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In this work we introduce CPT-odd nonminimal Lorentz-symmetry violating couplings to the
electroweak sector modifying the interaction between leptons and gauge bosons. The vertex rules allow
us to calculate tree-level processes modified by the presence of the novel dimension-five operators. For
definitiveness, we investigate the W decay into a lepton-neutrino pair, the Z decay into pairs of charged and
neutral leptons, as well as the decay of the muon. By comparing the experimental measurements on these
processes to our results we are able to bound several combinations of the background 4-vectors to be

<107* GeV~!.
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I. INTRODUCTION

The Standard Model (SM) is based on gauge and Lorentz
symmetries and most of its predictions have been exper-
imentally confirmed, including the 2012 discovery of the
long-sought Higgs boson. Nonetheless, it is believed that
the SM must be the low-energy limit of some broader
theory. In many such beyond the SM scenarios, such as
string theory and quantum gravity, it is possible that
Lorentz symmetry is broken at very high energies as
generic tensor fields acquire vacuum expectation values
and become time-independent. These are generally coupled
to the remaining dynamic physical—matter, Higgs and
gauge—fields in the low-energy theory that contains the
SM, which is no longer Lorentz invariant, since these tensor
coefficients select a preferred direction in space-time [1-7].
The resulting terms, which are typically suppressed by
inverse powers of some large mass or energy scale (e.g., the
Planck scale), could generate small physical effects poten-
tially accessible at current or future experiments.

V.A. Kostelecky and D. Colladay have systematically
collected the possible low-energy terms arising from
Lorentz-symmetry violation (LSV) into the so-called
Standard Model extension (SME) [8,9], which complements
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the usual SM by introducing novel LSV interactions in all its
sectors, from quantum chromodynamics to gravitation.
Diverse experimental tests, ranging from atomic spectros-
copy to astrophysical observations passing by collider
experiments, have placed bounds on many of the possible
LSV coefficients, which are conveniently collected in
Ref. [10] (see also Ref. [11]).

Experimental tests of standard quantum electrodynamics
(QED) are extremely precise, allowing the corresponding
sector in the SME to be well constrained. A prime example
is the Chern-Simons-like, CPT-odd Carroll-Field-Jackiw
(d = 3) correction to the photon sector [12], which is
tightly constrained by the nonobservation of the rotation
in the polarization of radiation from astrophysical sources
[13,14]. Though complementary, laboratory-based tests are
not entirely competitive [15]. The CPT-even sector (d = 4),
on the other hand, can be strongly bounded by a variety of
laboratory experiments and by astrophysical observations
such as gravitational-wave detectors [10,16]. Both sectors
are renormalizable and are at most quadratic in the photon
fields. Nonrenormalizable, higher-derivative terms may also
be introduced, but are expected to be suppressed relative to
their renormalizable counterparts [17,18].

The electroweak sector of the SME, on the other hand,
has not been studied to the same extent. In the SM
electroweak processes are generally harder to detect than
pure electromagnetic ones due to the presence of inverse
powers of the large mass of the mediating bosons in the
amplitudes. In well-measured processes, such as Bhabha
scattering [19,20], QED effects are the leading contribu-
tions, whereas electroweak effects amount to only a few
percent at energies already close to the Z pole [21,22].
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Since at low energies W- and Z-mediated processes are
strongly suppressed relative to photon-mediated ones, we
are going to focus on purely electroweak interactions.

Lorentz-symmetry violation may be incorporated into
the electroweak sector by considering couplings analogous
to those in the QED sector of the (minimal) SME. A
possibility is to introduce a Chern-Simons-like operator
which generalizes the Carroll-Field-Jackiw case, but with
the interesting feature of a term coupling the photon and Z
boson, which leads to photon-Z mixing [23]. Another
interesting possibility is to modify the propagator of the
intermediate bosons, thus affecting any W- or Z-mediated
processes such as muon decay [24], neutron f decay [25]
and nuclear processes [26—28]. There is however another
interesting possibility, namely to directly modify the
interaction vertices between mediators and matter fields.

In QED and, more generally, in the SM, gauge fields are
introduced as the result of the invariance of the fermionic
Lagrangian under local phase transformations. These fields
are coupled to matter in such a way that the usual partial
derivative in the fermionic kinetic terms may be generalized
into a covariant derivative a la 0, — D, = 0, + iqA,,
where ¢ is a (conserved) charge and A, is the gauge field
associated to the—here Abelian—symmetry. The ensuing
coupling between the gauge field and matter fields is called
minimal, but it is not the only possibility.

If a premium is placed on gauge invariance, an interest-
ing possibility is the introduction of nonminimal couplings,
which consist of coupling the fermionic bilinears not to
the gauge fields themselves, but to their field-strength
tensors as in the Pauli term [29]. Nonminimal couplings
have been explored in many different contexts within
Lorentz-violating QED, such as the spectrum of the hydro-
gen atom [30], magnetic and electric dipole moments of
charged leptons [31-33], scattering processes [22,34], and
topological effects [35,36].

In this paper, we generalize the couplings discussed
above and introduce LSV terms directly coupling the
leptonic bilinears with the field-strength tensors of the
non-Abelian gauge bosons, thereby extending the lepton-
gauge interactions beyond the usual, Lorentz-preserving
minimal couplings from the SUy (2) x U(1)y symmetry of
the SM. These novel terms produce modifications already
at tree level and in this context we shall address the effects
of LSV in W decay W~ — 7,¢, the Z decay Z — ff, where
f is any SM lepton or neutrino, as well as to muon decay, a
purely leptonic process of historical and practical impor-
tance in tests of the SM [37]. By using the data presented
in the latest edition of the Particle Data Group [38], we
are able to constrain different combinations of the LSV
coefficients.

