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Axion is a promising candidate of dark matter. After the Peccei-Quinn symmetry breaking, axion strings
are formed and attached by domain walls when the temperature of the universe becomes comparable to the
QCD scale. Such objects can cause cosmological disasters if they are long lived. As a solution for it, the
Lazarides-Shafi mechanism is often discussed through introduction of a new non-Abelian (gauge)
symmetry. We study this mechanism in detail and show configuration of strings and walls. Even if Abelian
axion strings with a domain wall number greater than 1 are formed in the early universe, each of them is
split into multiple Alice axion strings due to a repulsive force between the Alice strings even without
domain wall. When domain walls are formed as the universe cools down, a single Alice string can be
attached by a single wall because a vacuum is connected by a non-Abelian rotation without changing
energy. Even if an Abelian axion string attached by domain walls is created due to the Kibble Zurek
mechanism at the chiral phase transition, such strings are also similarly split into multiple Alice strings
attached by walls in the presence of the domain wall tension. Such walls do not form stable networks since
they collapse by the tension of the walls, emitting axions.

DOI: 10.1103/PhysRevD.101.075026

I. INTRODUCTION

The standard model successfully explains various phe-
nomena in experiments. However there exist several
unsolved problems. One of the problems is the strong
CP problem. We may have a CP violating term in QCD:

L ¼ θ
g2s

32π2
GaμνG̃a

μν; ð1Þ

where θ is a constant parameter, gs is the strong coupling
constant, Ga

μν is the gluon field strength, and G̃
a
μν is its dual.

Measurements of the neutron electric dipole moment give a
constraint that jθj≲ 10−10 [1], while a naive expectation is
that jθj ¼ Oð1Þ. Without any mechanisms, this would
require a fine-tuning. The problem can be naturally solved
if one introduces the Peccei-Quinn (PQ) mechanism with a
global Uð1Þ symmetry denoted by Uð1ÞPQ [2–4]. After the

spontaneousUð1ÞPQ breaking, a pseudo-Nambu-Goldstone
boson called the QCD axion appears. When the Uð1ÞPQ
symmetry is explicitly broken by the QCD instanton effect
via chiral anomaly between Uð1ÞPQ and QCD, the axion
vacuum is at a CP-conserving minimum of the potential
and the axion solves the strong CP problem. The axion
decay constant fa is of the order of the Uð1ÞPQ symmetry
breaking scale, and the so-called axion window is given by

109 GeV≲ fa ≲ 1012 GeV: ð2Þ

The lower bound comes from the SN 1987A neutrino burst
duration [5]. The upper bound comes from the dark matter
abundance by the misalignment mechanism without a
tuning of the initial misalignment, in which the coherent
oscillation of the axion around the vacuum accounts for the
abundance [6–8]. See e.g., Refs. [9,10] for reviews.
Physics of the axion is related to the history of the

universe. Below the temperature of 1 GeV, QCD instantons
breaks the Uð1ÞPQ to ZNDW

symmetry, where NDW is an
integer called the domain wall number, then there appear
NDW vacua. Along with the PQ symmetry breaking,
domain walls attached to strings are formed [11–15] once
one of the vacua is chosen. The cosmological scenario
depends on when the breakdown of the PQ symmetry takes
place. If the PQ symmetry is broken before or during
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inflation, strings and walls are inflated away because the
axion field value becomes homogeneous over the scale of
the Hubble horizon after inflation. They cannot affect on
cosmological observations, however, there exists a strin-
gent constraint on isocurvature perturbation produced by
the axion during the inflation [16]. If the PQ symmetry is
broken after inflation, such a constraint does not exist, but
walls and strings may survive until late time and can affect
on evolution of the universe. We will focus on the latter
case in this paper.
A stability of walls attached to strings is known to

depend on NDW, which is related to a topological charge.
For NDW ¼ 1, the domain wall attached to a string
collapses owing to its tension, emitting axions. On top
of the misalignment, axions produced by their decays
accounts for a fraction of the dark matter abundance
[17,18]. For NDW > 1, the domain walls attached to a
string constitute complex networks, which are called string-
domain wall networks. The walls in the network pull each
other with their tensions and they do not shrink to a point,
thus networks can be long lived. They eventually dominate
the energy density of the universe beyond those of radiation
and matter, and conflict with the standard cosmology. This
is called a domain wall problem [14].
For a solution to the domain wall problem, several ideas

have been proposed so far [19–22]. Among them, we will
focus on an axion model associated with a continuous non-
Abelian gauge symmetry proposed by Lazarides-Shafi
[20].1 One might think that a topologically stable domain
wall is formed when ZNDW

symmetry is spontaneously
broken by choosing the vacuum. However, when the non-
Abelian symmetry is also spontaneously broken at the same
time and a combination of ZNDW

and the broken non-
Abelian rotation can make the vacuum invariant, the vacua
are also continuously connected also by the non-Abelian
group without changing energy. This is because the non-
Abelian rotation is equivalent to a travel in the space of
would-be Nambu-Goldstone (NG) modes. Then, a topo-
logical property of such a domain wall for any NDW
becomes trivial like in a case with NDW ¼ 1. Hence the
domain wall problem is solved. This is called the
Lazarides-Shafi mechanism.
However, behaviors of strings and walls in the mecha-

nism have not been discussed much in literature, while the
authors of Ref. [22] discussed the decay of Abelian axion
strings to Alice axion strings to solve the domain wall
problem based on the mechanism. In this model, we may
have NDW ¼ 2 and a single axion string is attached by two
domain walls, seemingly having a domain wall problem.
The Alice string produced by the decay plays a crucial role
to realize a situation similar to the NDW ¼ 1 case, in which
one Alice string is attached by one domain wall. Hence the

network is unstable in the presence of the domain wall
tension. (See Refs. [24,25] for Abelian string and also
Refs. [26,27] for reviews of cosmic strings.)
Alice strings have a peculiar property that when the

