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Axion is a promising candidate of dark matter. After the Peccei-Quinn symmetry breaking, axion strings
are formed and attached by domain walls when the temperature of the universe becomes comparable to the
QCD scale. Such objects can cause cosmological disasters if they are long lived. As a solution for it, the
Lazarides-Shafi mechanism is often discussed through introduction of a new non-Abelian (gauge)
symmetry. We study this mechanism in detail and show configuration of strings and walls. Even if Abelian
axion strings with a domain wall number greater than 1 are formed in the early universe, each of them is
split into multiple Alice axion strings due to a repulsive force between the Alice strings even without
domain wall. When domain walls are formed as the universe cools down, a single Alice string can be
attached by a single wall because a vacuum is connected by a non-Abelian rotation without changing
energy. Even if an Abelian axion string attached by domain walls is created due to the Kibble Zurek
mechanism at the chiral phase transition, such strings are also similarly split into multiple Alice strings
attached by walls in the presence of the domain wall tension. Such walls do not form stable networks since

they collapse by the tension of the walls, emitting axions.

DOI: 10.1103/PhysRevD.101.075026

I. INTRODUCTION

The standard model successfully explains various phe-
nomena in experiments. However there exist several
unsolved problems. One of the problems is the strong
CP problem. We may have a CP violating term in QCD:

g -
L= 0505G"Gy, (1)

where 0 is a constant parameter, g, is the strong coupling
constant, Gy, is the gluon field strength, and ij,, is its dual.
Measurements of the neutron electric dipole moment give a
constraint that |§| < 107!° [1], while a naive expectation is
that |6] = O(1). Without any mechanisms, this would
require a fine-tuning. The problem can be naturally solved
if one introduces the Peccei-Quinn (PQ) mechanism with a
global U(1) symmetry denoted by U(1)pq [2-4]. After the

fchandra@phys—h.keio.ac.jp
"thigaki@rk.phys keio.ac.jp
'Lnitta@phys-h.keio.ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2020,/101(7)/075026(14)

075026-1

spontaneous U(1)pq breaking, a pseudo-Nambu-Goldstone
boson called the QCD axion appears. When the U(1)pq
symmetry is explicitly broken by the QCD instanton effect
via chiral anomaly between U(1)pq and QCD, the axion
vacuum is at a CP-conserving minimum of the potential
and the axion solves the strong CP problem. The axion
decay constant f, is of the order of the U (I)PQ symmetry
breaking scale, and the so-called axion window is given by

10° GeV < f, < 10'2 GeV. (2)

The lower bound comes from the SN 1987A neutrino burst
duration [5]. The upper bound comes from the dark matter
abundance by the misalignment mechanism without a
tuning of the initial misalignment, in which the coherent
oscillation of the axion around the vacuum accounts for the
abundance [6-8]. See e.g., Refs. [9,10] for reviews.
Physics of the axion is related to the history of the
universe. Below the temperature of 1 GeV, QCD instantons
breaks the U(1)pg to Zy,  symmetry, where Npy is an
integer called the domain wall number, then there appear
Npw vacua. Along with the PQ symmetry breaking,
domain walls attached to strings are formed [11-15] once
one of the vacua is chosen. The cosmological scenario
depends on when the breakdown of the PQ symmetry takes
place. If the PQ symmetry is broken before or during
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inflation, strings and walls are inflated away because the
axion field value becomes homogeneous over the scale of
the Hubble horizon after inflation. They cannot affect on
cosmological observations, however, there exists a strin-
gent constraint on isocurvature perturbation produced by
the axion during the inflation [16]. If the PQ symmetry is
broken after inflation, such a constraint does not exist, but
walls and strings may survive until late time and can affect
on evolution of the universe. We will focus on the latter
case in this paper.

A stability of walls attached to strings is known to
depend on Npy, which is related to a topological charge.
For Npw =1, the domain wall attached to a string
collapses owing to its tension, emitting axions. On top
of the misalignment, axions produced by their decays
accounts for a fraction of the dark matter abundance
[17,18]. For Npw > 1, the domain walls attached to a
string constitute complex networks, which are called string-
domain wall networks. The walls in the network pull each
other with their tensions and they do not shrink to a point,
thus networks can be long lived. They eventually dominate
the energy density of the universe beyond those of radiation
and matter, and conflict with the standard cosmology. This
is called a domain wall problem [14].

For a solution to the domain wall problem, several ideas
have been proposed so far [19-22]. Among them, we will
focus on an axion model associated with a continuous non-
Abelian gauge symmetry proposed by Lazarides-Shafi
[20]." One might think that a topologically stable domain
wall is formed when Zy_ symmetry is spontaneously
broken by choosing the vacuum. However, when the non-
Abelian symmetry is also spontaneously broken at the same
time and a combination of Zy and the broken non-
Abelian rotation can make the vacuum invariant, the vacua
are also continuously connected also by the non-Abelian
group without changing energy. This is because the non-
Abelian rotation is equivalent to a travel in the space of
would-be Nambu-Goldstone (NG) modes. Then, a topo-
logical property of such a domain wall for any Npw
becomes trivial like in a case with Npw = 1. Hence the
domain wall problem is solved. This is called the
Lazarides-Shafi mechanism.

