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Dispersive construction of two-loop P — zzz(P=K,;7) amplitudes
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We present and develop a general dispersive framework allowing us to construct representations of the
amplitudes for the processes Pz — zz, P = K, 1, valid at the two-loop level in the low-energy expansion.
The construction proceeds through a two-step iteration, starting from the tree-level amplitudes and their S
and P partial-wave projections. The one-loop amplitudes are obtained for all possible configurations of
pion masses. The second iteration is presented in detail in the cases where either all masses of charged and
neutral pions are equal or for the decay into three neutral pions. Issues related to analyticity properties of the
amplitudes and of their lowest partial-wave projections are given particular attention. This study is
introduced by a brief survey of the situation, for both experimental and theoretical aspects, of the decay
modes into three pions of charged and neutral kaons and of the eta meson.
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I. INTRODUCTION

Our experimental knowledge of the Dalitz-plot structures
of the amplitudes for the processes P — zzz has substan-
tially improved during the last decades, for P = K* [1-7],
P =K; [8], or P =5 [9-18]. This situation is likely to
improve further still in the future [19,20]. The sizes of the
collected data samples in the case of the charged kaons, for
instance, outgrow by orders of magnitude those that were
available before. This general increase in statistics has
prompted various theoretical studies [21-43] of these decay
modes, often with an emphasis on isospin-breaking con-
tributions. Indeed, from the theoretical point of view, these
processes are interesting because they provide access to
fundamental quantities. For instance, the rates for the
decays n# — zzz, which are forbidden in the isospin limit,
offer a good possibility to determine the value of the quark
mass ratio
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where m,,, m,, and m denote the masses of the three lightest
quark flavors, while A= (m,+m,)/2. Furthermore, the
processes with two neutral pions in the final state exhibit
the so-called cusp effect, which contains information on the
zr scattering lengths in the S-wave. Concerning this last
aspect, in particular, the decay modes K* — 7t 7%2° and
K, — 32" have already been studied from this point of view
by the NA48 [1,6] and KTeV [8] collaborations, respec-
tively. The first attempts to measure the same effects in the
decays of the 7 meson into three neutral pions have also been
reported [12].l

Traditionally, the processes P — zzz are most of the
time being analyzed with a polynomial parametrization (in
terms of slopes and curvatures in appropriately chosen
Dalitz-plot variables) of the amplitude, and theoretical
expressions have often been given in this form as well.
It is clear that the study of nonanalytic features of the
amplitude, like a cusp, cannot be done within such a simple
framework. The aim of the work presented in this article is,
therefore, the construction of a model-independent form of
two-loop amplitudes of the processes mentioned above that
is valid up to two loops in the low-energy expansion
and that exhibits the correct unitarity parts coming from
the 7z intermediate states. These are the only states that, up
to that order, give rise to nonanalytic structures in the

1Depending on the process, the cusp can be more or less
pronounced, and therefore more or less easy to measure. A
criterion allowing one to estimate the “visibility” of the cusp in
the different processes mentioned above has been proposed and
discussed in Ref. [36].
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corresponding decay amplitudes. Other two-meson inter-
mediate states correspond to more remote thresholds for
the Prn — zz scattering amplitudes that, inside the decay
region, can be quite appropriately approximated and
described by a polynomial. Intermediate states with more
than two mesons occur only at higher orders in the chiral
expansion, and will, therefore, not be considered here. Our
aim is, however, to include isospin-breaking effects induced
by the mass difference between charged and neutral pions,
without which no cusp would be seen in the decay
distribution. Note that the effects of electromagnetic inter-
actions other than those leading to isospin breaking in the
meson masses, i.e., exchanges of virtual photons between
charged states and photon emission, are not included in the
construction. A more complete discussion of this aspect is
given in Sec. 2.1 of Ref. [44].

Our construction is adapted from the ‘“reconstruction
theorem,” first established in Ref. [45] for the case of the 7z
amplitude in the isospin limit. The authors of Ref. [45] have
shown that, up to two loops in the chiral expansion, the
analytical form of the amplitude is completely fixed by
general properties like relativistic invariance, unitarity,
analyticity, and crossing, supplemented by chiral counting
for the partial waves. Isospin symmetry was also invoked,
but its role merely served to reduce the scattering ampli-
tudes in the various channels to a single amplitude. The
construction of the analytical expression of the zz ampli-
tude in this framework was then implemented explicitly in
Ref. [46]. The method is, however, more general and allows
for several extensions. First, it also applies to the scattering
amplitudes involving other pseudoscalar mesons [47].
Next, it generalizes in a straightforward manner to the
situation without isospin symmetry, the main difference
being that several independent amplitudes will be involved
in order to describe the different channels [44]. Finally, it
also applies to other observables, like form factors
[44,48,49]. The present work extends the general method
of the reconstruction theorem of Ref. [45] to the amplitudes
of the scattering processes Pz — zz, P = K* K,,Kg.1,
in the threshold region. The amplitudes for the decay
processes P — 3z are then obtained by analytic continu-
ation below the threshold and inside the physical decay
region in the Mandelstam plane.

This is the first article devoted to the presentation of the
details of the construction of such analytical expressions for
the decay amplitudes P — zzz up to two loops in the low-
energy expansion. In the present article, we give the full
isospin-breaking result for all the amplitudes only at the
one-loop level, while at the first stage, the expressions of
the two-loop amplitudes are only worked out in the limit
where the masses of the neutral and charged pions are
equal. This allows describing some general features of our
construction in a simpler framework without having to deal,
in addition, with several kinematic complications that arise
only when the intermediate- and final-state pions have

unequal masses. Incidentally, this is the framework that we
have used in Ref. [36], devoted to the analysis of the decay
of the # meson into three pions. We also plan to update the
latter analysis, taking more recent data [15,16,18] into
account, but this will be left for a separate work [50]. A
rather simple extension of this framework, though, allows
dealing with isospin breaking in the pion masses in the
case of the decay channels into three neutral pions, which
we will treat in a second stage in the present article. The
results where all isospin-breaking effects due to the mass
difference between neutral and charged pions are included
up to two loops when the final state contains also charged
pions will be discussed in a forthcoming paper [51]. We
also do not address the possible violation of CP invariance,
for instance, in the K — zzz processes, although it could
be straightforwardly incorporated into our framework if
necessary.

The outline of this paper is then as follows. In the next
section, we briefly summarize all the processes in question
and list the existing studies of the last few years. Section I1I
recalls the main aspects and content of the reconstruction
theorem and introduces our notation. In Sec. IV, we write
the results of the first iteration of the reconstruction
theorem for the zz scattering and the Pz — zz amplitudes.
Section V then gives the result of the second iteration in the
limit where the charged and neutral pion masses are
identical. These results are extended, for the decay modes
into three neutral pions, to the situation where the differ-
ence in the pion masses is taken into account in Sec. VL
The final section is devoted to a summary and conclusions.
In order not to overload the main text with too many
technical issues and lengthy expressions, some of them
have been gathered in four Appendixes.

Some aspects of this work have also been discussed
in earlier preliminary reports [52-54]. A comprehensive
account with more details on some of the technical aspects
can also be found in Ref. [55].

II. PROCESSES IN QUESTION

Our analysis covers the following list of processes:

K* — 29%%*, (2.1a)
K* - ntrta’, (2.1b)
K, = n°2°7°, (2.1¢)
K, - ntan°, (2.1d)
Kg— ntna®, (2.1e)

n — 2°2%7°, (2.1f)

n— ata (2.1g)
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The natural framework for describing the amplitudes of
these processes is three-flavor chiral perturbation theory
[56], extended, in the case of kaon decays, to also include
the weak nonleptonic decays [57]. At the lowest order, the
corresponding amplitudes are simply first-order polyno-
mials in the Mandelstam variables. Here, as already
mentioned, we will ignore CP-violating contributions, so
that the coefficients of these lowest-order polynomials are
real. The computation of higher orders meets technical
complications, as well as the necessity to consider an
increasing number of low-energy constants, which then
need to be determined independently.

In the rest of this section, we are going to describe the
present situation for the three types of processes, the decay
of a charged or of a neutral CP-odd kaon into three pions,
the similar decay modes of the # meson, and finally the
decay into three pions of a neutral CP-even kaon.

A. K* and Kg decays into three pions

These decay amplitudes were computed using the
framework of chiral perturbation theory up to next-to-
leading order (NLO) already in 1991 [58], at that time
ignoring all the isospin-breaking effects. Explicit expres-
sions for the one-loop amplitudes in the isospin limit have
been given in Ref. [21]. The most comprehensive work also
including isospin breaking, but still stopping at NLO only,
is contained in the series of papers [22-24].

The interest for these processes has risen after the
observation of a unitarity cusp in the event distribution
with respect to the invariant mass of two neutral pions by
the NA48 Collaboration [1]. In Ref. [26], this cusp is
proposed as a potentially clean method allowing for the
determination of the combination ay — a, of zz scattering
lengths. Elaborations on this idea appeared in Ref. [27].
Assuming a simplified analytic structure of the amplitude
and using unitarity of the scattering matrix allows express-
ing the decay amplitude in the vicinity of the cusp as an
expansion in the scattering lengths a;. In Ref. [28], the
same assumptions are made, but in addition, the isospin
symmetric NLO result of chiral perturbation theory is used
as an input for the real parts of the amplitudes.

It was pointed out by the authors of Refs. [29,31,37] that
the correct analytic structure of the amplitudes should be
more complicated than described in Refs. [27,28], and they
have constructed a representation of the amplitude within
the framework of nonrelativistic effective field theory,
based on a combined expansion in both the scattering
lengths and a formal nonrelativistic parameter e. This
expansion is considered to remain valid over the whole
decay region, although the pions emitted at the edge of the
decay region are already relativistic. Finally, taking advan-
tage of working within a Lagrangian formulation, the
effects of real and virtual photons could also be accounted
for [33] within this nonrelativistic framework.

B. 1 decays into three pions

The decay modes 5 — ntz~ 2" and 5 — 7%2°72° are

Al =1 transitions, and thus require isospin breaking.
The Ilatter is provided by two sources, electromagnetic
interactions on the one hand and the quark mass difference
my—m, on the other hand. As far as the former is
concerned, contributions of the order O(e’E’) vanish
[59,60], and corrections of the order (’)(ezmq), qg=u,d,
s to the decay rate were found to be quite small [61,62].
Thus, to a very good approximation, the amplitudes for
the decay modes of the # meson into three pions are
proportional to the isospin-breaking quark mass difference
my—m,, e.g., A”‘"ﬁ”_”o(s, tu) = (\/§/4R)f(s, t,u),
with the quark-mass ratio R already defined in (1.1).
Measuring the corresponding decay rates thus directly
gives information on m, —m,, provided one knows
f(s,t,u) sufficiently well.

The amplitude f(s,7,u) has been computed in the
chiral expansion, at orders O(E?) [60,63], O(E*) [64],
and (9(E6) [30]. The convergence is, however, slow, due
to strong zz rescattering effects. Furthermore, the two-
loop expression involves many unknown O(E®) low-
energy constants. The very long complete analytical
expression of the O(E®) amplitude has not been pub-
lished, but is available as a Fortran code from the authors
of Ref. [30]. Other approaches have, therefore, been
considered in order to improve the situation. For instance,
a more compact explicit representation of f(s,¢, u) at
next-to-next-to-leading order (NNLO) can also be worked
out [35] within the nonrelativistic framework mentioned
above. Notice, however, that in the center of the Dalitz
plot, the momenta of the outgoing pions in the rest frame
of the decaying particle, which count as order O(¢), can
already represent 90% of their rest energy, which is
counted as order O(1).

Alternatively, the iterative resummation of the zx
rescattering effects can be handled numerically in a dis-
persive framework [65,66]. In this second approach, one
writes unitarity relations with zz intermediate states and
constructs dispersion relations of the Khuri-Treiman type
[67-73]. The amplitude is then obtained by finding the
numerically fixed-point solution of these relations. The
determination of the subtraction constants arises from
matching [65,66] with the NLO results of chiral perturba-
tion theory. A more recent analysis [40] within this
framework uses instead information from the chiral per-
turbation theory calculation at NNLO of Ref. [30].

All these studies, but the one of Ref. [35], address the
description of the amplitude f(s, ¢, u) in the isospin limit,
thus leaving out the possibility to discuss the effect of the
cusp in the 7°7z° invariant mass of the decay of the 5 into
three neutral pions. Isospin-breaking effects in f(s, 7, u)
can also be naturally included in the relativistic approach
we will develop in the present work.
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C. K¢ decay into three pions

Our procedure can easily be applied as well to the CP-
conserving part of the decay amplitude for the decay
K — nt % Nevertheless, the corresponding branching
ratio is very small, which makes it difficult to measure the
energy dependence of the decay distribution, although some
measurements exist [74,75]. Therefore, the only parameter
connected with this process that has been measured recently
[76] is the amplitude of the CP-conserving component of
the decay Ky — 77~ 7° relative to K, — z72~7°. From
the theoretical point of view, this process is also covered
by the chiral perturbation theory computations up to NLO
presented in Refs. [21-24].

ITII. GENERAL STRUCTURE OF THE
TWO-LOOP AMPLITUDES

As mentioned above, we will obtain the amplitudes
M(sy, s,, 53) describing the decay processes

P(k) = n(py)n(p>)n(ps) (3.1)

from an analytic continuation into the subthreshold region
of the amplitude M(s, #, u) of a corresponding scattering
process of the type

P(k)z(p1) = #(p2)z(p3), (3.2)

where k> = M3, p? = M?. In the first case, the variables
are defined as usual, s; = (k— p;)?, whereas in the
scattering region, we take s=(k+p;)% t = (k— py)*, u =
(k — p3)?. These variables satisfy s, + s, + 53 = 35, and
s + t 4+ u = 3s,, respectively, where

3sg = M3 + M7 + M3 + M3. (3.3)
Notice that, depending on the phase convention used for the
various states, this analytic continuation does not neces-
sarily boil down to a mere substitution of the variables
(s,t,u) by (s, 52, 53), but can also generate an additional
phase for the amplitude. We shall specify our convention in
that matter later in this section. For the time being, we use a
rather generic notation, in order to keep the discussion as
general as possible. Later on, when considering specific
processes, we shall refine the notation according to our
needs (see in particular Tables I and III below, which also
specify the phase conventions and the notation we will use
for the various meson masses).

From a practical point of view, and in order not to
obscure the line of reasoning with analyticity issues
connected with the fact that Mp > 3M, it is useful, at a
first stage, to replace Mp by a fictitious mass Mp, some-
what lower than 3M 0, or than 3M, if isospin-breaking

TABLE 1. For each process under consideration, we show the
amplitude M(s,#,u), and the corresponding amplitude
M,(s,t,u) in the crossed wu-channel that appears in the
dispersion relation (3.5). The penultimate column gives the
appropriate crossing phase €, and the last column displays, for
each process, the quantity 3s,. Here, M, and My denote the
charged pion and kaon masses, respectively. CP violation is
ignored so that the same amplitude describes the CP-conjugate
processes. On the other hand, we keep the distinction between the
masses of the neutral kaons K; and Kj.

Process M M, € 350
K*n* > gtnt M. M. +1 ML +3M?
K*a% - afz¥ M. M, +1 ML +3M?
K*n%¥ - 2%° M, Moy =1 M+ M7 +2M%,

K*7° = 7%z Moy M, -1 M% + M; +2M2,
K 2% = ntat ML My =1 MY+ 2M2 + M2,
Kyz* =252 MLy My -1 Mg +2M;+ M2,
K 7% — n%2° M MG 1 My, +3M,

Kgn® - atn=  MS M3 -1 Mg +2M7 + M,

Kent = ata®  MS, MS -1 Mi +2M7 + M2,
na’ — ztat M My =1 MZ42M2+ Mio
nat — ata’ My Ml -1 M;+2M; + M,2,o
na’ = 2°72° M MG, L ME+3M

effects are neglected.2 Then, the amplitudes possess the
usual analyticity properties. In particular, they are real
analytic [77]. After the construction of the two-loop ampli-
tude for this fictitious process is completed, one can perform
an analytic continuation in M?% toward its physical value,
provided it is endowed with a small positive imaginary
part 5, M3 — M3 +i5. The issues related to this analytic
continuation will be discussed in Sec. V and Appendix B.
Notice simply, at this stage, that in the course of this process,
real analyticity is lost, and the real and imaginary parts of the
amplitude along its cuts actually become complex dispersive
and absorptive parts, respectively; i.e., schematically,

ReM(s) = DispM (s) = = [M(s +1i0) + M (s —i0)],

—_ N =

ImM(s) — AbsM(s) = 5 [M(s+1i0) — M (s —i0)],
(3.4)

where 0 indicates an infinitesimal positive number. In order
to keep the notation simple, we will continue denoting the
mass of the meson P by Mp, even when it is smaller than

*The fact that the kaons are also unstable through their decay
into two pions is irrelevant here since this feature would only start
to play a role beyond the orders in the low-energy expansion we
are considering. The # meson is stable with respect to decay into
two pions if CP is conserved, which we have already assumed to
be the case.
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3M,. This slight abuse of notation should not cause any
confusion. Let us also point out that, even for values of M p
lower than 3M ,, the analytic properties of the partial-wave
projections are more involved than, say, in the 7z case,
where, besides the s-channel unitarity cut, there is only a
left-hand cut coming from the unitarity cut in the u channel.
In the case of the Pz — zx partial-wave projections, addi-
tional circular cuts can be present. For a more complete
discussion, we refer the reader to Refs. [78] and [68].

