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The tripletlike QED processes γ þ li → lþ
j l

−
j þ li with i ≠ j and i ¼ e, μ, j ¼ e, μ, τ has been

investigated as the reactions where a dark photon A0 is produced as a virtual state with a subsequent decay
into a lþ

j l
−
j pair. This effect arises due to the so-called kinetic mixing and is characterized by a small

parameter ϵ describing the coupling strength relative to the electric charge e. In these processes, the dark
photon appears as a resonance with a Breit-Wigner propagator in the lþ

j l
−
j system. The distributions over

the invariant mass of the produced lþ
j l

−
j pair are calculated, and the value of the parameter ϵ, as a function

of the dark photon mass, is estimated for a given number of measured events in the specific experimental
conditions. Assuming a standard deviation of σ ¼ 2 (corresponding to ≈95% confidence limit) and a
number of measured events equal to 104, we obtain the following limits for the parameter space of the dark
photon: ϵ2 ≤ 10−7 (γ þ μ− → eþ þ e− þ μ−) and ϵ2 ≤ 10−7 ÷ 6 × 10−8 (γ þ e− → μþ þ μ− þ e−) in the
A0 mass region 520 < mA0 < 980 MeV. In the mass region 30 < MA0 < 400 MeV, we obtain ϵ2 ≤ 10−7

(γ þ μ− → eþ þ e− þ μ−).

DOI: 10.1103/PhysRevD.101.075049

I. INTRODUCTION

Cosmological and astrophysical measurements give
evidence of the existence of dark matter. Its nature and
interaction are unknown today. The recent experimental
discoveries, such as neutrino oscillations (that imply
massive neutrinos [1]) and the discrepancy between the
Standard Model (SM) prediction and the measured value of
the anomalous magnetic moment of the muon [2], as well
as recent measurements of flavor-changing processes in B
meson decays (showing tensions with the SM predictions
[3]), lead one to consider physics beyond the SM (see the
reviews [4–7]). The extension of the SM includes various
models predicting a number of new particles. The so-called
dark photon (DP) A0 is one of the possible new particles. It

is a massive vector boson that can mix with the ordinary
photon via “kinetic mixing” [8]. Its mass and interaction
strength are not predicted unambiguously by the theory,
since DPs can arise via different mechanisms. Various
theoretically motivated regions of the DP mass are given in
Ref. [4]. A DP with a mass larger than 1 MeV can be
produced in electron (proton) fixed-target experiments or at
hadron or electron-positron colliders (see the references in
the review [4]). The properties of a DP with a mass in the
range eV–keV can be determined using astrophysical data.
A number of experiments searching for DPs are

carried out or planned in various laboratories. Using
APEX test run data obtained at the Jefferson Laboratory
[9,10], the DP was searched for in electron-nucleus
fixed-target scattering in the mass range 175–250 MeV.
The DarkLight Collaboration [11] (JLab) studied the
prospects for detecting a light boson with mass mX ≤
100 MeV in electron-proton scattering. The produced A0
decays to an eþe− pair, leading to the e−peþe− final state.
An exclusion limit for the electromagnetic production of a
light A0 decaying to eþe− was determined by the A1
Collaboration at the Mainz Microtron (MAMI) [12] using
electron scattering from a heavy nucleus. The Heavy
Photon Search (HPS) experiment [13] searches for an
electroproduced DP using an electron beam provided by
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the Continuous Electron Beam Accelerator Facility accel-
erator at JLab. HPS looks for DPs through two distinct
methods—the search of a resonance in the eþe− invariant
mass distribution above the large QED background (large
DP-SM particles coupling region) and the search of a
displaced vertex for long-lived DPs (small coupling
region).
Themanifestation of DPs is also searched for in the decay

of known particles. The authors of Ref. [14] have studied the
radiative pion decay πþ → eþνγ. The measurements were
performed at the πE1 channel of the Paul Scherrer Institute,
Switzerland. TheDPwas also searched for in the decay of π0

mesons (π0 → γA0 → γeþe−) produced in proton-nuclei
collisions at the Heavy Ion Research Facility (China)
[15]. The decay of the π0 meson was the tool to search
for the DP also in the experiment at WASA-at-COSY
(Jülich, Germany) (π0 mesonswere produced in the reaction
pp → ppπ0) [16] and at CERN, where π0 mesons were
produced in the decay of K mesons, K� → π�π0 [17].
The search for a DP signal in inclusive dielectron spectra

in proton-induced reactions on either a liquid hydrogen
target or on a nuclear target was performed at the GSI in
Darmstadt [18]. An upper limit on the DPmixing parameter
in the mass range mðA0Þ ¼ 0.02–0.6 GeV=c2 was estab-
lished. The constraints on the DP parameters from the data
collected in experiments with electron beams were sum-
marized in Ref. [19]. At JLab, it was demonstrated that
electron-beam fixed-target experiments would have a
powerful discovery potential for DPs in the MeV–GeV
mass range [20]. Reference [21] describes some of the main
dark sector searches performed by the Belle II experiment at
the SuperKEKB energy-asymmetric eþe− collider (a sub-
stantial upgrade of the B factory facility at the Japanese KEK
laboratory). The design luminosity of the machine is
8 × 1035 cm−2 s−1. At Belle II, the DP is searched for in
the reaction eþe− → γISRA0, with subsequent decays of the
DP to dark matter A0 → χχ̄ (ISR stays for initial state
radiation). Themain backgrounds come fromQEDprocesses
such as eþe− → eþe−γðγÞ and eþe− → γγðγÞ. Preliminary
studies have been performed, and the sensitivity to the kinetic
mixing parameter strength is given. With a small integrated
luminosity, a very competitive measurement is possible,
especially in the region for MA0 > few times 10 MeV=c2,
where the BABAR experiment starts dominating in terms of
sensitivity [22]. An experiment to search forA0 was proposed
at VEPP-3 (electron-positron collider) (Russia) [23]. The
search method is based on the missing mass spectrum in
the reaction eþe− → γA0. At the future Circular Electron
Positron Collider experiment (China) running atffiffiffi
s

p ¼ 91.2 GeV, it is possible for Circular Electron
Positron Collider to perform a decisive measurement on a
DP in the mass region 20 GeV < mA0 < 60 GeV, in about
3months of operation [24].

