
 

Precision calculations of B → V form factors from soft-collinear
effective theory sum rules on the light-cone

Jing Gao,1,2 Cai-Dian Lü,1,2 Yue-Long Shen,3,* Yu-Ming Wang ,4,† and Yan-Bing Wei 4,‡

1Institute of High Energy Physics, CAS, P.O. Box 918(4) Beijing 100049, China
2School of Physics, University of Chinese Academy of Sciences, Beijing 100049, China

3College of Information Science and Engineering, Ocean University of China, Songling Road 238,
Qingdao, 266100 Shandong, China

4School of Physics, Nankai University, Weijin Road 94, 300071 Tianjin, China

(Received 16 December 2019; accepted 5 April 2020; published 28 April 2020)

Applying the vacuum-to-B-meson correlation functions with an interpolating current for the light vector
meson we construct the light-cone sum rules (LCSR) for the “effective” form factors ξkðn · pÞ, ξ⊥ðn · pÞ,
Ξkðτ; n · pÞ and Ξ⊥ðτ; n · pÞ, defined by the corresponding hadronic matrix elements in soft-collinear
effective theory (SCET), entering the leading-power factorization formulas for QCD form factors
responsible for B → Vlν̄l and B → Vll̄ decays at large hadronic recoil at next-to-leading-order in
QCD. The evanescent-operator approach for the perturbative matching of the effective operators from
SCETI → HQET is employed in the determination of the hard-collinear functions entering the SCET
factorization formulas for the vacuum-to-B-meson correlation functions. The light-quark mass effect for the
local SCET form factors ξkðn · pÞ and ξ⊥ðn · pÞ is also computed from the LCSRmethod with the B-meson

light-cone distribution amplitude ϕþ
B ðω; μÞ at OðαsÞ. Furthermore, the subleading power corrections to

B → V form factors from the higher-twist B-meson light-cone distribution amplitudes are also computed
with the same method at tree level up to the twist-six accuracy. Employing the two different models for the
B-meson light-cone distribution amplitudes consistent with QCD equations of motion, we observe that the
higher-twist corrections to B → V form factors are dominated by the two-particle twist-five distribution
amplitude g−Bðω; μÞ, in analogy to the previous observation for B → P form factors. Having at our disposal
the LCSR predictions for B → V form factors, we further perform new determinations of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element jVubj from the semileptonic B → ρlν̄l and B → ωlν̄l
decays, and predict the normalized differential branching fractions and the q2-binned K� longitudinal
polarization fractions of the exclusive rare B → K�νlν̄l decays.

DOI: 10.1103/PhysRevD.101.074035

I. INTRODUCTION

Precision calculations of B → V form factors are indis-
pensable for the determinations of the CKM matrix
elements from the semileptonic B → Vlν̄l decays and
the radiative penguin B → Vγ decays and for the theory
descriptions of the electroweak penguin B → Vll̄ decays

as well as the hadronic two-body B-meson decays in QCD.
In the low hadronic recoil region, the unquenched lattice
QCD calculations of B → K� form factors have been
performed [1,2] (see references therein for discussions
on the earlier calculations with the quenched approxima-
tion) by employing the MILC Collaboration gauge-field
ensembles with an improved staggered quark action [3]. In
the large hadronic recoil region, distinct analytical QCD
methods have been developed for the systematic calcula-
tions of the heavy-to-light B-meson decay form factors
with the aid of the heavy quark expansion.
QCD factorization formulas for heavy-to-light form

factors at large recoil were originally proposed in [4] at
leading power in Λ=mQ, where both the soft contribution
satisfying the large-recoil symmetry relations and the hard
spectator scattering effect violating the symmetry relations
were shown to appear simultaneously in contrast to the
hard-collinear factorization for the pion-photon form factor.
With the advent of soft-collinear effective theory (SCET)
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factorization properties of heavy-to-light form factors can
be addressed by integrating out the hard and hard-collinear
fluctuations of the QCDmatrix elements one after the other.
Implementing the first-step matching procedure for the
QCD current ψ̄ΓiQ will give rise to the so-called A0-type
and B1-type SCETI operators [5–7], both of which can
contribute to heavy-to-light form factors at leading power
in Λ=mQ. Performing the perturbative matching of the
effective currents from SCETI → SCETII indicates that the
soft-collinear factorization for the A0-type matrix elements
cannot be achieved, due to the emergence of endpoint
divergences appearing in the convolution integrals of the
hard-collinear functions and the light-cone distribution
amplitudes. By contrast, the nonlocal form factors defined
by the B1-type SCETI operators can be further expressed as
the convolution of the jet functions and the hadronic
distribution amplitudes [7]. It is then evident that the
theory predictions of heavy-to-light form factors from
the SCET factorization formulas cannot be made without
the knowledge of the standard light-cone distribution
amplitudes and the matrix elements of the A0-type
SCETI operators.
Applying the dispersion relations and perturbative QCD

factorization theorems for the vacuum-to-vector-meson
correlation functions, the QCD light-cone sum rules
(LCSR) for B → V form factors can be readily constructed
[8–11] with the parton-hadron duality ansatz and the
narrow-width approximation for the vector mesons (see
[12–14] for further discussions and [15] for the sum-rule
construction with the helicity form-factor scheme).
Alternatively, the QCD LCSR for heavy-to-light B-meson
decay form factors can be derived from the vacuum-to-
B-meson correlation functions, following the analogous
strategies, at leading order (LO) [16–21] and next-to-
leading order (NLO) [22–25] in the strong coupling αs,
where the factorization formulas for the correlation func-
tions under discussion were established with the diagram-
matic approach and the strategy of regions [26,27].
Constructing the LCSR for the SCETI matrix elements
entering the QCD factorization formulas of heavy-to-light
B-meson decay form factors has been achieved in [28,29]
employing the vacuum-to-B-meson correlation functions.
Compared to the QCD factorization approach, the LCSR
calculations of heavy-to-light B-meson form factors depend
on the duality assumption of either the light-meson channel
or the B-meson channel.
Yet another factorization approach to compute heavy-

to-light B-meson form factors at large recoil has been
developed to regularize the rapidity divergences of the
A0-type SCET matrix elements by the intrinsic transverse
momenta of the soft and collinear partons involved in
the hard scattering processes [30,31]. Perturbative QCD
corrections to the short-distance matching coefficient
functions entering the transverse-momentum-dependent
(TMD) factorization formulas of several hard exclusive

processes of phenomenological interest [32–34] have
been accomplished at leading-twist accuracy. The
Sudakov and threshold resummations of enhanced loga-
rithms entering the TMD wave functions have been
performed for the B-meson [35] and for the pion [36]
with the Collins-Soper-Sterman (CSS) formalism [37–
39]. In addition, constructing the factorization-compatible
definitions of the TMD wave functions free of the rapidity
pinch singularities has been discussed in [40,41], where
the nondipolar off-light-cone Wilson lines were intro-
duced in the unsubtracted TMD pion wave functions to
reduce the soft subtraction functions. However, a definite
power counting scheme for all the momentum modes
involved in the exclusive B-meson decays still needs to be
constructed for the TMD factorization approach to clarify
the conceptual differences between the perturbative QCD
(PQCD) framework [30,31] and the QCD factorization
approach [4,7] and to develop the TMD factorization for
hard exclusive processes into a systematic theoretical
framework.
Applying the SCET factorization for the QCD B → V

form factors at large recoil, we aim at computing the
hadronic matrix elements of both the A0-type and B1-type
SCETI operators by constructing the corresponding sum
rules from the vacuum-to-B-meson correlation functions, in
analogy to the prescriptions developed in [28,29]. The
major new improvements of the present paper can be
summarized as follows.

(i) We establish the factorization formulas of the
vacuum-to-B-meson correlation functions defined
with an interpolating current for the vector meson
and an effective weak current in SCETI at one loop
using the evanescent operator approach [42,43],
instead of substituting the light-cone projector
of the B-meson for evaluating the corresponding
SCETI diagrams prior to performing the loop-mo-
mentum integration. In addition, QCD resummation
of enhanced logarithms of mb=Λ entering the A0-
type and B1-type hard matching coefficients for the
weak current ψ̄ΓiQ is accomplished at next-to-
leading-logarithmic (NLL) and leading-logarithmic
(LL) accuracy with the standard renormalization-
group (RG) formalism [44,45].

(ii) Applying the SCET representations of the vacuum-
to-B-meson correlation functions in the presence of

the subleading-power Lagrangian Lð1Þ
ξm , we construct

the sum rules for the light-quark mass contributions
to the A0-type SCET form factors at tree level with
the power counting scheme m ∼ Λ. We demonstrate
explicitly that the flavor SU(3)-symmetry breaking
effects for the longitudinal vector meson form
factors are not suppressed by powers of Λ=mb
and evidently preserve the large recoil symmetry
relations for the soft contributions to the semilep-
tonic B → V form factors.
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(iii) We compute the subleading power corrections to
B → V form factors from the higher-twist B-meson
light-cone distribution amplitudes (LCDA) with
the aid of the LCSR technique up to the twist-six
accuracy. In particular, we employ a complete
parametrization of the light-ray matrix element
h0jq̄αðz1n̄ÞgsGμνðz2n̄Þhvβð0ÞjB̄vi in heavy-quark
effective theory (HQET) defining eight independent
invariant functions presented in [46] instead of four
three-particle distribution amplitudes proposed in
[47] in the light-cone limit. In an attempt to under-
stand the systematic uncertainty of the LCSR pre-
dictions for B → V form factors, we apply two
distinct models for the two-particle and three-
particle B-meson LCDA, satisfying the classical
QCD equations of motion and the corresponding
asymptotic behaviors at small quark and gluon
momenta determined by the conformal spins of
the soft fields, as constructed in [24,46].

(iv) For the sake of understanding the long-standing dis-
crepancy of the form-factor ratioR1 ¼ ½ðmB þmVÞ=
mB�T1ðq2Þ=Vðq2Þ predicted by the QCD sum rule
technique with the vector-meson LCDA [10] and
by the QCD factorization approach [4,45,48], we
carry out a detailed comparison of the various
terms contributing to the factorization formula of
the ratio R1 with their counterparts in the frame-
work of the LCSR with the B-meson distribu-
tion amplitudes and identify the dominant QCD
mechanisms responsible for the above-mentioned
discrepancy.

The outline of this paper is as follows. We will review the
SCET (hc, c, s) representations of B → V form factors at
large hadronic recoil from integrating out the hard-scale
fluctuations, which express the seven QCD form factors in
terms of the four SCETI matrix elements, ξaðn · pÞ and
Ξaðτ; n · pÞ (with a ¼ k;⊥), as well as the perturbatively
calculable short-distance coefficients at leading power in
Λ=mb in Sec. II. Constructing the SCET sum rules for these
“effective” form factors with the B-meson distribution
amplitudes at the leading twist accuracy will be presented
in Sec. III with a detailed demonstration of the factorization
formulas for the vacuum-to-B-meson correlation functions
at NLO in αs, where we pay particular attention to the
infrared subtractions for deriving the master formulas of
the hard-collinear matching functions in the presence of the
evanescent operators. We proceed to compute the sublead-
ing power corrections to B → V form factors from both the
two-particle and three-particle higher-twist B-meson LCDA
with the LCSR method at tree level up to the twist-six
accuracy in Sec. IV, where the operator identities between
the two-body and three-body light-ray HQET operators at
classical level are employed to reduce the resulting sum
rules. Phenomenological aspects of the newly derived LCSR
for B → V form factors will be explored in Sec. V, including

the numerical impacts of the subleading-power corrections in
the heavy quark expansion, an exploratory comparison of
our predictions of the form-factor ratios with the SCET
calculations, the extrapolations of our results toward large
momentum transfer with the z-series parametrization, the
exclusive determinations of the CKM matrix element jVubj
from the partial branching fractions of B → ρlν̄l and
B → ωlν̄l, and the q2-binned distributions of the branching
fractions as well as the K� longitudinal polarized fractions
of the flavor-changing-neutral-current (FCNC) induced
B → K�νlν̄l decays. A summary of our main observations
and concluding remarks on the future development will be
displayed in Sec. VI. We further collect the explicit
expressions for the A0-type and B1-type hard functions
from matching the QCD weak current ψ̄ΓiQ onto SCETI

at NLO and LO in αs, respectively, in Appendix A.
Two phenomenological models for the two-particle and
three-particle B-meson distribution amplitudes, up to the
twist-six accuracy, employed in the numerical computations
of the semileptonic B → V form factors are collected in
Appendix B.

II. QCD FACTORIZATION FOR
B → V FORM FACTORS

The purpose of this section is, following closely
[44,45,49], to summarize the soft-collinear factorization
formulas for B → V form factors at large hadronic recoil in
SCETI by integrating out the strong interaction dynamics at
the hard scale mb, for the sake of establishing the
theoretical framework for computing the SCET matrix
elements from the LCSR method. The resulting SCET
(hc, c, s) representations for the QCD heavy-to-light form
factors are given by [5,7,50]

FB→V
i ðn · pÞ ¼ CðA0Þ

i ðn · pÞξaðn · pÞ

þ
Z

dτCðB1Þ
i ðτ; n · pÞΞaðτ; n · pÞ;

ða ¼ k;⊥Þ; ð1Þ

where the seven B → V form factors are expressed in terms
of the four “effective” form factors in SCETI at leading
power in the heavy quark expansion. The hard matching
coefficients for both the A0-type and B1-type SCET
currents have been computed at one-loop accuracy
[44,51,52]. As we aim at computing the semileptonic
B → V form factors with the aid of the factorization
formula (1) at OðαsÞ, we will need the perturbative

matching functions CðA0Þ
i ðn · pÞ at NLO in QCD and the

B1-type hard functions CðB1Þ
i ðτ; n · pÞ at tree level as

displayed in Appendix A. The “effective” form factors
ξaðn · pÞ and Ξaðτ; n · pÞ are defined by the hadronic
matrix elements of the corresponding SCETI operators [45]
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hVðp; ϵ�Þjðξ̄WcÞγ5hvjB̄vi ¼ −n · pðϵ� · vÞξkðn · pÞ;
hVðp; ϵ�Þjðξ̄WcÞγ5γμ⊥hvjB̄vi ¼ −n · pðϵ�μ − ϵ� · vn̄μÞξ⊥ðn · pÞ;

hVðp; ϵ�Þjðξ̄WcÞγ5ðW†
ci=Dc⊥WcÞðrnÞhvjB̄vi ¼ −n · pmbϵ

� · v
Z

1

0

dτ eiτn·prΞkðτ; n · pÞ;

hVðp; ϵ�Þjðξ̄WcÞγ5γμ⊥ðW†
ci=Dc⊥WcÞðrnÞhvjB̄vi

¼ −n · pmbðϵ�μ − ϵ� · vn̄μÞ
Z

1

0

dτ eiτn·prΞ⊥ðτ; n · pÞ; ð2Þ

where the light-cone Wilson line is introduced to restore the collinear gauge invariance [7,53]

WcðxÞ ¼ P exp

�
igs

Z
0

−∞
ds n · Acðxþ snÞ

�
: ð3Þ

The QCD matrix elements of the heavy-to-light currents ψ̄ΓiQ are parametrized by the semileptonic B → V form factors
in the standard way [4]

cVhVðp; ϵ�Þjq̄γμbjB̄ðpþ qÞi ¼ −
2iVðq2Þ
mB þmV

ϵμνρσϵ
�νpρqσ;

cVhVðp; ϵ�Þjq̄γμγ5bjB̄ðpþ qÞi ¼ 2mVϵ
� · q

q2
qμA0ðq2Þ

þ ðmB þmVÞ
�
ϵ�μ −

ϵ� · q
q2

qμ

�
A1ðq2Þ

−
ϵ� · q

mB þmV

�
ð2pþ qÞμ −

m2
B −m2

V

q2
qμ

�
A2ðq2Þ;

cVhVðp; ϵ�Þjq̄iσμνqνbjB̄ðpþ qÞi ¼ 2iT1ðq2Þϵμνρσϵ�νpρqσ;

cVhVðp; ϵ�Þjq̄iσμνγ5qνbjB̄ðpþ qÞi ¼ T2ðq2Þ½ðm2
B −m2

VÞϵ�μ − ðϵ� · qÞð2pþ qÞμ�

þ T3ðq2Þðϵ� · qÞ
�
qμ −

q2

m2
B −m2

V
ð2pþ qÞμ

�
; ð4Þ

with the convention ϵ0123 ¼ −1. We have introduced the factor cV to account for the flavor structure of vector mesons with
cV ¼ � ffiffiffi

2
p

for the ρ0 and ω (obviously,
ffiffiffi
2

p
for b → u transition and −

ffiffiffi
2

p
for the b → d transition) and cV ¼ 1 otherwise.

At maximal hadronic recoil q2 ¼ 0 there exist two relations for the above-mentioned B → V form factors in QCD

mB þmV

2mV
A1ð0Þ −

mB −mV

2mV
A2ð0Þ ¼ A0ð0Þ; T1ð0Þ ¼ T2ð0Þ; ð5Þ

which are free of both radiative and power corrections. Employing the SCET representation of the QCD heavy-to-light
current (see [45] for the explicit expressions of the A0-type and B1-type SCET currents)

ðψ̄ΓiQÞð0Þ ¼
Z

dŝ
X
j

C̃ðA0Þ
ij ðŝÞOðA0Þ

j ðs; 0Þ þ
Z

dŝ
X
j

C̃ðA1Þ
ijμ ðŝÞOðA1Þμ

j ðs; 0Þ

þ
Z

dŝ1

Z
dŝ2

X
j

C̃ðB1Þ
ijμ ðŝ1; ŝ2ÞOðB1Þμ

j ðs1; s2; 0Þ þ � � � ; ð6Þ

and performing the ŝ and ŝ1 integrations for the resulting SCET matrix elements
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hVðp; ϵ�Þ
����
Z

dŝC̃ðA0Þ
ij ðŝÞOðA0Þ

j ðs; 0ÞjB̄vi

¼ CðA0Þ
ij

�
n · p
mb

; μ

�
hVðp; ϵ�Þjðξ̄WcÞð0ÞΓ0

jhvð0ÞjB̄vi;

hVðp; ϵ�Þ
����
Z

dŝ1dŝ2C̃
ðB1Þ
ijμ ðŝ1; ŝ2ÞOðB1Þμ

j ðs1; s2; 0ÞjB̄vi

¼ n · p
mb

Z
dτCðB1Þ

ijμ

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�Z
dr
2π

e−iτn·pr

hVðp; ϵ�Þjðξ̄WcÞð0ÞðW†
ciD

μ
c⊥WcÞðrnÞΓ0

jhvð0ÞjB̄vi; ð7Þ
we can readily derive the SCETI factorization formulas for the QCD form factors at leading power in the heavy quark
expansion

mB

mB þmV
Vðn · pÞ ¼ CðA0Þ

V

�
n · p
mb

; μ
�
ξ⊥ðn · pÞ þ

Z
1

0

dτCðB1Þ
V

�
n · pτ̄
mb

;
n · pτ
mb

; μ
�
Ξ⊥ðτ; n · pÞ;

2mV

n · p
A0ðn · pÞ ¼ CðA0Þ

f0

�
n · p
mb

; μ

�
ξkðn · pÞ þ

Z
1

0

dτCðB1Þ
f0

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�
Ξkðτ; n · pÞ;

mB þmV

n · p
A1ðn · pÞ ¼ CðA0Þ

V

�
n · p
mb

; μ

�
ξ⊥ðn · pÞ þ

Z
1

0

dτCðB1Þ
V

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�
Ξ⊥ðτ; n · pÞ;

mB þmV

n · p
A1ðn · pÞ −mB −mV

mB
A2ðn · pÞ ¼ CðA0Þ

fþ

�
n · p
mb

; μ

�
ξkðn · pÞ þ

Z
1

0

dτCðB1Þ
fþ

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�
Ξkðτ; n · pÞ;

T1ðn · pÞ ¼ CðA0Þ
T1

�
n · p
mb

; μ

�
ξ⊥ðn · pÞ þ

Z
1

0

dτCðB1Þ
T1

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�
Ξ⊥ðτ; n · pÞ;

mB

n · p
T2ðn · pÞ ¼ CðA0Þ

T1

�
n · p
mb

; μ

�
ξ⊥ðn · pÞ þ

Z
1

0

dτCðB1Þ
T1

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�
Ξ⊥ðτ; n · pÞ;

mB

n · p
T2ðn · pÞ − T3ðn · pÞ ¼ CðA0Þ

fT

�
n · p
mb

; μ

�
ξkðn · pÞ þ

Z
1

0

dτCðB1Þ
fT

�
n · pτ̄
mb

;
n · pτ
mb

; μ

�
Ξkðτ; n · pÞ: ð8Þ

The coefficient functions CðA0Þ
ij and CðB1Þ

ijμ are obtained from the Fourier transformations of the position-space coefficient

functions C̃ðA0Þ
ij and C̃ðB1Þ

ijμ [7]. It is evident that only five independent combinations of A0- and B1-type SCET operators
appear in the factorization formulas for the seven different B → V form factors, implying the two additional relations [4,54]

mB

mB þmV
Vðn · pÞ ¼ mB þmV

n · p
A1ðn · pÞ; T1ðn · pÞ ¼ mB

n · p
T2ðn · pÞ; ð9Þ

which are fulfilled to all orders in perturbative expansion at
leading power in Λ=mb.