However, behaviors of strings and walls in the mecha-
nism have not been discussed much in literature, while the
authors of Ref. [22] discussed the decay of Abelian axion
strings to Alice axion strings to solve the domain wall
problem based on the mechanism. In this model, we may
have Npw = 2 and a single axion string is attached by two
domain walls, seemingly having a domain wall problem.
The Alice string produced by the decay plays a crucial role
to realize a situation similar to the Npw = 1 case, in which
one Alice string is attached by one domain wall. Hence the

'Non-Abelian global symmetries are also viable for solving the
domain wall problem [23].

network is unstable in the presence of the domain wall
tension. (See Refs. [24,25] for Abelian string and also
Refs. [26,27] for reviews of cosmic strings.)

Alice strings have a peculiar property that when the
electric charge of a charged particle encircles around an
Alice string, it changes its sign [28,29]. Other peculiar
properties, such as a topological obstruction, a nonlocal
charge called the Chesire charge, and non-Abelian statis-
tics, have been studied in the literature [30-37]. While a
typical Alice string is present in an SO(3) gauge theory
with scalar fields in the fiveplet representation (a traceless
symmetric tensor), recently it has been found thata U(1) x
SO(3) gauge theory with complex triplet scalar fields also
admits an Alice string, which is a Bogomol nyi-Prasad-
Sommerfield state [38,39] and is stable, thereby possible
to be embedded into supersymmetric theories [40,41]. A
global analog was known in the context of Bose-Einstein
condensates in condensed matter physics [42—45]. The
Alice axion string proposed in Ref. [22] is the case that only
the U(1) part is global identified with an axion, while the
SU(2) part is a gauge symmetry.

In this paper, we show why the domain wall problem is
solved physically in more detail, focusing on dynamics of
domain walls and two types of axion strings. It is found that
even if Abelian axion strings are formed in the early
universe, the string decays into multiple Alice axion strings
owing to a repulsive force between the Alice strings. When
domain walls are formed at the chiral phase transition as the
universe cools down, a single Alice axion string is attached
by a single wall because a vacuum is connected by a non-
Abelian rotation without changing energy. Such walls do
not form stable networks since they collapse owing to the
tension of the walls, emitting axions similarly to the
Npw = 1 case. Also, at the chiral phase transition, two
types of domain walls may be created by the Kibble-Zurek
mechanism [46,47], and can be glued along an Abelian
axion string. The Abelian axion string is pulled by these
domain walls and is split into multiple Alice axion strings,
each of which is attached by one domain wall. In either of
these cases, the domain wall problem can be solved.

The rest of this paper is organized as follows. In Sec. II,
we briefly review the QCD axion and domain wall
problem. In Sec. III, we introduce an axion model with
heavy quarks and a new gauge symmetry for solving the
domain wall problem. In Sec. IV, properties of strings and
domain walls are studied. In Sec. V, we study domain walls
attached to strings. Section VI is devoted to discussion and
conclusions.

II. REVIEW OF THE QCD AXION
AND DOMAIN WALL PROBLEM

In this section, we review the QCD axion based
on the Kim-Shifman-Vainstein-Zakharov (KSVZ) model
[48,49] and domain wall problem for simplicity. (The
Dine-Fischler-Srednicki-Zhitnitsky model [50,51] can be
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also discussed in a similar way.) Let us consider a
coupling

L£L=y0'®Q +He. (i=12 ... Npw). (3)

Here, (Q, Q) are Npy pairs of extra heavy quarks in the
SU(3), gauge symmetry, and ® is a complex scalar singlet
under the Standard Model gauge symmetry. This coupling
is invariant under the global U(1)pg symmetry:

Q — e 0, 0 - 0, ® — P, (4)
Here 0 is a transformation parameter. Suppose that after
inflation @ develops vacuum expectation value (VEV) 7
and the U(1)pq is spontaneously broken down. Thus the
scalar field is parametrized as

@z\/i(n—i-g)exp(iz%). (5)

Here o is supposed to be stabilized and we neglect it
throughout this paper, a is the QCD axion. Note that a
U(1)pq rotation of a — a + 27+ (25) is a symmetry. All
pairs of extra quarks obtain heavy mass v/2yy x e, After
integrating out extra quarks with the rotation of QQ —
e~ 00, we obtain

2 . 2
LI Gawge,  where f,=—1  (6)

- E?)zﬂz NDW

via the chiral anomaly between U(1)pg and SU(3)... Thus
(a) = 0 means the CP-conserving vacuum. After the chiral
symmetry breaking in QCD, gluons and light quarks are
integrated out, and the axion potential can be written as

V(a) = mf2 (1 — cos (}%)) ~ cos (NDW zin) G

Here, m, is the pion mass and f, is the pion decay constant.
As desired, (a) =0 is obtained in the vacuum and the
strong CP problem is then solved. The axion mass is
given by

masz”f”z6x 10~ eV<

a

a

Note that a — a + 2z f, is the Zy , symmetry against the
above potential, in addition to the original larger symmetry
of a = a + 2aNpwf,. Thus, there exist Npyw vacua. Once
one of the vacua is chosen, Zy symmetry is sponta-
neously broken and topologically stable domain walls
(attached to Abelian strings) appear between vacua for
Npw > 1. When one classically travels from a vacuum to
the next one in the axion field space, it is necessary to climb
the potential energy. The walls pull each other with their

tensions and they do not shrink to a point, thus can be long
lived. The presence of stable domain walls conflict with the
standard cosmology, because they eventually dominate the
energy density of the universe beyond those of radiation
and matter. It is verified in simulations that domain walls
survive until late time for Npyw > 1, while they decay for
Npw = 1 or in the presence of bias potential for Npy > 1
[17,18]. For Npw = 1, the axion dark matter abundance
produced by decays of walls and strings is estimated as

o102 o\ 9
alt 100 Gev) ©)

