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An effective action for “soft” gluons has been constructed by integrating out hard thermal modes of
topologically massive vector bosons at one loop order. The gluons are equally massive in the non-Abelian
topologically massive model due to a quadratic coupling B ∧ F where a 2-form field B is coupled
quadratically with the field strength F of the Yang-Mills (YM) field. This non-Abelian model provides the
same asymptotic freedom of strong coupling which is found in massless YM theory at zero temperature.
The presence of a gauge-invariant infrared cutoff plays the role of magnetic mass. Thus, in the model, it can
be used to get the transport coefficients in the perturbative regime.
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I. INTRODUCTION

Gauge theory plays a crucial role in the standard model of
particle physics for the description of fundamental inter-
actions in nature [1–3]. The standard model is the theory that
describes three fundamental interactions (i.e., electromag-
netic, weak, and strong) among all the known particles,
excludinggravitational interaction. In the electroweak sector,
global SUð2Þ ×Uð1Þ symmetry is spontaneously broken to
globalUemð1Þ symmetry. This residual symmetry is respon-
sible for the electromagnetic interaction. The mediators of
the weak force, W� and Z bosons, become massive via the
Higgs mechanism through the process of spontaneous
symmetry breaking. The Higgs particle has been discovered
in the Large Hadron Collider (LHC) [4,5] recently.
The strong sector in the standard model has a special

characteristic that makes it significantly different from the
electroweak sector. The elementary particles, quarks and
gluons, that interact strongly are not found free in any
experiment to date. The dynamics of quarks and gluons is
governed by quantum chromodynamics (QCD). The con-
finement of the quarks within the hadrons is yet to be
understood. Besides this, one of the other important features
of the strong interaction is the asymptotic freedom, which

implies the validity of perturbative analysis of QCD inter-
action in the high energy limit1 [6–14]. The asymptotic
freedomalsohelpsus to realize a deconfined state ofmatter in
QCD known as quark-gluon plasma (QGP) at high density
and temperature [15].
QGP is a thermal system of deconfined quarks and gluons.

It can be created by colliding nuclei at ultrarelativistic
energies such as Relativistic Heavy Ion Collider (RHIC)
[16] and LHC [17] energies. In our present endeavor, we are
interested in the perturbative aspects of QGP where gluon
degrees of freedom dominate. Such a state can be created by
colliding nuclei at LHC and higher RHIC energies.
The QGP state also provides an opportunity to investigate

the nontrivial topological configurations of gauge fields.
The nontrivial topological configuration localized in (3þ 1)
dimensions of space-time is known to be instanton. This
configuration shows that the Yang-Mills (YM) theory has
infinite vacua. These vacua are designated by a parameter θ.
The instanton carries a great importance in producing the
chiral magnetic effect in QGP when massless quarks are
considered. This effect is a combination of electromagnetic
and chromomagnetic phenomena [18–21]. The chiral
imbalance can help us to investigate the violation of parity
P and CP symmetries in QCD2 (strong CP problem).
QGP is considered often with massless gluons.3

However, gluons can acquire nonzero masses, i.e., electric
and magnetic masses, at finite temperature. The magnetic
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1If the energy of the center of momentum frame of collision is
E, then here the high energy limit implies E ≫ m for any mass m
present in the interaction.

2Here C designates charge conjugation operation.
3Here “massless gauge field” implies that the gauge field

having “bare mass” at zero temperature.
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mass is not gauge invariant without resummation [22,23],
which is a long-standing problem. The masses carry a great
importance in the analysis of QGP [24–26]. Electric mass
provides the Debye screening of the static electric field,
whereas the nonzero magnetic mass implies the validity of
the application of the perturbation technique in the analysis
of QGP. Debye mass also plays a pivotal role in the
suppression of the effect of large instanton in QGP. On the
other hand, it is shown that magnetic mass is absent in
massless non-Abelian gauge theory in every loop correc-
tion [26], and hence, it is treated in the nonperturbative
regime at the length scale ∼1=ðg2TÞ, which is much below
the scale of the mean free path∼1=ðg4TÞ; here gð< 1Þ is the
QCD gauge coupling. It can be shown that the dynamical
screening can prevent the infrared singularities in QED
plasma, but this would not work for QCD plasma because
the massless gluon fields carry color charges.
In this paper, we will construct an effective Lagrangian

density by integrating out the hard modes of topologically
massive gluons (with momentum ∼T). This procedure has
been followed to obtain a general form of hard thermal loop
(HTL) effective action for massless gauge fields [27].
However, we consider an effective action for massive gauge
field. The effective action, obtained here for massive gauge
fields, will be useful for the computation of the color
conductivity and color diffusion constant [28–31] in the
perturbative regime. At T ¼ 0, the massless non-Abelian
gauge field has a problem in the description of the local
interaction in quantum field theory (QFT) [32,33]. Since the
Fock space of the non-Abelian gauge field has a positive
indefinitemetric, the interactions among themassless gluons
violate cluster decomposition principle [32,34,35], which is
not desirable in aLorentz-invariantmodel.On theother hand,
the massive gluons can explain the color singlet asymptotic
states in physical Hilbert space in QCD [34,36] when color
symmetry is not broken spontaneously. However, the pres-
ence of mass in the pure non-Abelian gauge theory causes
many other problems. For instance, the gauge bosons acquire
longitudinal mode, which violates unitarity in the scattering
processes at high energy limit. This can be seen in any
massive non-Abelian gauge theory, for example, the electro-
weak sector [37–39]. However, in this sector, these are the
Higgs mediated processes, which recover the unitarity of the
scattering matrix. But, color symmetry is believed to be an
exact symmetry in the strong sector. Hence, the Higgs
mechanism and Proca theory cannot be taken into consid-
eration. We can also think of the non-Abelian Stückelberg
model, but it was found to be nonrenormalizable [40–44].
The Curci-Ferrari model contains a Proca massive gauge
field and it was found to be nonunitary in spite of being
renormalizable [45,46]. There was also an attempt for the
dynamical mass generation of the YM field [47], but that
mass vanishes in the high energy limit [48].
The (3þ 1)-dimensional topologically massive model

(TMM) contains a topological term:mB∧F¼m
4
εμνρλFμνBρλ

[49], where B is a 2-form field and F is the field strength of
the 1-form gauge field A. This is the topological field theory
of a Schwarz type [49,50]. This term is a key ingredient for
the field theories that are to be independent of metric. For
example, in the formulation of quantum gravity, this term is
used for the action [51]. In QFT, by considering the kinetic
terms of A and B fields, a model can be constructed where
observables are related to the local excitations and topologi-
cal invariants in TMM [50,52]. We observe that the coupling
constant m becomes the pole for the gauge field propagator
when theB field is integrated out. The spin representation of
the B field is different from the A field. Unlike the A field,
the massless B field has one degree of freedom, whereas the
massive B field behaves like a massive 1-form field in the
Lorentz representation [53]. Hence, by integrating out either
A orB in the TMM,we obtain an effective field theory for the
massive vector bosons.We also see that theTMM is invariant
under the vector gauge symmetry of the B field beside the
vector gauge symmetry of the YM field. The presence of the
infrared cutoff in the non-Abelian generalization of theTMM
validates the perturbative analysis in the massive quantum
gauge theory. We have recently shown a significant charac-
teristic of the non-Abelian TMM. This is the same behavior
of strong coupling at high energy limit (i.e., asymptotic
freedom) as what is found in massless YM theory [54].
Hence, this model can be incorporated with the standard
model because it does not provide any new degrees of
freedom effectively.
The contents of our paper are organized as follows. In

Sec. II, we discuss the non-Abelian TMM very briefly.
Section III deals with the various vertex rules, propagators
of the gauge, and ghost fields present in the TMM. We also
show, in this section, how the coupling constant “m”
becomes the pole of the complete propagator of the YM
field. In the present calculations, the signature of the 4D
Minkowski metric ημν is chosen as diagðþ;−;−;−Þ and
ℏ ¼ kB ¼ 1, where ℏ and kB are the Plank and Boltzmann
constants, respectively. In Sec. IV, we estimate the thermal
mass for the 1-form massive gauge field at one loop order.
In this section, the hard thermal modes of 1-form, 2-form,
and ghost fields are integrated out at one loop order and an
effective action for soft massive gluons is obtained. Finally,
Sec. V has been dedicated to discuss the implication of the
results obtained in this work.