ffiffiffi
s

p ¼ 240 GeV is also achievable.
DP formation in various reactions was investigated

theoretically in a number of papers. Bjorken et al. [25]

considered several possible experimental setups for experi-
ments aimed at the search for A0 in the most probable range
of masses from a few MeV to several GeV and confirmed
that the experiments at a fixed target perfectly suit for the
discovery of DPs in this interval of masses. DP production
in the process of electron scattering on a proton or on heavy
nuclei has been investigated in Ref. [26] (Ref. [27]) for the
experimental conditions of the MAMI (JLab) experiment
[12] (Ref. [10]). The authors of Ref. [28] proposed to use
rare leptonic decays of kaons and pions KþðπþÞ →
μþνμeþe− to study the light DP (with a mass of about
10 MeV). The constraints on DPs in the 0.01–100 keV
mass range are derived in Ref. [29] (the indirect constraints
following from A0 → 3γ decay are also revisited). The
proposal to search for light DPs using the Compton-like
process, γe → A0e, in a nuclear reactor was suggested in
Ref. [30]. This suggestion was developed in Ref. [31],
where the constraints on some DP parameters were
determined using the experimental data obtained at the
Taiwan Experiment on Neutrino reactor. Some results on
the phenomenology of the DP in the mass range of a few
MeV to GeV have been presented in Ref. [32], where g − 2
of muons and electrons together with other precision QED
data, as well as radiative decays of strange particles, were
analyzed.
The process of the triplet photoproduction on a free

electron, γþe−→ eþþe−þe−, in which A0 can be formed
as an intermediate state with a subsequent decay into an
eþe− pair was investigated in Ref. [33]. The advantage of
this process is that the background is a purely QED process
γ þ e− → eþ þ e− þ e−, which can be calculated with the
required accuracy. The analysis was done by taking into
account the identity of the final electrons. The constraints
on parameter ϵ depending on the DP mass and the statistics
(number) of events were obtained with a special method of
gathering events, where the invariant mass of one eþe− pair
remains fixed while the other pair is scanned.
The search for DPs produced at eþe− colliders in the

forward region was considered in Ref. [34]. An additional
detector set around BESIII can probe the DP coupling
parameter ϵ down to 2 × 10−4, whereas at Belle-II it would
have a higher sensitivity down to 2 × 10−5.
It should be mentioned that the constraints on the DP

parameters can be obtained using astrophysical data and
that the astrophysical constraints on the DP with masses in
the range MA0 ≤ ð eV–keVÞ are stronger than laboratory
constraints (see, for example, Refs. [35,36]). The calcu-
lation of the cooling rates for the Sun gives the following
constraint on the DP parameter space (mA0 < 0.1 eV) [37]:

ϵ ×
mA0

eV
< 1.4 × 10−11:

The magnetometer data from Voyager [38] probes DPs in
the 10−24 to 10−19 eV mass range. Values of the coupling
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parameter ϵ as low as 3 × 10−5 for the highest masses were
excluded. The proposed search for DPs using the Alpha
Magnetic Spectrometer [39] has a potential discovery for
mass mA0 ∼Oð100Þ MeV and kinetic mixing parameters
10−10 ≤ ϵ ≤ 10−8. More information about DP (and dark
matter) searches in astrophysical experiments can be found
in Ref. [40].
In this work, we suggest a possible way to detect the DP

signal through the reaction γ þ li → lþ
j l

−
j þ li (l is a

lepton), where a few tens MeV photon collides with a
high-energy electron or muon beam. The advantage of
this reaction, as compared with the reaction γ þ e− →
eþ þ e− þ e− considered in Ref. [33], is that there are no
identical particles in the final state. So, the analysis of the
experimental results is simpler. We calculate the distri-
butions over the invariant mass of the produced lþ

j l
−
j

pair and search for the kinematical region where the
Compton-type diagram contribution is not suppressed
with respect to the Borsellino ones. The distributions
for the proposed reaction are more interesting (corre-
sponding to a larger number of events) due to the
increased phase space, since it is not necessary to fix
the parameters of the second pair. We estimated the value
of the parameter ϵ as a function of the DP mass, for a
given number of measured events.
This work is organized in the following way: Section II

contains the formalism for calculating the distribution over
the invariant mass of the produced lepton pair. The
kinematics of the proposed reaction is briefly considered
in Sec. II A. The calculation of the distribution over the
invariant mass of the produced lepton pair, which is caused
by the QED mechanism, is given in Sec. II B. Section III is
devoted to the analysis of the DP effects in the proposed
reaction. Here, we estimate the coupling constant ϵ as a
function of the DP mass and the number of the measured
events. The analytic form for the double differential cross
section is given in the Appendix. Finally, in Sec. IV, we
summarize our conclusions.

II. FORMALISM

We assume that the DP can manifest itself as some
intermediate state with the photon quantum numbers that
decays into a lþ

j l
−
j pair. In such a case, the process

γðkÞ þ l−
i ðpÞ → lþ

j ðp3Þ þ l−
j ðp1Þ þ l−

i ðp2Þ; ð1Þ

in which a high-energy electron or muon interacts with a
few tens MeV photon, can be used, in principle, to probe
the A0 signal in a wide range of A0 masses, from a few MeV
up to tens GeV.
We suggest to scan the differential cross section over the

lþ
j l

−
j invariant mass, s1 ¼ ðp3 þ p1Þ2. The background,

due to a pure QED mechanism, exceeds essentially the DP
effect and has to be calculated with high accuracy. In the
lowest approximation, the QED amplitude of the process
(1) is given by the four diagrams shown in Fig. 1. The DP
effect is calculated as a modification of the photon
propagator in the single-photon (the Compton type) dia-
grams [Fig. 1(b)].
The applied method is the following: We calculate first

the double differential cross section over the invariant
variables s1 and u ¼ ðk − p2Þ2. Next, we find the kin-
ematical region, in terms of these variables, where the
single-photon amplitudes give a comparable or larger
contribution with respect to the double-photon amplitudes
of the Borsellino diagrams in Fig. 1(a). This region can be
delimited by excluding the large juj values with appropriate
cuts. Then, we perform an integration over the variable u in
this restricted region and include the effect due to the DP
contribution.