This paper is organized as follows: in Sec. II we
present the novel LSV terms and explicitly construct the
Lagrangian for the lepton-gauge sector with LSV inter-
actions. In Sec. III we apply the LSV-modified Feynman

rules to a few processes at tree level to obtain upper bounds
on the LSV parameters. Finally, in Sec. IV we summarize
our results and present our concluding remarks. In our
calculations we employed the Package-X [39] to automati-
cally evaluate the traces and contractions involving
spinors and Dirac gamma matrices. We use natural units
(c = 7 = 1) throughout.

II. THE LSV LEPTON-GAUGE INTERACTIONS

In the SM, the leptons are minimally coupled to the
gauge bosons via the covariant derivative

D, =9, -igYB, - igWic"/2, (1)

where ¢ and g are the respective U(1)y and SUp(2)
coupling constants, Y is the weak hypercharge and {¢“} are
the Pauli matrices. The tree-level interactions between
leptons y and gauge bosons in the SM are exclusively
derived from terms ~ipy D, y.

Here we introduce LSV non-minimal couplings, i.e.,
interaction terms between the leptons and the field-strength
tensors of the U(l)y and SU; (2) gauge fields, B,, =
d9,B,—9,B, and W4 =0,W¢—0,Wi+ ge®WhW¢
(a =1, 2, 3), respectively. This is accomplished via two
real (constant) 4-vectors & and p” that give rise to the
following LSV lepton-gauge Lagrangian

B 1 o
L3V =~y (2 &Buy + "Wy, 2) We

- 1
— Cry" (5 f”Buu) R, (2)

which introduces interactions with extra momentum-de-
pendent contributions—a typical signature of such LSV
couplings [22,34]. We would like to mention that similar
couplings have been explored in Refs. [40,41]. Here,
however, we conduct a more general analysis by consid-
ering the SUy (2) and U(1)y sectors together.

A few comments are in order. The internal symmetries of
the theory remain untouched: the charge operator is given by
Q.n =Y + I?, where I’ = 63/2, so that the charge assign-
ments of the matter fields are the same as in the SM, namely
v = )0 ~(2,-1/2) and £ ~ (1,—1), in which £ =
{e,u.7}. Here, yr . = Prry, where Pry =4 (1 £ y5) are
the right- and left-handed projection operators. Right-
handed neutrinos are singlets under SU; (2) x U(1)y and
are a priori not contained in the SM apart from issues related
to neutrino masses and mixing, which are not going to be of
consequence here, since we treat neutrinos as massless.

It is important to note that the LSV 4-vectors above may
distinguish between lepton families. We tacitly assume that
the process leading to the breaking of Lorentz symmetry
equally affects the gauge sectors of the SUy (2) and U(1)y
symmetries. However, there is no reason to suppose that the
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matter fields are indiscriminately affected, meaning that the
LSV 4-vectors are actually family-dependent parameters:
& — &y and p — p(s). To avoid overloading the notation,
we shall specialize to each family only at the end of the
respective calculation, where different experimental limits
may apply.

The interaction terms from D,,, Eq. (1), explicitly depend
on the hypercharge and isospin of the leptons. The LSV
terms in Eq. (2), however, are insensitive to those
[30,42,43]. The mass terms from the Yukawa interactions
are not affected, since the LSV terms do not influence them
at tree level, meaning that the equations of motion for the
free leptons are unchanged and the propagators—and
associated Feynman rules—will be the same as in the SM.

At last but not least, we would like to mention that the
LSV couplings have negative canonical dimension, i.e., the
LSV terms are nonrenormalizable. This is a general feature
of such nonminimal couplings and indicates that the
associated Lagrangian is, in fact, only an effective theory.
This will not disturb us here, since we are only dealing with
relatively low-energy processes—exclusively at tree level—
so no divergences are expected.

We are now able to dissect Eq. (2) further and determine the
Feynman rules governing the lepton-boson interactions. We
may decompose the lepton-gauge Lagrangian into L,, =
L'+ L3V, where the first term contains the SM contri-
butions to processes involving neutral and charged currents
and the second contains only LSV terms from Eq. (2).

The mechanism of spontaneous symmetry breaking is the
same as in the SM, so we apply the standard Weinberg
rotation to write B, and Wi in terms of A, and Z, [44]. The
physical fields W= and Z have masses my = 80 GeV and
myz = 91 GeV, respectively, and A represents the massless
photon. The field-strength tensors of the photon and the Z
boson are defined as F,, =d,A,—0,A, and Z,

d,Z, - 0,Z,,while W3, and F . (w1th F, bemg its complex
conjugate and Wi, = GﬂWyi 6DW/§) are given by

W3, = cosOyZ,, + sinfyF,,

—ig(Wy Wy —WiWw,), (3)

Fl, =W}, +igcosOy(W,rZ,—Z,W})
+igsinOy(WiA, —W/S/A,). (4)

With the relations above we write the LSV piece as

1 ) _
LRV = 508 Ow' (Wor'we + Ry ER)F,

1. _ 2
o Owe" (l//fL}’”lI/fL + RV CR) Z

03
+ P ey” < v +F,7u 5 +W3 2>V/KL’ (5)

where /26* = ¢! + ic?. The Lagrangian involving only
left-handed leptons reads then