III. THE MODEL WITH A NON-ABELIAN
GAUGE SYMMETRY

Following Ref. [22], we explain the model to implement
the Lazarides-Shafi mechanism in the KSVZ case. We shall
start with the hidden SU(2), gauge theory on top of the
global U(1)pg symmetry. The Lagrangian is given as

1 i
£ = =T, P 4 T|D,®F = V(®) + (y0PQ + Hec.).
(10)

where F,, is the SU(2), gauge field strength, ® is a
complex adjoint scalar field and (Q, Q) are extra quarks
charged also under both SU(2), and U(1 )PQ.2 Their charge
assignment against (SU(3).,SU(2)y, U(1)pq) is as fol-
lows: @: (1,3,1),0: (3,2,—-1)and Q: (3,2,0). SU(2),
adjoint fields can be expanded with the SU(2) generators
¢ = %6“ as ® = ¢t and A, = Aj7?, and the covariant
derivative is defined as D,® = 9, — ig[A,, ®|. Here g is
the SU(2),, gauge coupling. The potential for @ is given as

V(®P) = %(Tr(qﬂcb) -27)? + %Tr([cb, ®f2).  (11)

This is a usual potential for complex adjoint scalar field that
breaks U(1)pg x SU(2)y spontaneously. Later we will
consider an explicit violation term for U(1)pg, Which is
relevant to axion mass and domain wall construction. The
ground state is given by the solution of the equations

Trd'® = 25, [@,®] = 0. (12)

The vacuum solution we may generally choose as

(@) = 257! = po!. (13)

*To avoid overproduction of massive particles at a high
temperature, the SU(2), doublet scalar field with TeV mass is
introduced. As a consequence, extra quarks need to be charged
under U(1)y. Further, there may exist observational signals, but
we will focus only on configurations of strings and walls.
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The VEV breaks U(1)pq and SU(2)y, then there exists the
unbroken U(1), gauge symmetry with a generator of 7'.
This vacuum is invariant under O(2) rather than SO(2).
The elements are given as

H={(1, et (=1,i(c;6* + 0263)63"‘”1)}. (14)

Here a, ¢| , are parameters and the condition of ¢ + ¢3 =
1 is satisfied. The first entry of each element of H is U(1)pq
and the second entry is the element of U(1) C SU(2)y,
group, which can act as adjoint representation on (®). The
first element is the usual element of U(1), C O(2) con-
nected to identity element (1,1). However, the second
element is a nontrivial Z,. Note that ¢”"%e = —1 for
Opq = 1, where Qp is the PQ charge of the @, and ™™ =
ic” for a = 2, 3: The first entry is 7 rotation of U(1)pg and
the part of second entry i(c,6? + c,6°) gives x rotation of
broken SU(2), around an axis orthogonal to z!. So the
second element of H is referred to as the disconnected
elements of O(2).

More specifically we may describe the symmetry break-
ing procedure as

G = U(1)pq x SUZ(?H ~ U(1)pg X SOG3)
S H=27,x U(1)y~0(2), (15)

where X denotes the semidirect product because the Z,
caused by z rotation in the above discussion does not
commute with the unbroken U(1), generated by z'. The
vacuum manifold® is found to be

U(l)pg x SO(3) 8" x §?
0(2) 7,

G
== (16)
The fundamental group is 7;(G/H) = Z, and this shows
the existence of strings. It is noted that @ has 6 degrees of
freedom. In this vacuum, two of three NG modes associated
with the broken SU(2),, are eaten by the gauge fields A?
and A3, which get massive. The rest (pseudo)NG mode
relevant to U(1)pq is the QCD axion denoted by a. The
remaining three modes of ® also become massive in the
vacuum [22].

By integrating out extra heavy quarks with a mass
matrix of

® = 2pele/2n7! (17)
we have

37, in the original SU (2) is the center acting on @ trivially.
Even though there exist doublets, the vacuum manifold does not
change unless they develop VEVs.

a ¢ ~ a ¢ .

L = Npy——-5G"G4, + Npw ——— F"F,,. (18

DW 2}/[ 32”2 2% + DwW 27] 327[2 v ( )

Here, Npw = 2 and Np, = 3, and F’* is the unbroken

U(1), gauge field strength. After the chiral symmetry
breaking in QCD, the axion potential can be written as

V(a)=mf? <1 —cos (NDW 2‘;))
- mgfg(1 — cos (}%)) (19)

Here, m, ~m,f,/f, and f, = Nzﬁ To study domain wall
later, we parametrize this potential with @ as

Vpw(®) = p(Det® + Det®') + const. (20)

Here y is assumed to be of O(m2/N%y,) constant. A
constant term is added to make the vacuum energy positive
definite. This form is motivated by the fact that axion and
walls do not appear for ® = 0. (See also [52].) Vpw (D)
will be added to V(®) of Eq. (11) in the following sections
about domain walls. Since Npw = 2 vacua are connected
by Z, embedded both in the U(1)pp and the broken
SU(2)y, which acts as (®) - —(®), the domain wall
problem is solved as seen later. For a general Npy, a model
with an SU(Npw)y (gauge) symmetry is viable to imple-
ment the Lazarides-Shafi mechanism, because Z, . of the
center in SU(Npw )y connects Npy vacua.

