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We present results from analytic solutions to the running coupling, full next-to-leading order, and
collinearly improved next-to-leading order Balitsky-Kovchegov equations in the saturation region with
the smallest dipole size QCD running coupling prescription. The analytic results of the S matrix of the

latter two equations show that the exp(—O(Y?/?)) rapidity dependence of the solutions is replaced by
exp(—O(Y)) dependence once the running coupling prescription is switched from parent dipole to the

smallest dipole prescription, which indicates that the S matrix has a strong dependence on the choice of

running coupling prescription. We compute the numerical solutions of these Balitsky-Kovchegov equations

with the smallest and parent dipole running coupling prescriptions; the numerical results confirm the

analytic outcomes. The rare fluctuations of the S matrix on top of full next-to-leading order corrections are

also studied under the smallest dipole running coupling prescription in the center of mass frame. It shows

that the rare fluctuations are strongly suppressed and less important in the smallest dipole running coupling

prescription case as compared to the parent dipole running coupling prescription case.
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I. INTRODUCTION

Perturbative QCD predicts that the gluon density in high-
energy hadronic collisions is rapid growth with decreasing
Bjorken x (or increasing energy) due to each emitted gluon
itself as a source of further emission, which leads to fill up
the available phase space for gluon radiation, and forms a
state of saturated gluons called the color glass condensate
(CGC) [1]. The rapidity evolution of the CGC is described
by the Balitsky-J IMWLK' [2-6] infinite hierarchy of
renormalization group equations for the multipoint corre-
lators of Wilson lines which describe a high-energy quark
or a gluon traveling through a dense target color field. In the
mean field approximation, the hierarchy Balitsky-JIMWLK
equations decouple and result in a single nonlinear inte-
grodifferential equation known as the Balitsky-Kovchegov
(BK) equation [2,7]. The BK equation is a closed equation,
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which significantly simplifies the direct applications to
phenomenologies, such as proton structure function in deep
inelastic scattering at HERA, and particle production in
heavy ion collisions at LHC. However, the BK equation
resums only large logarithms ~a, In(1/x) to all orders with
a fixed coupling constant ay; thus, it is a leading order (LO)
equation. It has been found that although the models (i.e.,
Iancu-Itakura-Munier model [8]) inspired by the LO BK
equation can give a successfully qualitative fits to the
small-x HERA data [9-12], there are some tensions when
one uses the LO BK equation to quantitatively compare
with the experimental data, since the higher order correc-
tions can be very large [13-18].

Over the past decade, the understanding of the nonlinear
evolution in QCD beyond leading order accuracy has
received important developments [19-23], which refers to
the first calculations of the next-to-leading order (NLO)
corrections to the Balitsky-JIMWLK and BK equations. The
NLO corrections to the BK equation were calculated by the
resummation of the a,N ; contributions to all orders with N,
to be as the number of flavors, which allows one to estimate
running coupling corrections to the evolution kernel and
result in the running coupling Balitsky-Kovchegov (rcBK)
equation. In the language of Feynman diagram, this type of
NLO corrections refer to the quark loop contributions. Soon
after the rcBK equation was derived [22,23], Balitsky and
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Chirilli in Ref. [24] found that the gluon loops and the tree
gluon diagrams with quadratic and cubic nonlinearities have
also significant contributions to the BK evolution equation.
By combining the quark part and gluon part contributions,
they obtained a full next-to-leading order (fNLO) BK
evolution equation. However, the first numerical studies to
the fNLO BK equation found that the solution strongly
depends on the details of the initial condition, and the
scattering amplitude decreases with increasing rapidity and
can even turn to negative for small dipoles [16,25], which
indicate that the fNLO BK equation is unstable. It was found
that the instability comes from a large double transverse
logarithm in the BK evolution kernel. Fortunately, the
authors in Ref. [26] devised a novel method to resum those
single and double collinear logarithms to all orders and got a
stabilized evolution equation known as collinearly improved
BK equation. In addition to the progress along the BK
equation, we would like to mention that the authors in
Refs. [19-21] studied the JIMWLK evolution at NLO and
obtained a NLO JIMWLK Hamiltonian. They found that the
NLO evolution kernels in Ref. [24] can be reproduced
correctly with the NLO JIMWLK Hamiltonian.

The stabilized fNLO BK equation was solved numeri-
cally and its numerical solution gives a rather good
description to the small x HERA data [17,18,27].
However, this numerical process is very cumbersome to
use in practice, due to the intricate programming for solving
an integrodifferential equation and time-costing for running
the program. In order to facilitate the use of the BK
equation in direct phenomenological application, a lot of
efforts were devoted to establish an analytical dipole
scattering amplitude in the literature [28—-33]. Among them,
we analytically solved the fNLO BK equation in the
saturation region [32]. We find that the exp(—O(Y))
rapidity dependence of the scattering S matrix in the case
of running coupling corrections (including quark loop
contributions) is replaced by exp(—O(Y*?)) in the
fNLO case (with both quark and gluon loop contributions).
In addition, the authors in Ref. [29] used another approach
to independently solve the fNLO BK equation in the
saturation region and also got exp(—O(Y?/?)) rapidity
dependence of the S matrix. They established a piecewise
dipole scattering amplitude based on the analytic solution.
It was found that the piecewise amplitude gives a rather
successful fits to the small x HERA data. We would like
to note that all the calculations mentioned above are
used the size of the parent dipole as the argument of the
running coupling constant «,. For several years, as we
know that the argument of the coupling constant «; in the
NLO BK equation was interpreted to the size of the parent
dipole, especially in the applications to phenomenology
[14,15,34], although the authors in Ref. [24] have pointed
out that the proper interpretation of the argument of the
coupling constant is the size of the smallest dipole rather
than the size of the parent dipole. Recently, it was found

that a very good description of the small x HERA data
was obtained by using the collinearly improved NLO BK
equation with the smallest dipole running coupling (SDRC)
prescription among several different prescriptions of QCD
running coupling. The significance of the argument of the
coupling constant @, was aroused [17,18].

In this paper, we shall solve analytically the NLO BK
equations with the SDRC prescription in the saturation
region. To see the significance of the prescription of the
running coupling, we firstly recall the analytic solutions of
the rcBK, fNLO BK, and collinearly improved NLO BK
equations with the parent dipole running coupling (PDRC)
prescription in the saturation region, and we shall use these
solutions for the latter comparisons. Second, we analyti-
cally solve the rcBK, fNLO BK, and collinearly improved
NLO BK equations again with emphasizing on the SDRC
prescription, and we compare the solutions resulting from
two different running coupling prescriptions to see how big
difference is.