III. THE B-MESON LCSR FOR THE SCET
B → V FORM FACTORS

In this section we turn to construct the SCET sum rules for
the “effective” form factors ξaðn · pÞ and Ξaðτ; n · pÞ (with
a ¼ k;⊥) entering the factorization formulas (8) for the
QCD B → V form factors at the one-loop accuracy. To this
end, we will first demonstrate the soft-collinear factorization
theorems for the corresponding vacuum-to-B-meson corre-
lation functions with an interpolating current for the collinear
vector meson at leading power in the heavy-quark expan-
sion. We further place particular attention to the treatment of
evanescent operators in dimensional regularization for the

determination of the perturbative matching coefficients from
SCETI → HQET. The summation of parametrically large
logarithms lnðmb=ΛÞ appearing in the hard functions in front
of both the A0- and B1-type SCETI operators is achieved at
NLL and LL accuracy, respectively, by employing the RG
formalism in momentum space.

A. The B-meson LCSR for ξk(n · p)

Following the standard strategy we start with the con-
struction of the vacuum-to-B-meson correlation function

Πν;kðp;qÞ ¼
Z

d4xeip·xh0jTfjνðxÞ; ðξ̄WcÞð0Þγ5hvð0ÞgjB̄vi;

ð10Þ
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where the local QCD current jν interpolates the longi-
tudinal polarization state of the collinear vector meson

jνðxÞ ¼ q̄0ðxÞγνqðxÞ: ð11Þ
The SCET representation of the QCD interpolating current
can be obtained following the prescriptions described in [6]

jν ¼ jð0Þξξ;ν þ jð1Þξξ;⊥ν þ jð2Þξqs;kν þ jð2Þξqs;⊥ν þ � � � ; ð12Þ

where the explicit expressions of the effective currents are
given by

jð0Þξξ;ν ¼ ξ̄
=n
2
ξn̄ν;

jð1Þξξ;⊥ν ¼ ξ̄γν⊥
1

in ·Dc
i=Dc⊥

=n
2
ξþ ξ̄i=Dc⊥

1

in ·Dc
γν⊥

=n
2
ξ;

jð2Þξqs;kν ¼
�
ξ̄Wc

=n
2
Y†
sqs þ q̄sYs

=n
2
W†

cξ

�
n̄ν;

jð2Þξqs;⊥ν ¼ ξ̄Wcγ⊥νY
†
sqs þ q̄sYsγ⊥νW

†
cξ: ð13Þ

To maintain the collinear and soft gauge invariance both the
collinear Wilson line defined in (3) and the following
lightlike Wilson line

YsðxÞ ¼ P exp

�
igs

Z
0

−∞
ds n̄ · Asðxþ sn̄Þ

�
; ð14Þ

will be introduced for the SCET currents in a general
gauge. It is then straightforward to identify the leading
power contribution to the correlation function (10)

Πν;kðp; qÞ

¼
Z

d4x eip·xh0jTfjð2Þξqs;kνðxÞ; ðξ̄WcÞð0Þγ5hvð0ÞgjB̄vi

þ
Z

d4x eip·x
Z

d4yh0jTfjð0Þξξ;νðxÞ; iLð2Þ
ξqs

ðyÞ;

ðξ̄WcÞð0Þγ5hvð0ÞgjB̄vi

þ
Z

d4x eip·x
Z

d4y
Z

d4zh0jTfjð0Þξξ;νðxÞ; iLð1Þ
ξqs

ðyÞ;

iLð1Þ
ξmðzÞ; ðξ̄WcÞð0Þγ5hvð0ÞgjB̄vi

≡ ΠA
ν;kðp; qÞ þ ΠB

ν;kðp; qÞ þ ΠC
ν;kðp; qÞ; ð15Þ

where the third term ΠC
ν;k takes into account the light-quark

mass effect. The multipole expanded SCET Lagrangian up
to the Oðλ2Þ accuracy [53] have been derived with the
position-space formalism [6]

Lð0Þ
ξ ¼ ξ̄

�
in̄ ·Dþ i=D⊥c

1

in ·Dc
i=D⊥c

�
=n
2
ξ;

Lð1Þ
ξm ¼ mξ̄

�
i=D⊥c;

1

in ·Dc

�
=n
2
ξ;

Lð2Þ
ξm ¼ −m2ξ̄

1

in ·Dc

=n
2
ξ;

Lð1Þ
ξqs

¼ q̄sW
†
ci=D⊥cξ − ξ̄i=⃖D⊥cWcqs;

Lð2Þ
ξqs

¼ q̄sW
†
c

�
in̄ ·Dþ i=D⊥c

1

in ·Dc
i=D⊥c

�
=n
2
ξ

− ξ̄
=n
2

�
in̄ · D⃖þ i=⃖D⊥c

1

in · D⃖c

i=⃖D⊥c

�
Wcqs

þ q̄sD⃖
μ
sx⊥μW

†
ci=D⊥cξ − ξ̄i=⃖D⊥cWcx⊥μD

μ
sqs: ð16Þ

Our major objective is then to perform the perturbative
matching of the SCETI correlation functions Πi

ν;k as

defined in (15) onto SCETII

Πi
ν;kðp; qÞ ¼

f̃BðμÞmB

2

X
m¼�

Z þ∞

0

dω Jik;m

�
μ2

n · pω
;

ω

n̄ · p

�

× ϕm
B ðω; μÞn̄ν; ði ¼ A;B; CÞ ð17Þ

at one-loop accuracy, by integrating out the hard-collinear
fluctuations at the scale

ffiffiffiffiffiffiffiffiffiffi
mbΛ

p
.

1. SCET factorization for ΠA
ν;k(p;q)

The hard-collinear functions JAk;m entering the SCET
factorization formula (17) can be determined by investigat-
ing the partonic matrix element

FA
k ¼

Z
d4x eip·x

�
0

����T
	
q̄sðxÞYs

=n
2
W†

cξðxÞ; ðξ̄WcÞð0Þγ5hvð0Þ

����q̄sðkÞhv

�
: ð18Þ

Evaluating the tree-level contribution to the SCET amplitude FA
k leads to

FA
k;LO ¼ −

i
n̄ · p − ωþ i0

q̄sðkÞ
=n
2
γ5hv ¼ −

i
n̄ · p − ω0 þ i0

� hOk;−ðω;ω0Þið0Þ; ð19Þ
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where we have introduced the convention ω ¼ n̄ · k and the asterisk indicates the convolution integration over the variable
ω0. The light-cone matrix element hOk;−ðω;ω0Þi is defined as

hOk;−ðω;ω0Þi ¼ h0jOk;−ðω0Þjq̄sðkÞhvi ¼ q̄sðkÞ
=n
2
γ5hvδðω − ω0Þ þOðαsÞ; ð20Þ

where the HQET operator Ok;−ðω0Þ in momentum space reads

Ok;−ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
=n
2
γ5ðY†

shvÞð0Þ: ð21Þ

The light-ray effective operator Ok;þðω0Þ can be defined in an analogous way

Ok;þðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
=̄n
2
γ5 ðY†

shvÞð0Þ: ð22Þ

Implementing the perturbative matching relation for the matrix element FA
k

FA
k ¼ ð−iÞ

X
m¼�

JAk;m

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOk;mðω;ω0Þi; ð23Þ

we can readily derive the tree-level short-distance functions

JA;ð0Þk;− ¼ 1

n̄ · p − ω0 þ i0
; JA;ð0Þk;þ ¼ 0: ð24Þ

Employing the definition of the two-particle B-meson LCDA in coordinate space [4,55]

h0jðq̄sYsÞβðtn̄Þ ðY†
shvÞα ð0ÞjB̄vi ¼ −

if̃BðμÞmB

4

	
1þ =v
2

½2ϕ̃þ
B ðt; μÞ þ ðϕ̃−

Bðt; μÞ − ϕ̃þ
B ðt; μÞÞ=n�γ5



αβ

; ð25Þ

the resulting SCET factorization formula for the correlation function ΠA
ν;k is

ΠA
ν;kðp; qÞ ¼

f̃BðμÞmB

2

Z þ∞

0

dω JA;ð0Þk;−

�
μ2

n · pω
;

ω

n̄ · p

�
ϕ−
Bðω; μÞn̄ν þOðαsÞ: ð26Þ

We proceed to determine the NLO contribution to the jet
function JAk;� by expanding the matching relation (23) up to
the OðαsÞ accuracy. To this end, we will need to evaluate
the one-loop SCETI diagrams presented in Fig. 1 with the
subleading power SCET Feynman rules collected in [56].
The self-energy correction to the hard-collinear quark

propagator displayed in the diagram (a) of Fig. 1 can be
readily written as [57]

FA;ðaÞ
k;NLO ¼ −

αsCF

4π

�
1

ϵ
þ ln

μ2

n · pðω − n̄ · pÞ þ 1

�
FA
k;LO:

ð27Þ

(a) (b) (c) (d)

FIG. 1. Diagrammatical representation of the vacuum-to-B-meson correlation function ΠA
ν;kðp; qÞ defined with the A0-type SCET

operator OðA0Þ
k ¼ ðξ̄WcÞγ5hv and the power suppressed interpolating current jð2Þξqs;kν at one loop.
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Obviously, the NLO correction from the hard-collinear Wilson lines presented in the diagram (c) of Fig. 1 yields vanishing
contribution due to n2 ¼ 0. One can further verify that the hard-collinear corrections displayed in the diagrams (b) and (d) of
Fig. 1 give rise to the identical results

FA;ðbÞ
k;NLO ¼ FA;ðdÞ

k;NLO ¼ −
2g2sCF

n̄ · p − ω
q̄sðkÞ

=n
2
γ5hv

Z
dDl
ð2πÞD

n · ðpþ lÞ
½n · ðpþ lÞn̄ · ðp − kþ lÞ þ l2⊥ þ i0�½n · lþ i0�½l2 þ i0� ; ð28Þ

which can be evaluated straightforwardly with dimensional regularization scheme

FA;ðbÞ
k;NLO ¼ FA;ðdÞ

k;NLO ¼ αsCF

2π

	
1

ϵ2
þ 1

ϵ

�
ln

μ2

n · pðω − n̄ · pÞ þ 1

�
þ 1

2
ln2

μ2

n · pðω − n̄ · pÞ þ ln
μ2

n · pðω − n̄ · pÞ −
π2

12
þ 2



FA
k;LO:

ð29Þ

Adding up different pieces together and applying the matching condition (23) leads to the hard-collinear functions at the
one-loop accuracy

JA;ð1Þk;− ¼ JA;ð0Þk;−

	
1þ αsCF

4π

�
4

ϵ2
þ 1

ϵ

�
4 ln

μ2

n · pðω − n̄ · pÞ þ 3

�
þ 2 ln2

μ2

n · pðω − n̄ · pÞ

þ 3 ln
μ2

n · pðω − n̄ · pÞ −
π2

3
þ 7

�

;

JA;ð1Þk;þ ¼ 0; ð30Þ

which are in precise agreement with the results presented in [29].

2. SCET factorization for ΠB
ν;k(p;q)

Along the same vein, the jet function JBk;� can be determined by performing the perturbative factorization for the partonic
matrix element

FB
k ¼

Z
d4x eip·x

Z
d4y

�
0

����T
	
ξ̄ðxÞ=n

2
ξðxÞ; iLð2Þ

ξqs
ðyÞ; ðξ̄WcÞð0Þγ5hvð0Þ


����q̄sðkÞhv
�
; ð31Þ

taking advantage of the matching relation in analogy to (23)

FB
k ¼ ð−iÞ

X
m¼�

JBk;m

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOk;mðω;ω0Þi: ð32Þ

Evaluating the diagram (a) in Fig. 2 with the SCET Feynman rules leads to

(a) (b)

FIG. 2. Diagrammatical representation of the vacuum-to-B-meson correlation function ΠB
ν;kðp; qÞ defined with the A0-type SCET

operator OðA0Þ
k ¼ ðξ̄WcÞγ5hv, the leading power interpolating current jð0Þξξ;ν and the subleading power SCET Lagrangian Lð2Þ

ξqs
.
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FB;ðaÞ
k;LO ¼ −2g2sCFq̄sðkÞ

=n
2
γ5hv

Z
dDl
ð2πÞD

n · ðp − lÞ
½n · ln̄ · ðlþ kÞ þ l2⊥ þ i0�½n · ðp − lÞn̄ · ðp − l − kÞ þ l2⊥ þ i0�½l2 þ i0�

¼ αsCF

2π

n̄ · p − ω

ω

�
1

ϵ
þ ln

μ2

n · pðω − n̄ · pÞ þ
1

2

�
n̄ · p − ω

n̄ · p

�
þ 1

�
ln

�
n̄ · p − ω

n̄ · p

�
FA
k;LO: ð33Þ

We can proceed to write down the SCET amplitude for the diagram (b) in Fig. 2

FB;ðbÞ
k;LO ¼ g2sCF

Z
dDl
ð2πÞD

Z
dDL
ð2πÞD

n · Ln · ðpþ LÞn · ðpþ Lþ lÞ
½L2 þ i0�½ðpþ LÞ2 þ i0�½ðpþ Lþ lÞ2 þ i0�½l2 þ i0�

× q̄sðkÞ
	
ð2πÞ4δ4ðlþ Lþ kÞ

�
n̄α þ γα⊥

=L⊥
n · L

þ nα

n · l
L2

n · L

�
=n
2
þ k⊥β∂β

⊥½ð2πÞ4δ4ðlþ Lþ kÞ�
�
γα⊥ −

=L⊥
n · L

nα
�


×

�
n̄α þ

γα⊥ð=L⊥ þ =l⊥Þ
n · ðpþ Lþ lÞ þ

=L⊥γα⊥
n · ðpþ LÞ −

L2⊥ þ =L⊥=l⊥
n · ðpþ LÞn · ðpþ Lþ lÞ nα

�
=̄n
2
γ5hv; ð34Þ

which can be further evaluated with two distinct approaches by identifying the transverse derivative ∂β
⊥ acting on the Dirac

δ-function as ∂=∂k⊥β and ∂=∂L⊥β, respectively. We have verified explicitly that both the two calculational methods lead to
the identical results

FB;ðbÞ
k;LO ¼ αsCF

4π

	
−

2

ϵ2
þ 1

ϵ

�
−2 ln

�
μ2

n · pðω − n̄ · pÞ
�
þ 2

lnð1þ ηÞ
η

− 3

�

− ln2
�

μ2

n · pðω − n̄ · pÞ
�
þ ln

�
μ2

n · pðω − n̄ · pÞ
��

2
lnð1þ ηÞ

η
− 3

�

þ 1

η
ln2ð1þ ηÞ þ

�
4

η
þ 1

�
lnð1þ ηÞ þ π2

6
− 8



FA
k;LO; ð35Þ

where we have defined η ¼ −ω=n̄ · p. Applying the matching condition for the matrix element FB
k presented in (32) we can

readily derive the hard-collinear functions JBk;� at tree level

JBk;− ¼ αsCF

4π
JA;ð0Þk;−

	
−

2

ϵ2
þ 1

ϵ

�
−2 ln

�
μ2

n · pðω − n̄ · pÞ
�
− 2 lnð1þ ηÞ − 3

�

− ln2
�

μ2

n · pðω − n̄ · pÞ
�
þ ln

�
μ2

n · pðω − n̄ · pÞ
�
½−2 lnð1þ ηÞ − 3� − ln2ð1þ ηÞ

þ
�
2

η
− 1

�
lnð1þ ηÞ þ π2

6
− 8



;

JBk;þ ¼ 0; ð36Þ

which are again in complete agreement with the previous calculations displayed in [29].

3. SCET factorization for ΠC
ν;k(p;q)

We are now in a position to compute the jet function JCk;� entering the SCET factorization formula (17) by inspecting the
SCET matrix element

FC
k ¼

Z
d4x eip·x

Z
d4y

Z
d4z

�
0

����T
	
ξ̄ðxÞ=n

2
ξðxÞ; iLð1Þ

ξqs
ðyÞ; iLð1Þ

ξmðzÞ; ðξ̄WcÞð0Þγ5hvð0Þ

����q̄sðkÞhv

�
; ð37Þ

which can be further matched onto the light-ray HQET operators defining the B-meson LCDA
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FC
k ¼ ð−iÞ

X
m¼�

JCk;m

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOk;mðω;ω0Þi: ð38Þ

The LO amplitude of FC
k can be obtained by computing the diagram in Fig. 3

FC
k;LO ¼ −

m
n · p

g2sCF

n̄ · p − ω
q̄sðkÞ

=̄n
2
γ5hv

×
Z

dDl
ð2πÞD

ðD − 2Þðn · lÞ2
½n · ln̄ · ðlþ kÞ þ l2⊥ þ i0�½n · ðp − lÞn̄ · ðp − l − kÞ þ l2⊥ þ i0�½l2 þ i0�

¼ m
ω

αsCF

4π

i
n̄ · p − ωþ i0

ln
�
n̄ · p − ω

n̄ · p

�
q̄sðkÞ

=̄n
2
γ5hv; ð39Þ

where m indicates the mass of the collinear quark
produced from the weak decay of the heavy quark. It
is evident that the light-quark mass effect defined by FC

k
is not suppressed by any powers of Λ=mb in the heavy
quark expansion compared with the SCET matrix ele-
ments FA

k and FB
k . The resulting jet functions JCk;� at tree

level are given by

JCk;þ ¼ −
m
ω

1

n̄ · p − ωþ i0
αsCF

4π
ln

�
n̄ · p − ω

n̄ · p

�
;

JCk;− ¼ 0; ð40Þ

which are consistent with the results derived from
the diagrammatic factorization approach for the corre-
sponding vacuum-to-B-meson correlation function in
QCD [24].
Plugging the obtained jet functions (30), (36) and (40)

into the factorization formula (17) and employing the
decomposition of Πν;k defined in (15) yields

Πν;kðp;qÞ ¼
f̃BðμÞmB

2

Z þ∞

0

dω
n̄ ·p−ωþ i0

×

	�
1þ αsCF

4π
ĴðA0Þk;−

�
μ2

n ·pω
;
ω

n̄ ·p

��
ϕ−
Bðω;μÞ

þ
�
αsCF

4π
ĴðmÞ
k;þ

�
μ2

n ·pω
;
ω

n̄ ·p

��
ϕþ
B ðω;μÞ



n̄ν;

ð41Þ

where the normalized one-loop jet functions ĴðA0Þk;− and ĴðmÞ
k;þ

read

ĴðA0Þk;− ¼ ln2
�

μ2

n · pðω − n̄ · pÞ
�
− 2 ln

�
μ2

n · pðω − n̄ · pÞ
�

× lnð1þ ηÞ − ln2ð1þ ηÞ

þ
�
2

η
− 1

�
lnð1þ ηÞ − π2

6
− 1;

ĴðmÞ
k;þ ¼ −

m
ω
ln

�
n̄ · p − ω

n̄ · p

�
: ð42Þ

To facilitate the construction of the SCET sum rules for the
effective form factor ξkðn · pÞ, we need to work out the
dispersion representation of the factorization formula (41)
by computing the spectral functions of the various con-
volution integrations over the variable ω

Πν;kðp; qÞ ¼ −
f̃BðμÞmB

2

Z þ∞

0

dω0

ω0 − n̄ · p − i0

× ½ϕ−
B;effðω0; μÞ þ ϕþ

B;mðω0; μÞ�n̄ν; ð43Þ

where the effective B-meson “distribution amplitudes” are
introduced to describe both the hard-collinear and soft
fluctuations [22,24]

FIG. 3. Diagrammatical representation of the vacuum-to-
B-meson correlation function ΠC

ν;kðp; qÞ defined with the

A0-type SCET operator OðA0Þ
k ¼ ðξ̄WcÞγ5hv, the leading power

interpolating current jð0Þξξ;ν and the subleading power SCET

Lagrangians Lð1Þ
ξqs

and Lð1Þ
ξm .
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ϕ−
B;effðω0; μÞ ¼ ϕ−

Bðω0; μÞ þ αsCF

4π

	Z
ω0

0

dω

�
2

ω − ω0

�
ln

μ2

n · pω0 − 2 ln
ω0 − ω

ω0

��
⊕
ϕ−
Bðω; μÞ

−
Z

∞

ω0
dω

�
ln2

μ2

n · pω0 −
�
2 ln

μ2

n · pω0 þ 3

�
ln
ω − ω0

ω0 þ 2 ln
ω

ω0 þ
π2

6
− 1

�
dϕ−

Bðω; μÞ
dω



;

ϕþ
B;mðω0; μÞ ¼ αsCF

4π
m
Z

∞

ω0
dω ln

ω − ω0

ω0
d
dω

ϕþ
B ðω; μÞ
ω

: ð44Þ

The plus function appearing in (44) is defined in the standard way [50]
Z

ω0

0

dω½fðω;ω0Þ�⊕gðωÞ ¼
Z

ω0

0

dω fðω;ω0Þ½gðωÞ − gðω0Þ�: ð45Þ

Matching the spectral representation of the factorization formula (43) for the vacuum-to-B-meson correlation function
Πν;k with the corresponding hadronic dispersion relation