Now, we have also monopole since 7,(G/H) = Z. It can
be also a candidate of dark matter with mass of 10'° GeV
which is supposed to be created by the first order phase
transition of the SU(2), at a high temperature around
3 x 10° GeV [22]. The monopole can become a dyon with
an electric U(1) charge via the Witten effect [53] when the
axion cannot cancel the CP phase in the hidden sector 6
term. Then the monopole may have minielectric charge
via kinetic mixing between the photon and hidden photon
in the U(1),. We assume that the minicharge is sufficiently
small to evade experimental bounds [54,55]. The mono-
pole will not give further effects to the solution to the
domain wall problem in the KSVZ case. For Npyw > 2
with SU(2),, however, the Witten effect to the axion
mass in the early universe [56] can give a significant effect
to solve the domain wall problem in the presence of
monopoles [21,22].5

4/4 actually depends on temperature of the universe via QCD
instanton. We will focus on a period during when domain walls
are formed below a temperature lower than 1 GeV around which
the axion mass is close to that at zero temperature.

The monopole can also play an important role in suppressing
isocurvature perturbation of the axion generated during inflation
[21,57,58], if the PQ breaking occurs before/during the inflation.
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IV. CONSTRUCTION OF STRINGS

Since the fundamental group of the vacuum manifold is
an integer so we may expect topological string solutions. In
this section we discuss two kinds of string solutions. One is
an Abelian axion string originating from U(1)pg symmetry
breaking and this kind of strings can be thought of as usual
global Abelian strings. Another is nontrivial Alice axion
strings which contain non-Abelian magnetic flux. This
string can be classified by the elements of the unbroken
group H = O(2). In the following, we discuss the splitting
of one Abelian axion string into two Alice axion strings.
We show full numerical results of the splitting and will set
Vow(®) = 0 in this section.

A. Abelian axion strings

Here we would like to discuss the fully Abelian axion
string which results from the U(1)p, breaking. The
axisymmetric ansatz for this string is given by

@ = 2nf(r)emic!, A, =0, (21)
where m is winding number, r and € are radial coordinate
and azimuthal angle respectively. The boundary condition
is given by f(0) =0, f(p) = 1, where p is the system size
in the radial direction. The profile function f(r) can be
calculated from the axisymmetric equations of motion with
this boundary condition. After inserting the above ansatz
for m = 1, we easily find the static Hamiltonian for ® with
Eq. (10). The two-dimensional integral of the Hamiltonian
density is given by

HP —/dezqz{f'(r)2+ <@)2+m2(f(r)2—1)2}.

(22)

Here prime denotes the derivative with respect to r. Note
that because the above Hamiltonian is written in a static
case we have H®) = —L, where L = [ d*xL is the two-
dimensional integral of the Lagrangian Eq. (10) with the
ansatz. With the radial coordinate, the one-dimensional
Euler-Lagrange equation of the profile function reads

_1d df()

rdr dr

)RR =) =0, (23

The numerical result is shown in Fig. 1, while the analytical
solution of the above equation is not known. The tension
(energy per unit length) of these strings is found from the
above H(?). The approximate value of the tension far from
the string core is easy to compute if we insert the ansatz at a
large distance into the Hamiltonian:

Tpg=H? z/dszr|8id)|2~2ﬂx2n2 xm*logp.  (24)

1.0}
08}
0.6
|f
0.4F
02l
1 n n n 1 n n n 1 n n n 1 n n n 1 r
2 4 6 8 10
FIG. 1. Radial dependence of the profile function of f(r) for

m=1,n=2and 1, =0.2.

We may notice that energy is logarithmically divergent and
energy depends on the square of the winding number m>.
The energy stored inside of the core is estimated as of order
7%, to which the scalar potential contributes, and can be
neglected at a large distance. It is always energetically
favorable to decay the higher winding number string into
lower winding strings. Since Alice axion strings have
m = 1/2 as seen later, so an Abelian axion string with
m = 1 decays into two Alice axion strings.

B. Alice axion strings

The Alice axion string is a kind of topological string
which changes the sign of electric charge of a probe particle
with an original gauge symmetry after one encirclement
around the string. In our case, the generator of the unbroken
U(1), changes its sign with the SU(2) after one rotation.
This is because a particle charged under the U(1), is
affected by the broken SU(2) flux inside the Alice string.
To understand this better, let us first consider the field value
rotating around an Alice axion string, which depends on the
azimuthal angle at a large distance p,

(0 e .
(p,0) ~ n< ‘302) = cHQ(0)D(p. )21 (0).
1 €..xj
A~———L (i, j=1,2), Ay =A; =0.
i 29 2 (i, ] ) 0 3

(25)

Here, x? + y? = r2, ®(p,0) = 25! = (®) and the holon-
omy Q(6) rotating the ®(p, 0) by 6 can be defined by the
broken SU(2), gauge field:
ig f 7 A-dl 973
Q(0) = PeJo =" e SU(2)y, (26)
where we used 0,0 = —¢;;x/ /r?. It is easy to compute the
(non-Abelian) flux in the broken SU(2),, trapped inside the
string:
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Flux:fA-dlzfﬁ. (27)
g

This SU(2) holonomy can also be Q(6) = ¢ or more
Q(0) = e with 7 =sinaz® + cosar® =
. Correspondingly, the flux is along 7. The
presence of a can be understood as follows. The unbroken
symmetry U(1), of the vacuum is generated by 7.
However, this U(1),, acts on the Alice string solution with
a parameter a. Namely, the Alice string configuration
spontaneously breaks U(1), symmetry of the vacuum,
implying the appearance of a Nambu-Goldstone mode in
the vicinity of the Alice string. Therefore, a parametrizes a
continuous family of the Alice string solution of the same
energy, and is a U(1) modulus of the Alice string [41].

