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The quadrupole moments of ground state baryons are discussed inn the framework of the 1=Nc

expansion of QCD, where Nc is the number of color charges. Theoretical expressions are first provided
assuming an exact SUð3Þ flavor symmetry, and then the effects of symmetry breaking are accounted for to
linear order. The rather scarce experimental information available does not allow a detailed comparison
between theory and experiment, so the free parameters in the approach are not determined. Instead, some
useful new relations among quadrupole moments, valid even in the presence of first-order symmetry
breaking, are provided. The overall predictions of the 1=Nc expansion are quite enlightening.
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I. INTRODUCTION

Understanding the structure of baryons is still a daunt-
ing task in quantum chromodynamics (QCD). The most
interesting static properties of baryons, e.g., masses,
magnetic moments, matter and charge radii, etc., fall in
the nonperturbative regime of QCD so analytic calculations
of these properties are not possible because the theory is
strongly coupled at low energies, with no small expansion
parameter.
The study of the electromagnetic properties of baryons is

an active research area of both the theoretical and exper-
imental bent. On the one hand, the analysis of the magnetic
moments of baryons presents an opportunity to shed light
on an accurate test of QCD, and there are an important
number of works on the subject; the approaches include,
among others, the quark model (and its variants) [1–7],
QCD sum rules [8–11], the 1=Nc expansion, where Nc is
the number of color charges [12–16], chiral perturbation
theory [17–27], the combined expansion in 1=Nc and chiral
corrections [28,29], and lattice QCD [30], to name but a
few. The experimental information available is robust [31],
which allows detailed comparisons between theory and
experiment.

On the other hand, the information about the higher-
order electromagnetic moments (electric quadrupole and
magnetic octupole moments) is less profuse. Analyses
about the quadrupole moments of baryons have also been
performed within the quark model (and its variants) [32–
34], light cone QCD sum rules [35,36], the Skyrme model
[37], a QCD parametrization method [38,39], the 1=Nc
expansion [14,40,41], chiral perturbation theory [27,42],
and lattice QCD [43,44]. These lattice calculations are
confined to the evaluation of the electromagnetic nucleon to
Δ transition form factors. In contrast, the experimental data
about quadrupole moments are rather scarce. The only
experimental values reported are the helicity amplitudes for
the process Δþ → pγ [31], which can be used to extract the
value of the ratio between the electric quadrupole (E2) and
the magnetic moment (M1), E2=M1.
The present paper is focused on the computation of

quadrupole moments of the ground state baryons in the
context of the 1=Nc expansion, which has proven to be
quite effective in the calculation of static properties of
baryons. Concrete examples can be found in the predictions
for baryon masses [45,46], axial-vector [13,45,47] and
vector couplings [47,48]. In all these scenarios, the
approach gives a good description of the spin-flavor
structure of QCD baryons with Nc ¼ 3. For the purpose
of the present paper, in Sec. II a survey of the 1=Nc
expansion is presented to set the notation and conventions.
In Sec. III the analysis starts with the construction of the
most general spin-2, flavor octet operator which describes
the baryon quadrupole moment. Next, the effects of
flavor SUð3Þ symmetry breaking (SB) to linear order are
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accounted for in Sec. IV; the detailed construction of
baryon operators which make up the series is described
for each flavor representation present in the tensor product
of the quadrupole moment and the perturbation to identify
redundant operators. Once this task is completed, the full
series is provided in Sec. V. The lack of experimental
information does not allow us to determine the free
parameters of the theory so no attempt to predict any of
the quadrupole moments numerically is made. Instead,
various relations among them are provided. Some of them
are valid in the limit of exact flavor symmetry, and others
are valid even in the presence of SB. Some closing remarks
are provided in Sec. VI. The paper is complemented by the
Appendix, where some useful baryon operator reductions
are listed in order to discard redundant operators.
There are two papers that also address the evaluation of

quadrupole moments of baryons within the 1=Nc expan-
sion [40,41]. In these papers, the minimal assumption of the
single photon exchange ansatz is used, which implies that
the photon probing these observables couples to only one
quark line inside the baryon. This reduces the number of
operators involved. This assumption is not used in the
present analysis; instead the full operator basis is used here.
Although this might be counterproductive due to the larger
number of free parameters introduced, in fact, it leads to
interesting relations among quadrupole moments which can
not be determined otherwise. Another noticeable difference
between the approach implemented in Ref. [41] and the one
used here concerns the way SB enters into play. In this
reference SB is accounted for by modifying the spin-spin
terms with ratios between the constituent quark masses. In
the present analysis, as it was pointed out above, SB enters
perturbatively. More details on the subject are provided in
the following sections.

II. A SURVEY OF THE 1=Nc EXPANSION OF QCD

The present analysis builds on the seminal work on
large-Nc baryons presented in Ref. [45], so only a few
prominent facts will be highlighted here.
In the large-Nc limit, the baryon sector exhibits a

contracted SUð2NfÞ spin-flavor symmetry, where Nf is
the number of light quark flavors [49,50]. This baryon
representation decomposes under SUð2Þ × SUðNfÞ into a
tower of baryon states with spins J ¼ 1=2; 3=2;…; Nc=2.
The present analysis is done for the special case Nf ¼ 3.
Therefore, the ground state baryons transform as the
completely symmetric product of three 6’s of SUð6Þ, which
is the 56 dimensional representation. Three spin 1=2’s
added together can yield spin 1=2 or spin 3=2, so the 56
representation contains spin-1=2 and spin-3=2 baryons.
Corrections to the large-Nc limit are expressed in terms

of 1=Nc-suppressed operators with well-defined spin-flavor
transformation properties [50]; this approach leads to the
1=Nc expansion of QCD.

Concretely, the 1=Nc expansion of a QCD operator at
leading order reads [45]

OQCD ¼
X
n

cn
1

Nn−1
c

On; ð1Þ

where the sum is over all possible operators On,
n ¼ 0;…; Nc, which are polynomials in the spin-flavor
generators of total order n.On are thus referred to as n-body
operators. The spin-flavor generators can be written as 1-
body quark operators acting on the Nc-quark baryon states,
namely,

Jk ¼
XNc

α

q†α

�
σk

2
⊗ 1

�
qα; ð2aÞ

Tc ¼
XNc

α

q†α

�
1 ⊗

λc

2

�
qα; ð2bÞ

Gkc ¼
XNc

α

q†α

�
σk

2
⊗

λc

2

�
qα; ð2cÞ

where Jk are the spin generators, Tc are the flavor
generators, and Gkc are the spin-flavor generators. The
SUð2NfÞ spin-flavor generators satisfy the commutation
relations listed in Table I [45]. The operator coefficients cn
also have power series expansions in 1=Nc beginning at
order unity. On the other hand, q†α and qα are operators that
create and annihilate states in the fundamental representa-
tion of SUð6Þ and σk and λc are the Pauli spin and Gell-
Mann flavor matrices, respectively. Because the baryon
matrix elements of the spin-flavor generators (2) can be
taken as the values in the nonrelativistic quark model, this
convention is usually referred to as the quark representa-
tion [45].

III. THE QUADRUPOLE MOMENT OPERATOR
IN THE LIMIT OF EXACT SUð3Þ

FLAVOR SYMMETRY

The electromagnetic current operator can be expanded in
a power series of the photon momentum kγ (the multipole
expansion); the series can be expressed as [14]

ðJemÞia ∝ μia þQðijÞakjγ þ…; ð3Þ

TABLE I. SUð2NfÞ commutation relations.

½Ji; Ta� ¼ 0,
½Ji; Jj� ¼ iϵijkJk, ½Ta; Tb� ¼ i fabc Tc,
½Ji; Gja� ¼ iϵijk Gka, ½Ta;Gib� ¼ i fabc Gic,
½Gia; Gjb� ¼ i

4
δijfabcTc þ i

2Nf
δabϵijkJk þ i

2
ϵijkdabcGkc.
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where μia is the magnetic moment operator [12] and QðijÞa

is the quadrupole moment operator. QðijÞa is a spin-2
object and a flavor octet, so it transforms as ð2; 8Þ under
SUð2Þ × SUð3Þ. QðijÞa is a symmetric, traceless tensor in
the spin indices i and j. The electromagnetic current is
T-odd, so that QðijÞa is T-even.
The physical interpretation of the operators in the

multipole expansion (3) can readily be seen through their
matrix elements between SUð6Þ symmetric baryon states.
For example, the magnetic moment for a spin-1=2 baryon
Bp, for a spin-3=2 baryon B0

q, or for transitions Bp → Bq

and B0
p → Bq, can be generically denoted by

μB ¼ hBjμ3QjBi; ð4Þ

where the spin and flavor indices, i and a, have been set to 3
and Q≡ 3þ ð1= ffiffiffi

3
p Þ8, respectively. Hereafter, any oper-

ator of the form XQ should be understood as X3þ
ð1= ffiffiffi

3
p ÞX8, where X3 and X8 denote the isovector and

isoscalar components of the operator Xa, respectively.
Similarly, the zero component of the rank-2 tensor (in

spin space) QðijÞa, or equivalently, the l ¼ 2, ml ¼ 0
component for i ¼ j ¼ 3 and a ¼ Q, is usually referred
to as the spectroscopic quadrupole moment [38] for baryon
B0
q, which reads

QB0
q
¼ hB0

qjQð33ÞQjB0
qi: ð5Þ

Angular momentum selection rules forbid a spin-1=2
baryon from having a spectroscopic quadrupole moment.
Similar definitions can also be given for transitions
B0
p → Bq. For instance, for the radiative decay Δþ → pγ,

the only multipoles that contribute are the magnetic
moment (M1) and electric quadrupole (E2), which are
defined as [14]

M1 ¼ ek1=2γ hpjμ3QjΔþi; ð6Þ

and

E2 ¼ 1

12
ek3=2γ hpjQð33ÞQjΔþi: ð7Þ

On the other hand, to extract information about the shape
of a spatially extended particle, its intrinsic quadrupole
moment Q0, given by