A. Kinematics

To describe the process (1), we introduce the following
set of invariant variables [41]:

s ¼ ðkþ pÞ2 ¼ ðp1 þ p2 þ p3Þ2;
s1 ¼ ðp1 þ p3Þ2 ¼ ðkþ p − p2Þ2;
s2 ¼ ðp2 þ p3Þ2 ¼ ðkþ p − p1Þ2;
t1 ¼ ðk − p1Þ2 ¼ ðp2 þ p3 − pÞ2;
t2 ¼ ðp − p2Þ2 ¼ ðp1 þ p3 − kÞ2: ð2Þ

In terms of these variables, we have

(a) (b)

FIG. 1. The Feynman diagrams for the process (1). Diagrams (a) are called the Borsellino diagrams, and diagrams (b) are the
Compton-type diagrams.
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2ðkp2Þ ¼ s − s1 þ t2 −M2; 2ðkpÞ ¼ s −M2; 2ðkp1Þ ¼ m2 − t1;

2ðkp3Þ ¼ s1 þ t1 − t2 −m2; u ¼ 2M2 − sþ s1 − t2;

2ðpp1Þ ¼ s − s2 þ t1; 2ðpp2Þ ¼ 2M2 − t2; 2ðpp3Þ ¼ s2 − t1 þ t2 −M2;

2ðp1p3Þ ¼ s1 − 2m2; 2ðp2p3Þ ¼ s2 −M2 −m2; 2ðp1p2Þ ¼ s − s1 − s2 þm2; ð3Þ

where MðmÞ is the mass of the initial (created) lepton.
For back-to-back events, azimuthal symmetry applies, and the phase space of the final particles can be written as [41]

dR3 ¼
d3p1

2E1

d3p2

2E2

d3p3

2E3

δðkþ p − p1 − p2 − p3Þ ¼
π

16ðs −M2Þ
dt1dt2ds1ds2ffiffiffiffiffiffiffi

−Δ
p ; ð4Þ

where Δ is the Gramian determinant. The limits of integration are defined by the condition of the positiveness of ð−ΔÞ. In
Ref. [33], these limits have been obtained for the triplet production process where the masses of all leptons are equal.
Similarly, we obtain for the considered reactions

t1− < t1 < t1þ; t1� ¼ A� 2
ffiffiffiffi
B

p

ðs − s1Þ2 − 2ðsþ s1ÞM2 þM4
; ð5Þ

where

A ¼ f−M4s1 þ s1s2ðs1 − t2Þ þ s2t2 þM2½s21 þ s1s2 þ sðs1 − t2Þ þ s2t2�
− s½s2t2 þ s1ðs2 þ t2Þ� þm2½M4 þ sðs − s1Þ þ ðsþ s1Þt2 −M2ð2sþ 3s1 þ t2Þ�g;

B ¼ ½st2ðs − s1 þ t2Þ þM2ðs21 − 2st2 − s1t2Þ þM4t2� × ½m2M4 þm4s1 −m2M2ð2sþ s1Þ
þm2ðs2 − ss1 − 2s1s2Þ þM2s1ðs − s2Þ þ s1s2ð−sþ s1 þ s2Þ�:

At fixed s1 and t2, we have s2− < s2 < s2þ, where

s2� ¼
2m2 þM2 þ s − s1 � λ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

s1

q
2

;

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs − s1Þ2 − 2M2ðsþ s1Þ þM4

q
: ð6Þ

The corresponding range for t2, t2− < t2 < t2þ, and for s1,
4m2 < s1 < ð ffiffiffi

s
p

−MÞ2, is limited by the curves

t2� ¼ 1

2s
½C� λ1ðM2−sÞ�; C¼ s1ðsþM2Þ− ðs−M2Þ2:

ð7Þ

Furthermore, it is preferred to use the variable u instead of
t2, because one of the Compton-type diagrams has a pole
behavior precisely in the u channel. The kinematical region
(s1; u) is shown in Fig. 2, where

u� ¼ 1

2s
½C̄� λ1ðs −M2Þ�;

C̄ ¼ M4 þM2ð2s − s1Þ − sðs − s1Þ: ð8Þ

B. Calculation of the QED cross section

In the case of unpolarized particles, we have to average
over (to sum over) the polarization states of the initial
(final) particles. The differential cross section can bewritten
in the form

FIG. 2. Kinematical region for ðs1; uÞ. The quantity s10 is the
solution of the equation u0 ¼ u−, where u0 is the negative cut
parameter.
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dσ ¼ 1

4

e6

4ðkpÞð2πÞ5
X
pol

jMj2dR3; ð9Þ

where M is the matrix element of the process (1):X
pol

jMj2 ¼ jMbj2 þ jMcj2 þ 2ReðMbM�
cÞ; ð10Þ

and the index b (c) corresponds to the Borsellino (the
Compton-type) diagrams.

The double differential cross section, as a function of the
variables s1 and t2 [or the ðs1; t2Þ distribution], is

dσ
ds1dt2

¼ α3

64πðs −M2Þ2
Z Z

ds2dt1ffiffiffiffiffiffiffi
−Δ

p
X
pol

jMj2: ð11Þ

The calculation of the matrix element squared (10)
gives

jMbj2 ¼
8

t22

�
8d2m2

d23
þ t22

��
1

d23
þ 1

d21

�
m2 −

2M2

d1d3
−

2

d3

�
d
d1

þ 1

��
þ 8ðpp3Þ2

��
1

d3
þ 1

d1

�
2

m2 −
t2

d1d3

�

þ 4ðpp3Þ
�
t2

�
−m2

�
1

d3
þ 1

d1

�
2

−
1

d1
þ 2d
d1d3

þ 1

d3

�
−
4d
d3

�
1

d3
þ 1

d1

�
m2 þ t22

d1d3

�

þ t2

�
2

�
1

d3
þ 1

d1

�
2

m4 þ 2

�
1

d3
þ 1

d1

�
2

m2M2 þ 4

�
1

d3
þ 1

d1

��
d
d3

− 1

�
m2

− 4

�
1

d3
þ 1

d1

�
M2 − 2

�
d1
d3

þ 2d
d1

�
d
d3

− 1

�
þ d3
d1

��
− 4

�
d1
d3

þ d3
d1

�
M2 −

t32
d1d3

�
;

jMcj2 ¼ jMbj2ðp ↔ −p3; p1 ↔ p2; m ↔ MÞ; di ¼ ðkpiÞ:
On the level of the full differential cross section, the interference of Mc and Mb contributes also, but in the experimental
setup considered in this paper where only the scattered li lepton is recorded, it vanishes due to the Furry theorem [42].
Introducing the short notation