While (@) in Eq. (13) is invariant under the U(1), with
71, ®(p, 0) in Eq. (25) is not invariant under such unbroken
elements in Eq. (14) because the unbroken transformation
for ®(p, ) becomes angle dependent. The U(1),, generator
must be changed by the holonomies with the gauge field
when it goes around the Alice string as

generally

eia‘rl,l.'}ve—iarl

0y = Q(0)0,Q(0)™". (28)

Here Q, o 7!, thus transformations with Q, make ®(p, 0)
invariant as e ®(p,0)e~ % = ®(p, ), where f is a
|

H? = / d’x [1 TrF?% + +Tr|D;®|* + v@)}

2
:2n/rdr[ {f’2+f f ( 5) Jizaz %(f2+f2 2)? +’7212(f%_f%>2}+

transformation parameter. After encircling a full loop

around the Alice string, we find that Q(27) = ¢ €
Z, C H, hence the unbroken generator becomes

Qs = —Qo. (29)

This is nothing but the most characteristic property of the
Alice string; the charge of a charged particle flips its sign
when it encircles around an Alice string.

To find a solution of the Alice axion string, we shall
consider an axisymmetric ansatz as

0 fl(”)elH)
¢ ,9 - )
() ”<f2<> 0
1
A= 2g€rf a(ri,j=1,2),
A0:A3:0, (30)

where f,(r) and a(r) are profile functions of the scalar
fields and gauge field with the boundary condition that
[1(0)=12(0)=0, fi(p)=f2(p)=1, a(0) =0, a(p) = 1.
After inserting the above ansatz, two-dimensional inte-
gration of the static Hamiltonian density can be ex-
pressed as®

As in the Abelian string case, the equations of motion of the profile functions read

1d

rdr
1d
rdr

d d
- <;%a(r)> +4g2;72f1(r)2<1 —g) +2

The profile functions are solved numerically for several
values of 4, and 4,, and plotted in Fig. 2. It is noted that in
the equation of motion for f, the potential contribution can
vanish if A, = 24, is taken.

®Although in the Hamiltonian there is no 1/¢? term in front of
the gauge kinetic term, ansatz of the gauge field includes 1/g.
After all, we have the gauge coupling dependence only on the
gauge kinetic term.

i (P ni0) 5 (1=5) 104 APUACP + 1207 = D000 + 2P0 = () =0
L (o)) R0+ AP (0 = D10 = 2P( = B =0

PP fa(r)?a(r) =

The tension far from the string core can be approxi-
mately computed with the ansatz at a large distance p in
Eq. (25):

TAlice = H(

) ~ / d*xTr|D;®|? :g x 2n*logp. (33)

It should be noted that the energy of the Alice axion string
is also logarithmically divergent and the same as that of the
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1.0} | R
— \ N
— ( 1.0f ———
0.8f 0.8} ‘
/ 0.8}
0.6f H 0.6f Rl Wil
[ V] / |_B?) 0.6¢ [ v
[ Wl [ o [ [
0.4 [\ 0.4 / 0.4 /
0.2 / 0.2ff 0.2f/ \
| \ | :\
. L . r L r . L r
2 4 6 8 10 2 4 6 8 10 2 4 6 3 10

(@)

(b) (c)

FIG. 2. Radial dependence of the profile functions of f(r), f2(r) and a(r) for g = 0.5 and 5 = 2. The remaining parameters are
chosenas: (a) 4, = 0.2and 4, =02 (¢t =1<2),(b)4; =04and 4, =02 (¢t =2),and (¢c) 4, = 0.6and 4, = 0.2 (}* = 3 > 2. Thisiis

z
used also in Sec. V.

Abelian axion string with m = 1/2 in Eq. (24). Here there
would be a contribution from the SU(2) magnetic field
%TrF ?j, however that we have neglected due to the
logarithmic divergence of the leading term and the energy
stored inside the core of the Alice string is estimated as of
order 7%, to which fluxes and the scalar potential contribute.
As mentioned in the previous subsection, an Abelian axion
string (with m = 1) can decay into two Alice axion strings
(with m = 1/2), since the energy of the Abelian strings gets
lower by the decay: 12 > (1/2)> + (1/2)> = 1/2 in the
m = 1 string tension unit, whereas the winding number is
conserved. The remaining 1/2 energy is thought to be
converted to axions at the decay, and they will contribute to
a fraction of the final abundance of the axion.

C. The decay of an Abelian axion string
to two Alice axion strings

In this subsection, we try to understand the decay of
the Abelian axion string to the Alice axion strings. As
seen above, the tension for the Abelian string is different
from the Alice strings by a factor 4. So the Abelian string
(with m = 1) is always energetically favorable to decay
into two Alice strings (with m = 1/2) with the conserved
winding number. These two Alice axion strings produced
by the decay must have opposite flux direction, since the
parent Abelian axion string contains no flux and a field
configuration at a large distance does not change through
the decay. The configuration of @ at an angle € and a large
distance p, which is far from the string core, can be in
general written by

@ (p,0) = hoh(®)h',

Q = {(ho. h)|hg € U(1)pq.

h= Pt )i A e sU2),,), (34)
@(p.271) = @(p,0) = (@) = 2n7', (35)

where Q = Q(0) is a path dependent rotation matrix with
two entries around the strings in the axisymmetric case. For

A

an Abelian string, the gauge field is vanishing, whereas for
an Alice string with the positive flux the gauge field is
given by the ansatz in the previous subsection. For a full
loop we have Q(27) = (hy(27),h(27)) € H of O(2),

where h(2z) = Pe" $44 For a rotation around the
Abelian axion strings by 0, Q°(0) = (e, 1) and Q°(27) =
(1,1) € H, where zero denotes for one rotation around the
Abelian axion string. For a rotation by # around a single
axisymmetric Alice axion string with a positive flux,
Qt(0) = (e, ¢) and Q*(27) = {-1,ic°} € H. This

is similar to Q™ for the Alice string with a negative flux:
0.3

Q= (0) = (e, ¢7) and Q~(27) = {~1,—ic’} € H.