ELSV

1 - 1,
L= —v’ffLy”fLFW +§UgiL}’DVfLFm/

1 ,- 1,
+ = UgfLYUfLZ/w + B UZWLJ’”WLZW

2
ig (P U - v + -
+5P (CLy"CL —Dery VfL)W[,,W

Y

1
+—=p"Crr Wy, —ieA, W7

\/EP L7 ver( W'y
—iecotOyZ, W) +Hec., (6)

where we defined Aj,B,)=A,B, — B,A,. The coupling
constants g and ¢ are connected via e = gsinfy, = ¢ cosOy,,
where e~ /47/128 ~0.31 is the fundamental electric
charge and 6y, is the Weinberg angle satisfying sin” 8y, =
0.23 [38]. For simplicity, we have defined the rotated
vectors

vy, = cos Oy, —sinbyp,, (7a)
vy, = c0s Oy &, +sinbyp,, (7b)
3, = —sinOy&, — cosOyp,, (7¢)
vy, = —sinOy &, + cosOyp,. (7d)

Let us now return to the full LSV interaction Lagrangian.
Including the results from Eq. (6) and using the definition
of the left- and right-handed projectors, we are able to
rewrite Eq. (5) in terms of the basic lepton fields with the
usual V-A vertex structure of the electroweak theory. The
result is

LLSV

I,
o = (A A Ay rs)OF A+ vhDer (L=ys)veF

4
i} 1
+E(hy" +crtys) 2, + Z”Z”f}’”(l —¥s)Vely

ig

+ZP”W;,W;] [ (1 =7s5)f = 0er* (1= 7s)ve]
HPy (] —
2fp r(L=ys)ve
x (W, — ieA[ﬂW;] —ie cotGWZ[ﬂW;]) +H.c., (8)

where the coefficients ¢/ are given by

1 1.

Ciu =75 (cos Owé, — 5sin QWpﬂ>, (9a)
1.

Cou = 48N Owpys (9b)
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1/ 1
=5 <sm Owé, + ~cos QWpﬂ) , (9¢)

2

Cay = %cos Owpy- (9d)

Equation (8) is our final result and shows how Eq. (2)
modifies the usual lepton-boson interactions. Several ver-
tices from the SM receive small LSV corrections and other
new purely LSV vertices are introduced. Now we may
extract the interaction vertices to compute physical observ-
ables (cf. Tables I and II.).

It is worthwhile mentioning that some of the interaction
terms displayed in Eq. (8), in particular the first one that
concerns charged leptons and the photon field-strength
tensor, have already been defined in the SME [10% (see
Table P58). These are analogous to al.*” and by’
which couple the vector and pseudovector matter currents
to the electromagnetic field-strength tensor, respectively. In
Appendix B we discuss the connection between our LSV
coefficients and the ones listed in Ref. [10] in more detail.

Contrary to other, unrelated dimension-5 couplings, like

aer, G and a (and corresponding b versions) [45,46], these
coefficients have not been extensively constrained in the
literature. Indeed, the only bound available is <107> GeV~!
from Bhabha scattering (see Ref. [22] and Table D22 in

TABLE 1. List of vertices that are present at tree level in the SM
and receive a (small) LSV correction from Eq. (8). Here, ¢* is the
4-momentum of the photon, W or Z boson flowing into the
vertex. The coefficients v’i’ and c’i’ are listed in Eqs. (7a)—(7d) and
in Egs. (92)—(9d), respectively.

Interaction Vertex factor

ree. (0[1"7 +027 lys)a,
20t (! + el rlys)a,
Z0vey -1)47“ (I=75)q,
W=en, sEP (1 =7s)a,
TABLE II. List of novel vertices from Eq. (8) that are in

principle absent from the SM at tree level. Here, ¢* is the 4-
momentum of the photon, W or Z boson flowing into the vertex.
The coefficients ¢/ and ¢/ are listed in Egs. (7a)—~(7d) and in
Egs. (92)—(9d), respectively.

Interaction Vertex factor

Yhele Lokyil(1 = y5)q,

Woyev, — 55t (1 = 7s)
W‘Zofz‘/{ ﬁf*w byl (1 = y5)
wrw-ee Lplyrl(1—ys)
W+W_I/f17f _%qp[”}/ﬂ](l — J/S)

Ref. [10]). In what follows we will improve this limit by up
to one order of magnitude.

III. APPLICATION TO SELECTED
ELECTROWEAK PROCESSES

In the previous section we developed the LSV
Lagrangian and attained Eq. (8), from where we may read
the Feynman rules for the vertices as listed in Tables I and
II. Our goal is to calculate observable quantities, in
particular decay widths, that have been experimentally
measured and, under the—so far justified—assumption that
the SM appropriately describes the central value of the
experimental results, use the quoted uncertainties to extract
upper limits on the LSV coefficients.

