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In this work we study the axial contributions to the hadronic light-by-light piece of the muon anomalous
magnetic moment. We point out some theoretical ambiguities in previous estimates, and opt to perform a
new evaluation using resonace chiral theory, that is free of them. As a result, we obtain a,IbeL;A =
(0.8732) x 107!, that might suggest a smaller value than most recent calculations, underlining the
relevance of the off-shell prescription and the need for future work along this direction. Further, we find that
our results depend critically on the asymptotic behavior of the form factors, and as such, emphasizes the
relevance of future experiments at large photon virtualities. In addition, we present general results regarding
the involved axial form factors description, comprehensively examining (and relating) the current

approaches, that shall be of general interest.

DOI: 10.1103/PhysRevD.101.074019

I. INTRODUCTION

A. Overview of the muon g-2:
the importance of
hadronic contributions

The anomalous magnetic moment of a charged lepton 7,
a, = (g, —2)/2 is nonvanishing because of quantum
radiative corrections, and has played a key role since its
first measurement showing its nonvanishing value [1,2]
for £ = e, confirmed immediately after with the famous
Schwinger computation of a, = a/(2z) + O(a?) [3]. Over
the years, it has been (and it still is) one of the most
stringent tests of the whole Standard Model, thanks to
the increasing accuracy of its determination over time
(¢ = e, ) and the improved theoretical computations with
reduced uncertainties that became available. This makes it
an extremely sensitive probe of new physics that, if heavy,
would naively shift a, with the scaling m2/M? (M being
the heavy new physics mass). This explains why, despite a,
is measured 2400 times more precisely than a,,, the latter
is still more sensitive to heavy new particles than a, by
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a factor ~18." The latest measurements of a, [11-13]
yield [14]

aS® = (116592091 + 63) x 10711, (1)

while the weighted average of the most recent evaluations
[15-17] of the SM contributions reads’

as™ = (116591807 + 38) x 10711, (2)

showing a tantalizing 3.9¢ discrepancy with respect to the
measurement (1). This has motivated two further experi-
ments: one at FNAL, aiming to achieve an error around
16 x 10711 [18], and a second one at J-PARC, aiming for an
error around 50 x 10~'! [19].

The amazing precision of the theoretical determina-
tion in Eq. (2) is possible thanks to the complete O(a)
computation of the QED contributions [7,20,21] and of the

"There are exceptions to this counting, see Ref. [4]. Also, there
are proposals to measure a, to a precision high enough as to
compete with the future a, experiments [S]. It is nevertheless
extremely interesting that, while the measurement of a, [6] agrees
with the former prediction in [7] (that uses as an input the
previous values for a from Refs. [8,9]), it is in tension, at the 2.5¢
level, when employing the most recent and precise determination
of a [10]. Note at this respect that, as opposed to a,, the a,
uncertainty is dominated by that of a [7].

*This arises from a;M = 1.16591783(35)

1.16591820.4(35.6) [16], aﬁM = 1.16591830(48) [15].

[15], aM =
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electroweak contributions to two loops (including the
leading logarithms from an additional loop) [22-25],
which warrant an associated uncertainty at the level of
<1 x 107!, Still, the error of Eq. (1) is a factor ~40 larger,
because of the uncertainties associated to the hadronic
contributions [26-28], as we will discuss next.

There are two main types of hadronic contributions to a,:
the so-called hadronic vacuum polarization (HVP) and the
hadronic light-by-light (HLbL) scattering, which are O(a?)
and O(a?), respectively. The 38 x 107! uncertainty in the
SM prediction of a, above comes from their leading order
components (at the next-to-leading order they are known
[29,30] precisely enough). Despite their dominantly non-
perturbative nature, it has long been known [31,32] how to
obtain a data-driven extraction of the LO HVP contribution
via dispersion relations, that provide an immediate con-
nection to the ete™ — hadrons cross section. Although
the resulting error used to dominate the total uncertainty
in Eq. (2), relegating the HLbL to a second place, the
successive improvements on the HVP side (with current
errors around 35 x 10~ [15-17]) demanded a dedicated
theory effort for the HLbL piece (with former errors around
30 x 107" [26,33]). More important, to fully benefit from
the future measurements of a, at FNAL and J-PARC, a
reduction of errors at around 1070 is required.

For a long time, the leading order HLbL could not be
computed in a data-driven way and it was difficult to
evaluate the model-dependence associated to it [34-51].
Recently, there has been a tremendous effort in this
direction [52-56] yielding precise numerical results for
the two-pion [55,56], one-pion [57-59], and 5,7 [57]
contributions—that are the most relevant ones.” As a result
of this activity, the error on the 7°-, -, and #' -exchange
contributions is <4 x 10~'!" and <2 x 10! for two-pion
contributions. The next ones in size, but with similar errors,
are the axial-vector contributions, whose study and evalu-
ation is the aim of this paper.

B. Axial-vector contributions to the muon
anomalous magnetic moment

Although the Landau-Yang theorem [64,65] forbids the
annihilation of a spin-one particle into a pair of real pho-
tons, axial-vector exchange contributions to the HLbL
piece of a, are still possible, since at least one photon is
off-shell in both axial-y* — y* vertices in such a contribu-
tion. Still, the Landau-Yang theorem imposes nontrivial
requirements on the symmetry structure of the involved
form factors, as we will see.

Early estimates of the corresponding contributions were
carried out both in the extended Nambu-Jona-Lasino model

'Remarkable progress in the evaluation of the HLbL part of a,,
on the lattice has been achieved recently [60-62], as well (see
Ref. [63] for a review on this topic).

by Bijnens, Pallante and Prades [35-37] and by
Hayakawa, Kinoshita and Sanda using hidden local sym-
metry Lagrangians [38,39]. The first group obtained
a4 — (2.5 4 1.0) x 1071, which includes the ballpark
value 1.7 x 107!, given by the second group.

Later on, Melnikov and Vainshtein [45] derived operator
product expansion (OPE) constraints on the hadronic light-
by-light (HLbL) tensor and built a model where these
were saturated by dropping the momentum dependence of
the singly-virtual transition form factors, which increases
the axial contributions to a,. As a result, their evaluation,
a4 = (22 +5) x 107!, is an order of magnitude
larger than the previous estimates.

Recently, there have been a couple of new estimates
for aELbL;A: that by Pauk and Vanderhaeghen [66], that
accounted for the f(1285) and f,(1420) contributions,
obtaining af** = (6.4 £2.0) x 107!, and that by
Jegerlehner [15], where also the a;(1260) was included
as an intermediate state, obtaining al "4 = (7.6 + 2.7)x
10~''. With the a, contribution of the order of 1.9 x 10~!!
[15], their agreement is remarkable considering the marked
differences among both approaches. The large discrepancy
with respect to the result in Ref. [45] was ascribed both to
the constant form factor used in [45] at the external vertex,
and to an apparent violation of the Landau-Yang theorem
(Bose symmetry), that they claimed required the form
factor employed in Ref. [45] to be anstisymmetric in
order to have vanishing amplitude for real photons. Such
a claim is however false as we demonstrate in the fol-
lowing section.