Interestingly, we get that the solutions of the rcBK
equation are exactly same under the PDRC and SDRC two
different prescriptions, which means that its solution is
independent on the choice of the running coupling pre-
scription. We find that the exp(—O(Y?/?)) rapidity depend-
ence of the S matrix (solution of the fNLO BK equation)
obtained by our previous studies with the PDRC prescrip-
tion in Ref. [32] is replaced by exp(—O(Y)) rapidity
dependence once the running coupling prescription is
switched to the SDRC prescription, which indicates that
the SDRC prescription suppresses the evolution of the
dipole scattering amplitude and renders the rapidity
dependence of the exponent of the S matrix keeping a
linear dependence as the one in rcBK case; see Fig. 1 for a
diagrammatic depiction. With the SDRC prescription, we
now get that all the solutions of the NLO BK (rcBK, fNLO
BK, and collinearly improved NLO BK) equations have the
same rapidity dependence exp(—O(Y)).

In order to test these analytic outcomes, we numerically
solve the abovementioned NLO BK equations with the
focusing on physics in the saturation region. The numerical
results support the analytic findings. In addition, we also
study the rare fluctuations of the S matrix on top of the full
NLO corrections with the SDRC prescription. We find that
the rare fluctuation effects take a negligible contribution to
the suppression of the evolution of the dipole amplitude,
which is unlike the one obtained with the PDRC prescrip-
tion in our previous publication [35] where a factor of /2
suppression of the exponential factor of the S matrix is
occurred when the rare fluctuation effects are included.

II. SOLUTIONS TO THE EVOLUTION
EQUATIONS WITH PARENT DIPOLE RUNNING
COUPLING PRESCRIPTION

To introduce notations and explain the kinematics, we
review the rc, fNLO, and collinearly improved NLO BK
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FIG. 1.
prescriptions in the saturation region.

equations and their solutions in the case of PDRC pre-
scription. These solutions will be used for the Ilatter
comparisons with the results obtained under the SDRC
prescription in the next section.

A. Leading order Balitsky-Kovchegov equation
and its solution

We consider the high-energy scattering between a dilute
projectile, consisting of a quark-antiquark color dipole with
quark leg at transverse coordinate x | and an antiquark leg
at transverse coordinate y |, and a dense target which may
be another dipole, a hadron, or a nucleus. The evolution of
the S matrix in the fixed coupling case is described by the
BK equation, which we write as [2,7]

0
ES(r, Y) —/dzrlKLO(r, ri,72)

X [S(r1.Y)8(r2. Y) = S(r.Y)]. (1)
where the evolution kernel is given by

~ 2

ag r
KLO(V’ 7’1,}"2) :2_7;'}’27‘2’ (2)
172

with a, = a,N_./x. Here we use the notationr = x; —y|
as the transverse size of parent dipole and r{ =x, — 7
andr, = z, —y, as the transverse sizes of the two emitted
daughter dipoles, respectively. The BK equation resums
only the leading logarithmic a;In(1/x) in the fixed
coupling case; therefore, it is a leading order equation.
We would like to note that the BK equation is a mean field
version of the Balitsky-JIMWLK hierarchy [3-6] equa-
tions, in which higher order correlations are neglected.
Due to the simple structure of the BK equation, one can
analytically solve it in the saturation region, in which the
parton density is so high that the dipole scattering ampli-
tude approaches unit, N ~1 (N =1 —15), thus S~ 0. So,
we can neglect the quadratic term of the S matrix in the BK
equation in the saturation region, and Eq. (1) becomes

The § matrix from solving the LO, rc, fNLO, and collinearly improved NLO BK equations with the PDRC and SDRC

gS(r, Y)~— /r d*r KO (r, 1, 1,)S(r,Y), (3)
oY /e,

where Q. is the saturation momentum. The Q, is an
intrinsic momentum scale which provides a separation
between dense and dilute parton system. The lower bound
of the integral in Eq. (3) is set to 1/Q; since the saturation
condition requires that the transverse dipole size should be
larger than the typical transverse dipole size, r, ~ 1/Q,. We
would like to note that although there are few radiated
daughter dipoles having transverse size larger than parent
dipole, we still set the upper bound of the integral to r
because the kernel has a rapid decay when the size of the
daughter dipole is larger than the parent dipole; therefore,
the contribution from the region, r; > r, is negligible. It is
not hard to find that the integral is governed by the region
either from the radiated dipole closing to quark leg of the
parent dipole, 1/Q; < |rj| < |r| and |r;| ~|r|, or the
radiated dipole closing to antiquark leg of the parent
dipole, 1/Q, < |r| < |r| and |r{| ~|r|. In this study,
we choose to work in the region |r,| ~ |r|, and Eq. (3)
becomes

1

d r a
—S(r,Y)~=2 22 S(r,Y). 4
aYS(r, ) n'[/Q% dr 277 S(r,Y) 4)

Note that the factor 2 on the right-hand side of Eq. (4)
comes from the symmetry of the two regions mentioned
above. Now, we can easily obtain the analytic solution of
the LO BK equation in the saturation region by integrating
over r; and Y [28,36],

S(r,Y) = exp {—%aﬁ(y - y0)2] S(r.Yy),  (5)

where we have used Q?(Y) = exp [ca,(Y — Y,)]Q3(Y,)
with Q?(Y,)r* = 1. Equation (5) shows that in the satu-
ration region the S matrix has a quadratic rapidity depend-
ence in its exponent. It has been found that this S matrix
cannot precisely describe the experimental data from
HERA [15], since the evolution speed of the scattering
amplitude N is too fast; in other words, the S matrix is too
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small. So, one needs to take into account the NLO
corrections which can make the § matrix becoming
larger, or slow down the evolution speed of the dipole
scattering amplitude.