electric charge of a charged particle encircles around an
Alice string, it changes its sign [28,29]. Other peculiar
properties, such as a topological obstruction, a nonlocal
charge called the Chesire charge, and non-Abelian statis-
tics, have been studied in the literature [30–37]. While a
typical Alice string is present in an SOð3Þ gauge theory
with scalar fields in the fiveplet representation (a traceless
symmetric tensor), recently it has been found that a Uð1Þ ×
SOð3Þ gauge theory with complex triplet scalar fields also
admits an Alice string, which is a Bogomol’nyi-Prasad-
Sommerfield state [38,39] and is stable, thereby possible
to be embedded into supersymmetric theories [40,41]. A
global analog was known in the context of Bose-Einstein
condensates in condensed matter physics [42–45]. The
Alice axion string proposed in Ref. [22] is the case that only
the Uð1Þ part is global identified with an axion, while the
SUð2Þ part is a gauge symmetry.
In this paper, we show why the domain wall problem is

solved physically in more detail, focusing on dynamics of
domain walls and two types of axion strings. It is found that
even if Abelian axion strings are formed in the early
universe, the string decays into multiple Alice axion strings
owing to a repulsive force between the Alice strings. When
domain walls are formed at the chiral phase transition as the
universe cools down, a single Alice axion string is attached
by a single wall because a vacuum is connected by a non-
Abelian rotation without changing energy. Such walls do
not form stable networks since they collapse owing to the
tension of the walls, emitting axions similarly to the
NDW ¼ 1 case. Also, at the chiral phase transition, two
types of domain walls may be created by the Kibble-Zurek
mechanism [46,47], and can be glued along an Abelian
axion string. The Abelian axion string is pulled by these
domain walls and is split into multiple Alice axion strings,
each of which is attached by one domain wall. In either of
these cases, the domain wall problem can be solved.
The rest of this paper is organized as follows. In Sec. II,

we briefly review the QCD axion and domain wall
problem. In Sec. III, we introduce an axion model with
heavy quarks and a new gauge symmetry for solving the
domain wall problem. In Sec. IV, properties of strings and
domain walls are studied. In Sec. V, we study domain walls
attached to strings. Section VI is devoted to discussion and
conclusions.

II. REVIEW OF THE QCD AXION
AND DOMAIN WALL PROBLEM

In this section, we review the QCD axion based
on the Kim-Shifman-Vainstein-Zakharov (KSVZ) model
[48,49] and domain wall problem for simplicity. (The
Dine-Fischler-Srednicki-Zhitnitsky model [50,51] can be

1Non-Abelian global symmetries are also viable for solving the
domain wall problem [23].
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also discussed in a similar way.) Let us consider a
coupling

L ¼ yQ̄iΦQi þ H:c: ði ¼ 1; 2;…; NDWÞ: ð3Þ

Here, ðQ̄; QÞ are NDW pairs of extra heavy quarks in the
SUð3Þc gauge symmetry, and Φ is a complex scalar singlet
under the Standard Model gauge symmetry. This coupling
is invariant under the global Uð1ÞPQ symmetry:

Q̄ → e−iθQ̄; Q → Q; Φ → eiθΦ: ð4Þ

Here θ is a transformation parameter. Suppose that after
inflation Φ develops vacuum expectation value (VEV) η
and the Uð1ÞPQ is spontaneously broken down. Thus the
scalar field is parametrized as

Φ ¼
ffiffiffi
2

p �
ηþ σ

2

�
exp

�
i
a
2η

�
: ð5Þ

Here σ is supposed to be stabilized and we neglect it
throughout this paper, a is the QCD axion. Note that a
Uð1ÞPQ rotation of a → aþ 2π · ð2ηÞ is a symmetry. All

pairs of extra quarks obtain heavy mass
ffiffiffi
2

p
yη × ei

a
2η. After

integrating out extra quarks with the rotation of Q̄Q →
e−i

a
2ηQ̄Q, we obtain

L ¼ a
fa

g2s
32π2

GaμνG̃a
μν; where fa ≡ 2η

NDW
ð6Þ

via the chiral anomaly between Uð1ÞPQ and SUð3Þc. Thus
hai ¼ 0means the CP-conserving vacuum. After the chiral
symmetry breaking in QCD, gluons and light quarks are
integrated out, and the axion potential can be written as

VðaÞ ≃m2
πf2π

�
1 − cos

�
a
fa

��
∼ cos

�
NDW

a
2η

�
: ð7Þ

Here,mπ is the pion mass and fπ is the pion decay constant.
As desired, hai ¼ 0 is obtained in the vacuum and the
strong CP problem is then solved. The axion mass is
given by

ma ≃
mπfπ
fa

≃ 6 × 10−4 eV

�
1010 GeV

fa

�
: ð8Þ

Note that a → aþ 2πfa is the ZNDW
symmetry against the

above potential, in addition to the original larger symmetry
of a → aþ 2πNDWfa. Thus, there exist NDW vacua. Once
one of the vacua is chosen, ZNDW

symmetry is sponta-
neously broken and topologically stable domain walls
(attached to Abelian strings) appear between vacua for
NDW > 1. When one classically travels from a vacuum to
the next one in the axion field space, it is necessary to climb
the potential energy. The walls pull each other with their

tensions and they do not shrink to a point, thus can be long
lived. The presence of stable domain walls conflict with the
standard cosmology, because they eventually dominate the
energy density of the universe beyond those of radiation
and matter. It is verified in simulations that domain walls
survive until late time for NDW > 1, while they decay for
NDW ¼ 1 or in the presence of bias potential for NDW > 1
[17,18]. For NDW ¼ 1, the axion dark matter abundance
produced by decays of walls and strings is estimated as

Ωah2 ∼ 10−2
�

fa
1010 GeV

�
1.19

: ð9Þ

III. THE MODEL WITH A NON-ABELIAN
GAUGE SYMMETRY

Following Ref. [22], we explain the model to implement
the Lazarides-Shafi mechanism in the KSVZ case. We shall
start with the hidden SUð2ÞH gauge theory on top of the
global Uð1ÞPQ symmetry. The Lagrangian is given as

L¼ −
1

2
TrFμνFμν þTrjDμΦj2 −VðΦÞ þ ðyQ̄ΦQþH:c:Þ;

ð10Þ

where Fμν is the SUð2ÞH gauge field strength, Φ is a
complex adjoint scalar field and ðQ̄; QÞ are extra quarks
charged also under both SUð2ÞH andUð1ÞPQ.2 Their charge
assignment against ðSUð3Þc; SUð2ÞH;Uð1ÞPQÞ is as fol-
lows: Φ∶ ð1; 3; 1Þ, Q̄∶ ð3̄; 2̄;−1Þ and Q∶ ð3; 2; 0Þ. SUð2ÞH
adjoint fields can be expanded with the SUð2Þ generators
τa ¼ 1