In order to proceed with the construction of the scattering
amplitudes M(s, r,u), we write, keeping the preceding
discussion in mind and following Ref. [45], thrice sub-
tracted, fixed-7, dispersion relations’

M(s,t,u) = a(t) + (s — u)b(t) + (s — u)?c(1)

s3 [ dx AbsM(x, 1,359 — x — 1)
— 3

m Jy, X x—s
ud [ dxeAbsM,,(x, 1,350 —x — 1)
n x? xX—u '

Uthr

(3.5)

where a(t), b(t), and c(t) are arbitrary subtraction func-
tions, whereas sy, and uy, denote the thresholds in the
corresponding channels. In the presence of anomalous
thresholds, the corresponding discontinuities should be
included. Otherwise, sy, and uy, are fixed by unitarity.
In this expression, ¢ denotes a crossing phase, which
depends on the phase convention adopted for the various
amplitudes; see Table I. We have chosen a phase con-
vention that reduces to the one of Condon and Shortley in
the isospin limit. In practice, this amounts to having a
minus sign for the crossing of a charged pion, whereas the
crossing of a neutral pion generates no phase. Furthermore,
M, (s, t, u) denotes the amplitude in the crossed u-channel.
The latter obeys a similar dispersion relation, with sub-
traction functions a,(t), b,(t), and c,(¢), and with M
replacing M, in the u-channel integral.

Notice that for the applications we have in mind, we need
only to assume that the above dispersion relations are valid
in the region of the kinematic variables where the chiral
expansion makes sense. Then, they merely embody the
analyticity properties of the corresponding amplitudes
constructed by the usual Feynman diagram method in
the field-theoretic framework of chiral perturbation theory.
Thus, from this point of view, their existence is actually not

*Due to the Froissart bound and Regge phenomenology, two
subtractions are enough to ensure convergence of the dispersion
integrals [65,66]. However, as shown in Ref. [45], in order to
obtain a representation that correctly accounts for all two-
loop contributions, it is necessary to start from oversubtracted
dispersion relations. Two subtractions would be enough, though,
for the purpose of constructing a representation of the amplitudes
valid at one loop only. We will make implicit use of this last
remark in Sec. IV.

an issue in this context. This link with Feynman diagrams
will also provide the basis for the analytic continuation in
M3, which has been discussed previously.

The next step consists in writing, for each amplitude
M(s,t,u) in Table I, a decomposition of the form

M(s,t,u) = 167[ty(s) +31,(s) cos O] + M s, (s, 1,u),
(3.6)

where 7y(s) and 7 (s) denote the partial waves for angular
momentum ¢ equal to 0 and 1, respectively. The contri-
butions from higher partial waves are contained in
Myso (s, t,u). The scattering angle is given by

P18y

- A
cos = 245 —3sy + 2 (3.7)
s

2KP1;23(S)

with Ap; = M% — M3 and A,3; = M3 — M3. The function
Kpy23(s) is defined by

Kpis(5) = 1321 () (5). (3.8)

where Api(s) = A(s, M3, M?), Jy3(s) = A(s, M3, M3) are
expressed in terms of the Killen or triangle function
Mx,y,z) = x>+ y* + 22 — 2xy — 2xz — 2yz. We will refer
to Kpi.p3(s) as the Kacser function since it generalizes the
function introduced in Ref. [68] to the case where the mass
difference between neutral and charged pions is not
neglected. The Kacser function Kp.p3(s) as an analytic
function of s is unambiguously defined by its cuts, which
are conventionally placed at the real axis® and by the
values of (3.8) as long as s corresponds to the scattering
region, s > (Mp + M;)?. Eventually, we need to continue
the amplitude analytically to lower values of s. This will
require a careful study of the analytic properties of
Kp123(s) in the complex s plane for the different configu-
rations of pion masses in Secs. V and VI. The same also
applies to the partial-wave projections #,(s) and #,(s). For
s > (Mp + M,)?, they are defined as usual by the integrals

1 [+l N
=—— [ dcosf(cosd)’ M(s,t,u), £=0,1. (3.9)
32 —1

17(s)

In order to construct the analytic continuations of the
partial waves outside of the region of definition consisting
of the portion of the real axis s> (M p+ M )?, the contour of
integration in Eq. (3.9) needs to be appropriately deformed
in the complex plane. This issue, which is rather well
documented in the literature [68,79,80] in the case where all

*For the case Mp > M, + M, + M;, the cuts correspond to
the intervals ((M, — M5)?, (M, + M3)?) and ((Mp—M,)>,
(Mp+M,)?).
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the pions have equal masses, requires a careful discussion,
and we address it when considering the second iteration of
the construction process in Sec. V (see also Appendix A).
For the moment, however, we proceed with our general
outline. To that effect, it is necessary to use our knowledge
about the dominant chiral behavior of the various quantities
appearing in Eq. (3.6). For the dispersive and absorptive
parts of the lowest partial-wave projections, we have

Dispt,_o,(s) = O(E?),
AbSl,f:()'](S) = O(E4)’

DiSprZZ = O(E4),
AbSMfzz = O(ES) (310)

Therefore, up to order O(E®), only the S and P waves
contribute to the absorptive parts of the dispersion relations.
Imposing the crossing relations, the subtraction function
reduces to a polynomial P(s, z, u) of at most third order in
the Mandelstam variables [45]. The amplitudes eventually
take the form

M(s,t,u) = P(s,t,u) + U(s, t,u) + O(E¥), (3.11)

where U(s, t, u) denotes the nonanalytic unitarity part,

U(s, t,u) = 162V (s) + 3(r — u)W(s)
+ Wh(1) + 3(u — s)Wi (1)

FWE(u) + 3( = )W (u))- (3.12)

The functions W, (s), £ = 0, 1 are analytic in the complex
s plane, except for a right-hand cut, with discontinuities
provided by the absorptive parts along this same cut of the
partial-wave projections, for instance,

Ap1Ay; Abst(s)

AbsW(s) = | Absty(s)+3 s 2Kpm(5) (5= Sar),
AbStl(S)

AbsW,(s) =—=0(5 — Sipr)- 3.13

1) = g5 (.13)

Similar properties hold for the other functions W5"(s), but
their absorptive parts are now given in terms of the partial
waves of the amplitudes in the crossed channels. The
absorptive parts (3.13) do not completely fix the functions
Wo.1(s). Without loss of generality, we shall require that
they satisfy the asymptotic conditions [46]

lim Wy(s)/s* =0,

[s|—>00

lim W, (s)/s*> =0

(3.14)
|s|—>o0

up to arbitrary polynomials in s, of at most third order
for W, or at most second order for W, which are
absorbed into P(s, f,u). Note that, even after the imple-
mentation of these conditions, the ambiguity in the single-
variable polynomials is not entirely fixed; however,
the form of P(s,z,u) is unique (up to inconsequential
ambiguities stemming from the condition s + ¢ + u = 3s).

TABLE II. Expressions, for each Px — zz scattering ampli-
tude, of the functions occurring in the representation of Eq. (3.12)
in terms of a set of 13 independent functions. The amplitudes
involving the 7 meson have the same structure as those involving
the K; meson, and follow upon replacing the label L by 7.

MW, W, W, W W we

Mo W, w? ol W@ oyl
Moo W2 Wl WOl
M, W, Wi -wel el -y
Mo Wl owel owgl -l -w,
M Wy, Wi Wihe Wik Wik
MY, W(LO;>+0 W(Ll;>+0 W(LO;)+0 _W(Ll;)+o Wi
MG Weroo W0 Wioo
M§ Wee Wsho Wsho —Wsho —Weho
Mg Wl Wele =Wsle Wil -Wi,

These expressions form the content of the reconstruction
theorem in the present context. Notice that, depending on
the symmetries of the amplitude M (s, ¢, u), these functions
are not all independent. Actually, making use of the
arbitrariness of the various functions Wy (s), one can
achieve that U(s,r,u) and P(s,t, u) separately have the
same s, ¢, u symmetries as the full amplitude M(s, ¢, u).
Finally, as far as their structure is concerned, the amplitudes
of the processes involving the # meson can be obtained
from those involving the K; meson, upon changing the
corresponding labels. We thus need to consider only 13
distinct functions, which we choose as indicated in Table II.
Note that a given process involves at most only three
distinct functions.

It remains to transform these dispersive representations
into a tool that will lead to an explicit construction of the
two-loop amplitudes. For this, it is necessary to specify the
input for the absorptive parts of the partial waves that
appear in these expressions. This input will be provided by
unitarity. Up to and including two-loop order, these
absorptive parts result only from intermediate states com-
posed of two pseudoscalar mesons, zz, Kz, nr, etc. Except
for the zz case, the singularities induced by these inter-
mediate states are far from the central region of the Dalitz
plot that describes the P — zzz decay processes. For a
description of the latter, and of the corresponding unitarity
cusps due to the 7z intermediate states, it is, therefore, not
necessary to explicitly retain the intermediate states corre-
sponding to these higher thresholds. Their contributions
can be expanded in powers of the Mandelstam variables
divided by the square of a scale, which is at least equal to
the kaon (or eta) mass, so that they will appear only in the
polynomial contributions to the amplitudes. Of course, this
approximation would not be suitable if we intended to
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describe the scattering processes Px — zz themselves. If
necessary, the formalism to be described below could
actually be extended to the full set of possible two-meson
states. Therefore, we have (recall that only the values
Z = 0,1 need to be considered)

1,1‘/2 ks s
Z 1 () [f 7 ()] 0(s = s{).

(3.15)

Abst 7 (s)

The sum goes over all the possible two-pions intermediate

states k, fj;qk(s) denotes the partial-wave projection of the
corresponding zz scattering amplitude f — k, while S, is
the symmetry factor, S, = 2 for identically charged pions,
and S; = 1 otherwise. Note that for £ = 1, one always has
S, = 1. Furthermore, s}chr denotes the threshold at which the
channel k opens, and A,(s) is the triangle function that
describes the corresponding phase space. There are only
three possibilities, s{* =4M3, (M, + M 0)*, 4M?,, depend-
ing on the channel under consideration [M, (M ,0) denotes
the mass of the charged (neutral) pion].

Thus, as was to be expected, in order to complete our
program, we need to consider at the same time the ampli-
tudes A(s, t, u) for the scattering processes z(p;)z(p,) =
7(p3)7(p4) in the various channels, but only at lowest and at
next-to-leading orders. It can be achieved following the
same path as for the Pz — 7z amplitudes. The construction
of the amplitudes A(s,t,u) in the presence of isospin
breaking has already been described in Ref. [44], so we
can remain brief, and refer the reader to this reference for
details. The starting point is again provided by thrice
subtracted, fixed-#, dispersion relations satisfied by the
amplitudes A(s, 1, u),

A(s, t,u) = a(t) + (s —u)b(1) + (s — u)*c(r)

©dxImA(x,t,2 —x —1)
3

T Sy X xX—3s
dermA X, L, X—x—1t
V3 X X—u

Uthr

where a(t), b(t), and c(t) are arbitrary subtraction func-
tions, X stands for the sum of the squared masses of the
pions appearing in the process, and sy, and uy,, denote the
thresholds in the corresponding channels. Although, in order
not to overburden the notation at this stage, we have used the
same symbols, these last quantities can, of course, be
different from the ones appearing in Eq. (3.5). Table III
shows the notation that will be used in the sequel when
specific channels are considered.

We now decompose the various amplitudes A(s, 7, u)
such as to single out the lowest, S and P, partial waves,

TABLE III.  For each zz scattering process, the table shows the
amplitude A(s, 7, u) and the corresponding amplitude A, (s, 7, u)
in the crossed u-channel, which appears in the dispersion relation
(3.16). The penultimate column gives the appropriate crossing
phase €, and the last column displays, for each process, the
quantity s 4 ¢ + u. Here, M, denotes the charged pion mass, and
3, =M+ M2,

Process A A, € s+t+u
ataT - ntat Ay A, +1 4M2
ﬂ.iﬂ.i N ﬂ.iﬂ.i A++ A+_ +1 4M,2[
atn0 - 7ta° Ay A +1 2%,
atn - 2%zt Ags A, -1 2%,
atnt — 20720 A, Aoy -1 2%,
729720 = 7070 Ao Ago +1 4M;2;0

A(s,t,u) = 16z[fo(s) + 3f1(s) cos O] + Apso (s, 1, u),
(3.17)

where the scattering angle is given by a formula analogous
to (3.7),

o S(t - M) + A12A34
- 1/2 1/2
’114 (5)334/1 (s)

(3.18)

with A;; = M} — M3, M; and M ; being pion masses, so that
now the only possibilities are A;; =0, £A,, A, =M2 _M;Zro'
Likewise, 4;;(s) is the Killen function involving the pion
masses M; and M ;. The dominant chiral behavior of these
various pieces is given as in Eq. (3.10), with now fg(s)
and Ay, replacing 7, (s) and M ,, respectively, so that
again, only the § and P waves contribute to the absorptive
parts of the dispersion relations up to order O(E®). After
imposing crossing, the amplitudes A(s, 7, u) eventually take
the form

A(s,t,u) = P(s,t,u) + U(s, t,u) + O(E®),  (3.19)
where U(s,t,u) is the nonanalytic unitarity part,
U(s,t,u) = 16a[Wy(s) + 3(t — u)W,(s)
+ Wi(t) + 3(u—s)Wi (1)
+ Wi(u) +3(t — s)Wi(u)). (3.20)

and P(s, t,u) is a polynomial of at most third order in the
Mandelstam variables with the same s, f, u symmetries as
the amplitude A(s,#,u). Because of crossing relations
among subsets of the zz amplitudes, it is possible to
express all the functions that appear in the representations
of the type (3.20) in terms of only seven distinct functions,

which we denote as Wy (s), W.(s), W, (s), WS?Z(S),
Wgrl)_(s) Wf())(s), WE:&(S). How these functions contribute
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TABLE IV. Expressions, for each zz scattering amplitude, of
the functions occurring in the representation of Eq. (3.20) in
terms of the set of seven distinct functions.

A Wy W, W6 W’l Wi wi
A w92 owl w2 wl w,,
A, W, w® owl w2 wl
Ag W Wl W, wio o wi
A Wl Wl Wl Wl W,
Ax W, - Wsro(% Wgrl()) - Wsro(% WS:())
Ago Woo Woo Woo

to the various amplitudes can be gathered from Table IV.
The functions W,(s), £ = 0, 1, are analytic in the complex
s plane, except for a right-hand cut, with discontinuities
given by the appropriate partial waves, e.g.,5

A12A34
AbsWy(s) = [Absf(s) + 3 —7——=75—Absf (s)]
W0 (9)234% (s)
X 9(3‘ - sthr)’
N
AbSWl (S) = WAbs‘f‘l (S)Q(S — Sthr)' (321)
Ay (8)A347(s)

These discontinuities are again provided by unitarity,

12
Abss () = Yo

k

FEOLT ()] 0(s =)

(3.22)

N

For reasons already explained above, only the contributions
of two-pion intermediate states need to be retained.