B. Running coupling Balitsky-Kovchegov equation
and its solution

The first NLO corrections to the LO BK equation were
derived by Refs. [22,23], which consider the quark loop
contributions to the BK evolution kernel and resum a,N  to
all orders. We usually call these modifications as running
coupling corrections. The evolution equation including the
quark loop corrections reads [14]

oS(r,Y)
oY

= FI8(r. )], (6)

where F can be decomposed into two parts, “running
coupling contribution” and “‘subtraction contribution,”

F8] = RIS] = SIS]. (7)

The running coupling contribution,

RIS] = /dzrlKrC(r, ri, 1) [S(r, Y)S(ry, Y) = S(r, Y)],
(8)

resumes all power of a;N; corrections to evolution kernel,
which has the same structure as the LO BK equation but
with a modified evolution kernel. We would like to note
that the decomposition of F into running coupling and
subtraction contributions is not unique since two different
separation schemes have been proposed in Refs. [22,23],
which lead to two types of expressions of modified kernels,
Balitsky type and Kovchegov-Weigert type. The Balitsky
type of kernel reads [23]

oy NS 1 ()

272 r%r% r%
1 (a,(r3) )}

b (), ©
s

and Kovchegov-Weigert type expresses as [22]

1 ay(r)a,(r3)r; -1,
KrCKW,, __'c 2__2s1s2
(r.ry.r;) 2 as(”1>r% a,(R?) r%r%
1
M@—z}, (10)
r

with

2.2
r 2 %_ rlr2°12
2 o 2\ ri-r 17274 —r
R(h’”l”’z)—’”l’”z(r—)' : b (11)

1

From Egs. (9) and (10), it is easy to see that the argument
of the coupling constant a; is a function of the transverse
size of a dipole, which is different from the leading order
kernel, Eq. (2), where the coupling constant is a constant. In
this study, the running coupling is given by the one loop
expression,

1

as(rz) :m,
r2A2

(12)

with b = (11N, —2N,)/12z. We would like to point out
although we have found that the Balitsky and Kovchegov-
Weigert kernels reduce to the same one,

N, ay(r7)

, (13)
71'2 r%

K®(r,ri, 1) =

[\®)

in the saturation region in our previous studies [31], it
has been found by numerical studying the rcBK equation
that the Balitsky kernel gives a more reasonable solution as
suggested in Ref. [23]. Therefore, we will only use the
Balitsky kernel in the all following studies.

The second term on the right-hand side of Eq. (6) is the
subtraction contribution, which has form as [14]

S[S] = /dzzlldzzJjK@(xJ_’yJ_;ZJ_l’ Zu)
X [S(XJ_ —wy, Y)S(WJ_ =Y Y)
=S(xy =211, Y)S(z =y, V)], (14)

where w, 1is the subtraction point, respectively. The
subtraction point can be chosen to be the transverse
coordinate of the emitted gluon z, [22] or the transverse
coordinate of either the quark z, ; or the antiquark z, , [23].
The evolution kernel in Eq. (14) is written as

K@(xl, MARTARE Zu)

1
= aﬁcF Z (_1)m+nl€®(xlm’ yJ_n;ZJ_l»ZJ_Z)’ (15)

m,n=0

where the @, is the bare coupling and the Ko (x 1. Y143

Z11,212) is the resummed JIMWLK kernel [14],
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3b 1

1

2 . _
%’C®(XLJ’¢’ZL1’ZL2) =T33
27 0

a
[z —x1)* +a(zio —x 1 )*[a(zi —yi)* +alzin —x1)?)2d ),

x {[~4aaz 1y (20 = x1)zinn - (2o = y1) + 2z —x0) - (2o = y1)]

x ag(R7(x 1))y (R7(y1)) + 20a(a — @)z1 5 [z1012 - (21— x 1) (R7(x1))

X ay(R(y1)) + 2112 (21 = yo)ag(RE(x1))ag (R7(y1))]

+da* @z o (RE (x 1)) (RE (v1) ) (16)

with a to be as the fraction of the gluon’s momentum carried by the quark, a =1—-a, 2,1, =217 — 212, and
72y =azy; + (1 —a)zy,. The Rp(x,) and Ry (x,) in Eq. (16) are defined by

46—27—5/3
hl( 2 2 >:1n< 2, = 272
R (x 1)y la(z11 = x1)" + @(zuo — %1 )7y

and

1 43_27_5/3

aazi |, o a(ziy —x)* +a(zn—x,)?
)+ ) w

aazilz

n <R%(xl)ﬂ§,j5) N ln<[a(2¢1 —x ) +a(zi—x,)?

where the MS renormalization scheme is used, and the
subscripts 7 and L denote transverse and longitudinal
gluon polarizations. When one substitutes Eq. (15) into
Eq. (14), it seems that the Eq. (14) is so complicated that the
evolution equation, Eq. (6), cannot be solved analytically.
Fortunately, in this study, we only focus on the physics in
the high-energy region, in which the unitarity corrections
become important and the S matrix is small; thus, the
quadratic terms of the S matrix can be neglected. Keeping
the linear term of the S matrix only, Eq. (6) simplifies to

a8(r,Y) r a,(r?)
~ =2 d?r, =L Y), 1
8Y 1/0, " 272'1”% S(r ) ( 9)

where the factor 2 on the right-hand side of Eq. (19) comes
from considering of the symmetry of the two integral
regions as the case of fixed coupling. Performing the
integral over the dipole size r; in Eq. (19), one gets

as(r.Y) N, 03 1
oY __E[lrI(lnM ~In{Injzsz ) | S0 T).

whose solution is [31]

N, 2 n< 1
S(r,Y) = exp {—b—c;_ln2% [hl( A ) —5] }S(r, Yo),

1
In>5

with the saturation momentum in the NLO case,

Luih) I <a(ZL1 —x1)? tazn - xi)z)’ (18)

(X&Zf_lz

1nf§ =/c(Y = Y,) + O(Y"/). (22)

We would like to note that in the exponent of the S matrix
the rapidity is changed from quadratic dependence in the
fixed coupling case, Eq. (5), to linear dependence in the
running coupling case, Eq. (21). This change significantly
slows down the evolution speed of the dipole scattering
amplitude, which is supported by the HERA data [15,37].