A. The W decay width

Let us first consider the decay of the W~ boson into
a lepton and its antineutrino. The W~ boson starts with
4-momentum k* and polarization vector €,(k), whereas
the decay products have 4-momenta ¢* (lepton) and g™
(antineutrino). The tree-level amplitude is

iM(W™ — £0) = €,(k)ite(q)Viyss, (K)va(q'),  (10)

where i, and v; are the Dirac spinors for the lepton and
antineutrino, respectively. The relevant vertex, including
the charged-current interaction from the SM and the LSV
contribution (cf. Table I), is

Zl\—gfy"(l —7s)

V/;Vfﬂf (k) =—

2\/—(,0 =) (1 =ys)k,. (11)

Since we are interested in the unpolarized decay rate,
we need to average the squared amplitude over initial
polarizations and sum over final spins. Using the fact
that (1 —ys)y*(1 4+ ys) = 2y#*(1 +ys), the spin-averaged
square amplitude is given by

1 ( +kk)
Um Q(lqi
12 H m¥, /

x Te[[y*(1 + ys)TLy7), (12)

(IM[?) =

where the T” matrices are defined by
T = g +i(pr" = p"7r" )k, (13)
It is now convenient to move to the rest frame of the W~
boson, where k* = (my,, 0). Since my, > m,, m,,, we may
ignore the smaller masses, so that Eq. (12) is the sum of the
following partial amplitudes:

TRk ) tma-dl (19

<|M|2>SM =
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! 29 1 v g
(IMP)isy = =5 K a" 4P epuap. (15)

WP, =222 o) + (o0

2

k- )k - ) —m%vq-qq}.

(16)

2mypo

In the rest frame of the W~ boson we may use
momentum conservation to show that g* = "% (1, @) and
g" =% (1,—@), where @ is a unitary vector in the
direction of the 3-momentum of the outgoing lepton.
Furthermore, at the vertex we have k = g + ¢/, which
makes Eq. (15) identically zero. Incorporating all this in the
equations above finally gives us

2102 2 2
() = T2 (1.47570),

3 g2 (17)

which shows no first-order LSV contribution It is also
worthwhile noticing that the LSV piece depends only on
the isotropic time component py.

The general expression for the unpolarized two-body
decay rate of the W~ boson is

L 1 dqd’q
R / e

< (MP)6W(k—q~-q). (18)
and, given that both the SM and LSV contributions contain
no angular factors, we are able to perform the phase-space
integrals in the same way as in the SM. Dividing this by the
full width I'y, gives us the branching ratio for the channel

W~ = £I,, so that, using G = v/2¢%/8m3,, we have

3
Gpmyy

6v2aly <1 +4\//)5(2)@)' 19)

The first term in Eq. (19) is the well-known result from
the SM, whereas the second is a small deviation arising
from the couplings introduced in Eq. (2). As mentioned in
the Introduction, the LSV couplings are actually family
dependent, so we may use the experimentally measured
branching ratios for each channel [38]

BR(W- = £5,) =

BR(W™ = ¢70,)eyp = (10.71 £0.16)%,  (20a)
BR(W™ = 47D, )op = (10.63 £0.15)%,  (20b)
BR(W™ = 770,)p = (1138 £0.21)%,  (20c)

to constrain our LSV coefficients.

The results above are well fitted by the SM, given by the
first term in Eq. (19), so we may assume that the LSV
effects are hidden within the experimental uncertainties and
demand the second term in Eq. (19) to be smaller that the
relative experimental errors in Egs. (20a)—(20c). By doing
so we obtain the upper bounds (at 1o)

|p?e)| <9.8x 107* GeV~', (21a)

p) 1<9.6x107* GeV, 21b
(w)

p(y| S 1.1x 107> GeV~'. (21c)

B. The Z decay width
As a second application we calculate the correction to the
decay width of the Z boson into a lepton/antilepton and a
neutrino/antineutrino pair. The tree-level amplitude for
Z — ff, with f being either a lepton or a neutrino, is

iM(Z > Tf) = e (R (@)Vs, (Kvi(q)  (22)

with the vertex factor V% (k) (including the SM and LSV

Zff
terms)
ig
B () — — H(ge —
szf( ) 4COS€W}/ (gV ]/5)
[u [u

+6s7(c3 M+ e sk,

v

1
+Z(1 =8 )os (1 =ys)k,.  (23)
where we have briefly introduced the Kroenecker delta 5.,
which is one if f is a lepton (f = ¢) and zero otherwise
(f = vz). As in the SM, g, = 1—4sin® @y, for f = ¢ and
gy =1 for f =,

1. Z decay into charged leptons

Let us start with the Z decaying into a lepton/antilepton
pair. The calculation is very similar to the one leading to
Eq. (17) and the unpolarized tree-level amplitude for the
process is

16c0s?0ym2
F+g7)

M2 _gzm%(l—i—g%/)
(IM]*) = 3
12cos 0y,

(c3+cdo)| (24)

and we notice that, again, no SM-LSV interference term is
left, so that the first nonzero correction is of second order in
the LSV parameters.