Within the framework we have just presented, the
amplitudes for the processes Pxr — zx and 7z — zzw form
a closed set. This framework also allows for a two-
step iterative construction of the corresponding amplitudes
to two loops, along the lines described in detail in
Ref. [46]. The essential information is provided by the
chiral counting of the partial waves, Eq. (3.10) for the
amplitudes M (s, f,u), and similar relations [44-46] for
the 7z scattering amplitudes. Indeed, at lowest order, these
amplitudes, being O(E?), are real first-order polynomials in
the Mandelstam variables, entirely saturated by the S and P
partial waves,

>Although real analyticity is preserved for the zz scattering
amplitudes, even in the presence of isospin breaking, in order to
uniformize the notation, we also call the real and imaginary parts
dispersive and absorptive parts, respectively.

fe(s) = Dispf(s) + O(E*)
t,(s) = Dispt,(s) + O(E*)

= @¢(s) + O(EY),

= @e(s) + O(E*), (3.23)
for £ = 0, 1. Subsequently, they provide the discontinuities
of the # = 0, 1 partial waves along the unitarity cut at order
O(E%),

- 1A% (s) -
Absy T (5) = 3 g gl )
K Ok S
x O(s — s™) + O(E®),
i— 1/1]/2 —
Abst (5) = 37 LA gty o1
K Ok S

x O(s — si{) + O(E®), (3.24)

from which the one-loop amplitudes can be constructed, up
to an ambiguity which reduces to a polynomial of at most
second order in the Mandelstam variables. From these one-
loop expressions, one may now compute the order O(E*)
dispersive parts of the lowest partial waves,

Dispf(s) = ¢ (s) +y(s) + O(E®).
Dispt(s) = @(s) + @.(s) + O(E®),

for s > sy, Which in turn will provide the corresponding
absorptive parts at order O(E®),

(3.25)

z—»f o i/,{]l{/z( ) l—>k k—’f k_>f
Absf ()—Zsk - ()l (s) + 2y, ()]
k
x (s — str) + O(E®),
i—=f _ ij’llc/z(s) ~i—k k—f k—f
Abst () _Z {7%(s) [0y (s) + w7 (s)]

Sk N

+ W (5w (5))

x O(s — s{") + O(E®). (3.26)
These equations follow from Eq. (3.15), from the chiral
counting of the partial waves, combined with T invariance
and the fact that real analyticity holds for the 7z scattering
amplitudes, so that the quantities @,(s) and y,(s) in
Eq. (3.25) are real. Note that the contributions of the
absorptive parts of the amplitudes on the right-hand sides
of these equations cancel, and so there appear effectively just
the dispersive parts of the partial waves. From (3.26), one can
then obtain the full two-loop amplitudes. This construction is
unique up to a polynomial contribution of at most third order
in the Mandelstam variables, with coefficients that remain
finite in the limit of vanishing pion masses. The main point of
this discussion is that in order to obtain the full two-loop
expressions of the amplitudes, only the dispersive parts of
the one-loop S and P partial waves need to be computed
directly. Extracting these partial-wave projections from the
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O(E*)
polynomial
in s, t,u O(EG)
O(E?) polynomial
Pr — 7 O(é“‘) in s, t,u
amplitude | Abs to,1g8) > Pr— oo v
t O(E > : ~
O(EQ) a (E7) amplitude Abs fo1(5) - O(Eb)
T — T ) ot O(E6) » Pm— 7w
amplitude Abs fo.1(s) o amplitude
~ 3 <
at O(E") amplitude

O(E"Y)
polynomial

in s, t,u

FIG. 1.
(of partial waves) denoted by Abs is defined in Eq. (3.4).

corresponding one-loop amplitudes, however, constitutes
also the most demanding difficulty in this reconstruction
procedure, the main steps of which are summarized in Fig. 1.
Let us close this general overview by briefly specifying
the link with the usual framework of the three-flavor chiral
perturbation theory [56]. The latter considers an expansion
in the Mandelstam variables s, f, # and in the light-quark
masses, all counting as order O(E?). In the approach
presented here, the expansion is in the Mandelstam variables
and in the meson masses, which also count as order O(E?).
In the chiral perturbation framework, amplitudes are worked
out upon computing all the relevant Feynman diagrams
generated, at a given order, by the effective Lagrangian,
including tree-level and tadpole diagrams. In the dispersive
approach followed here, the absorptive parts of the Feynman
diagram are accounted for by the unitarity part (s, ¢, u)
[or U(s,t,u)], whereas their dispersive parts contribute
both to U(s,t,u) and P(s,r,u) [or U(s,t,u) and
P(s,t,u)]. At two loops, these diagrams correspond to
the two topologies illustrated in Fig. 2, and describe direct
rescattering (diagram on the left) and rescattering in the
crossed channels (diagram on the right). Contributions from
tree or tadpole diagrams are accounted for solely by the
subtraction polynomial P(s, ¢, u) [or P(s, t,u)].

IV. FIRST ITERATION

In this section, we construct the one-loop expressions of
the amplitudes for zz scattering and for the Pz — zx decay

XA O

FIG. 2. The two-loop topologies that contribute to the absorp-
tive parts.

Schematic representation of the iterative two-steps reconstruction procedure for the Pr — zz amplitudes. The absorptive part

processes, thus fulfilling the first step in our program. As a
starting point, we need the lowest-order expressions of the
corresponding amplitudes, which are, according to chiral
counting, of order O(E?). It means that they are first-order
polynomials in the Mandelstam variables, with coefficients
that remain finite in the chiral limit. In the case of the zz
amplitudes, for instance, this leads to

t—u—p_
F;

S—Hy
Fz

A(s,t,u) = 16z|a+b +c + O(E*),

(4.1)

where a, b, and c are constants, F, denotes the decay constant
of the charged pion, with F, = f,/v/2=92.28(10) MeV
from [81], and p, specify some reference point in the
Mandelstam plane. In the chiral limit, a and g vanish,
while b and ¢ remain nonzero and finite, so that the
corresponding amplitudes satisfy the current-algebra con-
sistency conditions [82,83]. Besides, from a practical point of
view, the subtraction points x should lie in the region of the
Mandelstam plane where it makes sense to apply the chiral
expansion, but are otherwise arbitrary. Their choice will
depend on the applications one has in mind, and will also
determine the interpretation of the parameters a, b, and c.
For instance, in Ref. [46], the reference point was chosen
to be the center of the Dalitz plot (4, = 4M2/3, u_ =0 in
the isospin limit), which led to the interpretation of these
parameters as subthreshold coefficients. It might be an
appropriate choice if one wants to discuss quantities for
which the expansion in light quark masses converges
rapidly. Table V shows the corresponding parameters for
the 7z scattering amplitudes in the various channels. For
later use, we have defined values for g, (u_ =0 in all
cases) even in the case where b vanishes. Notice also that
in the cases where there are two identical pions in the
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TABLE V. Definition of the parameters a, b, and c of Eq. (4.1) for each nz scattering process, in the case where one opts for a
description in terms of subthreshold parameters. In these expressions, we have defined £, = M2 + Mio, and py_ = 0 in all cases. Also

shown are the expressions, in terms of the independent quantities A

1 2
0,2

N Aﬁn, Af), and ﬂég), of the constants A, , appearing in the

subtraction polynomials P(s, 7, u) at one-loop order defined in Eq. (4.17).

A 167[3F%/M/210 167b 167c My A A Ay
A 2a,_/3 Bi-/2 v4-/2 4Mz/3 A a2 AN 422 2
Apy 2a,./3 P 0 4M7/3 2/152 /13:1 + /1(431 /I(Jrll + /I(fl
Al /3 —B10/2 +740/2 2%,/3 —Miz) +/1)(Cl) —l—/l)(cz)
Aoy aio/3 —B0/2 ~Y10/2 2%,/3 +2@ +2@ a0
Ay —a,/3 —bs 0 2%,/3 - -2 WIS
Ago g0 0 0 am? /3 350 350 350

initial and/or final state, Bose symmetry implies that the
coefficient ¢ vanishes. All these parameters are not inde-
pendent since all the amplitudes involving a given total
number of, say, charged pions are related by crossing. In
terms of the parameters of Table V, these relations read

apg = oy + O(E2)7
ﬂ+0 = ﬁx + O(EZ)’
Y+0 = Pe+ O(Ez)

a+_ == a++ + O(Ez),
Bi- =Py + O(E?),

V- =Py +O(E?), (4.2)
It is, however, more convenient to treat these quantities as
independent in a first stage, and to make the replacement,
including the corrections from higher orders indicated
above, only at the end of the calculation. It will also help
to visualize the origin of various contributions in the
higher-order expressions of the amplitudes.

On the other hand, subthreshold parameters are not
observables that are particularly suited for the discussion
of experimental data on zz scattering. Furthermore, since
the aim of the present study is to provide a parametrization
of the P — 7°2°7 amplitudes which displays the depend-
ence of the cusp on the 7z scattering lengths, the latter
appears, in this context, as a better choice of parameters. In
this case, p.. are to be chosen such as to correspond to the

TABLE VI. Definition of the parameters a, b, and ¢ of Eq. (4.1)
for each 7z scattering process, in the case where one opts for a
description in terms of scattering lengths.

A a b [¢ ey e
A._ a,. b,  c._ 4M2 0
App ap by 0 4M; 0
Ayo aso biy  ACy (M +Mp) —(M,—Mp)
Aoy aso by —Cho (M +Mp) (M, —Mp)?
A, a, b, 0 4M2 0
Ay  am 0 0 4M?2, 0

threshold values of s, ¢, and u. In order that the parameters a
in (4.1) retain their meaning as scattering lengths up to the
two-loop level, the subtraction polynomials have to be
adjusted appropriately. How this can be done has been
described in Appendix F of Ref. [44]. The various
parameters that enter the zz amplitudes at the lowest order
are shown in Table VI. Again, there are crossing relations
among subsets of them. These relations, with next-to-
leading corrections included, are also displayed in
Appendix F of Ref. [44]. Notice that the normalization
of the scattering lengths differs by a factor of 2 from the one
usually adopted. The definition used here is in agreement
with the normalization of the partial-wave projections in
Eq. (3.17). However, when expressing these scattering
lengths in terms of the two S-wave scattering lengths af
and ag in the isospin limit, we shall use, for the latter, the
familiar normalization. According to Egs. (2.18), (2.21),
and (2.22) of Ref. [84], at order O(E?), these relations read®

1 A
a,_ :§a8+§a%—2a%M—’§,
A
a,, :2a3—2a(%ﬁ’£,
b/
2 A
410 =4 =4y m
ya
2 2 A,
a, = —§38+§a%+ %M—%
2 4 2 A
gy = 3a8+§a(2) —g(ag +2“(2))ﬁ27 (4.3)

where A, was defined after Eq. (3.18).

In the case of the P — zzz amplitudes, we shall adopt a
parametrization more akin to the usual description of their
Dalitz-plot structure in terms of, say, slopes and curvatures

®Our quantities ad and a3 correspond to those denoted as
(ad)ge and (a3)y,. respectively, in Ref. [84].
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with respect to appropriately chosen kinematic variables.
Details will be provided in Sec. IV B.

A. zz scattering

Since the construction of the zz scattering amplitudes
with M, # M ,» has already been discussed at some length
in Refs. [44,48], our account will remain brief. First, we
need to notice that at one loop, the discontinuities of these
functions are given by Egs. (3.21) and (3.24). It is a
straightforward matter to extract the corresponding order
O(E?) S and P partial waves ¢,(s), £ =0, 1, from the
general representation (4.1) of the lowest-order zz scatter-

ing amplitudes:
S—Hy C ApAyy
g (e >

1/2/ 7\ ,1/2
L/llé (3)134/1 (s)
3F2 s '

@o(s) =a+b

@i(s) = (4.4)

In view of the form of ¢ (s), it is useful to remember, as
evidenced by Eqgs. (3.21) and (3.24), that the discontinuities
only involve the combination (in hopefully self-explanatory
notation)

Ci—>kcf—>k /‘Lk(s)
oF

i— k—f
P k(s)§01 f(s)
A

Po)aP(s)

One then obtains the following expressions:

(4.5)

Wools) =165 S )PTo(5) + () PT6) -+ O(E°),
(4.6)

W, (s)=—16z¢}(s) Bgogo(s)jo(s) +(p(')"_(s)7(s)] +O(EY),

(4.7)
Wi =t6n] 200 [1-22 384 g | Tt
4 g A Jﬂ)( )+O(E®), (4.8)

wii(s) = 167 9;‘; ﬂi(;( )Jﬂ)( )+ O(ES),  (4.9)

W (s) = 1625 o (FT() + O(EF),  (4.10)

W (5)= 168 [~ (91P3(5)+5l0(6)Tals) | + O

(4.11)

2

W (5) = 167 —= (s — 4M2)T(5) + O(ES).  (4.12)

oOF%

Here, Jy(s), J(s), and J o(s) denote the dispersive
integrals7

s /00 dx o0(x)
X
~ 162 4M0xx—s—10 ’

s /°°dx o(x),
o(x
16zr2 a2 X x—5—10

. 1 AI/Z
Tagls) = — / 20 g3

T 1622 Mi+Mozxx—s—1O x
with
oo(s) =1/1— 4]‘;[’2’0, o(s)=4/1- 41:4’2’, (4.14)
and A.o(s) = A(s, Mz, M2,). Finally,
I(s) = J(s) — sJ'(0), (4.15)
and
%, = M2+ M2, (4.16)

The subtraction polynomials have the following form at
the one-loop order (cf. also footnote 3):

+cC

P(s,l‘,u):167r[al—|—bs_lhr t—u—,u_]_w

F; F;
Ag 3 24 3 2
+Fi S_iﬂJr ‘|‘F7i Z—EIMJr
Au 3 2 6
-l-F—2 u—spy |+ O(E®). (4.17)

Crossing and Bose symmetry (when applicable) restrict to 5
the number of constants A, , that are independent. Their

"These functions are dispersive representations of the two-
point one-loop integrals subtracted at s = 0,

j( )= 1/ d*k 1 1
my, m .
e (a) K = m] (k= p)? = m3
7(5§m1,m2):J(SQ’"l?mz)—J(O;ml,mz)
with  J(s)=J(s;M ;. M,), Jo(s)=T(s;Mp0, M), JTio(s) =

J(s;M,,M,). Their closed forms are given, e.g., in Ref. [64].
We also use

7(0) =0, = Tao(y) + Taoli).

Jo(4M2,) =
T 8
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expressions in terms of the independent parameters intro-
duced in Ref. [44] are shown in Table V. These expressions
also apply to the case where one opts for the parametriza-
tion in terms of scattering lengths, and the constraints
coming from the crossing properties have already been
accounted for. The contribution denoted by w is not a new
parameter, but is expressed in terms of the ones already
present. In the case one chooses to retain the parametriza-
tion in terms of the subthreshold parameters, w is fixed so
as to reproduce the expressions for the polynomials given
in Ref. [44], which were themselves constructed so that
they reproduce the polynomial part of the zz amplitude in
the isospin limit as given in Ref. [46]. Explicitly, this means

AZ

F X x]) + O(E6>9

Wi = —W, = (4.18)

and w = 0 in the remaining cases. For the parametrization
in terms of scattering lengths, the value of w is simply

NN 30\ 2, 30\2
W:ZE+E tthr_iiqu +F4 Uipe = 5 H

+ReU(p . tinr. i) + O(E®), (4.19)

with #4,, — ug,, = p_ and the values for p, and p_ as given
in Table VI. This choice of w, therefore, ensures that the
parameter a in Eq. (4.1) indeed corresponds to the scatter-
ing length, i.e.,

ReA (., tyy, tgyy) = 1672 + O(E®). (4.20)

At next-to-leading order, the constraints arising from the
crossing property read

c._=b,, b, +2b, =0 (421)
M2i
a_—ag s 2 by
2 (a,,)? 22 )0
o (ayy oAy
== - M
n (8:-) n n Fi
2
(ag) ReJo(4M2), (4.22)
1o = —buo. (4.23)
(2 _,m
347 -4
by = 2b.g = 1 (M = M) (M, + M)

and

2
+

+a,0—4—%b
a aig
X + Ffz[ x

2 a -
= ;axa+_ + *aio —+ 1671' x;ﬂo ReJ0(4M72[)

4 b2
- 167[5—4M2A2J/(0)

8 b2

b, _
— 32z <a§ —4M2a, 2 + 3F4M4> Jio(=4,)
M2 A7 (3M2 - M) — 22 M2,

n F

(4.25)

B. Pr — nz scattering

The implementation of the first iteration for the ampli-
tudes of the processes Pr — zzw follows rather closely the
previous case of zz scattering, so that the main use of this
section is to establish the notation in a more precise way.
The starting point is now given by the order O(E?)
expressions for the amplitudes in Table I that are (anti)
symmetric under exchange of ¢ and u, which we now
parametrize in the following form:

S — 3
Mii(s.1) =Apy +B++Tv
s—s
Mx(s,t) :Ax—f—Bx—zO,
Fﬂ
s—s
Mi(s.1) = A% + By —=

Y

MGy (s.1) = A,

r—u
M (s, 1) :BSE?

T

(4.26)

The crossing property then furnishes the remaining
amplitudes

Me(5.0) = Ay = 5o (s = 50) + (1= )

Moy (5.6) = —A, + 25 [(s = o) + (1 = u)].

2F2
Mg(5,1) = =&k 5 5 (5 = s0) + (1= ),
S
Miols. 1) = 5,5 Bls = 0) = (1 = )] (4.27)

The value of s, depends on the process under consider-
ation; see (3.3). We have not written the amplitudes
describing the two processes involving the # meson. As
far as their structure is concerned, they can be obtained in
what follows from the amplitudes involving the K; meson,
upon replacing the mass of the latter by the mass of the
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former, and upon changing the notation for the coefficients
appearing in the polynomial part (e.g., A” instead of AL,
and so on). The computation of the O(E?) S and P partial
waves @,(s), £ =0,1, from the amplitudes (4.26) and
(4.27), presents no particular difficulty, and we merely
display the resulting expressions,

1 B M
S ++ 2
(s)_16n[+++F2< 3 M)]

L B M>
A0 = [ (-5 )|
B, Kg—.-(s)
~+— — _ ++ MKFEF 4.28
=24z 2 (4.28)
. 1 B,
6) = gz [ A+ 3 B = 03 = 012 = 2003)|.
0t (s) = 4 M% + M7 +2M?,
0 16z 967rF2
3
— 35— E(M%( - MiO)A,,] ,
B, Kko0x($)
~0+( oy Px Kkoo+ 4.29
¢1 (S) 487T F,ZT 4 ( )
~L;x 1 B)I; 2 2 2
0 (s) = T6n |4 T3 (3s — M3 —2M2—M2)|.
AL BL
~L:4+0 2 2 2
_ 2M2 4+ M
0 () " l6x 96ﬂF2[ K, T 2Ma Mo
3
— 35+ ;(ng - M,%)A,r] .
: BL Kg, .10(s)
~ L:+0 x DKp4+0
’ = _—x "R 4.30
PEP(s) = —— Ab (431)
0 16 00°
4 BS Kg o.4_(s)
Six _ Px DKs0:4
7) = 50n 2
S
~ §:+0
0 (8) = P F2 {3s—M2 -2M2 -
+1 O, - M)A
. S Kgoiv0(9)
() = - P (4.32)

The remark made in Eq. (4.5) above also applies to the
product @7*(s)¢7/(s). In addition, when referring to the
Kacser function for a definite process, we denote the pions by
their charges, e.g., K, 1.10(s) or Kg00(s), and so on. For a
generic case, we write just K(s).