2
σa as Φ ¼ ϕaτa and Aμ ¼ Aa

μτ
a, and the covariant

derivative is defined as DμΦ ¼ ∂μΦ − ig½Aμ;Φ�. Here g is
the SUð2ÞH gauge coupling. The potential for Φ is given as

VðΦÞ ¼ λ1
2
ðTrðΦ†ΦÞ − 2η2Þ2 þ λ2

2
Trð½Φ;Φ†�2Þ: ð11Þ

This is a usual potential for complex adjoint scalar field that
breaks Uð1ÞPQ × SUð2ÞH spontaneously. Later we will
consider an explicit violation term for Uð1ÞPQ, which is
relevant to axion mass and domain wall construction. The
ground state is given by the solution of the equations

TrΦ†Φ ¼ 2η2; ½Φ;Φ†� ¼ 0: ð12Þ

The vacuum solution we may generally choose as

hΦi ¼ 2ητ1 ¼ ησ1: ð13Þ

2To avoid overproduction of massive particles at a high
temperature, the SUð2ÞH doublet scalar field with TeV mass is
introduced. As a consequence, extra quarks need to be charged
under Uð1ÞY. Further, there may exist observational signals, but
we will focus only on configurations of strings and walls.
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The VEV breaks Uð1ÞPQ and SUð2ÞH, then there exists the
unbroken Uð1ÞH gauge symmetry with a generator of τ1.
This vacuum is invariant under Oð2Þ rather than SOð2Þ.
The elements are given as

H ¼ fð1; eiατ1Þ; ð−1; iðc1σ2 þ c2σ3Þeiατ1Þg: ð14Þ

Here α, c1;2 are parameters and the condition of c21 þ c22 ¼
1 is satisfied. The first entry of each element ofH isUð1ÞPQ
and the second entry is the element of Uð1Þ ⊂ SUð2ÞH
group, which can act as adjoint representation on hΦi. The
first element is the usual element of Uð1ÞH ⊂ Oð2Þ con-
nected to identity element (1,1). However, the second
element is a nontrivial Z2. Note that eiπQPQ ¼ −1 for
QPQ ¼ 1, whereQPQ is the PQ charge of theΦ, and eiπτ

a ¼
iσa for a ¼ 2; 3: The first entry is π rotation of Uð1ÞPQ and
the part of second entry iðc1σ2 þ c2σ3Þ gives π rotation of
broken SUð2ÞH around an axis orthogonal to τ1. So the
second element of H is referred to as the disconnected
elements of Oð2Þ.
More specifically we may describe the symmetry break-

ing procedure as

G ¼ Uð1ÞPQ ×
SUð2ÞH

Z2

≃ Uð1ÞPQ × SOð3ÞH
⟶ H ¼ Z2 ⋉ Uð1ÞH ≃Oð2Þ; ð15Þ

where ⋉ denotes the semidirect product because the Z2

caused by π rotation in the above discussion does not
commute with the unbroken Uð1ÞH generated by τ1. The
vacuum manifold3 is found to be

G
H

¼ Uð1ÞPQ × SOð3Þ
Oð2Þ ¼ S1 × S2

Z2

: ð16Þ

The fundamental group is π1ðG=HÞ ¼ Z, and this shows
the existence of strings. It is noted that Φ has 6 degrees of
freedom. In this vacuum, two of three NGmodes associated
with the broken SUð2ÞH are eaten by the gauge fields A2

and A3, which get massive. The rest (pseudo)NG mode
relevant to Uð1ÞPQ is the QCD axion denoted by a. The
remaining three modes of Φ also become massive in the
vacuum [22].
By integrating out extra heavy quarks with a mass

matrix of

Φ ¼ 2ηeia=2ητ1; ð17Þ

we have

L ¼ NDW
a
2η

g2s
32π2

GaμνG̃a
μν þ N0

DW
a
2η

g2

32π2
F0μνF̃0

μν: ð18Þ

Here, NDW ¼ 2 and N0
DW ¼ 3, and F0μν is the unbroken

Uð1ÞH gauge field strength. After the chiral symmetry
breaking in QCD, the axion potential can be written as

VðaÞ ≃m2
πf2π

�
1 − cos

�
NDW

a
2η

��

≡m2
af2a

�
1 − cos

�
a
fa

��
: ð19Þ

Here, ma ≃mπfπ=fa and fa ¼ 2η
NDW

. To study domain wall
later, we parametrize this potential with Φ as

VDWðΦÞ ¼ μðDetΦþ DetΦ†Þ þ const: ð20Þ

Here μ is assumed to be of Oðm2
a=N2

DWÞ constant.4 A
constant term is added to make the vacuum energy positive
definite. This form is motivated by the fact that axion and
walls do not appear for Φ ¼ 0. (See also [52].) VDWðΦÞ
will be added to VðΦÞ of Eq. (11) in the following sections
about domain walls. Since NDW ¼ 2 vacua are connected
by Z2 embedded both in the Uð1ÞPQ and the broken
SUð2ÞH, which acts as hΦi → −hΦi, the domain wall
problem is solved as seen later. For a general NDW, a model
with an SUðNDWÞH (gauge) symmetry is viable to imple-
ment the Lazarides-Shafi mechanism, because ZNDW

of the
center in SUðNDWÞH connects NDW vacua.
Now, we have also monopole since π2ðG=HÞ ¼ Z. It can

be also a candidate of dark matter with mass of 1010 GeV
which is supposed to be created by the first order phase
transition of the SUð2ÞH at a high temperature around
3 × 109 GeV [22]. The monopole can become a dyon with
an electricUð1ÞH charge via theWitten effect [53] when the
axion cannot cancel the CP phase in the hidden sector θ
term. Then the monopole may have minielectric charge
via kinetic mixing between the photon and hidden photon
in the Uð1ÞH. We assume that the minicharge is sufficiently
small to evade experimental bounds [54,55]. The mono-
pole will not give further effects to the solution to the
domain wall problem in the KSVZ case. For NDW > 2
with SUð2ÞH, however, the Witten effect to the axion
mass in the early universe [56] can give a significant effect
to solve the domain wall problem in the presence of
monopoles [21,22].5

3Z2 in the original SUð2ÞH is the center acting on Φ trivially.
Even though there exist doublets, the vacuum manifold does not
change unless they develop VEVs.