On the experimental side, very little information is
available (which again is partly due to the Landau-Yang
theorem). Noticeably, the L3 Collaboration at LEP mea-
sured the diphoton coupling to the f(1285) and f(1420)
states using their decays to 7775 [68] and K K* 7T [69]
products. In this case, one could study the energy depend-
ence of a linear combination of form factors relevant for
aELbL;A. We will take this information into account in
our work.

Noteworthy, according to the most recent evaluations of
a}beL;A in Refs. [15,66] the axial-vector contributions have
a very similar uncertainty (~3 x 107!") as the sum of the
tensor and higher-scalar meson contributions [66,70,71].
One main motivation of our work is to confirm or disfavor
this observation, especially due to the model-dependency
of the estimations and some overlooked ambiguities related
to the off-shellness, which could make further refined

studies of aELbL;A needed. An additional relevant outcome
WA 4o the

of this study is to show the sensitivity of aj,
asymptotic behavior of the form factors. This will be useful

*We are aware that M. Hoferichter and collaborators have
reached a similar conclusion [67]: that Ref. [45] does not violate
Landau-Yang theorem.
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toward achieving a reliable model-dependent error estima-
tion of this contribution.

The outline of this paper is as follows: in Sec. II we
define our notation and conventions together with the
central results, pointing to the origin of the mentioned
ambiguities, and commenting on the controversy about the
Landau-Yang theorem raised in Refs. [15,66]. Then, we
compute the axial-vector exchange contribution to a/-"" in
Sec. III, with details relegated to Appendix E. After that,
we evaluate numerically ay HLOLA for the lowest-lying axial
multiplet in Sec. IV, assessing as well the impact of higher
order effects in resonance chiral theory (RyT). Finally, we
outline our conclusions in Sec. V. Several appendices com-
plete our discussion: Appendix A collects several useful
relations derived from Schouten identity; Appendix B
includes four other basis (and their relation with ours)
for the axial transition form factors, briefly commenting
about short-distance constraints; Appendix D summarizes
the treatment of U(3) flavor breaking corrections in RyT
and discusses the determination of the model parameters
using short-distance QCD constraints and phenomenologi-
cal information from LEP; Appendix C shows in detail the
estimate of higher orders in RyT; finally, Appendix F
summarizes the implications of the OPE for the axial
transition form factors.

II. THE AXITAL TRANSITION FORM FACTORS

A. Definitions and main results

Based on parity, charge conjugation, and hermiticity, the
axial transition matrix element with the electromagnetic
currents j* =Y. Q;q;y"q; with Q; the ith quark charge,
defined as

/ dixe' (0| T{j#(x);*(0)}aT) = MH7ey.. (3)

where (y*(q1)r*(42)|A(pa)) = (27)'69 () + 42— pa)ie*x
M ey €] ,65,, can be generally written as

M = e (g%A — gSA) + ieh g (g4 B, + g4 B,)
— g4(di B> + ¢5B))] + ie" 19 (q7C + ¢5C),  (4)

with €°1?®> = +1 and where, given a form factor F =

F(q3,q3), we define F = F(q3, q3). Note in addition that
(g1 + q2) - €4 = 0 implies that only the antisymmetric part
in C survives on-shell—yet we still keep it for later
convenience. Defined in this way, only the tensor structure
associated to C ensures gauge invariance by itself. For the
remaining set, gauge invariance implies®

S MH has GeV dimensions; B; and C, GeV~2; A is dimen-
swnless We use the notation €,,,, P! = €,,p.5-

Lackmg massless particles, all the form factors should be
regular at g7, =0, implying that 2A(q7,0) + (¢}, — ¢}) x

B1(43,0) = 0, while B, is not constrained for vanishing ¢?.

A+ (q =A+(q1-92)B +¢3B, = 0.

(5)

However, these transition form factors (TFFs) are not
independent of C—they are related via Schouten identitites
(see Appendix A). This implies that we can dismiss either
A, B, and remove it from the equations above; in the
following, we relegate B; and obtain A = —q232 Intro-
ducing g1, = g1 + 2, 12 = g1 — g2, and Cy5) = (C F
C)/2 (B4 »s can be defined analogously), our expression
for the TFFs parametrization can be expressed as

-q2)B1 + 43B,

M = (9 (qr,q5 — 94q3) By + €772 (q 1,4 — Jaq?)Bs
+ ietn9(g5,Cy + ¢7,Cs). (6)

This definition is that appearing (up to overall factors and
the spurious addition of Cy) in Ref. [72-74] and roughly in
[75], where C — 0 is taken. The relation to alternative
existing bases is given in Appendix B. However, a relevant
comment is in order here: since the connection among
bases involves Cg # 0 terms, different bases will behave
differently when reconstructing the axial-vector contribu-
tion to the HLbL Green’s function, unless gj,-terms vanish
in such procedure. More important, such procedure is
not unique and only the residue at the axial pole is well
defined. As an example, that different propagators (¢** —
q1>q%,/X)(q* —m3)~! with either X = ¢3, or X =m?
have been used in Refs. [45,76] and [66], respectively.
The potential effect of such ambiguities and the off-shell
prescription might be large, as we find. To circumvent this
issue, one needs a well-defined off-shell prescription. In our
case, we opt to use Ry T that, despite some caveats [77-80],
has proven to successfully describe QCD at low energies at
the precision that this work requires and allows, at the same
time, to work directly at the level of Green’s functions, that
is the required input in computing a}“*-.

An additional comment concerns Landau -Yang theorem
that, contrary to the claims in [66,76] was not violated in
Ref. [45]. To see this, note that Eq. (6) can be reexpressed in
the language of Ref. [45] as

Mg &5 en, = i[{qaFoF 164} By + {q1F  F2e5} B,
—{FyF }(G12 - £4)Cal. (7)

where F%" = ¢l/¢¥ — ¢%¢} and F/" = ¢e°F, /2. In this
form, it is straightforward to show that the results in

Ref. [45] are equivalent to use only nonvanishing B,g

HLbL; A

(symmetric) form factors when computing a,

"In order to connect to alternative descriptions, where B is not
relegated, our choice is equivalent to shift AC = B;, AA =
(q1 - 42)B) + ¢3B1, AB, = —B; and analogously for the barred
form factors.
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As such, the form factor employed in [45] cannot be
antisymmetric, as it was argued in [66,76]. Further, as we
detail below, the corresponding helicity amplitudes vanish
for real photons, fulfilling Landau-Yang theorem. Actually,
it is worth emphasizing that the OPE constraints derived in
[45] apply to the B,g form factor alone (see Appendix F),
and as such they cannot be used to set constraints to the Cy
form factor, as it was done in [15,76].