Q0 ¼
Z

d3rρðrÞð3z2 − r2Þ; ð8Þ

is generally used. Q0 is defined with respect to the
body-fixed frame. For a charge density concentrated along
the z-direction, Q0 is positive and the particle is prolate.
For a charge density concentrated in the equatorial plane

perpendicular to z, Q0 is negative and the particle is
oblate [38].
The intrinsic quadrupole moment must be distinguished

from the spectroscopic one measured in the laboratory
frame. Although a spin-1=2 baryon does not have a
spectroscopic quadrupole moment, it may have an intrinsic
one. Indeed, within various models, the proton and Δþ are
found to possess a prolate and an oblate deformation,
respectively [38].
The present analysis is focused on the calculation of the

spectroscopic quadrupole moment of baryons; it will be
loosely referred to as the quadrupole moment hereafter. For
this task, the quadrupole moment operator QðijÞa is con-
structed in the framework of the 1=Nc expansion, which
requires to seek all the operator structures that transform as
ð2; 8Þ under SUð2Þ × SUð3Þ, written as polynomials in the
spin-flavor generators Ji, Ta, and Gia [45]. Symmetry
requirements are used in order to eliminate those structures
which are not either T-even or symmetric or traceless in the
spin indices. In this regard, operator structures should
contain an even number of either J, G or a combination
of them, or an odd number of J, G or a combination of
them, along with a factor of ifabc or iϵijk to yield Hermitian
operators. Of course, spin and flavor indices must be
properly saturated to have ð2; 8Þ resultant operators. The
1-body operator iϵijkGka, for instance, is T-even and
traceless but antisymmetric in i and j, so it is discarded.
In the limit of exact SUð3Þ flavor symmetry, the 1=Nc

expansion ofQðijÞa actually starts with the 2-body operator,

OðijÞa
2 ¼ fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag: ð9Þ

At 3-body operator level, several possibilities emerge,
for instance,

fTa;fJi; Jjgg; fTa;fGie;Gjegg; fGia;fTe;Gjegg;
fGie;fTa;Gjegg; dabcfJi;fTb;Gjcgg: ð10Þ

The use of operator identities [45] restricts the number of
linearly independent operators. In the Appendix some
useful operator reductions are listed. Accordingly, a con-
venient 3-body operator to include in the series is

OðijÞa
3 ¼ fTa; fJi; Jjgg − 2

3
δijfJ2; Tag; ð11Þ

and all additional 3-body operators are redundant and can
be ignored.
On the other hand, 4-body operators can be constructed

as products of four G’s, two J’s and two T’s, two J’s and
two G’s, three G’s and one J, and three J’s and one G, with
the spin and flavor indices properly saturated. Among these
structures, a convenient 4-body operator is
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OðijÞa
4 ¼ ffJi; Jjg; fJr; Gragg − 2

3
δijfJ2; fJr; Gragg; ð12Þ

whereas the others, according to the operator reductions
listed in the Appendix, can be expressed in terms of either
(12) and the lower-order operators (9) and (11), or in terms
of (9) itself and its anticommutator with J2. Hence, there is
a second 4-body operator obtained as

ÕðijÞa
4 ¼ fJ2; OðijÞa

2 g: ð13Þ

Now, 5-body operators can be constructed out of the
tensor products of the 4-body operators listed above and
Ta, with the proper contraction of spin and flavor indices.
Following the operator reductions of the Appendix, it can
be concluded that there is a single 5-body operator given by

OðijÞa
5 ¼ fJ2; OðijÞa

3 g: ð14Þ

Therefore, without loss of generality, starting fromOðijÞa
m

(m ¼ 2, 3, 4), higher-order operators can be obtained
as anticommutators of these operators with J2, i.e.,

OðijÞa
mþ2 ¼ fJ2; OðijÞa

m g, for m ≥ 3. There are additional

higher-order operators computed as ÕðijÞa
nþ2 ¼ fJ2; ÕðijÞa

n g,
for n even, n ≥ 4.
Thus, in the limit of exact SUð3Þ flavor symmetry, the

1=Nc expansion of QðijÞa is written as

QðijÞa ¼
XNc

m¼2;3

1

Nm−1
c

kmO
ðijÞa
m þ

XNc−1

n¼4;6

1

Nn−1
c

k̃nÕ
ðijÞa
n ; ð15Þ

where km, k̃n are unknown parameters which also have a
1=Nc expansion beginning at order unity; these parameters
are multiplied by a characteristic hadronic quadrupole size
(in fm2). The vanishing trace condition can be easily
verified as

δijQðijÞa ¼ QðiiÞa ¼ 0: ð16Þ

Expansion (15) can be truncated for arbitrary flavor a

after the first three operatorsOðijÞa
2 ,OðijÞa

3 , andOðijÞa
4 up to a

relative correction of order 1=N2
c. For Nc ¼ 3, only the two

operators OðijÞa
2 and OðijÞa

3 are kept. Truncation beyond

OðijÞa
3 is justified for arbitrary Nc up to a relative correction

of order 1=N2
c only when the physical baryons are under

consideration. Thus, for Nc ¼ 3, the series reads

QðijÞa ¼ k2
Nc

�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�

þ k3
N2

c

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
; ð17Þ

up to corrections of order 1=N3
c.

The quadrupole moments of baryons in the limit of exact

SUð3Þ flavor symmetry, QSUð3Þ
B , can be obtained from the

matrix elements of the baryon operators that make up
QðijÞa, Eq. (17). These matrix elements for Nc ¼ 3 are
listed in Tables II–IV, for octet baryons, decuplet baryons,
and decuplet-octet transitions. Although these matrix ele-
ments are provided for the special case Nc ¼ 3, its overall
dependence on Nc can be better seen from the matrix
elements of the 1-body operators Ta and Gia, a ¼ 3
and a ¼ 8, which occur quite often in the analysis. They
can be rewritten in terms of the quark number and spin
operators [45],

T8 ¼ 1

2
ffiffiffi
3

p ðNc − 3NsÞ; ð18aÞ

Gi8 ¼ 1

2
ffiffiffi
3

p ðJi − 3JisÞ; ð18bÞ

T3 ¼ 1

2
ðNu − NdÞ; ð18cÞ

TABLE II. Matrix elements of baryon operators corresponding to quadrupole moments of octet baryons for Nc ¼ 3: SUð3Þ case.
n p Σ− Σ0 Σþ Ξ− Ξ0 Λ

hfJ3; G33gi − 5
12

5
12

− 1
3

0 1
3

1
12

− 1
12

0

hδ33fJr; Gr3gi − 5
4

5
4

−1 0 1 1
4

− 1
4

0

hfT3; fJ3; J3ggi − 1
2

1
2

−1 0 1 − 1
2

1
2

0
hδ33fJ2; T3gi − 3

4
3
4

− 3
2

0 3
2

− 3
4

3
4

0
hfJ3; G38gi 1

4
ffiffi
3

p 1
4
ffiffi
3

p 1
2
ffiffi
3

p 1
2
ffiffi
3

p 1
2
ffiffi
3

p −
ffiffi
3

p
4

−
ffiffi
3

p
4

− 1
2
ffiffi
3

p

hδ33fJr; Gr8gi ffiffi
3

p
4

ffiffi
3

p
4

ffiffi
3

p
2

ffiffi
3

p
2

ffiffi
3

p
2

− 3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

−
ffiffi
3

p
2

hfT8; fJ3; J3ggi ffiffi
3

p
2

ffiffi
3

p
2

0 0 0 −
ffiffi
3

p
2

−
ffiffi
3

p
2

0

hδ33fJ2; T8gi 3
ffiffi
3

p
4

3
ffiffi
3

p
4

0 0 0 − 3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

0
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Gi3 ¼ 1

2
ðJiu − JidÞ; ð18dÞ

where Nc ¼ Nu þ Nd þ Ns and Ji ¼ Jiu þ Jid þ Jis.
The leading Nc counting of the matrix elements of

operators (18) is deduced as follows: T8,G33, and fJi; Gi3g
are order OðNcÞ; J3, T3, G38, and fJi; Gi8g are order
OðN0

cÞ. By using these counting rules and recalling that the
operator coefficients ki are order unity, the isovector
leading term in the series (17) is order OðN0

cÞ and the
subleading one is order OðN−2

c Þ. The isoscalar leading and
subleading terms, on the contrary, are both order OðN−1

c Þ.
Higher-order operators OðijÞa

n are suppressed by a relative

factor of 1=N2
c with respect to OðijÞa

n−2 .
With all the partial results properly gathered, the explicit

computation of quadrupole moments can be carried out. An
immediate result is that, for any octet baryon Bp,

QSUð3Þ
Bp

¼ 0; ð19Þ

which is the sum of two null quantities (isovector and
isoscalar quadrupole moments) and not the cancellation of
two equal in magnitude but opposite in sign quantities. This
is a completely expected (and consistent) result.

For decuplet baryons the quadrupole moments read

QSUð3Þ
B0
q

¼ 4

9
qB0

q
ðk2 þ k3Þ; ð20Þ

which are valid up to a correction of order 1=N3
c. Here qB0

q
is

the electric charge of decuplet baryon B0
q given by

qB0
q
≡ hB0

qjTQjB0
qi: ð21Þ

A few comments are in order here. Equation (20) has
been purposely written in a way to exhibit that the effects of
higher-body operators can readily be accounted for without
altering the basic structure of the equation itself. Thus one
would be prompted to express Eq. (20) in terms of a single
parameter, let us say k, so that

QSUð3Þ
B0
q

¼ 4

9
qB0

q
k; ð22Þ

which would be valid to all orders in the 1=Nc expansion.
This approach, however, is not entirely correct. The reasons
can be better seen when computing the transition quadru-

pole moments, QSUð3Þ
B0
qBp

. In this case,

QSUð3Þ
Δþp ¼ 2

ffiffiffi
2

p

9
k2; ð23aÞ

TABLE III. Matrix elements of baryon operators corresponding to quadrupole moments of decuplet baryons for Nc ¼ 3: SUð3Þ case.
Δþþ Δþ Δ0 Δ− Σ�þ Σ�0 Σ�− Ξ�− Ξ�0 Ω−

hfJ3; G33gi 9
4

3
4

− 3
4

− 9
4

3
2

0 − 3
2

− 3
4

3
4

0
hδ33fJr; Gr3gi 15

4
5
4

− 5
4

− 15
4

5
2

0 − 5
2

− 5
4

5
4

0

hfT3; fJ3; J3ggi 27
2

9
2

− 9
2

− 27
2

9 0 −9 − 9
2

9
2

0
hδ33fJ2; T3gi 45

4
15
4

− 15
4

− 45
4

15
2

0 − 15
2

− 15
4

15
4

0

hfJ3; G38gi 3
ffiffi
3

p
4

3
ffiffi
3

p
4

3
ffiffi
3

p
4

3
ffiffi
3

p
4

0 0 0 − 3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

− 3
ffiffi
3

p
2

hδ33fJr; Gr8gi 5
ffiffi
3

p
4

5
ffiffi
3

p
4

5
ffiffi
3

p
4

5
ffiffi
3

p
4

0 0 0 − 5
ffiffi
3

p
4

− 5
ffiffi
3

p
4

− 5
ffiffi
3

p
2

hfT8; fJ3; J3ggi 9
ffiffi
3

p
2

9
ffiffi
3

p
2

9
ffiffi
3

p
2

9
ffiffi
3

p
2

0 0 0 − 9
ffiffi
3

p
2

− 9
ffiffi
3

p
2

−9
ffiffiffi
3

p

hδ33fJ2; T8gi 15
ffiffi
3

p
4

15
ffiffi
3

p
4

15
ffiffi
3

p
4

15
ffiffi
3

p
4

0 0 0 − 15
ffiffi
3

p
4

− 15
ffiffi
3

p
4

− 15
ffiffi
3

p
2

TABLE IV. Matrix elements of baryon operators corresponding to transition quadrupole moments for Nc ¼ 3: SUð3Þ case.
Δþp Δ0n Σ�0Λ Σ�0Σ0 Σ�þΣþ Σ�−Σ− Ξ�0Ξ0 Ξ�−Ξ−

hfJ3; G33gi ffiffi
2

p
3

ffiffi
2

p
3

1ffiffi
6

p 0 1

3
ffiffi
2

p − 1

3
ffiffi
2

p 1

3
ffiffi
2

p − 1

3
ffiffi
2

p

hδ33fJr; Gr3gi 0 0 0 0 0 0 0 0
hfT3; fJ3; J3ggi 0 0 0 0 0 0 0 0
hδ33fJ2; T3gi 0 0 0 0 0 0 0 0
hfJ3; G38gi 0 0 0 1ffiffi

