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We investigate the Λb → Λcπ
−f0ð980Þ production with a f0ð980Þ decay into πþπ− via the K�0K−Kþ

and K�−K0K̄0 triangle loops. These loops produce a peak around 1.42 GeV in the π−f0ð980Þ invariant
mass distribution, which is the same mechanism as the one considered to explain the a1ð1420Þ peak. In the
πþπ− distribution obtained by fixing the π−f0ð980Þ invariant mass to some values, a clear peak of f0ð980Þ
is seen, and the π−f0ð980Þ distribution has a peak around Mπ−f0 ¼ 1.42 GeV, which is caused by the

triangle mechanism of the K�K̄K loop. The branching ratio of Λb → Λcπ
−f0ð980Þ with f0ð980Þ → πþπ−

by the triangle mechanism, obtained by integrating the π−f0ð980Þ distribution from 1 to 1.6 GeV, is
estimated to be the order 10−4. Future measurements of the Λb → Λcπ

−f0ð980Þ branching ratio and the
π−f0ð980Þ invariant mass distribution predicted in this work would give further clues to clarify the nature
of the a1ð1420Þ peak.
DOI: 10.1103/PhysRevD.101.074041

I. INTRODUCTION

The role of triangle singularities (TSs) in hadronic
reactions has been investigated for a long time. A general
discussion on the emergence of singularities from loop
amplitudes was given by Landau [1], and a physical picture
of the singularity from triangle loops was provided in
Ref. [2] and is known as the Coleman-Norton theorem; the
TSs can show up when all the internal particles are on shell,
the momenta of the particles in the loop are collinear, and
the process can occur at the classical level. One can find a
refined formulation and an intuitive picture of the TS in
Ref. [3] (see also Ref. [4] for a recent review of the TS).
One interesting manifestation of the TS is the ηð1405=

1475Þ → π0f0ð980Þ decay. An anomalously large produc-
tion of the π0f0ð980Þ decay mode of ηð1405=1475Þ, which
is forbidden by isospin symmetry, was reported by the
BESIII Collaboration [5]. The large amount production rate
and the narrow f0ð980Þ line shape in the ππ distribution,
which is the order of the mass difference of the charged
and neutral kaons due to the isospin symmetry breaking,
are explained well by the triangle mechanism [6–9] (see
also Ref. [10] for a review article). The triangle diagram
considered in the work is composed of K�K̄K and its
charge conjugation shown in Fig. 1. The triangle loop

diagram of Fig. 1 has a singularity around 1.42 GeV, which
is in the ηð1405=1475Þ mass region. In the process, the
K�K̄ pair is produced by ηð1405=1475Þ first, the K� decays
into πK, and the KK̄ couple to f0ð980Þ. The position of the
singularity can be obtained with a formula given in Ref. [3].
The triangle singularity plays an essential role in this
process because the position of the TS is sensitive to the
masses of the particles and the mass difference of K and K�
involved in the triangle loop introduces the isospin viola-
tion in this process. In practice, the singularity is turned
into a peak by the width of the internal particles, and the
detailed study on the width effect was done in Ref. [11]. In
Refs. [12,13], some other processes were studied for further
investigation of the anomalous enhancement of the isospin-
forbidden π0f0ð980Þ production by the triangle mechanism.
The TS of the K�K̄K loop was mentioned in Ref. [14], and
the possible role of the K�K̄K triangle loop has been
investigated in many processes [6–9,11–13,15–22].
One important aim to study the TS is to clarify the origin

of peaks in the invariant mass distribution. The peak of the
TS has purely kinematical origin and cannot be associated
with a resonant state. A peak of a1ð1420Þ, which is in the
p-wave π−f0ð980Þ mode in the π−p → πþπ−π−p reaction,

FIG. 1. Triangle diagram relevant to the πf0ð980Þ production.
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was found by the COMPASS Collaboration [23,24] fol-
lowed by the studies on the properties of a1ð1420Þ [25–29]
and the work on the explanation of the peak focusing on its
production mechanism [30] (see Ref. [31] for a recent
review article, and see also a mini review for mesons in the
1400 MeV region in the Particle Data Group (PDG) [32]).
A possible understanding of the peak with the triangle
mechanism was suggested in Refs. [17,18]. The position of
the singularity around 1.42 GeV stemming from the K�K̄K
loop coincides with the peak position of a1ð1420Þ. Despite
the attempts to clarify the nature of the peak, a significant
difference of the resonance and TS scenarios of the
a1ð1420Þ peak has not been found in the partial wave
analysis so far [31]. Some predictions based on the TS
scenario of the a1ð1420Þ peak were made in Refs. [20,21]
in the B and τ decays.
In this work, we study the Λb → Λcπ

−f0ð980Þ with
f0ð980Þ → πþπ− via the triangle mechanism of the K�K̄K
loop producing a peak around 1.42 GeV in the π−f0ð980Þ
distribution. We show in Fig. 2 the diagram of the K�K̄K
triangle loop contributing to the Λb → Λcπ

−f0ð980Þ
process. Apart from the K�K̄ production part, the mecha-
nism producing a peak around 1.42 GeV is identical to the
one considered in Refs. [17,18] for the a1ð1420Þ peak.
With known theoretical and experimental information, we
make the predictions on the branching ratio and the
invariant mass distribution in the Λb → Λcπ

−f0ð980Þ
reaction. Such predictions, including the triangle mecha-
nism, will be important for future experiments to clarify
the nature of a1ð1420Þ as an unavoidable peak of the
kinematical effect.

II. SETUP

The diagrams we consider in this study are shown in
Fig. 2. Here, we focus on the diagram Fig. 2(a) in which a
loop is formed by K�0K−Kþ; Λb first decays into
ΛcK�0K−, and subsequently K�0 turns into the π−Kþ with
a merging of Kþ and K− to give f0ð980Þ. The f0ð980Þ
finally decays into a πþπ− pair. Strictly speaking, this
K�K̄K loop for the π−f0ð980Þ production does not have the
TS because the mass of f0ð980Þ is slightly below the KK̄
threshold; i.e., the KK̄ in the loop cannot be on shell.
However, in the distribution, the remnant of the TS would
be still expected due to the width of the particles. For
example, by putting the f0ð980Þ mass slightly above the
KK̄ threshold, with the formula in Ref. [3], the loop

amplitude produces a TS around Mπ−f0 ¼ 1.42 GeV in
the π−f0ð980Þ invariant mass distribution.
In this section, the amplitude needed to evaluate the

diagram in Fig. 2, theΛb → ΛcK�K̄, K� → πK, andKK̄ →
πþπ− transition amplitudes, will be explained, and the
amplitude of the Λb→Λcπ

−f0ð980Þ decay with f0ð980Þ →
πþπ− will be given at the end of this section.

