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We present a lattice QCD determination of the Bs → Dslν scalar and vector form factors over the full
physical range of momentum transfer. The result is derived from correlation functions computed using the
highly improved staggered quark (HISQ) formalism, on the second generation MILC gluon ensembles
accounting for up, down, strange and charm contributions from the sea. We calculate correlation functions
for three lattice spacing values and an array of unphysically light b-quark masses, and extrapolate to the
physical value. Using the HISQ formalism for all quarks means that the lattice current coupling to the W
can be renormalized nonperturbatively, giving a result free from perturbative matching errors for the first
time. Our results are in agreement with, and more accurate than, previous determinations of these form
factors. From the form factors we also determine the ratio of branching fractions that is sensitive to
violation of lepton universality: RðDsÞ ¼ BðBs → DsτντÞ=BðBs → DslνlÞ, where l is an electron or a
muon. We find RðDsÞ ¼ 0.2993ð46Þ, which is also more accurate than previous lattice QCD results.
Combined with a future measurement of RðDsÞ, this could supply a new test of the Standard Model. We
also compare the dependence on heavy quark mass of our form factors to expectations from heavy quark
effective theory.
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I. INTRODUCTION

The weak decay processes of mesons such as the B and
Bs, containing b quarks, are a key potential source of
insights into physics beyond the Standard Model (SM).
Flavor-changing B decays have gained a lot of interest
because of a number of related tensions between exper-
imental measurements and SM predictions [1–19]. These
tensions drive the need for improved theoretical calcula-
tions in the SM using methods and studying processes
where we have good control of the uncertainties.
Lattice QCD is the method of choice for providing the

hadronic input known as form factors that determine, up to
a normalization factor, the differential branching fraction

for exclusive decay processes such B → Dlν (we suppress
all electric charge and particle-antiparticle labels here in
referring to decay processes). The normalization factor that
can then be extracted by comparison of theory with
experiment is the Cabibbo-Kobayashi-Maskawa matrix
element, in this case jVcbj [20–24]. Determination of
jVcbj then feeds into constraints on new physics through,
for example, tests of the unitarity triangle.
There has been a longstanding tension in determinations

of jVcbj between exclusive (from B → Dlν and B → D�lν
decays), and inclusive (from B → Xclν, where Xc is any
charmed hadronic state) processes. The most accurate
exclusive results came from studies of the B → D�lν
decay at zero recoil. It now seems likely that the uncer-
tainties there were being underestimated because of the use
of a very constrained parametrization in the extrapolation
of the experimental B → D� data to the zero recoil limit
[25–28], but see also [29,30]. This underlines the impor-
tance in future of comparing theory and experiment across
the full range of squared 4-momentum transfer (q2) (a point
emphasized for D → K in [31]). It also demonstrates the
need for comparison of accurate results from multiple
decay processes for a more complete picture. Improved
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methods for producing the theoretical input to jVcbjexcl,
namely lattice QCD determinations of form factors, are
clearly necessary.
Here we provide improved accuracy for the form factors

for the Bs → Dslν decay using a new lattice QCD method
that covers the full q2 range of the decay for the first time.
Preliminary results appeared in [32]. The Bs → Ds form
factors are more attractive than B → D for a first calcu-
lation to test methodology. They are numerically faster to
compute and have higher statistical accuracy and smaller
finite-volume effects because no valence u=d quarks are
present. Chiral perturbation theory [33] expects that the
B → D form factors should be relatively insensitive to the
spectator quark mass and hence should be very similar
between Bs → Ds and B → D. This is confirmed at the 5%
level by lattice QCD calculations [34,35]. Hence improved
calculations of Bs → Ds form factors can also offer
information on B → D.
Given an experimental determination, the Bs → Dslν

decay can supply a new method for precisely determining
the Cabibbo-Kobayashi-Maskawa (CKM) element jVcbj. It
can also supply a new test of the SM through quantities
sensitive to lepton universality violation. We give the SM
result for RðDsÞ ¼ BðBs → DsτντÞ=BðBs → DslνlÞ, where
l ¼ e or μ. An experimental value for comparison to this
would help to clarify the tension found between the SM
and experiment in the related ratios RðDð�ÞÞ ¼ BðB →
Dð�ÞτντÞ=BðB → Dð�ÞlνlÞ [36] (see also a preliminary new
analysis by Belle [37]).
Three lattice QCD calculations of BðsÞ → DðsÞ form

factors have already been performed. The FNAL/MILC
collaboration [22,34] used the Fermilab action for the b and
c quarks and the asqtad action for the light quarks on MILC
gluon field ensembles that include 2þ 1 flavors of asqtad
sea quarks. On the same gluon field ensembles the HPQCD
collaboration has calculated the form factors using non-
relativistic QCD (NRQCD) for the valence b and the highly
improved staggered quark (HISQ) action for the other
valence quarks [23,35]. A further calculation has been done
using maximally twisted Wilson quarks on nf ¼ 2 gluon
field ensembles [38]. Preliminary results using domain-
wall quarks are given in [39].
A considerable limitation in the FNAL/MILC and

HPQCD/NRQCD studies is the requirement for normali-
zation of the lattice QCD b → c current. The matching
between this current and that of continuum QCD is done in
lattice QCD perturbation theory through OðαsÞ, giving a
Oðα2sÞ systematic error which can be sizeable. Systematic
errors coming from the truncation of the nonrelativistic
expansion of the current are also a problem. In the Fermilab
formalism the missing terms becomeOðαsaÞ discretization
effects on fine enough lattices; in the NRQCD forma-
lism they mix discretization effects and Oðαs=mbÞ (where
mb is the b quark mass) relativistic corrections. Here we
dispense with both of these problems by using a relativistic

formalism with absolutely normalized lattice QCD
currents.
Another limitation present in each of the previous studies

is that the lattice QCD results are limited to a region of high
q2, close to zero recoil. The reason for this is mainly to
avoid large statistical errors. The signal/noise degrades
exponentially as the spatial momentum of the meson in the
final state grows. For b quark decays the maximum spatial
momentum of the final state meson can be large (tending to
mB=2 for light mesons, where mB is the B meson mass).
Systematic errors from missing discretization (and relativ-
istic) corrections also grow away from zero recoil. This is
particularly problematic if discretization effects areOðaÞ as
above and relatively coarse lattices are used (to reduce
numerical cost). Working close to zero recoil means that the
lattice results then have to be extrapolated from the high q2

region into the rest of the physical q2 range. Here we also
overcome this problem by working with a highly improved
quark action in which even Oða2Þ errors have been
eliminated at tree-level [40]. We cover a range of values
of the lattice spacing that includes very fine lattices and
include results from lighter than physical b quarks and
this enables us to cover the full q2 range in our lattice
calculation.
We perform our calculation on the second-generation

MILC gluon ensembles [41], including effects from 2þ
1þ 1 flavors in the sea using the HISQ action [40]. We also
use the HISQ action for all valence quarks. Our calculation
employs HPQCD’s heavy-HISQ approach. In this we
obtain lattice results at a number of unphysically light
masses for the b (we refer to this generically as the heavy
quark h), reaching the b quark mass on the finest lattices.
This allows us to perform a combined fit in mh and lattice
spacing that we can evaluate in the continuum limit atmh ¼
mb [and as a function of mh to compare, for example, to
expectations from heavy quark effective theory (HQET)].
By using only HISQ quarks, we can normalize all the lattice
currents fully nonperturbatively and avoid systematic errors
from current matching.
This calculation adds to a growing number of successful

demonstrations of the heavy-HISQ approach. The method
was developed for determination of the b quark mass, B
meson masses and decay constants [42–44] and is now also
being used by other groups for these calculations [45,46]. A
proof-of-principle application of heavy-HISQ to form
factors was given for Bc → ηc and Bc → J=ψ in [47,48],
covering the full q2 range for these decays and this work
builds on those results. The Bs → D�

s axial form factor at
zero recoil was calculated using heavy-HISQ in [49].
This article is structured in the following way: Section II

lays out our lattice QCD approach to calculating the form
factors and then Sec. III presents our results, along with
several consistency checks and our determination of RðDsÞ.
We also give curves showing the heavy-quark mass
dependence of some features of the form factors that can
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be compared to HQET. For those simply hoping to use our
calculated Bs → Ds form factors, Appendix A gives the
parameters and covariance matrix required to recon-
struct them.

II. CALCULATION DETAILS

A. Form factors

In this section we specify our notation for the form
factors and matrix elements. The differential decay rate for
Bs → Dslν decays is given in the SM by

dΓ
dq2

¼ ηEW
G2

FjVcbj2
24π3M2

Bs

�
1 −

m2
l

q2

�
2

jpDs
j

×

��
1þ m2

l

2q2

�
M2

Bs
jpDs

j2fs2þ ðq2Þ

þ 3m2
l

8q2
ðM2

Bs
−M2

Ds
Þ2fs20 ðq2Þ

�
ð1Þ

where ml is the mass of the lepton, ηEW is the electroweak
correction, q2 ¼ ðpBs

− pDs
Þ2 is the momentum transfer

and fs0ðq2Þ, fsþðq2Þ are the scalar and vector form factors
that parametrize the fact that the decay process involves
hadrons. We use superscript “s” to denote the strange
spectator valence quark. The allowed range of q2 values if
the final states are on-shell is

m2
l ≤ q2 ≤ ðMBs

−MDs
Þ2: ð2Þ

The form factors are determined from matrix elements of
the electroweak current between Bs and Ds states,
hDsjðV − AÞμjBsi where Vμ ¼ b̄γμc is the vector compo-
nent and Aμ ¼ b̄γ5γμc is the axial vector component. In a
pseudoscalar-to-pseudoscalar amplitude, only Vμ contrib-
utes, since hDsjAμjBsi does not satisfy the parity invariance
of QCD. In terms of form factors, the vector current matrix
element is given by

hDsjVμjBsi ¼ fsþðq2Þ
�
pμ
Bs
þ pμ

Ds
−
M2

Bs
−M2

Ds

q2
qμ
�

þ fs0ðq2Þ
M2

Bs
−M2

Ds

q2
qμ: ð3Þ

Analyticity of this matrix element demands that

fsþð0Þ ¼ fs0ð0Þ: ð4Þ

Via the partially conserved vector current relation
(PCVC), the form factor fs0ðq2Þ is also directly related
to the matrix element of the scalar current S ¼ b̄c;

ðmb −mcÞhDsjSjBsi ¼ ðM2
Bs
−M2

Ds
Þfs0ðq2Þ: ð5Þ

In our calculation we determine the form factors by
computing matrix elements of the temporal vector current
V0 and the scalar current S. The form factors can be
extracted from this combination using expressions derived
from Eqs. (3) and (5) (once the currents have the correct
continuum normalization—see Sec. II D):

fs0ðq2Þ ¼
mb −mc

M2
Bs
−M2

Ds

hDsjSjBsi;

fsþðq2Þ ¼
1

2MBs

δMhDsjSjBsi − q2hDsjV0jBsi
p2
Ds

;

ðδM ¼ ðmb −mcÞðMBs
− EDs

ÞÞ: ð6Þ

Our goal is to compute fs0ðq2Þ and fsþðq2Þ throughout
the range of q2 values 0 ≤ q2 ≤ ðMBs

−MDs
Þ2 ≡ q2max. We

extend the range to q2 ¼ 0 in order to take advantage of the
constraint from Eq. (4).