B. Helicity amplitudes and cross section

In the following, it will be useful to quote the non-
vanishing on-shell helicity amplitudes in order to make
contact with experimental results®

MAtdi =G
2
2mA
2 2_ 2
-q; Mat T B, + ZqzmACA] . (8)
2mA
MMEOE — 4 0123 |:q1q2 B,

NG =

MOFE — 40123 {‘\7‘23 _ ‘1\1/7‘12 232} (9)
where q=2"2(m3.q7.43)(2ms)~" =[(q:"q2) — 41 3]"/*x
my! refers to the photon momentum in the axial-vector
meson rest frame—find similar results in Ref. [74]. Note
that the amplitudes vanish for g7 = ¢3 = 0, in accordance
to Landau-Yang theorem. A particularly interesting result
is the cross section for y*y* — A that is relevant for
eTe™ — eTe A production. Following the definitions in
[74,82,84,85], we find that

Mj:i() =F €0123 |:q%

1
orr = dmng 6(s — m3)|
1
orL = 2maq 6(s — m3)| (10)
that, in the g7 — O limit, produces a cross section Oy =
orr + opr (find details in [84,85])
3f X
o(s — 1672 1 B,|? =
0,, = 6(s —m3)16x Ty x( —|—x)[\ 5| < 2>
1, - .
+3ICP P - b ORBG) )

“We employ 912 (El ,0,0, £¢), with ZmAE1(2> =mi +
(q - 43)s eA :e.i =g = :F(o 1,%0,0)/v2, &), = (+4.0,
@)/ ,and €} = (0,0,0, 1) as in Refs. [81 83].

where x = Q3/m%, B,(C,) = B,(C4)/B,(0,0), and
where

- 1m 11
I, = lim ——A{ :——/dH |€2MT0T|2]
2 TL
02,5020 32my WTZZi
2
_na
= T 3 B:(0.0) (12)

Note that in the narrow-width approximation z5(s —
m3) < m,Ua[(s — my)? + m3I5]7!, that allows compari-
son to Ref. [68], (see Egs. (1-3) therein). The bracketed
expression in Eq. (11) compares to that for the simplified
model (i.e., with C, =0, see also Appendix B2) in
Ref. [68], namely x(1 + x/2)|F(Q?)|* For a dipole form
factor F(Q?), Ref. [68] finds a reasonable fit to data,
suggesting that singly virtual form factors should not
grow faster than Q~*, that has relevant implications as we
shall see.

C. Form factors in RyT

Resonance chiral theory [86,87] was developed with the
purpose of—on the one hand—enlarging the domain of
applicability of Chiral Perturbation Theory (yPT) [88-90]
to higher energies and—on the other—to explain the values
of the subleading low-energy yPT constants in terms of the
lightest meson masses and couplings; based only upon the
approximate unitary flavor symmetry for the resonances,
and recovering yPT at low enough energies. It has also been
systematically applied to long-distance dominated kaon
decays (see [91] for a review), hadronic tau meson decays
(remarkably, the Monte Carlo based on Ry T results [92-94]
provides the best performance in describing three-prong
pion 7 decays in Rp- analyses [95,96]), and to the study
of Green functions which are order parameters of chiral
symmetry breaking (see, for instance, [46,97]). Unitarized
RyT has also been applied successfully in the timelike
region to understand meson-meson scattering (see, e.g.,
Refs. [98,99]). In the spacelike region, it has been
employed satisfactorily to explain the z° [46], # and #’
transition form factors [50] and their corresponding con-
tributions to a,IbeL;P . Variants and corrections to this
approach have been considered in Refs. [100,101].
Figures 4 and 5 in the latter reference show a good fit
to data on the 7°, #n and 5 transition form factors with
a™ in the ballpark of the results in the literature. As
such, we expect that a similar performance is obtained for
the axial case.

Using the RyT Lagrangian [86,87] that saturates the
O(p®) LECs in the odd-intrinsic parity sector [46], the
leading contribution can be conveniently expressed as

074019-4
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MHvte ZC ~4) <0|A/”1|A> ([P gt + emvrr gf] — [P gt 4 eirdidz gH])
At — AV %/)( 7 M%/) q1 q>
= Mﬁ””” <0|A,MIA>, [eav = —2V265V Fyur({V. A} Q) (VOQ)]. (13)

The equation above will be the central quantity in determining the axial-vector contribution to the HLbL Green’s function

(and thereby aHLbL A

) in the following section. In order to make contact with the axial TFFs, one substitutes the (0|4 ,;|A)

matrix element in the equation above, obtaining the following amplitude for the A — y*y* transition assuming ideal mixing

and the isospin limit (M, =M, F,=F,):

2e*c, My (g7 — 43)

M =
(a1 — M3)(q5 — My,

) (e [q5 G2 — 3] — i€ (g q1o — aqi] + i GT,), (14)

where V — pw for a; and f; cases, while V — ¢ for f'. Finally, the form factors read

5 2cy Q% - Q%

Cy=By=-B,=—+
My (g7 — M7)(q3

Note the absence of symmetric form factors, that are
chirally suppressed and appear at higher orders (see Sec. IV
and Appendix C). Although both, F,, and F, depart from
Fy by O(m2 ) corrections [101], when the appropriate
short-distance constraints are required, one recovers F,, =
Fy = Fy [101]. We note that the ideal mixing for the spin-
one nonets that we have used (that is predicted with
N¢ — o) is supported by the fact that BR(f| - ¢y) =
(7.4+£2.6) x 107 < BR(f, = py) = (53+1.2) x 1072,
For the numerical inputs, we refer to Appendix D.

D. Additional vector multiplets in RyT

As a result of their antisymmetric nature, the singly-
virtual form factors in Eq. (15) will behave as a constant
for large spacelike virtualities, while the results from L3
Collaboration suggest a Q~* behavior (see Sec. I A). Such
behavior requires the inclusion of additional resonances.
With an additional multiplet satisfying the condition
Fyx!4 = —FykY4(M?,/M%), the asymptotic behavior is
improved but it is not yet satisfactory. However, with a third
multiplet fulfilling

Fyk¥? 4+ Fy{ + Fyicd " =0,
VA 2 2 2
F /K‘V/A _ FVKS (M MV//)MV/ (16)
V'Rs (MZ — M2 )M2 ’
V// V/ V

the asymptotic behavior can be considered realistic.” The
previous equatlon ? fixes the relevant combinations F v KV A

and F V//K'S 4 in terms of F VK' 4 and the masses of the vector

“This observation is suggested by the two data points measured
in the region Q? € [0.6,4] GeV? by the L3 Collaboration [68] It is
hard to draw any conclusion on this issue from Ref. [69], as both
7(1475) and f,(1420) states are required to describe the data.