Πν;kðp; qÞ ¼
�
−

fV;kmV

m2
V=n · p − n̄ · p − i0

�
n · p
2mV

�
2

ξkðn · pÞ þ
Z þ∞

ωs

dω0

ω0 − n̄ · p − i0
ρhkðω0; n · pÞ

�
n̄ν; ð46Þ

we can readily derive the NLO sum rules for the SCET form factor ξkðn · pÞ

ξk;NLOðn · pÞ ¼ 2
f̃BðμÞ
fV;k

mBmV

ðn · pÞ2
Z

ωs

0

dω0 exp
�
−
n · pω0 −m2

V

n · pωM

�
½ϕ−

B;effðω0; μÞ þ ϕþ
B;mðω0; μÞ�: ð47Þ

The scale-independent longitudinal decay constant of the vector meson is defined as follows

hVðp; ϵ�Þjjνj0i ¼ −ifV;kmVϵ
�
νðpÞ: ð48Þ

The HQET B-meson decay constant f̃BðμÞ will be expressed in terms of the QCD decay constant fB at one loop [58]

f̃BðμÞ ¼
�
1 −

αsCF

4π

�
3 ln

μ

mb
þ 2

��
−1
fB ¼ K−1ðmb; μÞfB: ð49Þ

Taking the factorization scale μ as a hard-collinear scale μhc ∼
ffiffiffiffiffiffiffiffiffiffi
Λmb

p
will introduce the enhanced logarithms ofmb=μ in the

perturbative matching coefficientKðmb; μÞ, whose resummation at the NLL accuracy can be achieved with the standard RG
approach. Solving the two-loop RG evolution equation for the HQET decay constant f̃BðμÞ [59,60] leads to

f̃BðμÞ ¼ U2ðμh2; μÞf̃Bðμh2Þ; ð50Þ

where the explicit expression of the evolution function U2ðμh2; μÞ has been derived in [58,61]. Since the soft scale μ0
entering the initial condition of the B-meson distribution amplitudes ϕ�

B ðω; μ0Þ is numerically comparable to the hard-
collinear scale μhc ≃ 1.5 GeV, we will not perform the NLL resummation of the parametrically large logarithms of μ=μ0 by
applying the Lange-Neubert evolution equation at two loops [62]. It is then straightforward to write down the resummation
improved SCET sum rules for ξkðn · pÞ

ξk;NLLðn · pÞ ¼ 2
U2ðμh2; μÞf̃Bðμh2Þ

fV;k

mBmV

ðn · pÞ2
Z

ωs

0

dω0 exp
�
−
n · pω0 −m2

V

n · pωM

�
½ϕ−

B;effðω0; μÞ þ ϕþ
B;mðω0; μÞ�: ð51Þ

B. The B-meson LCSR for Ξk(τ;n · p)

We aim at constructing the SCET sum rules for the B1-type nonlocal form factor Ξkðτ; n · pÞ from the following
correlation function

Π̃ν;kðp; q; τÞ ¼
n · p
2π

Z
d4x eip·x

Z
dr e−in·pτrh0jTfjνðxÞ; ðξ̄WcÞð0Þγ5ðW†

ci=Dc⊥WcÞðrnÞhvð0ÞgjB̄vi; ð52Þ
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the leading power contribution of which can be readily identified as

Π̃ν;kðp; q; τÞ ¼
n · p
2π

Z
d4x eip·x

Z
d4y

Z
dr e−in·pτrh0jTfjð0Þξξ;νðxÞ; iLð1Þ

ξqs
ðyÞ; ðξ̄WcÞð0Þγ5ðW†

ci=Dc⊥WcÞðrnÞhvð0ÞgjB̄vi:

ð53Þ

The soft-collinear factorization formula for the vacuum-to-B-meson correlation function Π̃ν;k can be obtained by integrating
out the hard-collinear dynamics

Π̃ν;kðp; q; τÞ ¼
f̃BðμÞmB

2

X
m¼�

Z þ∞

0

dω J̃k;m

�
μ2

n · pω
;

ω

n̄ · p
; τ

�
ϕm
B ðω; μÞn̄ν: ð54Þ

The short-distance matching coefficient functions J̃k;m can be determined by investigating the SCET matrix element

F̃kðp; q; τÞ ¼
n · p
2π

Z
d4x eip·x

Z
d4y

Z
dr e−in·pτr

×

�
0

����T
	
ξ̄ðxÞ=n

2
ξðxÞ; iLð1Þ

ξqs
ðyÞ; ðξ̄WcÞð0Þγ5ðW†

ci=Dc⊥WcÞðrnÞhvð0Þ

����q̄sðkÞhv

�
: ð55Þ

Evaluating the tree-level diagram displayed in Fig. 4 with the SCET Feynman rules yields

F̃kðp; q; τÞ ¼ g2sCFq̄sðkÞ
=̄n
2
γ5hv

Z
dDl
ð2πÞD

ðD − 2Þn · ln · ðp − lÞδðτ − n · l=n · pÞ
½n · ln̄ · ðlþ kÞ þ l2⊥ þ i0�½n · ðp − lÞn̄ · ðp − l − kÞ þ l2⊥ þ i0�½l2 þ i0� ; ð56Þ

which can be further computed with the contour integration method

F̃kðp; q; τÞ ¼ ð−iÞ αsCF

2π

n · p
ω

lnð1þ ηÞ½ð1 − τÞθðτÞθð1 − τÞ�q̄sðkÞ
=̄n
2
γ5hv: ð57Þ

Applying the matching relation for the SCET matrix element F̃kðp; q; τÞ

F̃kðp; q; τÞ ¼ ð−iÞ
X
m¼�

J̃k;m

�
μ2

n · pω0 ;
ω0

n̄ · p
; τ

�
� hOk;mðω;ω0Þi; ð58Þ

we obtain the jet functions entering the factorization
formula (54) at tree level

J̃k;þ ¼ αsCF

2π

n · p
ω

lnð1þ ηÞ½ð1 − τÞθðτÞθð1 − τÞ�;
J̃k;− ¼ 0: ð59Þ

Matching the spectral representation of the SCET
factorization formula (54) for the correlation function Π̃ν;k

Π̃ν;kðp; q; τÞ ¼
αsCF

4π
f̃BðμÞmB½ð1 − τÞθðτÞθð1 − τÞ�

×
Z

∞

0

dω0

ω0 − n̄ · p − i0

×

�Z
∞

ω0
dω

n · p
ω

ϕþ
B ðω; μÞ

�
n̄ν ð60Þ

FIG. 4. Diagrammatical representation of the vacuum-to-B-
meson correlation function Π̃ν;kðp; q; τÞ defined with the B1-type
SCET operator OðB1Þ

k ¼ ðξ̄WcÞð0Þγ5ðW†
ci=Dc⊥WcÞðrnÞhvð0Þ, the

leading power interpolating current jð0Þξξ;ν for the longitudinal
polarized vector meson and the subleading power SCET

Lagrangian Lð1Þ
ξqs

.
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with the corresponding hadronic representation

Π̃ν;kðp; q; τÞ ¼
�
−

fV;kmV

m2
V=n · p − n̄ · p − i0

×

�
n · p
2mV

�
2

mbΞkðτ; n · pÞ

þ
Z þ∞

ωs

dω0

ω0 − n̄ · p − i0
ρ̃hkðω0; n · p; τÞ

�
n̄ν;

ð61Þ

and employing the parton-hadron duality approximation
with the aid of the Borel transformation, we can derive the
SCET sum rules for the nonlocal form factor Ξkðτ; n · pÞ

Ξkðτ; n · pÞ ¼ −
αsCF

π

U2ðμh2; μÞf̃Bðμh2Þ
fV;k

mBmV

n · pmb

× ½ð1 − τÞθðτÞθð1 − τÞ�

×
Z

ωs

0

dω0 exp
�
−
n · pω0 −m2

V

n · pωM

�

×
Z

∞

ω0
dω

ϕþ
B ðω; μÞ
ω

þOðα2sÞ; ð62Þ

where the summation of the enhanced logarithms of mb=μ
entering the hard matching coefficient K−1ðmb; μÞ has been
included at the LL accuracy.
It will be interesting to compare the obtained sum rules

for Ξkðτ; n · pÞ presented in (62) with the direct QCD
calculation in the SCET framework. Integrating out the
hard-collinear fluctuations, the B1-type SCETI form factor
Ξkðτ; n · pÞ can be further factorized as the convolution of
the short-distance coefficient function and distribution
amplitudes of the B-meson and the vector meson in SCETII

ΞSCET
k ðτ; n · pÞ ¼ 2mV

n · p
mB

4mb
½U2ðμh2; μÞf̃Bðμh2Þ�fV;k

×
Z

∞

0

dω
Z

1

0

dvϕþ
B ðω; μÞϕV;kðv; μÞ

× JSCETV;k ðτ; v;ωÞ; ð63Þ

where the jet function JSCETV;k has been determined at NLO in

αs [45] by implementing the ultraviolet renormalization and
the infrared subtraction with the dimensional regularization
scheme and the evanescent operator approach. Substituting
the tree-level expression of JSCETV;k into the SCET factori-

zation formula (63) and employing the asymptotic form of
the vector-meson distribution amplitude ϕV;kðv; μÞ ¼
6vð1 − vÞ leads to

ΞSCET
k;LO ðτ; n · pÞ ¼ −

3g2sCF

Nc

mBmV

ðn · pÞ2mb
½U2ðμh2; μÞf̃Bðμh2Þ�

× fV;k½ð1 − τÞθðτÞθð1 − τÞ�

×
Z

∞

0

dω
ω

ϕþ
B ðω; μÞ: ð64Þ

Based upon the power counting scheme for the sum rule
parameters

ωs ∼ ωM ∼OðΛ2=mbÞ; ð65Þ
the resummation improved SCET sum rules (62) for
Ξkðτ; n · pÞ can be further reduced to

Ξkðτ; n · pÞ

¼ −
αsCF

π

U2ðμh2; μÞf̃Bðμh2Þ
fV;k

mBmV

n · pmb
½ð1 − τÞθðτÞθð1 − τÞ�

×
Z

∞

0

dω
ω

ϕþ
B ðω; μÞ

	
ωMð1 − e−ωs=ωMÞ exp

�
m2

V

n · pωM

�

;

ð66Þ
which can be readily demonstrated to be identical to the
tree-level SCET factorization formula (64) by employing
the QCD sum rules for the vector-meson decay constant at
the leading-power approximation [63]

f2V;k ¼
Nc

12π2
n · pωM

	
ð1 − e−ωs=ωMÞ exp

�
m2

V

n · pωM

�


þOðαsÞ: ð67Þ
However, we mention in passing that the advantage of the
SCET factorization over the LCSR approach presented here
lies in the fact that it is free of the systematic uncertainty
induced by the parton-hadron duality approximation of
the light-meson channel and the perturbative correction to
the hard-collinear function Ξkðτ; n · pÞ at Oðαls Þ can be
determined by computing the SCETI Feynman diagrams
at (l − 1) loops instead of evaluating the effective dia-
grams for the vacuum-to-B-meson correlation function
Π̃ν;kðp; q; τÞ at l loops.

C. The B-meson LCSR for ξ⊥(n · p)

We proceed to construct the SCET sum rules for the A0-
type form factor ξ⊥ðn · pÞ by investigating the following
vacuum-to-B-meson correlation function

Πμνρ;⊥ðp; qÞ ¼
Z

d4x eip·xh0jTfjνρðxÞ;

ðξ̄WcÞð0Þγ5γμ⊥hvð0ÞgjB̄vi; ð68Þ
where the interpolating current for the transversely polar-
ized vector meson is given by
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jνρðxÞ ¼ q̄0ðxÞγνγρ⊥qðxÞ: ð69Þ

Matching the QCD interpolating current jνρ onto SCETI

yields

jνρðxÞ ¼ jð0Þξξ;νρðxÞ þ jð1Þξξ;νρðxÞ þ jð2Þξqs;νρ
ðxÞ þ � � � ; ð70Þ

where the resulting effective currents of our interest can be
written as

jð0Þξξ;νρ ¼ ξ̄
=n
2
γρ⊥ξn̄ν;

jð2Þξqs;νρ
¼

�
ξ̄Wc

=n
2
γρ⊥Y†

sqs þ q̄sYs
=n
2
γρ⊥W†

cξ

�
n̄ν: ð71Þ

The SCET representation of the correlation function (68) at
leading power in the heavy quark expansion can be readily
derived as follows

Πμνρ;⊥ðp; qÞ ¼
Z

d4x eip·xh0jTfjð2Þξqs;νρ
ðxÞ; ðξ̄WcÞð0Þγ5γμ⊥hvð0ÞgjB̄vi

þ
Z

d4x eip·x
Z

d4yh0jTfjð0Þξξ;νρðxÞ; iLð2Þ
ξqs

ðyÞ; ðξ̄WcÞð0Þγ5γμ⊥hvð0ÞgjB̄vi

þ
Z

d4x eip·x
Z

d4y
Z

d4zh0jTfjð0Þξξ;νρðxÞ; iLð1Þ
ξqs

ðyÞ; iLð1Þ
ξmðzÞ; ðξ̄WcÞð0Þγ5γμ⊥hvð0ÞgjB̄vi

≡ ΠA
μνρ;⊥ðp; qÞ þ ΠB

μνρ;⊥ðp; qÞ þ ΠC
μνρ;⊥ðp; qÞ: ð72Þ

Integrating out the hard-collinear dynamics of the vacuum-to-B-meson correlation functions Πi
μνρ;⊥ defined in (72) gives

rise to the SCET/HQET factorization formulas

Πi
μνρ;⊥ðp; qÞ ¼

f̃BðμÞmB

2

X
m¼�

Z þ∞

0

dω Ji⊥;m

�
μ2

n · pω
;

ω

n̄ · p

�
ϕm
B ðω; μÞgμρ⊥n̄ν; ði ¼ A; B;CÞ; ð73Þ

where the jet functions Ji⊥;m will be determined at OðαsÞ with the naive dimensional regularization (NDR) scheme for γ5,
which anticommutes with all of the γ-matrices.

1. SCET factorization for ΠA
μνρ;⊥(p;q)

Following the strategy presented in Sec. III A, the short-distance function JA⊥;m can be obtained by implementing the
perturbative matching SCETI → HQET for the matrix element

FA
μρ;⊥ðp; qÞ ¼

Z
d4x eip·x

�
0

����T
	
q̄sðxÞ

=n
2
γρ⊥ξðxÞ; ðξ̄WcÞð0Þγ5γμ⊥hvð0Þ


����q̄sðkÞhv
�
: ð74Þ

It is straightforward to write down the LO contribution to this SCET matrix element

FA
μρ;⊥;LOðp; qÞ ¼ −

i
n̄ · p − ωþ i0

q̄sðkÞγρ⊥γμ⊥
=n
2
γ5hv ¼ −

i
n̄ · p − ω0 þ i0

� hOðnÞ
μρ;⊥ðω;ω0Þið0Þ; ð75Þ

where the HQET matrix element hOðnÞ
μρ;⊥ðω;ω0Þi is defined in the standard way

hOðnÞ
μρ;⊥ðω;ω0Þi ¼ h0jOðnÞ

μρ;⊥ðω0Þjq̄sðkÞhvi ¼ q̄sðkÞγρ⊥γμ⊥
=n
2
γ5hvδðω − ω0Þ þOðαsÞ; ð76Þ

with the light-ray effective operator in momentum space

OðnÞ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þγρ⊥γμ⊥
=n
2
γ5ðY†

shvÞð0Þ: ð77Þ

To facilitate the infrared subtraction for the renormalized matrix element FA
μρ;⊥ðp; qÞ beyond the tree level, it will be

convenient to introduce the HQET operator basis
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Oðn;1Þ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
�
gρμ⊥

=n
2
γ5

�
ðY†

shvÞð0Þ;

Oðn;2Þ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
�
iϵρμ⊥

=n
2

�
ðY†

shvÞð0Þ;

Oðn;3Þ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
�
=n
2

�½γρ⊥; γμ⊥�
2

γ5 − iϵρμ⊥
��

ðY†
shvÞð0Þ; ð78Þ

where we have employed the following conventions for brevity

ϵρμ⊥ ¼ 1

2
ϵρμαβnαn̄β: ð79Þ

It is apparent that the evanescent operatorOðn;3Þ
μρ;⊥ðω0Þ vanishes in the four-dimensional space-time, however, it may generate

the nonvanishing contribution to the perturbative matching coefficient by mixing into the physical operator under the QCD

radiative correction. Expressing the HQET operator OðnÞ
μρ;⊥ðω0Þ in the given basis

OðnÞ
μρ;⊥ðω0Þ ¼ Oðn;1Þ

μρ;⊥ðω0Þ þOðn;2Þ
μρ;⊥ðω0Þ þOðn;3Þ

μρ;⊥ðω0Þ; ð80Þ

and employing the matching relation for the SCET matrix element FA
μρ;⊥

FA
μρ;⊥ðp; qÞ ¼ ð−iÞ

X
k¼1;2;3

X
m¼n;n̄

J A;k
⊥;m

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOðm;kÞ

μρ;⊥ ðω;ω0Þi; ð81Þ

we can readily derive the tree-level jet functions

J A;1;ð0Þ
⊥;n ¼ J A;2;ð0Þ

⊥;n ¼ J A;3;ð0Þ
⊥;n ¼ 1

n̄ · p − ω0 þ i0
; J A;1;ð0Þ

⊥;n̄ ¼ J A;2;ð0Þ
⊥;n̄ ¼ J A;3;ð0Þ

⊥;n̄ ¼ 0: ð82Þ

Taking advantage of the B-meson distribution amplitudes defined in (25), the factorization formula for the correlation
function ΠA

μνρ;⊥ðp; qÞ at LO in αs can be written as

ΠA
μνρ;⊥ðp; qÞ ¼

f̃BðμÞmB

2

Z þ∞

0

dωJ A;1;ð0Þ
⊥;n

�
μ2

n · pω
;

ω

n̄ · p

�
ϕ−
Bðω; μÞgμρ⊥n̄ν þOðαsÞ; ð83Þ

implying that the jet function JA⊥;m in the SCET factoriza-
tion formula (73) can be constructed

JA;ð0Þ⊥;− ¼ J A;1;ð0Þ
⊥;n ; JA;ð0Þ⊥;þ ¼ J A;1;ð0Þ

⊥;n̄ ¼ 0: ð84Þ

The NLO contribution to the SCET matrix element
FA
μρ;⊥ðp; qÞ can be deduced by evaluating the four

Feynman diagrams in analogy to those presented in Fig. 1

with the proper replacement of the Dirac structures for the
effective weak current and the interpolating current of the
vector meson. It is evident from the Wilson-line Feynman
rules that the resultingamplitudesof theone-loopdiagrams for
FA
μρ;⊥ðp; qÞ and FA

k ðp; qÞ are insensitive to the Dirac struc-
tures of the SCET operators defining these two correlation
functions. It is then straightforward to write down the SCET
amplitude of FA

μρ;⊥ðp; qÞ from (30) at the one-loop accuracy

FA
μρ;⊥;NLOðp; qÞ ¼

αsCF

4π

�
4

ϵ2
þ 1

ϵ

�
4 ln

μ2

n · pðω − n̄ · pÞ þ 3

�
þ 2 ln2

μ2

n · pðω − n̄ · pÞ

þ 3 ln
μ2

n · pðω − n̄ · pÞ −
π2

3
þ 7

�
FA
μρ;⊥;LOðp; qÞ

≡ ð−iÞ
X

k¼1;2;3

TA;k;ð1Þ
⊥;n

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOðn;kÞ

μρ;⊥ðω;ω0Þið0Þ: ð85Þ
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The master formula for the one-loop jet function J A;1;ð1Þ
⊥;n can be derived by expanding the matching relation (81) at OðαsÞ

X
k¼1;2;3

TA;k;ð1Þ
⊥;n

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOðn;kÞ

μρ;⊥ðω;ω0Þið0Þ ¼
X

k¼1;2;3

�
J A;k;ð1Þ

⊥;n

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOðn;kÞ

μρ;⊥ðω;ω0Þið0Þ

þ J A;k;ð0Þ
⊥;n

�
μ2

n · pω0 ;
ω0

n̄ · p

�
� hOðn;kÞ

μρ;⊥ðω;ω0Þið1Þ
�
: ð86Þ

The ultraviolet renormalized one-loop matrix elements hOðn;kÞ
μρ;⊥ðω;ω0Þið1Þ can be written as

hOðn;kÞ
μρ;⊥ðω;ω0Þið1Þ ¼

X
j

½Mð1ÞR
kj þ Zð1Þ

kj �hOðn;jÞ
μρ;⊥ðω;ω0Þið0Þ; ð87Þ

where the superscript R indicates the infrared regularization
scheme implemented in the computation of the bare matrix

elements Mð1Þ
kj . Employing the dimensional regularization

scheme for both the ultraviolet and infrared divergences,
the bare matrix elements vanish due to the scaleless one-

loop HQET diagrams. The one-loop jet function J A;1;ð1Þ
⊥;n

can then be readily determined by comparing the coef-

ficient of hOðn;1Þ
μρ;⊥ðω;ω0Þið0Þ

J A;1;ð1Þ
⊥;n ¼ TA;1;ð1Þ

⊥;n −
X

k¼1;2;3

Zð1Þ
k1 � J A;k;ð0Þ

⊥;n : ð88Þ

The infrared subtraction term Zð1Þ
11 � J A;1;ð0Þ

⊥;n removes the

soft divergences of the one-loop amplitude TA;1;ð1Þ
⊥;n such that

the resulting short-distance function J A;1;ð1Þ
⊥;n is finite as it

must be. Implementing the ultraviolet renormalization for

the HQET operator Oðn;2Þ
μρ;⊥;bareðω0Þ yields

Oðn;2Þ
μρ;⊥ðωÞ ¼ Z22ðω;ω0Þ �Oðn;2Þ

μρ;⊥;bareðω0Þ; ð89Þ

which indicates that the renormalization constants Zð1Þ
21

and Zð1Þ
23 vanish. The renormalization constants for the

evanescent operator will be determined by applying
the prescription that the infrared finite matrix element

hOðn;3Þ
μρ;⊥ðω;ω0Þi vanishes with the ultraviolet divergences

treated in dimensional regularization and with the infrared
singularities parameterized by the regulator other than the
dimensions of space-time [42,43]. Taking advantage of the
relation (87) and the preceding renormalization scheme for
the evanescent operator we obtain

Zð1Þ
31 ¼ −Mð1Þoff

31 : ð90Þ

Plugging (90) into (88) with the vanishing renormalization

constant Zð1Þ
21 gives rise to

J A;1;ð1Þ
⊥;n ¼ TA;1;ð1Þ

⊥;n − Zð1Þ
11 � J A;1;ð0Þ

⊥;n þMð1Þoff
31 � J A;3;ð0Þ

⊥;n :

ð91Þ

We proceed to compute the one-loop HQET matrix

element of the evanescent operator Oðn;3Þ
μρ;⊥ðω0Þ for the

determination of the bare amplitude Mð1Þoff
31 . It is evident

that only the diagram (a) in Fig. 5 can potentially generate
the renormalization mixing of the evanescent operator

Oðn;3Þ
μρ;⊥ðω0Þ into the physical operator Oðn;1Þ

μρ;⊥ðω0Þ. The cor-
responding one-loop amplitude can be readily derived with
the HQET Feynman rules

(a) (b) (c)

FIG. 5. The one-loop HQET diagrams for the renormalization mixing of the evanescent operator Oðn;3Þ
μρ;⊥ðω0Þ into the physical operator

Oðn;1Þ
μρ;⊥ðω0Þ.
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hOðn;3Þ
μρ;⊥ðω;ω0Þið1;aÞ ¼ ig2sCF

Z
dDl
ð2πÞD

1

½ðlþ kÞ2 þ i0�½−v · lþ i0�½l2 þ i0� δðω
0 − ω − n̄ · lÞ

× q̄sðkÞ=vð=lþ =kÞ
�
=n
2

�½γρ⊥; γμ⊥�
2

γ5 − iϵρμ⊥
��

hv: ð92Þ

Performing the loop-momentum integration and employing the classical equation of motion for the light quark, we observe

that the soft gluon correction will not resolve the dynamical structure of the light-ray HQET operator Oðn;3Þ
μρ;⊥ðω0Þ.