B. Lattice calculation

This calculation closely follows the approach employed
in our calculation of the Bs → D�

s axial form factor at zero
recoil [49]. Here, however, we must give spatial momentum
to the charm quark in the final state so that we can cover the
full q2 range of the decay.

TABLE I. Parameters for gluon field ensembles [41,50]. a is the lattice spacing, determined from the Wilson flow parameter [52]. The
physical value of w0 was determined using fπ to be 0.1715(9) fm in [53]. This allows the determination of w0=a on individual sets of
gluon field configurations to be converted into a value of a. These are given in column 3 with the uncertainty quoted being the statistical
uncertainty in w0=a on that ensemble [54–56]. There is an additional uncertainty in a, correlated across all ensembles, from the physical
value of w0. Nx is the spatial extent and Nt the temporal extent of the lattice in lattice units. Light (mu ¼ md), strange and charm quarks
are included in the sea, their masses are given in columns 5–7.

Set Handle a=fm N3
x × Nt aml0 ams0 amc0

1 Fine 0.09023(48) 323 × 96 0.0074 0.037 0.440
2 Fine-physical 0.08787(46) 643 × 96 0.0012 0.0363 0.432
3 Superfine 0.05922(33) 483 × 144 0.0048 0.024 0.286
4 Ultrafine 0.04406(27) 643 × 192 0.00316 0.0158 0.188
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The gluon field configurations used in this calculation
were generated by the MILC collaboration [41,50]. The
relevant parameters for the specific ensembles we use are
given in Table I. The gluon fields are generated using a
Symanzik-improved gluon action with coefficients
matched to continuum QCD through Oðαsa2; nfαsa2Þ
[51]. The gluon fields include the effect of 2þ 1þ 1
flavors of quarks in the sea (u, d, s, c, where
mu0 ¼ md0 ≡ml0) using the HISQ action [40]. In three
of the four ensembles (sets 1, 3 and 4), the bare light quark
mass is set to ml0=ms0 ¼ 0.2. The fact that the ml0 value is
unphysically high is expected to have only a small effect on
the form factors here, since we have no valence light
quarks. We quantify this small effect by including a fourth
ensemble (set 2) with roughly physical ml0.
We use a number of different masses for the valence

heavy quark amval
h0 . This allows us to resolve the depend-

ence of the form factors on the heavy quark mass, so that a
fit in mh can be performed and the results of the fit
evaluated at mh ¼ mb. With a heavy quark mass varying
both on a given ensemble and between ensembles, we can
resolve both the discretization effects that grow with large
(amval

h0 ≲ 1) masses and the physical dependence of the
continuum form factors on mh. Using unphysically light h-
quarks also reduces the q2 range, meaning that we can
obtain lattice results across the full range while the
statistical noise remains under control.
Staggered quarks have no spin degrees of freedom. Spin-

parity quantum numbers are accounted for by construction

of appropriate fermion bilinears and including an appro-
priate space-time dependent phase with each operator in the
path integral. We categorize these phases according to the
standard spin-taste notation, ðγn ⊗ γsÞ, where γn is the spin
structure of the operator in the continuum limit, and γs is
the “taste” structure which accounts for the multiple
possible copies of the operator constructed from staggered
quark fields.
We have designed this calculation to use only local

operators (combining fields at the same space-time point
and having ðγn ⊗ γnÞ spin-taste) for the calculation of the
current matrix elements that we require. This is an
advantage since point-split operators can lead to noisier
correlation functions. The spin-taste operators we use are:
scalar ð1 ⊗ 1Þ, pseudoscalar ðγ5 ⊗ γ5Þ, vector ðγμ ⊗ γμÞ,
and temporal axial-vector ðγ0γ5 ⊗ γ0γ5Þ.
We compute a number of correlation functions on the

ensembles detailed in Table I. Valence quark masses,
momenta and other inputs to the calculation are given in
Table II. We use random wall sources to generate all
staggered propagators from the source since this gives
improved statistical errors [57]. First we compute two-point
correlation functions between meson eigenstates of
momentum ap,

Cap
M ðtÞ ¼ 1

Ntaste
hΦ̃Mðp; tÞΦ̃†

Mðp; 0Þi;

Φ̃Mðp; tÞ ¼
X
x

e−ip·xq̄ðx; tÞΓq0ðx; tÞ; ð7Þ

TABLE II. Calculational details. Columns 2 and 3 give the s and c valence quark masses in lattice units, which were tuned in [54]. In
column 4 we give the heavy quark masses that we used in lattice units. We use a number of heavy quark masses to enable the heavy-
quark mass dependence to be determined in our fit. Column 5 gives the ratio of heavy and charm valence quark masses, to give physical
intuition for the heavy masses we use. The physical value for this is given by 4.528(54) (for Nf ¼ 4) [54]. Column 6 gives the absolute
value of the spatial momentum (in lattice units) given to the Ds meson using a momentum twist on the charm quark propagator. These
values are chosen with the following rationale: when only two values are given, these correspond to the q2 ¼ 0 and q2max points (except
on the fine-physical ensemble, where we use the points q2max and q2max=2); when three values are given, the momenta correspond to
q2 ¼ 0, q2 ¼ q2max=2, and q2max; when four values are given, these are points corresponding to q2max, 3q2max=4, q2max=2, q2max=4 and
q2 ¼ 0. We used twisted momenta in the (1,1,1) direction to minimize discretization effects. Column 7 gives the number of gluon field
configurations used for that ensemble, ncfg, and the number of different time sources used per configuration to increase statistics, nsrc.
Column 8 gives the temporal separations between source and sink, T, of the three-point correlation functions computed on each
ensemble. Columns 9-13 give the tcut values chosen for the corresponding correlator fits (see Sec. II C); ηq denotes the correlators for ηs,
ηc and ηh mesons and J denotes all 3-point correlators. Column 8 gives the tcut used for both tastes of Hs meson that we use.

Set amval
s0 amval

c0 amval
h0 amval

h0 =am
val
c0 japDs

j ncfg × nsrc T tcut: Hs Ds Hc ηq J

1 0.0376 0.45 0.5 1.11 0, 0.056 986 × 8 14, 17, 20 2 2 2 2 2
0.65 1.44 0, 0.142, 0.201
0.8 1.78 0, 0.227, 0.323

2 0.036 0.433 0.5 1.16 0, 0.0279 286 × 4 14, 17, 20 4 4 5 4 2
0.8 1.85 0, 0.162

3 0.0234 0.274 0.427 1.56 0, 0.113, 0.161 250 × 8 22, 25, 28 5 5 10 5 4
0.525 1.92 0, 0.161, 0.244
0.65 2.37 0, 0.244, 0.338
0.8 2.92 0, 0.338, 0.438

4 0.0165 0.194 0.5 2.58 0, 0.202, 0.281 237 × 4 31, 36, 41 2 2 8 2 4
0.65 3.35 0, 0.202, 0.281, 0.382
0.8 4.12 0, 0.281, 0.382, 0.473
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where hi represents a functional integral over all fields,
q, q0 are valence quark fields of the flavors the M meson
is charged under, Γ is the spin-taste structure of M and
the division by the number of tastes is required to nor-
malize closed loops made from staggered quarks [40].
We compute these correlation functions for all t values,
i.e., 0 ≤ t ≤ Nt.
We compute correlation functions for a heavy-strange

pseudoscalar, Hs, with spin-taste structure ðγ5 ⊗ γ5Þ, at
rest. In terms of staggered quark propagators this takes the
form

CHs
ðtÞ ¼ 1

4

X
x;y

hTr½ghðx; yÞg†sðx; yÞ�i; ð8Þ

where gqðx; yÞ is a staggered propagator for flavor q, and
the trace is over color. Here x0 ¼ 0 and y0 ¼ t, and the sum
is over spatial sites labelled x, y. We also compute
correlators for a charm-strange pseudoscalar meson Ds,
with structure ðγ5 ⊗ γ5Þ. For these correlators we need both
zero and non-zero spatial momentum. Nonzero spatial
momentum is given to the Ds by imposing twisted
boundary conditions on the gluon fields when computing
the charm quark propagators [58]. Then

Cap
Ds
ðtÞ ¼ 1

4

X
x;y

hTr½gθcðx; yÞg†sðx; yÞ�i; ð9Þ

where gθqðx; yÞ denotes a propagator with momentum twist
θ. We compute these correlation functions using several
different twists to produce the range of momenta given in
Table II. We design the c propagators to have momentum
ap ¼ japjð1; 1; 1Þ, by imposing a twist θ ¼ Nxjapj=π

ffiffiffi
3

p
in each spatial direction.
Necessary for extracting the vector current matrix

element, we also compute correlation functions for a
non-goldstone pseudoscalar heavy-strange mesons at rest,
denoted Ĥs. This has spin-taste structure ðγ0γ5 ⊗ γ0γ5Þ. Ĥs
correlators are computed using

CĤs
ðtÞ ¼ 1

4

X
x;y

hð−1Þx̄0þȳ0Tr½ghðx; yÞg†sðx; yÞ�i; ð10Þ

where we use the notation z̄μ ¼
P

ν≠μ zν.
We also compute correlators for Hc mesons, heavy-

charmed pseudoscalars, using the same form as those for
Hs, Equation (8). These are used to find Hc decay
constants, which are useful in some of our continuum
and mh fits. In our fits to heavy-quark mass dependence we
will use the mass of the heavy-heavy pseudoscalar meson,
ηh as a physical proxy for the quark mass. To quantify
mistuning of the charm and strange quark masses, we also
require masses for ηc and ηs mesons, identical to ηh with h
replaced c and s quarks respectively. We compute

correlators for each of these at rest, using a spin-taste
structure ðγ5 ⊗ γ5Þ, taking the same form as those of the
Hs, Equation (8). Note that all of the η mesons discussed
here are artificially forbidden to annihilate in our lattice
QCD calculation. We expect this to have negligible effect,
for the purposes of this calculation, on the masses of the ηc
and the ηb [54]; the ηs is an unphysical meson that can be
defined in this limit in a lattice QCD calculation and is
convenient for tuning the s quark mass [53,59].
Three-point correlation functions are needed to allow

determination of the current matrix elements for Bs → Ds
decay. We require two sets of such correlation functions,
one with a scalar and one with a temporal vector current
insertion. The first takes the form