A. Λb → ΛcK�K̄ amplitude

First, we consider the Λb → ΛcK�0K− amplitude. At
present, the data of the Λb → ΛcK�0K− decay, such as the
branching fraction or the Dalitz plot distribution, are not
available; then, we make a microscopic derivation of the
Λb → ΛcK�K̄ amplitude with some approximations. Some
possible diagrams for the Λb → ΛcK�K̄ at quark level are
depicted in Fig. 3. In this calculation, we take account of
the diagram Fig. 3(a) with the externalW− emission, which
is favored in terms of the color counting [33], and the
diagrams with different topology shown in diagrams (b),
(c), and (d) in the figure, suppressed in terms of the color
counting, are not considered, and that can give, in general,
the uncertainties of the order of a few tens of percents.1

For the baryonic part of the Λb → ΛcW− transition, Bμ,

Bμ ¼ hΛcjc̄γμð1 − γ5ÞbjΛbi; ð1Þ
we use a result of the QCD sum rule [35]. The Λb → Λc
transition amplitude is parametrized as

hΛcjVμjΛbi ¼ hΛcjc̄γμbjΛbi
¼ ūΛc

½F1ðq2Þγμ þ F2ðq2Þvμ þ F3ðq2Þv0μ�uΛb
; ð2Þ

hΛcjAμjΛbi ¼ hΛcjc̄γμγ5bjΛbi
¼ ūΛc

½G1ðq2Þγμ þ G2ðq2Þvμ þ G3ðq2Þv0μ�γ5uΛb
; ð3Þ

where vμðv0μÞ ¼ pμ
ΛbðΛcÞ=mΛbðΛcÞ is the 4-velocity of Λb

ðΛcÞ, qμ ¼ pμ
Λb

− pμ
Λc
, F ðq2Þ ¼ Fiðq2Þ or Giðq2Þ (i ¼ 1,

2, 3) is parametrized as

F ðq2Þ ¼ F ð0Þ
1 − ξ1

q2

m2
Λb
þ ξ2

q4

m4
Λb
þ ξ3

q6

m6
Λb

þ ξ4
q8

m8
Λb

; ð4Þ

with F ð0Þ and ξi given in Ref. [35]. For later purposes, we
give the spin sum and average of the baryonic part Bμν ¼
ΣΣBμB�ν (quantities with overline denote the spin summed
and averaged ones in the following):

(a) (b)

FIG. 2. Triangle loops for the Λb → Λcπ
−f0ð980Þ process.

1Changing the u quark with the d quark, the diagrams (b), (c),
and (d) in Fig. 3 can lead to the Σc production, which is reported
to be small [32]. In addition, when one sees the B → KD�D̄�
branching fraction in the PDG [32], the branching fraction of the
color favored process is about ten times larger than that of the
color disfavored one [34]. These facts would imply the small
corrections from the color disfavored processes.
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B̄μν ¼ 1

2
½gμνfðF2

1 −G2
1Þ − ðF2

1 þG2
1Þwg þ ðF2

1 þ F1F2Þðvμv0ν þ v0μvνÞ
þ 2F1F2vμvν þ F1F3ðvμv0ν þ v0μvν þ 2v0μv0νÞ
þ wfðF2

2 þG2
2Þvμvν þ ðF2F3 þ G2G3Þðvμv0ν þ v0μvνÞ þ F2

3 þ G2
3Þv0μv0νg

þ F2
2v

μvμ þ F2F3ðvμv0ν þ v0μvνÞ þ F2
3v

0μv0ν

þG2
1ðvμv0ν þ v0μvνÞ −G1G2ðvμv0ν þ v0μvνÞ þ 2G1G2vμvν

− 2G1G3v0μv0ν þG1G3ðvμv0ν þ v0μvνÞ −G2
2v

μvν

−G2G3ðvμv0ν þ v0μvνÞ −G2
3v

0μv0ν þ 2iF1G1ϵ
μνρσvρv0σ� ð5Þ

with w ¼ v · v0.
Let us move to the mesonic part producing K�0K− or

K�−K0, which is denoted by Jμ. Here, we assume the
a−1 ð1260Þ dominance for the K�0K− and K�−K0 produc-
tion, and the effects of the rescatterings of the other pairs in
the final-state particles are ignored. The observation of
Λb → Λca−1 ð1260Þ is reported in Ref. [36], and a peak
around 1.3 GeV which may be associated with a1ð1260Þ is
seen in the π−πþπ− distribution of Λb → Λcπ

−πþπ− [37],
and we expect a large portion of Λb → Λca−1 ð1260Þ in the
K�K̄ production by taking into account a fairly strong
coupling of a1ð1260Þ to K�K̄ obtained theoretically in
Refs. [38,39]. Then, Jμ represents the amplitude of the
W− → a−1 ð1260Þ → K�0K− or K�−K0 transition here. The
effect of a1ð1260Þ on the π−f0ð980Þ distribution will be
checked later.
We write the conversion amplitude from W− to

a−1 ð1260Þ as

−itW−;a−
1
¼ igWVud

2
fa1ma1ϵW− · ϵ�a−

1
ð6Þ

with Vud and gW being the element of the Cabibbo-
Kobayashi-Maskawa quark-mixing matrix and the cou-
pling constant of the weak interaction, respectively, and the
a−1 ð1260Þ → K�0K− amplitude is written as

−ita−
1
;K�0K− ¼ g1ϵa−

1
· ϵ�K�0 ; ð7Þ

where we take into account the amplitude with the lowest
angular momentum, which gives the dominant contribution
in low energies. In the case of the K�−K0 pair in the final
state, we just need an additional minus sign.
With the Λb → Λc form factor Bμ in Eq. (1), the Λb →

ΛcK�0K− transition amplitude given by the external W−

emission process is written as

−iMΛb;ΛcK�0K− ¼
�
igW
2

ffiffiffi
2

p Vcb

�
Bμ

ið−gμν þ qμqν
m2

W
Þ

q2 −m2
W þ iϵ

�
igWVud

2
fa1ma1

�

ið−gνρ þ qνqρ

m2
a1
Þ

q2 −m2
a1 þ ima1Γa1

ðþg1Þðϵ�K�0Þρ

∼ g1GFVcbVudBμgμν
fa1ma1ð−gνρ þ qνqρ

m2
W
Þ

q2 −m2
a1 þ ima1Γ

ðϵ�K�0Þρ
≡ GFVudVcbBμJμ; ð8Þ

(a) (b) (c) (d)

FIG. 3. Quark-level diagrams for the Λb decay.
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Jμ ¼ g1G
μν
a1ðϵ�K�0Þν; Gμν

a1 ¼
fa1ma1ð−gμν þ qμqν

m2
a1
Þ

q2 −m2
a1 þ ima1Γa1

; ð9Þ

by taking the leading-order term of 1=m2
W . GF ¼

g2W=ð4
ffiffiffi
2

p
m2

WÞ is the Fermi coupling constant. The Λb →
ΛcK�−K0 amplitude has the opposite sign relative to
Eq. (8), which comes from the different sign of the
a−1 ð1260Þ → K�0K− and K�−K0 vertices.