Consequently, we obtain

Mð1Þoff
31 ¼ 0: ð93Þ

Substituting (93) into (91) yields the final result for the one-loop matching coefficient

J A;1;ð1Þ
⊥;n ¼ TA;1;ð1Þ

⊥;n − Zð1Þ
11 � J A;1;ð0Þ

⊥;n ; ð94Þ

from which we can further write down its explicit expression

JA;ð1Þ⊥;− ¼ J A;1;ð1Þ
⊥;n ¼ αsCF

4π

�
2 ln2

μ2

n · pðω − n̄ · pÞ þ 3 ln
μ2

n · pðω − n̄ · pÞ −
π2

3
þ 7

�
J A;1;ð0Þ

⊥;n ;

JA;ð1Þ⊥;þ ¼ J A;1;ð1Þ
⊥;n̄ ¼ 0: ð95Þ

It needs to point out that the absence of the HQEToperator mixing betweenOðn;3Þ
μρ;⊥ðω0Þ andOðn;1Þ

μρ;⊥ðω0Þ under renormalization
arises from the heavy quark spin symmetry, in contrast to the counterpart collinear operator mixing pattern under the
radiative correction [64].

2. SCET factorization for ΠB
μνρ;⊥(p;q)

For the sake of determining the jet functions JB⊥;� entering the SCET factorization formula (73), we consider the
following partonic matrix element

FB
μρ;⊥ðp; qÞ ¼

Z
d4x eip·x

Z
d4y

�
0

����T
	
ξ̄ðxÞ=n

2
γρ⊥ξðxÞ; iLð2Þ

ξqs
ðyÞ; ðξ̄WcÞð0Þγ5γμ⊥hvð0Þ


����q̄sðkÞhv
�
: ð96Þ

Applying the SCET Feynman rules we can observe that the contribution from the diagram (a) displayed in Fig. 6 can be read
from the result of the corresponding matrix element (33) defined with the effective currents interpolating the longitudinally
polarized vector meson

FB;ðaÞ
μρ;⊥ ðp; qÞ ¼

αsCF

2π

n̄ · p − ω

ω

�
1

ϵ
þ ln

μ2

n · pðω − n̄ · pÞ þ
1

2

�
n̄ · p − ω

n̄ · p

�
þ 1

�
ln

�
n̄ · p − ω

n̄ · p

�
FA
μρ;⊥;LOðp; qÞ: ð97Þ

Evaluating the SCETI diagram (b) in Fig. 6 leads to

(a) (b)

FIG. 6. Diagrammatical representation of the vacuum-to-B-meson correlation function ΠB
μνρ;⊥ðp; qÞ defined with the A0-type SCET

operator OðA0Þ
⊥;μ ¼ ðξ̄WcÞγ5γμ⊥hv, the leading power interpolating current jð0Þξξ;νρ and the subleading power SCET Lagrangian Lð2Þ

ξqs
.
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FB;ðbÞ
μρ;⊥ ðp; qÞ ¼ g2sCF

Z
dDl
ð2πÞD

Z
dDL
ð2πÞD

n · Ln · ðpþ LÞn · ðpþ Lþ lÞ
½L2 þ i0�½ðpþ LÞ2 þ i0�½ðpþ Lþ lÞ2 þ i0�½l2 þ i0�

q̄sðkÞ
	
ð2πÞ4δ4ðlþ Lþ kÞ

�
n̄α þ γα⊥

=L⊥
n · L

þ nα

n · l
L2

n · L

�
=n
2
þ k⊥β∂β

⊥½ð2πÞ4δ4ðlþ Lþ kÞ�
�
γα⊥ −

=L⊥
n · L

nα
�


γρ⊥
�
n̄α þ

γα⊥ð=L⊥ þ =l⊥Þ
n · ðpþ Lþ lÞ þ

=L⊥γα⊥
n · ðpþ LÞ −

L2⊥ þ =L⊥=l⊥
n · ðpþ LÞn · ðpþ Lþ lÞ nα

�
=̄n
2
γ5γμ⊥hv; ð98Þ

whose result cannot be extracted directly from the counterpart longitudinal matrix element displayed in (35). Implementing
the Dirac algebra reduction in the D-dimensional space-time and performing the loop-momentum integration, we obtain

FB;ðbÞ
μρ;⊥ ðp; qÞ ¼

αsCF

4π

	
−

2

ϵ2
þ 1

ϵ

�
−2 ln

�
μ2

n · pðω − n̄ · pÞ
�
þ 2

lnð1þ ηÞ
η

− 4

�

− ln2
�

μ2

n · pðω − n̄ · pÞ
�
þ ln

�
μ2

n · pðω − n̄ · pÞ
��

2
lnð1þ ηÞ

η
− 4

�

þ 1

η
ln2ð1þ ηÞ þ 4

η
lnð1þ ηÞ þ π2

6
− 8



FA
μρ;⊥;LOðp; qÞ: ð99Þ

Adding up the contributions from these two diagrams and performing the infrared subtraction with the evanescent operator
approach, the jet functions JB⊥;� can be determined as follows

JB⊥;− ¼ αsCF

4π

�
−ln2

�
μ2

n · pðω − n̄ · pÞ
�
þ ln

�
μ2

n · pðω − n̄ · pÞ
�
½−2 lnð1þ ηÞ − 4�

− ln2ð1þ ηÞ þ
�
2

η
− 2

�
lnð1þ ηÞ þ π2

6
− 8

�
J A;1;ð0Þ

⊥;n ;

JB⊥;þ ¼ 0; ð100Þ

which are consistent with the previous results obtained in [29], employing the momentum-space projector for the B-meson
LCDA in the D dimensional space-time.

3. SCET factorization for ΠC
μνρ;⊥ðp;qÞ

We proceed to determine the light-quark-mass induced jet functions JC⊥;� appearing in the SCET factorization
formula (73) by investigating the partonic matrix element

FC
μρ;⊥ðp; qÞ ¼

Z
d4x eip·x

Z
d4y

Z
d4z

�
0

����T
	
ξ̄ðxÞ=n

2
γρ⊥ξðxÞ; iLð1Þ

ξqs
ðyÞ; iLð1Þ

ξmðzÞ; ðξ̄WcÞð0Þγ5γμ⊥hvð0Þ

����q̄sðkÞhv

�
:

ð101Þ

Computing the tree-level contribution to FC
μρ;⊥ with the SCET Feynman rules leads to

FC
μρ;⊥ðp; qÞ ¼

m
n · p

g2sCF

n̄ · p − ω
q̄sðkÞγρ⊥γμ⊥

=̄n
2
γ5hv

×
Z

dDl
ð2πÞD

ðD − 4Þðn · lÞ2
½n · ln̄ · ðlþ kÞ þ l2⊥ þ i0�½n · ðp − lÞn̄ · ðp − l − kÞ þ l2⊥ þ i0�½l2 þ i0� ; ð102Þ

which vanishes in the four-dimensional space-time in contrast to the result of the counterpart longitudinal matrix element as
displayed in (39). The corresponding jet functions JC⊥;� can therefore be determined as

JC⊥;þ ¼ JC⊥;− ¼ Oðα2sÞ: ð103Þ
An interesting consequence from such observation is that the light-quark-mass corrections to the radiative leptonic decay
amplitudes of B → γlνl and Bs → γll̄will not give rise to the leading power contribution in the heavy quark expansion, at
least, at OðαsÞ.
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Substituting the derived jet functions (95), (100), and (103) into the SCET factorization formula (73), we can readily
write down

Πμνρ;⊥ðp; qÞ ¼
f̃BðμÞmB

2

Z þ∞

0

dω
n̄ · p − ωþ i0

�
1þ αsCF

4π
ĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p

��
ϕ−
Bðω; μÞgμρ⊥n̄ν þOðα2sÞ; ð104Þ

where the renormalized one-loop jet function ĴðA0Þ⊥;− reads

ĴðA0Þ⊥;− ¼ ln2
�

μ2

n · pðω − n̄ · pÞ
�
− 2 ln

�
μ2

n · pðω − n̄ · pÞ
�
lnð1þ ηÞ − ln

�
μ2

n · pðω − n̄ · pÞ
�

− ln2ð1þ ηÞ þ
�
2

η
− 2

�
lnð1þ ηÞ − π2

6
− 1: ð105Þ

The spectral representation of the factorization formula (104) can be further derived with the explicit expressions of the
various dispersion integrals displayed in [22]

Πμνρ;⊥ðp; qÞ ¼ −
f̃BðμÞmB

2

Z þ∞

0

dω0

ω0 − n̄ · p − i0
ϕ̃−
B;effðω0; μÞgμρ⊥n̄ν þOðα2sÞ; ð106Þ

where we have introduced the “effective” B-meson distribution amplitude ϕ̃−
B;eff for brevity

ϕ̃−
B;effðω0; μÞ ¼ ϕ−

Bðω0; μÞ þ αsCF

4π

	Z
ω0

0

dω

�
2

ω − ω0

�
ln

μ2

n · pω0 − 2 ln
ω0 − ω

ω0 −
1

2

��
⊕
ϕ−
Bðω; μÞ

−
Z

∞

ω0
dω

�
ln2

μ2

n · pω0 − ln
μ2

n · pω0 −
�
2 ln

μ2

n · pω0 þ 4

�
ln
ω − ω0

ω0 þ 2 ln
ω

ω0 þ
π2

6
− 1

�
dϕ−

Bðω; μÞ
dω



:

ð107Þ

Matching the SCET factorization formula (106) with the hadronic dispersion relation for the vacuum-to-B-meson
correlation function Πμνρ;⊥

Πμνρ;⊥ðp; qÞ ¼
�
−

fV;⊥ðνÞn · p
m2

V=n · p − n̄ · p − i0
ξ⊥ðn · pÞ

2
þ
Z þ∞

ωs

dω0

ω0 − n̄ · p − i0
ρh⊥ðω0; n · pÞ

�
gμρ⊥n̄ν; ð108Þ

and implementing the NLL resummation for the enhanced logarithms ofmb=μ, we obtain the following SCET sum rules for
the form factor ξ⊥ðn · pÞ at OðαsÞ

ξ⊥ðn · pÞ ¼ U2ðμh2; μÞf̃Bðμh2Þ
fV;⊥ðνÞ

mB

n · p

Z
ωs

0

dω0 exp
�
−
n · pω0 −m2

V

n · pωM

�
ϕ̃−
B;effðω0; μÞ: ð109Þ

The renormalization-scale dependent transverse decay constant of the vector meson fV;⊥ is defined as follows

hVðp; ϵ�Þjjνρj0i ¼ −ifV;⊥ðνÞpνϵ
�
ρ⊥ðpÞ; ð110Þ

where the corresponding RG evolution equation can be written as

d
d ln ν

fV;⊥ðνÞ ¼ γTðαsÞfV;⊥ðνÞ; γTðαsÞ ¼
X∞
n¼0

�
αs
4π

�
nþ1

γT;n; ð111Þ

with the first-two expansion coefficients [65]

γT;0 ¼ −2CF; γT;1 ¼ CF

�
19CF −

257

9
CA þ 52

9
ðnl þ 1ÞTF

�
: ð112Þ
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It is evident from the definitions of the A0-type SCET form factors (2) that ξ⊥ðn · pÞ is independent of the QCD
renormalization scale ν of the transverse decay constant fV;⊥ðνÞ. In order to demonstrate this argument from the obtained B-
meson LCSR displayed in (109), we need to distinguish the renormalization scale ν for the tensor interpolating current of
the vector meson jνρ from the factorization scale μ that is related to the RG evolution of the light-cone HQEToperators. To

this end, we decompose the one-loop jet function ĴðA0Þ⊥;− entering the factorization formula (104) into the following two
pieces

ĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν

�
¼ ĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p

�
þ δĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν

�
; ð113Þ

where the QCD scale ν dependence of the second term on the right-hand side is determined by the RG evolution equation
for the tensor current

d
d ln ν

δĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν
�

¼ γTðαsÞδĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν
�
: ð114Þ

Employing the consistency condition of the newly defined function for ν ¼ μ

δĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν ¼ μ

�
¼ 0; ð115Þ

it is straightforward to write down the solution to (114)

δĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν

�
¼ αsðμÞ

4π
γT;0 ln

�
ν

μ

�
þOðα2sÞ: ð116Þ

The resulting hard-collinear function ĴðA0Þ⊥;− is therefore given by

ĴðA0Þ⊥;−

�
μ2

n · pω
;

ω

n̄ · p
; ν

�
¼ ln2

�
μ2

n · pðω − n̄ · pÞ
�
− 2 ln

�
μ2

n · pðω − n̄ · pÞ
�
lnð1þ ηÞ

− ln

�
ν2

n · pðω − n̄ · pÞ
�
− ln2ð1þ ηÞ þ

�
2

η
− 2

�
lnð1þ ηÞ − π2

6
− 1: ð117Þ

As a consequence, the “effective” distribution amplitude entering the SCET sum rules for ξ⊥ðn · pÞ with the two scales μ
and ν distinct from each other is given by

ϕ̃−
B;effðω0; μ; νÞ ¼ ϕ−

Bðω0; μÞ þ αsCF

4π

	Z
ω0

0

dω

�
2

ω − ω0

�
ln

μ2

n · pω0 − 2 ln
ω0 − ω

ω0 −
1

2

��
⊕
ϕ−
Bðω; μÞ

−
Z

∞

ω0
dω

�
ln2

μ2

n · pω0 − ln
ν2

n · pω0 −
�
2 ln

μ2

n · pω0 þ 4

�
ln
ω − ω0

ω0 þ 2 ln
ω

ω0 þ
π2

6
− 1

�
dϕ−

Bðω; μÞ
dω



:

ð118Þ

D. The B-meson LCSR for Ξ⊥(τ;n · p)

Now we turn to construct the sum rules for the B1-type SCET form factor Ξ⊥ðτ; n · pÞ with the following vacuum-to-
B-meson correlation function

Π̃μνρ;⊥ðp; q; τÞ ¼
n · p
2π

Z
d4x eip·x

Z
dr e−in·pτrh0jTfjνρðxÞ; ðξ̄WcÞð0Þγ5γμ⊥ðW†

ci=Dc⊥WcÞðrnÞhvð0ÞgjB̄vi: ð119Þ

Employing the SCETI representation (70) of the interpolating current for the transversely polarized vector meson, it is
straightforward to identify the leading power contribution of the correlation function (119)
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Π̃μνρ;⊥ðp; q; τÞ ¼
n · p
2π

Z
d4x eip·x

Z
d4y

Z
dr e−in·pτrh0jTfjð0Þξξ;νρðxÞ; iLð1Þ

ξqs
ðyÞ;

ðξ̄WcÞð0Þγ5γμ⊥ðW†
ci=Dc⊥WcÞðrnÞhvð0ÞgjB̄vi: ð120Þ

Performing the perturbative matching of the SCETI matrix element onto HQET yields the soft-collinear factorization
formula

Π̃μνρ;⊥ðp; q; τÞ ¼
f̃BðμÞmB

2

X
m¼�

Z þ∞

0

dω J̃⊥;m

�
μ2

n · pω
;

ω

n̄ · p
; τ

�
ϕm
B ðω; μÞgμρ⊥n̄ν: ð121Þ

The short-distance functions J̃⊥;m can be extracted from the hard-collinear contribution to the partonic matrix element

F̃μνρ;⊥ðp; q; τÞ ¼
n · p
2π

Z
d4x eip·x

Z
d4y

Z
dr e−in·pτrh0jTfjð0Þξξ;νρðxÞ; iLð1Þ

ξqs
ðyÞ;

ðξ̄WcÞð0Þγ5γμ⊥ðW†
ci=Dc⊥WcÞðrnÞhvð0Þgjq̄sðkÞhvi: ð122Þ

Employing the SCET Feynman rules we can readily derive the tree-level amplitude

F̃μνρ;⊥ðp; q; τÞ ¼ g2sCFq̄sðkÞ½ðD − 4Þγρ⊥γμ⊥ þ 2γμ⊥γρ⊥�
=̄n
2
γ5hvn̄ν

×
Z

dDl
ð2πÞD

n · ln · ðp − lÞδðτ − n · l=n · pÞ
½n · ln̄ · ðlþ kÞ þ l2⊥ þ i0�½n · ðp − lÞn̄ · ðp − l − kÞ þ l2⊥ þ i0�½l2 þ i0� ; ð123Þ

which can be further computed as follows

F̃μνρ;⊥ðp; q; τÞ ¼ ð−iÞ αsCF

2π

n · p
ω

lnð1þ ηÞ½ð1 − τÞθðτÞθð1 − τÞ�q̄sðkÞγμ⊥γρ⊥
=̄n
2
γ5hvn̄ν: ð124Þ

Applying the perturbative matching relation for the SCET matrix element

F̃μνρ;⊥ðp; q; τÞ ¼ ð−iÞ
X

k¼1;2;3

J̃ A;k
⊥;n̄

�
μ2

n · pω0 ;
ω0

n̄ · p
; τ

�
� hOðn̄;kÞ

μρ;⊥ðω;ω0Þin̄ν; ð125Þ

with the light-cone HQET operators in the momentum space defined by

Oðn̄;1Þ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
�
gρμ⊥

=̄n
2
γ5

�
ðY†

shvÞð0Þ;

Oðn̄;2Þ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
�
iϵρμ⊥

=̄n
2

�
ðY†

shvÞð0Þ;

Oðn̄;3Þ
μρ;⊥ðω0Þ ¼ 1

2π

Z
dt eitω

0 ðq̄sYsÞðtn̄Þ
�
=̄n
2

�½γρ⊥; γμ⊥�
2

γ5 þ iϵρμ⊥
��

ðY†
shvÞð0Þ; ð126Þ

and implementing the infrared subtraction scheme with the evanescent operator approach described in the previous
subsections, the determined jet functions are given by

J̃⊥;þ ¼ J̃ A;1
⊥;n̄ ¼

αsCF

2π

n · p
ω

lnð1þ ηÞ½ð1 − τÞθðτÞθð1 − τÞ�; J̃⊥;− ¼ J̃ A;1
⊥;n ¼ 0: ð127Þ

Taking advantage of the spectral representation of the factorization formula (121) for the vacuum-to-B-meson correlation
function Π̃μνρ;⊥
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Π̃μνρ;⊥ðp; q; τÞ ¼
αsCF

4π
f̃BðμÞmB½ð1 − τÞθðτÞθð1 − τÞ�

×
Z

∞

0

dω0

ω0 − n̄ · p − i0

�Z
∞

ω0
dω

n · p
ω

ϕþ
B ðω; μÞ

�
gμρ⊥n̄ν; ð128Þ

with the aid of the corresponding hadronic dispersion relation

Π̃μνρ;⊥ðp; q; τÞ ¼
�
−

fV;⊥ðνÞmb

m2
V=n · p − n̄ · p − i0

�
n · p
2

�
Ξ⊥ðτ; n · pÞ

þ
Z þ∞

ωs

dω0

ω0 − n̄ · p − i0
ρ̃h⊥ðω0; n · p; τÞ

�
gμρ⊥n̄ν; ð129Þ

we obtain the desired sum rules for the nonlocal form factor Ξ⊥ðτ; n · pÞ under the parton-hadron duality approximation

Ξ⊥ðτ; n · pÞ ¼ −
αsCF

2π

U2ðμh2; μÞf̃Bðμh2Þ
fV;⊥ðνÞ

mB

mb
½ð1 − τÞθðτÞθð1 − τÞ�

×
Z

ωs

0

dω0 exp
�
−
n · pω0 −m2

V

n · pωM

� Z
∞

ω0
dω

ϕþ
B ðω; μÞ
ω

þOðα2sÞ: ð130Þ

Comparing the tree-level sum rules for the B1-type SCET
form factors Ξk;⊥ðτ; n · pÞ presented in (62) and (130) leads
to the following relation

Ξ⊥ðτ; n · pÞ
Ξkðτ; n · pÞ ¼ fV;⊥ðνÞ

fV;k

n · p
2mV

þOðα2sÞ; ð131Þ

which is in precise agreement with the SCET factorization
formulas obtained in [45]. It remains to be verified that
whether the LCSR calculations of Ξk;⊥ðτ; n · pÞ with the
B-meson distribution amplitudes can reproduce the already
accomplished SCET computations at Oðα2sÞ.