C. Full next-to-leading order Balitsky-Kovchegov
equation and its solution

We know that the rcBK equation mainly considers the
NLO corrections from quark loop contributions. It has been
shown in Ref. [24] that a comprehensive NLO corrections
to the BK equation should include both the contributions
from the quark and gluon loops as well as from the tree
gluon diagrams with quadratic and cubic nonlinearities.
Including all the above mentioned NLO corrections, one
obtains the fNLO BK evolution equation as [24]

oS(r,Y)
Y

= /d2r1K1[s(r1,Y)S(r2,Y) = S(r.Y)]
+ / & dPryK,[S(ry, Y)S(r3, Y)S(r, Y)
—S(r,Y)S(rp, Y)]
+/d2r1d2r’2K3[S(r’], Y)S(ra,Y)
—S(r,Y)S(r, Y)], (23)

where the kernels are
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a,(r?) r? rP—=r3 r* 67 x* 5Ny 1.1 13
K="= 1+a(?) (b’ b2t 4+~ - =553, 24
! 27 r%r%{ —|—as(r)< nrs r? nr%—'_36 12 18N, 2nr2 nr2 (24)
K — az(r?) _3 r%r’z2 + r’fr% — 47252 4 . r? ; rir} (25)
=%k AT\ AR - RRGE-)  ags) el
|
RPN (2 R4 2R - PR PR and has a solution as follows [32]:
Ky=—7 AT aas g 5. (20)
87°N. \r3 rs(riry —rir) s 2BNZ  ,0?
S(r,Y) =exp ~a 5In "
We use the notationr=x, —y |, r1=x, —2,, =Yy, —2, C” . ,
ry=x, -7, vb=y, —7,,and r3 =z, —Z/, which are N In Inoo) 1 an%
the transverse size of dipoles. In Eq. (24), b is the first ber n< 2 A?
coefficient of the # function, and yu is the renormalization i A 5
scale. To simplify the calculation, we firstly absorb the term BN;In 55 In2 95 S(r, Yo) (31)
involving the renormalization scale yx into the running b*cr? A? on

coupling a,, then the terms involving b are absorbed into «;
by using the Balitsky running coupling scheme which was
developed in Ref. [23]. The kernel K, can be rewritten as

A )4

2 |73 A \a(B)
a(r)r <g—”—2——5N‘f —llnr—%lnr—%>] .

rnry T
r%r% 36 12 I8N, 2 r* f?

(27)

Note that the Balitsky running coupling prescription
2
resums all o f contributions, especially the term ~b In %
2

We focus on dipole scattering in the saturation region in
which the unitarity corrections are very important or §
approaches to zero. Thus, one can neglect the nonlinear
terms in Eq. (23). The fNLO BK evolution equation
simplifies to

os(r,Y
((9Y ):—/dzrlKlS(r,Y).

Let us turn to analytically solve Eq. (28) in either 1/Q, <«
Ir4] << Jrl, [e2] ~ 1] or 170, << [£s| << [e]. [y ~ |r] region
as mentioned in the LO case. If we choose to work in the
first regime, the NLO kernel K| reduces to

a,(r?) aX(r?) (67 x> 5N
zr| 2zry \36 12

(28)

Substituting the simplified kernel into Eq. (28), the evo-
lution equation becomes

Y 1 (12
a8(r, ):_2_ dr, as(;l)
8Y 2 1/0, Iy
@(r?) (67 2 5N,
GACATA (A S(r.Y) (30
2 <36 12 18Nc>] (r¥) (30)

where the NLO saturation momentum has the same
definition as Eq. (22) and B = (67/36 — n%/12 — SN/
18N.)/In?(1/r*A?). Let us look at the solutions in LO
Eq. (5), running coupling Eq. (21), and fNLO Eq. (31), and
compare the variation of these solutions. We can see that
the NLO corrections slow down the evolution speed of the
dipole scattering amplitude, the running coupling effect
(quark loop contribution) makes the exponent of the §
matrix changing from quadratic rapidity dependence to
linear rapidity dependence. However, the full NLO effects,
which include quark loop and gluon loop contributions,
force the linear rapidity dependence back to the rapidity
raised to the power of 3/2 dependence due to gluon loops
bringing part of compensation to offset the decrease; see
Fig. 1 for a diagrammatic depiction.

D. Collinearly improved next-to-leading order
Balitsky-Kovchegov equation and its solution

We would like to point out that although we get an
analytic solution of the fNLO BK equation in the saturation
region, it has been found that the numerical solutions of
the fNLO BK equation in Ref. [16] become unstable for
many values of initial conditions. The dipole amplitude can
decrease with growing energy and can switch to a negative
value, which is in disagreement with the theoretical expect-
ations. It has been shown that the main source for such an
instability comes from a large double-logarithmic contri-
bution [26]. To solve this unstable problem, one needs to
resum double transverse logarithms to all orders under
double logarithmic approximation (DLA). There is also a
large single transverse logarithms (STL) which appear in
the NLO corrections to the BK equation. Such single
logarithms must be kept under control to ensure a good
convergence of the a; expansion. The single and double
logarithmic resummations were done in Refs. [17,26]; they
gave a collinearly improved evolution equation as
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aS(r,Y)
Y

= / Pr K S(r. Y)S(r, Y) = S(rY)), (32)

where the collinearly improved kernel is [25]

)

KS! = KPLAKSTL ay(r?) [i 1 (as(r%)

2 (75 7 \a®)

1]

1 (as(rﬁ)

r3 \ay(r7)
a,(r?) 1 o 2
_ (= Alln—
2z r%r%( a(r)Ay nmin{r%,r%}
a2(r2)r* (67 2 5N
%(——”—— f), (33)
2zrir; \36 12 18N,
with the DLA kernel
T2/ (P)p? 2,(r2)p?
KDLA: 1( aa( )p):l—as(r )p +O(5{%) (34)

Vg (r?)p? 2
and the STL kernel

72

KSTL = exp{—as(rz)Al ' In

}. (35)

The constant A; in above equations comes from the
DGLAP anomalous dimension, the J; is the Bessel
function with p = +/Inr}/r’Inr3/r*. Note that when
Inr3/r?Inr3/r* <0, then an absolute value is used and
the Bessel function J, turns into /; [17]. Here, we would

min{r?, r3}

DLA kernel, which is to remove the double logarithmic
term from the last line in Eq. (33) in order to avoid double
counting; (iii) the second (subtraction) term in Eq. (33) is
to subtract the a2 part of the single transverse logarithm
included in K, to avoid double counting; see Ref. [25] for
more detailed discussions about the subtraction term.
Now, let us turn to analytically solve Eq. (32) in the
saturation region in which the quadratic term of S matrix
can be neglected due to very small S. As it was done in
previous subsections, we choose to work in the region,
1/0, < |r{] < |r|, |r3| ~ |r|. In this regime, p is equal to
zero leading to the DLA kernel KP4 ~ 1, which corrob-
orates the statement that the double logarithm only impor-
tant in phase space where the scattering is weak [26]. So,
we neglect the quadratic term of § matrix and double
logarithmic corrections, and then Eq. (32) becomes

as(r,Y)
oY

o~ —/dzrlK?IS(r, Y), (36)
with a simplified kernel

KS = s &) [r_2+l (@_ 1)
I

2 |73 A \a®)
1 (a,()

- ~1
2 <a§.<r%>

5,(?)