""We note that these relations will change beyond tree-level,
when renormalized couplings are considered. This issue has been
studied, e.g., in Ref. [102] for the pion vector form factor.

- M)’

5 V2\ 4F k!
conry ==(155) 5 (15)

|
multiplets, which are known phenomenologically, as it is
discussed in Appendix D. We note that we have to ensure
the normalization of these form factors (with one, two,
or three vector resonance multiplets) at zero photon
virtualities be the same. This is achieved if the form factor
with two vector nonets is multiplied by the factor
M3, /M3 /(=1 + M3, /M) and the one with three vector

multlplets by M?2,M V,,/(Mz -M3)/ (M3, — M3).

III. AXIAL CONTRIBUTION TO af™** IN RyT

The HLbL contribution to a, in the vanishing external
momentum limit can be obtained using the projection
techniques outlined in Refs. [42,71].ll Particularly, one
finds [42,71]

ay = o te(p +m) [y v’} (¢ + m)Lpo(p.p). (17)
"
with
4 4
De(r.p) = -iet [ 20,49
vu(P+d +m)y, (P —do +m)y,
BBaH[(p+ a1)* —mi)[(p — q2)* — m3)
x Ol (a1 42)- (18)

In the previous equation we have introduced OIEY'7 (g,

: A
q2) = limy_o(9/ 9y, Mo (=41, 412 + k. —qa, —k), where
%7 stands for the HLbL tensor. In the case of axial-

mesons (see Fig. 1), and after dropping irrelevant k terms,
this reads

""We note that here we already perform the change of variables
q1 = —q1, ¢» = q1» + k at the matrix element level as compared
to Refs. [42,71], where this is performed in a second stage.
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o o
Gtk otk
—q2 qu2 + k —q —q2 q2 + k —q
A v M A v H

FIG. 1.

The s-, t-, and u-channel resonance exchange (depicted with a double line) contribution to the HLbL. The momentum flows
out from the blobs except for the external incoming momentum k.

Ao . v, . . Ao B
HﬁibgA(‘Qb q12> =2, —k) = iMY aﬁ(—chv QI2)1A§’<L]2)aﬂ,&BlMA aﬂ(—fb, —k)

. A N . . o B
+ lMAD aﬁ(_QZv QIZ)lAg'(ql )(l/ﬁ’,('l/_)’lMI/l\ a/}(_QI ’ _k)

. afp . . a
+iMEP (—q1 =) i (412 apa s M (G012, —K), (19)

with M}*™? defined in Eq. (13) and AF(q) 445 standing for the resonance propagator,'?

74" 9" — #°¢"q" + ¢ ¢° (M% — %)) — (u < v)

AR [ i 20
i (q° — Mz)M5 0)
leading to
Aop . o B i - vipas B _ o
O s = iAR(2) apapFa (@}, 4) Fa(d3, 0)[(€9% g + 172 gP) + (eotrtz P 4 ez o) |
x [(emvaar qf + ervad: 61/1}2) — (e @b 4 enadia: @] 4 (Zl‘—jqz)
+ DRG0 i Fa (@ BV Fa (@D, O)[(7 ), + €@ gl 1 (emangth 4 v )]
X [(e4a42 gl 4 ertan gh) — (ehanaz b 4 erodidz fB)], (1)

where Fy(q3,q3) = ca(q? — ¢3)(q2 — M%)~ (¢5 — M%)~!, see Eq. (15). Following the method of Gegenbauer poly-
nomials in Ref. [27] to evaluate the integral, one can show that

a, = (%)32;/dtdQ1dQ2{\/1 _2

where the expressions for K;(Q%,Q3,1) are given in
Appendix E.

IV. NUMERICAL EVALUATION OF a""t4

We evaluate a'""“* including the contribution of the

lightest axial-vector multiplet with up to three vector

"2As we advanced, one advantage of the Lagrangian formalism
is that there is no ambiguity when computing Green’s functions.
In our case, we choose to represent the spin-one resonances by
antisymmetric tensor fields, so the corresponding propagators can
be read from Eq. (20). While physical observables are indepen-
dent of our choice for representing the (axial)-vector meson
fields, this does not need to be the case for individual contribu-
tions to them if asymptotic constraints are not properly taken into
account, and deserves further study in the context of a,, (see, e.g.,
Refs. [87,103]).

Q?Q%ZK( 2.03.0.=) 22
) i\t =, wi (22)

127 =1 i=1

multiplets for the reasons discussed below. The results
are obtained upon numerical integration of the formulas
derived in Sec. III. One very important thing to note is that
the first contribution, given by the integration of Eq. (22), is
not convergent for only one vector multiplet (find com-
ments on this aspect in Appendix E). Because of this, we
will only quote our results for either two (2V s) or three
(3V s) vector multiplets. We do not consider excited axial-
vector multiplets as there is only one unambiguous nonet in
the PDG [14].13 Although we consider the latter our
preferred result, as its asymptotic behavior seems to agree
with the trend shown by L3 data (see Sec. II A), it is

“One could, in principle, explore the impact of the infinite
tower of states predicted in the large-N < limit by means of Regge
models, see, e.g., Ref. [104].
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TABLE I.  Different axial-vector meson contributions to a}*-

in units of 10", The labels for the second and third row stand
for the number of vector multiplets entering the form factor
description.

Vector multiplets a; fi i
Two 113503 3.141088  0.07+0.04
Three 0.21 £0.04 0.58+0.11 0.015+ 0.008

nevertheless informative to compare both values and to
verify that a more realistic (stronger) asymptotic damping
of the relevant form factors yields smaller contributions
with three vector multiplets than with only two. Moreover,
as we discuss in the following, we will use the resulting
difference as an error estimate. In our evaluation, we are
using the restrictions in Eq. (16) (and their analogous for
only two vector multiplets) that link the couplings and
masses of the different multiplets. As a result of this, to
obtain the errors we will float F VK;’A, My, and M, inde-
pendently, but assume My, and My~ to be fully correlated
with My,. The final error is the combination in quadrature of
them. Our results are summarized in Table I, where the
different axial-vector meson contributions, in units of
107!, are given. Adding up the individual contributions,
we obtain

OIS (4.347082) 5 10711,
al Y (0.81 +0.12) x 10711, (23)

We observe that, while our result with two vector multiplets
lies in between the early [35-37,39,40] and most recent
[15,66] evaluations, it reveals a much smaller value than all
preceding analysis (yet in line with early studies) when
three vector multiplets are included. We emphasize that
such choice has been adopted in order to satisfy the leading
power of the asymptotic behavior suggested by the last two
L3 data points [68], and as such represents our preferred
value. Still, this points out the need for additional data at
high energies and a more refined analysis regarding the
form factor description there.