In the case P = K*, there are two independent channels
to consider, one involving charged pions only and the other
involving two neutral pions. The structure of the corre-
sponding two-loop amplitudes, as inferred from the
reconstruction theorem, is given by

My (s.t.u) =Py (s.t,u) + 162V, (s)
+ 162V (1) +3(u— )W (1)]
+ 162V (1) +3(t = )W ()] + O(E®),
(4.33)
and
M, (s,t,u) =P (s,t,u) + 162W,(s)

+ 162V (1) + 3 (u =)W (1)
+ 162V (u) +3(1 = )W ()] + O(EB).
(4.34)
The various functions that appear in these expressions have
discontinuities that are given by unitarity. At the one-loop

order, and when restricted to two-pions intermediate states,
these read [cf. Eqs. (3.13) and (3.24)]

ADSW. () = 30(5)5 ()0 (5)0(s ~4M2) + O(ES),

A0 (5) = { 6)5 ()i (51005412

F3 oS00~ 4M2) b+ O

(1) () — o) P1_(8)91~(5)
AbsW+)_(s) —a(s)mﬁ(s—

AbsSW, (s) = {%Go(s)(%(s)gogo(s)e(s —am,)

4M2) + O(ES),

T o(s) () (s)As —4Mi)} L O(EY).

12
M) =2 (5138 )

L AR(ME = M) 1 (5)) ()
. s 2KK00i( ) }
x0(s— (M, +M0)?) + O(E®),
25 (9) ()20 (5)

s 2Kkoo+(s)
X O(s = (M +Mp)*) + O(E®).

AbsWI! (s) =

(4.35)

Up to a polynomial ambiguity, this fixes then these
functions to read
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W) = 16 { ()i (5)705) + 54(5)oi )00

+ O(E®)
W (s) = Bl*g;y —4M2)T(s) + O(ES),  (4.36)
and

WLls) = 168 | S a6)0 (6 u(s) + 95 (5)oi )05
+ O(ES),
Wois) = {—Bg;jo [1 Mt My J; Mo _ 3A—2]
(M= M), + 16503 )78 6) [0l
- 22";*0 i sjzwz 8L + O(ES)
() = Breaneol®) g ) 1 oes), (4.37)

18F% s

We may proceed similarly in the case of the reactions
with P = K, (or ). The amplitude for K;z° — z¥z*
reads

ME(s,t,u) = Pr(s,t,u) + 162V, (s)
=162 W o(1) + 3(u = W ()]
= 167 W0 (u) + 3(t = )W)
+ O(E®), (4.38)

0.0

whereas for K; 7° — 7°2°, we obtain

Mo (s, 1. u) = 162[Wp00(5) + Wroo(t) + Wigo(u)]

+ PL;()() (S, t, Lt) + O(ES) (439)

At the one-loop order, the various functions that appear in
these expressions are given as

Wials) =168 08 (5103 (5)7a(5)
O S0 (00| +OE°),

L M24+M?, A2
(0) [ Bxcyo _ 7 P Y
WL;H)(S)—{ 6F {1 2 g 3—s2]

X (M2, —M2)A, + 1673 (8)p(s) }Jﬂxs)

2BLe,, (M, —M2)AL -

]
Wlo() =Bttty ) romn), a0
and
Wiao(s) = 162 255 ()00 ()To(s) + 95" ()05 ()7(s)
+ O(E®). (4.41)

At the same one-loop accuracy, the polynomial
contributions to the four amplitudes that we have just
discussed, namely M, M, ML, ML, can be written as
(cf. footnote 3)

RV
Pls.t.u) = A+ B—"+ el Ff(’)
D 2+ O(ES), (4.42
+F4[(t—sO) + (u = 50)°] + O(E®), (4.42)

putting appropriate labels on the coefficients, e.g., A, |, A,,
and so on. In the case of Péo(s, t,u), the additional
restrictions B5, = 0 and C5, = D, due to Bose symmetry,
apply. These coefficients are in one-to-one correspon-
dence with the Dalitz-plot parameters of the K — zzzx
amplitudes.

Finally, it remains to discuss the case P = K briefly.
The corresponding two-loop amplitude for the process
K¢n° — 72~ has the form

MS(s,t,u) = Py (5,1,u) + 487 (1— u) V) (s)
+ 162V (1) +3(u— s)WE (1)
— 162 o () +3(t =)W o (u)] + O(EP).
(4.43)

)
)

At the one-loop order, the functions involved in this
expression read

S
Bxc+0

oF (s —4M2)J(s) + O(E?),

Wi(s) = (4.44)
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and

B3c M2+M?, A2
0 X 0 p/4
- {3

X (M, ~ M2)A, + 16200 °(8)3 (s >}Jio<s>
_ 2B§c+0 (M%(S - MZ)A%
3F4 52

B Bic gdio(s) 5
18F%

J1o(s) +O(E®),
Joo(s) +O(ES). (4.45)

The one-loop subtraction polynomial, in this case, is
given by

PS(s.t.u) = } + O(ES).  (4.46)

Again, BY and D3 are related to Dalitz-plot parameters of
the Ky — 7% 2~ amplitude.

V. SECOND ITERATION: EQUAL-MASS PIONS

The construction of the scattering amplitudes for the
zrw — nr and Pr — zx processes could be performed in a
rather straightforward manner at next-to-leading order:
from the expressions of their discontinuities at one loop,
the various functions W(s) and W(s) have been obtained
up to an ambiguity consisting in polynomials of at most
second order in the Mandelstam variables. The resulting
amplitudes at one loop display the correct analytic proper-
ties expected at this order, and satisfy all required crossing
relations. In order to proceed toward obtaining two-loop
expressions for all the Pr — zz amplitudes, it is necessary
to supplement the subtraction polynomials with O(E®)
termsg. For M, M,, ML, M, we take the generic
form

s =5 (s —50)?
P(s,t,u) =A+B 7 +C Fi
D (s —s0)°
+ i [(t = s0)% + (1 — s50)°] + E—Fg0

+ Fé [(t = 50)> + (u—s0)] + O(E®) (5.1

)

with appropriate labels. Due to the Bose symmetry, in the
case of Pfy(s.1,u), the additional constraint F§, = Ej,
holds [in addition to the restrictions discussed after (4.42)].
For M3, the polynomial is

Note that in Ref. [36] for the case of P = 1, we have used the
same form of the polynomial with a different normalization of the
coefficients A%, ..., FY and A}, ..., E,.

(50 —S)2
F4

BS+D5 F2 +E§

—u)?)| +O(EY).  (5.2)

Then, we start from the discontinuities of the functions
W(s) that hold at this order, as given by Egs. (3.13), (3.21),
and (3.26). For instance, for the amplitude Wy o(s), it
gives

oo (s)

S 126 ()0l () + a5 (i (s)
5" ()0 (5))0(s — 4M7)

+0(s)[@5™ ()95 (5) + 5™ (s)wis (5)
5™ ()95 (5))0(s = 4M3) + O(E®).

As illustrated by this example, schematically these expres-
sions now involve, in addition to the lowest-order partial
waves represented by the functions ¢(s) and @(s), the one-
loop dispersive party(s) [ (s)] of the zzx — zx (Pr — nrx)
S and P partial-wave projections. These are to be obtained
from the one-loop expressions of these amplitudes that
have just been computed in the preceding section. As
compared to the leading-order case, their expressions at the
next-to-leading order are much more complicated. In the
case of the zz scattering amplitudes, the difficulty is purely
algebraic, and explicit formulas can be obtained in rather
closed forms [44,48]. They essentially generalize the
results obtained in the case without isospin breaking
[46] to the situation where the pion mass difference is
taken into account. In the case of the Pz — zz amplitudes,
the situation is somewhat more involved, due to the
existence, in the central region of the Mandelstam plane,
of a bounded region corresponding to the decay process
P — zzz. This feature makes the analytic properties of
the amplitude less simple, and requires a more elaborate
analysis. In particular, when performing the partial-wave
projection by the usual integration over the variable 7, one
has to be careful to find the appropriate prescription for
deforming the path of integration in order to avoid any
singularity. The situation has been well studied in the case
that corresponds to the isospin limit: the masses of the three
particles in the final state (i.e., pions for the cases at hand),
but also in the intermediate states, are identical. As
explained before, the appropriate procedure consists in
starting from the situation where Mp < 3M 0, so that the
decay region disappears. In this case, dispersion relations
exist under the usual conditions, and one can proceed as
outlined in Fig. 1. After that, one performs the analytic
continuation in the mass, M% — M3% + i3, to the region
where Mp > 3M o [68,79,80]. In practice, this analytic
continuation is provided by the prescription to deform the
contour of integration in the partial-wave projection. We

AbSWL;OO (S)

(5.3)
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show in Appendix A that this prescription, which was
shown to give the correct result in the limit of equal-mass
pions, also provides the appropriate prescription for the
processes involving three neutral external pions, even when
there appear pairs of heavier charged pions as intermediate
states. The more general situation, with also charged pions
in the external states, and lighter neutral pions as inter-
mediate states, involves anomalous thresholds and requires
a dedicated study. It will be the subject of a subsequent
article [51]. Therefore, our analysis in this section is
restricted to the case of equal-mass pions, in both final
and intermediate states. The common pion mass will be
taken as M,, the mass of the charged pion. The case
Pr’ — 7°2% P = K, .n, with Mo # M, will be consid-
ered in the next section.

For equal-mass pions, the discontinuities of the functions
W(s) at next-to-leading order take the schematic form
[in the case of the functions W()(s), an additional factor
1/2K(s) is understood]

o(5)[@(s)p(s) +p(s)w(s) +(s)p(s)].

This leads to the following convenient decomposition of
the functions W(s) at two loops,

AbsW(s) ~ (5.4)

W(s) = WHoP(s) + W (s) + WP (s),  (5.5)
where each term results from the corresponding term in the
preceding decomposition of AbsW(s). The preceding
section was devoted to the evaluation of the NLO ampli-
tudes W' (), with AbsW!!°%P(s5) ~ 6(s5)@(s)p(s). The
next two terms give the contribution at NNLO, and their
computation10 will be addressed in turn in the remainder
of the present section. The results for W (s) can be found
in Sec. VA [cf. (5.13)~(5.16)], whereas those for W (s)
are listed in Appendix D. Note that for P = 5, we reproduce
the expressions that were implicitly used (and the general
structure of which was shown) already in Sec. IV
of Ref. [36].

A. NLO zz partial waves and the functions YW (s)

In the case where the pions have all a common mass M,
the partial-wave projections at one loop y,(s), £ = 0, 1, for
zr scattering were already worked out quite some time ago
in Ref. [46]. We will use the expressions as given in
Ref. [44], with which we also share the normalization.
The partial-wave projections in the various channels are
expressed as combinations, weighted by the appropriate
Clebsh-Gordan coefficients, of the isospin projections
wi(s), I =0, 1, 2, e.g., (with the Condon and Shortley
phase convention),

"It is useful, for what follows, to keep in mind that the
functions @(s) and ¢(s) all simply become first-order polyno-
mials in s when M, 0 = M

T

vo 0 1
1 1
Wo 3 6 v
11 0
vo | =13 3 (w > (5.6)
2
v’ 0 3
v 33
whereas y|~ =y’ =y,/2. The isospin projections

v (s) themselves are expressed in the form

oMz /
_4 4M2 Zf[ i ’ (57)

where the functions k;(s) read, for s > 4M2,

wi(s) =

o) = A () = o)
o) = o (1-25)29),
s) = %ﬁu)
kals) 1;: (sAﬁMZ){H\/%L(S)
T ]‘ZWL%)} (5.8)
with'!
L(s) = lnﬂ [s > 4M?2). (5.9)

s—4M>

1+

The polynomials 551) (s) have been worked out in Ref. [46].
We will use them in the form given in terms of subthreshold
parameters in Eq. (C.8) of Ref. [44]. Their expressions in
terms of the scattering lengths can be obtained from the
formulas (E.8) to (F.11) given in Appendix F of that same
reference, upon taking the limit where the neutral and
charged pion masses coincide. Note that the function k4 (s)
appears only in the P-wave projection y(s), and the
polynomials 584)(s) and 5&4)(s) vanish identically. Due to
the relation

<i—4)k4(s) = ko(s) + 2k, (s) +%k3(5)’ (5.10)

M2

"Note that for s > 4M,2,, one has

4M2

! - a1 () + m)} .

167>

<l

(s) = {2 +14/1
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there is an ambiguity in the definition of the polynomials

§§')(s). This, however, does not matter in practice, and
w1(s) is well defined.

Following Ref. [46], the expressions of the various
functions Wy(s) and W, (s) can be written in terms of

integrals
. o dx k;
Ri(s) :ﬁ/ _xl(ix)_‘
7T Jaz X x —5—1i0

These integrals can be expressed in terms of the function
J(s), and the corresponding formulas are given in
Eq. (3.49) of Ref. [46].

We may now display, for each function W(s) appearing
in Table II, its NNLO contribution YW (s). These expres-
sions read

(5.11)

W (s) = g ( Zfz
wfl””(s)_ Zzéo $) + & (9)]Ki(s)
43 .
: %fog(s) f—;;[fé” (5) ~ &) (S)Ki(s).
(1) B, Mig~ i), -
W+ (S) - _967ZF,2,F_§.;€1 ( )K,(S), (512)
43 )
WE(s) = 39305) 1 D18 () + 28 ()]Ki(5)
T =0
4 3
-5 DA ) - K )
0 MESS L), -
Wl () = a4 (9) 7 0 & (9Kis).
T i=0
(1)zx _ Bx M;‘r ¢ (i) %
W) = g i = & OK(), (513)
fo(s) = Wo(s) + 64rK(5)
2K(s)
1
t1(s) = 2K (s)Wi(s) + TKQ()

4Ki()/ di(2t + 5 — 350){ Wi (1) = Wi(1) — 3(2s + 1 = 350) Vi (1) —

m(s) = Z 26 (s

M3

—§¢5;00<s>F—:Z[55“ (5) = & 51K, (5)

)+ & (9K i(s)

0)zm ~
W(L;)Jro(s) = éw F4 Z‘fz
T i=0
L 4
(1) zx B M
W = 5.14
L,+0( ) 9671'F2 F;L[ ;5 ( )
1 _
Wiho(s) = LUO Z +2§z 5)]Ki(s)
M i _
>FZ[5§J I (s).
T =0
(5.15)
and finally,
s 4
(1)zn o B M
WS;X (s 487 F2 F4 Zéj
0)rm ~
W.(S';-)‘ro (s) = S+0 252
” i=0
S a4 4
(1)zz o B M
WS;+0 (S) - 96 F2 F4 Zg (516)

B. NLO partial waves of the Pr — zz amplitudes
and the functions WP (s)

Above the physical threshold [or equivalently for

% < (\/s — M, 0)?], the partial-wave projections of the
Pr — zz amplitudes in the form given by Eqgs. (3.11) and
(3.12) are defined as integrals over the scattering angle,
cf. Eq. (3.9). This integration can be traded for an
integration over the Mandelstam variable #, upon using
relation (3.7). Starting from the one-loop expression of the
amplitude given in Sec. IV B, and written in the form
shown in Eqgs. (3.11) and (3.12), this leads to

/ dt[P(s, 1,359 —t —5) + P(s,350 — t — 5,1)]
/ defWy (1) + Wi(1) = 3(2s + 1 = 350) Vi (1) + W (1))}

/ dt(2t + s — 3s0)[P(s, 1,350 —t —s) — P(s,350 — t — 5, 1)]

Wi} (5.17)
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for the corresponding S- and P-wave projections. The
limits of integration are given by

359 — s
2

ti(s) = + K(s), (5.18)
where K(s) is the Kacser function defined in general by the
formula (3.8). This #-integral representation of the partial-
wave projections is well suited for the analytic continuation
in M?% mentioned above.

In the above formulas, all WV functions stand for the one-
loop expressions worked out in Sec. IV B. Making the
connection with the discussion at the end of Sec. III, the
contributions from direct rescattering (the first diagram in
Fig. 2) are contained in the functions W (s), whereas
rescattering in the crossed channels (the second diagram,
with the fish topology, in Fig. 2) is contained in the
integrals involving the functions W'i(7). The integrals
over the polynomial parts present no difficulty. For the
polynomial given in Eq. (4.42), one obtains

/t+ dt[P(s,t.3s0—t—s)+P(s,350—1—5,1)]

1

K(s)J:

550 D\ (s—s0)> 2 _K?*(s)
e +( +2> F4 3 F

T

(5.19)

and for the polynomial P3(s,t,u) given in Eq. (4.46),

1 o8
4K2(s)/ dr(2t + 5 = 350)[P(s. 1. 350 — 1 = 5)

—P3(s,3s59 =t —s,1)]

4[BS DS

=3 [F—;; - F_‘:‘; (s — so)} K(s). (5.20)
As for the remaining integrals, for equal-mass pions, some
simplifications occur. For instance, the three functions J(s),
Jo(s), and J,((s) that appear in the expressions for the
one-loop amplitudes become identical and equal to J(s).
Furthermore, contributions involving the twice-subtracted
function J () vanish, being proportional to powers of A .
From the expressions obtained at NLO, the remaining
integrands can then be written as polynomials in # times the
loop function J(1),

WD) WG (1) =3(25 +1=350) Vi (1) WV (D)} o)

1 Ly
to(s) = Wo(s) + m/ dt[P(s, 1,35 —t —s) + P(s,350 — t — 5, 1)]

s ol

1

nls) = 1287K?(s)

K(s)Wi(s) +

4K2 /dl‘Zw 2t—3s0< ) J(1)

+ﬁ/ dti{ )+%< 21;{—22) ‘”n(n—3)23_"M72z;%(”_2)(s_350)} <;2> )

n=0

The coefficients ng) and B, are process dependent, and

their expressions for the various channels are collected in
Appendix D.