4μ actually depends on temperature of the universe via QCD
instanton. We will focus on a period during when domain walls
are formed below a temperature lower than 1 GeV around which
the axion mass is close to that at zero temperature.

5The monopole can also play an important role in suppressing
isocurvature perturbation of the axion generated during inflation
[21,57,58], if the PQ breaking occurs before/during the inflation.
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IV. CONSTRUCTION OF STRINGS

Since the fundamental group of the vacuum manifold is
an integer so we may expect topological string solutions. In
this section we discuss two kinds of string solutions. One is
an Abelian axion string originating from Uð1ÞPQ symmetry
breaking and this kind of strings can be thought of as usual
global Abelian strings. Another is nontrivial Alice axion
strings which contain non-Abelian magnetic flux. This
string can be classified by the elements of the unbroken
group H ¼ Oð2Þ. In the following, we discuss the splitting
of one Abelian axion string into two Alice axion strings.
We show full numerical results of the splitting and will set
VDWðΦÞ ¼ 0 in this section.

A. Abelian axion strings

Here we would like to discuss the fully Abelian axion
string which results from the Uð1ÞPQ breaking. The
axisymmetric ansatz for this string is given by

Φ ¼ 2ηfðrÞeimθτ1; Aμ ¼ 0; ð21Þ

where m is winding number, r and θ are radial coordinate
and azimuthal angle respectively. The boundary condition
is given by fð0Þ ¼ 0, fðρÞ ¼ 1, where ρ is the system size
in the radial direction. The profile function fðrÞ can be
calculated from the axisymmetric equations of motion with
this boundary condition. After inserting the above ansatz
for m ¼ 1, we easily find the static Hamiltonian for Φ with
Eq. (10). The two-dimensional integral of the Hamiltonian
density is given by

Hð2Þ ¼
Z

d2x2η2
�
f0ðrÞ2 þ

�
fðrÞ
r

�
2

þ λ1η
2ðfðrÞ2 − 1Þ2

�
:

ð22Þ

Here prime denotes the derivative with respect to r. Note
that because the above Hamiltonian is written in a static
case we have Hð2Þ ¼ −L, where L ¼ R

d2xL is the two-
dimensional integral of the Lagrangian Eq. (10) with the
ansatz. With the radial coordinate, the one-dimensional
Euler-Lagrange equation of the profile function reads

−
1

r
d
dr

r
dfðrÞ
dr

þ 1

r2
fðrÞþ2λ1η

2ðfðrÞ2−1ÞfðrÞ¼0: ð23Þ

The numerical result is shown in Fig. 1, while the analytical
solution of the above equation is not known. The tension
(energy per unit length) of these strings is found from the
above Hð2Þ. The approximate value of the tension far from
the string core is easy to compute if we insert the ansatz at a
large distance into the Hamiltonian:

TPQ¼Hð2Þ≃
Z

d2xTrj∂iΦj2∼2π×2η2×m2 logρ: ð24Þ

We may notice that energy is logarithmically divergent and
energy depends on the square of the winding number m2.
The energy stored inside of the core is estimated as of order
η2, to which the scalar potential contributes, and can be
neglected at a large distance. It is always energetically
favorable to decay the higher winding number string into
lower winding strings. Since Alice axion strings have
m ¼ 1=2 as seen later, so an Abelian axion string with
m ¼ 1 decays into two Alice axion strings.

B. Alice axion strings

The Alice axion string is a kind of topological string
which changes the sign of electric charge of a probe particle
with an original gauge symmetry after one encirclement
around the string. In our case, the generator of the unbroken
Uð1ÞH changes its sign with the SUð2ÞH after one rotation.
This is because a particle charged under the Uð1ÞH is
affected by the broken SUð2ÞH flux inside the Alice string.
To understand this better, let us first consider the field value
rotating around an Alice axion string, which depends on the
azimuthal angle at a large distance ρ,

Φðρ; θÞ ∼ ηei
θ
2

�
0 ei

θ
2

e−i
θ
2 0

�
≡ ei

θ
2ΩðθÞΦðρ; 0ÞΩ−1ðθÞ;

Ai ∼ −
1

2g

ϵijxj

ρ2
τ3ði; j ¼ 1; 2Þ; A0 ¼ A3 ¼ 0:

ð25Þ

Here, x2 þ y2 ¼ r2, Φðρ; 0Þ ¼ 2ητ1 ¼ hΦi and the holon-
omy ΩðθÞ rotating the Φðρ; 0Þ by θ can be defined by the
broken SUð2ÞH gauge field:

ΩðθÞ ¼ Peig
R

θ

0
A·dl ¼ ei

θ
2
τ3 ∈ SUð2ÞH; ð26Þ

where we used ∂iθ ¼ −ϵijxj=r2. It is easy to compute the
(non-Abelian) flux in the broken SUð2ÞH trapped inside the
string:

f

2 4 6 8 10
r

0 .2

0 .4

0 .6

0 .8

1 .0

FIG. 1. Radial dependence of the profile function of fðrÞ for
m ¼ 1, η ¼ 2 and λ1 ¼ 0.2.
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Flux ¼
I

A · dl ¼ π

g
τ3: ð27Þ

This SUð2Þ holonomy can also be ΩðθÞ ¼ ei
θ
2
τ2 or more

generally ΩðθÞ ¼ ei
θ
2
n̂ with n̂ ¼ sin ατ2 þ cos ατ3 ¼

eiατ
1

τ3e−iατ
1

. Correspondingly, the flux is along n̂. The
presence of α can be understood as follows. The unbroken
symmetry Uð1ÞH of the vacuum is generated by τ1.
However, this Uð1ÞH acts on the Alice string solution with
a parameter α. Namely, the Alice string configuration
spontaneously breaks Uð1ÞH symmetry of the vacuum,
implying the appearance of a Nambu-Goldstone mode in
the vicinity of the Alice string. Therefore, α parametrizes a
continuous family of the Alice string solution of the same
energy, and is a Uð1Þ modulus of the Alice string [41].
While hΦi in Eq. (13) is invariant under the Uð1ÞH with