Finally, one might wonder about the effect of higher
order corrections in RyT. Especially regarding the appear-
ance of a symmetric form factor, that was conjectured to
play the main role earlier [66], and whether the differences
we found could be ascribed to it. To that object, we estimate
such contribution in Appendix C, finding that, despite our
result is analogous to that in Ref. [66] when on-shell, it
turns out to be much smaller than [66], of the order of
Eq. (23) and with opposite sign (such hierarchy was
expected due to the chiral suppression). This illustrates
again the problems that may arise when naively recon-
structing Green’s functions using naive propagators
together with on-shell form factors. Incorporating these
corrections as an additional uncertainty, we obtain

a I = (0.8233) x 1071, (24)

that is also in line with a recent result in Ref. [105]. As a
final comment, new publications have found far larger
results for axial contributions [106,107]. We emphasize that
this is related to the way certain short-distance constraints
[45] for the longitudinal contribution are fulfilled, that
is still work in progress and is missing insofar in our
approach, see Appendices B4 and C. If confirmed by
future (dispersive, lattice, etc.) studies, our finding would
imply that axial contributions turn out to be similar in size
to the sum of tensor and higher-scalar contributions, with
an error that is negligible at the current level of requested
accuracy, that underlines the need for further studies
regarding the axial contributions to aj-".

V. CONCLUSIONS

In this article, we have studied the axial-vector contri-
butions to the hadronic light-by-light piece of the muon
anomalous magnetic moment, ai"=*. This is a timely
enterprise, as we are eagerly awaiting the first publication
from the Muon g-2 FNAL Collaboration, which would give
a, with a comparable uncertainty to the LBNL measure-
ment. In the years to come, FNAL will reach a fourfold
improved uncertainty which will challenge our under-
standing of the Standard Model and its possible extensions
provided a similar reduction can be achieved on the theory
prediction, that is dominated by hadronic uncertainties. In
fact, the spectacular improvement on the accuracy of the
HVP evaluations demands a deeper understanding of the
hadronic light-by-light piece, wherein the lightest pole
cuts are already known with enough precision. Therefore,
subleading contributions which are—however—subject to
comparatively large uncertainties, become relevant for this
endeavor, and the large relative error of these (otherwise
small) contributions coming from heavier intermediate
states in the HLbL diagrams needs to be reduced. In this
context, we have studied the axial-vector contributions to
aL{LbL;A within RyT. Our most important results are dis-
cussed in the following.

We have motivated our conventions for the relevant
matrix element and related ours with others employed
before in the literature, clarifying existing controversies,
identifying previous theoretical ambiguities, and providing
a dictionary to translate from one basis to another. As there
are not many studies of this particular topic and a unified
treatment has not been adopted yet, we believe our paper
can constitute a reference in this respect. Further, this is, to
our best knowledge, the first derivation for a,l;H“bL‘A within
Ry T, and might be an useful reference for future studies.

As opposed to previous approaches, we have employed a
Lagrangian formalism, that allows to work directly at the
level of Green’s functions, that is the required ingredient in

evaluating a,I:ILbL‘A. At this respect, the first important
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finding is the large model dependency that naively recon-
structed Green’s functions employed in previous studies
might have, since only their residue at the axial pole is
model-independent. This has been neatly illustrated in the
context of RyT. The second important finding is the impact
of the asymptotic behavior demanded to the relevant form
factors. In particular, the comparison of our two evaluations
in Eq. (23) shows neatly that the main systematic uncer-
tainty comes from the lack of data probing the asymptotic
region of the axial transition form factors. Therefore, it
would be crucial that a number of data points at large Q>
were measured for the ete™ — ete™A cross section. An
interesting and complementary study would be to address
the eT e~ — f, production, that has been recently measured
by SND Collaboration [108]. Finally, it might also be
interesting to study the sum rules as discussed in [67].

In addition to this, dispersive and lattice evaluations of
a4 would contribute to the understanding of these
contributions and to reduce the corresponding uncertainty
in the SM prediction of a,,.
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APPENDIX A: SCHOUTEN IDENTITIES

It will be useful to employ the Schouten identity

6;41//)(79),5 — €5p/)o'g/1;4 + 6/45/)0'9}w + €/,w5rrg/1/) + €/w/)5g/16 (Al)
in the following; particularly, the latter implies in our case
that

gﬂbqlq2q11' — e‘”’ql’hqlll + gﬂﬂllq2qll’ + €/‘U7q2q%

+ €17 (q; - q3), (A2)
and analogously for the y <> v, 1 <> 2 expression. The
former can be conveniently rewritten in terms of gauge
invariant terms for later convenience (meaning they are
orthogonal to ¢/ and ¢4) in different ways:

463 - a5(an - 2)) (A3)
- ¢(q1 - q2)], (A4)
(A3)

and, again, the corresponding u <> v, 1 <> 2 expressions. All of them allow to relate the different possible parametrizations
of the axial TFFs. An additional interesting result, that has been used in [46], is the following

CuvapYpo <{ Vi A% }f/j»a> =

eﬂvaﬂgpa<{fip’ vﬂa}A/u/>'

(A6)

Note this implies that, exchanging V <> f leads to the same term up to a sign. Further, for V « £, it vanishes, having no
contribution to external vector currents nor the presence of a two-resonance term.

APPENDIX B: OTHER BASES FOR THE AXIAL TRANSITION FORM FACTOR
1. Helicity basis I
A popular choice adopted in Refs. [109-111],"* and used in Ref. [76] to compute (g — 2)EPLA s

. . T . 11
M = e [ghqt — ¢ (q) - 2)|F)y + ie" ™0 (gt g3 — q5(q - q2)F) + ie" 0% (g, — ¢5) 5 Fa

(B1)

“Such a choice is equivalent to use the Schouten identities to get rid of A; then, the Ward identities imply
(41 q2)By + g3B, =0 — {B, = —¢3B. B, = (q, - q¢»)B}, that carries the ¢? suppression we find in Eq. (B2). In order not to have
it, one would require B; = —q%(ql - ¢,)”'B,. Note that such additional suppression artificially implies that only the antisymmetric F,

term contributes to aj "=

[15]. This is clearly artificial and shows that such basis is not an optimal choice, for it introduces artificial

kinematical zeroes. Further, the form factor in [15] is neither analytic nor antisymmetric at ¢2 = g3 = 0.
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From the Schouten identities one can show the relations

F . F )
C:j‘+q%Fi§; C:—7A+Q%F2; By = —[qiF + (41 - @2)Fl: By =—[g3F) + (q1 - ) F}]. (B2)

2. Quark-model inspired
Another common choice is to take a single form factor [68,69,75,85,112]:

MPT = e (g1 qre — G3q12)A(4T. 43) = i€ 2 ga(—q7) + € g4 (—q3)]A(47. 43)- (B3)

Note however that the formula above is not gauge invariant. The latter can be achieved via'

M = (e (qy,q4 — ¢4q3)A(q. 43) + i€ (q1.4; — daq})A(q}. 43). (B4)

allowing to identify B, = B, = A(q%, q%) Particularly, it is the last one that was used in Ref. [66] to compute the
contribution to (g — 2).