Following the same path in the case of the partial-wave
projections of the zz amplitudes, we would obtain the
expressions for the functions y;(s) explicitly; namely, in
the case of equal-mass pions, we would reproduce the
formulas (5.6)—(5.9) from the previous subsection. The
situation in the case of the processes Pz — zz iS more
involved, for the reasons already explained previously. The
main difference from the case of zx scattering (and the

: 2
= ~ (n) r\" BiS(l‘—4M”) _
- ngwi (F_,%> 3R J(1), (5.21)
so that one obtains
B+ S ]\42 1-n £\
2R 2
e 3 F2< F,Z,) Fz) J(1), (5.22)

/l+ dt(2t + s — 3s0)[P(s, 1,350 —t — 5) = P(s,350 — 1 — 5,1)]

(5.23)

[

source of the complication) lies in the integration itself. In
the case of 7z scattering, the above integrals are computed
in the usual way, with the limits of integration given by
t.(s) =0 and 7_(s) = —(s —4M2). In the case of the
partial-wave projections of the Pz — zz amplitudes, we
have to perform an analytic continuation in M?% from Mp =
M, to Mp > 3M, keeping s real and above the two-pion
unitarity threshold. During the process of this analytic
continuation, the physical threshold of the Pz — zx
scattering moves above the two-pion unitarity threshold,
and the unphysical region appears, where the limits of
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integration (5.18) become complex. Finally, also the
decay region emerges. The correct prescription for such
analytic continuation corresponds to approaching the real
values of M?% from the upper complex half-plane, i.e.,
taking M3 — M?% +i5. It fixes the position of the end
points infinitesimally below or above the real axis when
necessary, as described in detail in Ref. [68] for the equal-
mass pions. As a result, we get in this case

350 —
to(s) = 302 KL (s). (5.24)
where K. (s) is defined as
TG s> M
+i|K(s)], M2 > s> M?*
Ki(s) = . 5 . (5.25)
+[K(s)| £i6, MZ > s5>3A0p,
+|K(s)| +18, JAp, > 5 > 4M2,

and K(s) denotes the Kacser function for the equal-mass
pions. According to the general definition (3.8), it reads

K2(s) = = (1 _4M; (5.26)

L )apﬂ<s>.

In the above formulas, we have introduced the shorthand
notation M, = Mp+ M, and Ap, = M% — M2. At the
same time, the path of integration itself has to be deformed
into the complex-# plane in order that the integration avoids
the two-pion unitarity cut.

As shown in Appendix B, the required contour integrals
of "J(t), with n =0, 1, 2, 3, can be easily computed in
closed form. Note that the integrands of (5.22) and (5.23)
are analytic functions. A detailed analysis of the analytic
structure of these integrands reveals (cf. Appendix B) that
in the case of equal-mass pions, the above contour integrals
can be obtained upon taking the difference at the end points
of the primitives of the functions occurring in these
integrals. The results can be written compactly as (recall
that the condition s > 4M2 holds)

where the functions ;(s) are similar to the functions k;(s)
introduced in Eq. (5.8) in the case of the zz partial-wave
projections:

fols) = 7-0s). Tals) =1 L(s)

- 1 M(s

J(s) = Ea(s)slyz(( j) ,

G(s) = ——— a2 M)y (5.28)

Actually, ky(s) = ko(s) and k;(s) = 2k, (s), but we prefer
to keep different notations for them, such as to clearly
separate the present discussion from the case of the zz
scattering amplitude; of course, in the limit Mp — M,
ky(s) = ki(s)/2 and ky(s) = —ks(s)/3. These expres-
sions involve the functions &(s) and L(s), already defined
in Egs. (4.14) and (5.9), respectively. An additional
function M(s) appears. For s > 4M?2, it is defined as

A /11/2
M(S) = —1In [1 _ﬂ+Pﬂ—“):|
S S
1/2, \7-1
S S
Ap, M2 4M2
=—-2In |:1 —ﬂ-l- Px (S):| + In T, (5.29)
S S S

Another issue is raised by these expressions, namely, the
determination of the square root of the triangle function
Apg(s). Nevertheless, an inspection of the formula given
above for the function M(s) shows that the functions k;(s)

in Eq. (5.27) do not depend on the way one defines lllr,/,[z(s).
Given the discussion preceding Eq. (5.27), it seems actually

natural to define /1%,2(5) as the square root of the function
A(s, M% +i8, M2), which we will assume to be the case in
the remainder of this section. The functions k,(s) for
n = 2, 3 are represented in Fig. 10 in Appendix C, both for
Mp < M,, where they are real, and for Mp > M, where an
imaginary part appears.12

The functions Kﬁ”) (s),fori =0, 1,2, are not polynomials

in s, but have the following general structure,

2

n -\n nA]T nA
K" (s) = & (s) + W 2PE 4 g™ s‘;”,

(5.30)

where ") (s) are now polynomials in s and c", d") are

numerical coefficients. The polynomials &' (s) are
given by

12Up to trivial changes in the labels and normalization factors,

k, (s) are identical with the functions F;(s) defined in Eqs. (A.7)
to (A.11) of Ref. [36]. For n =0, 1 they furthermore coincide
with the imaginary parts of the corresponding functions K, (z)
shown in Fig. 11.
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1
70 =3, ,2(()1>:Z(—5s+5M%,+11M,2;),

7 9
Ry =g (s =M} +-3 MA(M3 + M2 ~s),
) 720, o 1442 231 153
RSV e ning VLY e Y ey VR By V1
o T4 M T g 16 M= 1
883 195 9
SO MAME + -2 MM +— (M~
1ag M PMa g g (Mp=9)’.
1
R0 = fcﬁ”:Z(M%JrM,%—s),

1
2
1

2 = cl(s= M)~ M(Ss+2M3 ~TM})].

M
&Y = 54 12557 = (S6M} +53M3)s +43M

1
+6TMAM2 —53M3) +— (M3 —5)3,

8
1 _a 1
E, Kg):—z(S—ZM%),

1

K _g[sz—s(3M§,+4M,2,) +3(M}+2MAM% — M3,

) :1—2”[11s2—10s(3M§,+2M,2,)+30M‘;
+ 18M3M2 —24M?]

1
—g(s3 —45°M3% +6sM3 —4MS),

/=1 & =m & =omi & =5MS  (531)
The only nonvanishing coefficients dg") are
M3 M2
3 2
) = B Ay = A,
M2
dy) = Ty (M +5SM2)Ap, (5.32)

(n)

while the nonvanishing coefficients ¢;”’ read

7 M? A

céZ) 9MI2ZAPm 083)__7_2”(8“‘41% 239M7)Ap,
1 1

cﬁ” = ——2M%, 6(12) = _EMJZT(M%’Jr M;‘;),

1
¢\ == MEQM}+ TMEME + M),

1 A !
(0) — (1) = — Lici ng) = —E(M%: +5M;21)AP;17

¢S =~ (3M} + 34MRM2 + 59M2) Ap,.

2 (5.33)

1. S-wave projections

From expression (5.22) for the one-loop S-wave pro-
jection, we can extract its dispersive part g (s) as

Jro(s) = 1p""(s) —iAbsty P (s).  (5.34)

In accord with Eq. (3.13), for s> 4M2, we have

Absty P (s) = AbsW,°(s), where W”(’Op(s) denotes
the one-loop expression of Wy(s) constructed through
the first iteration in Sec. IV B. Then, using (5.22), we get
finally

o(s)ro(s) = _oly) { 16zDispW, °" (s) +% (s—s50)?

16
[2 Kz(sH(S—So)T }

B, s K(-l)(s)—4M21<(<0> (s))] +
1 ) k . .
T S LIGNIEEY

The expression of AbsW,(s) at next-to-leading order
involves the product

AbsWy(s) ~ a(s)go(s)o(s)0(s —4Mz),  (5.36)

where ¢q(s) is a first-order polynomial in s. The next step
consists in constructing a function in the complex-s plane,
which has a cut along the positive real axis, and whose
discontinuity is given by Eq. (5.36). This is straightforward
for the contribution between the first curly brackets in
Eq. (5.35) since

o(s)ReJ(s) = 8zlmJ?(s). (5.37)

For the remaining terms, given by the sum in Eq. (5.35),
this can be achieved in the following way. Let us introduce
functions defined through dispersive integrals of the
functions k;(s),

s [ dx  ki(x)
=t [ B
7T Jaz X x—s5—10

= s2 [odx ki(x) . -
K' = — ——l :K — K./ O .
(0= [ G B~ k) =5k /0

=

(5.38)

Then, the function
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[po @ &o)(s)

sB. o0 0 17
S AM2 K
+167T2F2(p0( )l:() [Kl (S) ﬂ'Kl (S)] l(s)
e ) A2 2
+ el )Y w0 dl DKi(s) (5.39)

has a discontinuity along the positive real axis given by the
sum in Eq. (5.35), multiplied by ¢q(s). Notice that all
the functions k;(x) are bounded on the real axis by Inx
as x — oo since

- 1 1 M 1 M;
lim k;(x) = §—:;—In—";—In—";
axr i) {1677 167 x 167" x
1 M; M
————"In? =}, 5.40
167 x " x } (5.40)

Therefore, the once-subtracted dispersive integrals in

Eq. (5.38) are convergent, and the functions K;(s) are

G(S)(S_4M72r) ~ G(S)(S _4M72r) . 1loop Df
A Sl VA =7V 7D __x
Ko ) 327 ISPV (s) ~

1 3 3 ~nK'l(-”)(S> B_ (2)

+;;{n§;w<_> o o

The main difference from the previous case of the
S-wave projection lies in the presence of additional poly-
nomial Ap,(s) in the denominator of the right-hand side.
This feature can be handled by writing

Apa(s) = (s = M%) (s — M2), M, =Mp+M,,

(5.45)

and by using the decomposition of a product of fractions.
As a result, we define the additional functions

BIn this formula, the second term in the rectangular brackets is
present only for K¢z° — 7t 7~ scattering; see Appendix D.

defined without ambiguity. Actually, the dispersive integral
for ks(x) would already converge without subtraction.
Finally, one easily finds expressions in terms of J(s)
[36,46] for the two first functions, i.e., K,(s) = J(s), and

- 1 )
Kl(s) :Es—4M2

- - 1
167272 (s) — 4] (s) + —5| -
4n

(5.41)
2. P-wave projections

The dispersive part of the P-wave projection can be
obtained as

71 (s) = 1]°(s) — iAbst; *®(s)

= 1]°P(5) — 2iK(s)AbsW|°P(s),  (5.42)

where we used (3.13). Starting from the structure of
AbsW,(s), i.e.,

?1(5)
K(s

AbsW, (s) ~ o(s) 7 (s)0(s —4M2),  (5.43)

[\S)
~—

one may notice that i (s) occurs in AbsW, (s) through the
combination [¢; (s) is proportional to s — 4M2]"

| ZKEHH) s)—3s K'l(-n) s) sk;(s
=) 3oy e
S2~' S
)+ (5= 330 =82 (5) - ab3 (5= o) )]} 50
(5.44)
[
R0 =3 |2 (R — i Kio))
M,2[ - S -
- (R - g kon))|
_s [©dxMpM; Ki(x)
N HAM% X Age(x) x—s =10’ (5.46)

which are actually characterized (but not entirely) by the

conditions K SM (0) = 0 and their absorptive parts along the

cut on the positive real axis
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Then, the discontinuity along the real positive axis of the
function

- 1 s & = () 2K5"+1)+(s—3s0)1<1(»")(s)
‘fl(s):;ZMPM;IZKi (s) F2

=AM (s =3s0)x” (g K (0)

reproduces the terms displayed in Eq. (5.44).

V1. SECOND ITERATION: P — 2’2"
WITH M,, # M,

We next consider the second iteration in the case
where the difference between neutral and charged pion
masses is taken into account, but for the two processes
where all the external pions are neutral, i.e., K, — 7°7%2°
and n — 7°2°2°. These amplitudes are fully symmetric
under exchanges of the three Mandelstam variables, and are

described by the polynomial of the form (5.1)

P(s,t,u)=A +% [(s=50)2+ (t—50)> + (u—s0)?]

a

+If6 [(s—s0) + (t=s0)° + (—s50)*] + O(E®)

(6.1)

and a single function (see Table II) that we call simply
Wy 00(s). Its expression at one loop is given in Eq. (4.41).
According to (5.3), at two loops, the absorptive part of
Wi 00(s) is determined in terms of the dispersive parts of
the £ = 0 partial-wave projections of the one-loop ampli-
tudes M, ML and Ay, A,. However, these have now to
be calculated for M, # M 0. Regarding the zz amplitudes
Agy, A,, this has already been done in Ref. [44], where
explicit expressions can be found, see Sec. IV A therein. As
discussed below, in the case of the amplitudes M, and
ML, this calculation does not raise any difficulties of
principle, although the resulting formulas become much
more complicated than in the case of the equal-mass pions.

A. NLO partial waves of the Pz’ — 7°2° amplitude

The additional algebraic complexity generated by
M, # M, is, in this case, compensated to some extent
by the absence of a P-wave. Discarding the contribution
from the polynomial part, which is trivial to handle, we
need to compute two types of integrals, cf. (4.41). The first
type is analogous to the one in Eq. (5.27), but involves now
the function J(s) instead of J, while at the same time the
limits of integration become

70

0 N
1 (s) = + Ko.1.(s),

(6.2)

with s3 = M2, + M3 /3, and K., (s) is the same function
as IC..(s), defined in Eq. (5.25), but with the charged pion
mass replaced by the neutral one. The result of this
integration is given by the formula (5.27), provided one

replaces the functions K' (s) and k;(s) by functions K'(o) (s)

and k7 (s), respectively, obtained from the former upon
performing everywhere the substitution M, — M o, e.g.,

2K () § ) ()1 (5.

GO( ) i=0

2 (s)
zr/ dit"Jo(t) =
#(s)

The second type of integral that is needed is of a new type.
It involves the loop function J(s) for charged pions, but
integrated with the kinematics corresponding to neutral
pions. This second integral can also be done analytically,
and the result is cast into the form

(s 3
+ n (’1)
n dit"J(t g K v.i(8).
/t’jo() Vz Vii

=
The set of functions 1~<v;,-(s) in terms of which it is expressed

differs from the set k;(s) given in Eq. (5.28). Explicitly,
they read

(6.3)

2Ko

(6.4)

Fro(s)=——o0(s).

167
Ko (5) =g s 17 (9. (). () 42 (o () 1ne-(5)]
- 1 1 0
ko (5) =g (93 T (o 5) e )

17 (s)o_(s)Inz_(s)],

2
%m(s)=—ﬁ%[mm<s>—m%_<s>], (6.5)
with 6. (s) = 6(Z (s)) and, likewise, 7, (s) = 7(¢% (s)),
where

_ o.(s)—1
o) =TT (6.6)

In the limit M, — M, one recovers the previous set of
functions:

ky.o(s) = ko(s),
]}v;] (s) N <3S](‘)4; N _ 4AP7'[> I~C] (S) _

pt N

/~<v;3(s) - /;3(5)’
an(s)
sM2

Y

/}1(5)7

Foals) = k(o) + (1= 375 ) al)
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As for the functions K(V”;z.(s), one has K(v'g(s) = Kg")(s),

and the remaining ones are given by

1
Ky =3, Kg)ozz(—Ss—l—SM%—i-15M,,o—4M,2,),
7 A2, 1
K(VZ)O: (S Mz) §M2OL7Z0_6KS_M%)(28M2O_MJZI)
T Ky Pia
+ 12M3+3M2M3, — 42M%, ],
2
3 9 a0 3 Mz 5
= — — - — __M _
KV;O 16(3S0 S) 18 (3S0 S) 12 ”(3S0 S)
9 o Ao 1 A2,
_5M6__M2 3sf — Pr —M2M2(1 Pﬂ’
ngﬂo(so S)S+18””s
2
(0) m _M;
KV;I—O, Ky.i 5
M2
K(vz;)l D —(Mz+2M%, =),
M-? M
3 b 20
K(v;)lzﬁ(s—:”so )? +ﬁ(s—3s0 )
5 1 2

(2) 29\2 1 2 A%’no
Kv;zzlz(S_SSo) _EM”O s

M2
L (s =My —3M% — 12M2),

12
y 1 M2 5 o
Kon =1 (35T =) =T E (355 =) =5 MEGsE )
5 6 3 2 7[0 A%ﬂ 1 2 2 %’7[0

(6.8)

We were not able to find simpler expressions for the
functions ky,(s), i.e., comparable to those given in
Eq. (5.28). The origin of the difficulty can, for instance,
be understood upon considering the square of the functions

Gj:(s)’

) s M2 (s — 4M]21U +2K,0(s)\ 2
0l(s) =

s —4M2, M2, Apo
2

A, (|4

M2 s )’

and comparing it to the expression for o7 (s) given in
Eq. (B22): as A, = 0, o,(s) = 1/or (s), but no such
simple expression is available when A, # 0.