2 r
—— = | —a,(r")A In—
2o (i)

=200V .2 2
like to note the following several points: (i) we focus on the %s (rz)g (g _T_ Ny ) i (37)
physics in saturation region in this paper, thus we neglect 2zrir; \36 12 18N,
the uninteresting terms in Eq. (32) as compared to Eq. (23);
(i) the double logarithmic resummation is included in the =~ whose solution is
|
2
2BN? .0> [N N.A mZ&N
S(r,Y) = — ¢ Ind =L — <1 ¢ 1 A _
(r¥) exp{ 3b%cn A2 {bcn’ ( T or ! In--/ 2
N2 1 ,0? 2NA Ino5 0}
- _bzc;z <A1 +Bln r2A2> } In A—; S e lnA—; S(r,Yy). (38)

If one compares the two solutions Eqgs. (31) and (38),
one can find that the dominant terms in the exponent of
the S matrix are the same, which indicates that in the
saturation region the resummations of double and single
transverse logarithms are negligible under the parent
dipole running coupling prescription. However, in the
next section, we shall show that the situation has a
dramatic change once the parent dipole running cou-
pling prescription is replaced by the smallest dipole
prescription.

III. SOLUTIONS TO THE EVOLUTION
EQUATIONS WITH THE SMALLEST DIPOLE
RUNNING COUPLING PRESCRIPTION

In the last section, we discuss the BK evolution equations
with the PDRC prescription. However, recent studies in
Refs. [17,18,38] found that the evolution equation with the
SDRC prescription has been advocated to be the correct
QCD running coupling prescription, since it is favored by
the HERA data at a phenomenological level. It was also
pointed out in Ref. [24] that the proper interpretation of the
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argument of QCD coupling runs according to the size of
the smallest dipole for the BK equation at NLO. In this
section, we start with our discussion on the rcBK evolution
equation, since the coupling of the LO BK evolution
equation is fixed; thus, the argument of the coupling does
not affect the solution of the LO BK equation.

A. Balitsky-Kovchegov equation and its solution
in the running coupling case

As it is shown in Sec. II B that the rcBK equation can be
written as

oS(r,Y
((;Y ):/dzrlKrC(r,rl,rz)[S(rl,Y)S(rz’y)_S(r’Y)]’
(39)
with the Balitsky kernel
Neag(r?) [ 7 1 (a,(r?)
K™ AU I (el 1
(r, ri,r) 222 [r%r%—i—r% —as(r%)
1 (O[S(r%) >:|
T2 -1 (40)
r3 \ay(rf)

Here, in order to clearly see the effect of the coupling
argument, we keep only the running coupling part of the
evolution equation and neglect the subtraction terms in
Eq. (39). Indeed, the subtraction terms are dropped even-
tually, since they are proportion to the square of the §
matrix, while the S matrix is small in this paper’s interesting
region (saturation regime). We choose to work in the
region, 1/Q, < |ry| < |r|, |r| ~ |r|, as done in the pre-
vious section; the Balitsky kernel reduces to [24,31]

K*(r,ri,rp) =

(41)

From the above equation, one can see that the argument
of the QCD coupling is the smallest dipole size ry.
Interestingly, the kernel in Eq. (41) is exactly the same
as the one in Eq. (13), which implies that the rcBK kernel
is independent of the choice of the running coupling
prescription in the saturation region. So, the solution of
Eq. (39) is

N. 02 mZ\ 1
S(r,Y) = 2= A ) 2 S, Y,
(. ¥) eXp{ ber AQ[H<1nr;A2 3| (50 Y0)

which is exactly the same as Eq. (21).

B. Balitsky-Kovchegov equation and its solution
in the full next-to-leading order case

In the fNLO case, the BK evolution equation is given by
Eq. (23). Here, we focus on the physics in the saturation
region in which the S matrix is small; therefore, we neglect
the quadratic terms of the S matrix, and the fNLO evolution
equation reduces to

Y 1 a, (r?
98(r, )2_2_ &r ab(;l)
oY 2r 1/0; r
ax(r}) (67 =* 5Ny S(r.Y) (43)
———— r,Y).
ri \36 12 18N,

We need to emphasize that the argument of the QCD
coupling in the second term on the right-hand side of the
above equation is the smallest dipole size r; rather than the
parent dipole size as in Eq. (30). One can see that this
change shall significantly affect the behavior of the dipole
scattering amplitude.

To solve Eq. (43), we use the running coupling at one
loop accuracy which is given by Eq. (12); thus, the equation

becomes
oS(r,Y) r 5 N,
== dry o211y
oY 1/0? bn'rl ln(w)

L BN
Pt ()

}S(r, Y), (44)

whose solution is

N n% BN, 1] ,0?
S(r,Y):exp{— . [hl( A2>+ < ——}lnz%

ber | \Inls)  brlnols 2
2B'NZ Q2
+ —bzcﬂg lnAZ}S(r, Yo). (45)

where the saturation momentum is given by Eq. (22) and
B' = 67/36 — n*/12 — 5N;/18N.. By comparing Eq. (45)
with Eq. (31), one can see that in the exponent of S matrix
the rapidity raised to power of 3/2 dependence is replaced
by the linear rapidity dependence once the SDRC pre-
scription is used. The numerical studies in the next section
shall prove this finding. We would like to point out that the
solution of the fNLO BK equation now has a similar linear
rapidity dependence as the one obtained by solving to the
rcBK equation with the SDRC prescription, although the
evolution speed of the scattering amplitude is slightly
rebounded due to the coefficient of the first term in the
exponent becoming larger than the running coupling one.
The rebound is caused by the gluon loop contributions as
we discussed in our previous studies [32].
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C. Collinearly improved Balitsky-Kovchegov equation
and its solution in the full next-to-leading order case

In the saturation region, the NLO BK equation with
resummation, Eq. (32), can be rewritten as

aS(r,Y) r a,(r?) - r?
5y :—/ dr%[ 21 l—as(r%)Allnp

/03 1
az(r?) (67 7*  5N;

7 \36 12 18N,

>] S(r.Y) (46)

under the SDRC description. We need to point out that the
argument of the QCD coupling in the above equation is the
smallest dipole size r; instead of parent dipole size r, which
gives rise to a great impact on the evolution speed of the
dipole scattering amplitude. Substituting the one loop
running coupling, Eq. (12), into Eq. (46), one gets the
evolution equation as

8(r.Y) / ?oaal N N2A,
e I -
oY 1/0? 1bﬂr%ln(#) bzn'zr%lnz(#)
1 1
BIN2
e |S(r,Y), 47
bzﬂzr%lnz(ﬁ)] (r.Y) 47)

1

whose solution is

N N.A <
S(r,Y) = —— (1 =-=") A
(r.¥) exp{ bern [( br > n<ln L

T
BN, 1 3NCA1]IHZQ§

Thainl 27 b | A

2N? 1 2
+ < (B/—Al ln—> ln%}S(r, Yo)

bcn? r2A2 A2

(48)

This result deserves several important comments which are
as follows:

(i) One can see that in the exponent the rapidity raised
to power of 3/2 dependence with the PDRC
prescription, Eq. (38), is now replaced by linear
rapidity dependence under the SDRC prescription,
which indicates that the argument of the coupling
plays an important role on the rapidity dependence
of the S matrix.