Plugging this fully isotropic amplitude into Eq. (18)
(mutatis mutandis), dividing by the full Z width I", and
using my, = cos Oymy gives us the branching ratio
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BR(Z  2¢) = Grma{l - 50) [1 L 22 <C§° - C‘z‘oﬂ :
2424l 1+g7 \ Gp
(25)

The decay rates of the Z boson into lepton/antilepton
pairs have been experimentally determined and read [38]

BR(Z — )y, = (3.3632 £ 0.0042)%,  (26a)
BR(Z — fipt) oy = (3.3662 £ 0.0066)%,  (26b)
BR(Z — 77),y, = (3.3696 £ 0.0083)%,  (26¢)

so that, assuming once again that the LSV effects are buried
under the respective experimental errors, we find the
following upper bounds (at 1o)

oo+ Cloao S T4 x 107 GeV™!,  (27a)
yso + Cyug 93X 107 Gev!,  (27b)
051)30 + 6%7)40 <1.1x107* Gev~l.  (27¢)

2. Z decay into neutrinos

Next we consider the Z boson decaying into a neutrino/
antineutrino pair. For this process we find that the unpo-
larized amplitude is (using gy = 1)

2,2 2 2
g m cos” Oym
(P) =g 25 (14 S0 ),y

so that the corresponding branching ratio is

3
Gpmy

1}2
1+ > 29
12ﬂnrz( 42G (29)

In collision experiments neutrinos are not directly
detected due to their feeble interactions with matter.
Detectors in high-energy experiments usually measure
the tracks of electrons, muons and photons, which are
typical final products of the heavier particles emerging in
energetic collisions. From these tracks it is possible to
reconstruct the energy and momentum of the original
products of the collision and, given that energy and
momentum are conserved, it is then possible to infer
how much energy and momentum are missing and these
are attributed to so-called invisible products. In the SM, the
three neutrino families are able to successfully account for
the partial width into invisible final states [44].

The inferred branching ratio of the Z boson into invisible
products is [38,47]

BR(Z g Dfl/f) -

BR(Z — invisible),, = (20.000 £ 0.055)%,  (30)

exp

which is well fitted by the SM assuming lepton universality,
i.e., essentially using the first term in Eq. (29) multiplied by
three to account for the neutrino families.

Contrary to the two other processes already discussed,
here we are unable to explicitly differentiate between the
lepton families in the final states, as invisible final states
cannot be further discriminated. However, from the bounds
above, we see that the magnitudes of the LSV coefficients
are not considerably different, varying up to a factor of two.
We shall therefore assume that the LSV coefficients for the
three families have comparable sizes and treat them as
identical, i.e., ’U(e>40 = 1}(”)40 = 0(1)40.

Under these circumstances, from Eq. (30) we see that the
relative uncertainty is ~3 x 1073, so we obtain the follow-
ing 1o upper bound

|1)(f)40| 5 4 x 10_4 GeV‘l, (31)

C. Muon decay

Now we analyze the process u~ — v,e”i,, which
accounts to practically 100% of the branching ratio for
muon decay; other channels are responsible for <1% of the
total decay rate and will be ignored [38]. This is also a
purely leptonic process and we analyze it at tree level,
where the amplitude is

Q

> i,(P1)Viy, (P1 = P3)u, (P3)

=

iM(u~ - v,e70,) =

3=
=

X ﬁe(m)vﬁzm(l’z + P4)v,, (P2),
(32)

with the interaction vertex given by Eq. (11).

It is important to observe that the vertex is defined with the
momentum transfer k& flowing into the vertex, so that the
LSV part of V’ém;/ (k) has opposite signs in the two vertices.
Another issue here is the family index implicit in each vertex
above. The only LSV couplings involved are p(,) and p,),
which were constrained in Egs. (21a) and (21b), respectively.
These bounds differ by only 2%, thus allowing us to simplify
the expressions below by making p(,) = p(,) = p-

Taking care of the sign of the momentum transfer and
averaging over the initial spin, we obtain the following
amplitude squared

(IM]?) Tr[C_, (1 = y5)po(1 +75)0y, 7]

~ 128mb,
x Te[[* (1 = ys)(#1 +m,) (1 +ys)Tps] - (33)

where the matrix operators are defined in Eq. (13). As
usual, we have neglected the mass of the electron relative to
that of the muon. The squared amplitude is then the sum of
the following partial amplitudes:
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4 2
gm
(Mg = mévﬂ Ey(m, — 2E,),

3.2
1) g m,

<|M|2>£SV =
my

P55 € e

2,2
g ny,

(34)

(35)

<|M|2><L25)v ==——F{mp*E;(2E5 — m,) +4Ey(m, — 2E,)[(py - p)* + (P4 - p)?]

4
4my,

+2(m,po — p3 - p)[2Eym,po(m, — 2E;) + ps - p(4E5 — 2(Ey + E3)m, + m;,)]
+2py - plm, (2E;, — m,)(mupo — p3 - p) — 2py - p(4E5 — 2Eym, — Eym,,)]
- 2m,J’4 ‘P(mu - 2E4)(muﬂo - D3 P)} (36)

The decay rate of the muon is the generalization of
Eq. (18) to the case of a three-body decay, that is

Ly~ —ve o,

) 1 /d3P2d3P3d3P4

T 1627)°m,]  E,E:E,

X <|M|2>5(4)(P1 —DP2—P3— P4), (37)

which can be simplified using 6*(p; — p» — p3 — ps4) =
8(m, — Ey — Ey — E4)5°(p2 + p3 + ps4),  thus  making
P; = —(p2+P4) and Ej = |py + p4| upon integration
over ps. This leaves us with

F( — —— ) 1 /d3p2d3p4
—>v,e UV, =
a 1627 my, ) E>E3E,

x (|M[*)8(m, — Ey — E; — Ey). (38)

We now integrate over p,, the 3-momentum of the
electron neutrino. Here we may set the z axis along py,
which is constant at this point, so that d’p, =
E3dE, sin 0,d0,d¢,. The 6, integral may be approached
using E3 = \/E3 + E; + 2E,E, cos 0,. With this substitu-
tion we integrate over 0, and Eq. (38) reduces to

- - 1 d’py
L~ = e 1/8):16(27[)5’% / o
"
x / dpdEL(MP),  (39)

where the ¢, and E, integrals must be evaluated under the
following conditions: py = E4Z, E3 = m, — E; — E; and
COS 92 = (E% — E% — Eﬁ)/2E2E4

Unlike the SM case, where at this point only p, and py
must be considered, we have also the background p*
contracted to the outgoing momenta. It is then convenient
to write p=|p|(sinf,cos¢,.sind,sin¢,,cosd,) and p, =
E,(sin 6, cos ¢, sin 6, sin ¢h,, cos 0, ), so that the integral

over ¢, may be performed. We will not quote this
intermediate result explicitly, but we remark that, due to
the totally antisymmetric contractions, the first-order
amplitude [cf. Eq. (35)] vanishes identically.