(6.9)

B. NLO S-wave projection of the
Pz’ — n* 7~ amplitude
The one-loop representation of the Pz° — 7z~ ampli-
tude is given by Egs. (4.38) and (4.40). In order to obtain
the corresponding S-wave projection, we need to compute
the contour integrals involving the functions J ., with the
end points given by

X
3s5— s

H6 = (610
where now 3s§ = M3 + M2, + 2M7 and

PG s> M,

+i|K (s)], M3, >s>M>%,
Fa(S) = iR () 16, M2, > 5> Ay

+|K,(s)] + 16, Appo > s > 4M>

(6.11)

Here, M., = Mp + Mo, and K ,(s) is the corresponding
Kacser’s function, given by

1/ 4M2
4 <1 - s)/lpﬂo(s).

Since for s > 4M?2 the path corresponding to the movement
of % (s) in the complex ¢ plane does not cross the cut of the
function J,(t), the contour integrals can be again calcu-
lated as the differences of the corresponding primitive
functions at the above end points, as described in
Appendix B. In analogy with (6.4), we express them in
terms of elementary functions & .;(s) as

M+M

K2(s) = (6.12)

) 2K (s ) (n) A
z dit"J(t) = )k, i(s).  (6.13)
A(x) o(s) ; -
The explicit form of the latter functions reads
- 1 ~ 1
kpols) = 1p-al(s) kpals) =1 L(s),
. 1 M(s)
kis(s) =——0o(s)s =7,
+,2( ) 167 ( ) /1%[% S)
~ 1 2, M(s)
kia(s) =———= L(s).
167 2 l},{i(s)
. 1 J(E(s) = T(E(s)
Foa(s) = ———A, , (6.14)
167 g;i%(s)
where £, = M2 + M2, A, = M2 — M2, and the functions

L(s) and os) are given by (5.9) and (4.14), respectively. In
the above formulas,

_UiO(t);Cl:(s))_l - (l)— _(MH+MIT0)2
Con(i()) U T = (M- Mp)”
(6.15)
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In the limit of equal-mass pions, we recover the functions
k;, namely, k,.;(s)— k;(s) for i=1,...,3. The new
function k_.4(s), which vanishes in the limit M, — M,,
is defined in terms of the function J(7),

Here, we assume the standard definition of the dilogarithm,
with a cut along the interval (1, c0) of the real axis and
Liy(x) = Lip(x —i0) for x > 1. Let us denote for short

M2 A2,
M M M C=K (6.17)
J(r)=log M”” logz +Li, (1 - M”” T> —Li, (1 —M’;T). A, A2
(6-16)  Then, the rational functions K(f;)i(s) are given by
J
(-2) 1 s Mﬂo N S—ZZH—APﬂo (-1 1 N Z” Mﬂ.o
g =————I 1), o0 =— ——1 ,
o 28ppAgs =& o8 M, <S —< Apgt - "o Apgs—EA, o8 M,
0 L. My o) 1 15, My ( MM
KS‘,)OIZ_I OgM s KS"’)O:Z[3(M%_S)+4M’2[+M72[0]_EK OgM 8 Z 0+AP”O—S .
(2 _ 1 2 2 2 2 2 2 2112 2A120 0
L0 =3¢ 165*—5(32Ap,0 +61%,) + 1647, + A% o (TTM7 +45M7,) +4(9%7 +4M,,M”0) - 16M,,T’r
15, My iM? M2 +4M? A2
_EA—ﬂlog 7R [2_;2 +242 -5 <4Ap,ro +5%,+12 - n°> +Apn0 (32” +47”ﬂ°> +32M;M?, —3M,2,%”U} ,
(=2) 1 1 [s 28p0M2—5sA, (2, s s—2%,—Appo <) 28poMi—sA, (o 1
K, . = —_— —_—— s K . -, K ==,
HUTOAp A s—E |2 A, A, s—E  Apy FUT2Ap AL (s=E) T2
m _1 2 @ _1 Apgr  Apgt 2 2 2 2 Bpg
K+;1:4—S(S—2M”)(AP”O—S), K'Jr;l:E (S—Apﬂ()) 2S+2T_6—_(2MP+9M”+3MHO) _ZMHOT .
- 1 Ap X, —sA, (2 2%, —-A _ Ap X, —sA
Kgrg): S_Apﬂ0+ Pr0&z — SRz “r s s T Pn ’ Kié):_ Pr0%z —SAg ’
’ 4Ap+ Ay A, A, s=¢ Apy+ ’ 2AP7z+A7z(s_§)
o 1 Apo | 1 Apo
(155, e (mamte)
1 A7 A
Kf;)z=ﬁ{6Mi02ﬂ ;”’°+ (1— ’s’”> [2s2—s(4M§,+52,,)+2A53”0
A _ - 1
A (TM243M2,) + 6M2, 5, +2(3M2, %, —~ M2A p o) ‘;’”"] } K3 =0, &Y =5 K =1,
MZM? M2M?
1 a0 2 -2 it g0 -1 2 0 1 2
KS’;>3 = ZT’ Kgr;)S :2M727M;210’ Kgr;4) =2 A4 K<+;4) :p’ Kgr;)4 =-1 KS';)4 :K<+;>4 =0 (6'18)
Let us note that the single and the double poles that appear L(s) =1log(1—0(s)) —log(1+6(s)), (6.19)

in the coefficients Ki"i for s = ¢ for n <0, are in fact

spurious artifacts corresponding to the partition of the
integrals in Eq. (6.13) into the individual terms. In the
full sum on the right-hand side of (6.13), the various
pole contributions cancel each other. Note also that the
analogous integrals which are necessary for the calculation
of the dispersive parts of the NLO partial-wave projections
of the pion scattering amplitudes Ay, and A, and which are
given explicitly in Sec. IV B of Ref. [44], can be formally
obtained from the above formulas in the limit Mp — M .
This limit requires, however, enlarging the definition of the
function L(s) to the region 4M2, < s < 4M3, namely, to
set in this region

where we assume the principal branch of the logarithm with
a cut on the interval (—oco0,0) along the real axis, and
log(x) = log(x +10) for x < 0.

Using the above results for the integrals (6.3), (6.4), and
(6.13), it is now a straightforward task to calculate the
corresponding S-wave projections of the amplitudes M,
ML at NLO and, with the help of (5.3), to construct the
absorptive part of the function 1V,y,. The construction of the
full two-loop amplitude M, then proceeds along the same
lines as in the case of equal-mass pions described in detail
in the previous section. Despite the higher algebraic
complexity, from a numerical perspective, the dispersive
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integrals similar to the ones that define the functions K;(s),
but now featuring the functions ky;(s) and k, ;(s) in the
role of absorptive parts, present no particular problem.

VII. CONCLUSIONS

The primary purpose of this study was to present a detailed
account of the dispersive approach to the construction of
Pr — nn, P = K*,K,,Kg,n, scattering amplitudes that
possess all the correct analytic properties at the order two
loops in the low-energy expansion. It generalizes the repre-
sentation of the two-loop zz amplitudes first constructed in
Ref. [45] to the case where the masses are distinct, and with
one of the mesons (P) unstable through decay into three
pions. As compared to 7z scattering, this last aspect makes
the discussion of the analytic properties significantly more
involved. We have, therefore, tried to provide the necessary
information on these aspects. Most notably, we have extended
the existing discussions [79,85] to the case where the charged
and the neutral pions have different masses. The most
remarkable feature is the apparition of an anomalous thresh-
old as soon as the final state contains charged pions. This
requires a modification of both the dispersion relations that
provide the starting point of our construction and of the
manner in which the projection on the partial waves of the
one-loop amplitudes is performed. We plan to come back to
these delicate issues in a forthcoming paper.

We would like to point out that our approach applies as
soon as an expansion under which the counting rules (3.10)
are valid is available. This is, in particular, the case of the
combined chiral and 1/N, expansion [56,86,87]. Within
this framework, our construction would apply to further
processes, like ' — nzz, which was recently studied in
high-precision experiments [88-90].

From a practical point of view, the two-loop amplitudes
constructed this way depend on a certain number of
subtraction constants, which can be put in one-to-one
correspondence with the Dalitz-plot parameters (slopes
and curvatures). These representations could, therefore,
be used in order to analyze experimental high-statistics data
for the decay distribution of the P — zaz processes. The
number of parameters to be fitted, for instance, is the same
as in the usual Dalitz-plot expansions, but the inclusion of
the correct analytic properties might allow for better fits.
Alternatively, these representations can also be useful in
order to extract information on fundamental quantities, like
the quark-mass ratio R, or the zz scattering lengths, from
the data. In the former case, we have already illustrated this
in Ref. [36], and we plan to redo a similar analysis using
more recent high-statistics data on the Dalitz-plot distri-
bution of # — zzx [15-18].
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APPENDIX A: ANOMALOUS THRESHOLDS

In this Appendix, we summarize the analysis of the
physical-sheet singularities of the diagrams with the “fish”
topology; see Fig. 3. Whereas the analysis of Refs. [79,85]
addresses the situation where all the pions have the same
mass, the more general analysis presented here holds for
any combinations, allowed by conservation of the electric
charge, of charged and neutral pions as external and
internal states. This analysis rests on the study of the
Landau singularities [91,92], which is summarized in the
monography [77]. For more details of this analysis, we also
refer to Ref. [55].

We first recall that, as far as the structure of the
singularities is concerned, one can consider the following
dispersive representation of the fish diagram in terms of the
standard triangle diagram [85,93],

/ " aup () / L, 1 (A1)
g (22)* (G — i) (3 — m3) (K — %)
where the possible values of y, are 2M 0, M, + M 0, or
2M . The precise form of the spectral density p(u?) is not
important here. It suffices to know that it provides an
adequate renormalization of the ultraviolet divergence in
the subgraph, but brings in no further singularity, the only
additional singularity being a possible end point singularity
at the lower end of the x? integration. After the introduction
of Feynman parameters and integration over ¢, one obtains
an integrand whose denominator D reads [94,95]
-D = prYp —ie, (A2)
where 7 = (B1,$,.53), 0 < p; <m;, and Y is the sym-
metric 3 X 3 matrix with entries

= mg

P

FIG. 3. The general diagram with the fish topology (left) and its
reduction to the corresponding triangle diagram (right).
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24 2 p2
_my+m;— Py

yi=1l, yij= . UFE], k#FL) (A3)

2m;m;
In what follows, the masses m; are real and strictly positive
numbers. The virtualities P7 of the external lines can be
arbitrary complex numbers. Then, the path of integration
over the f§; variables need not be distorted if one of the y;;,
i #j, is kept real, while the remaining two are given
negative imaginary parts. In this setting, the ie contribution
to D is not necessary, provided D is defined as the
boundary value when these imaginary parts tend to
zero [77].
The Landau conditions [91,92] read

oD
ﬁi@ =0 for each internal line i = 1,2,3, (A4)
D =0. (A5)
The first three equations can be rewritten as
p 0 0
0 p, 0 |Yp=0. (A06)
0 0 p

The leading Landau singularity (LLS), corresponding to
P1P2fs # 0, is then given by the condition
detY = 1+ 2y1503y31 = Yis =33 —¥3; = 0. (A7)
The nonleading Landau singularities (NLLSs), correspond-
ing to the vanishing of exactly one f;, require y; = +1,
Jj # k, i # j, k. They represent both normal and anomalous
thresholds. Finally, the second-type (or non-Landau) sin-
gularity (NLS) curve is given by
A(P3,P3,P%) =0. (A8)
Not all the singularities derived from the Landau conditions
do occur on the physical sheet. Before starting a more
detailed analysis for the identification of the physical-sheet
Landau singularities, it is useful to identify the domains
where D never vanishes in the undistorted region of
parametric integration. Apart from the case already men-
tioned, when two y,; variables are given negative imaginary
parts, such singularity-free domains are, for instance,
(i) SF1: domains where all the y;; are real and positive;
this means (for all m; > 0) that all P} < mf + m3;
(i) SF2: domains where, simultaneously, one of the
variables y;;, i # j, is greater than unity, a second
one is greater than zero, and the third one strictly
greater than —1.
We will split the discussion upon considering two types
of triangle diagrams; see Fig. 4. In the first one, we will call

FIG. 4. The two types of fish/triangle diagrams contributing to
the Pz — zz amplitudes. On the left diagram, the heavy external
meson line is combined with an external pion line into the
kinematic variable s (z-diagram). On the right diagram, the heavy
meson line is an isolated external line (P-diagram). All external
and internal lines are charged or neutral pion lines, except for the
thick external line corresponding to the P meson, and the internal
double line, which denotes to the dispersive loop corresponding
to the exchange of a pion pair.

it a z-diagram, the on-shell conditions for the external lines
are, say, P? = M?, i = 1,2, where M, and M, are not
necessarily equal, but correspond to a pion mass, M, or M o,
whereas P3 = s is a free variable. The second case corre-
sponds to, say, P3 = M%, whereas P2 = M7 and P} = s are
as before. We refer to this situation as a P-diagram. In both
cases, the internal lines are restricted to neutral or charged
pions. A brief discussion of other intermediate states is to be
found at the end of this Appendix. Furthermore, since we are
interested in the singularities as s varies in the complex
plane, all other quantities, like M, and M, will be kept at
their physical values, unless we are forced to modify them.
In particular, unless unavoidable, we will keep the integra-
tion over 42 fixed to occur along the straight line 4> > u3 on
the real axis. Since in any case we have y* > 4M2, > A, we
observe that the condition

_mp =M

0 A9
o (A9)

Y23

is always satisfied.

1. Physical-sheet singularities of the z-diagrams

The analysis for the z-diagrams, which, since the
momentum of the meson P is hidden inside the variable
s, will also hold for zz scattering, turns out to be quite
straightforward. Indeed, in this case, we also have

i 4 = 13

0. A10
o (A10)

Vi3 =

Combined with the conditions (A9) and SF1, we at once
conclude that we need to worry only about the singularities
occurring for s > m? + m3.
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Next, conservation of the electric charge tells us either
that M = M, and m; = m, hold simultaneously or that
M, # M, and m; # m, hold simultaneously. It leads only
to four possibilities for the charge assignments of the
corresponding states:

(i) M;=M,=m;=my,=M: Then, we study the am-
plitudes with fixed ¢ > 2M o, and the singularity-
safe domain for the physical amplitude is for s <2M?.
The LLS occurs for s=0 and s = 4M? — u?. The
NLLSs are s = 0 and s = 4M? from y,, = +1, and
u> = 4M? from y 3,3 = +1, the case yj33 = —1
being excluded for positive masses, cf. Eqs. (A9) and
(A10). There appears no new singularity from pinch-
ing at infinity, Eq. (A8). At u> = 4M?, there is no
singularity on the physical sheet. As expected, it
means that the only relevant singularities are in s, and
since only the normal threshold singularity s = 4M?
does not belong to the safe region in s, the only
relevant singularity for the physical amplitudes is this
normal threshold.

() My =M,=M, m;i =my=m, M # m: u is fixed
with py>m+M=M_po+M,, so that y;3>1,
vy3 > 1 and the condition SF2 is satisfied for
s < 4m?. Therefore, physical-sheet singularities
only occur for s > 4m?. On the other hand, the
possible singular points are the LLS at

2 2 A2
=0, or 5= -2UmM) g

2

and the NLLSs at s = 0, s = 4m? (from y,, = £1),
or for 4> = (M + m)?, and finally, there appears, in
addition, a NLS at s = 4M?2. Therefore, in this
case, in addition to the normal threshold s = 4m?,
there occurs a NLS at s = 4M?, i.e., at the beginning
of the physical region, provided M = M - and
m = Mﬂo.

(i) My =my =M=, M, =my=My: again pu>
M, + M., and no singularity appears on the
physical sheet for s < (M,+ + M ). All the pos-
sible singularities are

(Al1)

AZ

5§ =—, s =23, —u?, (A12)
u

both bounded from above by (M, — M )2, from the

LLS and

s= (M, +Myp)?, W= (M,+My)* (Al3)
from the NLLSs and NLS. Thus, on the physical
sheet, we find only the normal threshold singularity
at s = (M, + Myp)>.

av) My =my =M_x, Mry=my =Mp: pu2>2M,
vi3 > 1, y,3 >0, and thus no singularity occurs

on the physical sheet for s < (M- + M ). The
singularities in this case read

2 \/(/42 - 4M’2[i)(,u2 - 4M72[O)
s=2,——=%
2 2

(A14)

from the LLS, with both solutions smaller than

Y, < (M, + M,)?> whenever they are real, and

s=(M,£Mp)*, u>€{0,4M7.4M%}  (Al5)
from the NLLSs, with no new constraint from the
NLS. The only singularity lying on the physical
sheet is the normal threshold s = (M, + M ).

In conclusion, the only z-diagram where there
appears an anomalous threshold on the physical sheet is
the diagram with M| = M, = M+, m| = m, = M, and
Ho = M = + M o, which has a non-Landau singularity at
s = 4Mii, close to the beginning of the physical

region s > 4M2,.