We fix the parameters in Eqs. (6) and (7) with the τ− →
ντK�0K− partial width given in the PDG [32], assuming the
production is dominated by the a1ð1260Þ meson. In the
spectral function of τ → 3πντ [40,41], one can see a
significant peak at 1.2 GeV2. The K−Kþπ− distribution
of the τ− → ντK−Kþπ− decay, in which a large amount of
Kþπ− comes from K�0, is available [42], but the data are
not enough for the analysis. The matrix element of the
τ− → ντK�0K− decay is written as

−iMτ ¼
�
igW
2

ffiffiffi
2

p
�
ūνγμð1 − γ5Þuτ

ið−gμν þ qμqν
m2

W
Þ

q2 −m2
W þ iϵ

�
igWVud

2
fa1ma1

�

·
ið−gνρ þ qνqρ

m2
a1
Þ

q2 −m2
a1 þ ima1Γa1

ðþg1Þðϵ�K�0Þρ

∼ g1GFVudūνγμð1 − γ5Þuτgμν
fa1ma1ð−gνρ þ qνqρ

m2
a1
Þ

q2 −m2
a1 þ ima1Γa1

ðϵ�K�0Þρ ð10Þ

≡GFVudLμJμ; ð11Þ

Lμ ¼ ūνγμð1 − γ5Þuτ: ð12Þ

For the a1ð1260Þ mass and width, the central value of
the PDG [32] is used; ma1 ¼ 1.23 GeV and Γa1 ¼
0.425 GeV.2 The spin sum and average of the leptonic
part Lμ is given by

Lαβ ≡ LαL�β ¼ 4

4mτmν

½pα
τp

β
ν þ pβ

τpα
ν − gαβðpτ · pνÞ þ iϵαβρσðpτÞρðpνÞσ�; ð13Þ

with pτ and pν being the momenta of the τ lepton and
neutrino, respectively. Then, the matrix element squared
with the spin sum and average is

jMτj2 ¼ g21G
2
FV

2
udLμνG

μμ0
a1 G

�νν0
a1

�
−gμ0ν0 þ

ðpK�0Þμ0 ðpK�0Þν0
m2

K�0

�
;

ð14Þ

and the differential width is

d2Γτ−→ντK�0K−

dM2
K−ντ

dM2
K�0K−

¼ 4mτmν

ð2πÞ332m3
τ
jMτj2: ð15Þ

In practice, we do not need to fix fa1 and g1 independently
because a product fa1ma1g1 appears in the amplitudes
Eqs. (8) and (11). Finally, with the partial width of τ− →
ντK�0K−, the product fa1ma1g1 is fixed to fa1ma1g1 ¼
1.0 GeV3.

B. K� → πK and K̄� → πK̄ amplitudes

We move to the K�− → π−K̄0 and K�0 → π−Kþ ampli-
tudes. The p-wave amplitude of a vector meson decaying
into two pseudoscalar mesons can be obtained from the
effective Lagrangian [22,56–59],

LVPP ¼ −ig̃hVμ½P; ∂μP�i; ð16Þ

with

P ¼

0
BBB@

π0ffiffi
2

p þ 1ffiffi
6

p η πþ Kþ

π− − π0ffiffi
2

p þ 1ffiffi
6

p η K0

K− K̄0 −
ffiffi
2
3

q
η

1
CCCA;

Vμ ¼

0
BB@

ρ0þωffiffi
2

p ρþ K�þ

ρ− −ρ0þωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCA

μ

: ð17Þ
2The peak in the spectral function in Refs. [40,41] is a bit lower

than the a1ð1260Þ mass from the PDG [32]. See, e.g., Ref. [43]
for a recent study on the a1ð1260Þ meson in the τ decay, and see
also Refs. [29,38,39,44–55] and the references therein for the
works concerning the a1ð1260Þ properties.
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The brackets h…i stand for the trace of the flavor SU(3)
matrices. From this Lagrangian, the amplitudes of K�0 →
π−Kþ and K�− → π−K̄0 are given by

−itK�0;π−Kþ ¼ þig̃ϵK�0 · ðpπ− − pKþÞ;
−itK�−;π−K̄0 ¼ −ig̃ϵK�− · ðpπ− − pK̄0Þ: ð18Þ

We fix the parameter g̃ for the coupling of K� → πK with
the isospin averaged mass and width of mesons;

ΓK� ¼ 2g̃2p3
K

8πm2
K�

; pK ¼ 1

2mK�
λ1=2ðm2

K� ; m2
K;m

2
πÞ; ð19Þ

with the Källàn function λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy−
2yz − 2zx, and Eq. (19) leads to g̃ ¼ 4.5.

C. KK̄ → π +π − scattering amplitude

For the scattering t matrix of the KK̄ to a meson pair
MM0, tMM0;KK̄, we use the amplitude calculated in the
framework of chiral unitary approach. The ππ − KK̄ − πη
coupled-channel system around 1 GeV was studied in this
framework in Ref. [60] with a particular interest in the f0
and a0 resonances followed by the studies with similar
approaches [61–63]3 and the applications to many reac-
tions. In this work, we follow the setup of Ref. [69]; the
f0ð980Þ resonance is dynamically generated as a result of
the nonperturbative meson-meson interaction, and it is
found in Refs. [69–71] that the line shape of the πþπ−

invariant mass distribution around 1 GeV is described fairly
well. The amplitude is given by the scattering equation

ti;j ¼ ½ð1 − vgÞ−1v�i;j ð20Þ

with i; j ¼ πþπ−; π0π0; KþK−; K0K̄0; ηη. The interaction
kernel v comes from the s-wave part of the leading-order
chiral Lagrangian, and g is the meson-meson loop function
with cutoff regularization given in Ref. [69], where the
cutoff parameter Λ for g is chosen to be 0.6 GeV.

D. Λb → Λcπ − f 0ð980Þ amplitude via the K�K̄K loop

Combining the amplitudes given above, we can obtain
the loop amplitude given by the diagram in Fig. 4, which is
denoted by Tμ. We can write the amplitude given by the
diagram in Fig. 4 with theK�0K−Kþ triangle loop (a meson
pair MM0 in the final state comes from the KþK−

rescattering) as follows:

Tμ ¼ −ig̃tMM0;KþK−

Z
d4l
ð2πÞ4

ð−gμν þ ðk1−lÞμðk1−lÞν
m2

K�0
Þðk1 − 2k2 þ lÞν

½l2 −m2
K− þ iϵ�½ðk1 − lÞ2 −m2

K�0 þ iϵ�½ðk2 − lÞ2 −m2
Kþ þ iϵ�≡ −ig̃LμðK�0K−KþÞtMM0;KþK− ;