The limit of the FE, integral is determined by the
kinematics to be E, = [m, /2, m,/2 — E,]. After perform-
ing this integral, the only dynamic variable is py, the
4-momentum of the electron, which appears in combination
with the LSV background. The same trick as above
may be employed here, i.e., we let p = |p|Z and write
ps = E4(sin 0, cos ¢y, sin 0, sin ¢, cos ), so that d°p, =
EﬁdE4dQ4. After integrating over €2, we obtain the energy
spectrum of the emitted electrons with the LSV correction
(making ¢t = E4/m, and denoting the decay rate by I, for
short)

dr, _g'mp(3—41) [ (8¢ =502 + 65t — 15)m;pj
dE, 3847 my, 10g%(3 — 41)
(8¢* — 87 + 39¢% + 10t — 30)mZ|p|*

- 20142 (3 — 41) } (40)

which is shown in Fig. 1 for different—unrealistically
large—values of the LSV parameters.

Equation (40) displays a few interesting features. For the
SM (at tree level) the peak energy of the emitted electron is
EP™ =m,/2, which is also a kinematical threshold
imposed by momentum conservation. The inclusion of
LSV disturbs the general shape of the spectrum as shown in
Fig. 1, where we see that a purely timelike background
would suppress the spectrum, whereas a purely space-like p
would enhance it. The peak energy also recedes from its
LSV-free value at different rates for purely time- or space-
like components. All these effects could potentially be
searched for in sensitive experiments, specially if time-
stamped data are taken (see discussion in Sec. IV and in
Appendix A).

Finally, integrating Eq. (40) in the range E; = [0,m,,/2]
we obtain the decay rate of the muon
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FIG. 1. Normalized energy spectrum of the emitted electrons
[cf. Eq. (40)] for different values of the LSV parameter (in units
of GeV™"). Left panel: p, # 0 and p = 0; right panel: p, = 0 and
p # 0. Here we made p(,) = p(,) = p.

113m2 55)p|
H 2 41
15360m%,G . (p 0" 26 ﬂ (41)

ro_ Gims,
k19243

whose first term is the tree-level result from the SM. The
experimentally measured lifetime of the muon is [38]

7, = F;l = (2.1969811 + 0.0000022) x 10™°'s, (42)

and, by demanding that the second term in Eq. (41) be
smaller than the relative uncertainty from Eq. (42) (~1079),
we find the following bound at the 1o level

[, 55|p)?
ps+ %"6' <3x 1072 GeV~. (43)

IV. CONCLUDING REMARKS

We studied a modification to the Glashow-Salam-
Weinberg electroweak model through nonminimal couplings
in the non-Abelian and Abelian sectors of the lepton-boson
interaction. These couplings introduce LSV via two (family-
dependent) real 4-vectors that give rise to a preferred
orientation in space-time. Our results show that such LSV
interactions would lead to modifications in the branching
ratios of the W and Z bosons, as well as to the lifetime of
the muon.

The respective amplitudes have been evaluated at tree
level and we found that, for all processes considered, the
LSV parameters only contribute to second order. The SM-
LSV interference terms drop out from the amplitudes for
W~ — ¢v,and Z - v,v, dueto antisymmetry [cf. Eq. (15)]
or, in the case of Z — £/ and y~ — v,e”v,, they automati-
cally cancel in the squared amplitude. This is in line with the
results from a number of analyses of scattering and decay
processes [22,34,41,48-50].

Using recent experimental results we are able to constrain
the magnitude of combinations of the (family-dependent)
LSV parameters, cf. Egs. (21a)-(21c¢), (27a)-(27¢), (31),
and (43). It is important to note that these bounds were
obtained in the rest frame of the decaying particles, but he
LSV parameters are not static as seen from the particle’s own
rest frame, not to mention from Earth’s rotating reference
frame. Therefore, we need to introduce a reference frame in
which the LSV tensors are—at least approximately—static.
A convenient option is the so-called Sun-centered frame
(SCF), which is discussed in Appendix A.

The measurements determining the W and Z widths (and
branching ratios) have a center-of-mass energy ~100 GeV,
which is the same order of magnitude of their masses [51,52],
so that the respective Lorentz factors y,. are very close to
unity (f < 1). The MuLan experiment [53] used muons
created through pion decay with momenta ~30 MeV, which
also amounts to very small Lorentz factors. Therefore, the
components of a generic LSV 4-vector V¥ in the laboratory
frame (LAB) are approximately equal to those in the rest
frame, i.e., V{ \g ® Vet Viest» Where factors proportional to
Yrestf May be neglected. With y,. & 1 and using Egs. (A10)
and (A11) after averaging over Tg, we have

(Vieso)* » (Vice)*. (44)

1 1
|Vrest|2 ~ (E + s)2(> (Vé(CF)2 + (z + C)2(> (V§CF)2
+ (Véce)? = 26,5, (Vice) Vicr)- (45)

so we can translate our bounds—obtained in the rest frame of
the decaying particles—into the SCF.