C
apDs
S ðt; TÞ ¼ 1

Ntaste

X
y

hΦ̃Ds
ðp; TÞSðy; tÞΦ̃Hs

ð0; 0Þi;

Sðy; tÞ ¼ c̄ðy; tÞhðy; tÞ: ð11Þ

In terms of the staggered quark formalism, both the Hs

source and Ds sink are given structure ðγ5 ⊗ γ5Þ, and the
current insertion ð1 ⊗ 1Þ. We combine staggered propa-
gators to construct these correlation functions as:

C
apDs
S ðt; TÞ ¼ 1

4

X
x;y;z

hTr½ghðx; yÞgθcðy; zÞg†sðx; zÞ�i; ð12Þ

where we fix x0 ¼ 0, y0 ¼ t and z0 ¼ T, and once again the
charm propagator is given the appropriate twist θ. We
compute these correlation functions for all t values within
0 ≤ t ≤ T, using 3 T values to make sure that excited state
effects are accounted for. The T values vary with lattice
spacing to give approximately the same physical range and
always include both even and odd values. The values are
given in Table II.
The three-point correlation function with temporal vector

current insertion is given by

C
apDs

V0 ðt; TÞ ¼ 1

Ntaste

X
y

hΦ̃Ds
ðp; TÞV0ðy; tÞΦ̃Ĥs

ð0; 0Þi;

V0ðy; tÞ ¼ c̄ðy; tÞγ0hðy; tÞ: ð13Þ

This is generated using spin-taste ðγ0γ5 ⊗ γ0γ5Þ at the Ĥs

source, ðγ5 ⊗ γ5Þ at the Ds sink, and ðγ0 ⊗ γ0Þ at the
current insertion. To achieve this we compute

C
apDs
V0

ðt; TÞ ¼ 1

4

X
x;y;z

hð−1Þx̄0þȳ0

× Tr½ghðx; yÞgθcðy; zÞg†sðx; zÞ�i: ð14Þ

The non-goldstone Ĥs is required here to ensure that taste
cancels in the correlation function. The difference between
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the Ĥs and theHs, for example in their masses, is generated
by taste-exchange discretization effects. In practice it is
very small for heavy mesons [40], being suppressed by the
heavy meson mass.

C. Analysis of correlation functions

We now describe our simultaneous multiexponential fits
to the correlation functions using a standard Bayesian
approach [60,61]. The parameters that we wish to deter-
mine are ground-state energies, two-point amplitudes and
ground-state to ground-state matrix elements. Our corre-
lation functions, however, are contaminated by contribu-
tions from excited states. These excited states must be
included in our fits so that the systematic error on the
ground-state parameters from the presence of the excited
states is fully taken into account. Multiexponential fits are
then mandatory, guided by Bayesian priors for the param-
eters, discussed below. To reduce the number of exponen-
tials needed by the fits, we drop values of the correlation
functions when they are within tcut of the endpoints (where
excited states contribute most). We use values of tcut
varying from 2 to 10 throughout the correlator fits; these
values are given in Table II. We take results from fits using
5 exponentials (Nexp ¼ 5 in the fit forms below), where
good χ2 values are obtained and the ground-state param-
eters and their uncertainties have stabilized.
Two-point correlation functions are fit to the form

CMðtÞjfit ¼
XNexp

n

ðjaMn j2fðEM
n ; tÞ

− ð−1ÞtjaM;o
n j2fðEM;o

n ; tÞÞ; ð15Þ

where

fðE; tÞ ¼ ðe−Et þ e−EðNt−tÞÞ; ð16Þ

and EM;ðoÞ
n , aM;ðoÞ

n are fit parameters. The second term in
Eq. (15) accounts for the opposite-parity states that arise
from the staggered quark time doublers and are known as
oscillating states (see Appendix G of [40]). These oscillat-
ing states do not appear when M is a Goldstone-taste
pseudoscalar with a quark and antiquark of the same mass,
so in the M ¼ ηh; ηc, and ηs cases the second term is not
required.
Figure 1 shows the quality of our results. We plot

effective energies and amplitudes for theDs andHs mesons
on the fine ensemble. For the effective energy EeffðtÞ
we use

EeffðtÞ ¼
1

2
cosh−1

�
Cðtþ 2Þ þ Cðt − 2Þ

2CðtÞ
�

ð17Þ

where CðtÞ is defined in Eqs. (8) and (9). By comparing
CðtÞ to Cðtþ 2Þ and Cðt − 2Þ, we avoid contamination by
the oscillating states. Similarly an effective amplitude can
be computed according to

aeffðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CðtÞ=fðEeffðtÞ; tÞ

p
: ð18Þ

As can be seen from Fig. 1, these quantities agree well with
the results for the ground-state energies and amplitudes
found from our multiexponential Bayesian fits.
For the three-point correlation functions we use the fit

form

FIG. 1. Effective energies and amplitudes, defined from Eqs. (17) and (18) on the fine ensemble. Grey bands show the fit
result for the ground-state energies and amplitudes including their uncertainty. The fit used the correlator data on time slices between
t ¼ 2 and t ¼ Nt − 2.
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CJðt; TÞjfit

¼
XNexp;Nexp

k;j¼0

ðaH
ð∧Þ

s
j Jnnjk a

Ds
k fðEH

ð∧Þ
s ; tÞfðEDs

n ; T − tÞ

þ aH
ð∧Þ

s;o
j Jonjka

Ds
k ð−1ÞtfðEH

ð∧Þ
s;o

n ; tÞfðEDs; T − tÞ

þ aH
ð∧Þ

s
j Jnojk a

Ds;o
k ð−1ÞT−tfðEH

ð∧Þ
s ; tÞfðED�

s ;o
n ; T − tÞ

þ aH
ð∧Þ

s;o
j Joojk a

Ds;o
k ð−1ÞTfðEH

ð∧Þ
s;o

n ; tÞfðEDs;o; T − tÞÞ: ð19Þ

This includes fit parameters common to the fits of Hs

(when J ¼ S), Ĥs (when J ¼ V0) and Ds two-point
correlators, along with new fit parameters Jjk that are
related to the current matrix elements. We perform a single
simultaneous fit containing each correlator computed
(CHs

; CĤs
; CDs

; Cηh ; Cηc ; Cηs ; CHc
; CS; CV0

) at every amh

and every japDs
j, for each ensemble.

These simultaneous fits are very large and this causes
problems for the covariance matrix which must be inverted
to determine χ2. We take two steps toward mitigating this.
The first is to impose an svd (singular value decomposition)
cut csvd. This replaces any eigenvalue of the covariance
matrix smaller than csvdx with csvdx, where x is the largest
eigenvalue of the matrix.1 The small eigenvalues are driven
to zero if the statistics available are not high enough [62].
The application of the svd cut makes the matrix less
singular, and can be considered a conservative move since
the only possible effect on the error of the final results is to
inflate them. An appropriate value for csvd is found by
comparing estimates of covariance matrix eigenvalues
between different bootstrap samples of the data using
the Corrfitter package [61]. The resulting csvd varies
between ensembles since it depends on the statistical

quality of the dataset, but we find them to be of order
10−3. For more details of this approach, see Appendix D
of [62].
The other step we take toward a stable fit is employing a

chained-fitting approach. We first perform an array of
smaller fits, each fitting the correlators relevant only to
one mh and one japDs

j value. In the case of set 4, for
example, this results in 11 separate fits. Then, a full
simultaneous fit of all of the correlators is carried out,
using as priors the results of the smaller fits. This both
speeds up the full fit and improves stability of the results.
The priors for the fits were set up as follows. We set

gaussian priors for the parameters Jjk, and log-normal
priors for amplitudes aMi , ground-state energies EM

0 , and
excited-state energy differences EM

iþ1 − EM
i . Using log-

normal distributions forbids ground-state energies, excited
state energy differences and amplitudes moving too close to
zero or becoming negative, improving stability of the fit.
Priors for ground state energies EM

0 and amplitudes aM0
are set according to an empirical-Bayes approach, plots of
the effective amplitude of the correlation functions are
inspected to deduce reasonable priors. The ground-state
oscillating parameters aM;o

0 , EM;o
0 , are given the same priors

as the non-oscillating states, with uncertainties inflated by
50%. The resulting priors always have a standard deviation
at least 10 times that of the final result. The logs of the
excited-state energy differences are given prior values
2aΛQCD � aΛQCD where ΛQCD was taken as 0.5 GeV.
The log of oscillating and non-oscillating excited state
amplitudes are given priors of−1.9� 3.3. The ground-state
nonoscillating to nonoscillating three-point parameter, Jnn00
is given a prior of 1� 0.5, and the rest of the three-point
parameters Jnnjk are given 0� 1.
The physical quantities that we need here are extracted

from the ground-state fit parameters and given in Tables III
and IV. EM

0 are the ground-state meson energies in lattice
units. For mesons at rest, this corresponds to the mass of the
meson, i.e., EM

0 ¼ aMM. The annihilation amplitude for an
M-meson at rest is given in lattice units by

TABLE III. Parameters determined from our correlation function fits. The decay constant afHc
is extracted from the amplitude

obtained via Eqs. (20) and (21). Ds energies at non-zero spatial momentum are given in Table IV.