ð21Þ
with

LμðK�0K−KþÞ ¼
Z

d4l
ð2πÞ4

ð−gμν þ ðk1−lÞμðk1−lÞν
m2

K�0
Þðk1 − 2k2 þ lÞν

½l2 −m2
K− þ iϵ�½ðk1 − lÞ2 −m2

K�0 þ iϵ�½ðk2 − lÞ2 −m2
Kþ þ iϵ�

¼
Z

d4l
ð2πÞ4

1

½l2 −m2
K− þ iϵ�½ðlþ k1Þ2 −m2

K�0 þ iϵ�½ðlþ k2Þ2 −m2
Kþ þ iϵ�

·

�
−ðk1 − 2k2Þμ þ

k1 · ðk1 − 2k2Þ
m2

K�0
k1μ þ

�
1þ k1 · ðk1 − 2k2Þ

m2
K�0

�
lμ

−
2k2 · l
m2

K�0
k1μ −

2k2 · l
m2

K�0
lμ −

l2

m2
K�0

k1μ −
l2

m2
K�0

lμ

�
: ð22Þ

A library for the one-loop integrals, LoopTools, is used [72].
In Eq. (22), the momenta k1 and k2 are defined as in Fig. 4.
Now, the renormalization scale, μ, associated with the
divergence of the loop integral is fixed to be 1 GeV, and the
change of this parameter to μ ¼ 0.5 or 1.5 GeV gives just a

FIG. 4. The K�0K−Kþ loop diagram for the π−f0ð980Þ
transition amplitude Tμ.

3The scalar mesons around 1 GeV have been studied for a long
time, and many studies were devoted for it from various view-
points, e.g., as done in Refs. [64–67] (see also Ref. [68] for a
review article).
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tiny difference. The width effect of the K�0 meson in the
loop is included by replacing the squared mass of the K�0,
m2

K�0 , with m2
K�0 − imK�0ΓK�0 in this study.

Then, with the part of the Λb → ΛcK�0K− transition
given in Eq. (8), the Λb → Λcπ

−f0ð980Þ; f0ð980Þ → MM0

amplitude via the K�0K−Kþ triangle loop is written as

− iMðK�0K−KþÞ
Λb;Λcπ

−MM0

¼ −ig̃g1GFVudVcbBμG
μν
a1 tMM0;KþK−LνðK�0K−KþÞ:

ð23Þ

The amplitude of the K�−K0K̄0 loop is obtained by just
changing the label of the internal particles with the same
sign relative to the K�0K−Kþ loop taking into account the
minus sign of a−1K

�K̄ and K�πK vertices. Then, adding the
contribution of the K�−K0K̄0 and K�0K−Kþ loops, we
obtain

−iMΛb;Λcπ
−MM0 ¼ −iMðK�0K−KþÞ

Λb;Λcπ
−MM0 − iMðK�−K0K̄0Þ

Λb;Λcπ
−MM0

¼ −ig̃g1GFVudVcbBμG
μν
a1

× ½tMM0;KþK−LνðK�0K−KþÞ
þ tMM0;K0K̄0LνðK�−K0K̄0Þ�: ð24Þ

In the following, we consider the case of MM0 ¼ πþπ− in
the final state to see f0ð980Þ. In the isospin symmetric case,
where the isospin averaged mass and width of the mesons
are used, the amplitude is reduced as follows:4

− iMΛb;Λcπ
−f0

¼ −2ig̃g1GFVudVcbBμG
μν
a1LνðK�0K−KþÞtπþπ−;KþK− :

ð25Þ
This isospin averaged amplitude will be used in the
following calculation.
Using the formula of the phase space volume in

Ref. [22], the differential distribution is given by

d2ΓΛb→Λcπ
−f0

dMπþπ−dMπ−f0

¼ 2mΛc
2mΛb

25ð2πÞ8m2
Λb

pΛc
p0
π−p00

πþ

×
Z

dΩΛc
dΩ0

π−dΩ00
πþjMΛb;Λcπ

−f0 j2;

ð26Þ
with

pΛc
¼ 1

2mΛb

λ1=2ðm2
Λb
; m2

Λc
;M2

π−f0
Þ; ð27Þ

p0
π− ¼ 1

2Mπ−f0

λ1=2ðM2
π−f0

; m2
π− ;M2

πþπ−Þ; ð28Þ

p00
πþ ¼ 1

2Mπþπ−
λ1=2ðM2

πþπ− ; m
2
πþ ; m

2
π−Þ: ð29Þ

The angles ΩΛc
, Ω0

π− , and Ω00
πþ are those of Λc, π−, and πþ

in the Λb rest frame, the π−f0ð980Þ c.m. frame, and the
πþπ− c.m. frame, respectively.

III. RESULTS

We show in Fig. 5 the πþπ− invariant mass distribution
given by Eq. (26) normalized with the Λb full width, ΓΛb

,
withMπ−f0 ¼ 1.3, 1.42, and 1.5 GeV. A peak of f0ð980Þ is
clearly seen atMπþπ− ¼ 0.98 GeV, and the largest strength
is given withMπ−f0 ¼ 1.42 GeV by the virtue of the K�K̄K
triangle mechanism.
Integrating Eq. (26) over Mπþπ− in the range of

Mπþπ− ∈ ½0.9; 1.1� GeV, we obtain the π−f0ð980Þ invariant
mass distribution, ðdΓΛb→Λcπ

−f0=dMπ−f0Þ=ΓΛb
, shown in

Fig. 6. The distribution is normalized with ΓΛb
again. In the

π−f0ð980Þ distribution, a peak around 1.42 GeV with a

FIG. 5. The πþπ− invariant mass distribution ðd2ΓΛb→Λcπ
−f0=

dMπ−f0dMπþπ−Þ=ΓΛb
. Mπ−f0 is fixed to 1.3 GeV (red dashed),

1.42 GeV (black solid), and 1.5 GeV (blue dotted).

FIG. 6. The π−f0ð980Þ invariant mass distribution
ðdΓΛb→Λcπ

−f0=dMπ−f0Þ=ΓΛb
as a function of Mπ−f0 .

4Note that KþK− ¼ ½−ðKK̄ÞI¼1 − ðKK̄ÞI¼0�=
ffiffiffi
2

p
and K0K̄0 ¼

½ðKK̄ÞI¼1 − ðKK̄ÞI¼0�=
ffiffiffi
2

p
with a phase convention jK−i ¼

−jI ¼ 1=2; Iz ¼ −1=2i.
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width of the order of 0.1 GeV originating from the TS is
clearly seen. The distribution is similar to the ones in the
a1ð1260Þ decay and the τ decay calculated in Refs. [18,21].
Note that the πþπ− pair in the final-state π−πþπ− is
produced by f0ð980Þ in this calculation. The π−πþπ− in
the final state would be mainly produced by the s-wave πρ,
which is a decay product of a−1 ð1260Þ, as studied in
Refs. [17,18] in the π−p → πþπ−π−p reaction.
By integrating ðdΓΛb→Λcπ

−f0=dMπ−f0Þ=ΓΛb
in the range

of Δ ¼ ½1.0; 1.6� GeV, we obtain the branching ratio BrΔ;

BrΔðΛb → Λcπ
−f0ð980Þ; f0ð980Þ → πþπ−Þ

≡ 1

ΓΛb

Z
Δ
dMπ−f0

dΓΛb→Λcπ
−f0

dMπ−f0

ð30Þ

¼ 2.2 × 10−4; ð31Þ

which is the same order of magnitude obtained in the τ−

decay into ντπ
−f0ð980Þ via the triangle mechanism [21].