3. Helicity basis II
Finally, we find a different choice in Ref. [81,85] based on helicities. Defining X = (q; - ¢,)* — g}g5 and R =
—¢" +x (41 0)(dd5 + d247) — 414595 — 43d1 4], the form factor is defined as
2

0 ) q 1
FO(R.q3) + R <61’f - 4’2’>q1q2Fﬁx)(q%’q%)
q1 492 nry

MM = je €poa |:R;4/)Rm(q _ qz)a%

A
2

v\ oa Lo
2 ‘h)‘lqu 2 F£x>(‘1%,61%)]' (BS)
2 my

iy <qfé _
q1 -

The outcome can be conveniently recast via the Schouten identities as

2 2
. g |1, |1 o, 91 49>

MHT — b 1792 [q” -q, } — F,/ + el | g — q” —F jetvaiqy 12 22
g a IR 2m;X

_ — 0
@52(4% = 43) — 52 FY

(B6)

The last piece, containing g7,, vanishes on-shell and the analogy to Eq. (B1) is clear. 16 For

up to the (g, - g,) overall term, that avoids kinematical zeroes. Finally, F E‘ ) is, up to the additional ad-hoc g7 2 ,-dependency

induced, analogous to F4 in Eq. (B1). Using Eq. (B2) we obtain

, the result is analogous to F’,

1 . 2_ 2 . 2 1 |- 2
c= L [(% 70)° — q5(q1 %)FS)) G Fgl)], By =L [F541> L4 F&”], (B7)
nmy X q1 - 492 my q1 92
o N2 2 2 ) 1 2
c-L [(611 90)° = q1(q1 - 42) FO _ 9 Fgl)], B -1 [Fgl) L9 F/(ql):|‘ (BS)
ny X q1 92 ny q1 9>

Note however that such form factors have not been used so far to compute the contribution to (¢ — 2); instead, the ones in the
previous subsection were employed [66].

4. (VVA) basis
It can be shown that, up to overall factors, the axial meson contributions to the (VVA) Green’s function corres-
ponds to that of the axial meson transition form factors times an additional (1/i)v/2F M4 (g}, — M3)~'d*/2 factor,

“While added terms are irrelevant when connecting to on-shell currents, such as in e e~ production, this is not the case in (g — 2)
where in a general R; gauge, the photon propagator demands to keep those terms in order to obtain a £-independent result.
"®Note however that off-shell effects will be relevant for (g — 2) unless a transverse propagator is taken.
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that makes interesting to study the connection to the standard tensor basis for (VVA) that is employed

in Refs. [33,113,114]"

0123 0 (- N
(Vu(q1)V.(q2)A;) = Y {=Wr€ug,g,q12: + W(THQ(L) + W<T )t,a )4 VV(T >;/(w‘2'}» (B9)
lar = €ququuedty = €qrquwedan — (@1 02) ez, —2 (qlq'%qz) g g 1200 (B10)
l;fl = €uq,q, | 9120 — 112 ‘%:_112 127 | » (B11)
;/(4;1) = €q,qucd1v T €, queQou — (41 @2) €peq, T €puegy)- (B12)

Comparing to Eq. (4), one can identify the form factors and recast them via the Schouten identities in terms of those in

Eq. (6), showing that

(=) ) =)

Co=wi)+wl? By =w Bys = —wh;
W(T_) =Cp— By VV(T_) =By W(TH = —Byy

Indeed, the structure of the antisymmetric tensor formalism
will guarantee a vanishing contribution of axial resonances
to longitudinal degrees of freedom, this is, to w; above.
This was ensured in our results since C4 = B,y4, and will
persist in higher orders—see for instance the section below.
Actually, this is crucial within the antisymmetric formalism
since otherwise, in the chiral limit, it would spoil the
anomaly that is fulfilled via different operators lacking
intermediate axial mesons [115]. It is interesting to wonder
how such an analogous result will appear in the HLbL in
the OPE limit defined in [45], that connects the HLbL with
the (VVA) correlator and fixes the longitudinal part. This is
currently under investigation, but it is clear that, in the
chiral limit, this cannot be attributed to heavy pseudoscalars
[116] as it has been recently noted in Ref. [107].

APPENDIX C: HIGHER ORDERS RyT
ESTIMATION

As we showed, at LO in RyT, there is a single—and
antisymmetric—form factor, B,4 = C,. In turn, the sym-
metric one(s), B,g (and Cy), despite their central role in
yy* — A transitions at low-energies, are relegated to higher
orders in the chiral counting. In this section, we illustrate
this assertion and the impact of the off-shell prescription.

"Reference [33] uses €"'2> = —1 instead, that we adapt.

Further, we omitted i overall terms as they cancel in the transition
from the axial form factors to the (VVA) function, and the overall
(8z%)~! in Eq. (BY).

2., 2 .
Cs=—w, +D0 ‘2‘12 wih _ q12 26112 i)
912 q12
ai+ 4 q12° 912
WL =-— CS + 2 BZS + B (CA - BZA) . (B13)
912 q12

Since a basis for the odd-parity sector in Ry T within the
antisymmetric tensor formalism contributing to the chiral
LECs at O(p®) has not been completed yet, we select
particular operators that should, in essence, capture the
general features of higher order corrections contributing
to BZS:

K}’J’ "
KYY €0 (VIO VP OAP) =X, (f1L 0.7 DpAP),

4
(C1)

where, since we are interested in diagonal isospin elements,
all (anti)commutators become trivial and thereby ignored.
The analogous of Eq. (13) becomes

MR = g, [ (g5 g5 — q3™)

+ e (gt — g Fayy (63 43). (C2)
where ¢, = KQ(W)Z(AQz) = KYXY(VV){g’%’%} for

{ai,f1.f}}, is an isospin factor. Operators like the
first one, will generate a qiz-dependent form factor. In
particular

(V2F,,)?
(41 = M3,)(q5 —M3,)"
_ (V2F)?
T (g = M) (g5 - M)

while the second operator would produce a constant form
factor. In general, there will be many more operators

F{alafl}y*}’* =

(C3)
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contributing, and several vector multiplets can be consid-
ered. Thereby, for simplicity, we will employ the result in
Eq. (C2) and append some generic form factor that we will
fix from phenomenology. For that purpose, we compute the
axial transition form factors by contracting M*#* in
Eq. (C2) with (0|A”*|A) [see comments below Eq. (13)].
We obtain (F4,,-(0,0) = 1)

2 2
Gt Bas.