6
p 1ffiffi

6
p 1ffiffi

6
p 1ffiffi

6
p 1ffiffi

6
p

hδ33fJr; Gr8gi 0 0 0 0 0 0 0 0
hfT8; fJ3; J3ggi 0 0 0 0 0 0 0 0
hδ33fJ2; T8gi 0 0 0 0 0 0 0 0
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QSUð3Þ
Δ0n ¼ 2

ffiffiffi
2

p

9
k2; ð23bÞ

QSUð3Þ
Σ�0Λ ¼ 1

3

ffiffiffi
2

3

r
k2; ð23cÞ

QSUð3Þ
Σ�0Σ0 ¼

ffiffiffi
2

p

9
k2; ð23dÞ

QSUð3Þ
Σ�þΣþ ¼ 2

ffiffiffi
2

p

9
k2; ð23eÞ

QSUð3Þ
Σ�−Σ− ¼ 0; ð23fÞ

QSUð3Þ
Ξ�0Ξ0 ¼ 2

ffiffiffi
2

p

9
k2; ð23gÞ

and

QSUð3Þ
Ξ�−Ξ− ¼ 0; ð23hÞ

which are valid up to a correction of order 1=N2
c. Due to

the fact that the operator coefficients ki participate differ-

ently in QSUð3Þ
B0
q

and QSUð3Þ
B0
qBp

, there is not a unique way of

recombining these operator coefficients to reduce the
number of free parameters. Therefore, retaining up to 3-
body operators in the 1=Nc expansion of quadrupole
moments implies the existence of two free independent
parameters, k2 and k3.
In the SUð3Þ limit, two relations become evident,

namely.

1

2
QSUð3Þ

Δþþ ¼ QSUð3Þ
Δþ ¼ −QSUð3Þ

Δ− ¼ QSUð3Þ
Σ�þ

¼ −QSUð3Þ
Σ�− ¼ −QSUð3Þ

Ξ�− ; ð24Þ

and

QSUð3Þ
Δþp ¼ QSUð3Þ

Δ0n
¼ QSUð3Þ

Σ�þΣþ ¼ QSUð3Þ
Ξ�0Ξ0

¼ 2QSUð3Þ
Σ�0Σ0 ¼ 2ffiffiffi

3
p QSUð3Þ

Σ�0Λ : ð25Þ

The last relations have also been noticed within the chiral
constituent quark model analysis of Ref. [34]. As a side

remark, notice that QSUð3Þ
Σ�−Σ− ¼ QSUð3Þ

Ξ�−Ξ− ¼ 0, which is a well-
known result derived in the quark model [34]. These
transitions are forbidden by U-spin conservation if flavor
symmetry is exact.
Now, it is straightforward to test the combinations

sensitive to I ¼ 3 and I ¼ 2 operators [41]. For the former
case,

QSUð3Þ
Δþþ − 3QSUð3Þ

Δþ þ 3QSUð3Þ
Δ0 −QSUð3Þ

Δ− ¼ 0; ð26aÞ

and for the latter case,

QSUð3Þ
Δþþ −QSUð3Þ

Δþ −QSUð3Þ
Δ0 þQSUð3Þ

Δ− ¼ 0; ð26bÞ

QSUð3Þ
Σ�þ − 2QSUð3Þ

Σ�0 þQSUð3Þ
Σ�− ¼ 0; ð26cÞ

QSUð3Þ
Δþp −QSUð3Þ

Δ0n
¼ 0; ð26dÞ

QSUð3Þ
Σ�þΣþ − 2QSUð3Þ

Σ�0Σ0 þQSUð3Þ
Σ�−Σ− ¼ 0: ð26eÞ

Additional expressions valid in the limit of exact SUð3Þ
symmetry can be extracted from Ref. [39]. Apart from the
isospin relations (26c), (26d), and (26e), a and a vanishing

QSUð3Þ
Δ0 , the expressions are given by

QSUð3Þ
Δ− þQSUð3Þ

Δþ ¼ 0; ð27aÞ

2QSUð3Þ
Δ− þQSUð3Þ

Δþþ ¼ 0; ð27bÞ

3ðQSUð3Þ
Ξ�− −QSUð3Þ

Σ�− Þ − ðQSUð3Þ
Ω− −QSUð3Þ

Δ− Þ ¼ 0; ð27cÞ

QSUð3Þ
Δ− −QSUð3Þ

Σ�− −
ffiffiffi
2

p
QSUð3Þ

Σ�−Σ− ¼ 0; ð27dÞ

QSUð3Þ
Δþ −QSUð3Þ

Σ�þ þ
ffiffiffi
2

p
QSUð3Þ

Δþp −
ffiffiffi
2

p
QSUð3Þ

Σ�þΣþ ¼ 0; ð27eÞ

QSUð3Þ
Σ�0 −

1ffiffiffi
2

p QSUð3Þ
Σ�0Σ0 þ 1ffiffiffi

6
p QSUð3Þ

Σ�0Λ ¼ 0; ð27fÞ

QSUð3Þ
Σ�− −QSUð3Þ

Ξ�− −
1ffiffiffi
2

p QSUð3Þ
Ξ�−Ξ− −

1ffiffiffi
2

p QSUð3Þ
Σ�−Σ− ¼ 0; ð27gÞ

QSUð3Þ
Ξ�0 þ 1ffiffiffi

2
p QSUð3Þ

Ξ�0Ξ0 −
ffiffiffi
2

3

r
QSUð3Þ

Σ�0Λ ¼ 0; ð27hÞ

which are also verified with the expressions obtained
within the formalism presented here. Relations (27a) and
(27b) are easily explained as a consequence of QB0

q
being

proportional to the electric charge of baryon B0
q.

IV. QðijÞa WITH FIRST-ORDER SUð3Þ
SYMMETRY BREAKING

In the Standard Model, flavor SUð3Þ symmetry breaking
is given by the current quark mass term in the QCD
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Lagrangian with mu, md ≪ ms and transforms as a flavor
octet.
The correction to QðijÞa is obtained to linear order in SB

from the tensor product of the quadrupole moment and the
perturbation, which transform under SUð2Þ × SUð3Þ as
ð2; 8Þ and ð0; 8Þ, respectively. The representations con-
tained in this tensor product are ð2; 1Þ, ð2; 8Þ, ð2; 8Þ,
ð2; 10þ 10Þ, and ð2; 27Þ. The task of finding 1=Nc
operator expansions for these representations is dealt with
in the following subsections.

A. ð2;1Þ
There is only a 0-body operator transforming as ð2; 1Þ

under SUð2Þ × SUð3Þ,
Oij

0 ¼ δij1; ð28Þ
and a single 1-body operator,

Oij
1 ¼ iϵijkJk; ð29Þ

none of which contributes to QðijÞa by virtue of the
symmetry or trace conditions discussed above. Thus, the
only nontrivial operator found is the 2-body operator,

Oij
2 ¼ fJi; Jjg − 2

3
δijJ2; ð30Þ

because even the 3-body operator,

fJi; fTe; Gjegg; ð31Þ
is also redundant, according to Eq. (A3) of the Appendix.
Therefore, the SB contribution to QðijÞa from the ð2; 1Þ

representation reads1

OðijÞa
2;1 ¼ δa8fJi; Jjg − 2

3
δijδa8J2; ð32Þ

whereas higher-order operators are consecutively obtained

as OðijÞa
2mþ2;1 ¼ fJ2; OðijÞa

2m;1g for m ≥ 1.

B. ð2;8Þ
The ð2; 8Þ operators that generate SB corrections to

QðijÞa can be obtained in a close analogy with expressions
(9) and (11) and read respectively for 2- and 3-body
operators,

OðijÞa
2;8 ¼ dae8ðfJi; Gjeg þ fJj; GiegÞ − 2

3
δijdae8fJr; Greg;

ð33Þ

and

OðijÞa
3;8 ¼ dae8fTe; fJi; Jjgg − 2

3
δijdae8fJ2; Teg: ð34Þ

Higher-order operators are obtained as OðijÞa
nþ2;8 ¼

fJ2; OðijÞa
n;8 g for n ≥ 2.

Additional ð2; 8Þ operators obtained by replacing the
dab8 symbol with the ifab8 symbol turn out to be T-odd so
they are forbidden by time reversal invariance.