Set amval
h aMHs

aMDs
aMHc

afHc
aMηh aMηc aMηs

1 0.5 0.95971(12) 0.90217(11) 1.419515(41) 0.186299(70) 1.471675(38) 1.367014(40) 0.313886(75)
0.65 1.12507(18) 1.573302(40) 0.197220(77) 1.775155(34)
0.8 1.28129(19) 1.721226(39) 0.207068(78) 2.064153(30)

2 0.5 0.95446(13) 0.87715(11) 1.400025(26) 0.183482(46) 1.470095(25) 1.329291(27) 0.304826(52)
0.8 1.27560(24) 1.702438(24) 0.203382(50) 2.062957(19)

3 0.427 0.77443(17) 0.59151(11) 1.067224(46) 0.126564(70) 1.233585(41) 0.896806(48) 0.207073(96)
0.525 0.88470(21) 1.172556(46) 0.130182(72) 1.439515(37)
0.65 1.01973(28) 1.303144(46) 0.133684(75) 1.693895(33)
0.8 1.17436(40) 1.454205(46) 0.137277(79) 1.987540(30)

4 0.5 0.80235(19) 0.439899(86) 1.011679(25) 0.099031(45) 1.342747(27) 0.666754(39) 0.153827(77)
0.65 0.96344(27) 1.169780(26) 0.100598(49) 1.650264(23)
0.8 1.11728(35) 1.321660(28) 0.101765(54) 1.945763(21)

1To give an example for context, the largest eigenvalue in the
data from the fine ensemble is ∼700.
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h0jΦ̃MjMijlat ¼
ffiffiffiffiffiffiffiffiffiffiffi
2MM

p
aM0 : ð20Þ

If Φ̃M is a γ5 ⊗ γ5 pseudoscalar operator P, the decay
constant can be found from this via

fM ¼
mval

q0 þmval
q00

M2
M

hΩjPjMijlat; ð21Þ

where q, q0 are the quark flavors that M is charged under.
We use this to determine the Hc meson decay constant in
Table III. The current matrix elements that we are focused
on here can be extracted from the fit parameters via

hDsjJjHsijlat ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MHs

EDs

p
Jnn00 : ð22Þ

These can be converted into values for the form factors
once the currents have been normalized (Sect. II D).
Figure 2 shows the results of a number of tests we

performed on the fits to correlators on the fine ensemble.
Each test modifies one of the features of the fits and we then
plot the resultant value of the key output parameter Jnn00. The
robustness of the fits can be gauged by the effect of these
changes, which are all small.
Figure 3 shows a comparison of the Ds meson dis-

persion relation on the fine (set 1) and superfine (set 3)
lattices. The dispersion relation is sensitive to discretization
effects in our quark action. The figure shows them to be
small (see [63] for more discussion of discretization
effects in dispersion relations for mesons using HISQ
quarks). These discretization effects, along with all other
discretization effects, are dealt with systematically via the
continuum extrapolation detailed in Sec. II E.

TABLE IV. Parameters from our correlation function fits at varying q2 points. fs0;þðq2Þ are extracted via (22) and (24). The final two
columns give the ratio of these form factors to fHc

ffiffiffiffiffiffiffiffiffi
MHc

p
. We show statistical/fit errors on each of the quantities, including the value of

q2 that is derived from MHs
and EDs

. q2 and Rs uncertainties also include those from the determination of the lattice spacing.

Set amval
h q2[GeV2] aEDs fs0ðq2Þ fsþðq2Þ fs0ðq2Þ=fHc

ffiffiffiffiffiffiffiffiffi
MHc

p
fsþðq2Þ=fHc

ffiffiffiffiffiffiffiffiffi
MHc

p
1 0.5 0.01584(17) 0.90217(11) 1.0009(14) 1.394(11)

0.00026(50) 0.90386(11) 0.9997(14) 0.9997(15) 1.393(11) 1.393(11)
0.65 0.2376(26) 0.90217(11) 1.0047(28) 1.256(11)

0.1201(15) 0.91308(13) 0.9956(31) 1.0014(77) 1.245(11) 1.252(14)
0.0027(12) 0.92399(15) 0.9878(31) 0.9880(32) 1.235(11) 1.235(11)

0.8 0.6874(74) 0.90217(11) 1.0092(17) 1.1488(94)
0.3473(40) 0.92992(17) 0.9898(18) 1.0079(56) 1.1267(93) 1.147(11)
0.0082(29) 0.95759(27) 0.9710(18) 0.9714(19) 1.1053(91) 1.1057(91)

2 0.5 0.03014(32) 0.87715(11) 1.0004(15) 1.369(11)
0.02593(49) 0.87759(11) 1.0001(15) 1.002(19) 1.369(11) 1.371(28)

0.8 0.8007(84) 0.87715(11) 1.0054(18) 1.1258(91)
0.6126(66) 0.89178(15) 0.9948(22) 1.030(18) 1.1139(91) 1.154(22)

3 0.427 0.3715(42) 0.59151(11) 0.9942(24) 1.250(11)
0.1877(26) 0.60220(14) 0.9807(26) 0.9928(61) 1.233(11) 1.248(13)
0.0053(23) 0.61281(17) 0.9685(26) 0.9688(26) 1.218(11) 1.218(11)

0.525 0.954(11) 0.59151(11) 0.9876(25) 1.152(10)
0.5361(66) 0.61281(17) 0.9614(27) 0.9901(80) 1.121(10) 1.155(13)
0.0124(54) 0.63946(31) 0.9320(31) 0.9326(31) 1.0870(99) 1.0876(99)

0.65 2.036(23) 0.59151(11) 0.9791(28) 1.0548(95)
0.950(12) 0.63946(31) 0.9227(37) 0.9611(81) 0.9940(93) 1.035(12)
0.007(13) 0.68113(58) 0.8821(42) 0.8823(41) 0.9503(92) 0.9505(92)

0.8 3.772(43) 0.59151(11) 0.9709(37) 0.9643(90)
1.435(22) 0.68113(58) 0.8731(53) 0.9138(93) 0.8671(90) 0.908(12)
−0.030ð44Þ 0.7373(17) 0.825(10) 0.8242(97) 0.819(12) 0.819(12)

4 0.5 2.634(32) 0.439899(86) 0.9741(28) 1.0319(99)
1.179(16) 0.48514(23) 0.9134(32) 0.9522(63) 0.9676(95) 1.009(11)
−0.027ð18Þ 0.52261(54) 0.8666(45) 0.8657(44) 0.9181(96) 0.9172(96)

0.65 5.497(67) 0.439899(86) 0.9575(34) 0.9287(91)
3.748(47) 0.48514(23) 0.8985(39) 1.004(18) 0.8714(88) 0.974(19)
2.301(35) 0.52261(54) 0.8529(55) 0.913(11) 0.8272(92) 0.886(13)
0.198(93) 0.5770(24) 0.770(15) 0.775(14) 0.746(16) 0.751(15)

0.8 9.20(11) 0.439899(86) 0.9433(40) 0.8508(86)
5.495(72) 0.52261(54) 0.8438(67) 0.974(23) 0.7611(92) 0.878(22)
3.06(11) 0.5770(24) 0.768(16) 0.842(23) 0.693(15) 0.759(22)
0.19(26) 0.6410(57) 0.721(27) 0.724(25) 0.650(25) 0.653(23)
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D. Current normalization

In the HISQ formalism, the local scalar current ð1 ⊗ 1Þ
(multiplied by the mass difference of flavors it is charged
under) is conserved, and hence requires no renormalization.
This is not the case for the local temporal vector current

ðγ0 ⊗ γ0Þ. We use this instead of the conserved vector
current because it is much simpler, but we then require a
renormalization factor to match to the continuum current.
This is simple to obtain fully nonperturbatively within this
calculation [31,64], at no additional cost.
When both meson states in the matrix elements are at rest

(the zero recoil point), the scalar and local vector matrix
elements are related via the PCVC relation:

ðMHs
−MDs

ÞZVhDsjV0jĤsijlat¼ðmval
h0 −mval

c0 ÞhDsjSjHsijlat:
ð23Þ

ZV can be extracted from this relation using the matrix
elements we have computed. The ZV values found on each
ensemble and for each amval

h0 are given in Table V.
We also remove Oðam4

hÞ tree-level mass-dependent
discretization effects from the current using a normalization
constant, Zdisc derived in [65] and discussed in detail in
[49]. Zdisc values are also tabulated in Table V; they have
only a very small effect.
Combining these normalizations with the lattice current

from the simultaneous correlation function fits, we find
values for the form factors at a given heavy mass, lattice
spacing, and q2:

FIG. 2. Tests on the correlator fits on the fine ensemble. The y-axis shows the best fit result for Jnn00 , with the appropriate current, heavy
mass and q2 specified. At Ntest ¼ 1 we give our final result, reproduced by the light grey band for ease of comparison. Ntest ¼ 2 and 3
give the results of setting Nexp ¼ 4 and 6 respectively. Ntest ¼ 4 gives the result of setting tcut ¼ 3 for all 2-point correlators (in the final
fit tcut ¼ 2 for all correlators). Ntest ¼ 5 gives the value when the prior width on the Jnn00 parameters is doubled. Ntest ¼ 6 gives the results
from the output from a fit to the appropriate correlators from that heavy mass and q2 value only, and therefore not including correlation
with results from other masses and momentum values.

FIG. 3. A comparison of the relativistic dispersion relation for
our Ds mesons on gluon field ensemble sets 1 and 3. We plot the
square of the “speed of light” against the square of the spatial
momentum of the Ds in lattice units. Values on the coarser
lattices, set 1, show a small deviation from 1 that is reduced on the
finer lattices.
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fs0ðq2Þ ¼
mval

h0 −mval
c0

M2
Hs

−M2
Ds

ZdischDsjSjHsijlatðq2Þ

fsþðq2Þ ¼
Zdisc

2MHs

×
δMhDsjSjBsijlatðq2Þ− q2ZVhDsjV0jBsijlatðq2Þ

p2
Ds

;

ð24Þ

where δM is defined in Eq. (6) and we have made the
dependence of the matrix elements on q2 explicit.

E. Obtaining a result at the physical point

We now discuss how we fit our results for fs0ðq2Þ and
fsþðq2Þ as a function of valence heavy quark mass, sea light
quark mass and lattice spacing. Evaluating these fits at the
mass of the b, with physical l, s and c masses and zero
lattice spacing will then give us the physical form factor
curves from which to determine the differential decay rate,
using Eq. (2).
Following [49] we use two methods; one a direct

approach to fitting the form factors and the other in which
we fit the ratio

Rs
0;þðq2Þ≡

fs0;þðq2Þ
fHc

ffiffiffiffiffiffiffiffiffi
MHc

p ; ð25Þ

in which discretization effects are somewhat reduced. We
will take our final result from the direct approach and we
describe that here. We use the ratio approach as a test of
uncertainties and we describe that in more detail in
Appendix B.
We use identical fit functions for both approaches. We

feed into the fit our results from Tables III and IV, retaining
the correlations (not shown in the Tables) between values

for different heavy quark masses and q2 values on a given
gluon field ensemble that we are able to capture in our
simultaneous fits (Sec. II C). We also include, where
needed, correlated lattice spacing uncertainties.