E. RG improvement of the hard matching coefficients

Plugging the obtained sum rules for the “effective”
form factors (51), (62), (109), and (130) into the SCETI
factorization formulas (8) gives rise to the explicit
expressions of the leading-power contributions to the seven
semileptonic B → V form factors in the heavy quark
expansion, which serve as one of the major technical
results of our paper. Taking the factorization scale μ of

order
ffiffiffiffiffiffiffiffiffiffi
mbΛ

p
, the hard matching functions CðA0Þ

i and CðB1Þ
i

involve the parametrically enhanced logarithms
lnnðmb=ΛÞ, which need to be summed up to all orders
in perturbation theory at NLL and LL accuracy. To achieve
this goal, we will apply the RG evolution equations for
these short-distance functions in momentum space [44,45]

d
d ln μ

CðA0Þ
i ðn · p; μÞ ¼

�
−ΓcuspðαsÞ ln

�
μ

n · p

�
þ γðαsÞ

�
CðA0Þ
i ðn · p; μÞ;

d
d ln μ

CðB1Þ
i ðn · p; τ; μÞ ¼ −ΓcuspðαsÞ ln

�
μ

n · p

�
CðB1Þ
i ðn · p; τ; μÞ þ

Z
1

0

dτ0γðB1Þi ðτ0; τÞCðB1Þ
i ðn · p; τ0; μÞ; ð132Þ

where the anomalous dimension γðαsÞ does not depend on the Dirac structures of the A0-type SCET currents, however, the

nonlocal evolution kernels γðB1Þi ðτ0; τÞ depend on the spin structures of the B1-type SCET currents. The general solutions to
these RG equations can be written as

CðA0Þ
i ðn · p; μÞ ¼ U1ðn · p; μh; μÞCðA0Þ

i ðn · p; μhÞ; ð133Þ

CðB1Þ
i ðn · p; τ; μÞ ¼ Exp½−Sðn · p; μh; μÞ�

Z
1

0

dτ0UðB1Þ
i ðτ; τ0; μh; μÞCðB1Þ

i ðn · p; τ0; μhÞ; ð134Þ
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where the NLL approximation of the evolution functionU1 and the LL expansion of the S function can be found in [58] and

[45], respectively. As the tree-level expressions of the B1-type hard functions CðB1Þ
i ðn · p; τ; μhÞ displayed in the

Appendix A are independent of the τ variable, the solution to the corresponding RG equation can be further reduced as

CðB1Þ
i;LL ðn · p; τ; μÞ ¼ Exp½−Sðn · p; μh; μÞ�UðB1Þ

i ðτ; μh; μÞCðB1Þ
i;LOðn · p; μhÞ; ð135Þ

with the newly defined evolution function

UðB1Þ
i ðτ; μh; μÞ ¼

Z
1

0

dτ0UðB1Þ
i ðτ; τ0; μh; μÞ: ð136Þ

An approximate solution to UðB1Þ
i ðτ; μh; μÞ (better than 1%) at the LL accuracy reads

UðB1Þ
i;appðτ; μh; μÞ ¼

�
αsðμÞ
αsðμhÞ

�
−γðB1Þi ðτÞ=ð2β0Þ

; ð137Þ

with the explicit expressions of γðB1Þi ðτÞ given by [45]

γðB1Þk ðτÞ ¼ −CF þ 4

�
CF −

CA

2

�
ln τ̄
τ

;

γðB1Þ⊥ ðτÞ ¼ −CF

�
4τ ln τ

τ̄
þ 1

�
þ 4

�
CF −

CA

2

��
1þ τ

τ
ln τ̄ þ τ ln τ

τ̄

�
: ð138Þ

The large logarithmic resummation improved SCET fac-
torization formulas can then be deduced by substituting the
solutions (133) and (135) into (8) with

i ¼ k for CðB1Þ
f0

; CðB1Þ
fþ ; CðB1Þ

fT
;

i ¼ ⊥ for CðB1Þ
V ; CðB1Þ

T1
: ð139Þ

IV. THE HIGHER-TWIST CORRECTIONS
TO B → V FORM FACTORS

We are now in a position to compute the higher-twist
corrections to the semileptonic B → V form factors from
both the two-particle and three-particle B-meson distribu-
tion amplitudes at tree level by employing the LCSR
approach. To this end, we will need to establish the
QCD factorization formulas for the following vacuum-
to-B-meson correlation functions

Π̂ðaÞ
μ;kðp; qÞ ¼

Z
d4x eip·xh0jTfjVk ðxÞ; q̄ð0ÞΓðaÞ

μ bð0Þg

× jB̄ðpþ qÞi;

Π̂ðaÞ
δμ;⊥ðp; qÞ ¼

Z
d4x eip·xh0jTfjVδ;⊥ðxÞ; q̄ð0ÞΓðaÞ

μ bð0Þg

× jB̄ðpþ qÞi; ð140Þ

where the interpolating QCD currents for the longitudinally
and transversely polarized vector mesons are given by

jVk ðxÞ ¼ q̄0ðxÞ=n
2
qðxÞ; jVδ;⊥ðxÞ ¼ q̄0ðxÞ=n

2
γδ⊥qðxÞ;

ð141Þ

and the Dirac structures of the heavy-to-light transition
currents under discussion are

ΓðaÞ
μ ∈ fγμð1 − γ5Þ; iσμνð1þ γ5Þqνg: ð142Þ

Employing the light-cone expansion of the quark propa-
gator in the background gluon filed up to the gluon field
strength terms without the covariant derivatives [66] (see
also [67] for an update for the massive quark case)

h0jTfq̄ðxÞ; qð0Þgj0i ⊃ igs

Z
∞

0

d4l
ð2πÞ4 e

−il·x

×
Z

1

0

du

�
uxμγν
l2 −m2

−
ð=lþmÞσμν
2ðl2 −m2Þ2

�

×GμνðuxÞ; ð143Þ

with Gμν ¼ Ga
μνTa ¼ ½Dμ; Aν�, and applying the general

parametrization of the vacuum-to-B-meson matrix element
of the three-body light-ray HQET operator [46] (see [47]
for the original but incomplete parametrization in terms of
four independent distribution amplitudes)
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h0jq̄αðz1n̄ÞgsGμνðz2n̄Þhvβð0ÞjB̄vi ¼
f̃BðμÞmB

4
½ð1þ =vÞfðvμγν − vνγμÞ½ΨAðz1; z2; μÞ −ΨVðz1; z2; μÞ� − iσμνΨVðz1; z2; μÞ

− ðn̄μvν − n̄νvμÞXAðz1; z2; μÞ þ ðn̄μγν − n̄νγμÞ½Wðz1; z2; μÞ þ YAðz1; z2; μÞ�
þ iϵμναβn̄αvβγ5X̃Aðz1; z2; μÞ − iϵμναβn̄αγβγ5ỸAðz1; z2; μÞ
− ðn̄μvν − n̄νvμÞ=̄nWðz1; z2; μÞ þ ðn̄μγν − n̄νγμÞ=̄nZðz1; z2; μÞgγ5�βα; ð144Þ

we can readily derive the three-particle higher twist corrections to the aforementioned correlation functions at LO in αs

Π̂ðV−AÞ;3P
μ;k ðp; qÞ ¼ −

f̃BðμÞmB

2n · p

Z
∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

½n̄ · p − ω1 − uω2 þ i0�2

×

	
n̄μ

�
ρðV−AÞ;3Pn̄;k;LP ðu;ω1;ω2Þ þ

m
n · p

ρðV−AÞ;3Pn̄;k;NLP ðu;ω1;ω2Þ
�

þ nμ

�
ρðV−AÞ;3Pn;k;LP ðu;ω1;ω2Þ þ

m
n · p

ρðV−AÞ;3Pn;k;NLP ðu;ω1;ω2Þ
�


;

Π̂ðV−AÞ;3P
δμ;⊥ ðp; qÞ ¼ −

f̃BðμÞmB

2n · p

Z
∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

½n̄ · p − ω1 − uω2 þ i0�2

×

	
½gδμ⊥ þ iϵδμ⊥�ρðV−AÞ;3P⊥;LP ðu;ω1;ω2Þ þ

m
n · p

½gδμ⊥ − iϵδμ⊥�ρðV−AÞ;3P⊥;NLP ðu;ω1;ω2Þ


;

Π̂ðTþT̃Þ;3P
μ;k ðp; qÞ ¼ f̃BðμÞmB

4n · p

Z
∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

½n̄ · p − ω1 − uω2 þ i0�2

× ðn̄μn · q − nμn̄ · qÞ
�
ρðTþT̃Þ;3P
k;LP ðu;ω1;ω2Þ þ

m
n · p

ρðTþT̃Þ;3P
k;NLP ðu;ω1;ω2Þ

�
;

Π̂ðTþT̃Þ;3P
δμ;⊥ ðp; qÞ ¼ f̃BðμÞmB

2n · p
n̄ · q

Z
∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

½n̄ · p − ω1 − uω2 þ i0�2

×

	
½gδμ⊥ þ iϵδμ⊥�ρðTþT̃Þ;3P

⊥;LP ðu;ω1;ω2Þ þ
mn · q
2p · q

½gδμ⊥ − iϵδμ⊥�ρðTþT̃Þ;3P
⊥;NLP ðu;ω1;ω2Þ



: ð145Þ

The explicit expressions of the invariant functions entering the tree-level factorization formulas (145) can be written as
follows

ρðV−AÞ;3Pn̄;k;LP ¼ ð2u − 1ÞðXA −ΨA − 2YAÞ þ X̃A þΨV − 2ỸA;

ρðV−AÞ;3Pn̄;k;NLP ¼ 2ðΨA − ΨVÞ þ 4ðW þ YA þ ỸA − 2ZÞ;
ρðV−AÞ;3Pn;k;LP ¼ 2ð1 − uÞðΨA þΨVÞ;
ρðV−AÞ;3Pn;k;NLP ¼ ðΨA −ΨVÞ − ðXA þ X̃A − 2YA − 2ỸAÞ;
ρðV−AÞ;3P⊥;LP ¼ ð2u − 1ÞðXA −ΨA − 2YAÞ − X̃A − ΨV þ 2ỸA;

ρðV−AÞ;3P⊥;NLP ¼ −ðΨA þ ΨVÞ þ XA − X̃A − 2ðYA − ỸAÞ;
ρðTþT̃Þ;3P
k;LP ¼ ð2u − 1ÞðXA þ ΨV − 2YAÞ þ X̃A −ΨA − 2ỸA;

ρðTþT̃Þ;3P
k;NLP ¼ ðΨA −ΨVÞ þ XA þ X̃A þ 2ðYA þ ỸAÞ þ 4ðW − 2ZÞ;

ρðTþT̃Þ;3P
⊥;LP ¼ ð2u − 1ÞðXA −ΨA − 2YAÞ − X̃A − ΨV þ 2ỸA;

ρðTþT̃Þ;3P
⊥;NLP ¼ −ðΨA þ ΨVÞ þ XA − X̃A − 2ðYA − ỸAÞ: ð146Þ
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Apparently, our results for the six invariant functions

appearing in the factorization formulas of Π̂ðaÞ
μ;k are identical

to the corresponding coefficient functions in the QCD
representations of the vacuum-to-B correlation functions
defined by the pseudoscalar-meson interpolating current
and the b → q weak transition currents. In addition, two
interesting relations for the four invariant functions entering

the tree-level factorization formulas of Π̂ðaÞ
δμ;⊥

ρðV−AÞ;3P⊥;LP ¼ ρðTþT̃Þ;3P
⊥;LP ; ρðV−AÞ;3P⊥;NLP ¼ ρðTþT̃Þ;3P

⊥;NLP ; ð147Þ

can be established due to the equation of motion for the
effective heavy quark.
We proceed to compute the higher-twist two-particle

corrections to the correlation functions Π̂ðaÞ
μ;k and Π̂ðaÞ

δμ;⊥,
from the nonvanishing partonic transverse momenta, to
fulfill the nontrivial constraints due to the classical QCD
equations of motion. Keeping the light-cone correction
to the HQET matrix element of the two-body light-ray
operator up to the Oðx2Þ accuracy, it is straightforward to
generalize the previous definition (25) beyond the light-
cone approximation

h0jðq̄sYsÞβðxÞðY†
shvÞαð0ÞjB̄vi ¼ −

if̃BðμÞmB

4

Z
∞

0

dω e−iωv·x
�
1þ =v
2

	
2½ϕþ

B ðω; μÞ þ x2gþB ðω; μÞ�

−
=x

v · x
½ðϕþ

B ðω; μÞ − ϕ−
Bðω; μÞÞ þ x2ðgþB ðω; μÞ − g−Bðω; μÞÞ�



γ5

�
αβ

: ð148Þ

Applying the precise operator identities for the light-cone HQET operators [47]

∂
∂xμ ðq̄sYsÞðxÞγμΓðY†

shvÞð0Þ ¼ −i
Z

1

0

du uðq̄sYsÞðxÞxαgsðY†
sGαμYsÞðuxÞγμΓðY†

shvÞð0Þ; ð149Þ

vμ
∂
∂xμ ðq̄sYsÞðxÞΓðY†

shvÞð0Þ ¼ i
Z

1

0

dudu ūðq̄sYsÞðxÞxαgsðY†
sGαμYsÞðuxÞvμΓðY†

shvÞð0Þ

þ ðv · ∂Þðq̄sYsÞðxÞΓðY†
shvÞð0Þ; ð150Þ

one can express gþB ðω; μÞ and g−Bðω; μÞ in terms of the higher-twist three-particle B-meson distribution amplitudes [24,46]

−2
d2

dω2
gþB ðω; μÞ ¼

�
3

2
þ ðω − Λ̄Þ d

dω

�
ϕþ
B ðω; μÞ −

1

2
ϕ−
Bðω; μÞ þ

Z
∞

0

dω2

ω2

d
dω

Ψ4ðω;ω2; μÞ

−
Z

∞

0

dω2

ω2
2

Ψ4ðω;ω2; μÞ þ
Z

ω

0

dω2

ω2
2

Ψ4ðω − ω2;ω2; μÞ; ð151Þ

−2
d2

dω2
g−Bðω; μÞ ¼

�
3

2
þ ðω − Λ̄Þ d

dω

�
ϕ−
Bðω; μÞ −

1

2
ϕþ
B ðω; μÞ þ

Z
∞

0

dω2

ω2

d
dω

Ψ5ðω;ω2; μÞ

−
Z

∞

0

dω2

ω2
2

Ψ5ðω;ω2; μÞ þ
Z

ω

0

dω2

ω2
2

Ψ5ðω − ω2;ω2; μÞ: ð152Þ

The resulting factorization formulas for the two-particle higher twist contributions to Π̂ðaÞ
μ;k and Π̂ðaÞ

δμ;⊥ at tree level can be
written as

Π̂ðV−AÞ;2PHT
μ;k ðp; qÞ ¼ 2f̃BðμÞmB

n · p
n̄μ

	Z
∞

0

dω
ðn̄ · p − ωÞ2 ρ

ðV−AÞ;2PHT
k;1 ðω; μÞ

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
ρðV−AÞ;2PHTk;2 ðω1;ω2; u; μÞ
ðn̄ · p − ω1 − uω2Þ2



;

Π̂ðV−AÞ;2PHT
δμ;⊥ ðp; qÞ ¼ 2f̃BðμÞmB

n · p
½gδμ⊥ þ iϵδμ⊥�

	Z
∞

0

dω
ðn̄ · p − ωÞ2 ρ

ðV−AÞ;2PHT
⊥;1 ðω; μÞ

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
ρðV−AÞ;2PHT⊥;2 ðω1;ω2; u; μÞ
ðn̄ · p − ω1 − uω2Þ2



;
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Π̂ðTþT̃Þ;2PHT
μ;k ðp; qÞ ¼ f̃BðμÞmB

n · p
½n̄ · qnμ − n · qn̄μ�

	Z
∞

0

dω
ðn̄ · p − ωÞ2 ρ

ðTþT̃Þ;2PHT
k;1 ðω; μÞ

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
ρðTþT̃Þ;2PHT
k;2 ðω1;ω2; u; μÞ
ðn̄ · p − ω1 − uω2Þ2



;

Π̂ðTþT̃Þ;2PHT
δμ;⊥ ðp; qÞ ¼ −

2f̃BðμÞmB

n · p
n̄ · q½gδμ⊥ þ iϵδμ⊥�

	Z
∞

0

dω
ðn̄ · p − ωÞ2 ρ

ðTþT̃Þ;2PHT
⊥;1 ðω; μÞ

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
ρðTþT̃Þ;2PHT
⊥;2 ðω1;ω2; u; μÞ
ðn̄ · p − ω1 − uω2Þ2



: ð153Þ

The explicit expressions of the newly introduced invariant functions are given by

ρðV−AÞ;2PHTk;1 ¼ ρðV−AÞ;2PHT⊥;1 ¼ ρðTþT̃Þ;2PHT
k;1 ¼ ρðTþT̃Þ;2PHT

⊥;1 ¼ ĝ−Bðω; μÞ;

ρðV−AÞ;2PHTk;2 ¼ ρðV−AÞ;2PHT⊥;2 ¼ ρðTþT̃Þ;2PHT
k;2 ¼ ρðTþT̃Þ;2PHT

⊥;2 ¼ −
1

2
ūΨ5ðω1;ω2; μÞ; ð154Þ

with the “genuine” two-particle twist-five distribution amplitude

ĝ−Bðω; μÞ ¼
1

4

Z
∞

ω
dρfðρ − ωÞ½ϕþ

B ðρÞ − ϕ−
BðρÞ� − 2ðΛ̄ − ρÞϕ−

BðρÞg: ð155Þ

Adding up the two-particle and three-particle higher twist corrections to the vacuum-to-B-meson correlation functions

Π̂ðaÞ
μ;k and Π̂ðaÞ

δμ;⊥ yields

Π̂ðV−AÞ;HT
μ;k ðp; qÞ ¼ −

f̃BðμÞmB

2n · p

	Z
∞

0

dω
ðn̄ · p − ωÞ2 n̄μ½−4ρ

ðV−AÞ;2PHT
k;1 ðω; μÞ� þ

Z
∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

ðn̄ · p − ω1 − uω2Þ2

×
�
n̄μ

�
ρðV−AÞn̄;k;LPðω1;ω2; u; μÞ þ

m
n · p

ρðV−AÞn̄;k;NLPðω1;ω2; u; μÞ
�

þ nμ

�
ρðV−AÞn;k;LPðω1;ω2; u; μÞ þ

m
n · p

ρðV−AÞn;k;NLPðω1;ω2; u; μÞ
��


;

Π̂ðV−AÞ;HT
δμ;⊥ ðp; qÞ ¼ −

f̃BðμÞmB

2n · p

	
ðgδμ⊥ þ iϵδμ⊥Þ

Z
∞

0

dω
ðn̄ · p − ωÞ2 ½−4ρ

ðV−AÞ;2PHT
⊥;1 ðω; μÞ�

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

ðn̄ · p − ω1 − uω2Þ2

×

�
ðgδμ⊥ þ iϵδμ⊥ÞρðV−AÞ⊥;LP ðω1;ω2; u; μÞ þ

m
n · p

ðgδμ⊥ − iϵδμ⊥ÞρðV−AÞ⊥;NLPðω1;ω2; u; μÞ
�


;