II. (3 + 1)-DIMENSIONAL (4D) TOPOLOGICALLY
MASSIVE MODEL

The Lagrangian density of the model is given by [55–57]

L ¼ −
1

4
Fa
μνFaμν þ 1

12
H̃a

μνλH̃
aμνλ þm

4
εμνρλBa

μνFa
ρλ; ð1Þ

where the field strengths corresponding the Yang-Mills
field Aa

μ and the 2-form gauge field Ba
μν are, respectively,

given by
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Fa
μν ¼ ∂μAa

ν − ∂νAa
μ þ gfabcAb

μAc
ν; ð2Þ

and

H̃a
μνλ ¼ ðD½μBνλ�Þa − gfabcFb

½μνC
c
λ�

¼ ∂ ½μBa
νλ� þ gfabcAb

½μB
c
νλ� − gfabcFb

½μνC
c
λ�; ð3Þ

where the fields Aa
μ, Ba

μν, and Ca
μ are in the adjoint

representation of the SUðNÞ gauge group. Unlike the
Abelian model (see Sec. III below), we have an extra
vector field Ca

μ in this model. It is an auxiliary field [58] that
assures the invariance of the Lagrangian density under the
following transformations:

Aa
μ → Aa

μ Ba
μν → Ba

μν þ ðD½μθν�Þa; Ca
μ → Ca

μ þ θaμ;

ð4Þ

where θaμ is a vector field in adjoint representation of
SUðNÞ. With inclusion of the Faddeev-Popov ghost fields
and Nakanishi-Lautrup fields corresponding to the Aa

μ and
Ba
μν fields, we get the full action that leads to [57]

S ¼ S0 þ
Z

d4x

�
hafa þ ξ

2
haha − haμðfaμ þ ∂μnaÞ

− βað∂μDμβa − ∂μðgfabcωbμωcÞÞ − η

2
haμhaμ

þ ∂μω̄
aμαa − ᾱa∂μω

aμ − ζᾱaαa þ ω̄a∂μDμωa

− ω̄a
μf∂νðgfabcBbμνωcÞ þ ∂νðD½μων�Þa

þ ∂νðgfabcFbμνθcÞg
�
; ð5Þ

where S0ð¼
R
d4xLÞ is the action corresponding to the

Lagrangian density (1) and fa ¼ ð∂μAμÞa, faμ ¼ ð∂νBμνÞa.
The parameters ξ, η, and ζ are the dimensionless gauge-
fixing parameters. The auxiliary fields ha and haμ play the
role of Nakanishi-Lautrup–type fields. Here ωa and ω̄a are
the Faddeev-Popov (FP) ghost and antighost fields (with
ghost number þ1 and −1, respectively) corresponding to
vector gauge field Aa

μ. The Lorentz vector ghost fields
ðω̄a

μÞωa
μ [with ghost number ð−1Þ þ 1) are the fermionic

(anti-)ghost fields corresponding to tensor field Ba
μν. The

bosonic scalar fields ðβ̄aÞβa [with ghost number ð−2Þ þ 2)
are the (anti-)ghost fields for the fermionic vector (anti-)
ghost fields and na is a bosonic scalar ghost field (with
ghost number zero). The latter scalar ghost field is required
for the stage-one reducibility of the tensor field.
Furthermore, αa and ᾱa are the additional Grassmann
valued auxiliary fields (having ghost number þ1 and
−1). This model contains a massive non-Abelian gauge
field and it was shown to be Becchi-Rouet-Stora-Tyutin
(BRST) invariant [59–61]. In [60,61], it is seen that the
model is also invariant under the anti-BRST symmetry

transformations. It is to be noted that the CP symmetry is
not violated in this model.

III. VERTEX RULES AND PROPAGATORS
OF FIELDS

The propagators for the A and B fields are found from the
Abelian B ∧ F model. The Lagrangian density for the
Abelian model is

L ¼ −
1

4
FμνFμν þ 1

12
HμνλHμνλ þm

4
εμνρλBμνFρλ; ð6Þ

where Fμν ¼ ∂μAν − ∂νAμ is the field strength of the
Abelian gauge field Aμ, Hμνλ ¼ ∂μBνλ þ ∂νBλμ þ ∂λBμν

is the field strength for the tensor field Bμν, and m is the
coupling constant of the topological term, which has
dimension of mass (in natural units ℏ ¼ c ¼ 1). The
Lagrangian density is invariant under the following two
independent gauge transformations, namely:

Aμ → Aμ þ ∂μΛ; Bμν → Bμν; ð7Þ

Aμ → Aμ; Bμν → Bμν þ ∂ ½μΛν�; ð8Þ

where ΛðxÞ and ΛμðxÞ are scalar and vector gauge trans-
formation parameters that vanish at infinity. The Euler-
Lagrange equations of motion derived corresponding to the
above Lagrangian are

∂μFμν ¼ −
m
6
ενμλκHμλκ;

∂μHμνλ ¼ þm
2
ενλκρFκρ: ð9Þ

It is interesting to note that one can decouple the above
equations for the gauge fields in the following way:

ð□þm2ÞFμν ¼ 0; ð□þm2ÞHμνλ ¼ 0; ð10Þ

which shows the well-known Klein-Gordon equations for
the massive fields Aμ and Bμν.
We will consider the loop calculation, which requires the

propagators of Aμ and Bμν fields. To achieve this, we
introduce the gauge-fixing terms in the Lagrangian density
given in Eq. (6) as

Lgf ¼ −
1

2ξ
ð∂μAμÞ2 þ 1

2η
ð∂μBμνÞ2; ð11Þ

where ξ and η are the gauge-fixing parameters. The
topological term is also quadratic in nature, containing
both Aμ and Bμν fields. To calculate the propagator of the
fields, we should take all the quadratic terms in the
Lagrangian density, excluding the B ∧ F term. The propa-
gators of Aμ and Bρλ fields are given by
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iΔμν ¼ −
i
k2

�
ημν − ð1 − ξÞ k

μkν

k2

�
; ð12Þ

iΔμν;ρλ ¼
i
k2

�
ημ½ρηλ�ν−ð1 − ηÞ kμk½ληρ�ν − kνk½ληρ�μ

k2

�
: ð13Þ

The vertex for the interaction term containing these fields is
given by

iVμν;λ ¼ −mεμνλρkρ; ð14Þ

which is shown in Fig. 1. The complete propagator for the
vector field Aμ can be obtained by taking an infinite number
of insertions of the BA vertex and the B propagator
[cf. Eq. (13)]. This process is shown in Fig. 2 and the
sum of diagrams can be written as the infinite sum, as
shown in Fig. 2. Thus, the complete propagator for massive
vector bosons is given by

iDμν ¼ iΔμν þ iΔμμ0
1

2
iVσρ;μ0iΔσρ;σ0ρ0

1

2
iVσ0ρ0;ν0 iΔν0ν þ � � �

¼ −i
�
ημν − ð1 − ξÞ kμkνk2

ðk2 −m2Þ − ξm2
kμkν

k4ðk2 −m2Þ
�
; ð15Þ

where m, appearing as a pole of the propagators, clearly
represents the mass of vector gauge bosons. The factors of 1

2

compensate for double counting due to the antisymmetri-
zation of the indices. Similarly, for the tensor field B, we
have the following propagator:

iDμν;ρλ ¼
�
ημ½ρηλ�ν þ ð1 − ηÞ k½μk½ληρ�ν�k2

k2 −m2
þ ηm2

k½μk½ληρ�ν�
k4ðk2 −m2Þ

�
:

ð16Þ

The kinetic term of the YM field [cf. Eq. (5)] provides the
derivative trilinear and quartic couplings. The interaction
part of the kinetic term of YM field is

Lint ¼
1

4
gfbcaAμbAνcð∂ ½μAa

ν� − 2gfdeaAd
μAe

νÞ: ð17Þ

The vertex rules corresponding to these couplings are as
follows:

Vabc
μνλ ¼ −gfabc½ðq − rÞμηνλ þ ðr − pÞνηλμ

þ ðp − qÞλημν�; ð18Þ

Vabcd
μνλρ ¼ −ig2½fabefcdeημ½ληρ�ν þ facefbdeημ½νηρ�λ

þ fadefbceημ½νηλ�ρ�; ð19Þ

where f’s are the structure constants of the SUðNÞ group,
which are totally antisymmetric in their indices. The
momenta of the particles at the trilinear vertex is shown
in Fig. 3(a). The topological term also provides a trilinear
coupling ABB with vertex term

iVabc
μ;ν;λρ ¼ −igmfbcaεμνλρ: ð20Þ

To proceed further, we require the propagators of vector
ghost fields ωμ and ω̄μ, the ghost fields of the vector ghost
fields β and β̄, and the ghost fields ω and ω̄ corresponding

FIG. 1. (a) BA vertex and (b) ABB vertex from B ∧ F term.

FIG. 2. Massive A propagator by summing over B insertions.

FIG. 3. (a) AAA trilinear vertex and (b) AAAA quartic vertex.

FIG. 4. (a) ABB and (b) AABB vertices.
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to the 1-form gauge field, which appeared in Eq. (5). The
vertices for trilinear and quartic couplings ABB and AABB,
shown in Fig. 4, are

iVabc
μ;λρ;στ ¼ gfabc½ðp − qÞμηλ½σητ�ρ þ p½σητ�½ληρ�μ

− q½ληρ�½σητ�μ�; ð21Þ
iVabcd

μ;ν;λρ;στ ¼ ig2½facefbdeðημνηλ½σητ�ρ þ ημ½σητ�½ληρ�νÞ
þ fadefbceðημνηλ½σητ�ρ þ ημ½ληρ�½σητ�νÞ�: ð22Þ

The propagator of the vector ghost field from the
Lagrangian density

L ¼ −∂μω̄
a
νð∂μωνa − ∂νωμaÞ − 1

ξ̃
ð∂μω

μaÞð∂νω̄
νaÞ; ð23Þ

at the gauge ξ̃ ¼ 1 can be obtained by integrating out α and
ᾱ from the action in Eq. (5) as

,

.

Apart from the usual trilinear coupling among Faddeev-
Popov (FP) ghost and YM fields, we can also see the action
contains another trilinear coupling among vector ghosts
and YM fields, which is given by

Lvec−gh−A
int ¼ −gfabc∂νω̄μaAb

½μω
c
ν�: ð24Þ

The vertex factor corresponding to this Lagrangian density
is given by

iVabc
μνλ ¼ −gfabcðpνημλ − pμηνλÞ: ð25Þ

In the derivation of the above rules, all four momentums are
taken as incoming toward the vertex, as shown in Fig. 5(a).
There is also a trilinear coupling among the YM and ghost of
thevectorghost fields.The trilinear vertex is shown inFig. 5(b).
The coupling is given by the following Lagrangian density:

LAββ̄
int ¼ −gfbcaAb

μ∂μβ̄aβc: ð26Þ

Since, the coupling in Eq. (26) also contains the derivative of
fields, the corresponding vertexwill bemomentumdependent.
This trilinear coupling is same as the trilinear coupling among
the YM field and its FP ghosts with the vertex term and it is
given by

iVμ
abc ¼ −gfabcpμ: ð27Þ

IV. ONE LOOP CORRECTION

Using the vertices and the propagators derived above, we
calculate the one loop correction of the soft modes of
massive gluons with the scope of the Feynman–‘t Hooft
gauge: ξ ¼ η ¼ ξ̃ ¼ 1 in 4D Euclidean space where we
replace the Minkowski metric ημν by the Euclidean metric
δμν. The amplitude of the one loop diagram can be written
generically as

Πab
μν ¼ g2NC

n
δab

XZ
p

δμνða1p2 þ a2k2 þ a3m2Þ þ a4kμkν þ a4ðpμkν þ pνkμÞ þ a5pμpν

ðp2 −m2Þfðk − pÞ2 −m2g ; ð28Þ

where
PR

p ≡
PR

p⃗ ¼ P
p0n

T
R
p;
R
p ¼ R ddp

ð2πÞd. We assume
that the external legs carry soft momenta ∼gT. We take
the Matsubara sum over the temporal component pon of the
four momentum pμ and integrate over spatial component4

p≡ fpig. To carry out this, we approximate the energies
E1 and E2 of the external legs as follows:

E1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

q
≈ Pþm2

2P
þ � � � ; ð29Þ

E2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp − kÞ2 þm2

q
≈ P − k · v þm2

2P
; ð30Þ

where jpj ¼ P and vi ¼ pi
P . Now we consider

4We use here slightly unconventional notation, since pμ and kμ
designate the four momenta. P and K stand for the magnitude of
three momenta. The spatial components of momentum are
denoted as pi’s (or ki’s) (i ¼ 1, 2, 3).
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G ¼ T
X
p0n

1

ðp2
0n þ E2

1Þfðk − pÞ20n −m2g ; ð31Þ

which, summing over p0n, results in

G ¼ 1

4E1E2

�
1

ikon − E1 − E2

ð−nBðE1Þ − nBðE2Þ − 1Þ

þ 1

ikon þ E2 − E1

ðnBðE1Þ − nBðE2ÞÞ

þ 1

ikon þ E1 − E2

ðnBðE2Þ − nBðE1ÞÞ

þ 1

ikon þ E2 þ E1

ð1þ nBðE1Þ þ nBðE2ÞÞ
�
: ð32Þ

The quadratic terms Oðp2Þ are neglected from the numer-
ator because of the assumption p ∼ gTðg ≪ TÞ. Using
Eqs. (29) and (30), the above expression of G can be
approximated as

G̃ ≈
�
−

1

2P
f−2nBðPÞg þ ΣðpÞ þ 1

2P
f2nBðPÞg

�
; ð33Þ

where

ΣðpÞ ¼
�

1

ikon þ E2 − E1

ðnBðE1Þ − nBðE2ÞÞ

þ 1

ikon þ E1 − E2

ðnBðE2Þ − nBðE1ÞÞ
�
: ð34Þ

The denominator in Eq. (28) contains identical propa-
gators of bosons. Hence, the term ðpμkν þ pνkμÞ can be
simplified by renaming the variable p → k − p, and con-
sidering one half of this term as

pμkν þ pνkμ →
1

2
½pμkν þ pνkμ þ ðk − pÞμkν

þ ðk − pÞνkμ� ¼ kμkν: ð35Þ

After rearranging the terms in the numerator of the
integrand in Eq. (28) and neglecting the term ∼OðK2Þ,
the spatial part reads as

Nab
ij ¼ g2NCδ

ab

n
½δijða1p2 þ a3m2Þ þ a5pipj�

¼ g2NCδ
ab

n
½δijða1ðp2 −m2Þ þ a1m2 þ a3m2Þ

þ a5pipj�

¼ g2NCδ
ab

n
½δijða1ðp2 −m2Þ þ ða1 þ a3Þm2Þ

þ a5pipj�: ð36Þ

From the above expression, it is clear that the presence of
the termm2δij will provide the magnetic mass of gluons. In
constructing an effective field theory, we neglect the
quadratic term of OðK2Þ from the above expression.
Substituting G in Eq. (33), the spatial part of the Πμν,
which, after changing the variable v → −v, reads

Πab
ij ≈

g2NC

n
δab

Z
p

�
a1

nBðPÞ
P

δij

þ ðÃm2δij þ a5pipjÞ
�
nBðPÞ
2P3

þ ΣðpÞ
��

; ð37Þ

where Ã ¼ ða1 þ a3Þ,
R
p ¼ cðdÞ R pd−1dp, and

cðdÞ ¼ 2
ð4πÞd=2Γðd=2Þ. The angular integration goes over

directions of vi ≡ pi
P and is normalized to unity as

Z
dΩv ¼ 1; ð38Þ

and using the rotational invariance, we get

Z
dΩvvivj ¼

1

d
δij: ð39Þ

Thus, we are going to construct the effective field theory in
the energy scale E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þm2

p
, where m ≪ E ≤ T.