C. ð2;27Þ
The analysis of ð2; 27Þ operators is more involved than

the ones previously discussed. In the present case, not only
the symmetry of operators under the exchange of spin
indices must be manifest, but also the symmetry of
operators under the exchange of flavor indices, which is

required for flavor-27 operators. Let SðijÞfabgþ be one of such
operators. The singlet and octet components are subtracted

off SðijÞfabgþ to obtain a genuine flavor-27 operator SðijÞfabg

according to [45]

SðijÞfabg ¼ SðijÞfabgþ −
1

N2
f − 1

δabSðijÞfeegþ

−
Nf

N2
f − 4

dabedgheSðijÞfghgþ : ð35Þ

The contribution of SðijÞfabg toQðijÞa is actually obtained by
setting b ¼ 8 so the contribution is effectively SðijÞfa8g.
The 1=Nc expansion for a ð2; 27Þ operator that contrib-

utes to QðijÞa begins with a single 2-body operator,

fGia; Gjbg þ fGja; Gibg − 2

3
δijfGra; Grbg; ð36Þ

which, after subtracting singlet and octet components in
accordance with prescription (35), gets the form,

fGia; Gjbg þ fGja; Gibg − 2

N2
f − 1

δabfGie; Gjeg

−
2Nf

N2
f − 4

dabedeghfGig; Gjhg − 2

3
δijfGra;Grbg

þ 2

3

1

N2
f − 1

δijδabfGre; Greg

þ 2

3

Nf

N2
f − 4

δijdabedeghfGrg; Grhg: ð37Þ

After a straightforward algebraic manipulation, the SB
correction to QðijÞa from this 2-body operator becomes

1Hereafter, for the ease of notation, OðijÞa
n;rep will stand for an n-

body operator belonging to flavor representation rep.
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OðijÞa
2;27 ¼ fGia;Gj8g þ fGi8; Gjag þ 1

6
δijfTa; T8g þ 1

3
δijfagef8hefTg; Thg − 1

Nf þ 2
dae8ðfJi; Gjeg þ fJj; GiegÞ

−
1

3

Nf

Nf þ 2
δijdae8fJr; Greg − 1

NfðNf þ 1Þ δ
a8fJi; Jjg − 2

3

1

Nf þ 1
δijδa8J2 −

1

6
ðNc þ NfÞδijdae8Te

−
NcðNc þ 2NfÞ

6Nf
δijδa8: ð38Þ

As for 3-body operators, there is a single one given by

1

2
fTa; fJi; Gjbg þ fJj; Gibgg þ 1

2
fTb; fJi; Gjag þ fJj; Giagg − 1

3
δijðfTa; fJr; Grbgg þ fTb; fJr; GraggÞ; ð39Þ

which turns into

1

2
fTa; fJi; Gjbg þ fJj; Gibgg þ 1

2
fTb; fJi; Gjag þ fJj; Giagg − 1

N2
f − 1

δabfTe; fJi; Gjeg þ fJj; Giegg

−
Nf

N2
f − 4

dabedfgefTf; fJi; Gjgg þ fJj; Giggg − 1

3
δijfTa; fJr; Grbgg − 1

3
δijfTb; fJr; Gragg

þ 2

3

1

N2
f − 1

δijδabfTe; fJr; Gregg þ 2

3

Nf

N2
f − 4

δijdabedfgeδijfTf; fJr; Grggg; ð40Þ

by following the prescription (35). Therefore, the SB correction to QðijÞa from 3-body operators is then given by

OðijÞa
3;27 ¼ 1

2
fTa; fJi; Gj8g þ fJj; Gi8gg þ 1

2
fT8; fJi; Gjag þ fJj; Giagg − 1

3
δijfTa; fJr; Gr8gg − 1

3
δijfT8; fJr; Gragg

−
1

Nf þ 2
dae8fTe; fJi; Jjgg þ 2

3

1

Nf þ 2
δijdae8fJ2; Teg − Nc þ Nf

Nf þ 2
dae8ðfJi; Gjeg þ fJj; GiegÞ

þ 2

3

Nc þ Nf

Nf þ 2
δijdae8fJr; Greg − 2ðNc þ NfÞ

NfðNf þ 1Þ δ
a8fJi; Jjg þ 4

3

Nc þ Nf

NfðNf þ 1Þ δ
ijδa8J2: ð41Þ

Next 4-body operators can be worked out. They can conveniently constructed as tensor products of a spin-0 and a spin-1,
2-body operators. There are two of such operators, namely,

ffJi; Jjg; fGra; Grbgg − 2

3
δijfJ2; fGra; Grbgg; ð42Þ

and

ffJi; Jjg; fTa; Tbgg − 2

3
δijfJ2; fTa; Tbgg: ð43Þ

The procedure to subtract singlet and octet components yields, for the former,

ffJi; Jjg; fGra; Grbgg − 1

N2
f − 1

δabffJi; Jjg; fGre; Gregg − Nf

N2
f − 4

dabedgheffJi; Jjg; fGrg; Grhgg

−
2

3
δijfJ2; fGra; Grbgg þ 2

3

Nf

N2
f − 4

δijdabedghefJ2; fGrg;Grhgg þ 2

3

1

N2
f − 1

δijδabfJ2; fGre;Gregg; ð44Þ

and for the latter,
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ffJi; Jjg; fTa; Tbgg − 1

N2
f − 1

δabffJi; Jjg; fTe; Tegg − Nf

N2
f − 4

dabedgheffJi; Jjg; fTg; Thgg − 2

3
δijfJ2; fTa; Tbgg

þ 2

3

1

N2
f − 1

δijδabfJ2; fTe; Tegg þ 2

3

Nf

N2
f − 4

δijdabedghefJ2; fTg; Thgg: ð45Þ

Finally, the SB contributions from 4-body operators to QðijÞa are given by

OðijÞa
4;27 ¼ ffJi; Jjg; fGra; Gr8gg þ 1

2

Nf þ 2

NfðN2
f − 1Þ δ

a8fJ2; fJi; Jjgg þ 1

2

Nf þ 4

N2
f − 4

dae8ffJi; Jjg; fJr; Gregg

−
3

4

ðNc þ NfÞNf

N2
f − 4

dae8fTe; fJi; Jjgg − 3

4

NcðNc þ 2NfÞ
N2

f − 1
δa8fJi; Jjg − 2

3
δijfJ2; fGra; Gr8gg

−
1

3

Nf þ 2

NfðN2
f − 1Þ δ

ijδa8fJ2; J2g − 1

3

Nf þ 4

N2
f − 4

δijdae8fJ2; fJr; Gregg þ 1

2

ðNc þ NfÞNf

N2
f − 4

δijdae8fJ2; Teg

þ 1

2

NcðNc þ 2NfÞ
N2

f − 1
δijδa8J2; ð46Þ

and

ÕðijÞa
4;27 ¼ ffJi; Jjg; fTa; T8gg − 2

N2
f − 1

δa8fJ2; fJi; Jjgg − 2Nf

N2
f − 4

dae8ffJi; Jjg; fJr; Gregg

−
ðNc þ NfÞðNf − 4Þ

N2
f − 4

dae8fTe; fJi; Jjgg − NcðNc þ 2NfÞðNf − 2Þ
NfðN2

f − 1Þ δa8fJi; Jjg − 2

3
δijfJ2; fTa; T8gg

þ 4

3

1

N2
f − 1

δijδa8fJ2; J2g þ 4

3

Nf

N2
f − 4

δijdae8fJ2; fJr; Gregg þ 2

3

ðNc þ NfÞðNf − 4Þ
N2

f − 4
δijdae8fJ2; Teg

þ 2

3

NcðNc þ 2NfÞðNf − 2Þ
NfðN2

f − 1Þ δijδa8J2: ð47Þ

There is an additional 4-body operator constructed as

1

2
ffJr; Jrg; fGia; Gjbg þ fGja; Gibgg; ð48Þ

but it can be rewritten in terms of fJ2; OðijÞa
2 g, so it is

redundant and can be discarded.
To close this section, notice that the flavor singlet and

octet components subtracted off the original flavor 27
operators could have been respectively merged into the

already defined OðijÞa
n;1 and OðijÞa

n;8 operators. The reason to
keep these components in the original expression is twofold.
First, the vanishing trace condition is kept in the full
expression, and second, this allows us to disentangle the
effects of different representations, so the corresponding
operator coefficients parametrize pure 27 effects.

D. ð2;10+ 10Þ
Contrary to the previous case, ð2; 10þ 10Þ operators

must be antisymmetric under the exchange of flavor indices,
retaining the symmetry under the exchange of spin indices.

Let AðijÞ½ab�
− be one of such operators. Thus, in order to get a

genuine flavor 10þ 10 operator AðijÞ½ab�, the flavor octet
component must be subtracted off according to [45]

AðijÞ½ab� ¼ AðijÞ½ab�
− −

1

Nf
fabefgheAðijÞ½gh�

− ; ð49Þ

where, by construction,

fabcAðijÞ½ab� ¼ 0: ð50Þ
With the above considerations, the series for the ð2; 10þ

10Þ SB operators actually begins with a single 3-body
operator,

1

2
fTa; fJi; Gjbg þ fJj; Gibgg − 1

2
fTb; fJi; Gjag

þ fJj; Giagg − 1

3
δijðfTa; fJr; Grbgg

− fTb; fJr; GraggÞ; ð51Þ

where the octet component to be subtracted off reads
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1

Nf
ifabe½J2; fJi; Gjeg þ fJj; Gieg�: ð52Þ

This last term is particularly interesting. First, notice that it is
T-odd, so in principle it is forbidden in the 1=Nc expansion
ofQðijÞa. And secondly, it vanishes under contraction of spin
indices. It is necessary, though, to fulfill condition (50).
Thus, the SB contribution to QðijÞa from ð2; 10þ 10Þ

operators is

OðijÞa
3;10þ10

¼ 1

2
fTa; fJi; Gj8g þ fJj; Gi8gg

−
1

2
fT8; fJi; Gjag þ fJj; Giagg

−
1

3
δijfTa; fJr; Gr8gg þ 1

3
δijfT8; fJr; Gragg;

ð53Þ

where the octet component has been safely ignored.

Higher-order operators are obtained as OðijÞa
nþ2;10þ10

¼
fJ2; OðijÞa

n;10þ10
g, for n ≥ 3.