To see the uncertainties from the Λb → Λc transition
form factors, we show the plot in Fig. 7 with different
parameter sets of the Λb → Λc form factors given in
Refs. [35,73] which are denoted by the lines (a) and (b),
respectively. The gray and red bands are the uncertainties of
the lines (a) and (b) originating from the parameters in the
Λb → Λc form factors. The gray band for the uncertainties
of the line (a) is obtained by using the errors of F ð0Þ in
Eq. (4) given in Ref. [35]. In Ref. [73], the errors of the
form factors are estimated less than 5%, and here the
uncertainties of the line (b) expressed with the red band are
given by changing F ð0Þ by �5%. One can see the
relatively large uncertainties of the line (a) expressed with
the gray band. The branching ratio BrΔ is in the range from
1 × 10−4 to 5 × 10−4, still the order 10−4. Comparing the

lines (a) and (b) in Fig. 7, one will see the similar line
shapes with the different parameter sets; the peak structure
around 1.42 GeV is stable. We note that, for the Λb → Λc
transition amplitude, only the external W− emission dia-
gram is taken into account, and the approximation gives
some further uncertainties which are not addressed in
this study.
In the amplitude Eq. (8), the a1ð1260Þ dominance in the

K�−K0 and K�0K− production is assumed. For comparison,
we show the plot without the intermediate a1ð1260Þ
resonance in the production.5 In terms of the K�K̄ inter-
action, if the K�K̄ interaction is weak or moderately
attractive and the coupling to the a1ð1260Þ is not so large,
the K�K̄ rescattering amplitude is expected to have a
moderate energy dependence, and the K�K̄ production
fromW− can be approximated with a constant contact term
involving all the short-range physics of the process. On the
other hand, if the K�K̄ interaction is sufficiently strong, the
K�K̄ generates a pole dynamically [38,39,46], and the K�K̄
rescattering can be represented approximately with the
coupling to the pole, which may be related to a1ð1260Þ, and
the details of theK�K̄ interaction is encoded in the coupling
constant of the pole and the K�K̄ channel from the
viewpoint of the Weinberg compositeness relation [75].
Comparing the π−f0ð980Þ distributions with and without
a1ð1260Þ, we can see the effect of the different production
mechanisms and the interaction of the initial K�K̄ pair on
the π−f0ð980Þ distribution and the stability of the TS peak
against it. In the case without the intermediate a1ð1260Þ,
the decay amplitude of Λb → Λcπ

−f0ð980Þ is given by

FIG. 7. The π−f0ð980Þ invariant mass distribution
ðdΓΛb→Λcπ

−f0=dMπ−f0Þ=ΓΛb
with different parameters in the

Λb → Λc transition form factor. The lines (a) and (b), which
are plotted with the black-solid and red-dashed curves, are the
plots with the parameter set of the Λb → Λc form factor given in
Ref. [35,73], respectively. The gray and red bands of the lines (a)
and (b) reflect the uncertainties of the parameters in the Λb → Λc
form factors in each model.

FIG. 8. The π−f0ð980Þ distribution ðdΓΛb→Λcπ
−f0=

dMπ−f0Þ=ΓΛb
with and without a1ð1260Þ. The black-solid

(red-dashed) line is the plot with (without) the a1ð1260Þ
resonance.

5In Ref. [74], the effects of the a1ð1260Þ meson in the B− →
K−K�0Dð�Þ0 transition part of the B− → K−π−Dþ

s0ðs1Þ decay with

a K�0Dð�Þ0Kþ triangle loop are studied, and it is found that the
peak originating from the triangle mechanism is not changed with
the inclusion of the a1ð1260Þ contribution.
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replacing the a1ð1260Þ propagatorGμν
a1 with g

μν in Eq. (25).
TheW− → K�K̄ amplitude is given by Eq. (7) by replacing
the a−1 ð1260Þ polarization vector with the W− one.
The π−f0ð980Þ invariant mass distributions with and

without a1ð1260Þ are compared in Fig. 8. The peak around
1.42 GeV can be seen in both cases, and the distribution
without a1ð1260Þ has a longer tail than that with a1ð1260Þ.
The branching ratio defined in Eq. (30) is BrΔ ¼ 1.8 ×
10−4 without the intermediate a1ð1260Þ resonance. The
ratio is smaller compared to Eq. (31), but it is still the same
order of magnitude.
To clarify the feature of the triangle mechanism in the

Λb → Λcπ
−f0ð980Þ process, we compare the invariant

mass distribution of π−f0ð980Þ produced with and without
the triangle mechanism. The amplitudes of a1ð1260Þ →
π−f0ð980Þ in the p wave and f0ð980Þ → πþπ− in the s
wave, which are needed for the amplitude of the direct
production of the p-wave π−f0ð980Þ pair from a−1 ð1260Þ,
are written as

−ita−
1
;π−f0ð980Þ ¼ g01ϵa−1 · pπ− ; ð32Þ

−itf0ð980Þ;πþπ− ¼ igf0;ππ: ð33Þ

The decay amplitude of Λb → Λcπ
−f0ð980Þ followed by

f0ð980Þ → πþπ− with π−f0ð980Þ directly produced by
a−1 ð1260Þ is given by

−iM0
Λb;Λcπ

−f0
¼ −GFVudVcbBμðGa1Þμν
×

gf0;ππg
0
1p

ν
π−

M2
πþπ− −m2

f0
þ imf0Γf0

: ð34Þ

For simplicity, we just use a Breit-Wigner amplitude of the
f0ð980Þ resonance with the mass and width from the
PDG [32].6

In Fig. 9, the π−f0ð980Þ invariant mass distribution with
Eq. (34) is compared with the one with the triangle
mechanism given by Eq. (25). The distribution with
π−f0ð980Þ directly produced by a1ð1260Þ has no structure
around 1.4 GeVand just increases as a pwave. On the other
hand, in the case with the triangle loop contribution, the
peak of the TS is located around 1.42 GeV with the width
about 0.2 GeV in the distribution. Thus, the triangle
mechanism has the clear distinction from the other pro-
duction mechanism we considered here.