Π̂ðTþT̃Þ;HT
μ;k ðp; qÞ ¼ f̃BðμÞmB

4n · p
½n · qn̄μ − n̄ · qnμ�

	Z
∞

0

dω
ðn̄ · p − ωÞ2 ½−4ρ

ðTþT̃Þ;2PHT
k;1 ðω; μÞ�

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

ðn̄ · p − ω1 − uω2Þ2
�
ρðTþT̃Þ
k;LP ðω1;ω2; u; μÞ þ

m
n · p

ρðTþT̃Þ
k;NLP ðω1;ω2; u; μÞ

�

;

Π̂ðTþT̃Þ;HT
δμ;⊥ ðp; qÞ ¼ f̃BðμÞmB

2n · p
n̄ · q

	
ðgδμ⊥ þ iϵδμ⊥Þ

Z
∞

0

dω
ðn̄ · p − ωÞ2 ½−4ρ

ðTþT̃Þ;2PHT
⊥;1 ðω; μÞ�

þ
Z

∞

0

dω1

Z
∞

0

dω2

Z
1

0

du
1

ðn̄ · p − ω1 − uω2Þ2

×

�
ðgδμ⊥ þ iϵδμ⊥ÞρðTþT̃Þ

⊥;LP ðω1;ω2; u; μÞ þ
mn · q
2p · q

ðgδμ⊥ − iϵδμ⊥ÞρðTþT̃Þ
⊥;NLPðω1;ω2; u; μÞ

�

; ð156Þ
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where we have introduced the following conventions

ρðV−AÞn̄;k;LP ¼ Ψ5 − Ψ̃5; ρðV−AÞn̄;k;NLP ¼ 2Φ6;

ρðV−AÞn;k;LP ¼ 2ð1 − uÞΦ4; ρðV−AÞn;k;NLP ¼ Ψ̃5 −Ψ5;

ρðV−AÞ⊥;LP ¼ Ψ5 þ Ψ̃5; ρðV−AÞ⊥;NLP ¼ Ψ5 þ Ψ̃5;

ρðTþT̃Þ
k;LP ¼ 2ðu − 1ÞΦ4 þΨ5 − Ψ̃5; ρðTþT̃Þ

k;NLP ¼ 2Φ6 þΨ5 − Ψ̃5;

ρðTþT̃Þ
⊥;LP ¼ Ψ5 þ Ψ̃5; ρðTþT̃Þ

⊥;NLP ¼ Ψ5 þ Ψ̃5: ð157Þ

Following the standard strategy, we need to write down the hadronic dispersion relations for the above-mentioned
correlation functions

Π̂ðV−AÞ
μ;k ðp; qÞ ¼ 1

2

fV;kmV

m2
V=n · p − n̄ · p − i0

�
n · p
2mV

�
2
	

mB

mB − n · p
nμ

��
−
2mV

n · p
A0ðq2Þ

�
þ
�
mB þmV

n · p
A1ðq2Þ

−
mB −mV

mB
A2ðq2Þ

��
− n̄μ

��
2mV

n · p
A0ðq2Þ

�
þ
�
mB þmV

n · p
A1ðq2Þ −

mB −mV

mB
A2ðq2Þ

��


þ
Z

dω0 1

ω0 − n̄ · p − i0
½nμϱðV−AÞn;k ðω0; n · pÞ þ n̄μϱ

ðV−AÞ
n̄;k ðω0; n · pÞ�;

Π̂ðV−AÞ
δμ;⊥ ðp; qÞ ¼ −

1

2

fV;⊥ðνÞðn · pÞ2
m2

V=n · p − n̄ · p − i0

�
gδμ⊥

�
mB þmV

n · p
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Matching the dispersion representations of the tree-level factorization formulas (156) with the hadronic representations of
the vacuum-to-B-meson correlation functions (158) and applying the parton-hadron duality approximation leads to the
desired sum rules for the higher-twist contributions to the semileptonic B → V form factors
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:

ð165Þ

Several comments on the subleading power contribu-
tions from the higher-twist B-meson distribution ampli-
tudes are in order.

(i) The two-particle higher twist corrections preserve the
large recoil symmetry relations for the soft contribu-
tions to the semileptonic B → V form factors. In
addition, the twist-four B-meson distribution ampli-
tudegþB ðω; μÞwill not appear in the tree-level sumrules

due to the fact that Π̂ðaÞ
μ;k and Π̂

ðaÞ
δμ;⊥ are defined with the

leading-power interpolating currents for the longitu-
dinally and transversely polarized vector mesons.

(ii) The three-particle higher-twist B-meson distribution
amplitudes can generate the large-recoil symmetry
breaking effects for the soft form factors already at
tree level. In particular, the two form-factor relations
presented in (9), which are valid up to all orders in
OðαsÞ at leading power in Λ=mb, will be violated by
the subleading power corrections due to the light-
quark mass contributions.

V. NUMERICAL ANALYSIS

The major objective of this section is the numerical
exploration of the resummation improved LCSR for the

semileptonic B → V form factors including the subleading
power corrections from the higher-twist B-meson distri-
bution amplitudes up to the twist-six accuracy. Applying
the z-series parametrization, we will further extrapolate
the obtained LCSR predictions for these QCD form
factors at large hadronic recoil to the whole kinematical
region. Phenomenological applications of our results to
the semileptonic B → ðρ;ωÞlν̄l decays and the rare
exclusive B → K�νlν̄l decays will be also discussed with
an emphasis on the determination of the CKM matrix
element jVubj, the normalized differential branching
fractions, and the q2-binned K� longitudinal polarization
fractions.

A. Theory inputs

The fundamental ingredients entering the derived sum
rules for B → V form factors include the two-particle and
three-particle B-meson distribution amplitudes up to the
twist-six accuracy, the decay constants of the B-meson and
the light vector mesons as well as the intrinsic sum rule
parameters. We will employ two phenomenological models
for the involved B-meson distribution amplitudes consistent
with the classical QCD equations of motion as constructed in
[24,46], whose explicit expressions will be collected in
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Appendix B for completeness. Two independent HQET
parameters, λBðμÞ and RðμÞ ¼ λ2EðμÞ=λ2HðμÞ, are introduced
to parametrize the shapes of these nonperturbative dis-
tribution amplitudes (see [68] for more discussions on
the alternative parametrizations of the twist-two LCDA).
Applying the Lange-Neubert evolution equation for
ϕþ
B ðω; μÞ [50], the RG evolution of the inverse moment

λBðμÞ at the one-loop accuracy can be written as [58,69]

λBðμ0Þ
λBðμÞ

¼ 1þ αsðμ0ÞCF

4π
ln

μ

μ0

�
2 − 2 ln

μ

μ0
− 4σð1ÞB ðμ0Þ

�

þOðα2sÞ; ð166Þ

with the inverse-logarithmic moment σð1ÞB given by

σð1ÞB ðμÞ ¼ λBðμÞ
Z

∞

0

dω
ω

ln

�
μ

ω

�
ϕþ
B ðω; μÞ: ð167Þ

The NLO determination of σð1ÞB ðμ0Þ ¼ 1.4� 0.4 from the
method of QCD sum rules [70] will be taken in the
subsequent numerical analysis. The one-loop evolution
equations for λ2EðμÞ and λ2HðμÞ are defined by the matrix
elements of the dimension-five HQET operators [71,72]

d
d ln μ

�
λ2EðμÞ
λ2HðμÞ

�
þ αsðμÞ

4π
γEH

�
λ2EðμÞ
λ2HðμÞ

�
¼ 0; ð168Þ

where the anomalous dimension matrix γEH reads

γEH ¼
� 8

3
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2
Nc

4
3
CF − 3

2
Nc

4
3
CF − 3

2
Nc

8
3
CF þ 5

2
Nc

�
: ð169Þ

Diagonalizing this renormalization mixing matrix, one can
readily obtain the solution to the RG equation (168) in the
LL approximation [71]

�
λ2EðμÞ
λ2HðμÞ

�
¼ V̂

��
αsðμÞ
αsðμ0Þ

�
γð0Þi =ð2β0Þ�
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�
λ2Eðμ0Þ
λ2Hðμ0Þ

�
;

ð170Þ

where V̂ is the matrix that diagonalize γEH, so that

V̂−1γEHV̂ ¼ ½γð0Þi �diag; ð171Þ

with the eigenvalues of the one-loop anomalous dimension
matrix

γð0Þ� ¼
�
8
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CF þ 2Nc

�
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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C
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ffiffiffiffiffiffiffiffiffiffi
1565

2

r �
: ð172Þ

It is evident that the RG evolution of the ratio RðμÞ ¼
λ2EðμÞ=λ2HðμÞ at LL accuracy can be readily deduced from
(170). We further employ the QCD sum rule estimate for
Rðμ0Þ ¼ 0.5� 0.1 at the reference scale μ0 ¼ 1 GeV by
combining the results from [55] at the LO approximation and
from [72] including the higher-order perturbative and non-
perturbative corrections.
Following the standard strategy [58], the HQETB-meson

decay constant f̃BðμÞ will be expressed in terms of the
QCD decay constant fB by virtue of the matching rela-
tion (49). The lattice QCD determination fB ¼ ð192.0�
4.3Þ MeV with Nf ¼ 2þ 1 from the Flavour Lattice
Averaging Group (FLAG) [73] will be adopted in the
following. The longitudinal decay constants of the light
vector mesons can be extracted from the leptonic decays
V0 → eþe− and from the tau lepton decays τþ → Vþντ.
Including the flavor mixing of ρ0 − ω − ϕ due to the QCD
and QED interactions gives rise to [11]

fρ;k ¼ ð213� 5ÞMeV; fρ;⊥ð1 GeVÞ ¼ ð160� 7ÞMeV;

fω;k ¼ ð197� 8ÞMeV; fω;⊥ð1 GeVÞ ¼ ð148� 13ÞMeV;

fK�;k ¼ ð204� 7ÞMeV; fK�;⊥ð1 GeVÞ ¼ ð159� 6ÞMeV;

ð173Þ
where the renormalization-scale dependent transverse decay
constants of the vector mesons at μ0 ¼ 1 GeV are also
displayed by making use of the ratios fV;⊥ð2 GeVÞ=fV;k
computed from the lattice QCD simulation with 2þ 1
flavors of domain wall quarks and the Iwasaki gauge
action [74]. The RG evolution of fV;⊥ðνÞ at the NLL
accuracy can be determined by solving the equation (111)
straightforwardly.
We proceed to discuss the determinations of the Borel

masses and the threshold parameters for the light vector-
meson channels entering both the leading-power and the
subleading-power LCSR of the semileptonic B → V form
factors. The interval of the Borel mass for the ρ-meson
channel M2

ρ ¼ ð1.5� 0.5Þ GeV2 extracted from the two-
point QCD sum rules [75] will be employed in the numerical
calculations. Taking into account the SU(3) symmetry
breaking effects for the improved LCSR of B → V form
factors, we will employ the relations proposed in [75] for the
determinations of the Borel masses for the ω and K�
channels

M2
ω −M2

ρ ¼ m2
ω −m2

ρ; M2
K� −M2

ρ ¼ m2
K� −m2

ρ:

ð174Þ
The continuum threshold for the longitudinally polarized

ρ-meson channel sk0;ρ ¼ ð1.5� 0.1Þ GeV2 [17,75] is deter-
mined by the requirement that the QCD sum rule prediction
of the vector-meson decay constant fρ;k at OðαsÞ can
reproduce the corresponding experimentally measured
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value. By contrast, a lower value of the threshold para-
meter for the transversely polarized ρ-meson channel
s⊥0;ρ ¼ ð1.2� 0.1Þ GeV2 will be adopted to incorporate
the contaminating contributions of the b1ð1235Þ channel
to the QCD sum rules for the transverse decay constant fρ;⊥
effectively (see [76] for more discussions). The con-
tinuum threshold parameters for the ω and K� channels
will be fixed by applying the approximate relations in
analogy to (174).
The bottom-quark mass in the MS scheme mbðmbÞ ¼

4.193þ0.022
−0.035 GeV determined from nonrelativistic QCD sum

rules at next-to-next-to-next-to-leading order (NNNLO)
[77] (see also [78] for alternative determinations with
relativistic QCD sum rules and [79] for the NNNLO
determination from the bottomonium spectrum) will be
employed in the numerical analysis. We further employ the
intervals for the light quark masses in the MS scheme at a
renormalization scale of 2 GeV from [80]

muð2 GeVÞ ¼ ð2.15� 0.15Þ MeV;

mdð2 GeVÞ ¼ ð4.70� 0.20Þ MeV;

msð2 GeVÞ ¼ ð93.8� 1.5� 1.9Þ MeV: ð175Þ

Following the discussions displayed in [24], the factori-
zation scale μ entering the obtained LCSR for B → V form
factors will be varied in the interval 1 GeV ≤ μ ≤ 2 GeV
around the default value μ ¼ 1.5 GeV and the renormal-
ization scale for the QCD tensor current will be taken as
ν ¼ mb. In addition, the initial scales for the RG evolutions

of the hard matching coefficients CðA0Þ
i ðn ·p;μÞ, CðB1Þ

i ðn ·p;
τ;μÞ and the HQET decay constant f̃BðμÞ will be chosen as
μh1 ¼ μh2 ∈ ½mb=2; 2mb� around mb.

B. Theory predictions for B → V form factors

We are now in a position to investigate the numerical
impacts of the perturbative QCD corrections and the higher
twist contributions to the semileptonic B → V form factors
applying the SCET based formulation of the LCSR
approach. To this end, we first need to determine the
inverse moment λBðμ0Þ of the leading-twist B-meson
distribution amplitude, which serves as the principle theory
input for the precision description for exclusive B-meson
decay amplitudes in QCD generally. The nonperturbative
calculations of λBðμ0Þ from the method of HQET sum rules
[70] and the complementary indirect extractions from
measuring the integrated branching fractions of the radi-
ative leptonic B-meson decays [58,61,68,81] provided us
meaningful but still loose constraints on this key quantity at
present. Due to the limited knowledge of λBðμ0Þ, we prefer
to perform an independent determination by matching our
prediction for the vector form factor VB→ρðq2Þ at the
maximal hadronic recoil with the corresponding result
from the improved NLO LCSR with the ρ-meson

distribution amplitudes [11]. Proceeding with this match-
ing procedure immediately gives rise to the following
constraints

λBðμ0Þ ¼
	
343þ64−79 MeV; ðExponentialModelÞ
370þ69−86 MeV; ðLocalDualityModelÞ ð176Þ

which can be further traded into the intervals of the HQET
parameter Λ̄

Λ̄ ¼
	
515þ96−118 MeV; ðExponentialModelÞ
463þ86−108 MeV; ðLocal DualityModelÞ ð177Þ

Here the yielding errors of λBðμ0Þ and Λ̄ are obtained by
adding all the separate uncertainties of varying the theory
input parameters discussed in Sec. VA as well as the light-
meson LCSR prediction VB→ρð0Þ ¼ 0.327� 0.031 [11] in
quadrature. Evidently the determined values of the inverse
moment λBðμ0Þ depend on the specific models for the
HQET B-meson distribution amplitudes employed in
the LCSR calculations, because the sum rules for the
semileptonic B-meson decay form factors cannot be con-
trolled by a single shape parameter λBðμ0Þ completely and
the precise shapes of the two-particle and three-particle
B-meson LCDA are in demand for the SCET LCSR analysis
(see [22,29] for further discussions). Consequently, it is
justified to implement the exponential model and the local
duality model for B-meson distribution amplitudes with the
different intervals of λBðμ0Þ as displayed in (176) for
phenomenological applications of the B-meson LCSR
approach. For the practical purpose, it will be conservative
to take the interval λBðμ0Þ ∈ ½264; 439� MeV, covering the
two parameter spaces indicated in (176) (see also [68]), for
phenomenological studies of the B-meson decay matrix
elements dependent on the inverse moment λBðμÞ solely (for
instance, the leading-power contributions to the radiative
leptonic B → γlν decay form factors in the QCD factori-
zation approach). It is also interesting to notice that the
extracted values of λBðμ0Þ are in nice agreement with the
previous determination by matching the distinct LCSR for
the vector B → π form factor fþB→πðq2Þ with the analogous
prescription [22] and are also consistent with the implica-
tions of experimental data for the two-body charmless
hadronic B-meson decays from the QCD factorization
approach [82] (see also [83] for the discussion in the context
of B → f0ð980Þlν̄l). In the following we will take the
exponential model of theB-meson distribution amplitudes as
our default choice to explore the phenomenological aspects
of the newly derived SCET sum rules, and the systematic
uncertainty due to the model dependence of the B-meson
LCDA will be taken into account in the final theory
predictions for the semileptonic B → V decay form factors.
To develop a transparent understanding of the higher-

order perturbative corrections and the higher-twist
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contributions from the two-particle and three-particle
B-meson distribution amplitudes computed in this work,
we display in Fig. 7 the numerical effects of distinct pieces
contributing to the final sum rules for the two B → ρ form

factors VB→ρðq2Þ and A0;B→ρðq2Þ at large hadronic recoil. It
is evident that the NLL QCD radiative corrections to the
leading-twist contributions can give rise to approximately
(25–30)% reduction of the corresponding resummation

FIG. 7. Breakdown of the various terms contributing to the two
B → ρ form factors VB→ρðq2Þ and A0;B→ρðq2Þ from the SCET
sum rules with the exponential model of the B-meson distribution
amplitudes at q2 ≤ 8 GeV2. The individual contributions corre-
spond to the two-particle leading-twist effects at LL (black
curves) and at NLL (blue curves), the two-particle higher-twist
corrections (green curves) and the three-particle higher-twist
effects (yellow curves).

FIG. 8. The Borel mass dependence on the different terms
contributing to the vector B → ρ form factor at q2 ¼ 0 (top panel)
and at q2 ¼ 8 GeV2 (bottom panel) predicted by the improved
LCSR obtained in this work. The individual contributions
correspond to the two-particle leading-twist effects at LL (black
curves) and at NLL (blue curves), the two-particle higher-twist
corrections (green curves) and the three-particle higher-twist
effects (yellow curves).
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improved tree-level predictions. In particular, the two-
particle twist-five contributions to both the two B → ρ form
factors at LO in QCD generate sizeable corrections, numeri-
cally (20–30)%, to the leading-power predictions at NLL, in
analogy to the earlier observation for B → π; K form factors
[24] (see also [84] for independent calculations of the higher-
twist effects). By contrast, the genuine three-particle higher-
twist corrections yield approximately Oð10%Þ and Oð2%Þ
enhancement of the leading-twist calculations for the trans-
verse and longitudinal B → ρ form factors, respectively. We
have verified that the preceding observed patterns for the
higher-order and higher-twist corrections are also satisfied
for the SCET sum rules predictions of the remaining B → V
(with V ¼ ρ;ω; K�) form factors. In addition, we have also
displayed the Borel mass dependence on the various terms
contributing to the vector B → ρ form factor at q2 ¼ 0 and
q2 ¼ 8 GeV2 in Fig. 8, for the sake of demonstrating the
stability of the newly derived sum rules with B-meson
distribution amplitudes.
Now we proceed to investigate an interesting issue of

QCD computations for the heavy-to-light B-meson decay
form factors at large recoil from the SCET factorization
approach and from the LCSR method with the light-meson
distribution amplitudes. Generally theory predictions for the
form-factor ratios from these two different approaches are in
reasonable agreement with each other, however, the obtained
results for the following B → V form-factor ratios4

R1 ¼
mB þmV

mB

T1

V
;

R2 ¼
mB=ð2EÞT2 − T3

ðmB þmVÞ=ð2EÞA1 − ðmB −mVÞ=mBA2

; ð178Þ

differ in both the magnitude and sign of the large-recoil
symmetry breaking effects [4,45,65]. It is our purpose to
address whether such discrepancies are due to the yet
higher-order corrections in both αs and Λ=mb or due to
the systematic uncertainties of the method of QCD sum
rules. To achieve this goal, we display our predictions
for the form-factor ratios from the improved SCET sum
rules with the B-meson distribution amplitudes in Fig. 9,
including the corresponding NLL results from the QCD
factorization approach for a comparison. It can be
observed that our predictions for all the B → ρ form-
factor ratios, particularly the sign of the symmetry
breaking, are in agreement with the SCET results
displayed in Fig. 6 of [45]. As speculated in [45],
the above-mentioned discrepancies between the two
different QCD calculations may potentially arise from
the systematic uncertainties of constructing the sum
rules for the heavy-to-light form factors with the
vector-meson distribution amplitudes, provided that
the missing higher-order corrections in the light-meson
LCSR method still cannot compensate such discrepan-
cies (see [4,45,65] and references therein for more
discussions). This can be also understood from the fact
that the traditional LCSR for the semileptonic B → V
form factors in the heavy-quark limit will introduce
new nonperturbative quantities, for instance ϕ0⊥ð1Þ and
Φ0

kð1Þ [8], which cannot be constructed from a finite

number of Gegenbauer moments of the corresponding
vector-meson distribution amplitudes and whose field-
theoretical definitions are absent in SCET [86]. On the
contrary, the new LCSR for the A0- and B1- type SCET
form factors with the B-meson distribution amplitudes
involve the two quantities ϕ−