2. Physical-sheet singularities of the P-diagrams

We next consider the second type of diagrams from
Fig. 4, which we call P-diagrams and which needs more
careful analysis. Since p1y > 2M 0 > A, the condition (A9)
is always satisfied. The singularities are most conveniently
discussed through their localization on curves lying in the
(M3, s) plane.

In the following, we denote M; = ms. For the LLS, we
obtain from Eq. (A7) (Ays = m3 —m?, Apy = M3 —m?)

i 2pts = —pt + A (M3 + m3 + m3 + m2) + AysAp

A1, Me, m3)AY 2 (W, m3, m2).  (A16)
The subleading singularities read
oot s = (my £ my)?,
ops: Mp = (u+m)?,
0,:t u2 = (my £ ms)*. (A17)

The second-type singularity may occur on the curve

[:s=(Mp+ms) (A18)

As before, in the end, we are interested in the analytic
properties in s with Mp and all the other masses fixed at
their physical value. However, in the case Mp > 3M,, we
need to perform an analytic continuation in some other
variable from the values where the diagram is analytic.
Inspired by the analysis of Kacser and Bronzan [68,79], we
start by considering an analytic continuation in the external
variables P%, and we deform the integration contour in u
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from the original line y > y only when forced to do so.

The singularity curve o,,_ is, therefore, again irrelevant, and

the curve 6, ., corresponding to the anomalous subleading

threshold, can be avoided, in the cases of interest here,
by the addition of a small imaginary part to x> without any

change of the analytic structure in s.

For the diagrams under consideration, the domains
where the f integrations do not need to be deformed from
the original physical integration contour are the following:
(a) Ims > 0 together with ImM% > 0.

(b) SF1 holds; the condition (A9) holds automatically, and
the domain y;,, y;3 > 0 corresponds to s < m} + m3
together with M3 < p* + m?.

(c) SF2 holds; this happens, in particular, when

-(cl)p > (ms + my) and M3 < u? + m?; we can go with

sup to s < (m; +my)?%;

“(c2)u=(ms+my), M3 < (u +m))* and s < m? + m3;

-(c3) M3 < (u—my)?, and s < (m; +m,)?%;

-(c4) M% < (u+m;)?, and s < (m; —m,)>.

Therefore, we see that the anomalous thresholds o,_ and
op_ bring no singularity to the physical sheet, but for
Mp > 3M,, there are always some parts of £ and I" which
do not belong to the regions (b) or (c), and thus we need to
perform the analysis very carefully, in order to see whether
it is possible to continue the amplitude there without the
appearance of singularities. The answer depends on the
relative positions of the individual singularity curves. An
important observation is that the remaining curves of
potential singularities meet only at the following points:

A,=2nI:

Au?, m3, m3)
M2 = 12+ m? + » My, N5

|+t =) VAR 13, m2) + 4

2m? ’
§ = S(Al,z), (A19)
M2 =( 2 ) 2 M5 22
p=(utm)*,  s=mit+mi+— (' +m;—m3),
(A20)
C=XZnoy:
) L ) )
Mp = p* + mi +— (u* + m3 — m3),
my
s=md o £ LG ), (A21)
Dy, =T'nNopy:
M3 = (u+my)?, s = (u+m £ms)?,  (A22)

FIG. 5. The P-diagrams contributing to the P°z — 7z ampli-
tudes. The assignments of the lines are as in Fig. 4.

Ep,=T'nog:

My = (my+myEms)®,  s=(m+my)*.  (A23)

We proceed with the analysis of the individual diagrams.
The distinct types of diagrams with the neutral P are
displayed in Fig. 5.

a. Analytic properties of the first diagram from Fig. 5

For the first of these diagrams (m, = my, ms = M ), the
singularity curves are [Ag = mj — M2]:
(1) LLS curve X:

2}423 = —/,{4 —i—/lz(M%) —|—M72[0 —|—2m%) + AIOAPI

£ 212 (02, My )NV (12 M2 ). (A24)
(2) NLLS curves:
o,_.5=0, 0'S+:s:4m%,
opi: ME = (utm). (A25)
(3) NLS curves:
[:s=(Mp+Muy)* (A26)

The integration contour for the dispersive loop is the line
u>(Myp +my). For mi = M, the situation simplifies
into the one studied by Kacser and Bronzan in
Refs. [68,79]. However, the relative position of the curves
is the same also for m; = M+ as is depicted in Fig. 6, and
one therefore expects that also the singularity structure
will remain the same.

Since p > (M + m;), the denominator D of the para-
metric integrand does not vanish for f; > 0 also in the
regions (c1) and (c2), and the contribution of this diagram
is without singularities on the physical sheet for all s and
M? on the left of or below the dashed lines in Fig. 6. Since
the normal-threshold lines 6, and op, correspond to the
singularity curves with one of the f3; equal to zero and the
other two positive, the only part of the real section of
the singularity curve X where D vanishes for all §; > 0 is
the arc between the points B and C, and this remains true
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FIG. 6. The real sections of the singularity curves for the
diagrams without the occurrence of the anomalous threshold on
the physical Riemann sheet. For the labels of the curves, as well
as for those of the points of intersections, see the main text.

for the appropriate complex surface connected to this real
arc. All the other parts of X are nonsingular since we can
continue the integral analytically in the following way. We
start in the domain (c1), where the integration contour in j3;
is the original one, and we add a small positive imaginary
part to both s and M2 [coming so to the domain (a)], which
is nonsingular for any values of s and M3 without the need
of deformation of the contour. This way, we can reach any
point where the singularity does not occur for positive f3;,
upon letting the added imaginary parts tend to zero (without
deformation of the integration curve).

However, the arc BC is connected to the nonsingular
lower-left part of X by a continuous complex part of Z [77].
Since all intersections of X with the other curves are just the
real points from above, by performing the analytic con-
tinuation from the lower-left part by the path along X, we do
not pass through any branch cut until we come to the real
arc BC, where either op, or o,, have to be crossed.
Similarly, in all the points of I', the loop integral can be
defined by analytic continuation along this complex curve.
Therefore, there are no complex singularities in this case,
and the only singularities occurring for the diagram
considered on the physical sheet are the normal thresholds
o,. and op ., together with the anomalous threshold on the
real arc BC, cf. Ref. [77]. (Note that on the section BC, the
loop integral can be made analytic without the appearance
of singularities by deforming the integration contour of the
parametric integration to f;3, < 0.)

The singularity at this anomalous threshold occurs only
for M3 € ((u + my)?, 24> +2mi — M2,). Upon adding to
4> a small negative imaginary part, we can avoid this
singularity. The only point where this is not possible is the
end point of the integration, y = M0 + m.

In conclusion, for the fish diagram connected with the
first diagram of Fig. 5, the anomalous threshold singularity
in the s plane appears only for M3 = (M, + 2m;)>. Since
Mp > 3.5M, for the physical values of the masses of the

K*, K,;, Kg, and n masses, this condition is never
fulfilled.'* For the physical masses, the only singularities
appearing for this diagram are, therefore, just the regular
normal thresholds. The important observation is that we
obtain the correct physical analytic continuation of the
amplitude also on the leading singularity curve by taking
M3 — M3 + i85, where § is a small positive number.

b. Analytic properties of the second diagram
from Fig. 5

The singularity curves for the second of these diagrams
(my =M, my =ms = M,+) read:
(1) LLS curve X:

2s = M3 +M72[0 —|-2M72[i —u?

£ 22 (W Mp ML )o(u?). (A27)

(2) NLLS curves:

Gsi:S:(Mﬂ.Zl:MHO)Z, Gpi:M%):(//l:tMﬂo)z.

(A28)

(3) NLS curves:

[:s=(MpEtM:) (A29)
For y > 2M .-, the relative position of these curves is again
the one depicted in Fig. 6, and thus, by the same procedure
as in the previous case, we obtain the contributions whose
singularities on the physical sheet are just the normal
thresholds. However, the integration in the dispersive loop
starts at 4 = 2M 0 < 2M ,+. For these values of yu, the real
section of the curves moves into the situation depicted in
Fig. 7, and the analytic continuation proceeds as follows.
The original integration contour in parametric space is free
of singularities in the domain (b), i.e., on the left of and
below the dashed lines of Fig. 7. We can continue the
contribution of this diagram along the ellipsis X further up
to B and C without the appearance of the singularities on
the physical sheet, even without deforming the original
integration contour, similarly to the previous case, since the
only part of the real section of £ which corresponds to
p; > 01is the arc BC. In order to avoid singularities also on
this arc, we would need to deform the integration contour
there. However, all paths from the parts we have identified
to be nonsingular to the arc BC along X pass through a
singularity curve, either 6p. or o,,. Since the curve X is

"Note that for the physical masses and for u corresponding
to the end point, even the extremal value of the position of C,
M3 :SMf[i 4—AA//I‘,—”;(5M?[t —Mio) corresponds to M p ~ 423 MeV.
For the kaons and the eta, we can, therefore, altogether ignore this
complication with the BC section.
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FIG. 7. The real sections of the singularity curves for the
diagrams where the anomalous threshold occurs on the physical
Riemann sheet. For the labels of the curves, as well as for those of
the points of intersections, see the main text.

Ay ! MI%
op— . op+

here real for real M3, for any complex singularity curve in
p-space, there exists a complex conjugated one, and
therefore if we want to evade the complex singularities
on one side, we encounter the complex conjugated one,
cf. Ref. [77]. We have, therefore, no way how to avoid
singularities on the arc BC. This diagram thus possesses on
the physical sheet, in addition to the normal threshold, also
the anomalous threshold (A27) on the arc BC and on all the
corresponding complex surfaces.

We can try to avoid these singularities by the addition of
a small imaginary part also to x>. However, this does again
not work for the end point of the y? integration, in this case
for 4 = 2M 0. Even though the real arc BC is again to the
left of the physical value of M?% for both the kaons and the
eta, the singular complex surface connected with this arc
extends to the region where M p > 3M ». We are, therefore,
left with two complex conjugated anomalous thresholds in
s for the physical Mp > 3M L,

25 = M} +2M>%. - 3M?,

£ AVA (M} M2, AM?%,)o(4M2,).  (A30)

Thus, for the amplitudes to which this diagram contrib-
utes, the starting point of our construction, the dispersive
representation of Eq. (3.5), requires appropriate modifica-
tions in order to include the contributions from these
anomalous thresholds.

c. Analytic properties of further diagrams

We have seen that the appearance of the anomalous
thresholds on the physical sheet is connected with the
position of the real section of the curve X between the
subleading curves o,, and the op,, in which case we
cannot evade the corresponding normal threshold branch
cuts when trying to avoid the singularities X on the complex
surfaces connected with the arc BC. We can, therefore,

observe a simple condition for this appearance of the
anomalous threshold. It occurs on the physical sheet only
in the case (A16) is real in the interval M% € ((u —m;)?,
(1 +my)?). Since the first triangle function appearing there
is imaginary on this interval, the condition means that the
second triangle function A(u?, m3, m2) has to be imaginary
as well. This happens in the interval u> € ((m, — ms)?,
(my 4 ms)?).

From this condition, we can formulate the following
simple rule of thumb, stating that the zz fish diagram has
the anomalous threshold singularity on the physical sheet
in the variable s only in the case when in the correspond-
ing triangle diagram one of the other vertices (than the
one adjacent to s) is stable and the second one is unstable,
when we take for y its end point value p. The vertex is
called unstable if the masses on the adjoining lines are
such that at least one of them is greater than the sum of
the other two. Note that this rule does not take into
account the singularity on the real arc BC of Fig. 6 (we
have found that for the pion lines, this singularity never
occurs) and the non-Landau singularities, as is obvious
from its application to the z-diagrams (the only unstable
mass there can be p, which appears in both vertices;
1.e., this rule tells there is no anomalous threshold for all
n-diagrams). However, in our previous analysis, we have
also taken its existence into account, and it does not
change the above conclusion.

Since the vertex with Mp in P-diagrams is always
unstable for y = y, the anomalous threshold appears only
in the case yy < (m, + ms). Furthermore, since m, and ms
are pion masses and conservation of the electric charge
has to be respected, the only possibility is pg = 2M o0
and my = ms = M =.

In conclusion, the only P-diagrams possessing the
anomalous threshold singularity on the physical sheet
for the physical values of Mp and of the pion masses
are those depicted in Fig. 8. These diagrams contribute to
the processes P’ — 2°z*z~, P* - z~at2", and P+ —
n7°7°. Therefore, besides the case M, = M o, the only
P — zam decay processes with M, # Mo where no such
singularity occurs are the processes P’ — 7z°7%2°, with
PY = K; or P’ = 1. Kacser’s prescription can be extended
to these cases; i.e., the required analytic continuation in

M-

FIG. 8. The complete set of P-diagrams possessing an anoma-
lous threshold singularity on the physical Riemann sheet for the
physical values of the masses Mp, M, and M o.
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M3, M3 — M% +i5, Mp <3M,, >0, can be per-
formed without encountering any singularity.

3. Fish diagrams with other-than-pion
internal lines

The same analysis can be performed for fish diagrams
containing other mesons, kaons, and #’s, in internal lines.
Naturally, then it can happen that there will occur anoma-
lous threshold singularity for some value of Mp. However,
thanks to the hierarchy of the masses prohibiting decays
of the type P — P’'z, where P and P’ are kaons or #’s, the
physical mass Mp will each time be smaller than the mass
where such anomalous threshold singularity can occur. In
other words, in all the cases, the physical mass Mp is to the
left of the points B and C in one of the situations from
Figs. 6 and 7; i.e., it lies in the region where the anomalous
threshold singularity does not appear on the physical sheet.
The inclusion of these other internal lines does, therefore,
not change the conclusions of our analysis from the
previous sections.

APPENDIX B: INTEGRALS OF
THE J FUNCTIONS

In order to compute the partial-wave projections of the
one-loop amplitudes, we need to perform the integrals
occurring in Eq. (5.17). Actually, in order to avoid the cuts
on the positive real axis, the integration has to be performed
along a path in the complex plane [79],

t(s)
/ dt - / dt,
1-(s) C(t_(s).11-(s))

starting at 7_(s) and ending at 7, (s). It turns out that the
complex path C(7_(s),7,(s)) can always be chosen such
that there exists an open neighborhood of it that also avoids
the cut. This follows from the analysis of Ref. [79] in the
equal-mass case, and also holds for M, # M when the
singularities of the integrands consist only of the normal
branch cut, starting at s = 4M2 or s = 4M72[0, i.e., when
there is no anomalous threshold [55]. Then, a result of
complex analysis [96] tells us that the integral is correctly
evaluated in the usual way, i.e., upon taking the difference
of the end point values of the primitive function, provided,
of course, that the latter exists. Given this result, our task in
this Appendix will be to construct the required primitive
functions, and then, as a second step, to evaluate them at the
end points 7. (s). It will be enough to give the results for the
function J,(¢) defined in Eq. (4.13); the expressions
corresponding to the two other cases, J(¢) and Jy(t), can
easily be obtained upon taking the appropriate limits in the
pion masses. More specifically, we denote the ratio of the
pion masses by g,

(B1)

My
=

q : (B2)

and the two other cases will be obtained simply by taking
the limit ¢ — 1 in the end. We thus first need to know the
following primitive functions:

Iﬂ_fg(t) = 16ﬂ2/dtt"ji0(t), forn=-1,...,3;

12() = 162 / IO (B3)

t2

These then need to be evaluated at the corresponding end
points. We address these two separate issues in turn in the
remainder of this Appendix.

1. Primitive functions

Writing the function J4(¢) in the form

- 1 A >
=1+ (2=
Ji()(t) 167[2 |: + ( t Aq) nq
t—p_y, o,()—1
—o, () In——— B4
+ t Gq() nO'q(t)—l—l ) ( )
with
=Mz(1+q)  Z,=M;(1+q),
A, =M1 ) (BS)
and
1=y,
t) = , B6
70 =\ [ (B6)

suggests performing the following transformation of the
variable:

o (1) =1
T= W. (B7)

The function ¢,(¢) is defined in the complex # plane, with a
cut on the real axis, from u_, to u,, and with (¢ & ie) =

+iy/(uy, —1)/(t —p_,) when t lies on this cut. This
transformation then maps the complex plane with the cut
(M_g-y) onto the unit disk. As illustrated in Fig. 9, the
points slightly above the cut (¢ + ie) are mapped slightly
below the upper semicircle, while the points slightly below
this cut (f —ie) are mapped slightly above the lower
semicircle (the points lying exactly on the upper and on
the lower semicircles have to be identified). The ray
(,uq + i€, 00 + i€), where the branch cut of the one-loop
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A

Im 7

FIG. 9. Conformal transformation (B7) mapping the complex ¢
plane onto the unit disk in the 7 plane. The points on the upper
and on the lower semicircles are identified. In the transformed
plane, the one-loop functions to which the transformation
corresponds have their branch cut located on the line segment
7 € (-1 +1ie,0 + ie).

function is located, is mapped onto line segment
(=1 +ie,0 + ie). The inverse transformation

1
) =2 =) (3-a). (BS)
with
2
o,1) = i T w=Mr e (Bo)
-7 T

can be continued to the whole complex 7 plane and satisfies

t(r) = t(1/7).

This means that the points 7 and 1/ should be identified,
which also implies the identification of 7 and z* = 1/7 on
the unit-disk boundary of Fig. 9.