1. Kinematic behavior

Our fit form is a modified version of the Bourrely-
Caprini-Lellouch (BCL) parametrization for pseudoscalar-
to-pseudoscalar form factors [66]:

fs0ðq2Þjfit ¼
1

1− q2

M2
Hc0

XN−1

n¼0

a0nznðq2Þ;

fsþðq2Þjfit ¼
1

1− q2

M2
H�
c

×
XN−1

n¼0

aþn

�
znðq2Þ− n

N
ð−1Þn−NzNðq2Þ

�
: ð26Þ

The function zðq2Þmaps q2 to a small region inside the unit
circle on the complex q2 plane, defined by

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p : ð27Þ

Here tþ ¼ ðMHs
þMDs

Þ2 and we choose t0 to be t0 ¼ 0.
This t0 choice means that q2 ¼ 0 maps to z ¼ 0 and the fit
functions simplify to fs0;þð0Þ ¼ a0;þ0 . For the physical
range of q2 for Bs to Ds decay, the range covered by z
is jzj < 0.06, resulting in a rapidly converging series in
powers of z. We truncate at N ¼ 3; adding further powers
of zn does not effect the results of the fit.
The factors in front of the sums in the BCL para-

metrization account for lowest mass pole expected in the
full q2 plane for each form factor coming from the
production of on-shell Hc0 and H�

c states in the crossed
channel of the semileptonic decay. Note that these poles,
even though they are below the cut (for Hs þDs produc-
tion) that begins at tþ, are at much higher q2 values than
those covered by the semileptonic decay here (with
maximum q2 given by ðMHs

−MDs
Þ2).

We must estimate MHc0
, the scalar heavy-charm meson

mass, at each of the heavy masses we use. For this we use
the fact that the splitting Δ0 ¼ MHc0

−MHc
is an orbital

excitation and therefore largely independent of the heavy
quark mass. The splitting has been calculated in [67] to be
Δ0 ¼ 0.429ð13Þ GeV at the b quark mass. Combined with
an Hc mass from our lattice results, we construct the Hc0
mass as MHc0

¼ MHc
þ Δ0. We do not include the uncer-

tainty on Δ0 in the fit, since any shift in the precise position
of the pole will be absorbed into the other fit parameters.
To estimate MH�

c
, the vector heavy-charm meson mass,

we use the fact that the hyperfine splitting MH�
c
−MHc

should vanish in the infinite mh limit. MH�
c
then takes the

TABLE V. Normalization constants applied to the lattice
currents in Eq. (24). ZV is found from Eq. (23) and Zdisc from
[49].

Set amval
h0 ZV Zdisc

1 0.5 1.0155(23) 0.99819
0.65 1.0254(35) 0.99635
0.8 1.0372(32) 0.99305

2 0.5 1.0134(24) 0.99829
0.8 1.0348(29) 0.99315

3 0.427 1.0025(31) 0.99931
0.525 1.0059(33) 0.99859
0.65 1.0116(37) 0.99697
0.8 1.0204(46) 0.99367

4 0.5 1.0029(38) 0.99889
0.65 1.0081(43) 0.99704
0.8 1.0150(49) 0.99375
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approximate form MH�
c
≃MHc

þOð1=mhÞ. To reproduce
this behavior we use the ansatz MH�

c
¼ MHc

þ x=Mηh , and
fix x at the b quark mass using the value of MH�

c
−MHc

from [67]. This gives x ¼ 0.507 GeV2.

2. Heavy quark mass and discretization effects

To account for dependence on the heavy quark mass and
discretization effects in a general way, we use the following
form for each of the a0;þn coefficients:

a0;þn ¼
�
1þ ρ0;þn log

�
Mηh

Mηc

��

×
X2;2;2
i;j;k¼0

d0;þijkn

�
2ΛQCD

Mηh

�
i
�
amval

h0

π

�
2j�amval

c0

π

�
2k

× ð1þN 0;þ
mistuning;nÞ: ð28Þ

To understand this form, focus first on the terms inside
the sum. Powers of ð2ΛQCD=MηhÞ allow for variation of the
coefficients as the heavy quark mass changes, using an
HQET-inspired form since this is a heavy-light to heavy-
light meson transition. Mηh=2 is proportional to mh at
leading order in HQET, so is a suitable physical proxy for
the heavy quark mass. We take ΛQCD here to be 0.5 GeV.
The other two terms in the sum allow for discretization
effects. These can be set by two scales. One is the variable
heavy quark mass amval

h0 and the other is the charm quark
mass, amval

c0 , constant on a given ensemble. Adding further
discretization effects set by smaller scales such as aΛQCD
had no impact on the results since such effects are
subsumed into the larger amval

c0 terms.
The coefficients d0;þijkn are fit parameters given Gaussian

prior distributions of 0� 2.
To account for any possible logarithmic dependence on

mh, arising from, for example, an ultraviolet matching be-
tween HQETand QCD, we include a log term in front of the
sum. ρ0;þn are fit parameters with prior distribution 0� 1.
The fact that fsþð0Þ ¼ fs0ð0Þð⇒ aþ0 ¼ a00Þ is a powerful

constraint within the heavy-HISQ approach. Since this
relation must be true at allmh, it translates to constraints on
the fit parameters; dþi000 ¼ d0i000 ∀ i and ρþ0 ¼ ρ00.We
impose these constraints in the fit.

3. Quark mass mistuning

To account for any possible mistunings in the c, s and l
quark masses, we include the termsN 0;þ

mistuning;n in each a
0;þ
n

coefficient, defined by

N 0;þ
mistuning;n ¼

cval;0;þs;n δvals þ c0;þs;n δs þ 2c0;þl;n δl
10mtuned

s

þ c0;þc;n

�
Mηc −Mphys

ηc

Mphys
ηc

�
: ð29Þ

Here c0;þl;n , c0;þs;n and cðvalÞ;0;þs;n are fit parameters with prior
distributions 0� 1.
We define δðvalÞs ¼ mðvalÞ

s0 −mtuned
s [54], where mtuned

s is
given by

mtuned
s ¼ ms0

�
Mphys

ηs

Mηs

�2

: ð30Þ

Mηs is the mass of an unphysical pseudoscalar ss̄ meson
where the valence quarks are artificially not allowed to
annihilate; its mass (in the continuum and chiral limits) can
be determined in lattice QCD calculations in terms of the
masses of the π and K mesons. In [54] this analysis was
done to yieldMηs ¼ 0.6885ð20Þ GeV. This is the value that
we use here for Mphys

ηs to tune the s quark mass. Mphys
ηc is

taken to be 2.986(3) GeV from [54]. This allows for a small
(0.1%) adjustment for cc̄ annihilation and QED effects,
neither of which are included in our calculation.
We similarly account for (sea) light quark mass mistun-

ing by defining δl ¼ ml0 −mtuned
l . We find mtuned

l from
mtuned

s , using the fact that the ratio of quark masses is
regularization independent, and was determined in [45]:

ms

ml

����
phys

¼ 27.18ð10Þ: ð31Þ

We set mtuned
l to mtuned

s divided by this ratio.
All higher order contributions, such as δ2s;l,

ðMηc −Mphys
ηc Þ2, or ðΛQCD=MηhÞ2 are too small to be

resolved by our lattice data, so are not included in the fit.
In our lattice QCD calculation we set mu ¼ md ≡ml;

this means that our results do not allow for strong-isospin
breaking in the sea quarks. By moving the mtuned

l value up
and down by the PDG value for md −mu [28], we found
that any impact of strong-isospin breaking on our results
was negligible.

4. Finite-volume and topology freezing effects

We expect finite-volume effects to be negligible in our
calculation and we do not include any associated error.
Finite-volume corrections to the B → Dlν form factors
were calculated in chiral perturbation theory in [33] and
found to be very small, less than one part in 104, for typical
lattice QCD calculations. For Bs → Dslν form factors we
expect finite-volume effects to be smaller than this because
there are no valence u=d quarks.
The finest lattices that we use here have been shown to

have only a slow variation of topological charge in
Monte Carlo time. This means that averaging results over
the ensemble could introduce a bias if the quantities we are
studying are sensitive to topological charge. A study
calculating the adjustment needed to allow for this gives
only a 0.002% effect on the Ds decay constant [68]. For Bs
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to Ds form factors we might expect an effect of similar
relative size. This is negligible compared to our other
uncertainties.

5. Uncertainties in the physical point

Once we have fit our lattice results as described
above, we can determine the physical form factors by
setting a ¼ 0, Mηh ¼ Mηb . We also take MHc

¼ MBc
,

Mηc ¼ Mphys
ηc , ml0 ¼ mtuned

l , and ms0 ¼ mtuned
s . We take

the experimental value for Mηb but allow for an additional
�10 MeV uncertainty beyond the experimental uncer-
tainty, since our lattice QCD results do not allow for
QED effects or for ηb annihilation to gluons [44]. This
additional uncertainty has no effect, however, because the
heavy quark mass dependence is mild.

III. RESULTS AND DISCUSSION

In Tables III and IV, we give our results for the form
factors on each ensemble along with the meson masses
needed for the fits of the form factors as a function of mh
and a discussed in Sec. II E.
We first show results from simplified fits to zero recoil

data to find fs0;þðq2maxÞ. This allows us to test the behavior
inmh. We then perform the larger fit, described in Sec. II E,
taking into account all the lattice data throughout the
q2 range.

A. Zero recoil

We performed a fit to fs0ðq2maxÞ as a function of mh and a
using the fit form

fs0ðq2maxÞjfit ¼
�
1þ ρ log

�
Mηh

Mηc

��

×
X2;2;2
i;j;k¼0

dijk

�
2ΛQCD

Mηh

�
i
�
amval

h0

π

�
2j�amval

c0

π

�
2k

× ð1þN mistuningÞ: ð32Þ

This is the same fit function as described earlier for the
individual z-space coefficients in Eq. (28) and we take the
same priors for the corresponding coefficients as dis-
cussed there.
The fit has χ2=Ndof ¼ 0.21, for 12 degrees of freedom.

Evaluating the result at a ¼ 0 and physical b quark mass,
we find

fs0ðq2maxÞ ¼ 0.907ð16Þ: ð33Þ

We show the dependence onMηh of our results and the fit in
Fig. 4. The error budget corresponding to Eq. (33) is given
in Table VI. Note that we do not impose the constraint that
fs0ðq2maxÞ ¼ 1.0 when mh ¼ mc. If we do this, we reduce
the uncertainty in Eq. (33) by 25%.