V. A FULL EXPRESSION FOR
QUADRUPOLE MOMENT

The final expression for the quadrupole moment operator
to linear order in SB is

QðijÞa þ δQðijÞa; ð54Þ

where QðijÞa is the operator whose matrix elements yield
the SUð3Þ symmetric values; it is given in Eq. (15). In turn,
δQðijÞa includes all the operators due to first-order SB and
its 1=Nc expansion reads

TABLE V. Matrix elements of baryon operators corresponding to quadrupole moments of octet baryons for Nc ¼ 3: broken SUð3Þ
case.

n p Σ− Σ0 Σþ Ξ− Ξ0 Λ

hδ38fJ3; J3gi 0 0 0 0 0 0 0 0
hδ33δ38J2i 0 0 0 0 0 0 0 0
hd3e8fJ3; G3egi − 5

12
ffiffi
3

p 5

12
ffiffi
3

p − 1
3
ffiffi
3

p 0 1
3
ffiffi
3

p 1
12

ffiffi
3

p − 1
12

ffiffi
3

p 0

hδ33d3e8fJr; Gregi − 5
4
ffiffi
3

p 5
4
ffiffi
3

p − 1ffiffi
3

p 0 1ffiffi
3

p 1

4
ffiffi
3

p − 1

4
ffiffi
3

p 0

hd3e8fTe; fJ3; J3ggi − 1

2
ffiffi
3

p 1

2
ffiffi
3

p − 1ffiffi
3

p 0 1ffiffi
3

p − 1

2
ffiffi
3

p 1

2
ffiffi
3

p 0

hδ33d3e8fJ2; Tegi −
ffiffi
3

p
4

ffiffi
3

p
4

−
ffiffi
3

p
2

0
ffiffi
3

p
2

−
ffiffi
3

p
4

ffiffi
3

p
4

0

hfG33; G38gi − 5
24

ffiffi
3

p 5
24

ffiffi
3

p − 2

3
ffiffi
3

p 0 2

3
ffiffi
3

p − 11

24
ffiffi
3

p 11

24
ffiffi
3

p 0

hδ33fT3; T8gi −
ffiffi
3

p
2

ffiffi
3

p
2

0 0 0
ffiffi
3

p
2

−
ffiffi
3

p
2

0

hδ33f3gef8hefTg; Thgi −
ffiffi
3

p
4

ffiffi
3

p
4

0 0 0
ffiffi
3

p
4

−
ffiffi
3

p
4

0

hδ33d3e8Tei − 1

2
ffiffi
3

p 1

2
ffiffi
3

p − 1ffiffi
3

p 0 1ffiffi
3

p − 1

2
ffiffi
3

p 1

2
ffiffi
3

p 0

hδ33δ38i 0 0 0 0 0 0 0 0
hfT3; fJ3; G38ggi − 1

4
ffiffi
3

p 1

4
ffiffi
3

p − 1ffiffi
3

p 0 1ffiffi
3

p
ffiffi
3

p
4

−
ffiffi
3

p
4

0

hfT8; fJ3; G33ggi − 5

4
ffiffi
3

p 5

4
ffiffi
3

p 0 0 0 − 1
4
ffiffi
3

p 1
4
ffiffi
3

p 0

hδ33fT3; fJr; Gr8ggi −
ffiffi
3

p
4

ffiffi
3

p
4

−
ffiffiffi
3

p
0

ffiffiffi
3

p
3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

0

hδ33fT8; fJr; Gr3ggi − 5
ffiffi
3

p
4

5
ffiffi
3

p
4

0 0 0 −
ffiffi
3

p
4

ffiffi
3

p
4

0

hδ88fJ3; J3gi 1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

hδ33δ88J2i 3
4

3
4

3
4

3
4

3
4

3
4

3
4

3
4

hd8e8fJ3; G3egi − 1
12

− 1
12

− 1
6

− 1
6

− 1
6

1
4

1
4

1
6

hδ33d8e8fJr; Gregi − 1
4

− 1
4

− 1
2

− 1
2

− 1
2

3
4

3
4

1
2

hd8e8fTe; fJ3; J3ggi − 1
2

− 1
2

0 0 0 1
2

1
2

0
hδ33d8e8fJ2; Tegi − 3

4
− 3

4
0 0 0 3

4
3
4

0
hfG38; G38gi 1

24
1
24

1
2

1
2

1
2

17
24

17
24

1
6

hδ33fT8; T8gi 3
2

3
2

0 0 0 3
2

3
2

0
hδ33f8gef8hefTg; Thgi 9

4
9
4

3
2

3
2

3
2

9
4

9
4

9
2

hδ33d8e8Tei − 1
2

− 1
2

0 0 0 1
2

1
2

0
hδ33δ88i 1 1 1 1 1 1 1 1
hfT8; fJ3; G38ggi 1

4
1
4

0 0 0 3
4

3
4

0
hδ33fT8; fJr; Gr8ggi 3

4
3
4

0 0 0 9
4

9
4

0
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δQðijÞa ¼
XNc−1

n¼2;4

1

Nn−1
c

cn;1O
ðijÞa
n;1 þ

XNc

n¼2

1

Nn−1
c

cn;8O
ðijÞa
n;8 þ

XNc

n¼2

1

Nn−1
c

cn;27O
ðijÞa
n;27 þ

XNc−1

n¼4;6

1

Nn
c
c̃n;27Õ

ðijÞa
n;27

þ
XNc

n¼3;5

1

Nn−1
c

cn;10þ10O
ðijÞa
n;10þ10

: ð55Þ

At the physical value Nc ¼ 3, the series is truncated as

δQðijÞa ¼ 1

Nc
c2;1O

ðijÞa
2;1 þ 1

Nc
c2;8O

ðijÞa
2;8 þ 1

N2
c
c3;8O

ðijÞa
3;8 þ 1

Nc
c2;27O

ðijÞa
2;27 þ 1

N2
c
c3;27O

ðijÞa
3;27 þ 1

N2
c
c
3;10þ10O

ðijÞa
3;10þ10

; ð56Þ

where the operators OðijÞa
2;1 , OðijÞa

2;8 , OðijÞa
3;8 , OðijÞa

2;27 , O
ðijÞa
3;27 , and OðijÞa

3;10þ10
are given in Eqs. (32), (33), (34), (38), (41), (53),

respectively. The operator coefficient cn;rep accompany the n-body operator belonging to the flavor representation rep. The
matrix elements of the operators in the expansion (56) are listed in Tables V–VII for the sake of completeness.
Thus, the complete quadrupole moments of decuplet baryons [SUð3Þ symmetric value plus first-order SB effects] for

Nc ¼ 3 are given by

TABLE VI. Matrix elements of baryon operators corresponding to quadrupole moments of decuplet baryons for Nc ¼ 3: broken
SUð3Þ case.

Δþþ Δþ Δ0 Δ− Σ�þ Σ�0 Σ�− Ξ�− Ξ�0 Ω−

hδ38fJ3; J3gi 0 0 0 0 0 0 0 0 0 0
hδ33δ38J2i 0 0 0 0 0 0 0 0 0 0
hd3e8fJ3; G3egi 3

ffiffi
3

p
4

ffiffi
3

p
4

−
ffiffi
3

p
4

− 3
ffiffi
3

p
4

ffiffi
3

p
2

0 −
ffiffi
3

p
2

−
ffiffi
3

p
4

ffiffi
3

p
4

0

hδ33d3e8fJr; Gregi 5
ffiffi
3

p
4

5

4
ffiffi
3

p − 5

4
ffiffi
3

p − 5
ffiffi
3

p
4

5

2
ffiffi
3

p 0 − 5

2
ffiffi
3

p − 5

4
ffiffi
3

p 5

4
ffiffi
3

p 0

hd3e8fTe; fJ3; J3ggi 9
ffiffi
3

p
2

3
ffiffi
3

p
2

− 3
ffiffi
3

p
2

− 9
ffiffi
3

p
2

3
ffiffiffi
3

p
0 −3

ffiffiffi
3

p
− 3

ffiffi
3

p
2

3
ffiffi
3

p
2

0

hδ33d3e8fJ2; Tegi 15
ffiffi
3

p
4

5
ffiffi
3

p
4

− 5
ffiffi
3

p
4

− 15
ffiffi
3

p
4

5
ffiffi
3

p
2

0 − 5
ffiffi
3

p
2

− 5
ffiffi
3

p
4

5
ffiffi
3

p
4

0

hfG33; G38gi 3
ffiffi
3

p
8

ffiffi
3

p
8

−
ffiffi
3

p
8

− 3
ffiffi
3

p
8

0 0 0
ffiffi
3

p
8

−
ffiffi
3

p
8

0

hδ33fT3; T8gi 3
ffiffi
3

p
2

ffiffi
3

p
2

−
ffiffi
3

p
2

− 3
ffiffi
3

p
2

0 0 0
ffiffi
3

p
2

−
ffiffi
3

p
2

0

hδ33f3gef8hefTg; Thgi 3
ffiffi
3

p
4

ffiffi
3

p
4

−
ffiffi
3

p
4

− 3
ffiffi
3

p
4

3
ffiffi
3

p
2

0 − 3
ffiffi
3

p
2

− 5
ffiffi
3

p
4

5
ffiffi
3

p
4

0

hδ33d3e8Tei ffiffi
3

p
2

1
2
ffiffi
3

p − 1
2
ffiffi
3

p −
ffiffi
3

p
2

1ffiffi
3

p 0 − 1ffiffi
3

p − 1
2
ffiffi
3

p 1
2
ffiffi
3

p 0

hδ33δ38i 0 0 0 0 0 0 0 0 0 0
hfT3; fJ3; G38ggi 9

ffiffi
3

p
4

3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

− 9
ffiffi
3

p
4

0 0 0 3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

0

hfT8; fJ3; G33ggi 9
ffiffi
3

p
4

3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

− 9
ffiffi
3

p
4

0 0 0 3
ffiffi
3

p
4

− 3
ffiffi
3

p
4

0

hδ33fT3; fJr; Gr8ggi 15
ffiffi
3

p
4

5
ffiffi
3

p
4

− 5
ffiffi
3

p
4

− 15
ffiffi
3

p
4

0 0 0 5
ffiffi
3

p
4

− 5
ffiffi
3

p
4

0

hδ33fT8; fJr; Gr3ggi 15
ffiffi
3

p
4

5
ffiffi
3

p
4

− 5
ffiffi
3

p
4

− 15
ffiffi
3

p
4

0 0 0 5
ffiffi
3

p
4

− 5
ffiffi
3

p
4

0

hδ88fJ3; J3gi 9
2

9
2

9
2

9
2

9
2

9
2

9
2

9
2

9
2

9
2

hδ33δ88J2i 15
4

15
4

15
4

15
4

15
4

15
4

15
4

15
4

15
4

15
4

hd8e8fJ3; G3egi − 3
4

− 3
4

− 3
4

− 3
4

0 0 0 3
4

3
4

3
2

hδ33d8e8fJr; Gregi − 5
4

− 5
4

− 5
4

− 5
4

0 0 0 5
4

5
4

5
2

hd8e8fTe; fJ3; J3ggi − 9
2

− 9
2

− 9
2

− 9
2

0 0 0 9
2

9
2

9
hδ33d8e8fJ2; Tegi − 15

4
− 15

4
− 15

4
− 15

4
0 0 0 15

4
15
4

15
2

hfG38; G38gi 3
8

3
8

3
8

3
8

0 0 0 3
8

3
8

3
2

hδ33fT8; T8gi 3
2

3
2

3
2

3
2

0 0 0 3
2

3
2

6
hδ33f8gef8hefTg; Thgi 9

4
9
4

9
4

9
4

6 6 6 27
4

27
4

9
2

hδ33d8e8Tei − 1
2

− 1
2

− 1
2

− 1
2

0 0 0 1
2

1
2

1
hδ33δ88i 1 1 1 1 1 1 1 1 1 1
hfT8; fJ3; G38ggi 9

4
9
4

9
4

9
4

0 0 0 9
4

9
4

9
hδ33fT8; fJr; Gr8ggi 15

4
15
4

15
4

15
4

0 0 0 15
4

15
4

15
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QΔþþ ¼ 4

9
qΔþþðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 þ
4

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ þ
3

10
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57aÞ

QΔþ ¼ 4

9
qΔþðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 þ
1

6
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57bÞ

QΔ0 ¼ 2

3
ffiffiffi
3

p c2;1 −
4

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ þ
1

30
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57cÞ

QΔ− ¼ 4

9
qΔ−ðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 −
8

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ −
1

10
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57dÞ

QΣ�þ ¼ 4

9
qΣ�þðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 þ
4

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ −
11

30
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57eÞ

QΣ�0 ¼ 2

3
ffiffiffi
3

p c2;1 −
5

30
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57fÞ

TABLE VII. Matrix elements of baryon operators corresponding to transition quadrupole moments for Nc ¼ 3: broken SUð3Þ case.
Δþp Δ0n Σ�0Λ Σ�0Σ0 Σ�þΣþ Σ�−Σ− Ξ�0Ξ0 Ξ�−Ξ−