π

64ðs −M2Þ
Z

s2þ

s2−

ds2

Z
t1þ

t1−

dt1
Wffiffiffiffiffiffiffi
−Δ

p ≡ W
z}|{

and applying the relation (3) between the variables t2 and u, we have

jMcj2
zfflffl}|fflffl{

¼
2π2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4m2

s1

q
ð2m2þ s1Þ

3ðM2− sÞ2s31ðM2−uÞ f−4M6þðs− s1þuÞð5M4−2s21þ suÞ−M2½s2−4s21þ s1uþu2þ sðs1þ6uÞ�g; ð12Þ

jMbj2
zfflffl}|fflffl{

¼ 4π2

ðM2 − sÞð2M2 − sþ s1 − uÞ2
�
ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1 − 4m2

p
þ ffiffiffiffiffi

s1
p

2m

��
4s1½s21 − 2m2ð2m2 − 3s1Þ�ðM2 − sÞ2

ð−2M2 þ sþ uÞ4

−
4ðM2 − sÞ½2m2ð2m2ðM2 − s − s1Þ þ s1ð−5M2 þ 5sþ 3s1ÞÞ þ s21ð−2M2 þ 2sþ s1Þ�

ð2M2 − s − uÞ3

−
2½−4m4 þm2ð−8M2 þ 8sþ 2s1Þ þ ðM2 − sÞ2 þ s1ð−M2 þ 3sþ 2s1Þ�

−2M2 þ sþ u

þ 1

ð−2M2 þ sþ uÞ2 2½2m
2ð4ðM2 − sÞ2 þ s1ð10sþ s1 − 8M2Þ − 2m2ð2sþ s1ÞÞ

þ s1ð3ðM2 − sÞ2 þ s1ð4sþ s1 − 2M2ÞÞ� þ 2M2 þ sþ 3s1 − u�

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2

s1

s �
−
4ðM2 − sÞ½m2s1ðM2 − s − s1Þ þ 2s21ð2M2 − 2s − s1Þ�

ð−2M2 þ sþ uÞ3 þ 4s21ðM2 − sÞ2ðm2 þ 2s1Þ
ð−2M2 þ sþ uÞ4

þ s1½2m2ð2sþ s1Þ þ 9ðM2 − sÞ2 þ 2s1ð−6M2 þ 8sþ s1Þ�
ð−2M2 þ sþ uÞ2

−
s1ð2m2 − 5M2 þ 9sþ 4s1Þ þ ðM2 − sÞ2

−2M2 þ sþ u
þ 1

2
ð2M2 þ sþ 5s1 − uÞ

��
: ð13Þ
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Following Eq. (11) and the definition of the quantity W
z}|{

, the double differential cross section can be written as

dσ
ds1du

¼ α3

π2ðs −M2Þ
X
pol

jMj2
zfflfflfflffl}|fflfflfflffl{

; ð14Þ

where
P

pol jMj2 is defined by Eq. (10). To measure the differential cross section dσ=ðds1duÞ, it is sufficient to detect the
final muon 4-momenta.
The integration of the double differential cross section (14) with respect to the variable u in the limits u− < u < uþ gives

dσc
ds1

¼
α3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

s1

q
ð2m2 þ s1Þ

3πs21ðs −M2Þ3
�
λ1½M6 −M4ðsþ s1Þ þM2sð15sþ 2s1Þ þ s2ðsþ 7s1Þ�

2s2

− ½3M4 þM2ð6s − 2s1Þ − s2 þ 2ðs − s1Þs1� ln
�ðM2 þ s − s1 þ λ1Þ2

4M2s

��
; ð15Þ

dσb
ds1

¼ 2α3

πðs−M2Þ

(
2λ1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4m2

s1

q
3s31ðM2− sÞ2 ½m

2½17ðM2− sÞ2þ2s1ð4M2−2sþ s1Þ�þ s1½7ðM2− sÞ2þ s1ð4M2−2sþ s1Þ��

þ 1

s41ðs−M2Þ

2
64s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2

s1

s
½2m2½2ðM2− sÞ2þ s1ð6M2−2sþ s1Þ�þ s1½ðM2− sÞ2þ s1ð5M2− sÞ��

þ2½4m4½2ðM2− sÞ2þ s1ð6M2−2sþ s1Þ�−2m2s1½2ðM2− sÞ2þ s1ð6M2−2sþ s1Þ�− s21½ðM2− sÞ2þ s1ð3M2− sÞ��

×ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

p
þ ffiffiffiffiffi

s1
p

2m

�375 ln

�ðλ1−M2þ sþ s1Þ2
4ss1

�
−

2λ1
3s41ðM2− sÞ2 ½−4m

4½17ðM2− sÞ2þ2s1ð4M2−2sþ s1Þ�

þ6m2s1ðM2− sÞð7M2−7sþ2s1Þþ s21½8ðM2− sÞ2þ s1ð5M2−sþ2s1Þ��×ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

p
þ ffiffiffiffiffi

s1
p

2m

�

þ 1

2s41ðs−M2Þ

2
4s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2

s1

s
½4m2½2ðM2− sÞ2þ s1ð6M2−2sþ s1Þ�þ s1½2ðM2− sÞ2þ s1ð10M2−2sþ s1Þ��

þ2ð8m4−4m2s1− s21Þ½2ðM2− sÞ2þ s1ð6M2−2sþ s1Þ� ln
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s1−4m2
p

þ ffiffiffiffiffi
s1

p
2m

�35
×ln

�½M4þλ1ðM2− sÞ−M2ð2sþ s1Þþ sðs− s1Þ�2
4M2ss21

�)
: ð16Þ

We can also write a more complicated analytical expression for dσ=ds1 accounting for the restriction on the variable u. The
corresponding result is given in the Appendix.
In the limiting case s ≫ ðs1;M2Þ ≫ m2, which applies for electron-positron pair production, these expressions are

essentially simplified, namely,

dσc
ds1

¼ α3

3πss1

�
1

2
þ17M2þ2s1

2s
þ
�
1−

3M2þ2s1
s

�
ln

s
M2

�
;

dσb
ds1

¼ 2α3

πs21

�
ln

s1
m2

ln
s2

s1M2
−
8

3
ln

s1
m2

− ln
s2

s1M2
þ14

3
þ1

s

�
−s1 ln

s1
m2

ln
s2

s1M2
þðs1−2M2Þ ln s1

m2
þ s1 ln

s2

s1M2
−4s1þ2M2

��
:

Equations (15) and (16) hold for particles with arbitrary masses. They can be applied to the reactions
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γ þ e− → μþμ− þ e−; γ þ e− → τþτ− þ e−; γ þ μ− → τþτ− þ μ−;

and the asymptotic formulas, in the limit s ≫ ðs1; m2Þ ≫ M2, valid for muon pair production, become

dσc
ds1

¼ α3

6πss1
ð2þ yÞ

ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p �
1

2
þ x1 þ ð1 − 2x1Þ ln

s
M2

�
; x1 ¼

s1
s
; y ¼ 4m2

s1
;

dσb
ds1

¼ 2α3

πs21

�h
ð2þ 2y − y2ÞL − ð1þ yÞ

ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p i
ð1 − x1Þ ln

s2

M2s1

þ
�
17

6
y2 − 7y −

16

3
þ x1

�
2þ 5y −

3

2
y2
��

Lþ
ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p �
14

3
þ 17

6
y − x1

�
4þ 3

2
y

���
;

L ¼ ln
ffiffiffiffiffi
s1

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1 − 4m2

p
2m

:

III. ANALYSIS OF THE DARK PHOTON SIGNAL

We have to estimate first the QED background in order to
find the kinematical conditions where the cross section
dσc=ds1 exceeds dσb=ds1, because, in our work, the DP
signal is related to a modification of the Compton-type
diagrams. We perform the following calculations for eþe−
pair creation.
It is well known that, at photon energies larger than

10 MeV, the main contribution to the cross section of the
tripletlike processes arises from the Borsellino diagrams
due to the events at small values of t2 [43].
In Fig. 3, we show (a) the differential cross section,

i.e., the sum of (15) and (16) contributions as a function of
the dimensionless variable x1 ¼ s1=s at fixed s, and (b) the
ratio of the Compton-type diagram contribution to the
Borsellino ones as a function of s1,

Rc
b ¼

dσc
dσb

;

at different colliding energies s ¼ 6, 30, and 60 GeV2,
provided that the whole kinematical region (s1; u) is

allowed. We see that in a wide, physically interesting
range of variable s1, the quantity Rc

bðs1Þ is rather small
(does not exceed 2 × 10−2), and it is obvious that, in the
case of the nonlimited phase space, the Borsellino con-
tribution leads to a very large QED background for
searching for a small DP signal which modifies the
Compton-type contribution only.
To find the kinematical region where the signal over

background ratio is maximized, we analyze the double
ðs1; uÞ distribution separately for the Compton and
Borsellino contributions, using relations (12) and (13),
and the results are presented in Fig. 4, where we plot the
corresponding double differential cross sections and
from which one can easily determine the regions where
the Compton contribution exceeds the Borsellino one.
We see that the contribution due to the Compton-type
diagrams increases with a decrease of both variables s1
and juj, whereas the contribution of the Borsellino
diagrams indicates just the opposite behavior. Since
we have to scan s1 distribution, we can restrict the
(s1; u) region by cutting the large values of juj in order
to reach our goal.

(a) (b)

FIG. 3. (a) Differential cross section of the process γ þ μ− → eþe− þ μ−, as a function of x1 ¼ s1=s for fixed values of the variable s,
calculated with Eqs. (15) and (16). (b) Ratio of the contributions to the cross section of the Compton-type diagrams to the Borsellino
ones as a function of the eþe− invariant mass squared.
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As one can see from the curves in Fig. 4, there is a large
region of variables u and s1 where the Compton contri-
bution exceeds the Borsellino one, and it indicates that
measurements should be preferentially performed in this
region to detect the DP signal in the form of a resonance in
the single-photon intermediate state. The corresponding
regions for the different reactions are shown in Fig. 5.

To reduce the Borsellino contribution, we suggest to
remove the events with small values of the variable jt2j (or
with large values of juj) by the kinematical cut:

u > u0; ð17Þ
where u0 is a negative parameter that may take different
values in the numerical calculations below. We can perform

(a) (b) (c)

FIG. 5. Kinematical region where the Compton contribution to the double differential cross section exceeds the Borsellino
contribution, at s ¼ 30 GeV2: (a) for the process γ þ μ− → eþe− þ μ−, (b) for the process γ þ e− → μþμ− þ e−, and (c) for the
processes γ þ e−ðμ−Þ → τþτ− þ e−ðμ−Þ.

(a) (b) (c)

(d) (e) (f)

FIG. 4. Double differential cross section for the reaction γ þ μ− → eþe− þ μ−. In the first row, it is given as a function of x1 ¼ s1=s
for fixed values of the variable x2 ¼ juj=s: for the Compton-type diagrams x2 ¼ 1=30 (solid line) and x2 ¼ 1=6 (dotted line), for the
Borsellino diagrams x2 ¼ 1=30 (dash-dotted line) and x2 ¼ 1=6 (dashed line); and for different values of the total energy squared s:
s ¼ 6 GeV2 (a), s ¼ 30 GeV2 (b), and s ¼ 60 GeV2 (c); in the second row, it is given as a function of x2 for fixed values of the variable
x1: for the Compton-type diagrams x1 ¼ 1=30 (solid line) and x1 ¼ 1=6 (dotted line), for the Borsellino diagrams x1 ¼ 1=30 (dash-
dotted line) and x1 ¼ 1=6 (dashed line), and for different values of the total energy squared s: s ¼ 6 GeV2 (a), s ¼ 30 GeV2 (b), and
s ¼ 60 GeV2 (c).
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the integration over the variable u and derive an analytical
result for the s1 distribution even in the restricted phase
space given by Eq. (17). In this case, the region of the
variables u and s1 is shown in Fig. 2, where the quantity s10
is the solution of the equation u0 ¼ u− and reads

s10 ¼
ðM4 − su0Þð2M2 − s − u0Þ

ðM2 − u0Þðs −M2Þ ; u0 < ũ;

ũ ¼ M

�
M2ffiffiffi
s

p þM −
ffiffiffi
s

p �
: ð18Þ

Note that the solution given by Eq. (18) is the same also for
the equation u0 ¼ uþ, with

u0 > ũ; ½4m2 < s1 < s10; u0 < u < uþ�:

Two subregions can be delimited:

½4m2 < s1 < s10; u0 < u < uþ�;
½s10 < s1 < ð ffiffiffi

s
p

−MÞ2; u− < u < uþ�:

The event selection, under the constraint (17) (restricted
phase space), decreases essentially the Borsellino contri-
bution, whereas the Compton-type contribution decreases
weakly. Their ratio