τ1, Φðρ; θÞ in Eq. (25) is not invariant under such unbroken
elements in Eq. (14) because the unbroken transformation
forΦðρ; θÞ becomes angle dependent. TheUð1ÞH generator
must be changed by the holonomies with the gauge field
when it goes around the Alice string as

Qθ ¼ ΩðθÞQ0ΩðθÞ−1: ð28Þ

Here Q0 ∝ τ1, thus transformations with Qθ make Φðρ; θÞ
invariant as eiβQθΦðρ; θÞe−iβQθ ¼ Φðρ; θÞ, where β is a

transformation parameter. After encircling a full loop
around the Alice string, we find that Ωð2πÞ ¼ eiπτ

3 ∈
Z2 ⊂ H, hence the unbroken generator becomes

Q2π ¼ −Q0: ð29Þ

This is nothing but the most characteristic property of the
Alice string; the charge of a charged particle flips its sign
when it encircles around an Alice string.
To find a solution of the Alice axion string, we shall

consider an axisymmetric ansatz as

Φðr; θÞ ¼ η

�
0 f1ðrÞeiθ

f2ðrÞ 0

�
;

Ai ¼ −
1

2g

ϵijxj

r2
aðrÞτ3ði; j ¼ 1; 2Þ;

A0 ¼ A3 ¼ 0; ð30Þ

where f1;2ðrÞ and aðrÞ are profile functions of the scalar
fields and gauge field with the boundary condition that
f1ð0Þ¼f2ð0Þ¼0, f1ðρÞ¼f2ðρÞ¼1, að0Þ ¼ 0, aðρÞ ¼ 1.
After inserting the above ansatz, two-dimensional inte-
gration of the static Hamiltonian density can be ex-
pressed as6

Hð2Þ ¼
Z

d2x

�
1

2
TrF2

ij þþTrjDiΦj2 þ VðΦÞ
�

ð31Þ

¼ 2π

Z
rdr

�
η2
�
f01

2 þ f02
2 þ f21

r2

�
1 −

a
2

�
2

þ f22
r2

a2

4
þ η2λ1

2
ðf21 þ f22 − 2Þ2 þ η2λ2ðf21 − f22Þ2

�
þ 1

8g2
a02

r2

�
: ð32Þ

As in the Abelian string case, the equations of motion of the profile functions read

−
1

r
d
dr

�
r
d
dr

f1ðrÞ
�
þ 1

r2

�
1 −

a
2

�
2

f1ðrÞ þ λ1η
2ðf1ðrÞ2 þ f2ðrÞ2 − 2Þf1ðrÞ þ 2η2λ2ðf21 − f22Þf1ðrÞ ¼ 0;

−
1

r
d
dr

�
r
d
dr

f2ðrÞ
�
þ 1

r2
a2

4
f2ðrÞ þ λ1η

2ðf1ðrÞ2 þ f2ðrÞ2 − 2Þf2ðrÞ − 2η2λ2ðf21 − f22Þf2ðrÞ ¼ 0;

− r
d
dr

�
1

r
d
dr

aðrÞ
�
þ 4g2η2f1ðrÞ2

�
1 −

a
2

�
þ 2g2η2f2ðrÞ2aðrÞ ¼ 0:

The profile functions are solved numerically for several
values of λ1 and λ2, and plotted in Fig. 2. It is noted that in
the equation of motion for f2 the potential contribution can
vanish if λ1 ¼ 2λ2 is taken.

The tension far from the string core can be approxi-
mately computed with the ansatz at a large distance ρ in
Eq. (25):

TAlice ¼ Hð2Þ ≃
Z

d2xTrjDiΦj2 ≃ π

2
× 2η2 log ρ: ð33Þ

It should be noted that the energy of the Alice axion string
is also logarithmically divergent and the same as that of the

6Although in the Hamiltonian there is no 1=g2 term in front of
the gauge kinetic term, ansatz of the gauge field includes 1=g.
After all, we have the gauge coupling dependence only on the
gauge kinetic term.
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Abelian axion string with m ¼ 1=2 in Eq. (24). Here there
would be a contribution from the SUð2Þ magnetic field
1
2
TrF2

ij, however that we have neglected due to the
logarithmic divergence of the leading term and the energy
stored inside the core of the Alice string is estimated as of
order η2, to which fluxes and the scalar potential contribute.
As mentioned in the previous subsection, an Abelian axion
string (with m ¼ 1) can decay into two Alice axion strings
(withm ¼ 1=2), since the energy of the Abelian strings gets
lower by the decay: 12 > ð1=2Þ2 þ ð1=2Þ2 ¼ 1=2 in the
m ¼ 1 string tension unit, whereas the winding number is
conserved. The remaining 1=2 energy is thought to be
converted to axions at the decay, and they will contribute to
a fraction of the final abundance of the axion.

C. The decay of an Abelian axion string
to two Alice axion strings

In this subsection, we try to understand the decay of
the Abelian axion string to the Alice axion strings. As
seen above, the tension for the Abelian string is different
from the Alice strings by a factor 4. So the Abelian string
(with m ¼ 1) is always energetically favorable to decay
into two Alice strings (with m ¼ 1=2) with the conserved
winding number. These two Alice axion strings produced
by the decay must have opposite flux direction, since the
parent Abelian axion string contains no flux and a field
configuration at a large distance does not change through
the decay. The configuration of Φ at an angle θ and a large
distance ρ, which is far from the string core, can be in
general written by

Φðρ; θÞ ¼ h0hhΦih†;
Ω ¼ fðh0; hÞjh0 ∈ Uð1ÞPQ;
h ¼ Peig

R
θ

0
A·dl ∈ SUð2ÞHg; ð34Þ

Φðρ; 2πÞ ¼ Φðρ; 0Þ ¼ hΦi ¼ 2ητ1; ð35Þ

where Ω ¼ ΩðθÞ is a path dependent rotation matrix with
two entries around the strings in the axisymmetric case. For

an Abelian string, the gauge field is vanishing, whereas for
an Alice string with the positive flux the gauge field is
given by the ansatz in the previous subsection. For a full
loop we have Ωð2πÞ ¼ ðh0ð2πÞ; hð2πÞÞ ∈ H of Oð2Þ,
where hð2πÞ ¼ Peig