IV. CONCLUSIONS

We have studied the Λb → Λcπ
−f0ð980Þ decay with

f0ð980Þ → πþπ−. For the Λb → ΛcK�K̄ðKK̄�Þ production
part, the amplitude is factorized into theΛb → Λc transition
and K�−K0ðK−K�0Þ production from the a−1 ð1260Þ reso-
nance which are connected with a W− boson taking the
leading contribution in terms of the color counting [33].
The Λb → Λc transition form factors are taken from the
theoretical studies [35,73], and the chiral unitary approach
is employed for the KK̄ → πþπ− transition amplitude [69].
A coupling constant related to the production of K�−K0 is
fixed with the τ− → ντK�−K0 branching ratio assuming the
a1ð1260Þ dominance.
A peak of the f0ð980Þ resonance is seen in the πþπ−

invariant mass distribution, and the peak has the largest
strength when the π−f0ð980Þ invariant mass is fixed to
be 1.42 GeV. Integrating the πþπ− distribution, we
obtain the π−f0ð980Þ distribution which has a peak
around 1.42 GeV due to the triangle singularity of the
K�K̄K loop. With further integration over the π−f0ð980Þ
invariant mass in the range of Mπ−f0 ∈ ½1.0; 1.6� GeV,
the branching ratio of Λb → Λcπ

−f0ð980Þ with
f0ð980Þ → πþπ− by the K�K̄K triangle mechanism is
obtained as 2.2 × 10−4. Considering the uncertainties
from the parameters appearing in this calculation, the
renormalization scale for the loop regularization, and the
parameters in the Λb → Λc transition form factor, it is
found that the branching ratio of Λb → Λcπ

−f0ð980Þ;
f0ð980Þ → πþπ− is the order 10−4 and the peak position
originating from the triangle mechanism is not changed,
although a more sophisticated treatment of the Λb →
ΛcK�K̄ transition part may be needed in the future for
more definite predictions. The comparison of the dis-
tributions with and without the intermediate a1ð1260Þ is
also done, and it is found that the peak around
1.42 GeV is not changed even if the a1ð1260Þ is

FIG. 9. Comparison of the plots with different production
mechanisms. The lines (a) and (b) are the plots with the
π−f0ð980Þ pair via the triangle mechanism and the direct
production by a−1 ð1260Þ, respectively. The amplitudes Eqs. (25)
and (34) are used for the plot of lines (a) and (b), respectively. In
the plot of the line (b), the parameters are fixed to be the same
order as the line (a).

6In the studies of the f0ð980Þ resonance, the Flatté(-like)
amplitude [76] is used to analyze its properties due to the nearby
KK̄ threshold; see, e.g., Refs. [67,77,78].
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omitted, while some difference in the shape of the
distribution can be seen. The branching ratio without the
a1ð1260Þ is still the order 10−4. The distribution of
π−f0ð980Þ directly produced by the a1ð1260Þ meson
without the triangle loop is also considered to compare
it with the distribution including the triangle loop
contribution, and it is found that the distribution without
the triangle loop just increases without peak structures,
which is quite different from the distribution with the
K�K̄K triangle mechanism.
The part of the K�K̄K triangle loop is identical to

the mechanism considered in Refs. [17,18] to explain
the a1ð1420Þ peak in π−p → π−π−πþp observed by the
COMPASS Collaboration [23]. Then, future measurements
of the branching ratio of the Λb → Λcπ

−f0ð980Þ and the
π−f0ð980Þ invariant mass distribution, particularly the peak
structure around 1.4 GeV, which are the predictions made
in this work, can provide a support of the a1ð1420Þ peak as
a manifestation of the triangle singularity, and they also

provide further knowledge about the role of the triangle
singularities in the hadronic reactions.

ACKNOWLEDGMENTS

We thank Eulogio Oset for his comments. S. S. is
supported in part by the National Natural Science
Foundation of China (NSFC) and the Deutsche
Forschungsgemeinschaft (DFG) through the funds pro-
vided to the Sino-German Collaborative Research Center
CRC110 “Symmetries and the Emergence of Structure in
QCD” (NSFC Grant No. 11621131001), by the NSFC
under Grants No. 11835015, No. 11947302, and
No. 11961141012, by the Chinese Academy of Sciences
(CAS) under Grants No. QYZDB-SSW-SYS013 and
No. XDPB09, by the CAS Center for Excellence in
Particle Physics (CCEPP), by the 2019 International
Postdoctoral Exchange Program, and by the CAS
President’s International Fellowship Initiative (PIFI) under
Grant No. 2019PM0108.

[1] L. D. Landau, Nucl. Phys. 13, 181 (1959).
[2] S. Coleman and R. E. Norton, Nuovo Cimento 38, 438

(1965).
[3] M. Bayar, F. Aceti, F.-K. Guo, and E. Oset, Phys. Rev. D 94,

074039 (2016).
[4] F.-K. Guo, X.-H. Liu, and S. Sakai, Prog. Part. Nucl. Phys.

112, 103757 (2020).
[5] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett.

108, 182001 (2012).
[6] J.-J. Wu, X.-H. Liu, Q. Zhao, and B.-S. Zou, Phys. Rev.

Lett. 108, 081803 (2012).
[7] F. Aceti, W. H. Liang, E. Oset, J. J. Wu, and B. S. Zou, Phys.

Rev. D 86, 114007 (2012).
[8] X.-G. Wu, J.-J. Wu, Q. Zhao, and B.-S. Zou, Phys. Rev. D

87, 014023 (2013).
[9] N. N. Achasov, A. A. Kozhevnikov, and G. N. Shestakov,

Phys. Rev. D 92, 036003 (2015).
[10] N. N. Achasov and G. N. Shestakov, Phys. Usp. 62, 3

(2019).
[11] M.-C. Du and Q. Zhao, Phys. Rev. D 100, 036005

(2019).
[12] S. Sakai, E. Oset, and W. H. Liang, Phys. Rev. D 96, 074025

(2017).
[13] W.-H. Liang, S. Sakai, J.-J. Xie, and E. Oset, Chin. Phys. C

42, 044101 (2018).
[14] C. Schmid, Phys. Rev. 154, 1363 (1967).
[15] N. N. Achasov and A. A. Kozhevnikov, Z. Phys. C 48, 121

(1990).
[16] F. Aceti, J. M. Dias, and E. Oset, Eur. Phys. J. A 51, 48

(2015).
[17] M. Mikhasenko, B. Ketzer, and A. Sarantsev, Phys. Rev. D

91, 094015 (2015).

[18] F. Aceti, L. R. Dai, and E. Oset, Phys. Rev. D 94, 096015
(2016).

[19] V. R. Debastiani, F. Aceti, W.-H. Liang, and E. Oset, Phys.
Rev. D 95, 034015 (2017).

[20] R. Pavao, S. Sakai, and E. Oset, Eur. Phys. J. C 77, 599
(2017).

[21] L. R. Dai, Q. X. Yu, and E. Oset, Phys. Rev. D 99, 016021
(2019).

[22] H.-J. Jing, S. Sakai, F.-K. Guo, and B.-S. Zou, Phys. Rev. D
100, 114010 (2019).

[23] C. Adolph et al. (COMPASS Collaboration), Phys. Rev.
Lett. 115, 082001 (2015).

[24] M. Aghasyan et al. (COMPASS Collaboration), Phys. Rev.
D 98, 092003 (2018).

[25] H.-X. Chen, E.-L. Cui, W. Chen, T. G. Steele, X. Liu, and
S.-L. Zhu, Phys. Rev. D 91, 094022 (2015).

[26] T. Gutsche, V. E. Lyubovitskij, and I. Schmidt, Phys. Rev. D
96, 034030 (2017).

[27] T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij,
and K. Xu, Phys. Rev. D 96, 114004 (2017).

[28] H. Sundu, S. S. Agaev, and K. Azizi, Phys. Rev. D 97,
054001 (2018).

[29] Y. Murakami, S. Muroya, A. Nakamura, C. Nonaka, M.
Sekiguchi, H. Wada, and M. Wakayama, arXiv:1812.07765.

[30] J.-L. Basdevant and E. L. Berger, Phys. Rev. Lett. 114,
192001 (2015).

[31] B. Ketzer, B. Grube, and D. Ryabchikov, arXiv:1909.06366.
[32] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,

030001 (2018).
[33] L.-L. Chau, Phys. Rep. 95, 1 (1983).
[34] S. Sakai, E. Oset, and F.-K. Guo, Phys. Rev. D 101, 054030

(2020).

ROLE OF THE TRIANGLE MECHANISM IN THE … PHYS. REV. D 101, 074041 (2020)

074041-9

https://doi.org/10.1016/0029-5582(59)90154-3
https://doi.org/10.1007/BF02750472
https://doi.org/10.1007/BF02750472
https://doi.org/10.1103/PhysRevD.94.074039
https://doi.org/10.1103/PhysRevD.94.074039
https://doi.org/10.1016/j.ppnp.2020.103757
https://doi.org/10.1016/j.ppnp.2020.103757
https://doi.org/10.1103/PhysRevLett.108.182001
https://doi.org/10.1103/PhysRevLett.108.182001
https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.92.036003
https://doi.org/10.3367/UFNe.2018.01.038281
https://doi.org/10.3367/UFNe.2018.01.038281
https://doi.org/10.1103/PhysRevD.100.036005
https://doi.org/10.1103/PhysRevD.100.036005
https://doi.org/10.1103/PhysRevD.96.074025
https://doi.org/10.1103/PhysRevD.96.074025
https://doi.org/10.1088/1674-1137/42/4/044101
https://doi.org/10.1088/1674-1137/42/4/044101
https://doi.org/10.1103/PhysRev.154.1363
https://doi.org/10.1007/BF01565613
https://doi.org/10.1007/BF01565613
https://doi.org/10.1140/epja/i2015-15048-5
https://doi.org/10.1140/epja/i2015-15048-5
https://doi.org/10.1103/PhysRevD.91.094015
https://doi.org/10.1103/PhysRevD.91.094015
https://doi.org/10.1103/PhysRevD.94.096015
https://doi.org/10.1103/PhysRevD.94.096015
https://doi.org/10.1103/PhysRevD.95.034015
https://doi.org/10.1103/PhysRevD.95.034015
https://doi.org/10.1140/epjc/s10052-017-5169-y
https://doi.org/10.1140/epjc/s10052-017-5169-y
https://doi.org/10.1103/PhysRevD.99.016021
https://doi.org/10.1103/PhysRevD.99.016021
https://doi.org/10.1103/PhysRevD.100.114010
https://doi.org/10.1103/PhysRevD.100.114010
https://doi.org/10.1103/PhysRevLett.115.082001
https://doi.org/10.1103/PhysRevLett.115.082001
https://doi.org/10.1103/PhysRevD.98.092003
https://doi.org/10.1103/PhysRevD.98.092003
https://doi.org/10.1103/PhysRevD.91.094022
https://doi.org/10.1103/PhysRevD.96.034030
https://doi.org/10.1103/PhysRevD.96.034030
https://doi.org/10.1103/PhysRevD.96.114004
https://doi.org/10.1103/PhysRevD.97.054001
https://doi.org/10.1103/PhysRevD.97.054001
https://arXiv.org/abs/1812.07765
https://doi.org/10.1103/PhysRevLett.114.192001
https://doi.org/10.1103/PhysRevLett.114.192001
https://arXiv.org/abs/1909.06366
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1016/0370-1573(83)90043-1
https://doi.org/10.1103/PhysRevD.101.054030
https://doi.org/10.1103/PhysRevD.101.054030


[35] K. Azizi and J. Y. Süngü, Phys. Rev. D 97, 074007 (2018).
[36] P. Abreu et al. (DELPHI Collaboration), Phys. Lett. B 374,

351 (1996).
[37] R. Aaij et al. (LHCb Collaboration), Phys. Rev. D 84,

092001 (2011); 85, 039904(E) (2012).
[38] L. Roca, E. Oset, and J. Singh, Phys. Rev. D 72, 014002

(2005).
[39] Y. Zhou, X.-L. Ren, H.-X. Chen, and L.-S. Geng, Phys. Rev.

D 90, 014020 (2014).
[40] S. Schael et al. (ALEPH Collaboration), Phys. Rep. 421,

191 (2005).
[41] M. Davier, A. Höcker, B. Malaescu, C.-Z. Yuan, and Z.

Zhang, Eur. Phys. J. C 74, 2803 (2014).
[42] R. Barate et al. (ALEPH Collaboration), Eur. Phys. J. C 1,

65 (1998).
[43] M. Mikhasenko, A. Pilloni, M. Albaladejo, C. Fernández-

Ramírez, A. Jackura, V. Mathieu, J. Nys, A. Rodas, B.
Ketzer, and A. P. Szczepaniak (JPAC Collaboration), Phys.
Rev. D 98, 096021 (2018).

[44] M. Urban, M. Buballa, and J. Wambach, Nucl. Phys. A697,
338 (2002).

[45] D. Gomez Dumm, A. Pich, and J. Portoles, Phys. Rev. D 69,
073002 (2004).

[46] M. F. M. Lutz and E. E. Kolomeitsev, Nucl. Phys.A730, 392
(2004).

[47] M. Wagner and S. Leupold, Phys. Rev. D 78, 053001
(2008).

[48] H. Nagahiro, K. Nawa, S. Ozaki, D. Jido, and A. Hosaka,
Phys. Rev. D 83, 111504 (2011).

[49] H. Kamano, S. X. Nakamura, T. S. H. Lee, and T. Sato,
Phys. Rev. D 84, 114019 (2011).

[50] D. Parganlija, P. Kovacs, G. Wolf, F. Giacosa, and D. H.
Rischke, Phys. Rev. D 87, 014011 (2013).

[51] L. Roca and E. Oset, Phys. Rev. D 85, 054507 (2012).
[52] C. B. Lang, L. Leskovec, D. Mohler, and S. Prelovsek, J.

High Energy Phys. 04 (2014) 162.
[53] X. Zhang and J.-J. Xie, Commun. Theor. Phys. 70, 060

(2018).
[54] A. A. Osipov, A. A. Pivovarov, and M. K. Volkov, Phys.

Rev. D 98, 014037 (2018).
[55] D. Sadasivan, M. Mai, H. Akdag, and M. Döring, arXiv:

2002.12431.

[56] M. Bando, T. Kugo, S. Uehara, K. Yamawaki, and T.
Yanagida, Phys. Rev. Lett. 54, 1215 (1985).