Using Eq. (39) and the following identity for d ¼ 3:

Z
P
n0BðPÞ ¼ −ðd − 1Þ

Z
P

1

P
nBðPÞ: ð40Þ

Πab
μν can be expressed as

FIG. 5. (a) Trilinear vertex among Aμ, ω̄ν, and ωλ. (b) Trilinear
vertex among Aμ, β, and β̄. Wavy line designates the vector ghosts
in (a) and ghosts of the vector ghost fields are represented as a
double wavy line in (b).
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Πab
ij ¼ δab

g2Nc

n

�Z
p

nBðPÞ
P

��
a1 þ

a5
2d

− a5
ðd − 1Þ
2d

�
δij

−
ðd − 1Þ

2
a5

Z
dΩv

vivjk0n
ik0n − k · v

�

þ Ãm2δij

Z
dΩvΣðpÞ

�
: ð41Þ

The last term of the above integrand can be written as

m2

Z
dΩvΣðpÞ ¼ m2I; ð42Þ

where5

I ¼ 2
ffiffiffi
2

p 1

ð2πÞ2K
X∞
s¼1

mK1ð
ffiffiffi
2

p
smβÞRe

× ½eisβk0nE1ðsβfK þ ik0ngÞ − E1ðsβf−K þ ik0ngÞ�:
ð43Þ

With the help of Eq. (30), we can now reexpress
Eq. (41) as

Πij ¼
g2NC

n

��
B̃
T2

12
þ Ãm2I

�
δij

þ C
T2

12
ðPT

ijΠTðKÞ þ PE
ijΠEðkÞÞ

�
; ð44Þ

where in d spatial dimensions, B̃ ¼ ða1 þ a5
2d −

a5ðd−1Þ
2d Þ

and C ¼ − ðd−1Þ
2

a5. The factor T2

12
appears from the inte-

gration
R
P

1
P nBðPÞ, where

R
P≡VðdÞ R∞

0 pd−1dp and
VðdÞ ¼ 2

ð4πÞd2Γðd
2
Þ
. The gauge indices in the above calcula-

tions have been suppressed and the coefficients of the
projection operators are found as

PT
μνðkÞ≡ δμiδνjPT

ijðkÞ; ð45Þ

PE
μν ≡ δμν −

kμkν
k2

− PT
μνðkÞ; ð46Þ

where PT
ijðkÞ ¼ δij − kikj=K2 and in the three dimensions

[62]

ΠTðKÞ ¼
1

2

�ðik0nÞ2
K2

þ ik0n
2K

�
1 −

ðik0nÞ2
K2

�
ln
ik0n þ K
ik0n − K

�
;

ð47Þ

ΠEðKÞ ¼
�
1 −

ðik0nÞ2
K2

��
1 −

ik0n
2K

ln
ik0n þ K
ik0n − K

�
: ð48Þ

Now we can write the effective Lagrangian density as

Leff ¼ −
1

4
Fμν
a Fa

μν þ
Z
K
m̃2ðKÞAμðKÞAμð−KÞ

þm2
E

Z
dΩv

�
1

V ·D
VαFa

αμ

��
1

V ·D
VβFμ

aβ

�
; ð49Þ

where m̃2 ¼ g2Nc
n ½B̃ T2

12
þ Ãm2I�, m2

E ≈ g2CNc
n

T2

12
, and

Vα ≡ ð1; vÞ. We have obtained a generic form of the
Debye mass and observed how the bare mass of gluon
contributes in the construction of effective action.
Now we proceed to consider the relevant contributions to

the effective Lagrangian from various loop diagrams of the
topologically massive model. The generic form of the loop
integration is given as

Πij ¼ m2
XZ
k

ðÃδijk2 þ B̃kikjÞ
k2fðp − kÞ2 −m2gðk2 −m2Þ ; ð50Þ

which could be written as

Πij ¼ m2

Z
k
ðÃδijk2 þ B̃kikjÞGðE1; E2; E3; kÞ; ð51Þ

and

GðE1; E2; E3; kÞ ¼
X
n

1

ðk20n þ E2
1Þfðp − kÞ20n þ E2

2gðk20n þ E2
3Þ

¼ 1

E2
3 − E2

1

½GðE1; E2; kÞ − GðE2; E3; kÞ�; ð52Þ

where

GðE1; E2; kÞ ¼ T
X
p0n

1

ðp2
0n þ E2

1Þfr20n þ E2
2g

¼ 1

4E1E2

�
1

ikon − E1 − E2

ð−nBðE1Þ − nBðE2Þ − 1Þ þ 1

ikon þ E2 − E1

ðnBðE1Þ − nBðE2ÞÞ

þ 1

ikon þ E1 − E2

ðnBðE2Þ − nBðE1ÞÞ þ
1

ikon þ E2 þ E1

ð1þ nBðE1Þ þ nBðE2ÞÞ
�
: ð53Þ

5See the detail in Appendix A.
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Thus, from Eqs. (52) and (53), we get

G ¼ 1

m2

�
1

4E1E2

�
1

ikon − E1 − E2

ð−nBðE1Þ − nBðE2Þ − 1Þ

þ 1

ikon þ E2 − E1

ðnBðE1Þ − nBðE2ÞÞ þ
1

ikon þ E1 − E2

ðnBðE2Þ − nBðE1ÞÞ

þ 1

ikon þ E2 þ E1

ð1þ nBðE1Þ þ nBðE2ÞÞ
�

−
1

4E3E2

�
1

ikon − E2 − E3

ð−nBðE2Þ − nBðE3 − μÞ − 1Þ

þ 1

ikon þ E2 − E3

ðnBðE3Þ − nBðE2 − μÞÞ þ 1

ikon þ E3 − E2

ðnBðE2Þ − nBðE1ÞÞ

þ 1

ikon þ E2 þ E3

ð1þ nBðE3Þ þ nBðE2ÞÞ
��

; ð54Þ

where 1
m2 originates from E2

3 − E2
1 ¼ k20n þm2 − k20n ¼ m2. Taking the HTL approximation, we can write the above

expression in the following form:

G ≈
nBðE1Þ − nBðE3Þ

4K2m2

�
1

ip0n − p · v
−

1

ip0n þ p · v

�
: ð55Þ

The taskwill become simplewith the observation that the diagrams in Fig. 6 are to be neglected inHTL approximation. In this
approximationm ≪ K, then nBðE1Þ ≈ nBðE3Þ at leading order. Hence, the contribution to the quantum corrections from the
diagrams in Fig. 6(a) and 6(b) is given by Π6a;6b

ij ≈ 0. A similar conclusion can be drawn for the contribution from Fig. 6(c),
which contains four propagators. Therefore, the Π6c

ij have the Matsubara sum as

GðE1; E2; E3; E4; kÞ ¼
XZ
K

1

ðk20n þ E2
1Þfðp − kÞ20n þ E2

2gðk20n þ E2
3Þfðp − kÞ20n þ E2

4g
: ð56Þ

After some algebraic manipulation and HTL approximation, the above expression becomes

GðE1; E2; E3; E4; kÞ ≈
ðnBðE3Þ − nBðE1ÞÞ

4K2m4

��
1

ipn − p · v
−

1

ipn þ p · v

�
þ
�

1

ipn þ p · v
−

1

ipn − p · v

��
; ð57Þ

which shows that Π6c
ij does not contribute too.