H
A·dl. For a rotation around the

Abelian axion strings by θ, Ω0ðθÞ ¼ ðeiθ; 1Þ and Ω0ð2πÞ ¼
ð1; 1Þ ∈ H, where zero denotes for one rotation around the
Abelian axion string. For a rotation by θ around a single
axisymmetric Alice axion string with a positive flux,
ΩþðθÞ ¼ ðeiθ2; eiθ2τ3Þ and Ωþð2πÞ ¼ f−1; iσ3g ∈ H. This
is similar to Ω− for the Alice string with a negative flux:
Ω−ðθÞ ¼ ðeiθ2; e−iθ2τ3Þ and Ω−ð2πÞ ¼ f−1;−iσ3g ∈ H.
Now let us understand what happens at the decay of the

Abelian axion string to two Alice axion strings. Just at the
time when a single Abelian axion string is split into two
Alice strings, the boundary condition remains unchanged
because it is understood withΩ. To show it, we draw a loop
C around the Abelian axion string before splitting. In this
case, the Ω is given by Ω0ðCÞ ¼ ð1; 1Þ. Just after the
splitting, we divide the loop in two parts as C ¼ C1 þ C2

and we close the loops by connecting the points a and b by
the path R as shown in Fig. 3. In this case we have

Ω−ðC1 þ RÞ ¼ ðh0ðC1 þ RÞ ¼ eiπ;

hðC1 þ RÞ ¼ Pe
ig
H
C1þR

A·dlÞ ð36Þ

ΩþðC2 − RÞ ¼ ðh0ðC2 − RÞ ¼ eiπ;

hðC2 − RÞ ¼ Pe
ig
H
C2−R

A·dlÞ: ð37Þ

So we find

Ω0ðCÞ ¼ ΩþðC2 − RÞΩ−ðC1 þ RÞ ¼ ð1; Peig
H
C
A·dl ¼ 1Þ:

ð38Þ

This shows that field configurations at a large distance do
not change, while the splitting takes place.

f1
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FIG. 2. Radial dependence of the profile functions of f1ðrÞ; f2ðrÞ and aðrÞ for g ¼ 0.5 and η ¼ 2. The remaining parameters are
chosen as: (a) λ1 ¼ 0.2 and λ2 ¼ 0.2 (λ1λ2 ¼ 1 < 2), (b) λ1 ¼ 0.4 and λ2 ¼ 0.2 (λ1λ2 ¼ 2), and (c) λ1 ¼ 0.6 and λ2 ¼ 0.2 (λ1λ2 ¼ 3 > 2. This is
used also in Sec. V.
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To estimate the force between two Alice axion strings,
we take a large distance approximation, following Ref. [59]
for the same problem in the context of non-Abelian strings
in dense QCD [60]. Suppose that there exist two heavy
Alice strings, which do not move, on the x-axis in the x-y
plane at a large distance of 2a apart as shown in Fig. 4. So
the fields are approximately written as

Φ ∼ eiðθ1þθ2ÞPeig
R

θ

0
A·dlhΦiPe−ig

R
θ

0
A·dl;

Aiðx; yÞ ∼ AðþÞ
i ðx; yÞ þ Að−Þ

i ðx; yÞði ¼ 1; 2Þ;
A0 ¼ A3 ¼ 0; ð39Þ

where AðþÞ
i (Að−Þ

i ) is the gauge fields relevant to the positive
flux (negative flux) inside the Alice string in the absence of
another string with the negative flux (positive flux). So the
energy at large distances can be approximately written by

E≃
Z

d2xTrjDiΦj2≃2η2
Z

d2x½∂iðθ1þθ2Þ�2þ���: ð40Þ

Here we neglected a small contribution from the gauge
field. It is found also that

R
d2x½ð∂iθ1Þ2 þ ð∂iθ2Þ2�≃

2 × TAlice. So the interaction energy can be expressed as

FIG. 3. Loops around the strings. Left: A loop C around the
Abelian axion string. Right: A loop C is decomposed to C1 þ R
and C2 − R, where the former is a loop around the Alice axion
string with the negative flux and the latter is a loop around the
Alice string with the positive flux.

FIG. 4. A configuration of two Alice axion strings. One Alice
string with the negative flux is at ða; 0Þ in the x-y plane, whereas
another with the positive flux is at ð−a; 0Þ. jr⃗1;2j are the distance
vectors from the two Alice strings from the point r⃗ ¼ ðr; θÞ, and
θ1;2 are the angles around them.

FIG. 5. Figures of an Abelian axion string before the splitting for g ¼ 1, η ¼ 0.5, λ1 ¼ 2.0 and λ2 ¼ 0.25. They show 2TrððΦ2Þ†Φ2Þ,
the static energy, the phase ℑ log TrΦ2ðx; yÞ and non-Abelian magnetic field F3

12ðx; yÞ (with a gauge fixing) from left to right. It is easy
to check there is a phase jump by 2π around each string solution.

FIG. 6. Similar figures of two Alice axion strings after the decay from the parent Abelian axion string.
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Eint ≃ 4η2
Z

d2x∂iθ1∂iθ2 þ � � �

¼ 4η2 · 2π
Z

drr

�
r2 − a2

r4 þ a4 − 2r2a2 cos 2θ

�

≃ 4πη2 log

�
ρ2 þ a2

a2

�
: ð41Þ

Here we used ∂iθ ¼ −ϵijxj=r2 and this is similar to θ1;2.
The force between two Alice axion strings is found to be
repulsive:

Force ¼ −
1

2

∂Eint

∂a ≃þ 4πη2

a
for ρ → ∞: ð42Þ

This repulsive force is mediated by the light QCD axion at a
large distance apart.7 This is analogous to a Coulomb force
between particles with the same charge in two spatial
dimensions. Hence, the distance between two Alice axion
strings would increase with time and it is confirmed from
numerical calculation shown in Figs. 5 and 6. However,
note that our simulation is done in a relaxation method but
not in a real time dynamics.
For numerical solutions, we used 500 × 500 lattice with

lattice spacing 0.2. We relaxed the system in 1000000 time
steps with each time step Δt ¼ 10−3. The other parameters
are taken as g ¼ 1, η ¼ 0.5, λ1 ¼ 2.0 and λ2 ¼ 0.25.