As previously noted, the bounds for the different families
do not differ significantly—by at most a factor of 1.5 [see
Eqgs. (27a) and (27c)]—so we shall adopt a simplifying
approach and use the overall branching ratios for W~ —
¢v, and Z — ¢ from Ref. [38], which read

BR(W~ = £0,),,, = (10.86 % 0.09)%, (46)

exp

BR(Z — 7¢),,, = (3.3658 £ 0.0023)%,  (47)

exp —

thus allowing us to obtain the following 1o upper bounds

|p(()f>| <8x107* GeV~!, (48)
30 T oo S 5% 107 GeV. (49)

Now we are finally able to translate our local limits into
the SCF for a generic lepton family (£). By using Egs. (31),
(48) and (49) the bounds on combinations of the timelike
components in the SCF read
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P{p)scrl <8 % 10~ GeV~!, (50)
\/(/’(Tf)scp)2 + 0-6(5@)5@)2 + (p(Tf)SCF)(g(TZ)SCF) <$2x107* GeV~!, (51)
1T scr — 0660 5l <5 % 1074 GV, (52)
whereas from Eqs. (43) with Egs. (44) and (45), we find
\/(p(Tf)SCF)Z +0.23 (Pf(f)scp)z + 025(%’{;&)5@)2 + 0-24(P(Zf)sc1:)2 = 0.24(p{ 5cr) (P(p)5cr) S 3 % 1072 GeV-!,  (53)

where we used sin® @y, = 0.23 and y ~43° for the co-
latitude of the MuLan experiment in Villigen, Switzerland
[53]. We note in passing that the limits above do not
constrain the spatial components of the 4-vector &

In Fig. 2 we show the allowed regions for the time
components of the LSV backgrounds from Egs. (50), (51)
and (52) without discriminating among lepton families, as
the family-specific bounds are similar. Incidentally, the
coupling studied in Ref. [22] in the context of QED is
analogous to ¢; in Eq. (8), but our bounds are about one
order of magnitude stronger.

In Table I we list LSV corrections to existing SM
vertices, whereas in Table II we present terms originally
not possible at tree level in the SM. Of particular interest is
the yov term, which endows the neutrino with a tree-level
electromagnetic interaction that could be detected as a
magnetic or electric dipole moment—both only possible in
the SM at loop level and including nonzero neutrino masses
[54,55]. Also the quartic couplings in Table II would
provide distinctive signatures of LSV in collider experi-
ments, especially WTW~¢Z and W*W~u,0,. These
represent LSV-induced vector-boson fusion as contact

10.0

Z =00
7.5 Z = v g
W =Ll
5.0
T
> 2.5
]
&)
<
L 00
=
X,
= —25
g 7
U
—5.0 1
—7.5
—10.0 T T T T T T T
—6 —4 -2 0 2 4 6

Edor X104 GeV T

FIG. 2. Allowed regions for time components of the LSV
parameters in the SCF from Egs. (50), (51), and (52). The curves
represent 1o limits and do not differentiate lepton families, as the
family-specific bounds do not differ significantly.

interactions, thus strongly contrasting with the loop-medi-
ated SM processes [56].

As a closing remark we note that similar nonminimal
couplings were proposed in Ref. [40]. The main difference is
that we introduce LSV in the SU (2) and U(1)y sectors
simultaneously. This is important after spontaneous sym-
metry breaking and becomes particularly evident in Z decays,
where both £ and p contribute to the amplitudes, cf. egs. (24)
and (28). Furthermore, in Ref. [40] the authors report a first-
order LSV correction to the amplitudes. This is not the case, as
shown here and in other works on LSV nonminimal cou-
plings in scattering processes [22,34,48-50]. We have
pointed this out and the authors issued an erratum to their
original paper [41]. Their limits are nonetheless compatible
with ours modulo small multiplicative factors of order one.
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APPENDIX A: SUN-CENTERED
FRAME FOR LSV

In LSV models Lorentz symmetry is broken through
tensors that transform differently under observer- and
particle-Lorentz transformations and that are fixed in
space-time, i.e., they are static backgrounds. This means
that there is a reference frame where the LSV 4-vectors are
fixed, but the physical observables that we have discussed
are measured in Earth-bound reference frames and as such
cannot be taken as static. For this reason we must look for a
convenient reference frame where the aforementioned
coefficients are fixed.
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It is clear that a frame fixed to Earth’s surface will not
suffice, as it is a noninertial reference frame, so we cannot
expect an external background to be fixed from our point of
view—in fact we would see it rotating. The next—and
perhaps most convenient—possibility is to use a reference
frame fixed relative to the Sun. This is a good choice for a
few reasons: it is approximately inertial over the timescale
of most experiments (its motion around the galaxy has a
period of ~200 million years), it is experimentally acces-
sible, and may have its axes conveniently oriented relative
to the Earth.

