partially transparent for neutrino matter, while the second
one, FB, is determined by the asymmetry of the neutrino
emission and absorption caused by the magnetic field. As
analysis shown, the radial component, F r, is always
suppressed by the magnetic field, and this suppression
grows up with the time after a bounce. The FB component
is smaller thanF r and reaches the largest values in the first
few seconds after a bounce in the vicinity of a proto-
neutron star surface. Despite the fact that FB is relatively
small, it can modify the supernova dynamics, namely, it
causes an additional nonradial motion of the supernova
matter. In particular, it leads to a rotational acceleration of
the matter in a region filled with the toroidal mag-
netic field.
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APPENDIX: PROPERTIES OF Ik;ϰ AND Jk;ϰ

We consider properties of the functions Ik;ϰðε1; bÞ and
Jk;ϰðε1; bÞ introduced in Eqs. (38) and (39), respectively,
which absorb an information about the magnetic field
strength. At b ≫ 1 (B ≫ Be ¼ 4.41 × 1013 G), they are
substantially simplified:

Ik;ϰðε1; bÞ ≈ ϰ−k−3φkðηÞ
¼ ϰ−k−3fΓðkþ 3; ηÞ
þ ðη2=4Þ½Γðkþ 1Þ − Γðkþ 1; ηÞ�g; ðA1Þ

Jk;ϰðε1; bÞ ≈ ϰ−k−3ψkðηÞ
¼ ϰ−k−3ðη2=4ÞΓðkþ 1Þ: ðA2Þ

In this limit, the magnetic field strength is entering through
the parameter η ¼ ϰðme=ε1Þ

ffiffiffiffiffiffi
2b

p
(the same one, η̄ ¼

ϰ̄ðme=ε̄1Þ
ffiffiffiffiffiffi
2b

p
, exists for the antineutrino).

As analysis shown, parameters k and ϰ increase with a
degeneracy of electrons and neutrinos. There are two
opposite effects of the matter influence on η. From one
side, η is suppressed by the ratio me=ε1, therefore, in the
magnetic field with a fixed strength, an ultrarelativistic
matter decreases the influence of the field on the beta-
processes (1)–(4). From the other side, when leptons
become more degenerate, the parameter ϰ grows up.
Hence, the parameter η increases with a growth of the
degeneracy of leptons. As follows from the definition, η
takes larger values with a rise of the magnetic field strength.
For η̄, the same arguments are valid.
In addition, due to the matter electroneutrality, positrons

remain nondegenerate everywhere in the supernova. In
inner parts of the supernova, electrons become degenerate
and, hence, in these regions the influence of the magnetic
field on the beta-processes (1) and (2) with participating of
neutrinos is more significant then on the processes (3) and
(4) with antineutrinos. Note that these conclusions coincide
with the results of Ref. [28] obtained for the beta-processes
in a matter transparent for neutrinos and antineutrinos.
In Fig. 10, we plot the function φkðηÞ (A1) normalized to

the reference value φkðη ¼ 0Þ in dependence on the

parameter η for several typical values k, i.e., k ¼ 3, 4, 5.
This function has a minimum and, when the value of k
increases, the minimum moves to larger values of η and
becomes deeper.
In Fig. 11, we present the ratio of the functions ψkðηÞ

(A2) and φkðηÞ (A1) for k ¼ 3, 4, 5. As seen from Fig. 11,
the function φkðηÞ reaches ψkðηÞ asymptotically at η ≫ 1,
because in this limit the incomplete Gamma-functions,
Γðk; ηÞ, in Eq. (A1) turn out to be zero.
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