Now let us understand what happens at the decay of the
Abelian axion string to two Alice axion strings. Just at the
time when a single Abelian axion string is split into two
Alice strings, the boundary condition remains unchanged
because it is understood with Q. To show it, we draw a loop
C around the Abelian axion string before splitting. In this
case, the Q is given by Q°(C) = (1,1). Just after the
splitting, we divide the loop in two parts as C = C; + C,
and we close the loops by connecting the points a and b by
the path R as shown in Fig. 3. In this case we have

Q_(Cl +R) = (ho(cl —|—R) = ei”,

h(C, + R) = pe' e (36)

Q*(Cy = R) = (ho(C; = R) = €',

)- (37)

h(Cy — R) = Pe Yot

So we find

QV(C) = Q*(C, = R)Q(Cy +R) = (1, P $e A4 — 1),
(38)

This shows that field configurations at a large distance do
not change, while the splitting takes place.
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b QO
QUC)=QHC-RQ(C+R)
C=C+R+GC—-R
a

FIG. 3. Loops around the strings. Left: A loop C around the
Abelian axion string. Right: A loop C is decomposed to C| + R
and C, — R, where the former is a loop around the Alice axion
string with the negative flux and the latter is a loop around the
Alice string with the positive flux.

7(r,0)

(_aso)

(a,0)

FIG. 4. A configuration of two Alice axion strings. One Alice
string with the negative flux is at (a,0) in the x-y plane, whereas
another with the positive flux is at (—a, 0). |F| ,| are the distance
vectors from the two Alice strings from the point 7 = (r, ), and
0, , are the angles around them.
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To estimate the force between two Alice axion strings,
we take a large distance approximation, following Ref. [59]
for the same problem in the context of non-Abelian strings
in dense QCD [60]. Suppose that there exist two heavy
Alice strings, which do not move, on the x-axis in the x-y
plane at a large distance of 2a apart as shown in Fig. 4. So
the fields are approximately written as

® ~ ¢i01+62) ppid Jo A (D) Pe ™" J5 Adl

Ailx,y) ~ A () + AT () (= 1,2),

Ag=A; =0, (39)

where ASH (A§_>) is the gauge fields relevant to the positive
flux (negative flux) inside the Alice string in the absence of
another string with the negative flux (positive flux). So the
energy at large distances can be approximately written by

5z/d2xTr|Di<I>|2:an/dzx[a,-(ﬁl+92)]2—|—---. (40)

Here we neglected a small contribution from the gauge
field. It is found also that [d?x[(9;0,)> + (9;0,)*~
2 X T pjice- So the interaction energy can be expressed as

- 43 t
3
20
2 0.5
10
1
0 0 0
-1
-10
-2 -0.5
-20
-3
-30 . -4 =30 -1
0 0 10 20 30 -3 20 -0 0 10 20 3
© (d)

-30 -20 -1

Figures of an Abelian axion string before the splitting for g = 1,7 = 0.5, 1, = 2.0 and 1, = 0.25. They show 2Tr((®?)"®?),

the static energy, the phase I log Trd?(x, y) and non-Abelian magnetic field F3, (x, y) (with a gauge fixing) from left to right. It is easy

to check there is a phase jump by 2z around each string solution.

30 T T T T T 1

0.9
20 | -
0.8
0.7
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0.4
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4 30

30 . .
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1
0 o 0
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-2 h
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= )
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(©) (d)

30 -

Similar figures of two Alice axion strings after the decay from the parent Abelian axion string.
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FIG. 7. Figures of two domain walls attached to one Abelian axion string before the decay fory = 1.4, g =1, = 0.5, 4y = 2.0 and
J, = 0.25. The string exists at the center in each figures. They show: (a) 2Tr((®?)"®?), (b) the energy density, and (c) the phase 2a. It is

noted that the a changes by 7z at crossing the domain wall.

Sim ~ 4772 / dzxaﬂlaﬂz + -

2_ 2
:4772-27r/drr[ i

4+ a* — 2r’a’® cos 20
2, 2
p-+a
~ 4an* 1 . 41
L 0g< . ) (41)
Here we used 0,0 = —e,»jx//r2 and this is similar to 6 ,.

The force between two Alice axion strings is found to be
repulsive:

lagmt 47”7

Force = —_—
2 Oa =t

for p - 0. (42)

This repulsive force is mediated by the light QCD axion at a
large distance apart.” This is analogous to a Coulomb force
between particles with the same charge in two spatial
dimensions. Hence, the distance between two Alice axion
strings would increase with time and it is confirmed from
numerical calculation shown in Figs. 5 and 6. However,
note that our simulation is done in a relaxation method but
not in a real time dynamics.

For numerical solutions, we used 500 x 500 lattice with
lattice spacing 0.2. We relaxed the system in 1000000 time
steps with each time step At = 1073. The other parameters
are taken as g =1, 7 = 0.5, 4; = 2.0 and 4, = 0.25.