(i) By comparing the coefficients of the dominant terms
between Egs. (45) and (48), one can find that in the
saturation region the resummation of single trans-
verse logarithms takes a significant effect on the
suppression of the evolution of the scattering am-
plitude, although the resummation of the double
logarithmic corrections has a negligible effect on it.
This finding is supported by the numerical results
performed in the next section.

(iii) We can see that under the SDRC prescription all the
solutions of the NLO BK equation, Egs. (42), (45),
and (48), have linear rapidity dependence in the
exponent of the S matrix, while under the parent
dipole prescription only the solution of the rcBK
equation, Eq. (21), has linear rapidity dependence
and the other two solutions, Egs. (31) and (38), have
the rapidity raised to power of 3/2 dependence; see
Fig. 1 for a diagrammatic depiction. These results
imply that the running coupling corrections (quark
loop corrections) is a dominant effect over all the
other NLO corrections, like gluon loop corrections,
in the suppression of the evolution of the dipole
scattering amplitude in the saturation region.

To conclude, we can see from the above discussion that
the prescription of the QCD running coupling has a strong
impact on the rapidity dependence of the S matrix. The
SDRC prescription takes a dramatic suppression on the
evolution speed of the dipole scattering amplitude, which is
favored by HERA data [18,38] and satisfies the theoretical
expectations [24].

IV. NUMERICAL ANALYSIS

In this section, we perform the numerical studies to the
NLO BK evolution equations in order to test the analytic
solutions obtained in the above sections. The translational
invariant approximation is used in our numerical studies;
we suppose that the scattering matrix is independent of
the impact parameter of the collision, S = S(|r|,Y). The
evolution equations are complicated integrodifferential
equations, but they can numerically straightforward solve
on a lattice. The variable r is discretized into 800 points
which are equally separated in the logarithmic space
between 7., = 107 GeV~! and r,,, = 50 GeV~!. We
solve these equations by using the GNU Scientific Library.
To be more specific, the Runge-Kutta method with a step
size in rapidity AY = 0.1 is used to solve the differential
equations; all the integrals are performed using adaptive
integration routines, and the cubic spline interpolation
method is employed to interpolate the data points.

To solve the evolution equations, we use the McLerran-
Venugopalan model as the initial condition [39],

20%(Y) 1
MV y —0) =] — % 1
N (r, 0) exp{ ) n r2A2—|—e ,

(49)

where we set Q,(Y) =1 at Y =0, and put A = 0.2 GeV.
For the running coupling a,(r?) in the evolution equations,
we use the one-loop running coupling, Eq. (12), with
Ny = 3. We freeze the coupling to a fixed value a,(rg) =
0.75 for larger dipole size, r > rg, to regularize the infrared
behavior.
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FIG. 2. Numerical solutions to the fNLO and collinearly improved NLO BK equations with the PDRC and the SDRC prescriptions for
five different rapidities. The left-hand panel gives the comparison of the amplitudes between two different running coupling
prescriptions. The right-hand panel gives the comparison of the amplitudes with and without resummation corrections. The inner

diagrams are the zooming in amplitudes in the saturation region.

The left-hand panel of Fig. 2 shows the solutions of the
fNLO BK equation as a function of the dipole transverse
size in the cases of PDRC and SDRC prescriptions for five
different rapidities. To clearly show the numerical solutions
in the saturation region, we plot a zooming in diagram in
Fig. 2. By comparing the fNLO dipole scattering ampli-
tudes with these two different prescriptions, we can see that
the amplitudes with the SDRC prescription are smaller than
the ones with the PDRC prescription, respectively. This
numerical result is in agreement with the analytic finding,
Eq. (45) in Sec. III B, in which the rapidity raised to power
of 3/2 dependence in the exponent of the S matrix is
replaced by the linear rapidity dependence once the SDRC
prescription is used. The right-hand panel of Fig. 2 gives
the comparison between the solutions of fNLO BK
equation and collinearly improved NLO BK equation
(including a resummation of large single and double
transverse logarithms) with the SDRC prescription for five
different rapidities. We would like to note that the inner
zooming in diagram is to clearly show the corresponding
solutions in the saturation region. One can see that the
evolution of the dipole scattering amplitude is significantly
slowed down by the resummation corrections. This out-
come supports the analytic results in Sec. III B, where the
amplitude, Eq. (48), is suppressed by the resummation
corrections as compared to the one, Eq. (45), without
resummations.

The left-hand panel of Fig. 3 gives the solutions of the rc
and fNLO BK equations as a function of the dipole size
with the SDRC prescription for five different rapidities. By
comparing the corresponding dipole scattering amplitudes
between the rc and fNLO cases for each rapidity, we can see
that the fNLO scattering amplitude is larger than the

running coupling one, which indicates that the gluon loop
effect compensates part of decrease made by quark loop
effect (running coupling effect). The outcomes is similar as
the findings in our previous paper [32] in which the
solution was calculated with the PDRC prescription.
One can see that the gluon loop has a rebound effect
regardless of which running coupling prescription is used.
However, we would like to point out that the compensation
to the decrease of the dipole scattering amplitude in the
SDRC prescription is less than the parent dipole case.
In other words, the SDRC prescription slows down the
evolution speed of the dipole scattering amplitude more
than the PDRC prescription, which is consistent with the
phenomenological desire [17]. The right-hand panel of
Fig. 3 shows the dipole scattering amplitudes in the rcBK
case and the collinearly improved NLO BK (resummations
of single and double transverse logarithms) for five differ-
ent rapidities in the case of the SDRC prescription. If one
compares the corresponding amplitudes between two cases,
respectively, one finds that the amplitude is dramatically
suppressed by the resummation corrections, especially by
the resummation of single logarithm. The resummation of
the single logarithm takes effect not only in the non-
saturation region but also in the saturation region (see the
zooming in diagram on the right-hand panel of Fig. 3); it is
unlike the resummation of double logarithm which takes a
negligible effect in the saturation region [32].