Expressed in terms of the variable 7z, the one-loop
function J., reads

(B10)

27 _ Zq 7(1 _612)
167 Jj:O(T) =1 —A—qlogq—mlogq
q(1-7°)
(=) (eq - 1>logr. (B11)

Its analyticity in the unit disk with the segment (—1,0)
removed and the symmetry property J.o(7) = J.o(1/7)
become manifest in this expression. The expression that
mixes the two variables,

2 2_1

_ A > M
16227 40(1) = 1+ (20— =) log g + g = ”
r A, 1

log,
T

(B12)

allows obtaining its derivative in a simple way,

d , - 1+17? 1+ 4¢°
167% — (tJ 1o(t)) = —log 7 — log q,
w o (xo(1)) = 5 loge 08

(B13)

which in turn makes it easy to check the primitive functions
given here. Finally, we introduce the following function,

J(z) = log glog 7 + Li(1 — gr) —Li2<1 —2), (B14)
which appears in the results of the integration.

Having prepared all the necessary ingredients, we
present here a list of all primitive functions that are needed
for the computation of the S and P partial waves of the
one-loop amplitudes:

- 2 )
183(1) = 8220 o)1l = 2) + 7 = 24°MEr =T
4 A,
+ g*M*Hog’t,
2 872 _
Ii())(t) = Tfio(f)f@lz -3, — (22 + 84°My))

£z, t log q
Dot opemi(lss
Toty T ”(3+ ‘1> A,
+ sziquong,
4 32
3) d P s 2174
IN)(t)=—+2,—+—(Z;+6g°M
:to() 16+ q18+24( q+ q 7[)

+ ¢*M3(Z2 + ¢*M3)logt

log g

2 5%t
— ¢* Mt [— + =L +2(22 + szi)} A

376 ]

47% -
+ %Jio(t)t(3t3 -3, — (22 4+ 6¢°M3)t
-3, (22 4264’ M3)),

- z
150(1) = 162 T o (1)t + 1+ S log’t — A, T (x).

_ - 1 2

150 (1) = =16227 4o (1) — Sloght =2+ A—q J(2),
q

_ _ > 1 > 13

(=2) 2 q q
Iy (1) = 87T +(1) <_——> -—+

A2 1) A2 36gM>
2¢° M,
+ A3 J (7). (B15)
q

We have adjusted the free integration constants in these
primitive functions, such as to ensure that all of them
exhibit a smooth limit for the ratio of pion masses g going
to unity, and to make them vanish at # = O (in this limit).
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2. End point evaluation in the case M =M,

In order to perform the explicit calculation of the partial-
wave projections, we should now evaluate the preceding
primitives at the end points given in Eq. (5.18). In general,
this procedure produces complicated expressions. However,
in particular cases, like for equal-mass pions, the situation
simplifies somewhat. We will, therefore, treat this case in
some detail in what follows. For definiteness, we consider
the case of the charged pion. The corresponding expressions
for the neutral pion are obtained from those given below by
substituting M, by M o in all formulas.

Introducing

AM?2 —t,(s)
T (s)= Tzi

- 1 - Ti(s) -2
=Sy TN e o B
we obtain

7(to(s) = Ti(s) = 1 = To(s)or,(s),

(B16)

and

1
)~ Fe) - 14 Te(s)or.(s) (BIS)
and
Ly (s) =logz(t,(s)) =log <11—T-Z—;i((ss))>' (B19)

Inserting these relations into the primitive functions
in the limit ¢ = 1, and using the simplification Tia%i =
T, —2, we arrive at rather simple expressions

1W(1) = M3[(T =2)(5T+ - 8)

+2T (T —)oyr Ly, +L%i]’
M6
1(t.) :7”[2(7& —2)(7T.—-8)(11-4T,)
2
- 12T:E<T:t - 3)(2T:t - I)GTiLTi -+ 18LT1]’
MS
10 (1)) :f[(Ti —2)(817.%—482T .2 +941T . —512)

+ 6T, (6T —34T >+ 59T . —15)07 Ly,

+45L7 ],
I<0(fi):M%[6(2—T1)—2T¢0TiLTi+L%i]’
_ 2T
I( 1>(ti):_4_Ti_26TiLT1_EL%i9
1 [42T.-1) 3T,
12(1) = + + Ly |.
=Tz | -2 -2t

(B20)

Finally, it is also useful to notice the relations

_ L
16727 (1) =2 4+ -+,
O-Ti

Ly, 1,
or 6M%

+

1672J (1) =2+

(B21)

The link with the expressions given in Egs. (5.27),
(5.28), and (5.31) is then provided by the relations

p (S) _ APﬂG(S)
= s —4M2 4+ 2K(s)’
Ly.(s) = 3 [L(s) F M(s)] (B22)

APPENDIX C: PROPERTIES OF THE
FUNCTIONS k;(s) AND K;(s)

In this Appendix, we discuss some properties of
the functions k;(s), K;(s), and I?E'l)(s), introduced in
Egs. (5.28), (5.38), and (5.46), respectively. We briefly
address their analytic properties and also provide graphical
representations. We display the functions &;(s), with i = 2,
3, on the real axis in Fig. 10 [the real parts of those with
i =0, 1 coincide with the imaginary parts of K;(z)].

The functions K (z) are defined as dispersive integrals in
the complex plane,

k=2 [~ okt

T Jap X" x =7 (1)
and the physical value corresponds to z = s + i0, which is
shown in Fig. 11. For z which is not located on the
integration contour, the only potential singularities of the
integrand are those of the function k;(x) where 4M2 < x <
co. The functions ky(s) and k(s) do not present any
particular problem. They already occur in the simpler
situation provided by zz scattering, and the two functions
Ky(s) and K, (s) can be expressed in terms of the function
J(s) [see Eq. (5.41)], which has no other singularity than a
cut along the positive-s real axis, starting at s = 4M?2. In the
case of k,(s) and ks(s), there are two possibly problematic
points, namely, x = (Mp + M,)?> = M%. Closer inspection
reveals that only x = M2 corresponds to a singularity, as
can actually also be seen directly in Fig. 10. This singu-
larity is, however, integrable since the integrand in Eq. (C1)
behaves as (x — M%)™"/2 in the vicinity of this point. It
means the K;(z), defined by the original contour, is at least
analytic in the complex plane with the exception of the part
of the real axis for which z > 4M2. For z — 4M2, we have
a nonintegrable end point singularity. Therefore, this point
constitutes a branch point of K;(z). For z real, z # M% we
can deform the integration contour in (C1), such as to avoid
the singularity (x — z)~, in an appropriate way, depending
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FIG. 10. The real (solid curve in blue) and the imaginary (dashed curve in magenta) parts of functions 122,3(s) for Mp = 3.5M,, +i0.
For comparison, also the real part of these functions for Mp = 2.9M , (dotted curve in green) is plotted (in this case, their imaginary part
is zero). The abscissas show s in units of M2. The vertical lines indicate the positions of s = Mi.

on whether we approach the contour from below or from  continuation M?% + i8, this singularity is, in fact, avoided
above. The only dangerous point is the true singularity of by contour deformation when we approach z = M2 from
ki(x), ie., z=M?>. Because we made the analytic  theupper complex half-plane because then there is no pinch

0.02 0.02
O R ©
xg ’,"— xg
0.01 4 ]
—0.02 |
! /‘\\
—0.04 |
0
— ] —0.06 |
—0.01 : : : : —0.08 : : : :
0 4 M 10 15 Mz a2 25 0 4 M* 10 15 Mz a2 25
(a) Ko(z) (b) K1(z)
0.04 . . . . 0.02
= = ]

—0.04 | ] {EE ol

—0.08 . . . . —0.03 k . . . . E
0 4 M2 10 15 M a2 25 0 4 M2 10 15 Mz gp2) 25

(©) Ka(2) (d) Ks(z)

FIG. 11. The real (solid curve in blue) and the imaginary (dashed curve in magenta) parts of functions K;(z), z = s +i0, for
Mp = 3.5M, + id. For comparison, the real (dotted curve in green) and the imaginary (dot-dashed curve in orange) parts of functions
K, 3(s) for Mp = 2.9M,, are also plotted. The abscissas show s in units of M2. The positions of s = {4M2, M%, M2 } are indicated by
the vertical lines.
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of the contour, and thus even this point is, in fact, regular.
However, when we approach this point from below, the
contour is pinched, and the singularity cannot be avoided
by means of the contour deformation. Nevertheless, this
singularity lies on the second sheet. Of course, these
arguments rest on the fact that the discontinuities ;(z)
have good analytic properties, which allows deforming the
contour without encountering other singularities of these
functions.

whe(s) = 2 LU i g 7200 + [ (e + 22)

2 4

1 ~
+5loft @ ).

APPENDIX D: EXPRESSIONS OF THE
FUNCTIONS W7 (s)

In this Appendix, we give the expressions of the

functions WF”(s), and of the corresponding coefficients

Vv(i") and B for each function listed in Table II, in the case

where the masses of charged and neutral pions are equal.
For the decay of a charged kaon into three charged pions,
we have

50> 2 K%(s)] -
=) T3P [0

(0)Px +- <167[>2 ~t— +- X X 72
W= (s) = 0 (s)y 3 200~ (s)wg ™ () + @5(s)p5(5)17°(s)
1 (s —s0) 1 K*(s)] - e
+ {Z (Ciy + 5D++)TO+§(C++ + D) 2 J(s) ¢ + oy~ © &71(s)
i) fQ62 : DN (=50 . 2, K]
+ 02 { 1 2 (8)@s(s) + @5(8)@’ ()12 (s) + || Cy + X TO + ng 7 J(s)
1 ~
+2 I © El(),
1)Pr cio [ Biici_ 167 (s —4M2)? Co.—D.(s—4M2)(s —sg) - o
W (s) = 215 [- e P 4 J(s) + & (s) (D1)
with
By
Y = By =-B_,_ =B..c,, B_. =0, (D2)
and
-~ B, M% +3M2 4M2 B, M% +3M?2 4M>
Wl = [Ax —?KT a—b 5 | +2]A +%KT - —bi—5~
M7 (M7 +3M;)
+ §B++C+—I;;—4’
() B, M% +3M2 4M? B, M% +3M2
Wiy =by|As 3 2 + B, | a, _bxF +2b,_|A, "‘TT
4M2\ B..c._ M3 +TM?
~-B,, (a+_ —b,_ 2 ) _ +J; + KF% 7
_(2 B, c, _
WS*)++ = Bxbx - b+_B++ + +_g a 5 (D3)
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A, B.M%+3M>2 4M? B, M%+3M2 4M?
w&%_ = [_x__xg} (ax_bxF—zﬂ> + [A+++jg] <a+_—b _,,)

2 6 F2 2 6 F2 R
2 M2(M% +3M2) B, M%+3M> 4M?
_§B++C+—Ti2 Apy— TT a++—b++F—% ,
0 D[ BMREMIEML] B[ AMR\ B 4M
N F? 2\ )Ty MW TR
b, B, ,M%+3M2] B,,c,_M3+TM2> B, M2\ b, B, M%+3M>
=y [A+++ s 2 | 6 = it \MTeR)Eo A e )
(2 1 1
WSE;)+_ ) <Bxbx -B,.b;_ _§B++C+— * B++b++> . (D4)

Next, for the decay of a charged kaon into one charged and two neutral pions, we obtain

W) = oo { U i 0)oi () + 0P + [ (€ 45D

T I O R EER D

@{“j—”)zm;w i) + a5 1700 + [ (€4 2) L0y 2p, K5

(s — So>2
Fa

© &l(s).

T 2 -
W) =00 { i 1ot )7 ()

N 2 ~
- [yl rsgEot ;<c D)) Fﬂ <s>}+[¢3°o )09)
D, (s

1
=+ 3 7

(1)Pr Cio BXC+0 167T(S—4M,2[)2 -2 4M2)(S—S0 +
= — J D5
Woi () =32 { 18 2 F () == FA )+ Es (D3)
with
B+x
> B+ 0+ — =B x€+0> B—;x = B_;0+ = O, (D6)
and
(0 B, M + 3M; AMZ\ 4 M3 (M% + 3M7)
):2|:Ax+€ K—szr a+0_b+0 F,ZT +§ xC+01;_‘—i,
» B, M% +3M; aM2\ 1 M + M7
Wl = 2b,, |:Ax —KT} - B, <a+o — by F) - ngCJroKT,
1
W§(2) — Bx <—b+0 + §C+0> s (D7)
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B, M?% +3M? 4M> 2 M2(M?% +3M? B, M?%+3M? aM?
B My + n} <a+0 b n>+ 7(My +3M3) [A+++ i+ Mg+ n} <ax_bx n)

~0)
Wi+ |:Ax 6 F2 P40 F72r ngCH) th[ 6 F]z[ F,2[
B, M} +3M;] ag
3 F2 27
2 2 2 2 2 2 2
~(1) BxMK+3M7t B)C 4M 1 MK+7MIT B++MK+3M,T
Wi = by [Ax 6 P2 +7 (ar0=bro—7 2 )76 XC+0F772[:Fbx A+++TF—72[
B 4M? B ag
e ol (PN Nt 4 x00
> (ax bxF2>ﬂF 5
_) 1 Cio
Wior =73 B (b,g+— 3 +B,.b,|. (D8)

For the amplitude of K; decaying into one charged and two neutral pions, we have

W) =00 S a6 + a0 + | (b 5 C10 2 K )

4

o(s s—50)? 2(s)] - 7)? . -
g~ 0&710)+ 5 cty [0 255 300 4 B pgt )i+ b 0l 010}

L oEos),

2
0)Px (167)* L - 1 (s—s0)> 1 K2(s)] -
Wil =¢§°(S){ 500 () (5)72(s) = | 1 (CE+5D) F4° 50 06) b+ log 08 (s)
1)Pr Cig BJ{,‘C 0167T(S—4M,2[)2— C/%—DAL,(S—"-M,%)(S—S())— ~7.
Wiks =35 [ T R = O I () +E ) (D9)
with
B+;L;x L
T = Bi;L;-H) = Bx C+0’ B—;L;x = 07 (DlO)
and
BLE M, +3M; aM2\ 4 M2(M% +3M?
() =2|A7 + 72 ajg—bo—s | +3 Yo ( KL4 ),
6 F; F2 3 4
B My, +3M; AMZ\ 1 M3 + M2
Wi =2b,g [AL + 6F,2,} - B} <a+0 - b+OIV,2,> - §B§C+OLF7%,
1
i, = B <—b+0 + §C+o), (D11)
LM%, +3M; AMZ\ | 2 M2(M%, +3M2) AL e
O By M, r 7 =Mk, x 00 7
o == (s v ) St B 2 - )
. BEM% +3M; AM?
FlA - | & —b—77 )
3 Fz F;
BLM% +3M%*| BL aM2\ 1 M3 +TM? BL M2+ 3M>
- (1 x K; b x T K;
Pisso = ~bio [Af " ?T} 2 ( ~ b0 F—) BT T {AL - ?T]
4M?2 Alyb,
F Bt <a+_ —b,_ F2 ) T
ey 1o
Wirito = 63 (3bio +cio F 6by ). (D12)
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For the decay of K; into three neutral pions, we obtain

Whin(s) = oi(0) L 0k Gy (5) + ot ro 0+ [ (e + 20) CT0h s 2 K05
i 0 871(0) + 20 {09 gt o)+ 2 1o 0700 + [ 074 2K )
b3l © E)(s) o13)
with
B0 =0, (D14)
and

BLM% +3M2 AM?
22) = Aooaoo + 2 |:AL - —7:| (ax — bx—> N

3 F2 F2
LM%, +3M; 4M:
g By x
s =an - SR (o0 ),
W2 = 2B, (D15)
Finally, for the three-pion decay of K, we find
(hpr  Cy_ [Bic,_16m (s —4M2)* -, . D3 (s—4M32)(s — so)
W, = J
0 = s [P o e o DA Z0) ) 4 g

. ST (5— )2 2067 .
el = o { Y g0t 0200+ 2 oL KO 50+ 0 08710

2 12 Fi Fi
()px _ Cio [ Bicyg 167 (s —4M7)* -, D3 (s —4M7)(s — 50) - 2840
Wty = 2 |- B IO = B g D= )54 oo, D16
with
B+;S;x = 2B§C+O’ B+;S;x =0, (D17)
B0 = (1 £2)Bicy, (D18)
and
0 _ _psMi, +3M; LAME\ 4 MA(M +3M3)
Wor = — ST a0 =Dy 2 +§ xC10 3 ;
2 M2 +3M2 1 M3+ TM>
~(1) _ 4Mﬂ K b3 K s
Wex = 3B} <a+0 —by 2 ) - Sb+OST - gB;ScC-s-OSFi%,
1
W) = B <3b+0 + §C+o>, (D19)
BSM% +3M2 aM2\ 2 M2(M% +3M?2
wi)A)S-JrO = _stiz (a+0 —Dyo —2ﬂ> - —B)S;C.H) ( Ks ) (1+2),
35 2 Fx F2 3 Ff,
3BS 4M> BSb.  M% +3M2 1 M2(M% +TM?
0 = =25 (a0 = byt | + 20K ——BSc, (M, >(1i2),
+:8;40 + +0 72 3 2 6 + 7
_(2 3 c
#hs0 = =5 B bro =52 (1£2)]. (D20)
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