hδ38fJ3; J3gi 0 0 0 0 0 0 0 0
hδ33δ38J2i 0 0 0 0 0 0 0 0
hd3e8fJ3; G3egi 1

3

ffiffi
2
3

q
1
3

ffiffi
2
3

q
1

3
ffiffi
2

p 0 1

3
ffiffi
6

p − 1

3
ffiffi
6

p 1

3
ffiffi
6

p − 1

3
ffiffi
6

p

hδ33d3e8fJr; Gregi 0 0 0 0 0 0 0 0
hd3e8fTe; fJ3; J3ggi 0 0 0 0 0 0 0 0
hδ33d3e8fJ2; Tegi 0 0 0 0 0 0 0 0
hfG33; G38gi 1

3
ffiffi
6

p 1

3
ffiffi
6

p − 1

3
ffiffi
2

p 0 1
3

ffiffi
2
3

q
− 1

3

ffiffi
2
3

q
− 1

3
ffiffi
6

p 1

3
ffiffi
6

p

hδ33fT3; T8gi 0 0 0 0 0 0 0 0
hδ33f3gef8hefTg; Thgi 0 0 0 0 0 0 0 0
hδ33d3e8Tei 0 0 0 0 0 0 0 0
hδ33δ38i 0 0 0 0 0 0 0 0
hfT3; fJ3; G38ggi 0 0 0 0

ffiffi
2
3

q
−

ffiffi
2
3

q
1ffiffi
6

p − 1ffiffi
6

p

hfT8; fJ3; G33ggi ffiffi
2
3

q ffiffi
2
3

q
0 0 0 0 − 1ffiffi

6
p 1ffiffi

6
p

hδ33fT3; fJr; Gr8ggi 0 0 0 0 0 0 0 0
hδ33fT8; fJr; Gr3ggi 0 0 0 0 0 0 0 0
hδ88fJ3; J3gi 0 0 0 0 0 0 0 0
hδ33δ88J2i 0 0 0 0 0 0 0 0
hd8e8fJ3; G3egi 0 0 0 − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p

hδ33d8e8fJr; Gregi 0 0 0 0 0 0 0 0
hd8e8fTe; fJ3; J3ggi 0 0 0 0 0 0 0 0
hδ33d8e8fJ2; Tegi 0 0 0 0 0 0 0 0
hfG38; G38gi 0 0 0 1

3
ffiffi
2

p 1

3
ffiffi
2

p 1

3
ffiffi
2

p −
ffiffi
2

p
3

−
ffiffi
2

p
3

hδ33fT8; T8gi 0 0 0 0 0 0 0 0
hδ33f8gef8hefTg; Thgi 0 0 0 0 0 0 0 0
hδ33d8e8Tei 0 0 0 0 0 0 0 0
hδ33δ88i 0 0 0 0 0 0 0 0
hfT8; fJ3; G38ggi 0 0 0 0 0 0 − 1ffiffi

2
p − 1ffiffi

2
p

hδ33fT8; fJr; Gr8ggi 0 0 0 0 0 0 0 0
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QΣ�− ¼ 4

9
qΣ�−ðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 −
4

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ þ
1

30
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57gÞ

QΞ�− ¼ 4

9
qΞ�−ðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 þ
5

30
ffiffiffi
3

p ½c2;27 þ
4

3
c3;27�; ð57hÞ

QΞ�0 ¼ 2

3
ffiffiffi
3

p c2;1 þ
4

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ −
11

30
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
; ð57iÞ

and

QΩ− ¼ 4

9
qΩ−ðk2 þ k3Þ þ

2

3
ffiffiffi
3

p c2;1 þ
4

9
ffiffiffi
3

p ðc2;8 þ c3;8Þ þ
9

30
ffiffiffi
3

p
�
c2;27 þ

4

3
c3;27

�
: ð57jÞ

Notice that SB effects induce nonvanishing contributions to the quadrupole moments of neutral decuplet baryons. Notice
also that there is no contribution from the flavor 10þ 10 representation.
For the transition quadrupole moments the expressions are

QΔþp ¼ 2
ffiffiffi
2

p

9
k2 þ

2

9

ffiffiffi
2

3

r
c2;8 þ

1

15

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
−
1

9

ffiffiffi
2

3

r
c3;10þ1̄0; ð58aÞ

QΔ0n ¼
2

ffiffiffi
2

p

9
k2 þ

2

9

ffiffiffi
2

3

r
c2;8 þ

1

15

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
−
1

9

ffiffiffi
2

3

r
c3;10þ1̄0; ð58bÞ

QΣ�0Λ ¼ 1

3

ffiffiffi
2

3

r
k2 þ

ffiffiffi
2

p

9
c2;8 −

2
ffiffiffi
2

p

15

�
c2;27 þ

1

3
c3;27

�
; ð58cÞ

QΣ�0Σ0 ¼
ffiffiffi
2

p

9
k2 −

1

9

ffiffiffi
2

3

r
c2;8 þ

2

15

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
; ð58dÞ

QΣ�þΣþ ¼ 2
ffiffiffi
2

p

9
k2 þ

1

3

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
þ 1

9

ffiffiffi
2

3

r
c3;10þ1̄0; ð58eÞ

QΣ�−Σ− ¼ −
2

9

ffiffiffi
2

3

r
c2;8 −

1

15

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
−
1

9

ffiffiffi
2

3

r
c3;10þ1̄0; ð58fÞ

QΞ�0Ξ0 ¼ 2
ffiffiffi
2

p

9
k2 −

1

3

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
þ 1

9

ffiffiffi
2

3

r
c3;10þ1̄0; ð58gÞ

QΞ�−Ξ− ¼ −
2

9

ffiffiffi
2

3

r
c2;8 −

1

15

ffiffiffi
2

3

r �
c2;27 þ

1

3
c3;27

�
−
1

9

ffiffiffi
2

3

r
c3;10þ1̄0: ð58hÞ

Notice that the flavor singlet representation does not
contribute in this case but the flavor 10þ 10 one does.
The isospin relations listed in Sec. III, this time for the

complete expressions for quadrupole moments are, for
I ¼ 3 operators,

QΔþþ − 3QΔþ þ 3QΔ0 −QΔ− ¼ 0; ð59aÞ

and for I ¼ 2 operators,

QΔþþ −QΔþ −QΔ0 þQΔ− ¼ 0; ð59bÞ

QΣ�þ − 2QΣ�0 þQΣ�− ¼ 0; ð59cÞ

QΔþp −QΔ0n ¼ 0; ð59dÞ

QΣ�þΣþ − 2QΣ�0Σ0 þQΣ�−Σ− ¼ 0; ð59eÞ

i.e., they are fulfilled in the presence of first-order SB,
which is a completely expected result.
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Additional expressions fulfilled in the presence of first-
order SB are

ðQΣ�− þQΣ�þÞ − ðQΔ0 þQΞ�0Þ ¼ 0; ð60aÞ
2

3
ðQΔþþ −QΩ−Þ − ðQΔþ −QΞ�−Þ ¼ 0; ð60bÞ

QΔþ − 2QΔ0 þQΔ− ¼ 0; ð60cÞ

−2QΣ�0 þQΔ0 þQΞ�0 ¼ 0; ð60dÞ

QΣ�− þQΔ− − 5QΞ�− þ 3QΩ− ¼ 0; ð60eÞ

QΣ�−Σ− −QΞ�−Ξ− ¼ 0; ð60fÞ

Relation (60f) is remarkable because in the SUð3Þ limit,

QSUð3Þ
Σ�−Σ− ¼ QSUð3Þ

Ξ�−Ξ− ¼ 0, and still the degeneracy between
these two quantities is not lifted by first-order SB effects. In
consequence, if ϵ ∼ms is a (dimensionless measure) of
SUð3Þ breaking, corrections to Eqs. (60) should arise are
order ϵ2.
Flavor SB is evaluated in Ref. [39] by replacing the spin-

spin terms in the expressions for the quadrupole moments
with a quadratic quark mass dependence as obtained from
a one-gluon exchange interaction between the quarks. SB is
then characterized by the ratio r ¼ mu=ms of u and s quark
masses. The counterparts of relations (27) with SB effects
are also found to vanish in Ref. [39]. However, in the
formalism presented here, they are now given by