FIG. 6. Loop diagrams formed by (a) AAA and AAB, (b) ABB and AAB, (c) AAA and ABB couplings that do not contribute in the HTL
approximation.
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Only relevant loop diagrams with nonzero contribution,
constructed from A and B fields, are shown in Fig. 7. The
rest of the diagrams are from the ghost sectors, where loops
are constructed by the FP ghost of the YM field ω and ω̄,
vector ghost ωμ and ω̄μ, and ghost of the vector ghost β and
β̄ corresponding to tensor field Bμν.
We easily reach at the conclusion from Fig. 7(a) that the

term m2=K4 in the propagator of the massive YM field is
irrelevant under the approximation considered here, i.e.,
when K is hard. Instead of the propagator behaving as
∼1=k2, now we have to consider 1=ðk2 −m2Þ. On the
other hand, the vertex rule of trilinear coupling among the

massive gluon fields is same as that of the massless YM
field. This makes the calculation easier. We have also
noticed that the loop amplitude from Fig. 7(a) in the HTL
approximation at the leading order is same as that of the
massless YM case because of the structure of the
propagator of the massive YM field. On the other hand,
the trilinear vertex rule among the massive YM field and
its massless ghosts is same as that of the massless YM
theory. These similarities imply that the thermal loop
amplitude for Fig. 9(a) is the same as found in that of
massless YM theory. The contributions from Figs. 7(a)
and 7(b) are

Π7a
μν ¼

g2Nc

2

XZ

k⃗

−δμν½5p2 − 2p · kþ 2k2� þ ðdþ 4Þpμpν − ð4d − 2Þkμkν
ðk2 −m2Þ½ðp − kÞ2 −m2� ;

Π7b
μν ¼ −

1

2
g2Ncδμν

XZ

k⃗

2d
ðk2 −m2Þ : ð58Þ

Neglecting the terms ∼Oðp2Þ in the numerator of Eq. (58),
we get the spatial part as

Π7a
ij ≈

g2Nc

2

XZ

k⃗

−δij½−2p · kþ 2k2� − ð4d − 2Þkikj
ðk2 −m2Þ½ðp − kÞ2 −m2�

¼ −g2Nc

XZ

k⃗

δij½−p · kþ k2� þ ð2d − 1Þkikj
ðk2 −m2Þ½ðp − kÞ2 −m2� : ð59Þ

Comparing Eq. (59) with Eq. (44), we find that a1 ¼ −1,
a3 ¼ 0, a5 ¼ −5, and n ¼ 1 for d ¼ 3. Next, we consider
the diagram in Fig. 7(b), which provides the spatial part of
the loop amplitude as

Π7b
ij ¼ −g2Ncδij

XZ

k⃗

d
ðk2 −m2Þ

≈ −g2dNcδij

Z
k⃗

1

2K
ð1þ nBðKÞÞ: ð60Þ

FIG. 7. Loop diagrams formed by (a) AAA, (b) AAAA, (c) ABB, and (d) AABB couplings.
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The loop amplitude corresponding to the diagram shown in Fig. 7(c) is given by6

Π7c
μν ¼

g2Nc

2

XZ

k⃗

2ðd − 2Þðk2 − p · kÞδμν þ ð2d2 − 3dþ 4Þ½2kμkν − ðpμkν þ kμpνÞ�
ðk2 −m2Þfðp − kÞ2 −m2g ; ð61Þ

which provides a1 ¼ 2ðd − 2Þ, a3 ¼ 0, a5 ¼ 0, and n ¼ 2.
The loop amplitude from the loop diagram, shown in
Fig. 7(d), is

Π7d
ij ¼ 1

2
g2Ncδijðd2 − 3dþ 2Þ

XZ

k⃗

1

ðk2 −m2Þ

≈
1

2
g2ðd2 − 3dþ 2ÞNcδij

Z
k⃗

1

2K
ð1þ nBðKÞÞ: ð62Þ

Now, there is only one relevant loop diagram involving A
and B fields shown in Fig. 8. The amplitude corresponding
to this diagram is obtained by neglecting the term ∼m2=k4

from the propagators of the field and is obtained as

Π8
μν ¼ g2m2Nc

XZ

k⃗

ð2d − 2Þδμν
ðk2 −m2Þ½ðp − kÞ2 −m2� ; ð63Þ

Π8
ij ¼ 2g2m2Ncðd − 1Þ

XZ

k⃗

δij
ðk2 −m2Þ½ðp − kÞ2 −m2� ; ð64Þ

which gives a3 ¼ 2, a1 ¼ a5 ¼ 0, and n ¼ 1. Next we
consider the ghost sector, which also contributes in the
construction of the HTL effective Lagrangian. The loop
diagrams corresponding to fields ω, ω̄, ωμ, ω̄μ, and β, β̄ are
shown in Figs. 9(a)–9(c), respectively.
The loops are formed by the FP ghost of the YM field in

Fig. 9(a), vector ghost in Fig. 9(b), and ghost of the vector
ghost in Fig. 9(c). The loop amplitude from Fig. 9(a) is
found as

Π9a
μν ¼ g2Nc

XZ

k⃗

ðk − pÞμkν
k2ðp − kÞ2

¼ g2Nc

2

XZ

k⃗

2kμkν − pμpν

k2ðp − kÞ2 ; ð65Þ

where we have used the trick [cf. Eq. (35)] in the last step
because the loop integration contains the product of two
identical propagators. Comparing with Eq. (44), we see that
a1 ¼ a3 ¼ 0, a5 ¼ 1, and n ¼ 1. Loop amplitude from
Fig. 9(b) is

Π9b
μν ¼ −g2Nc

XZ

k⃗

ðd − 2Þpμkν − kμkνðd − 1Þ þ pνkμ
k2ðp − kÞ2

¼ −
g2Nc

2

XZ

k⃗

ðd − 1Þpμpν − 2kμkνðd − 1Þ
k2ðp − kÞ2 ;

⇒ Π9b
ij → g2Ncðd − 1Þ

XZ

k⃗

kikj
k2ðp − kÞ2 : ð66Þ

In the last step of the above integration, we have again
used the same trick shown in Eq. (35). In comparison
with Eq. (44), we see that loop integration contributes to
the HTL effective Lagrangian with a1 ¼ a3 ¼ 0 and
a5 ¼ ðd − 1Þ. The contribution from Fig. 9(a) is the same
as that of Fig. 9(c), because of the similarity in the vertices
of the trilinear couplings Aω̄ω and Aβ̄β. Hence, adding up
the contribution from the ghost sectors, we get

Π9aþ9bþ9c
ij ¼ g2Nc

XZ

k⃗

kikj
k2ðp − kÞ2 ½2þ ðd − 1Þ�: ð67Þ

FIG. 8. Loop diagram contains the AAB coupling.

FIG. 9. Loops formed by (a) FP ghost of YM field, (b) vector
ghost, and (c) ghost of vector ghost.

6See the calculation of the numerator of the integrand in the
Appendix B.
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Comparing the generic expression in Eq. (44) with the
above equation, we get only a5 ¼ 4 when d ¼ 3 and
n ¼ 1. Hence, we obtain the effective action from HTL
approximation for topologically massive bosons in d ¼ 3
dimensions as

Leff ¼ −
1

4
Fμν
a Fa

μν

þm2
XZ

k⃗

�
AλðkÞAλð−kÞ −

ðk · Að−kÞÞðk · AðkÞÞ
k2

�

þ
Z
K
m̃2ðKÞAμðKÞAμð−KÞ

þm2
E

Z
dΩv

�
1

V ·D
VαFa

αμ

��
1

V ·D
VβFμ

aβ

�
; ð68Þ

where

m̃2 ¼ g2Nc

�
1

2

T2

12
þ 2m2I

�
; ð69Þ

m2
E ≈ g2Nc

T2

12
: ð70Þ

In the final form of the effective action in Eq. (68), we have
added the contribution obtained by integrating out the B
field from the quadratic part of TMM action for the
Lagrangian, given in Eq. (1) (see Appendix C). The
effective action in Eq. (68) also contains the contributions
from Figs. 7(b) and 7(d). These contributions are added to
the coefficient B in Eq. (44) to provide the coefficient 1

2
of T

2

12

in Eq. (69).

V. DISCUSSION

We have constructed the HTL effective action for the
topologically massive gauge theory. In the final form, we
have clearly shown how the Debye mass is modified due to
the presence of the bare mass of massive gauge bosons. The
bare mass puts an infrared cutoff in QCD at finite temper-
ature. The infrared cutoff plays a crucial role in the
perturbative analysis of transport coefficients, which are
related to the response functions. These were believed to be
in the nonperturbation regime in QCD at finite temperature.
We have not considered any fermionic interaction with the
massive YM gauge bosons. The fermions will have the
same trilinear coupling with massive YM fields as they
have in massless YM theory. As a consequence, they
provide the same contribution in the HTL approximated
Lagrangian. There is no conserved local current con-
structed from a trilinear coupling among fermions and
Bμν field. We have not calculated the transport coefficients
from the HTL action for topologically massive gauge
bosons when they are coupled with fermions. It will be

very interesting to find the response functions from a matter
coupled TMM at finite temperature.
We also see the other prospects of the TMM at finite

temperature. In themassless YM theory at finite temperature,
the phase transition can be explained by associating with
spontaneously broken symmetry. Massless YM field theory
is invariant under theSUðNÞ=ZðNÞgroup,whereZðNÞ is the
center of the SUðNÞ group. This symmetry is believed to be
spontaneously broken at phase transition, which is described
by the vacuum expectation value of the Polyakov loop
L̃ ¼ 1

N trPðexp i
H
C A0ðx⃗; tÞÞ, whereP represents path order-

ing of the exponent and trace is taken to make L invariant
under SUðNÞ symmetry. Taking the quarks to be static, it can
be shown that the implication of phase transition implies the
spontaneous breaking of SUðNÞ symmetry. However, in
TMM, there aremassive gauge fields,which are in the adjoint
representation of the SUðNÞ group. As a consequence, in the
model, we have a more general Polyakov loop

L̃gen ∼ trP
�
exp

�
i
I

A0ðx⃗; tÞdx0
I
S
B0idx0dxi

��
; ð71Þ

where the closed path C is the loop and surface S is taken in
space-time. The physical significance and the behavior of
L̃gen near the critical temperature can be investigated thor-
oughly. It will be also interesting to consider thermal Bethe
Salpeter equations from TMM. This may give the dynamics
of the bound state massive gauge bosons at finite
temperature.
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APPENDIX A: FINITENESS OF
I APPEARING IN Eq. (43)

An expression for I in HTL approximation has been
derived in the Appendix. We consider the second and third
terms appearing in Eq. (32) from which I originates.
Omitting some numerical factors, which hardly matter in
the computation, we consider the following integration of
the second term of Eq. (32) as:

I1 ¼
Z

dDp
ð2πÞ4

1

E1E2

ðnBðE1Þ − nBðE2ÞÞ
ik0n þ E2 − E1

: ðA1Þ

Putting E1¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þm2

p
, E2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp − kÞ2 þm2

p
, nBðEÞ ¼P∞

s¼1 e
−sβE, and considering the approximations, taken in

Eqs. (29) and (30), we get
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I1 ¼
Z

d3p
ð2πÞ3

P∞
s¼1 ðe−βs

ffiffiffiffiffiffiffiffiffiffi
p2þm2

p
− e−βs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp−kÞ2þm2

p
Þ

ðPþ m2

2P þOðm4

P2ÞÞðP − k · v þ m2

2P þOððm2−k·vÞ2
P2 ÞÞ

1

ik0n − k · v
: ðA2Þ

Neglecting K and m with respect to P, the integral I1 reduces (in D ¼ 3) to the following form:

I1 ≈
Z

dΩ
ð2πÞ3

1

ik0n − k · v

X∞
s¼1

�Z
0

∞
ðe−βs

ffiffiffiffiffiffiffiffiffiffi
p2þm2

p
− e−βs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp−kÞ2þm2

p
ÞdPþ T 1ðm2; K; sÞ

�
; ðA3Þ

where T 1ðm2; K; sÞ represent the finite terms that depend on m2, K, and s. Using the result

Z
∞

0

xν−1e−
α
x−γxdx ¼ 2

�
α

γ

�
ν=2

Kνð2
ffiffiffiffiffi
αγ

p Þ; ½Re α > 0;Re γ > 0�; ðA4Þ

I1 can be approximated as

I1 ≈
X∞
s¼1

�Z
dΩ
ð2πÞ3

m
ffiffiffi
2

p
K1ð

ffiffiffi
2

p
smβÞ

ik0n − k · v
ð1 − esβk·vÞ þ T 1ðm2; K; sÞ

�
: ðA5Þ

Similarly, from the third term of Eq. (32), the contribution becomes

I2 ≈ −
X∞
s¼1

�Z
dΩ
ð2πÞ3

m
ffiffiffi
2

p
K1ð

ffiffiffi
2

p
smβÞ

ik0n þ k · v
ð1 − esβk·vÞ þ T 2ðm2; K; sÞ

�
: ðA6Þ

Hence, we have

I ¼ I1 þ I2 ≈
�X∞
s¼1

Z
dΩ
ð2πÞ3

2
ffiffiffi
2

p
k · v

k20n þ ðk · vÞ2mK1ð
ffiffiffi
2

p
smβÞðesβk·v−Þ þ T ðm2; K; sÞ

�
: ðA7Þ

It is clear that this is a convergent sum because of the behavior of K1ð
ffiffiffi
2

p
sβmÞ in the limit s → ∞ and m ≠ 0, s ≠ 0. In

summary, our purpose was to see how the integration over p is convergent and this has been shown in a clear way here.
After the integration over a solid angle Ω, we get

I ≈ 2
ffiffiffi
2

p 1

ð2πÞ2K
X∞
s¼1

mK1ð
ffiffiffi
2

p
smβÞRe½eisβk0nE1ðsβfK þ ik0ngÞ − E1ðsβf−K þ ik0ngÞ�; ðA8Þ

where E1ðxÞ is an incomplete Gamma function [63]. In reaching the above result, we have used [63]

Z
xex

x2 þ a2
¼ −ReðeiaE1ð−xþ iaÞ þ constÞ; ½a > 0�; ðA9Þ

where E1ðxÞ ¼
R∞
x

e−t
t dt.

APPENDIX B: CALCULATION OF AMPLITUDE OF FIG. 7(c)

The amplitude of Fig. 10 is given by

M ¼ 1

16
½ð2k − pÞμηρ½αηβ�σ þ k½ρησ�½αηβ�μ − k̃½αηβ�½ρησ�μ�

�
ηα½α0ηβ0�β

k2 −m2
þm2

k4
k½αk½β0ηα0�β�

k2 −m2

�

×

�
ηρ½ρ0ησ0�σ

k̃2 −m2
þm2

k̃4
k̃½ρk½σ0ηρ0�σ�

k̃2 −m2

�
½ð2k − pÞνηα0½ρ0ησ0�β0 þ k½ρ0ησ0�½α0ηβ0�ν − k̃½α0ηβ0�½ρ0ησ0�ν�; ðB1Þ
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where k̃ is given by

k̃ ¼ p − k:

Now we will use the following property in the amplitude:

A½μν�ηα½μην�β ¼ 2Aμνηα½μην�β; ðB2Þ

so that we get

M ¼ 1

16
½2ð2k − pÞμηραηβσ þ 2k½ρησ�αηβμ − 2k̃αηβ½ρησ�μ�

�
ηα½α0ηβ0�β

k2 −m2
þm2

k4
k½αk½β0ηα0�β�

k2 −m2

�

×

�
ηρ½ρ0ησ0�σ

k̃2 −m2
þm2

k̃4
k̃½ρk½σ0ηρ0�σ�

k̃2 −m2

�
½2ð2k − pÞνηα0ρ0ησ0β0 þ 2kρ0ησ0½α0ηβ0�ν − 2k̃½α0ηβ0�ρ0ησ0ν�

¼ 4

16
½ð2k − pÞμηραηβσ þ k½ρησ�αηβμ − k̃αηβ½ρησ�μ�

�
ηα½α0ηβ0�β

k2 −m2
þm2

k4
k½αk½β0ηα0�β�

k2 −m2

�

×

�
ηρ½ρ0ησ0�σ

k̃2 −m2
þm2

k̃4
k̃½ρk½σ0ηρ0�σ�

k̃2 −m2

�
½ð2k − pÞνηα0ρ0ησ0β0 þ kρ0ησ0½α0ηβ0�ν − k̃½α0ηβ0�ρ0ησ0ν�

¼ 4

16
½ð2k − pÞμηραηβσ þ 2kρησαηβμ − 2k̃αηβρησμ�

�
ηα½α0ηβ0�β

k2 −m2
þm2

k4
k½αk½β0ηα0�β�

k2 −m2

�

×

�
ηρ½ρ0ησ0�σ

k̃2 −m2
þm2

k̃4
k̃½ρk½σ0ηρ0�σ�

k̃2 −m2

�
½ð2k − pÞνηα0ρ0ησ0β0 þ 2kρ0ησ0α0ηβ0ν − 2k̃α0ηβ0ρ0ησ0ν�: ðB3Þ

Now we ignore Oðm2=k4Þ and Oðm2=k6Þ terms to get

M ¼ 4

16ðk2 −m2Þðk̃2 −m2Þ ½ð2k − pÞμηραηβσ þ 2kρησαηβμ − 2k̃αηβρησμ�ðηα½α0ηβ0�βÞ

×ðηρ½ρ0ησ0�σÞ½ð2k − pÞνηα0ρ0ησ0β0 þ 2kρ0ησ0α0ηβ0ν − 2k̃α0ηβ0ρ0ησ0ν�

¼ 4

16ðk2 −m2Þðk̃2 −m2Þ ½ð2k − pÞμδ½α
0

ρ δβ
0�

σ þ 2kρδ
½α0
σ δβ

0�
μ − 2k̃½α

0
δβ

0�
ρ ησμ�

× ½ð2k − pÞνδ½ρα0δσ�β0 þ 2k½ρδσ�α0ηβ0ν − 2k̃α0δ
½ρ
β0δ

σ�
ν �: ðB4Þ

Let us denote the first and second square brackets by I and II, respectively, i.e.,

I ¼ ½ð2k − pÞμδ½α
0

ρ δβ
0�

σ þ 2kρδ
½α0
σ δβ

0�
μ − 2k̃½α

0
δβ

0�
ρ ησμ�; ðB5Þ

II ¼ ½ð2k − pÞνδ½ρα0δσ�β0 þ 2k½ρδσ�α0ηβ0ν − 2k̃α0δ
½ρ
β0δ

σ�
ν �: ðB6Þ

The first term in I and first term in II are antisymmetric with respect to α0 and β0, so that we have

I × II ¼ ½2ð2k − pÞμδα0ρ δβ
0

σ þ 2kρδ
½α0
σ δβ

0�
μ − 2k̃½α

0
δβ

0�
ρ ησμ�½ð2k − pÞνδ½ρα0δσ�β0 þ 2k½ρδσ�α0ηβ0ν − 2k̃α0δ

½ρ
β0δ

σ�
ν �: ðB7Þ

Again, the first term in first square bracket and first term in the second square bracket above are antisymmetric with respect
to ρ and σ, so that we have

I × II ¼ ½2ð2k − pÞμδα0ρ δβ
0

σ þ 2kρδ
½α0
σ δβ

0�
μ − 2k̃½α

0
δβ

0�
ρ ησμ�½2ð2k − pÞνδρα0δσβ0 þ 2k½ρδσ�α0ηβ0ν − 2k̃α0δ

½ρ
β0δ

σ�
ν �; ðB8Þ

which implies

I × II ¼ 4½ð2k − pÞμδα0ρ δβ
0

σ þ kρδ
½α0
σ δβ

0�
μ − k̃½α

0
δβ

0�
ρ ησμ�½ð2k − pÞνδρα0δσβ0 þ k½ρδσ�α0ηβ0ν − k̃α0δ

½ρ
β0δ

σ�
ν �: ðB9Þ
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Hence, the amplitude becomes