V. DOMAIN WALL-STRING COMPOSITE

So far we discussed two types of axion strings and decay
of a Abelian axion string to two Alice axion strings. In this
section, we study configuration of domain walls attached to
the Abelian axion string or to the Alice string. The former
situation involving the Abelian strings may be realized at
the chiral phase transition through the Kibble-Zurek
mechanism [46,47]: At the chiral phase transition, two
kinds of domain walls may be created elsewhere. If these
domain walls collide, they can be glued along an Abelian
axion string. The latter situation involving the Alice strings
will always take place in our case. To find the domain walls
attached to an Abelian axion string, we start with μ ≠ 0 in
the potential of Eq. (20). The static Hamiltonian density (in
A0 ¼ 0 gauge) is given by

H¼ 1

2
TrF2

ijþþTrjDiΦj2þλ1
2
ðTrΦ†Φ−2η2Þ2

þλ2
2
Trð½Φ;Φ†�2ÞþμðDetΦþDetΦ†Þþ const: ð43Þ

We shall first discuss vacua in the presence of Abelian
axion strings and the Alice axion strings and focus a
parameter region, in which 2η2λ1 > μ is satisfied, for VDW
not to affect hΦi significantly. This is natural for the axion
domain wall since μ is expected to be of order m2

a.

A. Abelian axion string-domain wall composite

First let us consider an Abelian axion string. Below we
show that a single Abelian axion string is attached by two
domainwalls. To understand a situation in the presence of the
walls attached to the Abelian axion string, we shall consider
an approximate ansatz of the string at a large distance as

Φ ∼ 2ηeiατ1; Aμ ¼ 0: ð44Þ
Substituting the above ansatz into Eq. (43), we find

FIG. 7. Figures of two domain walls attached to one Abelian axion string before the decay for μ ¼ 1.4, g ¼ 1, η ¼ 0.5, λ1 ¼ 2.0 and
λ2 ¼ 0.25. The string exists at the center in each figures. They show: (a) 2TrððΦ2Þ†Φ2Þ, (b) the energy density, and (c) the phase 2α. It is
noted that the α changes by π at crossing the domain wall.

7There exists an attractive force mediated by the massive gauge
field between two Alice strings at a short distance. It is expected,
however, that such Abelian strings tend to decay into Alice
strings in the presence of perturbations in the universe. Even if
Abelian axion strings survive until the chiral phase transition,
they are attached by domain walls and can be split into Alice
strings owing to the domain wall tension as shown in Sec. V.
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H ∼ 2η2½ð∂iαÞ2 þ μð1 − cos 2αÞ�: ð45Þ

The potential in the above Hamiltonian is nothing but the
potential of Eq. (19) with α ¼ a=2η. As noted already, α
sweeps full circle (0 ≤ α ≤ 2π) around the axion string,
however, the potential shows that the system has two vacua at
α ¼ 0 orπ and thiswould create twodomainwalls attached to
theAbelian axion string:NDW ¼ 2.αwould be almost zeroor
π everywhere however changes at the place where domain
walls are created. In other words, there are two different
domainwalls:One is connecting thevacuumatα ¼ 0 and that
at α ¼ π. Another is doing the vacuum at α ¼ π and that at
α ¼ 2π ≡ 0. We call them DW1 and DW2 respectively. The
whole configuration canbe regarded as a junctionof these two
domain walls (DW1 and DW2), whose junction line is
nothing but an Abelian axion string. Figure 7 shows a full
numerical simulation of such a configuration, obtained by the
relaxation method. We used larger a lattice of 700 × 700
pointswith lattice spacing 0.2.Wehave taken g ¼ 1,μ ¼ 1.4,
η ¼ 0.5, λ1 ¼ 2.0 and λ2 ¼ 0.25 for our computation of
domain wall-string composites. Here, we put a large friction
around a string to prevent this configuration to decay, as
described below.

B. Alice axion string-domain wall composite

In this subsection we discuss the formation of domain
walls in the presence of two Alice strings produced via the
decay of the parent Abelian axion string. To understand
behavior of the walls, we similarly start with field con-
figurations at a large distance as

Φ ∼ η

�
0 eiα

1 0

�
; Ai ∼ −

1

2g

ϵijxj

r2
τ3

ði; j ¼ 1; 2Þ; A0 ¼ A3 ¼ 0: ð46Þ

With this ansatz, the static Hamiltonian density in Eq. (43)
reads

H ∼ η2
�
1

2
ð∂iαÞ2 þ 2μð1 − cos αÞ

�
: ð47Þ

Herewemay check the difference fromEq. (45). In this case,
the vacuum is still at α ¼ 0 (or 2π) whereas the field range is
given by 0 ≤ α ≤ 2π. As a result, there will exist only one
domain wall attached to one Alice axion string. This is a
similar to the vacuum with NDW ¼ 1. The model is also
identical to the sine-Gordon model in two dimensions and a

FIG. 8. Figures of two domain walls attached to two each Alice axion strings after the decay of the parent Abelian axion string for
μ ¼ 1.4, g ¼ 1, η ¼ 0.5, λ1 ¼ 2.0 and λ2 ¼ 0.25. They show: (a) 2TrððΦ2Þ†Φ2Þ, (b) energy density, (c) the phase α, (d) non-Abelian
magnetic field F3

12ðx; yÞ, (e) the magnitude of the magnetic fields
P

α F
α2
12. It is noted that α changes by 2π at crossing the domain wall.
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domain wall solution along the x-axis interpolating between
the two vacua can be written as α ¼ 4 tan−1 e�

ffiffiffiffi
2μ

p
x.