To show the rapidity dependence of the saturation
momentum, we extract the values of Q, from the numerical
solutions presented in Figs. 2 and 3 and the analytic
solutions in Egs. (5), (31), (45), and (48) via the definition
N(r=1/Q4(Y),Y) = k, with k to be a constant of order 1.
The corresponding results are given by Fig. 4, where all
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FIG. 3.

Numerical solutions to the rc and fNLO BK equations with the SDRC prescription for five different rapidities. The left-hand

panel gives the comparison of the amplitudes with the running coupling and fNLO corrections. The right-hand panel gives the
comparisons between the collinearly improved amplitudes and running coupling modified amplitudes. The inner diagrams are the

zooming in amplitudes in the saturation region.

solid lines represent the saturation momentum extracting
from numerical solutions, and all dashed lines denote the
saturation scale resulting from the analytic solutions. By
comparing analytic lines with the numerical lines in Fig. 4,
one can see that they coincide with each other especially at
high rapidities, which indicate the analytic method used in
the paper is valid. In addition, one can see from Fig. 4 that
the LO saturation momentum (ANA LO BK) has the fastest
growth with the rapidity, and the collinearly improved
fNLO saturation momentum (ANA fNLO + DLA + STL

100 :

NUM LD BK
NUM fNLO BK w/ PDRC —*—

NUM fNLO BK w/ SDRC
NUM fNLO+DLA+STL BK w/ SDRC —&—
i ANALOBK ------ .
- ANA fNLO BK w/ PDRG -
ANA fNLO BK w/ SDRC -~
ANA fNLO+DLA+STL BK w/ SDRC +++++++-

AR

FIG. 4. The rapidity dependence of the saturation momentum.
Q, is extracted from the numerical (NUM) solutions plotted in
Figs. 2 and 3 and the analytic (ANA) solutions in Egs. (5), (31),
(45), and (48) via the definition N(r=1/0,(Y),Y) =0.5.
All solid lines represent Q, coming from numerical calculations,
while all dashed lines give Q, resulting from analytic compu-
tations.

BK w/ SDRC) has the slowest growth with the rapidity.
This outcome means that the NLO effects significantly
suppress the evolution speed of the saturation momentum,
which is consistent with the theoretical expectations.

V. RARE FLUCTUATIONS OF THE S MATRIX
WITH THE SMALLEST DIPOLE RUNNING
COUPLING PRESCRIPTION

We have studied in Refs. [31,35] that the rare fluctua-
tions can play an important effect in the suppression of the
evolution speed of the dipole scattering amplitude in the
saturation region. It was shown that in the case of fixed
coupling (LO) the exponential factor of the S matrix
without the rare fluctuation effect is twice as large as the
result when the rare fluctuations are taken into account
[40]. We also demonstrated that in the saturation regime the

exponential factor of the fNLO § matrix is \/E as large as
the result which emerges when the rare fluctuation effects
are considered. Although it seems that the rare fluctuations
are important in the LO and fNLO BK cases, our studies
showed that in the rcBK case the rare fluctuations take a
tiny effect in the suppression of the evolution speed of the
dipole scattering amplitude; thus, they can be ignored. We
need to point out that all just aforementioned running
couplings used the PDRC prescription. In this study, we
want to see if one switches the QCD running coupling
prescription of the NLO BK equations to the SDRC
prescription, whether the rare fluctuations are still impor-
tant or not in the suppression of the evolution speed of the
dipole amplitude. In this section, we only present the rare
fluctuations of the S matrix on top of the fNLO effect in the
center of mass frame, since the relevant results are exactly
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the same when one works in a general frame; please see the
Appendix.

Following the framework of Ref. [40], we consider a high-
energy scattering of a left-moving dipole on a right-moving
dipole at zero impact parameter in the center of mass frame.
We let the right-moving and left-moving dipoles have
normal Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution
[41,42] in the rapidity intervals 0 <y < Y,/2 and
—Yy/2 <y <0, respectively. In order to produce the rare
configuration, we need to constrain the rapidity evolution of
the system in such a way that the wave functions of the right-
moving and left-moving dipoles consist of only parent dipole
with size ry in the rapidity intervals Y,/2 <y < Y /2 and
-Y/2 <y < Y,/2, respectively. However, the aforemen-
tioned constraint of the evolution is a optimal case which
cannot be obtained in a real dipole scattering, since one
cannot require that all the evolutions are absent. What we can
do is to only allow the evolutions to produce dipoles with
size much smaller than r, in order to avoid the daughter
dipoles evolving into ones with similar size as ry in
intermediate rapidities; see Fig. 5. We require that the gluon
emission from the parent dipoles, as part of the evolution
which forms the left- and right-moving states which scatter
on each other, is forbidden if the gluon has &k, and y lying in
the shaded triangles of Fig. 5. The upper line in Fig. 5 is
determined by the requirement that gluons on the right-hand
side of that line cannot evolve by normal BFKL evolution
into shaded triangle,

In(k,r2) = /¢ (y - %) : (50)

and the same requirement is applied to the lower line.

According to the above description, one knows that the
probability of rare configuration S(r, Y — Y,)) satisfies the
evolution equation [31,35,40]

/2 In(kqry) ——
2
N o
o
o
\(\Q“{LSQ\
Yo/2
0
Yo/2
n
' G,
‘/O/y*y
2
Y2
In¢drg) ———
FIG. 5. A next-to-leading order rare configuration in the center

of mass frame.

3S("‘, Y — Y()) = —/d2r1KfNLO(r, rl,rz)S(r, Y — Yo),

oY
(51)

with the kernel

2 =2(.2 2 5N
L&) <g—”—— f>, (52)

KINLO _ a(ry)
2713 2zr3 \36 12 18N,

whose solution of Eq. (51) is

N, <
S(r,Y—YO)—exp{— y {ln( AZ)—!—

1
ber lnm

B'N 1 2 2B'N? 2
: __]12% : QS}, (53)

bnlnﬁ 2| A2+b20ﬂ2 Az

with B’ = 67/36 — n?/12 — 5N;/18N. Note that Eq. (53) is derived by using the SDRC prescription instead of the PDRC
prescription, since we focus on studying the rare fluctuation effects of the S matrix in the case of the SDRC prescription in

this study.