"There exists an attractive force mediated by the massive gauge
field between two Alice strings at a short distance. It is expected,
however, that such Abelian strings tend to decay into Alice
strings in the presence of perturbations in the universe. Even if
Abelian axion strings survive until the chiral phase transition,
they are attached by domain walls and can be split into Alice
strings owing to the domain wall tension as shown in Sec. V.

V. DOMAIN WALL-STRING COMPOSITE

So far we discussed two types of axion strings and decay
of a Abelian axion string to two Alice axion strings. In this
section, we study configuration of domain walls attached to
the Abelian axion string or to the Alice string. The former
situation involving the Abelian strings may be realized at
the chiral phase transition through the Kibble-Zurek
mechanism [46,47]: At the chiral phase transition, two
kinds of domain walls may be created elsewhere. If these
domain walls collide, they can be glued along an Abelian
axion string. The latter situation involving the Alice strings
will always take place in our case. To find the domain walls
attached to an Abelian axion string, we start with u # 0 in
the potential of Eq. (20). The static Hamiltonian density (in
Ay = 0 gauge) is given by

1 M
H=>TrF} ++Tr|D;® + (Trtl)Td) 2n%)?

2
A .
+52Tr([(l),d>’]2) + u(Det® + Det®’) +const.  (43)

We shall first discuss vacua in the presence of Abelian
axion strings and the Alice axion strings and focus a
parameter region, in which 25?1, > u is satisfied, for Vpy
not to affect (®) significantly. This is natural for the axion
domain wall since u is expected to be of order m?.

A. Abelian axion string-domain wall composite

First let us consider an Abelian axion string. Below we
show that a single Abelian axion string is attached by two
domain walls. To understand a situation in the presence of the
walls attached to the Abelian axion string, we shall consider
an approximate ansatz of the string at a large distance as

® ~ 2pelor!, A, =0. (44)

Substituting the above ansatz into Eq. (43), we find
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Figures of two domain walls attached to two each Alice axion strings after the decay of the parent Abelian axion string for

u=14,9=1,17=0.5,1 =20 and 1, = 0.25. They show: (a) 2Tr((®*)"®?), (b) energy density, (c) the phase a, (d) non-Abelian
magnetic field F3,(x, ), () the magnitude of the magnetic fields 3, F%2,. It is noted that @ changes by 2 at crossing the domain wall.

H ~27*[(0;2)* + p(1 — cos 2a)]. (45)

The potential in the above Hamiltonian is nothing but the
potential of Eq. (19) with @ = a/2#5. As noted already, a
sweeps full circle (0 < @ < 2x) around the axion string,
however, the potential shows that the system has two vacua at
a = 0 orz and this would create two domain walls attached to
the Abelian axion string: Npw = 2. @ would be almost zero or
z everywhere however changes at the place where domain
walls are created. In other words, there are two different
domain walls: One is connecting the vacuum at @ = 0 and that
at a = z. Another is doing the vacuum at a = z and that at
a =2z = 0. We call them DW1 and DW?2 respectively. The
whole configuration can be regarded as a junction of these two
domain walls (DW1 and DW2), whose junction line is
nothing but an Abelian axion string. Figure 7 shows a full
numerical simulation of such a configuration, obtained by the
relaxation method. We used larger a lattice of 700 x 700
points with lattice spacing 0.2. We have taken g = 1, u = 1.4,
n=20.5, 1, =2.0 and 4, = 0.25 for our computation of
domain wall-string composites. Here, we put a large friction
around a string to prevent this configuration to decay, as
described below.

B. Alice axion string-domain wall composite

In this subsection we discuss the formation of domain
walls in the presence of two Alice strings produced via the
decay of the parent Abelian axion string. To understand
behavior of the walls, we similarly start with field con-
figurations at a large distance as

® 0 e A 1ex |
1 0) 7T ~T

(i,j=1,2),

With this ansatz, the static Hamiltonian density in Eq. (43)
reads

H ~n? B (0;2)* +2u(1 = cosa)|. (47)

Here we may check the difference from Eq. (45). In this case,
the vacuum is still at @ = 0 (or 27) whereas the field range is
given by 0 < a < 2z. As a result, there will exist only one
domain wall attached to one Alice axion string. This is a
similar to the vacuum with Npw = 1. The model is also
identical to the sine-Gordon model in two dimensions and a
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U(l)pQ eie/z

Alice 1 Flux

J =

@
U(1)pq: e~9/2
Flux
= @

FIG.9. A schematic figure for Alice strings attached by domain
walls. There exist also two kinds of Alice string depending on the
orientation and the flux. At the chiral phase transition, DW1 is
attached to Alicel whereas DW?2 is attached to Alice?2.

Alice 2

domain wall solution along the x-axis interpolating between

the two vacua can be written as a = 4 tan™! ¢=V2,

For y # 0 in computation, when an Abelian axion string
attached by two domain walls is initially created and decays
into two Alice axion strings, each domain wall remains
attached to Alice strings as shown in Fig. 8. For numerical
calculations, the relaxation method is used and the same
parameters are chosen as before.