We include in Fig. 4 a previous lattice determination of
fs0ðq2maxÞ [35], shown as a red triangle. Our result, con-
taining independent uncertainties, is in agreement with this
earlier value but much more accurate. The older study used
the nf ¼ 2þ 1 MILC asqtad gluon ensembles, with HISQ
s and c valence quarks, and an NRQCD b quark. Using
NRQCD meant that the calculation could be performed
directly at the physical b mass. However, the matching of
lattice NRQCD currents to continuum QCD, performed at
OðαsÞ, is a significant source of systematic error absent in
our calculation.
We perform a number of tests of the fit at zero recoil, and

present results in Fig. 5. The tests show that the fits are
robust.

B. Full q2 range

We now proceed to fit our full set of data including zero
and nonzero recoil points to the fit form given in Eqs. (26)
and (28) and discussed in Sec. II E. We include the

FIG. 4. fs0ðq2maxÞ against Mηh (a proxy for the heavy quark
mass). The circle, square and triangular points show lattice
results, i.e., outputs from the correlator fits. The grey band
shows the result of our fit at a ¼ 0 and physical l, s and cmasses.
Notice that the y-axis scale does not begin at zero. We also
include the result from a previous lattice calculation, which used
the NRQCD discretization for the b quark with a nonrelativistic
expansion of the current through OðΛ=mbÞ and OðαsÞ matching
to continuum QCD [35]. Sets of gluon field configurations listed
in the legend follow the order of sets in Table I.

TABLE VI. Error budget for fs0ðq2maxÞ.
Source % Fractional error

Statistics 1.11
mh → mb and a → 0 1.20
Quark mistuning 0.58
Total 1.73
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covariance matrix between the form factor values obtained
from correlator fits on a given ensemble along with
correlated lattice spacing uncertainties. The goodness of
fit obtained is χ2=Ndof ¼ 0.51, with 58 degrees of freedom.
The fit parameters that are constrained by the fit are listed in
Table X of Appendix C.
In Fig. 6 we show our results and fit function in z-space

for the productP × f of each form factor and its pole factor,
P, given by 1 − q2=MH0;�

c
in Eq. (26). This shows that the z-

dependence of P × f is relatively benign for both form
factors and the main mh-dependent effect is the smooth
reduction in value of P × f asmh increases. The final result
at the physical b quark mass is given by the grey band.
In Fig. 7, we show the results and fit function in q2-

space. The form factors for the physical b quark mass (i.e.,
those corresponding to Bs → Ds decay) are given by the
grey band.
From Fig. 6 it is clear that the largest effect in the lattice

results is a z-independent shift as a function of heavy quark
mass. Not surprisingly then, the parameters that are best
constrained by the fit are d0i000 ¼ dþi000 and ρ

0
0 ¼ ρþ0 , i.e., the

parameters that control this heavy-quark mass extrapola-
tion. We find that d0;þ1000 ¼ 1.397ð82Þ and ρ0;þ0 ¼ 0.419ð20Þ.
Other coefficients are not as well constrained by the fit,
including those that allow for discretization effects.
Allowing for such terms in the fit, however, means that
their impact on the final uncertainty is included.
Figure 8 shows the physical fþ and f0 form factors on

the same plot and covering the full q2 range for the Bs →
Ds decay. Figure 9 plots the associated error budget for the
two form factors throughout the q2 range. The dominant
uncertainty comes from statistical errors. There are also
significant uncertainties from the q2 andmh dependence for

FIG. 5. Results of tests of the fs0ðq2maxÞ fit. The top three blue
points show fs0ðq2maxÞ at continuum and physical b mass, if data
from the fine, superfine or ultrafine ensembles are not used in the
fit. The fourth and fifth blue points show the result if data at the
highest/lowest amval

h0 value on each ensemble are removed. The
point labeled Nfit ¼ 3 is the result of extending the sum in
Eq. (28) so that it truncates at 3 rather than 2 in each of the i, j, k
directions. The points labeled þ log2ðMηh=MηcÞ represents the
result of adding a ρ2 log2ðMηh=MηcÞ term in the first set of
brackets in Eq. (28), where ρ2 is a new fit parameter with the same
prior distribution as ρ. Similarly for the þ logðMηh=MηcÞ=Mηh
point. The point labelled “no log” results from omitting the factor
ð1þ ρ logðMηc=MηhÞÞ. The lowest point shows the value from
the fit result for Rs

0ðq2maxÞ, multiplied by the experimental value
for

ffiffiffiffiffiffiffiffiffi
MBc

p
[28] and the result of our determination of fBc

at the
physical point detailed in Appendix A of [49].

FIG. 6. Pfs0;þ in z-space, where P is the appropriate pole function for each form factor given in Eq. (26). The colored points show
lattice results, i.e., outputs from the correlator fits. The colors correspond to the legend given in Fig. 7. Sets listed in this legend follow
the order of sets in Table I. The lowest grey band shows the result of our fit at a ¼ 0 and physical l,s, c and bmasses. Each of the higher
grey bands show the fit form evaluated at the heavy quark masses, lattice spacings and l,s and cmasses of each of our sets of lattice data.
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fþ at larger values of q2. This is because there are no lattice
QCD results at q2max for fþ. The impact of uncertainties in
the lattice spacing (both in w0=a and in w0) are smaller than
the errors shown in the figure and so not plotted there. This
is because the form factors themselves are dimensionless
and lattice spacing effects in the determination of q2 largely
cancel as, for example, the pole masses are given in terms
of lattice masses.
As discussed in Sec. II E an alternative approach to the fit

is to take ratios of the form factors to theHc decay constant
and fit the ratios to the fit form of Eqs. (26) and (28). This
fit is described in Appendix B. It has the advantage of
smaller discretization effects but the disadvantage of larger
lattice spacing uncertainties because the ratios being fit are
dimensionful. In the end the ratio method has larger
uncertainty for the final physical form factors. We therefore
take the results from the direct method as our final result,
and use the ratio method results as a consistency test. Since
the two approaches have quite different systematic errors,

their comparison supplies a strong consistency check. In
Fig. 10, we plot the form factors from the two methods on
top of each other. As is clear from this plot, the results are in
good agreement. The direct method gives a more accurate
result for both form factors and at all q2.
We compare the coefficients from our fits to unitarity

bounds in Appendix D as a further test.

FIG. 7. fs0;þðq2Þ plotted against q2. The colored points show lattice results, i.e., outputs from the correlator fits. The grey band shows
the result of our fit at a ¼ 0 and physical l,s, c and b masses. Sets listed in the legend follow the order of sets in Table I.

FIG. 8. Final result for fs0;þðq2Þ against q2 at the physical point.

FIG. 9. Error budget for fs0;þðq2Þ as a function of q2.
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In Fig. 11, we compare our final form factors to those
determined from the lattice QCD calculation using the
NRQCD approach for the b quark already used as a
comparison at q2max in Fig. 4 [35]. The NRQCD calculation
works directly at the b quark mass but on relatively coarse
lattices and hence is unable to obtain results at large
physical momenta for the Ds meson. The results close
to zero-recoil are extrapolated to q2 ¼ 0 using a z-space
parametrization. As the figure shows, our results are in
excellent agreement with the NRQCD calculation but are
more precise for both fs0ðq2Þ and fsþðq2Þ throughout all q2.
This is because we can avoid the significant systematic

uncertainty that the NRQCD calculation has from the
perturbative matching to continuum QCD of the
NRQCD current that couples to the W.
The Bs → Dslν form factors have also recently been

obtained by the Fermilab Lattice/MILC collaborations
from their earlier B → D form factors and ratios of Bs →
Ds and B → D form factors using the Fermilab formalism
for b and c quarks in [69]. Our results are consistent with
theirs (shown in Fig. 20 of [69]) but we have a smaller
uncertainty at q2 ¼ 0.

C. RðDsÞ
Using our calculated form factors fs0;þðq2Þ, we can

calculate the differential rate for Bs → Dslν decay from
Equation (1). This is a function of the lepton mass and so
differs between the heavy τ and the light e, μ leptons. The
differential rate for μ and τ is compared in Fig. 12. We take
the meson and lepton masses needed for Eq. (1) from [28]
and ηEW ¼ 1.011ð5Þ [23]. The distribution in the τ case is
cut off at q2 ¼ m2

τ and so, although there is enhancement
from m2

l=q
2 terms in Eq. (1) that reflect reduced helicity

suppression, the integrated branching fraction for the τ case
is smaller than for the μ.
The ratio of branching fractions for semileptonic B

decays to τ and to e=μ is being used as a probe of lepton
universality with an interesting picture emerging [36,37].
Here we provide a new SM prediction for the quantity

RðDsÞ ¼
BðBs → DsτντÞ
BðBs → DslνlÞ

; ð34Þ

where l ¼ e or μ [the difference between e and μ is
negligible in comparison to our precision on RðDsÞ].
Our result is

FIG. 10. Results for fs0;þðq2Þ against q2 at the physical point,
comparing the ratio method (from Appendix B) and the direct
method (from Sec. III B).

FIG. 11. Our final result for fs0;þðq2Þ compared to form factors
calculated using an NRQCD action for the b quark [35]. Part of
the NRQCD band is shaded darker than the rest (q2⪆9.5 GeV2)
to signify the region where lattice results were directly calculated.
The NRQCD form factors in the rest of the q2 range are the result
of an extrapolation using a BCL parametrization.

FIG. 12. Differential decay rates for the Bs → Dsμνμ and
Bs → Dsτντ decays, calculated using the form factors determined
in this work.
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RðDsÞjSM ¼ 0.2993ð46Þ; ð35Þ

in which we averaged over the l ¼ e and l ¼ μ cases. Note
that jVcbj and ηEW cancel in this ratio. We give an error
budget for this result in terms of the uncertainties from our
lattice QCD calculation in Table VII. Our result agrees
with, but is more accurate than, the previous lattice QCD
value of RðDsÞ [0.301(6)] from [35]. An experimental
result for RðDsÞ would allow a new test of lepton
universality.
We expect very little difference between RðDsÞ and the

analogous quantity RðDÞ because the mass of the spectator
quark has little effect on the form factors [34]. Lattice QCD
calculations that involve light spectator quarks have larger
statistical errors, however, which is why the process Bs →
Ds is under better control. Previous lattice QCD results for
RðDÞ are 0.300(8) [23] and 0.299(11) [22], in which any
difference with our result for RðDsÞ is too small to be
visible with these uncertainties.