CS -
61%2

Chp ~
Bys = —=qirFayy (41, 43).
my
(C4)

Note that the relevant feature is the chiral ¢2, # m3
suppression together with the nonvanishing value for Cg
that is key to avoid contributions to the longitudinal degrees
of freedom, as anticipated. All these features already
announce a chiral suppression if compared to the standard
ones. In order to compute the ¢, coefficient above, we use
the relation in Eq. (12), implying that

/121, _ 1210
cy ==+ nazmy; > Gy =micy =+ naznj;y .
A A

So far, we only have results for the f; and f| resonances.
Particularly, L3 Collaboration has found fmy =
3.5(6)(5) keV [68] and ff’lw =3.2(6)(7) keV [69], res-
pectively. These imply that [¢ | = 0.44(5) and |¢| =

(C5)

0.40(6); finally, we make a generous estimate I, ,, €
(1,3) keV (see also [106]), so that ¢,, ,, € (0.2,0.4). More-
over, the experimental results also extract dipole masses
Ay, =1.04(6)(5) GeV and Ay =0.926(72)(32) GeV,
respectively (we will assume A, = 1.0(1) GeV). We will
use thereby

MIUPE = [ (55 — g39) + e (qiq] — 479")]
s A3
X —% (Co)
mi (a7 = A3)*(g3 = AR)°

as the input for the respective contributions to al*L,

u
Computing only this contribution to af™* we find,

in units of 107!, Agy' = —-0.2(1), Aaj' = —0.42 and

Aa,{l‘ = —0.06. Adding this contribution to that in
Eq. (13) produces interference terms as well. Depending

on the relative sign we find Aay,' = F0.03(1), Aay' =

F0.07 and Aaf‘ = F0.007. These corrections are similar
in size to those discussed in Sec. I[II—that is to be expected
since, effectively, they are of the same order. Still, these are
much smaller than what estimated in Ref. [66], despite on-
shell our results are equivalent. Once more, this shows the
potential systematic uncertainties of existing approaches
even if experimental input is used.

APPENDIX D: PHENOMENOLOGICAL
INFORMATION ON THE RELEVANT
PARAMETERS OF THE RyT LAGRANGIAN

For the spin-one meson nonets, in application of the
large-N limit [117], we have considered ideal mixing
between the isoscalar component of the octet and the
additional isosinglet state completing the nonet. This
way, we will have the following diagonal elements of
the nonets in flavor space:

"+ —-p'+o ¢>/‘”
ﬁ ki ﬁ 9 9
al +f1 —al + /i

V2 V2

where f;~ f1(1285) and f| ~ f,(1420). The leading
breaking of the U(3) symmetry splits the heaviest compo-
nents of each nonet (¢ and f') from its partners. In the
large-N- and isospin symmetry limits, the Lagrangian
bilinear in the spin-one fields of the same type (either
VV or AA) in the even-intrinsic parity sector [97] produces
the mass splittings [118,119] (M, and M 4 are the large-N ¢
masses of the whole nonet before the symmetry breaking,
which is induced by nonvanishing e},)

P
(Vi1, Vap, Vg ) = (

uv
mnAnA@W:( ,ﬂ), (1)

M} = My, —4eym; =M, My =M, —4ey, (2my —my3),
ML =M3 —4epmi = M}], M?.,] = M3 —4eh(2m% —m?).
(D2)

From the best fit in Ref. [101] one has M, = (791 £
6) MeV and e}, = —0.36 + 0.10, which deviates clearly
from the fit to mass spectrum that is obtained if one
identifies the states in the large-N - limit with the physical
states, yielding My ~ 764.3 MeV and e}, ~ —0.28 [119]. It
is well understood, however, that such departures occur
[79]. In absence of data on the axial-vector transition form
factors that could help us to verify in which way M, and e,
differ from the naive values that are obtained fitting the
axial-vector meson nonet with the above formulas, and as
M3, and M3 are connected by short-distance constraints
[120], we will assume that the shift induced is analogous
to the one for the vector mesons. In this way, we obtain
M, = (1310 £44) MeV and e, = —0.35 £ 0.13, where
the conservative error is estimated so as to include the naive
values of M, and e7, at one standard deviation. According
to the preceding discussion, we will use in the following

My = (7914+6) MeV, e, =—0.36 +0.10,
A

M, = (1310 £44) MeV, ¢4 =-035+0.13, (D3)

so that, in this limit, the common mass for the isotriplet and
isoscalar states of the spin-one octets is
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M,, = (808 +8) MeV, M, = (1320 + 44) MeV,

(D4)
and the common mass for the extra isoscalar state is

My = (1144 £80) MeV, M = (1543 +96) MeV.

(Ds)

We observe that M, is ~4% larger than its experimental
(isospin-averaged) value, while My is ~12% larger than its
measurement. We will assume a similar deviation for the
corresponding states in excited multiplets.

The considered flavor-symmetry breaking also affects
the coupling of the vector meson resonances to the photon
(encoded in the Fy couplings). However, as shown in
Ref. [101], the corresponding leading shifts are given in
terms of a single coupling (/12’/ in Ref. [97]), that vanishes
according to short-distance QCD constraints [101]. Thus,
F,~F,~F,~Fy, within our setting (and similarly for
the excited vector resonances). Since F, # F; #F 7 18
induced in complete analogy, we will take the coupling of
the axial-vector resonances to the axial current (F,) in the
U(3) symmetry limit, as their breaking given by A4
vanishes by asymptotic conditions [101].

As noted before, the axial-vector contribution to the
hadronic light-by-light piece of the muon anomalous mag-
netic moment, within RyT, only depends on the product of
couplings F ViK';/iA for the different i = 1,2,3... vector
multiplets and on the (axial-)vector-resonance masses.
Moreover, the high-energy behavior of our form factor
links additional F VI_K;/ A factors to F v ]K;/ 4 while the
masses of the corresponding multiplets are needed inputs

in this case, see Eq. (16). In order to determine F'y, K‘;/ 4 we
follow Refs. [114,115], where the OPE condition for the
VVA Green’s function up to O(1/p*) demands—when
matching the RyT result to it—that

___NeMy,
FA o 647[2FvFA

NeM?,
6471'2FA ’
(Do)

- F\/K;/A =

where the second equality follows from the constraint
for kY in Ref. [121] and F, € [130,150] MeV [92,94].
We note that, with only one vector and one axial-vector
multiplet, the first Weinberg rule is F7 — F = F? that,
using Fy = /3F ~160 MeV [121] (which is quite
well satisfied phenomenologically [92-94]), yields F, =
V2F ~ 130 MeV. Employing the previous values in

Eq. (D6), one finds Fyxi4 ~(-21.3 +1.5) MeV, with
reasonably little uncertainty and that we shall employ in our
calculations.