For μ ≠ 0 in computation, when an Abelian axion string
attached by two domain walls is initially created and decays
into two Alice axion strings, each domain wall remains
attached to Alice strings as shown in Fig. 8. For numerical
calculations, the relaxation method is used and the same
parameters are chosen as before.
There exist two kinds of the Alice axion strings when

one focuses on Eq. (25). One has the non-Abelian flux
parallel to the orientation defined by the Uð1ÞPQ:
eiθ=2Ω ¼ eiθ=2eiθτ

3=2, where eiθ=2 ∈ Uð1ÞPQ. Another has

the flux opposite to the orientation: eiθ=2Ω ¼ eiθ=2e−iθτ
3=2

(with a modulus parameter of π). We call these strings
Alice1 and Alice2 respectively. To flip the sign simulta-
neously by θ → −θ gives the same configuration because
this is to see the same string in different ways: the string
seen from a positive z coordinate or from a negative z
coordinate. So, Alice2 with eiθ=2e−iθτ

3=2 is physically
equivalent to that with e−iθ=2eiθτ

3=2. Factors of e�iθ=2 in
Uð1ÞPQ (with the same Ω ¼ eiθτ

3=2) imply the way to

approach domain walls in the axion space. After one
rotation around the Alice1 with 0 ≤ θ=2 ≤ π, one meets
DW1. Further, with Ωð2πÞ ¼ eiπτ

3 ∈ Z2 ⊂ H, the vacuum
is smoothly connected. At the chiral phase transition, like in
the NDW ¼ 1 case, a single Alice1 is attached by a single
DW1, whereas a single Alice2 is attached by a single DW2.
See Fig. 9.
In the actual cosmological history, once an Abelian

string is created after the PQ symmetry breaking, it will
quickly decay into two Alice strings in the presence of the
repulsive force between them. Then domain walls, which
are created after the chiral symmetry breaking, attach to
Alice strings, and they shrink to a point owing to the wall
tension like in the NDW ¼ 1 case. Even if an Abelian sting
attached by two domain walls is created at the chiral phase
transition by the Kibble-Zurek mechanism, the Abelian
string can be split into two Alice strings in the presence of
the wall tension. Then, one Alice string is attached by one
wall and each of the walls similarly shrinks to a point by the
tension. See Fig. 10.

VI. CONCLUSION AND DISCUSSIONS

The axion is an attractive candidate of dark matter, while
stable networks composed by stable strings and walls may
be created after the breakdown of Uð1ÞPQ and ZNDW

embedded in Uð1ÞPQ. They can cause cosmological disas-
ters since the energy density of them can finally dominate
that of the universe. The Lazarides-Shafi mechanism is one
of the solutions to the domain wall problem. We have
studied this mechanism in detail based on a recently
proposed model [22], showing dynamics of axion strings
and walls. Even if Abelian axion strings are formed in the
early universe, each of them is split into multiple Alice
axion strings due to a repulsive force between the Alice
strings even without domain wall. When domain walls
are formed as the universe cools down, a single Alice
string is attached by a single wall because a vacuum is
connected by a non-Abelian rotation without changing

FIG. 9. A schematic figure for Alice strings attached by domain
walls. There exist also two kinds of Alice string depending on the
orientation and the flux. At the chiral phase transition, DW1 is
attached to Alice1 whereas DW2 is attached to Alice2.

(a) (b)

FIG. 10. Schematic figures for decay of Abelian axion string into two Alice strings attached by domain walls. (a) An Abelian axion
string can quickly decay into two Alice strings in the early universe. (b) Even if an Abelian string survives at the chiral phase transition, it
can be split into two Alice strings attached by domain walls in the presence of domain wall tension. In both cases, each of the walls
shrinks to a point by the tension finally.
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energy. Such walls do not form stable networks since they
collapse by the tension of the walls, emitting axions. Even
if domain walls attached to the Abelian axion strings are
created by the Kibble-Zurek mechanism at the chiral phase
transition, the Abelian string can be split into Alice strings
and one domain wall is attached to one Alice axion string.
Such walls can shrink to a point owing to the wall tension
like in the NDW ¼ 1 case.
Several discussions are addressed here. The model of

Ref. [22] was also proposed as a model for a monopole dark
matter. A monopole in the conventional Alice theory
[SOð3Þ gauge theory with scalar fields of the fiveplet]
admitting Alice strings was studied in Refs. [61–64]. In
particular, a monopole is not spherical and decays into a
twisted Alice ring depending on choice of parameters
[62,63]. It would be interesting to study if the same would
happen in our case. In fact, it is known that a global analog
(global monopole) shows this property [43]. A dyon with
an electric Uð1ÞH charge may be realized as a vorton,
namely a persistent electric current flows along a ring.
Dyons can be dark matter if their (mini)electric charge,
which may be obtained via a kinetic mixing between
Uð1ÞH and electromagnetism, is below experimental
bounds. It is also worth pointing out that the conventional
monopole charge of π2 is not well defined in the presence
of an Alice string, because a monopole becomes an
antimonopole when it encircles around an Alice string,
as a dual of electric charge encircling around the Alice
string. Instead of using the usual homotopy group π2, a
monopole charge must be defined in terms of the Abe
homotopy [44].
There can exist infinitely long (Abelian) strings pro-

duced after the PQ breaking. In such cases, the scaling
solution is found to be violated by a logarithmic growth of
the string scaling parameter in time [65,66]. It might be
hard for wide walls attached to long strings to shrink to a
point, hence simulations for them may also be altered.
When two Abelian cosmic strings collide, they reconnect
each other, which is an important process for cosmic strings
to reduce their number. Alice strings have Uð1Þ moduli
corresponding to fluxes, and so it is unclear if they
can reconnect. In this regard, two non-Abelian strings with

non-Abelian fluxes were shown to always reconnect [67],
and so it would be true for Alice strings. Further, a nature of
reconnection among Alice strings may be different from
that among Abelian strings due to a force existing among
Alice strings, so the number of long Alice strings could
differ from that of a long Abelian string. The number of
long Alice strings would be significant to a solution to the
domain wall problem. In any case, the axion abundance
needs to be correctly estimated and may be modified from
Eq. (9). Thus, an allowed region for the axion decay
constant may be altered. If there is no allowed region, the
PQ symmetry breaking might be required to take place
before or during inflation, and constraint on isocurvature
may be important then.
In future observations, gravitational waves produced by

the decay of strings and walls may be detected, depending
on axion model [68,69]. That can be an important signal to
verify the presence of axion dark matter produced by the
topological objects. In particular, gravitational wave pro-
duction in the early universe with and without axions can be
quite different which should be explored in the future.
If topological objects appear in dark matter models, it is

necessary to study the nature of the objects in detail, for
precise estimation of dark matter.
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