IV. COMPARISON TO HQET

In Fig. 13 we show our form factor results at two key
values of q2, the zero recoil point and q2 ¼ 0, as a function
of heavy quark mass, given by Mηh. The plot demonstrates

how fþ at zero-recoil increases as the heavy quark mass
increases, but f0 changes very little. The value at q2 ¼ 0,
where the form factors are equal, falls with growing heavy
quark mass, as the q2 range opens up.
Knowledge of the functional form of fs0ðq2Þ and fsþðq2Þ,

along with hsA1
ð1Þ from [49], against mh gives us access to

the functional form in mh of a number of quantities of
interest in HQET.
In HQET the vector current matrix element is para-

metrized with a different set of form factors, hsþðwÞ and
hs−ðwÞ according to

hDsjVμjHsiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MDs

MHs

p ¼ hsþðwÞðvþ v0Þμ þ hs−ðwÞðv − v0Þμ; ð36Þ

where vμ ¼ pμ
Hs
=MHs

and v0μ ¼ pμ
Ds
=MDs

are the 4-veloc-
ities of the initial and final state mesons, and w ¼ v · v0 is
an alternative parameter to q2 used in the context of HQET.
As a test of HQET, one can construct ratios of form

factors that should become unity in the mc;mh → ∞ limit.
Following the notation defined in [70], one can redefine
the form factors such that each of them reduce to the
Isgur-Wise function ξðwÞ in the mc;mh → ∞ limit. In the
Bs → Ds case these new form factors are

Ss1ðwÞ ¼ hsþðwÞ −
1þ r
1 − r

w − 1

wþ 1
hs−ðwÞ; ð37Þ

Vs
1ðwÞ ¼ hsþðwÞ −

1 − r
1þ r

hs−ðwÞ; ð38Þ

where r ¼ MDs
=MHs

. hsA1
also reduces to ξ in the infinite

mass limit. Hence any ratio between Ss1,V
s
1 and hsA1

should

TABLE VII. Error budget for our result for RðDsÞ in the SM.
z-space fit refers to the error associated with the fit of the
dependence on heavy quark mass and lattice spacing and
interpolation in q2.

Source % Fractional error

Statistics 1.11
z-space fit 1.05
Quark mass mistuning 0.12
Total 1.54

FIG. 13. Form factor values at q2max and q2 ¼ 0 plotted against
Mηh , a proxy for the heavy quark mass.

FIG. 14. Form factor ratios against Mηh , a proxy for the heavy
quark mass. Ss1 and Vs

1 are defined in Eqs. (37) and (38). The
colorful points are NLO HQET expectations from [25], derived
with input from QCD sum rules.
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become unity in this limit. From our results at zero recoil
and for mh ¼ mb we find

Ss1ð1Þ
hsA1

ð1Þ
����
lat

¼ 1.146ð25Þ ð39Þ

Ss1ð1Þ
Vs
1ð1Þ

����
lat

¼ 0.966ð35Þ ð40Þ

hsA1
ð1Þ

Vs
1ð1Þ

����
lat

¼ 0.843ð31Þ: ð41Þ

Figure 14 illustrates how these ratios vary with mh, and
gives the NLO HQET expectation for these values for
comparison [25]. As can be seen here, our results show
large deviations from the HQET expectation, implying that
NLO HQET is missing significant higher order contribu-
tions. As discussed in [71], previous lattice results have
shown similarly large deviations. These are also shown in
preliminary results from the JLQCD collaboration [72].
Another set of quantities of interest in HQET are the

slopes of the form factors at q2 ¼ 0 [73,74]:

1

βðmhÞ
≡M2

Hs
−M2

Ds

fsþð0Þ
dfsþ
dq2

����
q2¼0

; ð42Þ

δðmhÞ≡ 1 −
M2

Hs
−M2

Ds

fsþð0Þ
�
dfsþ
dq2

����
q2¼0

−
dfs0
dq2

����
q2¼0

�
: ð43Þ

To obtain these values from our results for the form factors,
we take the derivative of the fit function [Eq. (28)]
evaluated at continuum and physical l, s and c masses.
At mh ¼ mb we find

1

βðmbÞ
¼ 0.600ð43Þ; δðmbÞ ¼ 0.405ð84Þ: ð44Þ

In Fig. 15 we show how these quantities vary with mh. By
rewriting Eq. (43) in terms of hsþ;−, and recognising that in
the heavy quark limit hsþ ≈ ξ and hs− ≈ 0, one can find a
leading order HQET expectation for δ [74]:

δðmhÞ ¼
2MDs

MHs
þMDs

1þ h−
hþ

1 − MHs−MDs
MHsþMDs

h−
hþ

¼ 2MDs

MHs
þMDs

½1þOðαs;ΛQCD=mh;ΛQCD=mcÞ�:

ð45Þ

This leading order expression is shown in Fig. 15 as a blue
band. Our results (grey band) are in good agreement with
this, up to the uncertainties from higher order terms shown
in Eq. (45).

V. CONCLUSIONS

We have calculated the scalar and vector form factors for
the Bs → Dslν decay for the full q2 range using lattice
QCD with a fully nonperturbative normalization of the
current operators for the first time. Our calculation used
correlation functions at three values of the lattice spacing,
including an ensemble with an approximately physical light
quark mass. We used the relativistic HISQ action with a
range of values for the heavy valence quark and by fitting
this dependence, along with the lattice spacing dependence,
we are able to determine results at the b quark mass. The
valence c and s quark masses are accurately tuned to their
physical values. By working on very fine lattices we are
able both to reach a heavy quark mass close to the b but also
to cover the full q2 range of the decay.
Our results for the form factors are given in Fig. 8 and

the differential rate that this implies for Bs → Dslν in
Fig. 12. This will allow a determination of jVcbj from
future experimental data from this semileptonic process.
Instructions on how to reproduce our form factors are given
in Appendix A. Our error budget is given in Fig. 9.
Our results are more accurate than previous lattice QCD

determinations using a nonrelativistic b quark formalism
because we do not have a systematic uncertainty from the
perturbative matching of the lattice current to continuum
QCD.
From our results we can predict the ratio RðDsÞ of the

branching fraction to a τ lepton compared to that to e=μ (see
Sec. III C). We are also able to compare functions of the
form factors and their slopes to HQET expectations
(see Sec. IV).
Our calculation shows that a heavy-HISQ determination

of the B → Dlν form factors is feasible. This would allow
direct comparison to existing experimental data. Such a

FIG. 15. We show two quantities derived from the form factor
slopes as a function of Mηh . 1=βðmhÞ is defined in Eq. (42) and
δ in Eq. (43). Our results are shown by the grey bands. The
blue band shows the leading order HQET expectation for δ
given in Eq. (45).
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calculation could use an identical strategy to the one
demonstrated here, with the strange valence quark replaced
with a light one and additional calculations on ensembles
spanning a range of light quark masses. Higher statistics
would be needed since statistical uncertainties will be larger
than in this calculation, and the issue of topology freezing
on fine lattices will be more significant. Our calculation
demonstrates, however, that lattice QCD is no longer
limited for these form factors by the systematic uncertain-
ties coming from current matching and, with sufficient
computer time, a 1% accurate result for B → Dlν form
factors is achievable.
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APPENDIX A: RECONSTRUCTING
FORM FACTORS

This Appendix gives the necessary information to
reproduce the functional form of the form factors through
q2 reproduced in this work. We here express the form
factors in terms of the BCL parametrization [66]:

fs0ðq2Þ¼
1

1− q2

M2
Bc0

X2
n¼0

a0nznðq2Þ;

fsþðq2Þ¼
1

1− q2

M2
B�c

X2
n¼0

aþn ðznðq2Þ−
n
3
ð−1Þn−3z3ðq2ÞÞ; ðA1Þ

where the function zðq2Þ is defined by defined by

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffi
tþ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffi

tþ
p ; ðA2Þ

and tþ ¼ ðMBs
þMDs

Þ2. We take the PDG 2018 values for
these masses, 5.3669 GeV for the Bs and 1.9683 GeV for
the Ds [28]. For the position of the poles, we use MBc0

¼
6.704 GeV and MB�

c
¼ 6.329 GeV. The coefficients a0;þn

found from our fit, along with their covariance, is given in
Table VIII.

APPENDIX B: THE RATIO METHOD FOR
OBTAINING THE FORM FACTORS

Here we show results from the ratio approach to
determining the form factors. In this approach we fit the
ratio of the form factors to decay constant of the pseudo-
scalar Hc meson [49] [repeating the definition from
Eq. (25)]:

Rs
0;þðq2Þ≡

fs0;þðq2Þ
fHc

ffiffiffiffiffiffiffiffiffi
MHc

p : ðB1Þ

Two-point correlation functions for the Hc meson are
calculated along with the other two- and three-point
correlation functions that we need (see Sec. II B) and
included in the simultaneous fits to these correlation
functions described in Sec. II C. This enables us to
determine the heavy-charm meson decay constant [and
in fact the combination fHc

ffiffiffiffiffiffiffiffiffi
MHc

p
needed for Eq. (B1)]

TABLE VIII. Our results for z-coefficients in the BCL para-
metrization Eq. (A1). The first row gives mean values, and the
rest of the table gives the covariance matrix associated with these
parameters.

a00 a01 a02 aþ0 aþ1 aþ2
0.66574 −0.25944 −0.10636 0.66574 −3.23599 −0.07478
0.00015 0.00188 0.00070 0.00015 0.00022 0.00003

0.06129 0.16556 0.00188 0.01449 0.00001
3.29493 0.00070 0.18757 −0.00614

0.00015 0.00022 0.00003
0.20443 0.10080

4.04413

FIG. 16. Rs
0ðq2maxÞ ¼ fs0ðq2maxÞ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ against Mηh
(a proxy for the heavy quark mass). The grey band shows the
result of the extrapolation at a ¼ 0 and physical l,s and cmasses.
Sets listed in the legend follow the order of sets in Table I.
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from the amplitude for the ground-state in the two-point
correlation functions as given in Eq. (21). Our results for
Rs
0;þðq2Þ are given in Table IV.
We fit Rs

0;þðq2Þ using an identical fit function to that of
the direct approach, given in Eqs. (26) and (28). The fit
parameters are tabulated in Table XI in Appendix C.
Discretization effects change in the ratio given in
Eq. (B1), compared to those from the form factors
themselves, changing the continuum extrapolation. The
dependence on heavy quark mass of the ratio is also very
different. The value of the ratio at the physical point (where
mh ¼ mb and a ¼ 0) can then multiplied by fBc

ffiffiffiffiffiffiffiffiffi
MBc

p
to

obtain the form factors. We find fBc
via a separate

calculation (detailed in Appendix A of [49]) and take
the experimental value for the Bc meson mass, MBc

¼
6.2756ð11Þ GeV [28]. This approach has the disadvantage
of introducing larger uncertainties from scale-setting since
Rs
0;þðq2Þ are dimensionful quantities (as opposed to

fs0;þðq2Þ which are dimensionless). Hence we do not use
it for our final value. It provides a useful test of our
uncertainties, however.