There exist two kinds of the Alice axion strings when
one focuses on Eq. (25). One has the non-Abelian flux
parallel to the orientation defined by the U (1)PQ:
e?2Q = ¢0/2¢%7/2 where ¢/ € U(1)p,. Another has
the flux opposite to the orientation: ¢/2Q = ¢i0/2¢=i07'/2
(with a modulus parameter of 7). We call these strings
Alicel and Alice2 respectively. To flip the sign simulta-
neously by 8 — —6 gives the same configuration because
this is to see the same string in different ways: the string
seen from a positive z coordinate or from a negative z
i6/2 e—ief3 /2

coordinate. So, Alice2 with e is physically

equivalent to that with e~®/2¢'/2 Factors of e**/? in
U(1)py (with the same Q = ¢%7/2) imply the way to

(a)

approach domain walls in the axion space. After one
rotation around the Alicel with 0 < 8/2 < z, one meets
DW 1. Further, with Q(27) = ¢ € Z, C H, the vacuum
is smoothly connected. At the chiral phase transition, like in
the Npw = 1 case, a single Alicel is attached by a single
DW1, whereas a single Alice?2 is attached by a single DW2.
See Fig. 9.

In the actual cosmological history, once an Abelian
string is created after the PQ symmetry breaking, it will
quickly decay into two Alice strings in the presence of the
repulsive force between them. Then domain walls, which
are created after the chiral symmetry breaking, attach to
Alice strings, and they shrink to a point owing to the wall
tension like in the Npw = 1 case. Even if an Abelian sting
attached by two domain walls is created at the chiral phase
transition by the Kibble-Zurek mechanism, the Abelian
string can be split into two Alice strings in the presence of
the wall tension. Then, one Alice string is attached by one
wall and each of the walls similarly shrinks to a point by the
tension. See Fig. 10.

VI. CONCLUSION AND DISCUSSIONS

The axion is an attractive candidate of dark matter, while
stable networks composed by stable strings and walls may
be created after the breakdown of U(l)py and Zy,
embedded in U(1)pg. They can cause cosmological disas-
ters since the energy density of them can finally dominate
that of the universe. The Lazarides-Shafi mechanism is one
of the solutions to the domain wall problem. We have
studied this mechanism in detail based on a recently
proposed model [22], showing dynamics of axion strings
and walls. Even if Abelian axion strings are formed in the
early universe, each of them is split into multiple Alice
axion strings due to a repulsive force between the Alice
strings even without domain wall. When domain walls
are formed as the universe cools down, a single Alice
string is attached by a single wall because a vacuum is
connected by a non-Abelian rotation without changing

DW2 ¥SB
&
Q - % Kibble mechanism

Y
\_

(b)

FIG. 10. Schematic figures for decay of Abelian axion string into two Alice strings attached by domain walls. (a) An Abelian axion
string can quickly decay into two Alice strings in the early universe. (b) Even if an Abelian string survives at the chiral phase transition, it
can be split into two Alice strings attached by domain walls in the presence of domain wall tension. In both cases, each of the walls

shrinks to a point by the tension finally.
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energy. Such walls do not form stable networks since they
collapse by the tension of the walls, emitting axions. Even
if domain walls attached to the Abelian axion strings are
created by the Kibble-Zurek mechanism at the chiral phase
transition, the Abelian string can be split into Alice strings
and one domain wall is attached to one Alice axion string.
Such walls can shrink to a point owing to the wall tension
like in the Npw = 1 case.

Several discussions are addressed here. The model of
Ref. [22] was also proposed as a model for a monopole dark
matter. A monopole in the conventional Alice theory
[SO(3) gauge theory with scalar fields of the fiveplet]
admitting Alice strings was studied in Refs. [61-64]. In
particular, a monopole is not spherical and decays into a
twisted Alice ring depending on choice of parameters
[62,63]. It would be interesting to study if the same would
happen in our case. In fact, it is known that a global analog
(global monopole) shows this property [43]. A dyon with
an electric U(1), charge may be realized as a vorton,
namely a persistent electric current flows along a ring.
Dyons can be dark matter if their (mini)electric charge,
which may be obtained via a kinetic mixing between
U(l), and electromagnetism, is below experimental
bounds. It is also worth pointing out that the conventional
monopole charge of 7, is not well defined in the presence
of an Alice string, because a monopole becomes an
antimonopole when it encircles around an Alice string,
as a dual of electric charge encircling around the Alice
string. Instead of using the usual homotopy group =,, a
monopole charge must be defined in terms of the Abe
homotopy [44].

There can exist infinitely long (Abelian) strings pro-
duced after the PQ breaking. In such cases, the scaling
solution is found to be violated by a logarithmic growth of
the string scaling parameter in time [65,66]. It might be
hard for wide walls attached to long strings to shrink to a
point, hence simulations for them may also be altered.
When two Abelian cosmic strings collide, they reconnect
each other, which is an important process for cosmic strings
to reduce their number. Alice strings have U(1) moduli
corresponding to fluxes, and so it is unclear if they
can reconnect. In this regard, two non-Abelian strings with

non-Abelian fluxes were shown to always reconnect [67],
and so it would be true for Alice strings. Further, a nature of
reconnection among Alice strings may be different from
that among Abelian strings due to a force existing among
Alice strings, so the number of long Alice strings could
differ from that of a long Abelian string. The number of
long Alice strings would be significant to a solution to the
domain wall problem. In any case, the axion abundance
needs to be correctly estimated and may be modified from
Eq. (9). Thus, an allowed region for the axion decay
constant may be altered. If there is no allowed region, the
PQ symmetry breaking might be required to take place
before or during inflation, and constraint on isocurvature
may be important then.

In future observations, gravitational waves produced by
the decay of strings and walls may be detected, depending
on axion model [68,69]. That can be an important signal to
verify the presence of axion dark matter produced by the
topological objects. In particular, gravitational wave pro-
duction in the early universe with and without axions can be
quite different which should be explored in the future.

If topological objects appear in dark matter models, it is
necessary to study the nature of the objects in detail, for
precise estimation of dark matter.
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