We will adopt the Sun-centered frame (SCF) as a
standard reference frame where the LSV coefficients are
time independent [10]. Therefore, relative to an observer
fixed on Earth, the background will seem to rotate, so
experimental signals affected by LSV should generally
present time modulations, specially with sidereal frequen-
cies. In fact, even isotropic backgrounds in the SCF will
appear to be anisotropic in our frame because of both
rotational and translational motions of the Earth, which
produce boosts. In this sense, rotation-invariance violations
are a key signal for Lorentz violations in Earth-bound
experiments (also in space-based tests [57]).

According to refs. [10,57], the axes in the SCF are
defined such that the Z axis is directed parallel to Earth’s
rotational axis, X points from the Sun to the vernal equinox,
while Y completes a right-handed system; the origin of time
T is at the 2000 vernal equinox. Regarding the standard
Earth-bound frame for a point in the northern hemisphere,
the z axis is vertical from the surface (points to the local
zenith), x points south and y points east. The local time 7T'g,
is defined to be the time measured in the SCF from one of
the moments when y lies along Y.

To see how we can make the passage from the LSV
coefficients in the laboratory frame (LAB), where they are
in general time dependent, to the SCF, where they are fixed,
we use a generic background V¥. The components of this
vector in the two frames are connected via

uo
Vias = M Vicrs (A1)
with A¥, representing an observer Lorentz transformation

between Earth and the SCF. From now on, we represent the

components of V¥ in the LAB frame by V{'A3”

the SCF by Vgiy' %
The explicit form of the (time-dependent) Lorentz trans-
formation A¥, is

and those in

AOT:1, AOIZ—ﬂl, AiT:_<R'ﬂ)i, AiIZR”, <A2)
where f is the velocity (v/c in natural units) of the LAB

relative to the SCF and R is a spatial rotation. Notice that
the Lorentz factor y = 1/4/1 — * is essentially unity due

to the smallness of the relative speed of Earth relative to
the Sun.

The boost components are given by (7~ 23.4° is the
inclination of Earth’s axis relative to the orbital plane)

B = g sin(QgT) - f sin(wgTg), (A3)
Y = —Pgcosncos(QgT) + B cos(wgTg),  (A4)
p? = —Pg sinncos(QgT) (A5)

and, defining siny =5, COs Y = ¢y
cos(wgTg) = cq, the matrix RV is given by

Sln(a)eaTe;) =39,

C,Ce CS¢ =5,
i _
RV =| -5, ¢ 0 |. (A6)
S0 SySe &y

The Aly = —(R - B)' read

Np = —c,cef” — ¢, s0h" + 5,57, (A7)
Ny = S)(/))X - C)(ﬁya (AS)
ANop = _S)(Ceéﬂx - s)(séBﬁY - C;(ﬁz’ (A9)

where the numerical values of the parameters appearing
above are

Pe ~107*,  Earth’s orb.vel.

B = rewgsiny < 107,  Earth’srot.vel.

wg = 2r/day ~7 x 107> s7!,  Earth’s rot.angular vel.

Qg = 2n/year~2 x 1077 s7!,  Earth’s orb.angular vel.

x = experiment’s co-latitude.

From the values above we see that A) = —g! and A} =
—(R - )" are suppressed due to the smallness of the boost
factors and may be safely ignored. Applying this to our
generic vector we find that its components are translated
from the LAB frame to the SCF as

V(L)AB - VgCF + O(ﬂ)’ (AIO)

Viap = R"'Vycr + O(B), (A1)
which means that, up to very small contributions propor-
tional to boost factors, time and space components of Vi a5
and Vgcp do not mix. We are therefore able to separately
analyze LSV background 4-vectors that have either purely
time or spatial components in the SCF.
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APPENDIX B: CONNECTION
WITH a*% AND b2

At the end of Sec. II we mentioned that the first terms in
Eq. (8) are analogous to al(;s)” “ and bés)” “_which couple
the vector and pseudo-vector currents, respectively, to the
photon field-strength tensor [10]. Indeed, following Table
P58 we have

5 1 _

ag*" b - = 5 Fa/;"//VMl/v (Bl)
5 1 _

b — — Fogipysy, . (B2)

2

The couplings al(f)” % may be treated as rank-3 tensors.

These are antisymmetric in (a, /) because of the field-
strength tensor, meaning that there are in total 6 x 4 = 24
components. As such they may be decomposed into

WP = L — i) 4 e () e, (B3)
with the different terms satisfying

Nay @' = €50 = 0, (B4)

ﬂuyag)aﬂy =, (BS)

Euapes " = 1. (B6)

The LSV Lagrangian with the al@ term (and similarly for

bﬁf)) may be written using the irreducible components as

_ I (5)uap _
Li§ 2 =3 A Py WF o

1 1
= 3197 Fap+ ()97 yF oy

|
— 5 all"ﬁy/yﬂll/Faﬁ, (B7)

where F o = %saﬂﬂKF #€_ The first term above is compatible
with the first two terms in Eq. (8) and we see that (in the
charged lepton sector) the vector and pseudovector coeffi-
cients may be expressed as

1 S)ap

Cllj = gnaya;ﬂ)f/y’ (BS)
1 5

b = 3abis” (B9)

where the sub index ¢ refers to the lepton sector.
Similarly, looking at the neutrino sector, an analogous
correspondence can be found, namely

L g_

1 p 1 P
11}2 - gnay 1(‘?5) Pr = —= b(s) by

v 3 ay"Fuv

(B10)

where the subindex v refers to the neutrino sector. This
indicates that af) and bf) , despite being essentially
combinations of &) and p), will also be different for

charged and neutral leptons in each family.
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