1. Zero recoil

We first show results from a fit at the zero recoil point,
Rs
0ðq2maxÞ, as a function of heavy quark mass and lattice

spacing. To do this we use the same fit form as for our fits to

fs0;þðq2maxÞ, given in Eq. (32), with the same priors. We find,
with physical parameters for all quark masses and a ¼ 0

Rs
0ðq2maxÞ ¼

fs0ðq2maxÞ
fBc

ffiffiffiffiffiffiffiffiffi
MBc

p ¼ 0.853ð20Þ GeV−3=2: ðB2Þ

The fit has χ2=Ndof ¼ 0.63 for Ndof ¼ 16. The lattice QCD
results and fit are shown in a plot againstMηh in Fig. 16. As
can be seen from this plot, the lattice results have stronger
dependence on the heavy quark mass and somewhat less on
the lattice spacing compared to that seen in Fig. 4. The error
budget for our physical value in Eq. (B2) is given in
Table IX. Notice that, compared to Table VI it now has a
significant scale-setting uncertainty.

2. Full q2 range

In Fig. 17, we show the complete set of lattice results
along with the results of the full fit given by the fit form in
Eq. (28). As for Fig. 7 we see that as the lattice spacing
decreases, the range of heavy quark masses increases and
the q2 range, 0 < ðMHs

−MDs
Þ2 expands. The goodness of

fit here was χ2=Ndof ¼ 0.57, Ndof ¼ 58.
To obtain the form factors, the resulting functions

Rs
0;þðq2Þ were multiplied by

ffiffiffiffiffiffiffiffiffi
MBc

p
(using the experimen-

tal value) and fBc
from our determination detailed in

Appendix A of [49]. The resulting form factors are shown
in Figure 10 in a comparison to those found by our direct
method of Sec. III B.

APPENDIX C: FIT OUTPUTS

Here we give the results for the free parameters from our
fit described in Sec. II E, with Eqs. (28) and (29). Most of
the parameters in these equations are not well determined
by the fit. The point of including them in the fit is then to
make sure that the uncertainty from not knowing them is

TABLE IX. Error budget for Rs
0ðq2maxÞ.

Source % Fractional error

Statistics 1.10
Scale setting 1.30
mh → mb and a → 0 1.44
Quark mistuning 0.87
Total 2.39

FIG. 17. Rs
0;þðq2Þ ¼ fs0;þðq2Þ=ðfHc

ffiffiffiffiffiffiffiffiffi
MHc

p Þ plotted against q2. The grey band shows the result of our fit at a ¼ 0 and physical l,s, c
and b masses. Sets listed in the legend follow the order of sets in Table I.
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fed into our final results. In these cases the fit simply returns
the prior value for that parameter, and we do not list these.
The parameters that can be determined from the fit

are mainly those associated with the leading n ¼ 0 coef-
ficient in the z-expansion. Some information about the
n ¼ 1 term is also obtained, but none of the n ¼ 2
coefficients are constrained. Table X gives the mean values
and uncertainties of the coefficients d0ijkn and dþijkn from

Eq. (28) for n ¼ 0 and n ¼ 1 that are constrained from the
fit. The dþ coefficients for n ¼ 0 and j ¼ k ¼ 0 are the
same as those for d0, to implement the constraint that
fþð0Þ ¼ f0ð0Þ. The values of the ρ parameters obtained
for n ¼ 0 and n ¼ 1 (n ¼ 2 is not constrained) are also
given in Table X. For n ¼ 0 ρ00 ¼ ρþ0 , again to enforce
f0ð0Þ ¼ fþð0Þ. The mass mistuning parameters given in
Eq. (29) are not constrained by the fit.
Table XI gives the same information for the alternative

ratio fit described in Appendix B.

APPENDIX D: TESTS OF UNITARITY BOUNDS

Unitarity and crossing symmetry imposes bounds on the
coefficients of the BCL parametrization of f0;þðq2Þ, fang
[75,76]. As another consistency test, we show here that the
coefficients for fþ found in our fit satisfy these bounds.
To obtain bounds on the BCL coefficients [66], one must

relate them to those of a different parametrization, that of
Boyd, Grinstein and Lebed (BGL) [77]:

fsþðq2Þ ¼
1

BðzÞϕðzÞ
XN
n≥0

bnzn: ðD1Þ

BðzÞ is known as the Blashke factor:

BðzÞ ¼ z − z�
1 − zz�

; ðD2Þ

where z� ¼ zðM2
B�
c
Þ for fsþ. ϕðzÞ is the outer function;

ϕðzÞ ¼ M2−s
Bs

22þp ffiffiffiffiffiffiffi
κnf

p �
MDs

MBs

ð1þ zÞ
�
s−3=2

×

�
ð1 − zÞ

�
1þMDs

MBs

�
þ 2

ffiffiffiffiffiffiffiffiffi
MDs

MBs

s
ð1þ zÞ

�−s−p
:

ðD3Þ

In the fsþ case, κ ¼ 6πM2
Bs
χV , p ¼ 3, s ¼ 2. The quantity

χV is the once-subtracted dispersion relation at q2 ¼ 0
for the vector b → c current, computed in [77] to be
χV ¼ 5.7 × 10−3=m2

b.
The BGL coefficients, fbng, obey the unitarity constraint

X∞
m¼0

jbmj2 ≤ 1 ðD4Þ

by construction of the parametrization. To see how this
applies to the BCL coefficients fang, one must relate them
to fbmg by equating the two parametrizations to find [66]

XM
m¼0

bmzm ¼ ψðzÞ
XN
n¼0

anzn; ðD5Þ

TABLE X. Fit results for the parameters d0ijkn, d
þ
ijkn ρ0n and ρþn

defined in Eq. (28) and used in our preferred fit described in
Sec. II E. We give the mean values and uncertainties, but do not
include the correlation matrix. The n ¼ 0 parameters for j ¼
k ¼ 0 are the same for d0 and dþ, as are the n ¼ 0 parameters for
ρ0 and ρþ. We restrict the list to those parameters that are
constrained by the fit beyond the prior value of 0� 2, but include
values that are not constrained for n ¼ 1 where the n ¼ 0 result is
constrained. n ¼ 2 parameters are also included in the fit but they
are not constrained.

d0 dþ

i, j, k n ¼ 0 n ¼ 1 n ¼ 0 n ¼ 1

0,0,0 1.397(82) −0.25ð33Þ 1.397(82) −3.45ð87Þ
1,0,0 −1.01ð49Þ 0.4(1.5) −1.01ð49Þ −1.0ð1.9Þ
2,0,0 −0.62ð77Þ 0.1(2.0) −0.62ð77Þ −0.3ð2.0Þ
0,1,0 0.29(33) 0.9(1.6) 0.30(32) −0.1ð2.0Þ
1,1,0 0.4(1.6) 0.2(2.0) 0.4(1.6) −0.04ð2.00Þ
0,2,0 1.4(1.4) 0.06(2.00) 1.3(1.4) 0.0(2.0)
0,0,1 −0.16ð91Þ 0.2(2.0) −0.14ð91Þ −0.06ð2.00Þ
1,0,1 −0.2ð1.7Þ 0.05(2.00) −0.2ð1.7Þ −0.01ð2.00Þ

ρ0 ρþ

0.419(20) −0.23ð96Þ 0.419(20) 0.08(25)

TABLE XI. Fit results for the parameters d0ijkn, d
þ
ijkn, ρ

0
n and ρþn

defined in Eq. (28) but used with the alternative ratio fit described
in Appendix B. We give the mean values and uncertainties, but do
not include the correlation matrix. The n ¼ 0 parameters for j ¼
k ¼ 0 are the same for d0 and dþ, as are the n ¼ 0 parameters for
ρ0 and ρþ. We restrict the list to those parameters that are
constrained by the fit beyond the prior value of 0� 2, but include
values that are not constrained for n ¼ 1 where the n ¼ 0 result is
constrained. n ¼ 2 parameters are also included in the fit but they
are not constrained.

d0 dþ

i, j, k n ¼ 0 n ¼ 1 n ¼ 0 n ¼ 1

0,0,0 1.12(13) −0.28ð36Þ 1.12(13) −3.93ð98Þ
1,0,0 1.93(75) 0.5(1.6) 1.93(75) −1.1ð1.9Þ
2,0,0 −2.6ð1.1Þ 0.1(2.0) −2.6ð1.1Þ −0.3ð2.0Þ
0,1,0 0.88(40) 0.2(1.8) −0.82ð50Þ −0.03ð1.99Þ
1,1,0 −0.5ð1.8Þ 0.1(2.0) 0.3(1.8) −0.02ð2.00Þ
0,2,0 0.02(1.82) 0.02(2.00) −0.04ð1.86Þ 0.0(2.0)
0,0,1 −0.5ð1.1Þ 0.2(2.0) −0.34ð69Þ −0.2ð2.0Þ
1,0,1 −0.4ð1.9Þ 0.04(2.00) 0.3(1.6) −0.05ð2.00Þ

ρ0 ρþ

0.452(27) −0.21ð93Þ 0.452(27) 0.26(21)
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where ψðzÞ is given by

ψðzÞ ¼ M2
pole

4ðtþ − t0Þ
ϕðzÞ ð1 − zÞ2ð1 − z�Þ2

ð1 − zz�Þ2
; ðD6Þ

and Mpole ¼ MB�
c
in the fsþ case. Expanding ψðzÞ around

z ¼ 0, comparing coefficients of z in Eq. (D5), and
imposing the constraint of Eq. (D4), we arrive at a
constraint for the BCL coefficients

B≡ XL;L
j;k¼0

Bjkajak ≤ 1; ðD7Þ

Bjk ¼
X∞
n¼0

ηnηnþjj−kj; ðD8Þ

where fηng are the Taylor coefficients of ψðzÞ.
ψðzÞ is bounded on the closed disk jzj < 1, so its Taylor

coefficients are rapidly decreasing. We computed values for
Bjk by truncating the sum in its definition [Eq. (D8)] at 100.

These values are given in Table XII. With these Bjk values,
and the an coefficients from our fit (via the direct method),
we find

Bþ ¼ 0.0210ð54Þ:

This comfortably satisfies the unitarity bound. Addi-
tionally, as discussed in [78], the leading contributions
to Bþ are of order ðΛQCD=mbÞ3 ≃ 10−3 in the heavy quark
expansion. This expectation is approximately fulfilled by
our result.
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