Instead, one could use A — Vy decays, whose amplitude
reads

2\ 3 2
(A = Vy) = 2l Pm, <1 - ’"—g) <1 +’”—§)
3 my my
x [r({V.A}Q). (D7)
Employing the f(1285) — py branching fraction [14] we
find |kY4| = 0.45 £ 0.06. However, a recent measurement
by CLAS Collaboration [122] implies a much smaller
width, that would imply [k¢*| = 0.27 £ 0.06, much closer
to the value k¥4 = —0.1240.02 obtained using short-
distance constraints [86,92,94,121] or phenomenological
determinations of Fy and F'4 in Eq. (D6). Further, given the
p-meson width, additional operators involving pion fields
might be relevant as well. For these reasons, we advocate to
adopt the value implied by the short-distance constraints
and emphasize the need for future measurements.

The last input to be fixed are the masses of the vector
meson excitations. This will be done using the correspond-
ing generalization of Appendix D and assuming that M,
and My exceed their (isospin-averaged) PDG values by
~4% and ~12%, respectively (as it happens with the
lightest vector multiplet), and analogously with M
and M 4. In this way, we estimate

M, = (1.514£0.03) GeV, My = (1.88+0.03) GeV,
Mp”w” = (178 + 003) GCV, M¢// = (245 + 003) GeV.
(D8)

APPENDIX E: FUNCTIONS INVOLVED IN THE
HLBL COMPUTATION

The axial-meson contribution to the HLbL tensor can
be succinctly expressed—in an obvious gauge invariant
way—as follows:

Mape el esebe] = —4iF 4 (a3, 43)F (4. 43)
X A?(le)aﬂ’aﬁ(ﬁzﬂ)(1/1(F4F3)a/'}
+2<3)+ 2«4, (E1)

The functions K;(Q?, 03, 1) introduced in Eq. (22), arising

HLbL;A

in the ay evaluation, are given by
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K, (02, 0L 1) = BFA(Q1 Q3)F4(03.0) [2_m,% <Q1<r2— D20 + 051) 207 +30,0xt + Q%)
nEnE (03 +m}) 0 3 0
201(2 = 1) + 0, 0xt(r* =5) +203(* =3) 207 +70,0,1 + 6Q%>

m 03

(m3 (607 + 80,051 + 03) +40,035(0; + 0»1))

+<1-le)<

(1 _Rmz)
- Mo
2(9 )2 201 _ 2
+4X<— Q2(2Q3+gz(1 4 )>—3Q§+mﬁ(2Q2t+4Qlt+4t2+2>>} (E2)
my o 0y
K,(02. 02 ) = HFalQ ©)F4(23.0) [4(Q%—Q%>X<Q1Q2Q§+2mgmgt)
rEnE (03 +m3) m3 010,
n (1 =R, )(m30:(Qat = O1) + 01(20]1 + 010,(37 = 1) + 0, 031(¢* = 3) = 203))
mi03
_(1=R,)(m30:(011 = Qo) + Qi(=207 + 070s1(? = 3) + 0, 03(37 — 1) +2051))

2.2
m Q1

_ 2my(Q1 = 03)(m] + 01 Qo (#” — 1))] _ (E3)

m3 0103
where the following functions, together with Q3 = 0% + Q3 + 20, 01, have been employed
4m? _ 010

(1 _ t2)_1/2 V1 — [2
R, =1/l+—0” 2z (1-R,)(1=R,). X=-——"arctan[——— . (E4)
’ 07 4m ‘ ’ 0,0, 1—z

It is also interesting to discuss the asymptotic behavior of the integrands. From the definition in Eq. (22), and for constant
F4(03,05) — 1 form factors we obtain for w;

. 1 7072 m?>
Qh_r)rgo _ldt wi(Q,0,1) = 3’"/24”’ (E5)
im [ de (01,00 ) = — 2L (3002 m2) = R, (603 +40%) + 22 (6m2 +70)(1-R,,)|, (E6)
ol |y A0 02 ) =5 Gz gy P92 ) R (O A0 gy (Omi - TOD = R )
1 27203 130?
li dt 05, 1) = —=L |68R,, —42 LO=R,)|; E7
Qzlinoo » Wl(Ql QZ ) 9m§Q2{ my + m2 ( m]) ( )
while for the second case, w,, we find
1
Qlim/ dt w»(0, Q. 1) =0, (E8)
—oo
1 ﬂng 30?2
. (1) 2(1)
1 dt ,0,,1) = +—5—— |14 -8R, 1-R, , E9
Qn(i)ni& -1 wa(Q1, 0o, 1) 3miQ1(2)[ a0 T mf, ( 2“)) (E9)

the first result and the relations among the large-Q , limits due to the antisymmetric properties of the integrand. Clearly, the
asymptotic results set constraints on the form factor asymptotic behavior. In particular, we find that the large Q, ;) limits
require the form factors to fall, at least, as Q1‘<12> that, due to the antisymmetric nature of the form factor, demands at least a
dipole form.
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APPENDIX F: OPERATOR PRODUCT
EXPANSION

For two highly virtual photons, g, , ~ £4g, with 4 — oo,
so that ¢; + ¢, = O(1), while g; — g, = O(4), one can
use the operator product expansion, which is valid for large
spacelike momenta. As a result, one finds [45]

(27)*6% (q) + g2 — qa) M" ey,

_y / dhxdtyei ey (O|T{(x)j*(0)}4)  (F1)
—2i Hepg 4, oila1+a2)2(0)]
-7 diz (0l (2)]A).  (F2)

where § = (q1 — ¢2)/2 and js, = gy,y°Q%q, with O the
charge operator. This implies, adopting (0|js,|A) =

\/EFAmAeAptr(QZA), that

4i - 2
ﬁ \/EFAmAtI‘(QZA)€’””5Aq12
ar — 492

= = LV2F ymtr(OPA)ervente, (F3)

N

MHPe, — —

Comparing to Eq. (6), the former puts the following
constraint

lim = Byg(-0% —0?) = LFﬁmA +0(Q°). (F4)
0’0o 0
while no restrictions arise for B,,,C, ¢ form factors.
Further, the OPE cannot be used to set constraints on
the singly-virtual TFFs. However, at this respect, exper-
imental data seems to favor, for all single-virtual form
factors, a Q~* high-energy scaling as well.
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