Bð0; μÞ and λ−1B ðμÞ, which
are identical in the Wandzura-Wilczek approximation
(namely, neglecting the effect of the three-particle B-
meson LCDA ΨA − ΨV) [87] and are well-defined
parameters in the SCET framework.
In addition, we notice that the magnitudes of the

large-recoil symmetry violations predicted from the
SCET sum rules with B-meson distribution amplitudes
are generally smaller than those predicted by the QCD
factorization approach (see also [45] for a similar
observation). To identify the underlying mechanism
responsible for such discrepancy, we write down explic-
itly the separate terms generating the symmetry correc-
tion to R1

4The analogous form-factor ratios r⊥ and r0þt have been also
proposed in [11] to demonstrate the crucial role of the equations
of motion, as previously discussed in [85], for reducing the theory
uncertainties of the light-meson LCSR calculations. It is straight-
forward to establish the following conversion relations

r⊥ ¼ mb þmq

mB
R−1

1 ;

r0þt ¼
mb −mq

mB

�
1þ 2EmB

q2
ð1 −R3Þ

�
R−1

2 þO
�
m2

V

m2
B

�
;

where we have introduced an additional form-factor ratio R3

defined by [45,65]

R3 ¼
ðmV=EÞA0

ðmB þmVÞ=ð2EÞA1 − ðmB −mVÞ=mBA2

¼ 1þOðαs;Λ=mBÞ;

and obviouslyR3 ¼ 1 at q2 ¼ 0. It is evident that the deviations of
r⊥ and r0þt from one characterize the large-recoil symmetry
breaking effects of the semileptonic B → V form factors and they
have been computed explicitly from the LCSR approach with the
vector-meson distribution amplitudes in QCD [11]. By contrast,
we evaluate the form-factor ratios R1;2 in this work by taking
advantage of the SCET(hc, c, s) representations of the QCD heavy-
to-light weak transition currents and computing the effective form
factors ξaðn · pÞ and Ξaðn · pÞ (a ¼ k;⊥) from the SCET sum
rules with the B-meson distribution amplitudes in HQET.
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R1;LCSR ¼ 1þ ½ð−0.179Þ − ð−0.154Þ� × 0.560
0.285

����
CðA0Þ
i

þ ½ð−1Þ þ 0.203� × ð−0.0192Þ
0.285

����
CðB1Þ
i

þ ½ð−0.0922Þ − ð−0.0922Þ�
0.285

����
2PHT

þ ½ð−0.03220Þ − ð−0.03219Þ�
0.285

����
3PHT

¼ 1þ ð−0.049Þj
CðA0Þ
i

þ ðþ0.054Þj
CðB1Þ
i

þ ð−3.5 × 10−5Þj3PHT;
R1;QCDF ¼ 1þ ð−0.023Þj

CðA0Þ
i

þ ðþ0.086Þ½1þOðαsÞ�jCðB1Þ
i

; ð179Þ

where the expression of R1;QCDF is borrowed directly
from (124) of [45] by dropping out the NLO correction
to the hard-spectator scattering contribution. It is then
evident that the negligible symmetry breaking effect
from the B-meson LCSR calculation is due to the strong
cancellation between the A0- and B1-type SCET matrix
elements weighted by the corresponding hard matching
coefficients. By contrast, the symmetry violation pre-
dicted in QCD factorization is numerically dominated
by the hard-spectator scattering and will be further
enhanced by the higher-order perturbative correction
and the RG resummation effect as indicated in [45].
More specifically, the strong cancellation mechanism
from the B-meson LCSR computation can be attributed
to the following reasoning.

(i) The LCSR prediction of the nonlocal SCET form
factor Ξ⊥ðτ; n · pÞ is approximately 40% smaller
than the QCD factorization result at tree level. This
observation implies that approximating the collinear
dynamics of the energetic vector meson by the
corresponding asymptotic behavior is numerically
insufficient for the theory description of the semi-
leptonic B → V form factors beyond the heavy
quark limit.

(ii) At the one-loop accuracy, the NLO corrections to the
hard functions of the A0-type SCET operators must
be multiplied with the LO sum rule result of the A0-
type form factor ξ⊥ðn · pÞ instead of the physics
QCD form factor

ξFF⊥ ðn · pÞ≡ mB

mB þmV
Vðn · pÞ; ð180Þ

which has to be taken as an hadronic input in QCD
factorization. The SCET sum rule prediction of
ξ⊥ðmBÞ with B-meson distribution amplitudes at
tree level is approximately twice the complete result
for ξFF⊥ ðmBÞ including both the NLO QCD correc-
tion and the higher-twist correction. As a conse-
quence, our prediction for the symmetry correction

due to CðA0Þ
i;NLLξ⊥ is enhanced by almost a factor of

two when compared with the corresponding QCD
factorization result.

We now explore the SU(3) flavor symmetry breaking
effects between B → ρ and B → K� form factors from the
B-meson LCSR numerically. In our theoretical framework
they originate from the explicit corrections proportional to
the light-quark masses and the light vector meson masses,
the differences in the values of the threshold parameters and
Borel masses, and the discrepancies in the longitudinal and
transverse decay constants for ρ andK�. Additional sources
of the SU(3) flavor symmetry violations due to the
electromagnetic corrections and the process-dependent
systematic uncertainties (e.g., the parton-hadron duality
ansatz) are not taken into account. For the phenomeno-
logical convenience we introduce the following quantity to
character the SU(3) symmetry corrections

Ri
SUð3Þðq2Þ ¼

Fi
B→K� ðq2Þ
Fi
B→ρðq2Þ

; ð181Þ

where Fi
B→V represent the seven QCD form-factor combi-

nations appearing in (8) generally. It is evident from Fig. 10
that the SU(3) flavor symmetry breaking effects for the
transverse and longitudinal B → V form factors are approx-
imately 25% and 40% in the large recoil region
0 GeV2 ≤ q2 ≤ 8 GeV2, respectively. This pattern can be
understood from the fact that the leading-power light-quark
mass effect does not contribute to the SCET form factor
ξ⊥ðn · pÞ at the one-loop approximation as demonstrated in
(103). Our predictions for the SU(3) flavor symmetry
corrections are in excellent agreement with the previous
computations based upon the LCSR method with the
vector-meson distribution amplitudes [10], but are signifi-
cantly larger than the updated results presented in [11],
which predicted remarkably small flavor symmetry viola-
tions (approximately 2% and 15% for the transverse and
longitudinal B → V form factors at the maximal hadronic
recoil). We further notice that the subleading power higher-
twist corrections are of minor numerical importance for
generating the SU(3) flavor symmetry breaking effects.
As already demonstrated in [22], the knowledge of the

complete functional forms of the B-meson distribution
amplitudes is in demand for the evaluation of the heavy-to-
light B-meson decay form factors. To reduce the model
dependence of our predictions, the inverse moment λBðμ0Þ
for a given model of the B-meson LCDA has been
determined by reproducing the alternative LCSR prediction
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FIG. 9. Theory predictions for the B → V form-factor ratios from the improved SCET sum rules derived in this work and from the
QCD factorization approach with the so-called physical form factor scheme [4,45]. Black curves: the leading-power contributions at the
LL accuracy; blue curves: the leading-power contributions at the NLL accuracy; red curves: full results including both the leading-power
effects at NLL and the subleading-twist corrections at LO up to the twist-six accuracy. The yellow curves are obtained from the leading-
power computations with the QCD factorization approach at NLO.
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for VB→ρðq2 ¼ 0Þ with the vector-meson LCDA as
described in the previous paragraphs. In other words,
we aim at predicting the momentum-transfer dependence
of the transverse B → ρ form factor VB→ρðq2Þ merely.
However, both the normalizations at the maximal recoil
and the q2-shapes for all the remaining form factors
will be obtained from the derived SCET sum rules

subsequently. It can be observed from Fig. 11 that the
model dependence of our predictions for the precise
ω-behaviors of the B-meson distribution amplitudes is
drastically reduced by implementing the above-mentioned
prescription, in analogy to the earlier observation for the
semileptonic B → π; K form factors computed in the same
framework [22,24].

FIG. 10. The SU(3) symmetry breaking effects for the transverse form factor mB
mBþmV

Vðq2Þ and for the longitudinal form factor
mV
EV

A0ðq2Þ at large hadronic recoil, computed from the SCET sum rules with B-meson distribution amplitudes.

FIG. 11. Model dependence of the transverse and longitudinal B → ρ; K� form factors on the shapes of B-meson distribution
amplitudes at 0 ≤ q2 ≤ 8 GeV2. The superscripts “Model-I” and “Model-II” refer to the exponential model and the local duality model
of the two-particle and three-particle B-meson LCDA displayed in Appendix B.
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Evidently, the obtained LCSR for the SCET form factors
ξiðn · pÞ and Ξiðτ; n · pÞ (with i ¼ k;⊥) cannot be con-
structed without demonstrating the soft-collinear factori-
zation for the various vacuum-to-B-meson correlation
functions under discussion in the first place, which can
be validated with the light-cone operator product expansion
(OPE) technique only at large hadronic recoil. To extrapo-
late the SCET sum rule predictions for the B → V form
factors toward the high q2 region, we will employ the
model-independent z-series parametrizations [88] moti-
vated by the analytical properties and the asymptotic
behaviors of the heavy-to-light form factors. The complex
cut q2-plane will then be mapped onto the unit disc
jzðq2; t0Þj ≤ 1 under the conformal transformation

zðq2; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð182Þ

where two parameters tþ and t0 are given by [24] (see
also [89])

tþ ¼ ðmB þmVÞ2; t0 ¼ ðmB þmVÞð
ffiffiffiffiffiffiffi
mB

p þ ffiffiffiffiffiffiffi
mV

p Þ2:
ð183Þ

For the phenomenological applications we will adopt the
Bourrely-Caprini-Lellouch (BCL) version of the z-series
expansion [90] (see [91] for an alternative version and
[92] for more discussions in the context of the semileptonic
B → π form factors)

Fi
B→Vðq2Þ ¼

Fi
B→Vð0Þ

1 − q2=m2
i;pole

×

	
1þ

XN
k¼1

bik½zðq2; t0Þk − zð0; t0Þk�


:

ð184Þ

The adopted values of the various resonance masses from
the Particle Data Group (PDG) [80] and from the heavy-
hadron chiral perturbation theory [93] are summarized in
Table I. For the practical purpose we will truncate the
z-series expansion (184) at N ¼ 1 for the sake of fitting the
coefficients bik, keeping in mind that jzðq2; t0Þj2 ≤ 0.04 in
the whole kinematic region (see [94] for further discussions

on the systematic uncertainties due to the truncation-
scheme dependence and [95] on the implementation of
the strong unitary constraints).
It is straightforward to implement the matching

procedure for the semileptonic B → V form factors by
employing the improved LCSR calculations at −6 GeV2 ≤
q2 ≤ 8 GeV2 and the z-series parametrizations (184). Our
predictions for the twenty-one form factors responsible for
the exclusive B → ρ;ω; K� transitions in the entire kin-
ematic region are displayed in Figs. 12, 13, and 14, where
the theory uncertainties are obtained by adding all the
separate uncertainties in quadrature and the updated lattice
QCD results of B → K� form factors with physical-mass
bottom quarks and 2þ 1 flavors of sea quarks [2] are also
shown for a comparison. Generally these two different
QCD techniques lead to consistent form-factor predictions
at large hadronic recoil, with an exception of the longi-
tudinal form factor mB=ð2EK� ÞT2;B→K� ðq2Þ − T3;B→K� ðq2Þ.
Such discrepancy may be attributed to the fact that the form
factor T3ðq2Þ cannot be isolated directly from the helicity
form factor T23ðq2Þ at large q2 in the lattice QCD
simulations [1], due to the phase-space suppression. We
further collect the fitted results for the shape parameters bik
and the normalization constants Fi

B→Vð0Þ entering the
z-expansion (184) with numerically important uncertainties
in Tables II–VII. Several remarks on the obtained numerical
results are in order.

(i) It is evident that the dominant theory uncertainties of
the resulting predictions for Fi

B→Vð0Þ and bik origi-
nate from the model dependence of the B-meson
distribution amplitudes at a reference scale (includ-
ing the logarithmic-inverse moments λB and σ1), and
the factorization scale μ. Consequently, it is of
interest to perform the nonperturbative determina-
tion of the momentum-dependence of the leading-
twist B-meson LCDA with the lattice QCD tech-
nique and to compute the yet higher-order pertur-
bative QCD corrections to the A0- and B1-type
SCET form factors with the method of sum rules.

(ii) Our theory predictions for the QCD B → ρ; K� form
factors in the whole kinematic region are in reason-
able agreement with the previous calculations ap-
plying the same framework [84]. However, the
leading-twist contributions to B → M form factors
were only computed at LO in the strong coupling

TABLE I. Theory summary of the resonance masses with different quantum numbers entering the z-series
expansions of the QCD B → V form factors (184). The calligraphic form factors represent the linear combinations
of the conventionally defined form factors, appearing in the SCETI factorization formulas (8) directly.

Fi
B→Vðq2Þ JP b → d (in GeV) b → s (in GeV)

Vðq2Þ, T 1ðq2Þ 1− 5.325 5.415
A0ðq2Þ 0− 5.279 5.366
A1ðq2Þ, A12ðq2Þ, T 2ðq2Þ T 23ðq2Þ 1þ 5.724 5.829
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FIG. 12. Theory predictions of the semileptonic B → ρ form factors obtained from the SCET sum rules with the B-meson distribution
amplitudes and with an extrapolation to the entire kinematical region by applying the z-series parametrizations (184).
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FIG. 13. Theory predictions of the semileptonic B → ω form factors obtained from the SCET sum rules with the B-meson distribution
amplitudes and with an extrapolation to the entire kinematical region by applying the z-series parametrizations (184).
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FIG. 14. Theory predictions of the electroweak penguin B → K� decay form factors obtained from the SCET sum rules with the
B-meson distribution amplitudes and with an extrapolation to the entire kinematical region by applying the z-series parametrizations
(184). We also display the lattice QCD predictions for these form factors with 2þ 1 flavors of sea quarks [1,2] as indicated by the blue
bands for a comparison.
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αs [84] without implementing the summation of
enhanced logarithms of mb=Λ. In addition, the
higher-twist corrections from the three-particle B-
meson distribution amplitudes were also estimated at
the twist-four accuracy [84], implying the violation
of the QCD equation of motion (152) already at the
classical level. It needs further to be pointed out that
a comprehensive study of the higher-twist B-meson

LCDA up to the twist-six accuracy, including both
the off light-cone corrections and the four-body
light-ray HQET operator effects, still remains as
an interesting problem for the future improvement.

(iii) Applying the LCSR technique with the light-
meson distribution amplitudes, the semileptonic
B → ρ;ω; K� decay form factors have been com-
puted at NLO in QCD for the two-particle twist-two

TABLE II. Theory summary of the fitted results for the shape parameters and normalizations of the (axial)-vector
B → ρ form factors with the numerically sizeable uncertainties by varying different input parameters.

Parameters Central value λB σ1 μ M2 s0 ϕ�
B ðωÞ

VB→ρð0Þ 0.285 þ0.123
−0.073

þ0.016
−0.016

þ0.002
−0.055

þ0.001
−0.000

þ0.016
−0.018

þ0.127
−0.071

bV1;ρ −3.72 þ0.55
−0.17

þ0.08
−0.06

þ0.45
−0.76

þ0.03
−0.07

þ0.08
−0.09

þ0.00
−1.31

A0;B→ρð0Þ 0.093 þ0.027
−0.017

þ0.004
−0.004

þ0.000
−0.011

þ0.000
−0.000

þ0.002
−0.003

þ0.026
−0.021

bA0

1;ρ
−11.9 þ0.6

−0.3
þ0.1
−0.1

þ0.2
−0.6

þ0.2
−0.4

þ0.1
−0.1

þ0.0
−1.0

A1;B→ρð0Þ 0.285 þ0.123
−0.073

þ0.016
−0.016

þ0.002
−0.055

þ0.001
−0.001

þ0.016
−0.018

þ0.127
−0.071

bA1

1;ρ
−4.63 þ0.57

−0.17
þ0.08
−0.06

þ0.46
−0.78

þ0.03
−0.07

þ0.08
−0.09

þ0.00
−1.35

A12;B→ρð0Þ 0.093 þ0.027
−0.017

þ0.004
−0.004

þ0.000
−0.011

þ0.000
−0.000

þ0.002
−0.003

þ0.026
−0.021

bA12

1;ρ
−10.8 þ0.2

−0.0
þ0.0
−0.0

þ0.3
−0.5

þ0.1
−0.2

þ0.1
−0.1

þ0.0
−1.3

TABLE III. Theory summary of the fitted results for the shape parameters and normalizations of the tensor B → ρ
form factors with the numerically sizeable uncertainties by varying different input parameters.

Parameters Central value λB σ1 μ M2 s0 ϕ�
B ðωÞ

T 1;B→ρð0Þ 0.287 þ0.124
−0.073

þ0.016
−0.016

þ0.002
−0.055

þ0.001
−0.000

þ0.016
−0.018

þ0.128
−0.071

bT 1

1;ρ
−3.57 þ0.58

−0.19
þ0.08
−0.06

þ0.44
−0.73

þ0.03
−0.06

þ0.08
−0.08

þ0.00
−1.32

T 2;B→ρð0Þ 0.287 þ0.124
−0.073

þ0.016
−0.016

þ0.002
−0.055

þ0.001
−0.000

þ0.016
−0.018

þ0.128
−0.071

bT 2

1;ρ
−4.48 þ0.59

−0.19
þ0.08
−0.07

þ0.46
−0.75

þ0.03
−0.06

þ0.00
−1.36

þ0.00
−1.36

T 23;B→ρð0Þ 0.084 þ0.025
−0.018

þ0.004
−0.004

þ0.000
−0.011

þ0.001
−0.000

þ0.002
−0.003

þ0.030
−0.017

bT 23

1;ρ
−11.3 þ0.3

−0.1
þ0.0
−0.0

þ0.4
−0.6

þ0.1
−0.2

þ0.1
−0.1

þ0.0
−1.4

TABLE IV. Theory summary of the fitted results for the shape parameters and normalizations of the (axial)-vector
B → ω form factors with the numerically sizeable uncertainties by varying different input parameters.

Parameters Central value λB σ1 μ M2 s0 ϕ�
B ðωÞ

VB→ωð0Þ 0.311 þ0.134
−0.080

þ0.017
−0.018

þ0.002
−0.060

þ0.001
−0.000

þ0.018
−0.019

þ0.138
−0.078

bV1;ω −3.73 þ0.56
−0.17

þ0.08
−0.06

þ0.45
−0.76

þ0.04
−0.07

þ0.08
−0.09

þ0.00
−1.31

A0;B→ωð0Þ 0.102 þ0.030
−0.019

þ0.004
−0.004

þ0.000
−0.012

þ0.001
−0.000

þ0.003
−0.003

þ0.029
−0.022

bA0

1;ω
−11.9 þ0.6

−0.3
þ0.1
−0.1

þ0.2
−0.6

þ0.2
−0.4

þ0.1
−0.1

þ0.0
−1.0

A1;B→ωð0Þ 0.310 þ0.135
−0.079

þ0.017
−0.018

þ0.002
−0.060

þ0.001
−0.000

þ0.018
−0.019

þ0.139
−0.077

bA1

1;ω
−4.64 þ0.57

−0.18
þ0.08
−0.06

þ0.46
−0.78

þ0.04
−0.07

þ0.08
−0.09

þ0.00
−1.36

A12;B→ωð0Þ 0.102 þ0.030
−0.019

þ0.004
−0.004

þ0.000
−0.012

þ0.001
−0.000

þ0.003
−0.003

þ0.029
−0.022

bA12

1;ω
−10.9 þ0.3

−0.0
þ0.0
−0.0

þ0.3
−0.5

þ0.1
−0.2

þ0.1
−0.1

þ0.0
−1.3
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and twist-three contributions and at tree level for the
twist-4 corrections [10], with the further improve-
ments [11] by updating hadronic input parameters
and by implementing the interesting constraints due
to Ward identities. Since the vector B → ρ form
factor at the maximal hadronic recoil VB→ρð0Þ ¼
0.327� 0.031 predicted in [11] has been taken as an
input for the sake of determining the shape param-
eter of the B-meson distribution amplitude ϕþ

B ðω; μÞ,
the resulting theory uncertainties for B → V form

factors obtained in our work are therefore higher
than that presented in [11]. However, the new
model-independent approach of extracting the
twist-two B-meson distribution amplitude developed
in [96], motivated by the combination of the large
momentum effective theory and the lattice QCD
simulation, will be eventually helpful for improving
the theory precision of heavy-to-light form factors
from the LCSR computations with the HQET
B-meson LCDA.

TABLE VI. Theory summary of the fitted results for the shape parameters and normalizations of the (axial)-vector
B → K� form factors with the numerically sizeable uncertainties by varying different input parameters.