[57] M. Bando, T. Kugo, and K. Yamawaki, Phys. Rep. 164, 217
(1988).

[58] U. G. Meissner, Phys. Rep. 161, 213 (1988).
[59] H. Nagahiro, L. Roca, A. Hosaka, and E. Oset, Phys. Rev. D

79, 014015 (2009).
[60] J. A. Oller and E. Oset, Nucl. Phys. A620, 438 (1997);

A652, 407(E) (1999).
[61] N. Kaiser, Eur. Phys. J. A 3, 307 (1998).
[62] M. P. Locher, V. E. Markushin, and H. Q. Zheng, Eur. Phys.

J. C 4, 317 (1998).
[63] J. A. Oller, E. Oset, and J. R. Pelaez, Phys. Rev. D 59,

074001 (1999); 60, 099906(E) (1999); 75, 099903(E)
(2007).

[64] R. L. Jaffe, Phys. Rev. D 15, 267 (1977).
[65] J. D. Weinstein and N. Isgur, Phys. Rev. D 41, 2236

(1990).
[66] G. Janssen, B. C. Pearce, K. Holinde, and J. Speth, Phys.

Rev. D 52, 2690 (1995).
[67] V. Baru, J. Haidenbauer, C. Hanhart, Yu. Kalashnikova, and

A. E. Kudryavtsev, Phys. Lett. B 586, 53 (2004).
[68] F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Wang, Q.

Zhao, and B.-S. Zou, Rev. Mod. Phys. 90, 015004
(2018).

[69] W. H. Liang and E. Oset, Phys. Lett. B 737, 70 (2014).
[70] W.-H. Liang, J.-J. Xie, and E. Oset, Eur. Phys. J. C 76, 700

(2016).
[71] J. M. Dias, F. S. Navarra, M. Nielsen, and E. Oset, Phys.

Rev. D 94, 096002 (2016).
[72] T. Hahn and M. Perez-Victoria, Comput. Phys. Commun.

118, 153 (1999).
[73] R. N. Faustov and V. O. Galkin, Phys. Rev. D 94, 073008

(2016).
[74] S. Sakai, E. Oset, and A. Ramos, Eur. Phys. J. A 54, 10

(2018).
[75] S. Weinberg, Phys. Rev. 137, B672 (1965).
[76] S. M. Flatte, Phys. Lett. 63B, 224 (1976).
[77] V. Baru, J. Haidenbauer, C. Hanhart, A. E. Kudryavtsev, and

U.-G. Meissner, Eur. Phys. J. A 23, 523 (2005).
[78] V. Baru, C. Hanhart, Yu. S. Kalashnikova, A. E. Kudryavtsev,

and A. V. Nefediev, Eur. Phys. J. A 44, 93 (2010).

SHUNTARO SAKAI PHYS. REV. D 101, 074041 (2020)

074041-10

https://doi.org/10.1103/PhysRevD.97.074007
https://doi.org/10.1016/0370-2693(96)00306-1
https://doi.org/10.1016/0370-2693(96)00306-1
https://doi.org/10.1103/PhysRevD.84.092001
https://doi.org/10.1103/PhysRevD.84.092001
https://doi.org/10.1103/PhysRevD.85.039904
https://doi.org/10.1103/PhysRevD.72.014002
https://doi.org/10.1103/PhysRevD.72.014002
https://doi.org/10.1103/PhysRevD.90.014020
https://doi.org/10.1103/PhysRevD.90.014020
https://doi.org/10.1016/j.physrep.2005.06.007
https://doi.org/10.1016/j.physrep.2005.06.007
https://doi.org/10.1140/epjc/s10052-014-2803-9
https://doi.org/10.1007/BF01245798
https://doi.org/10.1007/BF01245798
https://doi.org/10.1103/PhysRevD.98.096021
https://doi.org/10.1103/PhysRevD.98.096021
https://doi.org/10.1016/S0375-9474(01)01248-9
https://doi.org/10.1016/S0375-9474(01)01248-9
https://doi.org/10.1103/PhysRevD.69.073002
https://doi.org/10.1103/PhysRevD.69.073002
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1103/PhysRevD.78.053001
https://doi.org/10.1103/PhysRevD.78.053001
https://doi.org/10.1103/PhysRevD.83.111504
https://doi.org/10.1103/PhysRevD.84.114019
https://doi.org/10.1103/PhysRevD.87.014011
https://doi.org/10.1103/PhysRevD.85.054507
https://doi.org/10.1007/JHEP04(2014)162
https://doi.org/10.1007/JHEP04(2014)162
https://doi.org/10.1088/0253-6102/70/1/60
https://doi.org/10.1088/0253-6102/70/1/60
https://doi.org/10.1103/PhysRevD.98.014037
https://doi.org/10.1103/PhysRevD.98.014037
https://arXiv.org/abs/2002.12431
https://arXiv.org/abs/2002.12431
https://doi.org/10.1103/PhysRevLett.54.1215
https://doi.org/10.1016/0370-1573(88)90019-1
https://doi.org/10.1016/0370-1573(88)90019-1
https://doi.org/10.1016/0370-1573(88)90090-7
https://doi.org/10.1103/PhysRevD.79.014015
https://doi.org/10.1103/PhysRevD.79.014015
https://doi.org/10.1016/S0375-9474(97)00160-7
https://doi.org/10.1007/s100500050183
https://doi.org/10.1007/s100529800766
https://doi.org/10.1007/s100529800766
https://doi.org/10.1103/PhysRevD.59.074001
https://doi.org/10.1103/PhysRevD.59.074001
https://doi.org/10.1103/PhysRevD.60.099906
https://doi.org/10.1103/PhysRevD.75.099903
https://doi.org/10.1103/PhysRevD.75.099903
https://doi.org/10.1103/PhysRevD.15.267
https://doi.org/10.1103/PhysRevD.41.2236
https://doi.org/10.1103/PhysRevD.41.2236
https://doi.org/10.1103/PhysRevD.52.2690
https://doi.org/10.1103/PhysRevD.52.2690
https://doi.org/10.1016/j.physletb.2004.01.088
https://doi.org/10.1103/RevModPhys.90.015004
https://doi.org/10.1103/RevModPhys.90.015004
https://doi.org/10.1016/j.physletb.2014.08.030
https://doi.org/10.1140/epjc/s10052-016-4563-1
https://doi.org/10.1140/epjc/s10052-016-4563-1
https://doi.org/10.1103/PhysRevD.94.096002
https://doi.org/10.1103/PhysRevD.94.096002
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1103/PhysRevD.94.073008
https://doi.org/10.1103/PhysRevD.94.073008
https://doi.org/10.1140/epja/i2018-12450-5
https://doi.org/10.1140/epja/i2018-12450-5
https://doi.org/10.1103/PhysRev.137.B672
https://doi.org/10.1016/0370-2693(76)90654-7
https://doi.org/10.1140/epja/i2004-10105-x
https://doi.org/10.1140/epja/i2010-10929-7