R̃c
b ¼

dσcðu > u0Þ
dσbðu > u0Þ

ð19Þ

in the limited phase space is shown in Fig. 6, to be
compared to the ratio Rc

b.
The differential cross section of the process γ þ μ− →

eþe− þ μ− is illustrated in Figs. 6(a)–6(c), taking into
account all the contributions in the matrix element squared
(10) and the constraint (17). This cross section is plotted
as a function of the dimensionless variable x1, for different
values of u0. Figure 6 shows a steep decrease of this cross
section, whereas s and u0 increase. The ratio of the
Compton-type contribution to the Borsellino one for the
corresponding kinematics is shown in Figs. 6(d)–6(f).
We apply the approach developed in Ref. [33] (see

also [25,28]) to obtain the constraints on the possible
values of DP parameters ϵ andMA0 for a fixed event number
N and standard deviation σ. The effective QED and DP
Lagrangian [25]

L ¼ LQED þ 1

2
ϵFμνF0

μν −
1

4
F0μνF0

μν þM2
A0A0μA0

μ ð20Þ

ensures the propagation of the fields Aμ and A0
μ and

generates the interaction of the DP with the SM leptons
in the form

eϵψ̄ jðxÞγμψ jðxÞA0
μ; j ¼ e; μ; τ;

(a) (b) (c)

(d) (e) (f)

FIG. 6. Differential cross section of the process γ þ μ− → eþe− þ μ−, as a function of the eþe− invariant mass squared, for the sum of
the Compton-type (15) and the Borsellino (16) contributions, with the constraint (17), is shown for s ¼ 6 GeV2 (a), s ¼ 30 GeV2 (b),
and s ¼ 60 GeV2 (c) and for u0 ¼ −2 GeV2 (solid line), u0 ¼ −3 GeV2 (dashed line), and u0 ¼ −4 GeV2 (dotted line). The
corresponding ratio of the Compton-type (15) to the Borsellino contributions is shown in the insets (d)–(f).
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due to the kinetic mixing effect [the second term in the rhs
of Eq. (20)]. We assume that selected values of the lþ

j l
−
j

invariant mass fall in the energy region

MA0 − δm=2 <
ffiffiffiffiffi
s1

p
< MA0 þ δm=2;

where δm is the experimental resolution for the invariant
mass, i.e., the bin width containing the events of the
possible signal.
The DP modifies the Compton-type matrix element by

the spin-one particle Breit-Wigner propagator in such a way
that its contribution into the cross section reads

dσA0 ¼ ϵ2s1½2ðs1 −M2
A0 Þ þ ϵ2s1�dσc

Dðs1Þ
;

Dðs1Þ ¼ ðs1 −M2
A0 Þ2 þM2

A0Γ2; ð21Þ

where the DP width Γ is defined by its decays to SM lepton
pairs

Γðγ0 → lþl−Þ
¼ ϵ2

α

3M2
A0
ðM2

A0 þ 2m2
lÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

A0 − 4m2
l

q
ΘðMA0 − 2mlÞ

¼ ϵ2Γ0; ð22Þ

where ml is the SM lepton mass and ΘðxÞ is the Heaviside
Θ function. The term 2ðs1 −M2

A0 Þ in the numerator of dσA0

in Eq. (21) describes the QED-DP interference, whereas the
term ϵ2s1 corresponds to the pure DP contribution.
In our numerical calculations, where eþe− or μþμ− pairs

are created, we restrict ourselves to the analysis of a light
DP signal with mass MA0 < 1 GeV. Then, the decay A0 →
τþτ− is forbidden, and, therefore, ml in Eq. (22) is the
electron or the muon mass.
Bearing in mind that

Γ ≪ δm ≪ MA0 ;

we can apply the narrow resonance approximation and
write

(a) (b)

(c) (d)

FIG. 7. Constraints on the DP parameters in terms of ϵ2 as a function ofMA0 for the conditions N ¼ 104, σ ¼ 2, and δm ¼ 1 MeV, in
the process γ þ μ− → eþe− þ μ−, forMA0 < 2M, where only one channel of DP decay is allowed, for s ¼ 1 GeV2 (a), s ¼ 6 GeV2 (b),
and s ¼ 30 GeV2 (c). Different curves correspond to different values of u0, i.e., different kinematical cuts, and represent the lower limit
on the DP parameters in the case of no DP event detected. Inset (d) shows the (ϵ2, MA0 Þ dependence for s ¼ 1 GeV2 (solid line) and
s ¼ 6 GeV2 (dashed line) without kinematical cuts.
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½Dðs1Þ�−1 ¼
π

MA0ϵ2Γ0

δðs1 −M2
A0 Þ:

Applying [28,33]

σdσQ ¼
ffiffiffiffi
N

p
dσA0 ; ð23Þ

one obtains, by integrating both sides over the bin range,

ϵ2 ¼ 2σ

π
ffiffiffiffi
N

p δmΓ0

M2
A0

dσQðM2
A0 Þ

dσcðM2
A0 Þ ; ð24Þ

where dσQ is the total QED contribution.

Equation (24) defines the constraints on the parameters
ϵ2 and M2

A0 and the number of the detected events N for a
given standard deviation σ. The effect due to the QED-DP
interference relative to the pure DP contribution can be
easily estimated by integrating Eq. (21) at dσðs1 ¼ M2

A0 Þ
over the above described bin range, giving

4δmΓ0

πM2
A0

≪ 1:

These constraints are illustrated below (Figs. 7–9)
at σ ¼ 2 for the energy bin value δm ¼ 1 MeV. In our

(a) (b)

(c) (d)

FIG. 8. The same as in Fig. 7 but in the region of greater DP masses, MA0 > 2M, where two channels are open for DP decays.

(a) (b)

FIG. 9. ϵ2 versusMA0 for the reaction γ þ μ− → τþτ− þ μ−, for s ¼ 30 GeV2 (a) and s ¼ 60 GeV2 (b). Different curves correspond to
different values of u0, i.e., different kinematical cuts.
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calculations, we assume that there are three channels of
the DP decays into SM leptons: A0 → eþe−; μþμ−; τþτ−.
The plots of ϵ2 versus MA0 for the reactions γ þ μ− →
eþe− þ μ− are shown in Figs. 7 and 8 for MA0 < 2M and
MA0 > 2M, correspondingly. In the case of eþe− pair
production, we restrict ourselves with the DP mass values
MA0 < 2mτ (mτ is the τ lepton mass) and, therefore, take
into account DP decays into eþe− and μþμ− when
calculating the quantity Γ0. The plots for the γ þ μ− →
τþτ− þ μ− process are shown in Fig. 9. In this case, all
three channels of DP decays contribute into Γ0.
We can conclude that the kinematical limits to reduce

the contribution of the Borsellino diagrams in the cross
section increase essentially the sensitivity to the DP
signal and should be implemented in the experimental
event selection.
The corresponding results of calculations for the reac-

tions γ þ e− → μþμ− þ e− and γ þ e− → τþτ− þ e− are
shown in Figs. 10 and 11. Again, in the case of μþμ−
production, the limit MA0 < 2mτ is applied.
For every point in the ðϵ2;MA0 Þ region (at a given values

of s) below curves, σ < 2, and above curves, σ > 2. If the
real A0 signal corresponds, at least, to three (or more)
standard deviations, then the quantities ϵ2 (at fixed MA0),
when this signal can be recorded, increase by 1.5 times (or

more) as compared with the corresponding points on the
curves in Figs. 7–11. To be complete, we plot also in Fig.
12 the possible ϵ2 andMA0 bounds which can be obtained in
the triplet production process γ þ e− → eþe− þ e− for the
DP masses enlarged up to 1 GeV values as compared
with Ref. [33].
It is easy to see from Eq. (24) that an increase of the

energy bin value δm decreases the sensitivity of the
detection of the A0 signal in the process (1). The reason
is evident, because such an experimental device increases
the QED background, which is, in fact, proportional to δm
and leaves unchanged the number of events due to the DP
signal in the narrow A0 resonance. The dependence of
the sensitivity on the DP mass MA0 is determined by the
interplay of the MA0 dependences of Γ0, dσQ, and dσc
entering in Eq. (24). This statement takes place also if we
use the exact form of Dðs1Þ when integrating both sides of
Eq. (23). Accounting for the kinematical restriction (17)
increases essentially the sensitivity, due to the suppression
of the QED background. To illustrate the corresponding
effect, ϵ2ðMA0 Þ for the reaction γ þ μ− → eþe− þ μ− is also
plotted without the kinematical cuts.
The number of the eventsN in the denominator of the rhs

of Eq. (24), in the frame of the described event selection,
can be written with a good approximation as

(a) (b) (c)

FIG. 10. The same as in Figs. 8(a)–8(c) but for the process γ þ e− → μþμ− þ e−.

(a) (b)

FIG. 11. The same as in Fig. 9 but for the process γ þ e− → τþτ− þ e−.
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N ¼ 2δmMA0

s
dσQ
dx1

�
x1 ¼

M2
A0

s

�
L · T ð25Þ

that allows one to estimate the necessary integral luminos-
ity ðL · TÞ for collecting 104 events. Taking values for dσQ
in the range 10−31 − 10−34 cm2 (as it follows from the
curves in Fig. 6) and values for 2δmMA0=s in the range
10−3–10−1, one finds the interval

L · T ≈ ð1036 − 1041Þ cm−2

at the considered values of s between 1 and 60 GeV2. The
largest energies require the largest integral luminosity
and vice versa. As concerns the radiative corrections to
the QED contribution, they do not essentially change the
ratio σQ=σc entering Eq. (24) and cannot essentially change
the curves in Figs. 7–11.
Let us compare the constraints on the parameter ϵ

estimated in our paper with the ones obtained in various
experiments (see Fig. 13). The A1 Collaboration at
MAMI [12] measured the mass distribution of the recon-
structed eþe− pair in the reaction e− þ181 Ta → e− þ e−þ
eþ þ181 Ta. The measured limit is ϵ2 < 10−6 in the
following range of DP masses: 210 MeV=c2 < meþe− <
300 MeV=c2 to be compared to our estimation for the ϵ2

value in this DP mass range: ð1–2Þ × 10−7. We suggest,
instead, to measure the distribution over the invariant mass
of the produced lepton pair in the reactions γ þ μ− →
eþ þ e− þ μ− and γ þ e− → μþ þ μ− þ e− (see Figs. 8
and 10). In the DP search with the KLOE detector at the
DAΦNE eþe− collider [44], the authors looked for a
dimuon mass peak in the reaction eþe− → μþμ−γ, corre-
sponding to the decay A0 → μþμ−. With an integrated
luminosity of 239.3 pb−1 (5.35 × 105 events), they set a
90% C.L. upper limit for the kinetic mixing parameter
ϵ2 of 1.6 × 10−5 to 8.5 × 10−7 in the mass region 520 <
mA0 < 980 MeV. Our estimation for this DP mass range is
ϵ2 ≤ 10−7 (γ þ μ− → eþ þ e− þ μ−) and ϵ2 ≤ ð10−7–6 ×
10−8Þ (γ þ e− → μþ þ μ− þ e−). The DP was searched
for as a maximum in the invariant mass distribution of

eþe− pairs originating from the radiative decays as,
e.g., ϕ → ηeþe− in the experiment [45]. Only an upper
limit was set with 90% C.L. on ϵ2 < 1.7 × 10−5 for 30 <
MA0 < 400 MeV and ϵ2 < 8 × 10−6 for the subregion
50 < MA0 < 210 MeV. Our results are competitive also
in these conditions: ϵ2 ≤ 10−7 (γ þ μ− → eþ þ e− þ μ−).
Some published exclusion limits on the DP parameter

space from meson decay, beam dump, and eþe− collider
experiments are presented in Fig. 13, readapted from Fig. 6
in Ref. [17].
Let us summarize the advantages of the photopro-

duction reactions with different lepton flavors in the
final state.
(1) In order to obtain the master bidimensional distri-

bution ðs1; uÞ, it is sufficient to measure only the li

)2 (MeV/cA’m
10 210
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)σ
 (3

e2)−
(g

μ2)−(g A
P

E
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E141

E774
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2ε

FIG. 13. The NA48=2 preliminary upper limits at 90% C.L. on
the mixing parameter ϵ2 versus the DP mass mA0 [17], compared
to the other published exclusion limits from meson decay, beam
dump, and eþe− collider experiments [46]. The results obtained
in Refs. [32,47] from the muon and electron g − 2 factors are
also shown.

(a) (b) (c)

FIG. 12. The ðϵ2;MA0 Þ bounds for the DP manifestation in the process γ þ e− → eþe− þ e− calculated by formulas of Ref. [33] but
with a corrected value of Γ that takes into account decay A0 → μþμ−.
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particle 4-momentum. The master distribution does
not contain the interference between the Compton-
type and the Borsellino diagrams, which simplifies
essentially the theoretical analysis.

(2) In order to suppress the background due to the
Borsellino contribution, it is sufficient to set a cut
only in one invariant variable (if all final flavors are
the same, one needs a cut in two variables).