To obtain the § matrix including the rare fluctuations in the center of mass frame, we need to compute

Y-Y,

S(r.Y) = S(r, .

then the S matrix can be calculated as

)§ (r, Y _2Y°> S(r.Yp). (54)
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S(rY) = §<r, d _2Y°>§(r, ! ;YO) S(r. Y)

c(Y=Yy)

2N, -5 BN, 1]e¢(Y-Y,) 4BN? [c(Y-7Y,
=exp{ —— [ln( f ) + = ——} el 0) — al 0) x S(r,Yy)
ber In>5 brln 2 2 b crx 2
V21, O3 / 2 o) 2
Ne [ (5 In%s B'N, , 01 2V2BNZ O3
= - 1 ——[In2 =5 L 2T i 258 S(r, Y). 55
. bcn{n(lnrzi\z Toain 2 A e Mz (S0 T0) 55)

If one compares Eq. (55) with Eq. (45), one can find that
the dominant terms in the exponent of the S matrix are
almost same, which indicates that the rare fluctuations are
not important in the case of the SDRC prescription. Thus,
the rare fluctuation effects can be neglected when one
works with the SDRC prescription. It is simple to find that
the rare fluctuations are also not important in the collinearly
improved NLO BK case if one uses the SDRC prescription
instead of the PDRC prescription. However, it is necessary
to remind that we found a 1/v/2 suppression to the
exponential factor of the § matrix when the rare fluctua-
tions are taken into account in our previous studies [35],
where the PDRC prescription was used.
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APPENDIX: RARE FLUCTUATIONS OF THE
S MATRIX IN A GENERAL FRAME

To ensure the relevant results of the S matrix are
independent of the frame choice, we study the rare
fluctuations of the § matrix on top of the full NLO
corrections with the SDRC description in a general frame.
We let a right-moving dipole with size r, and rapidity
Y — Y, scattering off a left-moving dipole with size r; and
rapidity —Y5,; see Fig. 6 for the scattering picture. For later
convenience, we assume Y, < (Y — Y()/2, where Y, is the
rapidity difference between the two scattering dipoles at the
“time” of the onset of unitarity corrections. Since we

[

suppose that Y, < (Y —Y,)/2, it indicates that the left-
moving dipole takes the smaller rapidity. Thus, it is easy to
suppress its evolution. We do not allow any additional
daughter dipoles created by gluon emission, which means
that we have to suppress the emission of those dipoles
which, after a normal BFKL evolution during the inter-
mediate rapidities —Y, <y < 0, could become of size
1/Q, or larger. Therefore, we require that the gluon
emission is forbidden if the gluon has k£, and y lying in
the lower shaded triangle of Fig. 6. For the right-moving
dipole, we suppress the evolution in such a way that the
gluons laying on the right-hand side of the line,

In(k3rg) = \/c(y =Y = Yy),

cannot evolve into the upper shaded triangle in Fig. 6
through normal BFKL evolution in the rapidity interval
Y, +Yy<y<Y-Y, Welet the parent dipole undergo a

(A1)

Y, Inkirf) ———>
\2
0"
NN
Ry
X
\0\&9%
Y1 +Y0
Y4
7
y mfrf’)
NG
0 7)‘},)/7/9
Y,
Inkirf) ——=

FIG. 6. A next-to-leading order rare configuration in a general
frame.
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normal evolution during Y| <y < Yy + Y, where Y; is determined by maximizing the S matrix later. The unshaded
triangle, 0 <Y <Y, denotes the saturation region where the right-moving dipole has already evolved into
a CGC state.

In terms of the scattering picture depicted above, we can calculate the rare fluctuations of the S matrix on top of the NLO
corrections as [35]

S(ro.r1.Y) =Sg(ro. Y =Yy =Y, = Y,)S(rog, 11, Yo+ Y,)S.(r1.Y3), (A2)

where the S is the S matrix of an elementary dipole scattering off a CGC. The S can be computed by using the full NLO BK
equation with SDRC prescription. After using Eq. (45), one gets

N, NaE B'N, 1 2B'N?
S(rg,r. Yo +Y,) = -—= 1 S Y+ Y, pS(r. Yp). A3
(rO r 0+ l) exp{ ben l:n<lnr2—£\2> +bﬂ'll’1# 2:|C 1+ bZCﬂz cry (r 0) ( )

Now, we turn to compute the suppression factors, Sg, and S; , which denote no gluon emission from the right-moving and
left-moving dipoles, and can be estimated in terms of the area of the upper and lower shaded triangles in Fig. 6 [35,40],

Ve =Yy—Y, - Y2)> B'N, 1}

N,
SR(ro, Y — YO - Y] - Yz) = exp{—E |:11'1<

1 Y
IHW bﬂ'lnm 2
2B'N?
xc<y_y0_y1_Y2>+W¢C<Y—YO—Y1—Y2>} (A4)

and

N, c(Y +Y B'N, 1 2B'N?
SL(rl,Yz)—exp{ —|:hl( ( ! 2)>+ __:|C(Y1+Y2)+Wﬂ'2 C(Y1+Y2>

~ber In L brlnts 2
N, [ (/oY BN, 1 2B'N?
1 ——|cY| ——— . A5
* hen [n<ln#> N brln-l 2 T e VN (A3)

By substituting Eqs. (A3)—(AS) into Eq. (A2), we get

N Y-Y,-Y,-Y B'N, 1
S(ro,rl,Y):exp{—ﬁ[ln<\/C( 0 ! 2)> + ¢ _—:|C(Y—Y0—Y1—Y2)

ln# bﬂ'ln# 2
2B,]\72 N C(Y] +Y2) B/N 1
— Y-Y,=Y, =Y, ——= |1 (Y Y
+b2c7r2 Vel 0= Y1 —Y>) bcn[n< - +bﬂlnr2'A2 3 c(Y +7Y,)

2B'N?
ST T T3 (o) (6)

where the unknown variable Y; can be determined by maximizing the S matrix, or equivalently via minimizing of the
exponent of Eq. (A6). One gets

Yy =5(Y=Yo) -V, (A7)

N =

We substitute Y; into Eq. (A6) and obtain

V21, 02 2 /A72 2
N YEIng B'N, 17. ,0* 2V2BN
S(r,Y) = ——C |In[2—A ¢ I =T I = b S(r, Y, A8
(1) eXp{ bcn[n<lnﬁ>+bﬂlnﬁ 2]“/\2Jr bren? nAZ}X (. Yo) (A%)

which is exactly the same as Eq. (55) obtained in the center of mass frame.
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