Parameters Central value λB σ1 μ M2 s0 ϕ�
B ðωÞ

VB→K� ð0Þ 0.359 þ0.141
−0.085

þ0.019
−0.019

þ0.001
−0.062

þ0.010
−0.004

þ0.016
−0.017

þ0.153
−0.079

bV1;K� −3.94 þ0.42
−0.05

þ0.06
−0.04

þ0.42
−0.73

þ0.04
−0.07

þ0.08
−0.08

þ0.00
−1.27

A0;B→K� ð0Þ 0.129 þ0.036
−0.022

þ0.005
−0.005

þ0.001
−0.016

þ0.004
−0.002

þ0.003
−0.003

þ0.037
−0.025

bA0

1;K� −12.4 þ0.7
−0.3

þ0.1
−0.1

þ0.2
−0.6

þ0.2
−0.3

þ0.1
−0.1

þ0.0
−1.1

A1;B→K� ð0Þ 0.358 þ0.141
−0.086

þ0.018
−0.019

þ0.001
−0.062

þ0.010
−0.005

þ0.016
−0.017

þ0.154
−0.079

bA1

1;K� −4.81 þ0.47
−0.08

þ0.06
−0.05

þ0.43
−0.75

þ0.04
−0.07

þ0.08
−0.08

þ0.00
−1.33

A12;B→K� ð0Þ 0.129 þ0.036
−0.022

þ0.005
−0.005

þ0.001
−0.016

þ0.004
−0.002

þ0.003
−0.003

þ0.037
−0.025

bA12

1;K� −11.3 þ0.2
−0.0

þ0.0
−0.0

þ0.3
−0.5

þ0.1
−0.2

þ0.1
−0.1

þ0.0
−1.4

TABLE VII. Theory summary of the fitted results for the shape parameters and normalizations of the tensor
B → K� form factors with the numerically sizeable uncertainties by varying different input parameters.

Parameters Central value λB σ1 μ M2 s0 ϕ�
B ðωÞ

T 1;B→K� ð0Þ 0.361 þ0.142
−0.086

þ0.019
−0.019

þ0.001
−0.062

þ0.011
−0.004

þ0.016
−0.017

þ0.154
−0.079

bT 1

1;K� −3.78 þ0.45
−0.08

þ0.06
−0.05

þ0.41
−0.71

þ0.04
−0.07

þ0.07
−0.08

þ0.00
−1.25

T 2;B→K� ð0Þ 0.361 þ0.142
−0.086

þ0.019
−0.019

þ0.001
−0.062

þ0.011
−0.004

þ0.016
−0.017

þ0.154
−0.079

bT 2

1;K� −4.67 þ0.48
−0.10

þ0.07
−0.05

þ0.42
−0.72

þ0.04
−0.07

þ0.08
−0.08

þ0.00
−1.29

T 23;B→K� ð0Þ 0.117 þ0.037
−0.023

þ0.005
−0.005

þ0.000
−0.016

þ0.003
−0.001

þ0.003
−0.003

þ0.042
−0.021

bT 23

1;K� −11.8 þ0.3
−0.0

þ0.0
−0.0

þ0.4
−0.7

þ0.1
−0.2

þ0.1
−0.1

þ0.0
−1.5

TABLE V. Theory summary of the fitted results for the shape parameters and normalizations of the tensor B → ω
form factors with the numerically sizeable uncertainties by varying different input parameters.

Parameters Central value λB σ1 μ M2 s0 ϕ�
B ðωÞ

T 1;B→ωð0Þ 0.312 þ0.136
−0.079

þ0.018
−0.018

þ0.002
−0.061

þ0.001
−0.000

þ0.018
−0.020

þ0.140
−0.077

bT 1

1;ω
−3.58 þ0.58

−0.19
þ0.08
−0.06

þ0.44
−0.73

þ0.03
−0.06

þ0.08
−0.08

þ0.00
−1.32

T 2;B→ωð0Þ 0.312 þ0.136
−0.079

þ0.018
−0.018

þ0.002
−0.061

þ0.001
−0.000

þ0.018
−0.020

þ0.140
−0.077

bT 2

1;ω
−4.49 þ0.59

−0.19
þ0.08
−0.06

þ0.46
−0.75

þ0.03
−0.06

þ0.08
−0.09

þ0.00
−1.36

T 23;B→ωð0Þ 0.092 þ0.031
−0.019

þ0.004
−0.004

þ0.000
−0.012

þ0.000
−0.000

þ0.003
−0.003

þ0.033
−0.019

bT 23

1;ω
−11.3 þ0.3

−0.0
þ0.0
−0.0

þ0.4
−0.7

þ0.1
−0.2

þ0.1
−0.1

þ0.0
−1.2
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C. Semileptonic B → (ρ;ω)lν̄l decays

Having at our disposal the theory predictions for all the
B → ρ;ω form factors in QCD, we proceed to investigate
the phenomenological aspects of the semileptonic B →
ðρ;ωÞlν̄l decays, which provide a complementary way for
the exclusive determination of the CKM matrix element
jVubj. However, we will not explore the further applications
of the calculated form factors to the more challenging

radiative and electroweak penguin B-meson decays, which
are crucial to the precision extraction of the CKM matrix
element jVtdj [97] and to the intensive hunting of new
physics beyond the Standard Model (SM) [18,19,98],
due to the appearance of the complex nonlocal hadronic
matrix elements even at leading power in the heavy quark
expansion. The differential decay rate of B → Vlν̄l can be
readily written as

d2ΓðB → Vlν̄lÞ
dq2d cos θ

¼ G2
FjVubj2

256π3m3
B

q2

c2V
λ1=2ðm2

B;m
2
V; q

2Þ
	
sin2 θjH0ðq2Þj2 þ ð1 − cos θÞ2 jHþðq2Þj2

2
þ ð1þ cos θÞ2 jH−ðq2Þj2

2



;

ð185Þ
where the three helicity amplitudes Hiðq2Þ (i ¼ �; 0) can be expressed in terms of the semileptonic B → V form factors

H�ðq2Þ ¼ ðmB þmVÞ
�
A1ðq2Þ ∓ 2mBjp⃗V j

ðmB þmVÞ2
Vðq2Þ

�
;

H0ðq2Þ ¼
mB þmV

2mV

ffiffiffiffiffi
q2

p
�
ðm2

B −m2
V − q2ÞA1ðq2Þ −

4m2
Bjp⃗V j2

ðmB þmVÞ2
A2ðq2Þ

�
; ð186Þ

with the momentum jp⃗V j of the light-vector meson in the B-meson rest frame given by

jp⃗V j ¼
1

2mB
λ1=2ðm2

B;m
2
V; q

2Þ; λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2ac − 2bc: ð187Þ

For the determination of the CKM matrix element jVubj we introduce the standard quantity

ΔζVðq21; q22Þ ¼
1

jVubj2
Z

q2
2

q2
1

dq2
dΓðB → Vlν̄lÞ

dq2
; ð188Þ

which can be computed by performing the phase-space integration over the obtained hadronic B → V form factors. The
resulting predictions for ΔζV with the theoretical uncertainties from varying the input parameters are given by

Δζρð0; 16 GeV2Þ ¼ ð14.35þ13.03
−6.02 jλB þ1.49

−1.46 jσð1ÞB

þ0.00
−3.63 jμ þ0.29

−1.02 jμh1 þ0.71
−1.60 jμh2 þ1.14

−1.24 js0 þ16.32
−5.00 jϕ�

B
Þ ps−1

¼ 14.35þ21.04
−9.13 ps−1;

Δζωð0; 12 GeV2Þ ¼ ð6.25 þ5.46
−2.53 jλB þ0.62

−0.61 jσð1ÞB

þ0.00
−1.59 jμ þ0.11

−0.41 jμh1 þ0.28
−0.65 jμh2 þ0.48

−0.52 js0 þ6.53
−2.24 jϕ�

B
Þ ps−1

¼ 6.25þ8.59
−3.94 ps−1; ð189Þ

where the subdominant uncertainties from variations of the remaining parameters have been taken into account in the final
combined uncertainties. Employing the experimental measurements of the partial branching fractions for B → ρlν̄l
[99,100] and B → ωlν̄l [100,101] we can readily obtain the following intervals of jVubj

jVubj ¼ ð3.05þ1.34
−1.30 jth þ0.19

−0.20 jexpÞ × 10−3; ½from B → ρlν̄l�
jVubj ¼ ð2.54þ1.09

−1.05 jth þ0.18
−0.19 jexp :Þ × 10−3: ½from B → ωlν̄l� ð190Þ

Apparently, the extracted values of jVubj from the semileptonic B → ωlν̄l decay are significantly lower than that from the
exclusive channel B → ρlν̄l as already observed in [100]. Furthermore, the central values of both determinations of jVubj
from B → Vlν̄l are somewhat smaller than the corresponding result derived from the “golden” channel B → πlν̄l [80]

jVubjPDG ¼ ð3.70� 0.12jth � 0.10jexpÞ × 10−3: ð191Þ
Exploring the underlying mechanisms responsible for such discrepancy from both the theoretical and experimental aspects
will be certainly in demand for resolving the jVubj puzzle.
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We further display in Fig. 15 the normalized differential
q2 distribution of B → Vlν̄l in the entire kinematic region
by applying the computed form factors from the LCSR
technique with the aid of the z-series expansion. Due to the
strong cancellation of the theory uncertainties for the
normalized physical quantities, the resulting q2 shapes of

N ðB → Vlν̄lÞ≡ 1

ΓðB → Vlν̄lÞ
dΓðB → Vlν̄lÞ

dq2
;

ðV ¼ ρ;ωÞ ð192Þ

are more accurate than the predicted form factors shown
in Figs. 12, 13, and 14. Our predictions for N ðB → Vlν̄lÞ
are also in nice agreement with the experimental mea-
surements from the BABAR [99,101] and Belle [100]
Collaborations.

D. Rare exclusive B → K�νlν̄l decays

Thanks to the high-luminosity Belle II experiment, the
exclusive rare B → K�νlν̄l decays are expected to be
observed with 10 ab−1 of data and the corresponding
branching fraction will be further determined at Oð10%Þ
accuracy with 50 ab−1 of data [102]. We are therefore well
motivated to explore the phenomenological aspects of B →
K�νlν̄l for understanding the strong interaction dynamics
of B → K� form factors and for searching the exotic
particle X in the dark matter context. It is straightforward
to derive the differential decay width formula for the
exclusive process B → K�νlν̄l [103]

dΓðB → K�νlν̄lÞ
dq2

¼ G2
Fα

2
em

256π5
λ3=2ðm2

B;m
2
K� ; q2Þ

m3
Bsin

4 θW
jVtbV�

tsj2

×

�
Xt

�
m2

t

m2
W
;
m2

H

m2
t
; sin θW; μ

��
2

× ½HVðq2Þ þHA1
ðq2Þ þHA12

ðq2Þ
�
;

ð193Þ

where the three invariant functions Hiðq2Þ can be further
expressed by the semileptonic B → K� form factors

HVðq2Þ ¼
2q2

ðmB þmK�Þ2 ½Vðq
2Þ�2;

HA1
ðq2Þ ¼ 2q2ðmB þmK�Þ2

λðm2
B;m

2
K� ; q2Þ ½A1ðq2Þ�2;

HA12
ðq2Þ ¼ 64m2

K�m2
B

λðm2
B;m

2
K� ; q2Þ ½A12ðq2Þ�2; ð194Þ

with the helicity form factor A12 introduced in [1]

A12ðq2Þ ¼
ðmB þmK� Þ2ðm2

B −m2
K� − q2ÞA1ðq2Þ − λðm2

B;m
2
K� ; q2ÞA2ðq2Þ

16mBm2
K� ðmB þmK� Þ : ð195Þ

The short-distance Wilson coefficient Xt can be expanded perturbatively in terms of the SM coupling constants

FIG. 15. The normalized differential q2 distributions of the
semileptonic B → Vlν̄l (V ¼ ρ, ω) decays with the heavy-to-
light form factors computed in this work (red band). For a
comparison, we also display the experimental measurements for
the binned distributions from the BABAR [99,101] and Belle
[100] Collaborations.
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Xt ¼ Xð0Þ
t þ αs

4π
Xð1Þ
t þ αem

4π
XEWð1Þ
t þ � � � ; ð196Þ

where the LO contribution Xð0Þ
t [104], the NLO QCD cor-

rection Xð1Þ
t [105–107] and the two-loop electroweak cor-

rection XEWð1Þ
t [108] are already available analytically. We

display the theory prediction for the normalized differential

branching fraction of B → K�νlν̄l in Fig. 16, including
the results obtained from the lattice QCD calculations of
B → K� form factors [2] for a comparison. In general we
find a fair agreement of the two different calculations in the
physical q2 range of B → K�νlν̄l, albeit with the weak
mismatch of the peak regions.
We can proceed to define the differential longitudinal

K� polarization fraction FL of the electroweak penguin
B → K�νlν̄l decays

FLðq2Þ ¼
HA12

ðq2Þ
HVðq2Þ þHA1

ðq2Þ þHA12
ðq2Þ : ð197Þ

In addition, we define the following two q2-binned observ-
ables for the comparison with the future Belle II data

ΔBRðq21; q22Þ ¼ τB0

Z
q2
2

q2
1

dq2
dΓðB → K�νlν̄lÞ

dq2
;

ΔFLðq21; q22Þ ¼
R q2

2

q2
1

dq2λ3=2ðm2
B;m

2
K� ; q2ÞHA12

ðq2Þ
R q2

2

q2
1

dq2λ3=2ðm2
B;m

2
K� ; q2Þ½HVðq2Þ þHA1

ðq2Þ þHA12
ðq2Þ�

: ð198Þ

Our predictions for these two quantities with the choices of
the q2-intervals following [102] are presented in Table VIII.
Apparently, the theory uncertainties of the binned longi-
tudinal K� polarization fractions are much reduced com-
pared with the resulting predictions of ΔBR, due to the less
sensitivity of the form-factor ratios to the precise shapes of
the two-particle and three-particle B-meson distribution
amplitudes.

VI. CONCLUSION

In this paper we have presented the improved QCD
calculations of the twenty-one B → V (V ¼ ρ;ω; K�) form

factors by first implementing the hard-collinear factoriza-
tion for the weak transition currents [44,45,49] and then
computing the resulting SCETI matrix elements from the
LCSR technique with the HQET B-meson distribution
amplitudes. The hard-collinear functions entering the
factorization formulas for the SCETI vacuum-to-B-meson
correlation functions under discussion were determined at
NLO in QCD for the leading-twist two-particle contribu-
tions, by employing the evanescent-operator approach with
the dimensional regularization scheme. In particular, we
demonstrated explicitly that the light-quark-mass terms
appearing in the sum rules for the A0-type SCET form
factors ξk;⊥ðn · pÞ, with the generic power counting scheme

TABLE VIII. Theory predictions for the q2-binned observables
ΔBR and ΔFL of the electroweak penguin B → K�νlν̄l decays
with the heavy-to-light form factors computed from the B-meson
LCSR approach and the z-series expansion.

½q21; q22� (in GeV2) 106 × ΔBRðq21; q22Þ ΔFLðq21; q22Þ
[0.0, 1.0] 0.41þ0.40

−0.23 0.95þ0.01
−0.01

[1.0, 2.5] 0.72þ0.76
−0.41 0.84þ0.03

−0.04
[2.5, 4.0] 0.83þ0.95

−0.48 0.74þ0.04
−0.05

[4.0, 6.0] 1.25þ1.53
−0.72 0.65þ0.04

−0.06
[6.0, 8.0] 1.36þ1.80

−0.80 0.56þ0.05
−0.06

[8.0, 12.0] 2.84þ4.10
−1.68 0.46þ0.04

−0.06
[12.0, 16.0] 2.46þ3.94

−1.47 0.36þ0.03
−0.04

½16.0; ðmB −mK� Þ2� 1.01þ5.71
−2.08 0.31þ0.01

−0.02
½0; ðmB −mK� Þ2� 10.88þ15.23

−6.38 0.52þ0.03
−0.04

FIG. 16. Theory predictions for the normalized differential q2

distribution of B → K�νlν̄l with the semileptonic B → K� form
factors computed from the improved LCSR approach (pink band)
and from the lattice QCD simulation [2] (blue band).
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m ∼ Λ, are not suppressed by any powers of Λ=mb in the
heavy quark expansion as expected in [109]. We further
computed the higher-twist corrections to the semileptonic
B → V form factors from the two-particle and three-particle
B-meson distribution amplitudes, up to the twist-six accu-
racy, with the same LCSR method at tree level in QCD. It
turned out that the twist-five two-particle corrections to both
the longitudinal and transverse B → V form factors were
numerically dominant, in analogy to the previous observa-
tion for the semileptonic B → P form factors [24,84].
However, we also noticed that the genuine three-particle
higher-twist corrections were non-negligible for the trans-
verse B → V form factors, in contrast to the pattern appeared
in the longitudinal vector form factors. We proceeded to
investigate the long-standing puzzles of the large-recoil
symmetry breaking effects for the B → V form-factor ratios
predicted by the QCD factorization approach and by the sum
rule technique [4]. Following the standard strategy [22,92],
we extrapolated the LCSR calculations of the heavy-to-light
form factors, with the two distinct models for the B-meson
distribution amplitudes, toward the large q2 region by virtue
of the well-motivated z-series expansion.
We explored the phenomenological applications of the

obtained predictions for B-meson decay form factors to the
semileptonic B → Vlν̄l decays as well as the electroweak
penguin B → K�νlν̄l decays. The newly extracted interval
of the CKM matrix element jVubj¼ ð3.05þ1.34

−1.30 jthþ0.19
−0.20 jexpÞ×

10−3 from the exclusive process B → ρlν̄l is in agreement
with the previous determination from B → πlν̄l applying
the same computational framework, but the analogous
determination from B → ωlν̄l yields somewhat smaller
values of jVubj, albeit with the sizeable theory uncertainties
mainly due to the limited knowledge of the small ω-
behaviors of the two-particle B-meson distribution ampli-
tude ϕ�

B ðω; μÞ. The two q2-binned observables ΔBR and
ΔFL for the exclusive rare B → K�νlν̄l decays were further
predicted for the sake of hunting for new physics beyond the
SM at the Belle II experiment [102].
Future developments of QCD calculations of B → V

form factors at large hadronic recoil can be pushed forward
both conceptually and technically. First, it will be of interest
to carry out the two-particle and three-particle higher-twist
contributions to the semileptonic B → V form factors, up to
the twist-six accuracy, at NLO in QCD in order to verify
explicitly that the higher-Fock state contributions of both
the B-meson and the energetic vector meson generate the
leading-power effects in the heavy quark expansion as
demonstrated in [7]. The computational challenges of
determining the hard-collinear functions entering the
SCETI factorization formulas for the vacuum-to-B-meson
correlation functions originate from the nontrivial mixing
of the different light-ray HQET operators under renormal-
ization beyond the twist-four accuracy [46], making the
infrared subtraction of the perturbative matching pro-
cedure tedious in dimensional regularization. In addition,

constructing the meaningful constraints for the higher-twist
B-meson distribution amplitudes from the QCD equations
of motion beyond the LO in QCD is complicated by the
appearance of the light-cone divergences. Second, improv-
ing theory calculations for the higher-dimensional local
HQETmatrix elements λ2EðμÞ and λ2HðμÞwill be of value for
reducing the parametric uncertainties on the phenomeno-
logical aspect, in view of the significant discrepancies of
the two independent QCD sum rule calculations presented
in [55] and [72].5 However, evaluating the NLO QCD
correction to the leading-power contribution in the frame-
work of QCD sum rules will also necessitate challenging
computations of the two-point HQET diagrams at three
loops. Third, implementing a complete NLL QCD resum-
mation for the enhanced logarithms due to the RG
evolutions of both the short-distance Wilson coefficients
and the leading-twist B-meson distribution amplitude [62]
is essential to the precision calculations of the semileptonic
B → V form factors, but it is also a technically demanding
task to achieve this goal in a full analytical form. It will be
probably more promising to derive the NLL resummation
improved SCET factorization formula for the radiative
leptonic B-meson decays in this respect. To summarize, we
expect interesting extensions of our work for deepening our
understanding of the factorization and resummation proper-
ties of heavy-to-light B-meson decay form factors in QCD.
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APPENDIX A: HARD FUNCTIONS FOR THE
SCET CURRENTS AT O(αs)

Here we collect the hard matching coefficient functions
for the A0-type and B1-type SCETI currents entering the
factorization formulas (8) for the semileptonic B → V form
factors.

5Here, the NLO QCD correction to the dimension-five quark-
gluon mixing condensate and the LO contribution to the
dimension-six four-quark condensate are included, in addition
to the perturbative and nonperturbative contributions already
estimated in [55].
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where we have introduced the variables

r ¼ n · p
mb

; μ̂ ¼ μ

mb
; ν̂ ¼ ν

mb
: ðA8Þ

APPENDIX B: B-MESON DISTRIBUTION AMPLITUDES

In this appendix we collect the explicit expressions for two different models of the two-particle and three-particle
B-meson distribution amplitudes employed in our numerical study of the obtained sum rules for B → V form factors.

(i) Exponential model:

ϕþ;exp
B ðω; μÞ ¼ ω
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The classical QCD equations of motion further imply the following relations of the HQET parameters appearing in
this specifical model [46]

ω0 ¼ λB ¼ 2

3
Λ̄; 2Λ̄2 ¼ 2λ2E þ λ2H; ðB2Þ

so that only two of the three nonperturbative parameters λB, λ2E, and λ2H are independent of each other at tree level.
(ii) Local-duality model:
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Analogously, the HQET parameters for the local-duality model also satisfy nontrivial constraints due to QCD
equations of motion [46]

ω0 ¼
5

2
λB ¼ 2Λ̄; 6Λ̄2 ¼ 7ð2λ2E þ λ2HÞ: ðB4Þ
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