(3) The DP physical events are accumulated in a wide
region of invariant variables, allowing one to reduce
the necessary integral luminosity. In the case of
triplet photoproduction, besides the two cuts on
invariant variables mentioned above, the events must
be selected at a fixed value of one (from two final)
eþe− pair.

IV. CONCLUSION

We investigated the direct detection of dark photon, one
of the new particles that may possibly shed light on the
nature and on the interaction of dark matter. The DP is
mixed with the ordinary photon due to the effect of the
kinetic mixing, and it can, therefore, interact with the SM
leptons. It is characterized by a mass MA0 and a small
parameter ϵ describing the coupling strength relative the
electric charge e.
We analyzed a possible way to detect a DP signal

when its mass lies in the range between a few MeV and
a few GeV. This mass region is presently accessible at the
existing accelerators. The idea is to scan the distribution
of the invariant mass squared of the lþ

j l
−
j system, s1,

in the reactions γ þ li → lþ
j l

−
j þ li with i ≠ j and

i ¼ e; μ; j ¼ e, μ, τ, where few tens MeV photons collide
with high-energy electron or muon beams. Because of the
interaction with SM leptons, the DP appears as a narrow
resonance in the lþ

j l
−
j system over a background and

modifies the Compton-type diagrams by the Breit-Wigner
term. Choosing processes with i ≠ j, one avoids the
ambiguity of the measurements arising from the final
particle identity.
First, we calculated the double differential cross section

with respect to the variables s1 and u and then derived the
s1 distribution after integration over the variable u. Note
that to measure such a double differential cross section it is
sufficient to measure the four-momentum of the final
lepton li.

The advantage of this reaction is that the background is
of a pure QED origin and can be calculated exactly with the
necessary precision.
In the case when all kinematically possible values of

the variable u are taken into account, a large QED
background arises due to the contribution of the
Borsellino diagrams, as illustrated in Fig. 3. To sup-
press this background, we analyzed the ðs1; uÞ distri-
bution and identified the kinematical regions where the
contribution of the Compton-type diagrams exceed
the Borsellino ones (see Fig. 4). The background
contribution increases when the variables s1 and u
decrease, whereas the DP signal has just the opposite
behavior. Therefore, we applied different cuts ðu > u0Þ
to exclude the range of large values of juj (see Figs. 5
and 6).
Selecting the restricted ðs1; uÞ region, we estimated the

constraints on the possible values of the parameters ϵ2 and
MA0 for a given number of the detected events, N ¼ 104,
and standard deviation σ ¼ 2 for all considered reactions
(see Figs. 7–11). Our results suggest that a convenient bin
width containing all the events of the possible DP signal
near s1 ¼ MA0 could be δm ¼ 1 MeV. Equation (24)
determines the relation between ϵ2 and MA0 as a function
of the parameters N, σ, and δm.
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APPENDIX

To obtain the s1 distribution, it is convenient to define the
quantity Z

dσi
ds1du

du≡ Fiðs; s1; uÞ; i ¼ b; c:

Then we have
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Fbðs;s1;uÞ¼
α3

πðs−M2Þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s1−4m2
p

ffiffiffiffiffi
s1

p
�

2ð4m2þ s1ÞM2

ðM2− sÞð−2M2þ sþu− s1Þs1
þ8ðM2− sÞðm2þ2s1Þ

3ð−2M2þ sþuÞ3 þ4½ðM2− sþ s1Þm2þ2s21�
ð−2M2þ sþuÞ2s1

þ 2

ðM2− sÞð−2M2þ sþuÞs21
½2ð2M4−4ðs− s1ÞM2þ2s2þ s21−2ss1Þm2þ s1½M4−2ðs−2s1ÞM2þ s2þ2s21��

�

− ln

� ffiffiffiffiffi
s1

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

p
2m

��
4ð−8m4þ4s1m2þ s21ÞM2

ðM2−sÞð−2M2þ sþu− s1Þs21
þ8ðM2− sÞð−4m4þ6s1m2þ s21Þ

3ð−2M2þ sþuÞ3s1
þ4½−4ðM2− sþ s1Þm4þ2s1ðM2− sþ3s1Þm2þ s31�

ð−2M2þ sþuÞ2s21
þ 4

ðM2− sÞð−2M2þ sþuÞs31
× ½s21½ðM2− sÞ2þ s1ð2M2þ s1Þ�þ2m2ð2m2− s1Þ½2M4−4ðs− s1ÞM2þ2s2þ s21−2ss1��

�

þ2 lnð−2M2þ sþuÞ
ðM2− sÞs41

�
−

ffiffiffiffiffi
s1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

q
½2½2M4þð6s1−4sÞM2þ2s2þ s21−2ss1�m2

þ s1½M4þð5s1−2sÞM2þ sðs− s1Þ��
�

−2 ln

� ffiffiffiffiffi
s1

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

p
2m

�
½2m2ð2m2− s1Þ½2M4þð6s1−4sÞM2þ2s2þ s21−2ss1�

þ s21½M4þð3s1−2sÞM2þ sðs− s1Þ��þ
lnð−2M2þ sþu− s1Þ

ðM2− sÞs41

�
2 ln

� ffiffiffiffiffi
s1

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

p
2m

�
ð8m4−4s1m2− s21Þ

× ½2M4þð6s1−4sÞM2þ2s2þ s21−2ss1�þ
ffiffiffiffiffi
s1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

q
× ½4½2M4þð6s1−4sÞM2þ2s2þ s21−2ss1�m2þ s1½2M4þð10s1−4sÞM2þ2s2þ s21−2ss1��

��
;

Fcðs;s1;uÞ¼−
α3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s1−4m2

p
ð2m2þ s1Þ

3πs5=21 ðM2−sÞ4
�
−
1

2
u2ðM2− sÞ−2M2ð2M2þ s1ÞðM2− sÞ2

M2−u

þ½3M4þM2ð6s−2s1Þ− s2−2s21þ2ss1�ðM2− sÞ logðu−M2ÞþuðM4−5M2s−2ss1Þ
�
:

The single s1 distribution [Eqs. (15) and (16)] is the difference

Fiðs; s1; uþÞ − Fiðs; s1; u−Þ;

whereas the analytical form of the s1 distribution for the restricted phase space defined by Eq. (17) is given as

Fiðs; s1; u ¼ uþÞ − Fiðs; s1; u ¼ u0Þ; i ¼ b; c:

This expression is valid if s1 < s10, where s10 is the solution of the equation u− ¼ u0 (see Fig. 2).
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