M ¼ 1

ðk2 −m2Þðk̃2 −m2Þ ½ð2k − pÞμδα0ρ δβ
0

σ þ kρδ
½α0
σ δβ

0�
μ − k̃½α

0
δβ

0�
ρ ησμ�½ð2k − pÞνδρα0δσβ0 þ k½ρδσ�α0ηβ0ν − k̃α0δ

½ρ
β0δ

σ�
ν �: ðB10Þ

Again, let

I ¼ ½ð2k − pÞμδα0ρ δβ
0

σ þ kρδ
½α0
σ δβ

0�
μ − k̃½α

0
δβ

0�
ρ ησμ�; ðB11Þ

II ¼ ½ð2k − pÞνδρα0δσβ0 þ k½ρδσ�α0ηβ0ν − k̃α0δ
½ρ
β0δ

σ�
ν �: ðB12Þ

Also let Ii denote the ith term in I, so that we have

I ¼ I1 þ I2 − I3; ðB13Þ

II ¼ II1 þ II2 − II3; ðB14Þ

and

I1 × II1 ¼ ð2k − pÞμδα0ρ δβ
0

σ × ð2k − pÞνδρα0δσβ0
¼ d2ð2k − pÞμð2k − pÞν
≈ d2½4kμkν − 2ðkμpν þ kνpμÞ�; ðB15Þ

I1 × II2 ¼ ð2k − pÞμδα0ρ δβ
0

σ × k½ρδσ�α0ηβ0ν

¼ ð2k − pÞμ × k½α0δσ�α0ησν

¼ ð2k − pÞμ × ðkα0δσα0 − kσδα
0

α0 Þησν
¼ ð1 − dÞð2kμkν − pμkνÞ; ðB16Þ

I1 × II3 ¼ ð2k − pÞμδα0ρ δβ
0

σ × k̃α0δ
½ρ
β0δ

σ�
ν

¼ ð2k − pÞμk̃ρδ½ρσ δσ�ν
¼ ð2k − pÞμk̃ρðδρσδσν − δσσδ

ρ
νÞ

¼ ð1 − dÞð2kμk̃ν − pμk̃νÞ
≈ ð1 − dÞð2kμpν − 2kμkν þ pμkνÞ; ðB17Þ

I2 × II1 ¼ kρδ
½α0
σ δβ

0�
μ × ð2k − pÞνδρα0δσβ0

¼ kα0δ
½α0
β0 δ

β0�
μ × ð2k − pÞν

¼ kα0 ð2k − pÞνðδα0β0δβ
0

μ − δβ
0

β0δ
α0
μ Þ

¼ ð1 − dÞkμð2k − pÞν
¼ ð1 − dÞ½2kμkν − kμpν�; ðB18Þ

I2 × II2 ¼ kρδ
½α0
σ δβ

0�
μ × k½ρδσ�α0ηβ0ν

¼ kρðδα0σ δβ
0

μ − δβ
0

σ δα
0

μ Þðkρδσα0 − kσδρα0 Þηβ0ν
¼ ðδα0σ ημν − ησνδ

α0
μ Þðk2δσα0 − kσkα0 Þ

¼ ðd − 2Þk2ημν þ kμkν; ðB19Þ

I2 × II3 ¼ kρδ
½α0
σ δβ

0�
μ × k̃α0δ

½ρ
β0δ

σ�
ν

¼ kρk̃α0 ðδα0σ δβ
0

μ − δβ
0

σ δα
0

μ Þðδρβ0δσν − δσβ0δ
ρ
νÞ

¼ ðk̃σδβ
0

μ − k̃μδ
β0
σ Þðkβ0δσν − kνδσβ0 Þ

¼ ðd − 2Þk̃μkν þ k̃νkμ

¼ ðd − 2Þpμkν þ pνkμ − ðd − 1Þkμkν; ðB20Þ

I3 × II1 ¼ k̃½α
0
δβ

0�
ρ ησμ × ð2k − pÞνδρα0δσβ0

¼ ð2k − pÞνk̃½ρδβ
0�

ρ ηβ0μ

¼ ð1 − dÞk̃μð2k − pÞν
≈ ð1 − dÞ½2pμkν − 2kμkν þ kμpν�; ðB21Þ

I3 × II2 ¼ k̃½α
0
δβ

0�
ρ ησμ × k½ρδσ�α0ηβ0ν

¼ ðk̃α0δβ0ρ − k̃β
0
δα

0
ρ Þðkρδσα0 − kσδρα0 Þησμηβ0ν

¼ ðk̃α0ηρν − k̃νδα
0

ρ Þðkρηα0μ − kμδ
ρ
α0 Þ

¼ k̃μkν þ ðd − 2Þk̃νkμ
¼ pμkν þ ðd − 2Þpνkμ þ ð1 − dÞkμkν; ðB22Þ

I3 × II3 ¼ k̃½α
0
δβ

0�
ρ ησμ × k̃α0δ

½ρ
β0δ

σ�
ν

¼ ðk̃α0δβ0ρ − k̃β
0
δα

0
ρ Þðδρβ0δσν − δσβ0δ

ρ
νÞησμk̃α0

¼ ðk̃2δβ0ρ − k̃β
0
k̃ρÞðδρβ0ημν − ηβ0μδ

ρ
νÞ

¼ ðd − 2Þk̃2ημν þ k̃μk̃ν

≈ ðd − 2Þðk2 − 2p · kÞημν
þ kμkν − ðpμkν þ kμpνÞ: ðB23ÞFIG. 10. Loop diagram contains the ABB coupling.
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The amplitude is finally given by

M ¼ I1 × II1 þ I1 × II2 − I1 × II3 þ I2 × II1

þ I2 × II2 − I2 × II3 − I3 × II1

− I3 × II2 þ I3 × II3

¼ 2ðd − 2Þðk2 − p · kÞημν
þ ð2d2 − 3dþ 4Þ½2kμkν − ðpμkν þ kμpνÞ�: ðB24Þ

APPENDIX C: “INTEGRATING OUT” B FIELD
AT QUADRATIC LEVEL

We have already integrated out the hard modes of the B
field from the non-Abelian TMM by considering the
trilinear and quartic interactions among B and A fields.
However, in the final form of the effective action in

Eq. (68), we have to add classical action, where the B
field is integrated out from its quadratic part. We consider
the quadratic part

L ¼ −
1

4
FμνFμν þ

1

12
HμνλHμνλ þ

m
4
εμνρλFμνBρλ; ðC1Þ

where we have suppressed the gauge group indices.
Introducing the gauge-fixing term

LGF ¼ 1

2η
ð∂μBμνÞ2; ðC2Þ

in the Lagrangian in Eq. (C1), where η is a gauge-fixing
parameter, we can find the two-point function of theB field.
Hence, we can write the action corresponding to the above
Lagrangian density in Eq. (C1) as

S ¼
Z

d4x

�
1

2

Z
d4yAμðxÞðημν□ − ∂μ∂νÞδ4ðx − yÞAνðyÞ

−
1

4

Z
d4yBμνðxÞΔμν;ρλðx; y; ηÞBρλðyÞ þ

m
2

Z
d4yjμνðxÞδ4ðx − yÞBμνðyÞ

�
; ðC3Þ

where Δðx; y; ηÞ is the inverse of the two-point function of B field at the tree level and it has mass dimension ½Δ� ¼ 6 due to
the inclusion of the Dirac delta function, where jαβ ¼ 1

2
εαβρλFρλ. We can reexpress the above expression as

S ¼ −
Z

d4x
1

4
FμνFμν −

1

4

Z
d4x

�Z
d4y

�
BμνðxÞ þ

m
2

Z
d4zjαβðzÞΔ−1

αβ;μνðz; x; ηÞ
�
Δμν;ρλðx; y; ηÞ

×

�
BρλðyÞ þ

m
2

Z
d4zΔ−1

ρλ;αβðy; z; ηÞjαβðzÞ
��

þm2

4

Z
d4kjαβð−kÞΔ−1

αβ;α0β0 ðkÞjα
0β0 ðkÞ: ðC4Þ

The last term appears from the following steps:

m2

16

Z
d4x d4y d4z d4z0jαβðzÞΔ−1

αβ;μνðz; x; ηÞΔμν;ρλðx; y; ηÞΔ−1
ρλ;α0β0 ðz0; y; ηÞjα

0β0 ðz0Þ

¼ m2

8

Z
d4y d4z d4z0jαβðzÞδρ½αδλβ�δ4ðz − yÞΔ−1

ρλ;α0β0 ðz0; y; ηÞjα
0β0 ðz0Þ

¼ m2

4

Z
d4z d4z0jαβðzÞΔ−1

αβ;α0β0 ðz; z0; ηÞjα
0β0 ðz0Þ

¼ m2

4

Z
d4kjαβð−kÞΔ−1

αβ;α0β0 ðkÞjα
0β0 ðkÞ; ðC5Þ

where we have used

1

2

Z
d4zΔ−1

ρλ;αβðx; z; ηÞΔαβ;μνðz; y; ηÞ ¼ δμ½ρδ
ν
λ�δ

4ðx − yÞ; ðC6Þ

in the second line of Eq. (C5). Using jαβ ¼ 1
2
εαβρλFρλ ¼ εαβρλ∂ρAλ, we can reexpress the last term of Eq. (C3). Integrating

by parts, we obtain
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m2

4

Z
d4z d4z0jαβðzÞΔ−1

αβ;α0β0 ðz; z0; ηÞjα
0β0 ðz0Þ ¼ m2

4

Z
d4z d4z0ερλαβAλðzÞ∂z

ρ∂z0
ρ0Δ

−1
αβ;α0β0 ðz; z0; ηÞερ

0λ0α0β0Aλ0 ðz0Þ: ðC7Þ

Then we can find

m2

4
ερλαβ∂z

ρ∂z0
ρ0Δ

−1
αβ;α0β0 ðz; z0; ηÞερ

0λ0α0β

¼ m2

4
ερλαβ

Z
d4kΔ−1

αβ;α0β0 ðkÞkρkρ0eik·ðz−z
0Þερ0λ0α0β0

¼ m2

4
ερλαβ

Z
d4k

1

k2

�
ηα½α0ηβ0�β − ð1 − ηÞ k½αk½α0ηβ0�β�

k2

�
kρkρ0eik·ðz−z

0Þερ0λ0α0β0

¼ m2

4
ερλαβ

Z
d4k

1

k2
ηα½α0ηβ0�βkρkρ0eik·ðz−z

0Þερ0λ0α0β0

¼ −m2

Z
d4k

1

k2
ðk2ηλλ0 − kλkλ

0 Þeik·ðz−z0Þ: ðC8Þ

As a consequence, the “effective” action from the quadratic part at the tree level (where the degrees of freedom of B field is
integrated out) is given as follows:

Seff ¼ −
1

4
FμνFμν þm2

Z
d4z d4z0AλðzÞ

Z
d4k

1

k2
ðk2ηλλ0 − kλkλ

0 Þeik·ðz−z0ÞAλ0 ðz0Þ

¼ −
1

4
FμνFμν þm2

Z
d4kAλðkÞAλð−kÞ −m2

Z
d4k

ðk · Að−kÞÞðk · AðkÞÞ
k2

: ðC9Þ
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