QΔ− þQΔþ ¼ 4

3
ffiffiffi
3

p c2;1 −
8

9
ffiffiffi
3

p c2;8 −
8

9
ffiffiffi
3

p c3;8 þ
1

15
ffiffiffi
3

p c2;27 þ
4

45
ffiffiffi
3

p c3;27; ð61aÞ

2QΔ− þQΔþþ ¼ 2ffiffiffi
3

p c2;1 −
4

3
ffiffiffi
3

p c2;8 −
4

3
ffiffiffi
3

p c3;8 þ
1

10
ffiffiffi
3

p c2;27 þ
2

15
ffiffiffi
3

p c3;27; ð61bÞ

3ðQΞ�− −QΣ�−Þ − ðQΩ− −QΔ−Þ ¼ 0; ð61cÞ

QΔ− −QΣ�− −
ffiffiffi
2

p
QΣ�−Σ− ¼ −

4

9
ffiffiffi
3

p c3;8 −
2

15
ffiffiffi
3

p c3;27 þ
2

9
ffiffiffi
3

p c
3;10þ10; ð61dÞ

QΔþ −QΣ�þ þ
ffiffiffi
2

p
QΔþp −

ffiffiffi
2

p
QΣ�þΣþ ¼ −

4

9
ffiffiffi
3

p c3;8 þ
8

15
ffiffiffi
3

p c3;27 −
4

9
ffiffiffi
3

p c
3;10þ10; ð61eÞ

QΣ�0 −
1ffiffiffi
2

p QΣ�0Σ0 þ 1ffiffiffi
6

p QΣ�0Λ ¼ 2

3
ffiffiffi
3

p c2;1 þ
2

9
ffiffiffi
3

p c2;8 −
13

30
ffiffiffi
3

p c2;27 −
14

45
ffiffiffi
3

p c3;27; ð61fÞ

QΣ�− −QΞ�− −
1ffiffiffi
2

p QΞ�−Ξ− −
1ffiffiffi
2

p QΣ�−Σ− ¼ −
4

9
ffiffiffi
3

p c3;8 −
2

15
ffiffiffi
3

p c3;27 þ
2

9
ffiffiffi
3

p c
3;10þ10; ð61gÞ

QΞ�0 þ 1ffiffiffi
2

p QΞ�0Ξ0 −
ffiffiffi
2

3

r
QΣ�0Λ ¼ 2

3
ffiffiffi
3

p c2;1 þ
2

9
ffiffiffi
3

p c2;8 þ
4

9
ffiffiffi
3

p c3;8 −
13

30
ffiffiffi
3

p c2;27 −
23

45
ffiffiffi
3

p c3;27 þ
1

9
ffiffiffi
3

p c
3;10þ10: ð61hÞ

Equation (61c) is the only agreement between the
analysis of Ref. [39] and the present one, as far as SB
effects in the quadrupole moments are concerned. A
noticeable difference lies in the vanishing value of QΔ0

in the presence of SB even to order Oðr3Þ found in that
reference, compared to Eq. (57c), which attains in principle
a nonzero value precisely due to first-order SB.
In the context of the 1=Nc expansion analysis of

Ref. [41], an additional relation is provided with Nc-
independent coefficients that holds for all values of Nc
in all cases of SB analyzed there. The relation, correspond-
ing to Eq. (4.23) in that reference, reads

QΞ�− −QΩ− −
ffiffiffi
2

p
QΞ�−Ξ− ¼ 0: ð62Þ

With the results presented here, the above relation
actually reads

QΞ�− −QΩ− −
ffiffiffi
2

p
QΞ�−Ξ−

¼ −
4

9
ffiffiffi
3

p c3;8 −
2

15
ffiffiffi
3

p c3;27 þ
2

9
ffiffiffi
3

p c
3;10þ10: ð63Þ

Hence, SB affects relation (63) only at 3-body operator
level and higher. Should these operators be removed
from the series (56), the single-photon exchange ansatz

VÍCTOR MIGUEL BANDA GUZMÁN et al. PHYS. REV. D 101, 074018 (2020)

074018-14



prediction would be recovered. Equivalently, relation (63)
vanishes when leading and subleading terms in 1=Nc are
retained in the series (56). Beyond that point, it gets
modifications.

VI. CLOSING REMARKS

The main aim of the present paper is to construct the
1=Nc expansion of the baryon operator whose matrix
elements between SUð6Þ baryon states yields the actual
values of the spectroscopic quadrupole moments. This
operator has well-defined properties: It is a spin-2 and a
flavor octet object, which means that it transforms as ð2; 8Þ
under SUð2Þ × SUð3Þ. It is a symmetric and traceless
tensor in the spin indices. And most importantly, it is even
under time reversal.
The operator is first constructed under the assumption of

an exact SUð3Þ flavor symmetry; it is denoted byQðijÞa. For
the physical value Nc ¼ 3, QðijÞa is given by Eq. (17). The
effects of SB are accounted for to linear order through the
operator δQðijÞa, given by Eq. (56), which comprises all
the operators that fall into the flavor representations
allowed by the tensor product of the quadrupole moment
and the perturbation. These representations are ð2; 1Þ,
ð2; 8Þ, ð2; 8Þ, ð2; 10þ 10Þ, and ð2; 27Þ. The 1=Nc expan-
sions of the operators that satisfy the properties mentioned
above are given in detailed. The matrix elements of the
operator QðijÞa þ δQðijÞa yield the actual values of the
quadrupole moments. They are listed in Eqs. (57) and (58)
for baryon decuplet and baryon decuplet-octet transitions.
For baryon octet, the values are found to be zero, which is
consistent with angular momentum selection rules. These
expressions are given in terms of the free parameters of the
theory. Retaining up to 3-body operators, there are two
parameters (k2 and k3) for the case of exact flavor
symmetry and six more introduced by SB (c2;1, c2;8,
c3;8, c2;27, c3;27, and c

3;10þ10). All in all, there are eight
undetermined parameters. Unfortunately, the experimental
information [31] is rather scarce, so at this time, it is not
possible to perform a least-squares fit to compare theory

and experiment and extract information on these parame-
ters. Any other attempts of reducing the number of free
parameters are fruitless. The only pieces of information
known up to now are those corresponding to the transition
Δþ → p [31]. The difficulties in measuring quadrupole
moments depend on many factors. For instance, except for
Ω−, all of the decuplet baryons decay strongly, so couplings
of the form decuplet-decuplet-γ are available only through
virtual processes, which are difficult to measure [40].
To overcome the lack of experimental information on

quadrupole moments, some relations among them are
provided instead. Apart from the isospin relations (59)
that must be satisfied by quadrupole moments in the
presence of SB, other relations are also provided, (60),
which can be quite useful in the future, when additional
experiments are envisaged. In the meantime, the predic-
tions of the 1=Nc expansion are in accordance with
expectations.
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APPENDIX: REDUCTION OF BARYON
OPERATORS

Different n-body operators that satisfy the properties
imposed to make up the 1=Nc expansion of QðijÞa can be
constructed. However, some of them are linearly dependent
and can be written in terms of the chosen linearly
independent ones by using operator identities [45]. In this
section a list of operator reductions, as complete as
possible, is presented to identify those operators which
are not eligible in the 1=Nc expansion of QðijÞa. Each one
of the relations provided contains, on the left-hand side, the
presumably dependent operator whereas, on the right-hand
side, its equivalence in terms of the chosen operator basis.

1. 2-body operators

fGie; Gjeg − 1

3
δijfGre; Greg ¼ Nf − 1

2Nf

�
fJi; Jjg − 2

3
δijJ2

�
; ðA1Þ

dabcðfGib; Gjcg þ fGjb; GicgÞ − 2

3
δijdabcfGrb; Grcg ¼ Nf − 2

Nf

�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�
: ðA2Þ
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2. 3-body operators

fJi; fTe; Gjegg þ fJj; fTe; Giegg − 2

3
δijfJr; fTe; Gregg ¼ 2ðNc þ NfÞðNf − 1Þ

Nf

�
fJi; Jjg − 2

3
δijJ2

�
; ðA3Þ

fTa; fGie; Gjegg − 1

3
δijfTa; fGre; Gregg ¼ Nf − 1

2Nf

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
; ðA4Þ

fGia; fTe; Gjegg þ fGja; fTe; Giegg − 2

3
δijfGra; fTe; Gregg

¼ ðNc þ NfÞðNf − 1Þ
Nf

�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�
; ðA5Þ

fGie; fTa; Gjegg þ fGje; fTa; Giegg − 2

3
δijfGre; fTa; Gregg ¼ Nf − 1

Nf

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
; ðA6Þ

dabcðfJi; fTb; Gjcgg þ fJj; fTb; GicggÞ − 2

3
δijdabcfJr; fTb; Grcgg

¼ Nf − 2

Nf

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
þ ðNc þ NfÞðNf − 2Þ

Nf

�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�
: ðA7Þ

3. 4-body operators

dbcdðfGia; fGjb; fGrc; Grdggg þ fGja; fGib; fGrc;GrdgggÞ − 2

3
δijdbcdfGma; fGmb; fGrc; Grdggg

¼ Nf − 2

8Nf
½5NcðNc þ 2NfÞ þ 6N2

f þ 2Nf − 8�
�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�

−
ðNf þ 4ÞðNf − 2Þ

4N2
f

�
fJ2; fJi; Gjagg þ fJ2; fJj; Giagg − 2

3
δijfJ2; fJr; Gragg

�
; ðA8Þ

dabcffGib; Gjcg; fGre; Gregg − 1

3
δijdabcffGmb;Gmcg; fGre; Gregg

¼ 3

8

NcðNc þ 2NfÞðNf − 2Þ
Nf

�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�

−
N2

f − 4

4N2
f

�
fJ2; fJi; Gjagg þ fJ2; fJj; Giagg − 2

3
δijfJ2; fJr; Gragg

�
; ðA9Þ

dabcffJi; Jjg; fTb; Tcgg − 1

3
δijdabcffJr; Jrg; fTb; Tcgg

¼ 2

�
ffJi; Jjg; fJr; Gragg − 2

3
δijfJ2; fJr; Gragg

�
þ ðNc þ NfÞðNf − 4Þ

Nf

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
; ðA10Þ

dabcffJi; Jjg; fGrb; Grcgg − 2

3
δijdabcfJ2; fGrb; Grcgg

¼ −
Nf þ 4

2Nf

�
ffJi; Jjg; fJr; Gragg − 2

3
δijfJ2; fJr; Gragg

�
þ 3

4
ðNc þ NfÞ

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
; ðA11Þ
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ffJi; Gjag; fGre; Gregg þ ffJj; Giag; fGre; Gregg − 2

3
δijffJm;Gmag; fGre; Gregg

¼ 3

4
NcðNc þ 2NfÞ

�
fJi; Gjag þ fJj; Giag − 2

3
δijfJr; Grag

�

−
Nf þ 2

2Nf

�
fJ2; fJi; Gjagg þ fJ2; fJj; Giagg − 2

3
δijfJ2; fJr; Gragg

�
; ðA12Þ

ffJr; Grag; fGie;Gjegg − 1

3
δijffJr; Grag; fGme;Gmegg ¼ Nf − 1

2Nf

�
ffJi; Jjg; fJr; Gragg − 2

3
δijfJ2; fJr; Gragg

�
: ðA13Þ

4. 5-body operators

dabcffJi; Jjg; fJr; fTb; Grcggg − 2

3
δijdabcfJ2; fJr; fTb; Grcggg

¼ Nf − 2

Nf

�
fJ2; fTa; fJi; Jjggg − 2

3
δijfJ2; fJ2; Tagg

�

þ ðNc þ NfÞðNf − 2Þ
Nf

�
ffJi; Jjg; fJr; Gragg − 2

3
δijfJ2; fJr; Gragg

�
; ðA14Þ

fTa; ffGic; Gjcg; fGre; Greggg − 1

3
δijfTa; ffGmc;Gmcg; fGre;Greggg

¼ −
1

4

ðNf þ 2ÞðNf − 1Þ
N2

f

�
fJ2; fTa; fJi; Jjggg − 2

3
δijfJ2; fJ2; Tagg

�

þ 3

8

NcðNc þ 2NfÞðNf − 1Þ
Nf

�
fTa; fJi; Jjgg − 2

3
δijfJ2; Tag

�
: ðA15Þ

[1] P. Ha, Decuplet baryon magnetic moments in a QCD-based
quark model beyond quenched approximation, Phys. Rev. D
58, 113003 (1998).

[2] P. Ha and L. Durand, Baryon magnetic moments in a QCD-
based quark model with loop corrections, Phys. Rev. D 58,
093008 (1998).

[3] J. Franklin, Phenomenological quark model for baryon
magnetic moments and beta decay ratios ðGA=GVÞ, Phys.
Rev. D 66, 033010 (2002).

[4] H. Dahiya and M. Gupta, Octet and decuplet baryon
magnetic moments in the chiral quark model, Phys. Rev.
D 67, 114015 (2003).

[5] B. Julia-Diaz and D. O. Riska, Baryon magnetic moments in
relativistic quark models, Nucl. Phys. A739, 69 (2004).

[6] K. Berger, R. F. Wagenbrunn, and W. Plessas, Covariant
baryon charge radii and magnetic moments in a chiral
constituent quark model, Phys. Rev. D 70, 094027 (2004).

[7] A. Faessler, T. Gutsche, B. R. Holstein, V. E. Lyubovitskij,
D. Nicmorus, and K. Pumsa-ard, Light baryon magnetic

moments and N → Δγ transition in a Lorentz covariant
chiral quark approach, Phys. Rev. D 74, 074010 (2006).

[8] J. Linde, T. Ohlsson, and H. Snellman, Decuplet baryon
magnetic moments in the chiral quark model, Phys. Rev. D
57, 5916 (1998).

[9] T. M.Aliev,A.Ozpineci, andM.Savci,Octet baryonmagnetic
moments in light cone QCD sum rules, Phys. Rev. D 66,
016002 (2002); Erratum, Phys. Rev. D 67, 039901 (2003).

[10] S. T. Hong, Sum rules for baryon decuplet magnetic mo-
ments, Phys. Rev. D 76, 094029 (2007).

[11] L. Wang and F. X. Lee, Octet baryon magnetic moments
from QCD sum rules, Phys. Rev. D 78, 013003 (2008).

[12] E. Jenkins and A. V. Manohar, Baryon magnetic moments in
the 1=N expansion, Phys. Lett. B 335, 452 (1994).

[13] J. Dai, R. F. Dashen, E. Jenkins, and A. V. Manohar, Flavor
symmetry breaking in the 1=Nc expansion, Phys. Rev. D 53,
273 (1996).

[14] E. Jenkins, X. d. Ji, and A. V. Manohar, Δ → Nγ in Large-
Nc QCD, Phys. Rev. Lett. 89, 242001 (2002).

BARYON QUADRUPOLE MOMENT IN THE 1=NC EXPANSION … PHYS. REV. D 101, 074018 (2020)

074018-17

https://doi.org/10.1103/PhysRevD.58.113003
https://doi.org/10.1103/PhysRevD.58.113003
https://doi.org/10.1103/PhysRevD.58.093008
https://doi.org/10.1103/PhysRevD.58.093008
https://doi.org/10.1103/PhysRevD.66.033010
https://doi.org/10.1103/PhysRevD.66.033010
https://doi.org/10.1103/PhysRevD.67.114015
https://doi.org/10.1103/PhysRevD.67.114015
https://doi.org/10.1016/j.nuclphysa.2004.03.078
https://doi.org/10.1103/PhysRevD.70.094027
https://doi.org/10.1103/PhysRevD.74.074010
https://doi.org/10.1103/PhysRevD.57.5916
https://doi.org/10.1103/PhysRevD.57.5916
https://doi.org/10.1103/PhysRevD.66.016002
https://doi.org/10.1103/PhysRevD.66.016002
https://doi.org/10.1103/PhysRevD.67.039901
https://doi.org/10.1103/PhysRevD.76.094029
https://doi.org/10.1103/PhysRevD.78.013003
https://doi.org/10.1016/0370-2693(94)90377-8
https://doi.org/10.1103/PhysRevD.53.273
https://doi.org/10.1103/PhysRevD.53.273
https://doi.org/10.1103/PhysRevLett.89.242001


[15] R. F. Lebed and D. R. Martin, Complete analysis of baryon
magnetic moments in 1=Nc, Phys. Rev. D 70, 016008
(2004).

[16] E. E. Jenkins, Baryon magnetic moments in the 1=Nc
expansion with flavor symmetry breaking, Phys. Rev. D
85, 065007 (2012).

[17] D. G. Caldi and H. Pagels, Chiral perturbation theory and
the magnetic moments of the baryon octet, Phys. Rev. D 10,
3739 (1974).

[18] J. Gasser, M. E. Sainio, and A. Svarc, Nucleons with chiral
loops, Nucl. Phys. B307, 779 (1988).

[19] A. Krause, Baryon matrix elements of the vector current in
chiral perturbation theory, Helv. Phys. Acta 63, 3 (1990).

[20] E. Jenkins, M. E. Luke, A. V. Manohar, and M. J. Savage,
Chiral perturbation theory analysis of the baryon magnetic
moments, Phys. Lett. B 302, 482 (1993); Erratum, Phys.
Lett. B 388, 866 (1996).

[21] M. K. Banerjee and J. Milana, Decuplet reexamined in
chiral perturbation theory, Phys. Rev. D 54, 5804 (1996).

[22] U. G. Meissner and S. Steininger, Baryon magnetic mo-
ments in chiral perturbation theory, Nucl. Phys. B499, 349
(1997).

[23] L. Durand and P. Ha, Chiral perturbation theory analysis of
the baryon magnetic moments revisited, Phys. Rev. D 58,
013010 (1998).

[24] S. J. Puglia and M. J. Ramsey-Musolf, Baryon octet mag-
netic moments in χPT: More on the importance of the
decuplet, Phys. Rev. D 62, 034010 (2000).

[25] D. Arndt and B. C. Tiburzi, Baryon decuplet to octet
electromagnetic transitions in quenched and partially
quenched chiral perturbation theory, Phys. Rev. D 69,
014501 (2004).

[26] L. S. Geng, J. M. Camalich, L. Alvarez-Ruso, and M. J. V.
Vacas, Leading SU(3)-Breaking Corrections to the Baryon
Magnetic Moments in Chiral Perturbation Theory, Phys.
Rev. Lett. 101, 222002 (2008).

[27] L. S. Geng, J. M. Camalich, and M. J. V. Vacas, Electro-
magnetic structure of the lowest-lying decuplet resonances
in covariant chiral perturbation theory, Phys. Rev. D 80,
034027 (2009).

[28] R. Flores-Mendieta, Baryon magnetic moments in large-Nc
chiral perturbation theory, Phys. Rev. D 80, 094014 (2009).

[29] G. Ahuatzin, R. Flores-Mendieta, M. A. Hernandez-Ruiz,
and C. P. Hofmann, Baryon magnetic moments in large-Nc
chiral perturbation theory: Effects of the decuplet-octet mass
difference and flavor symmetry breaking, Phys. Rev. D 89,
034012 (2014).

[30] I. C. Cloet, D. B. Leinweber, and A.W. Thomas, Delta
baryon magnetic moments from lattice QCD, Phys. Lett. B
563, 157 (2003).

[31] M. Tanabashi et al. (Particle Data Group), Review of
particle physics, Phys. Rev. D 98, 030001 (2018).

[32] M. I. Krivoruchenko and M.M. Giannini, Quadrupole mo-
ments of the decuplet baryons, Phys. Rev. D 43, 3763
(1991).

[33] N. Sharma and H. Dahiya, Charge radii and quadru-
pole moments of the low-lying baryons in the chiral
constituent quark model, Adv. High Energy Phys. 2013,
756847 (2013).

[34] N. Sharma and H. Dahiya, Quadrupole moments of low
lying baryons with spin 1=2þ, spin 3=2þ, and spin 3=2þ →
1=2þ transitions, Pramana 80, 237 (2013); Erratum, Pra-
mana 80, 1083 (2013).

[35] T. M. Aliev, K. Azizi, and M. Savci, Electric quadrupole and
magnetic octupole moments of the light decuplet baryons
within light cone QCD sum rules, Phys. Lett. B 681, 240
(2009).

[36] K. Azizi, Magnetic dipole, electric quadrupole and magnetic
octupole moments of the Delta baryons in light cone QCD
sum rules, Eur. Phys. J. C 61, 311 (2009).

[37] Y. s. Oh, Electric quadrupole moments of the decuplet
baryons in the Skyrme model, Mod. Phys. Lett. A 10,
1027 (1995).

[38] A. J. Buchmann and E. M. Henley, Intrinsic quadrupole
moment of the nucleon, Phys. Rev. C 63, 015202 (2000).

[39] A. J. Buchmann and E. M. Henley, Quadrupole moments of
baryons, Phys. Rev. D 65, 073017 (2002).

[40] A. J. Buchmann, J. A. Hester, and R. F. Lebed, Quadrupole
moments of N and Δ in the 1=Nc expansion, Phys. Rev. D
66, 056002 (2002).

[41] A. J. Buchmann and R. F. Lebed, Baryon charge radii and
quadrupole moments in the 1=Nc expansion: The three
flavor case, Phys. Rev. D 67, 016002 (2003).

[42] M. N. Butler, M. J. Savage, and R. P. Springer, Electromag-
netic moments of the baryon decuplet, Phys. Rev. D 49,
3459 (1994).

[43] C. Alexandrou, G. Koutsou, H. Neff, J. W. Negele, W.
Schroers, and A. Tsapalis, Nucleon to delta electromagnetic
transition form factors in lattice QCD, Phys. Rev. D 77,
085012 (2008).

[44] C. Alexandrou, G. Koutsou, J. W. Negele, Y. Proestos, and
A. Tsapalis, Nucleon to Delta transition form factors with
NF ¼ 2þ 1 domain wall fermions, Phys. Rev. D 83,
014501 (2011).

[45] R. F. Dashen, E. