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We propose an alternative approach based on series representation to directly reduce multiloop
multiscale scattering amplitude into set of freely chosen master integrals. And this approach avoid
complicated calculations of inverse matrix and dimension shift for tensor reduction calculation. During this
procedure we further utilize the Feynman parameterization to calculate the coefficients of series
representation and obtain the form factors. Conventional methodologies are used only for scalar vacuum
bubble integrals to finalize the result in series representation form. Finally, we elaborate our approach by
presenting the reduction of a typical two-loop amplitude for W boson production.
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I. INTRODUCTION

The CERN Large Hadron Collider (LHC) is the most
accurate experiment on the elementary particle physics at
present, and the next generation lepton colliders have been
proposed aiming at higher accuracy. They all demand the
high precision theoretical predictions to include higher
orders of either electroweak or QCD corrections [1].
However, the higher order corrections may become seri-
ously challenging due to the evaluation of the multiloop
Feynman diagrams, which usually can be decomposed into
several steps of calculations. And practically one of the
most difficult calculations is to reduce the loop amplitude
into linear combination of master integrals.
For the one-loop amplitude many different reduction

algorithms have been developed after decades of effort. The
Passarino-Veltman reduction algorithm [2–5] has been
widely used in enormous number of investigations on
the next-to-leading order (NLO) effects for the Standard
Model (SM) processes and some new physics processes.
Later the implementation of unitarity algorithm [6–13] on
the one-loop amplitude provided very interesting and
inspiring prospect on the amplitude structure. Meanwhile
the algorithm based on unitarity also presents excellent
numerical efficiency. Consequently, by implementing these
modern reduction algorithms the SM NLO calculations

have been automated [14–20]. Other methods can be found
from [21–26].
At the multiloop level in the consideration of efficiency

the amplitude has to be reduced into linear combination of
finite number of master integrals [27], which can be further
calculated analytically or numerically. In contrast to the
one-loop case, the achievement of multiloop reduction
conventionally includes two separate steps, i.e., the tensor
reduction and the scalar integral reduction using integration
by part (IBP) identities [28].
First the tensor reduction is used to isolate the loop

momenta from fermion chains, polarization vectors or
product of them, which will be factorized out of the loop
integral to construct the form factors. Specifically one of
the conventional approaches is the projection method
[29,30] that has been commonly used in the calculations
of high order QCD corrections to the Higgs production
[31–33] and the vector boson productions [34,35]. The key
to the projection method is the projector basis relying on
the analytic inversion of projection matrix. However, for
some complicated scattering processes, e.g., the full next-
to-next-to-leading order QCD correction to single-top
production [36], the project matrix could become so big
that its inversion may seriously challenge the computation
resource. Another approach for tensor reduction is
Tarasov’s method [37] based on Schwinger parametrization

]38,39 ]. It can avoid irreducible numerator but shift the
space-time dimensions of obtained scalar integrals. Thus it
is inevitable to shift the dimensions of scalar integrals back
to the conventional D-dimension or the same dimension at
least. And this commonly needs to resolve the dimension
recurrence relations, which however is as difficult as the
matrix inversion in projection method. Besides another
popular approach is using IBP identities [40,41], which
however also confronts serious difficulties in the multiscale
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processes. During this modern age of evaluation, computa-
tional algebraic based algorithms [42–44] successfully
implemented on N ¼ 4 Yang-Mills theory and numerical
unitarity method for multigluon amplitudes [45–49].
Then after the successful tensor reduction the loop

amplitude becomes linear combination of scalar integrals,
whose number could be order Oð104Þ for complicated
processes. Consequently as the second step usually the IBP
reduction is introduced to reduce the scalar integrals into a
much smaller number of master integrals. The most popular
method for IBP reduction is Laporta algorithm [28], which
has been implemented by several codes [41,50–55].
Another interesting method [53,56] for IBP reduction
recently has been developed based on algebraic geometry.
Due to the fact that IBP reduction relies heavily on the IBP
relations the choice of master integral set cannot be
arbitrary, so the resulting reduction expressions may con-
front unacceptable inflation [57,58]. Therefore, to effi-
ciently evaluate the multiscale multiloop amplitude one
better keep the freedom to choose master integrals. And this
can be achieved by series representation [59], which in fact
can also be used to solve the tensor reduction as we will
show in the following.
In this paper, based on the series representation [59,60],

we propose an alternative reduction approach that can
directly reduce loop amplitude to master integrals so that
the complexity of tensor reduction and IBP reduction can
be relieved. In next section the main idea will be explained
in detail. Then its application on one typical two-loop
diagram of W boson production as an example will be
shown. Finally the conclusion is made.

II. AMPLITUDE REDUCTION

Recently, a series representation of the Feynman integral
has been proposed to reduce the scalar integrals into master
integrals [59] and to numerically evaluate the master
integrals [60]. It is very promising since it can be applied
to multiscale multileg integrals and has freedom to choose
master integrals. Intriguingly we find that the series
representation can also be directly implemented on the
loop amplitude, which in general can be written as

M ¼
Z

DLq
NðfqjgLj¼1; fkegEe¼1ÞQ

n
i¼1 D

νi
i

; ð1Þ

where DLq≡Q
L
l¼1 d

Dql. fqjgLj¼1 are L loop momenta,
fkegEe¼1 are E external momenta and fDigni¼1 are the
denominators of loop propagators. Numerator NðfqjgLj¼1;
fkegEe¼1Þ may contain fermion chains, polarization vectors
or both.
In order to obtain the expression of loop amplitude in

series representation, we first modify all the denominators,

1

Di
≡ 1

P2
i −m2

i
→

1

D̃i
≡ 1

P2
i −m2

i þ {η
; ð2Þ

where Pi ≡Qi þ Ki is the momentum of the ith propa-
gator. Qi and Ki are defined as linear combinations of loop
momenta and external momenta, respectively. Therefore we

obtain the modified amplitude fMðηÞ, which depends on
auxiliary parameter η. The mass dimension of η is same as
the mass dimension ofm2

i . With the help of the parameter η,
any modified amplitude can be defined as series repre-
sentation. After the reduction the physical original ampli-
tude can be obtained in the limit of η → 0þ

M ¼ lim
η→0þ

fMðηÞ: ð3Þ

The modified loop amplitude can be decomposed as
linear combination of tensor integrals

fMðηÞ ¼
X
μ1…μR
l1…lR

Nμ1…μR;l1…lRðfkegEe¼1ÞG̃μ1…μR
l1…lR

; ð4Þ

where Nμ1…μR;l1…lRðfkegEe¼1Þ is the coefficient of tensor
integral.

G̃μ1…μR
l1…lR

≡
Z

DLq
qμ1l1…qμRlRQ

n
i¼1½ðQi þ KiÞ2 −m2

i þ {η�νi : ð5Þ

The summation is over all tensor structures in the given
amplitude. By using Feynman parametrization [61] for
tensor integrals, we can express the tensor integral as

G̃μ1…μR
l1…lR

¼ ð−1ÞNνQ
n
j¼1 ΓðνjÞ

Z Yn
j¼1

dxj x
νj−1
j δ

�
1 −

Xn
l¼1

xl

�

×
X½R=2�
m¼0

ΓðNðmÞ
ν Þ

ð−2Þm ½ðM̃−1 ⊗ gÞðmÞl̃ðR−2mÞ�Γ1;…;ΓR

×U−D=2þm−R
�
F
U
− {η

�
−NðmÞ

ν

; ð6Þ

where Nν ≡P
n
i¼1 νi and NðmÞ

ν ≡ Nν −m − LD=2. U and
F are the first and second Symanzik polynomials, respec-
tively. Here U and F are polynomials of Feynman param-
eters fxig, and F can also include the masses and the scalar
products of the external momenta. M̃ is the matrix of fxig
and l̃ depends on the external momenta. m is defined as
“metric rank” to indicate the number of metric tensor
generated in each term of the summation in Eq. (6). The
explicit definitions of symbols in the square bracket can be
found in Ref. [61]. An important observation is that
auxiliary parameter η only appears in the last bracket.
By using Taylor series for η → ∞ one can obtain
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�
F
U
− {η

�
−NðmÞ

ν ¼ ð−{ηÞ−NðmÞ
ν

X∞
p¼0

�
−NðmÞ

ν

p

�

×
Fp

Upð−{ηÞp : ð7Þ

Now it can be seen that the exponent p in Fp is a non-
negative number, so that the difficulty of dealing with

fraction polynomial F−NðmÞ
ν can be avoided. By using direct

expansion Fp can be expressed as the polynomial of fxig,
then all the tensor structures are only related to the external
momenta. Consequently the external momenta can be
attached to fermion chains or the polarization vectors to
generate the form factors. And the coefficients of form
factors become integrals on Feynman parameters fxig, for
instance

Z Yn
j¼1

dxj x
nj−1
j δ

�
1 −

Xn
l¼1

xl

�
U−D̃=2; ð8Þ

where D̃ can be different from the space-time dimensionD.
We can define an equivalence relation ∼ between Feynman
parameter indices, such that

i ∼ j if lim
Ki→0
mi→0

D̃i ¼ lim
Kj→0

mj→0

D̃j: ð9Þ

Then we can divide the Feynman parameters index set
figni¼1 into X ¼ 2L − 1 equivalence classes ½i1�;…; ½iX�.
For each equivalence class, we can insert one unit integral,
e.g.,

Z
dy1δ

�
y1 −

X
j∈½i1�

xj

�
¼ 1: ð10Þ

Meanwhile because U can be constructed from the 1-tree
cut on the Feynman loop diagram [62], it can be found that
U only depends on fyig. Then the parameters fxjg can be
integrated along with the inserted δ-functions as

Z Yn
k¼1

dxk x
nk−1
k δ

�
1 −

Xn
l¼1

xl

�
U−D̃=2 ¼

Z YX
m¼1

� Y
j∈½im�

ðdxjxnj−1j Þ
�
δ

�
1 −

Xn
l¼1

xl

�
U−D̃=2

¼
Z YX

m¼1

� Y
j∈½im�

ðdxj xnj−1j Þdymδ
�
ym −

X
p∈½im�

xp

��
× δ

�
1 −

Xn
l¼1

xl

�
U−D̃=2

¼
Z YX

m¼1

�
dym

Q
j∈½im�ΓðnjÞ

ΓðPj∈½im�njÞ
y
ð
P

j∈½im � njÞ−1
m

�
× δ

�
1 −

XX
l¼1

yl

�
U−D̃=2: ð11Þ

And finally the integrals on fyig can be reconstructed as
vacuum bubble integrals, for instance at two-loop level

IðvacÞ;D̃ν1;ν2;ν3 ≡
Z

dD̃q1dD̃q2
½q21 þ {�ν1 ½q22 þ {�ν2 ½ðq1 þ q2Þ2 þ {�ν3

¼ ð−iÞD̃þNν

Z
yν1−11 dy1
Γðν1Þ

yν2−12 dy2
Γðν2Þ

yν3−13 dy3
Γðν3Þ

× δð1 − y1 − y2 − y3ÞΓðNν − D̃ÞU−D̃=2: ð12Þ
For the remaining scalar vacuum bubble integrals, we can

further implement the IBP reduction [41] to reduce IðvacÞ;D̃ν1;ν2;ν3

to IðvacÞ;D̃1;1;1 and IðvacÞ;D̃1;1;0 . Then we can implement the

dimension shift operation to reduce them to IðvacÞ;D1;1;1 and

IðvacÞ;D1;1;0 . Finally the modified loop amplitude can be ex-
pressed as the series representation in terms of vacuum
bubble master integrals in D dimension. It is necessary to
emphasize that the IBP reduction and the dimension shift
operation are implemented only on the vacuum bubble
integrals, which are process independent and can be easily
prepared once for all.

Obviously now we have successfully achieved the tensor
reduction for loop amplitude. Finally we can rewrite the
modified loop amplitude as

fMðηÞ ¼
X
i

CiF i; ð13Þ

and

Ci ¼ ηLD=2−Nνþmmax
i

X∞
p¼0

X
j

A0pjη
−pIðvacÞ;DL;j ; ð14Þ

whereF i is the form factor and Ci is the relevant coefficient.
mmax

i is the maximum of the metric ranks of the terms that

contribute to F i. And IðvacÞ;DL;j represents the jth L-loop
vacuum bubble master integral. The series coefficient A0pj

only explicitly depends on linear independent kinematic
variables fs1;…; stg and space-time dimensionD. Since in
the following we will focus on one of the coefficients Ci to
demonstrate the reduction procedure, for simplicity of the
formula, the index i dependence for A0pj is suppressed.
Here we define tuple s≡ ðs1;…; stÞ and monomial
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sα ≡ sα11 � � � sαtt ; ð15Þ

where α ¼ ðα1;…; αtÞ is a t-tuple of non-negative integers.
jαj ¼ α1 þ � � � þ αt is the total degree ofmonomial sα. Then
A0pj can be written as

A0pj ¼
X
α1 ;…;αt

jαj¼dimðA0pjÞ=2

a0pαjðDÞsα; ð16Þ

where dimðA0pjÞ is the mass dimension of A0pj. And the
coefficient a0pαj depends only on D. For fixed jαj, the total
number of terms in the α summation is

nα ¼
� jαj þ t − 1

t − 1

�
: ð17Þ

Then it can be obtained that

jαj − p ¼ w0 ð18Þ

by defining

w0 ≡ dimðCiÞ=2 − LD=2þ Nν −mmax
i : ð19Þ

In practice Ci can be truncated to fixed order p0, i.e.,

Ci ¼ ηdimðCiÞ=2−w0

�Xp0

p¼0

X
j

X
α1 ;…;αt
jαj¼w0þp

ða0pαjðDÞη−p

× sαIðvacÞ;DL;j Þ þOðη−p0−1Þ
�
: ð20Þ

For the given amplitude one can choose a proper set of
modified master integrals fĨjðηÞgSj¼1 as shown in Eq. (2).
Then by using Taylor series for η → ∞ one can obtain the
series representation of ĨkðηÞ,

ĨkðηÞ ¼ ηLD=2−Nk

X∞
p¼0

X
j

Akpjη
−pIðvacÞ;DL;j ; ð21Þ

where Nk is the summation of the exponent of propagators
for given ĨkðηÞ. And the series coefficient Akpj can be
expressed as the linear combination of monomials,

Akpj ¼
X
α1 ;…;αt

jαj¼dimðAkpjÞ=2

akpαjðDÞsα; ð22Þ

where the coefficient akpαj depends only on D. Then we
can obtain

jαj − p ¼ wk ð23Þ

by defining

wk ≡ dimðĨkÞ=2 − LD=2þ Nk: ð24Þ

Similarly as Ci, Ĩk can be truncated to fixed order p0, i.e.,

Ĩk ¼ ηdimðĨkÞ=2−wk

�Xp0

p¼0

X
j

X
α1 ;…;αt
jαj¼wkþp

ðakpαjðDÞη−p

× sαIðvacÞ;DL;j Þ þOðη−p0−1Þ
�
: ð25Þ

If the modified master integral set has been properly
chosen, the reduction relation can be described by the linear
relation between Ci and fĨjgSj¼1 as

Zi0Ci þ Zi1Ĩ1 þ � � � þ ZiSĨS ¼ 0; ð26Þ

where Zik is polynomial of η, independent kinematic
variables fs1;…; stg and D. In the following the index i
will be suppressed for simplicity. Since each term in
Eq. (26) has the same mass dimension, we can define

dtot ≡ d0 þ dimðCiÞ ¼ d1 þ dimðĨ1Þ
¼ � � � ¼ dS þ dimðĨSÞ; ð27Þ

where

dk ≡ dimðZkÞ ¼
�
dtot − dimðCiÞ ðk ¼ 0Þ;
dtot − dimðĨkÞ ð1 ≤ k ≤ SÞ: ð28Þ

Therefore, Zk can be written as

Zk ¼
X
λ1 ;…;λt
jλj≤dk=2

zkλ0λðDÞηλ0sλ; ð29Þ

where λ is a t-tuple of non-negative integers. And λ0 ¼
dk=2 − jλj is a non-negative integer. The unknown coef-
ficient zkλ0λ depends only on D. For the expression of Zk,
the total number of terms in the λ summation is

nk ¼
�
dk=2þ t

t

�
: ð30Þ

In order to obtain the explicit expressions of fzkλ0λg, we
can substitute Eqs. (20), (25), and (29) into Eq. (26) and
obtain

ηd
tot=2−wmin

�Xp0

ρ0¼0

X
j

X
ρ1 ;…;ρt

jρj¼ρ0þwmin

ðσρ0ρjη−ρ0sρIðvacÞ;DL;j Þ

þOðη−p0−1Þ
�

¼ 0; ð31Þ

where
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wmin ¼ minfw0;…; wSg; ð32Þ

and

σρ0ρj ¼
XS
k¼0

Xp0

p¼0
p≥jρj−dk=2−wk

X
α1 ;…;αt
jαj¼wkþp

akpαjzkλ0λ ð33Þ

with λ ¼ ρ − α and λ0 ¼ dk=2 − jρj þ jαj. Since

η−ρ0sρIðvacÞ;DL;j are linear independent, their coefficients
σρ0ρj should be zero. Then we obtain a system of linear
equations

fσρ0ρj ¼ 0g: ð34Þ

The sets fσρ0ρjg and fzkλ0λg can be ordered by using certain
well order relation, e.g., lexicographical ordering, for
ðρ0; ρ; jÞ and ðk; λ0; λÞ, respectively. And σu and xv can
be denoted as the uth and vth element in the corresponding
set. Then Eq. (34) can be transformed into the null space
problem

0
BB@

M1;1 � � � M1;nc

..

. ..
.

Mne;1 � � � Mne;nc

1
CCA
0
BB@

z1

..

.

znc

1
CCA ¼

0
BB@

0

..

.

0

1
CCA; ð35Þ

where the matrix element can be explicitly obtained by

Muv ¼
∂σu
∂zv : ð36Þ

For given dtot, the number of unknown coefficients nc ¼
jfzkλ0λgj is fixed while the number of equations ne ¼
jfσρ0;ρ;jgj depends on the truncation order p0. Therefore, if
dtot is large enough, by expanding Ci and fĨjgSj¼1 to higher
order one can obtain enough equations (ne > nc) for the
solution of the null space.
Empirically the choice of dtot can start from the mini-

mum of the allowed values,

dtotmin ¼ maxfdimðCiÞ;minfdimðĨ1Þ;…; dimðĨSÞgg: ð37Þ

If we could not find the nontrivial null space, the dtot will be
increased by two. Once the nontrivial null space is found,
we can expand Ci and fĨjgSj¼1 to higher order for more
equations to check the correctness and uniqueness of the
solution.
Finally the modified amplitude can be written as

fMðηÞ ¼
X
i

XS
k¼1

CikðηÞĨkðηÞF i ð38Þ

where Cik ¼ −Zik=Zi0 is the reduction coefficient of
relevant ĨkðηÞ and F i for modified loop amplitude. In
the conventional approach the reduction coefficients could
be obtained by using tensor reduction and IBP reduction,
which could be very difficult as been reviewed in the
previous section. However, as we have shown above by
directly implementing series representation on modified
loop amplitude, the difficulties in both tensor reduction and
IBP reduction can be relieved. And the final reduction
relation for the original loop amplitude can be obtained by
taking the limit η → 0þ,

M ¼ lim
η→0þ

fMðηÞ ¼
X
i

XS
k¼1

lim
η→0þ

CikðηÞĨkðηÞF i: ð39Þ

Although in order to achieve loop amplitude reduction this
set of master integrals themselves may not be convenient to
evaluate analytically or numerically, one may make further
apply reduction increasingly to the final set of master
integrals that can satisfy the requirement of evaluation.

III. EXAMPLE

In this section we take one typical two-loop diagram of
W boson production shown in Fig. 1 as an example to
demonstrate our approach. The diagram is plotted by using
JAXODRAW [63] based on AXODRAW [64]. Its relevant
modified amplitude can be written as

fMðηÞ ¼
Z

dDq1dDq2
Nðq1; q2; k1; k2; k3Þ
D̃1D̃2D̃3D̃5D̃6D̃7

; ð40Þ

where the denominators from loop propagators are

D̃1 ¼ ðq1 − q2 − k1Þ2 þ {η; ð41Þ

D̃2 ¼ ðq1 þ k2Þ2 þ {η; ð42Þ

D̃3 ¼ ðq2 þ k1 þ k2Þ2 þ {η; ð43Þ

D̃5 ¼ ðq1Þ2 þ {η; ð44Þ

D̃6 ¼ ðq2Þ2 þ {η; ð45Þ

FIG. 1. One typical two-loop diagram for the process ud̄→Wþ.
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and

D̃7 ¼ ðq1 − k1Þ2 þ {η: ð46Þ

And to make a complete integral family for the two-
loop one-final-state amplitude we need additional one
denominator

D̃4 ¼ ðq2 þ k1Þ2 þ {η: ð47Þ
For the reader’s convenience we also explicitly show the
numerator of the amplitude

Nðq1; q2; k1; k2; k3Þ

¼
�

{eg4sffiffiffi
2

p
sW

�
16

9
v̄ðk2Þγαð=k2 þ =q1Þγβ

× ð=k3 þ =q2Þ=εðk3ÞPL=q2γβð=k1 − =q1Þγαuðk1Þ: ð48Þ
By implementing the approach as mentioned in the pre-
vious section, we can directly extract the only form factor

F 1 ¼ v̄ðk2Þ=εðk3ÞPLuðk1Þ: ð49Þ
We can divide the Feynman parameter index set
f1;…; 7g into three equivalence classes ½i1�¼f2;5;7g,

½i2�¼f3;4;6g and ½i3� ¼ f1g. Then we can insert three
unit integralsZ

dy1δðy1 − x2 − x5 − x7Þ ¼ 1;
Z

dy2δðy2 − x3 − x4 − x6Þ ¼ 1;
Z

dy3δðy3 − x1Þ ¼ 1: ð50Þ

After integrating the x1;…; x7, the coefficient of F 1 can be
expressed by two-loop scalar vacuum bubble integrals. And
it is known that at two-loop level there are two vacuum
bubble master integrals,

IðvacÞ;D2;1 ≡
Z

dDq1dDq2
½q21 þ {�½q22 þ {�½ðq1 þ q2Þ2 þ {� ð51Þ

and

IðvacÞ;D2;2 ≡
Z

dDq1dDq2
½q21 þ {�½q22 þ {� : ð52Þ

In series representation the modified loop amplitude can be
expressed as

M̃ðηÞ ¼
�

{eg4sffiffiffi
2

p
sW

�
F 1η

D−4
�
−
8ðD − 3ÞðD − 2Þ2ðD3 − 3D2 þ 11D − 6Þ

243D
{IðvacÞ;D2;1 þ ðD − 2Þ4ðD2 − 16Dþ 12Þ

81D
IðvacÞ;D2;2

−
4ðD − 3Þð5D7 − 53D6 þ 319D5 − 638D4 − 1844D3 þ 4552D2 þ 2528Dþ 3456Þ

6561DðDþ 2Þ
m2

W

η
IðvacÞ;D2;1

−
ðD − 2Þ2ð83D6 − 724D5 − 976D4 þ 15968D3 − 7600D2 − 51904D − 27648Þ

17496DðDþ 2Þ
m2

W

η
{IðvacÞ;D2;2 þO

�
1

η2

��
: ð53Þ

Finally for the matching procedure we choose 25 master integrals,

Ĩ1ðηÞ≡ Ĩ0;1;1;0;0;1;1ðηÞ; Ĩ2ðηÞ≡ Ĩ0;1;1;0;1;1;1ðηÞ; Ĩ3ðηÞ≡ Ĩ0;0;1;0;1;0;1ðηÞ; Ĩ4ðηÞ≡ Ĩ1;0;1;0;0;0;1ðηÞ;
Ĩ5ðηÞ≡ Ĩ1;0;1;0;1;0;1ðηÞ; Ĩ6ðηÞ≡ Ĩ1;0;1;0;1;1;0ðηÞ; Ĩ7ðηÞ≡ Ĩ1;0;1;0;1;1;1ðηÞ; Ĩ8ðηÞ≡ Ĩ1;0;1;0;1;2;0ðηÞ;
Ĩ9ðηÞ≡ Ĩ1;0;2;0;1;0;1ðηÞ; Ĩ10ðηÞ≡ Ĩ0;0;1;0;1;1;1ðηÞ; Ĩ11ðηÞ≡ Ĩ1;1;0;0;1;0;1ðηÞ; Ĩ12ðηÞ≡ Ĩ1;0;0;0;1;1;1ðηÞ;
Ĩ13ðηÞ≡ Ĩ1;1;1;0;0;0;1ðηÞ; Ĩ14ðηÞ≡ Ĩ1;1;1;0;0;1;1ðηÞ; Ĩ15ðηÞ≡ Ĩ1;1;1;0;1;0;1ðηÞ; Ĩ16ðηÞ≡ Ĩ1;1;1;0;1;1;1ðηÞ;
Ĩ17ðηÞ≡ Ĩ1;1;1;0;1;2;0ðηÞ; Ĩ18ðηÞ≡ Ĩ1;1;1;0;2;1;0ðηÞ; Ĩ19ðηÞ≡ Ĩ2;0;1;0;0;0;1ðηÞ; Ĩ20ðηÞ≡ Ĩ2;0;1;0;1;1;0ðηÞ;
Ĩ21ðηÞ≡ Ĩ1;−1;1;−1;1;1;1ðηÞ; Ĩ22ðηÞ≡ Ĩ1;0;1;−1;1;1;1ðηÞ; Ĩ23ðηÞ≡ Ĩ1;0;1;−2;1;1;1ðηÞ; Ĩ24ðηÞ≡ Ĩ1;1;1;−1;1;1;1ðηÞ;
Ĩ25ðηÞ≡ Ĩ1;1;1;−2;1;1;1ðηÞ; ð54Þ

where

Ĩν1;ν2;ν3;ν4;ν5;ν6;ν7ðηÞ≡
Z

dDq1dDq2
D̃ν1

1 D̃
ν2
2 D̃

ν3
3 D̃

ν4
4 D̃

ν5
5 D̃

ν6
6 D̃

ν7
7

: ð55Þ

For simplicity, the factor ð{eg4sÞ=ð
ffiffiffi
2

p
sWÞ is omitted in results. Then the coefficients between modified amplitude and master

integrals are
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C1ðηÞ¼−
16ðD−6Þ2ðD−3Þ

9ðD−2Þ ;

C2ðηÞ¼
8ðð3D2−32Dþ68Þm2

W−2{ðD−2Þ2ηÞ
9ðD−2Þ ;

C3ðηÞ¼−
8ðD4−20D3þ156D2−532Dþ648Þ

9ðD−3ÞDm2
W

;

C4ðηÞ¼
8ðð2D5−20D4−23D3þ919D2−3466Dþ3888Þm2

W− {ð3D−8ÞðD4−29D3þ230D2−782Dþ972ÞηÞ
9ðD−3ÞðD−2ÞDm4

W
;

C5ðηÞ¼−
8ððD4−8D3þ16D2þ24D−80ÞDm2

Wþ {ðD5−15D4þ126D3−576D2þ1352D−1296ÞηÞ
9ðD−3ÞðD−2ÞDm2

W
;

C6ðηÞ¼
8ððD−4ÞðD−2Þð2D3−39D2þ204D−300Þm2

Wþ2{ð18D5−379D4þ3121D3−12452D2þ24084D−18128ÞηÞ
9ðD−4ÞðD−2Þð3D−8Þm2

W
;

C7ðηÞ¼
128ðD−3ÞðD−2Þm2

Wþ8{ð2D4−27D3þ162D2−476Dþ536Þη
9ðD−3ÞðD−2Þ ;

C8ðηÞ¼−
16ð7D4−124D3þ806D2−2220Dþ2192Þηð4η− {m2

WÞ
9ðD−4ÞðD−2Þð3D−8Þm2

W
;

C9ðηÞ¼
4ð4ðD3−8D2þ38D−68Þη2−2{ð3D3−45D2þ218D−328Þηm2

WþðD−6ÞðDþ2Þm4
WÞ

9ðD−3ÞðD−2Þm2
W

;

C10ðηÞ¼
8ððD3−15D2þ80D−147Þð3D−8ÞðD−2Þm2

Wþ2{ð2D4−34D3þ219D2−610Dþ616ÞηÞ
9ðD−3ÞðD−2Þð3D−8Þm2

W
;

C11ðηÞ¼
16ðD−2Þðm2

Wþ2{ηÞ
9m2

W
;

C12ðηÞ¼
8

9ðD−4ÞðD−3Þ2Dð3D−8Þm4
W
f3ð3D−8ÞðD−4ÞðD4−29D3þ230D2−782Dþ972Þη2

þ {Dð15D5−326D4þ2797D3−11752D2þ24052D−19152Þηm2
W−16ðD−4ÞðD−3Þ2Dð3D−8Þm4

Wg;

C13ðηÞ¼
8ððD−4ÞðD3−19D2þ128D−236Þm2

W−4{ðD4−19D3þ126D2−348Dþ344ÞηÞ
9ðD−4ÞðD−2Þm2

W
;

C14ðηÞ¼
8ðð3D2−32Dþ68Þm2

Wþ4{ðD2−12Dþ28ÞηÞ
9ðD−2Þ ;

C15ðηÞ¼
64ð2ðD−2Þm2

Wþ {ð2D2−15Dþ30ÞηÞ
9ðD−2Þ ;

C16ðηÞ¼
16ð−4{ðD2−6Dþ10Þηm2

WþðD−5ÞðD−2Þ2η2−4ðD−2Þm4
WÞ

9ðD−2Þ ;

C17ðηÞ¼
4ðD−6Þð−m2

W−4{ηÞððDþ2Þm2
W−2{ðD−6ÞðD−3ÞηÞ

9ðD−3ÞðD−2Þ ;

C18ðηÞ¼
32ðD3−14D2þ68D−104Þη2

9ðD−4ÞðD−3ÞðD−2Þ ;

C19ðηÞ¼
8

9ðD−3ÞðD−2ÞDm4
W
fð6D3−89D2þ446D−648Þm4

Wþ6ðD4−29D3þ230D2−782Dþ972Þη2

− {ð4D4−137D3þ1259D2−4826Dþ6480Þηm2
Wg;

C20ðηÞ¼
4

9ðD−4ÞðD−3ÞðD−2Þð3D−8Þm2
W
f2{ðD−4ÞðD4−24D3þ156D2−280Dþ48Þηm2

W

þ4ð−22D5þ454D4−3647D3þ14094D2−26240Dþ18912Þη2þð3D−8ÞðD−6ÞðD−4ÞðDþ2Þm4
Wg;
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C21ðηÞ ¼
8ðD3 − 14D2 þ 68D − 104Þ

9ðD − 2Þm2
W

; C22ðηÞ ¼ −
8ððD − 6ÞðD2 − 8Dþ 20Þm2

W þ 2{ðD − 2Þ2ηÞ
9ðD − 2Þm2

W
;

C23ðηÞ ¼
16ðD − 2Þ

9m2
W

; C24ðηÞ ¼
16{ððD3 − 16D2 þ 80D − 136Þηþ 8{m2

WÞ
9ðD − 2Þ ; C25ðηÞ ¼ −

16ðD − 2Þðm2
W þ 2{ηÞ

9m2
W

:

ð56Þ

By checking the asymptotic behavior of above master integrals at η → 0þ, we found that master integral
Ĩ3ðηÞ; Ĩ10ðηÞ; Ĩ11ðηÞ; Ĩ12ðηÞ, vanish. Also some of the relevant coefficients of the master integrals, C8ðηÞ and C18ðηÞ,
become zero in the limit. Then finally we found 19 nonvanishing master integrals and their relevant coefficients, the limits
of remaining nonvanishing coefficients are

C1ð0Þ ¼ −
16ðD− 6Þ2ðD− 3Þ

9ðD− 2Þ ; C2ð0Þ ¼ C14ð0Þ ¼
8ð3D2 − 32Dþ 68Þm2

W

9ðD− 2Þ ;

C4ð0Þ ¼
8ð2D5 − 20D4 − 23D3 þ 919D2 − 3466Dþ 3888Þ

9ðD− 3ÞðD− 2ÞDm2
W

; C5ð0Þ ¼ −
8ðD4 − 8D3 þ 16D2 þ 24D− 80Þ

9ðD− 3ÞðD− 2Þ ;

C6ð0Þ ¼
8ð2D3 − 39D2 þ 204D− 300Þ

9ð3D− 8Þ ; C7ð0Þ ¼ C15ð0Þ ¼
128m2

W

9
; C9ð0Þ ¼ C20ð0Þ ¼

4ðD− 6ÞðDþ 2Þm2
W

9ðD− 3ÞðD− 2Þ ;

C13ð0Þ ¼
8ðD3 − 19D2 þ 128D− 236Þ

9ðD− 2Þ ; C16ð0Þ ¼ −
64m4

W

9
; C17ð0Þ ¼ −

4ðD− 6ÞðDþ 2Þm4
W

9ðD− 3ÞðD− 2Þ ;

C19ð0Þ ¼
8ð6D3 − 89D2 þ 446D− 648Þ

9ðD− 3ÞðD− 2ÞD ; C21ð0Þ ¼
8ðD3 − 14D2 þ 68D− 104Þ

9ðD− 2Þm2
W

;

C22ð0Þ ¼ −
8ðD− 6ÞðD2 − 8Dþ 20Þ

9ðD− 2Þ ; C23ð0Þ ¼
16ðD− 2Þ

9m2
W

; C24ð0Þ ¼ −
128m2

W

9ðD− 2Þ ;

C25ð0Þ ¼ −
16ðD− 2Þ

9
: ð57Þ

The explicit expressions of the coefficients are consistent
with the results in the conventional approach using FEYN-

CALC [65] and FIRE5 [52].

IV. CONCLUSIONS

In this paper, based on series representation we propose
an alternative reduction approach to directly reduce loop
amplitude into linear combination of master integrals and
extract the form factors meanwhile. This approach can
relieve the difficulties in tensor reduction and IBP reduction
for complicated scattering processes. This approach has

been demonstrated in one typical two-loop Feynman
diagram for the W boson production.
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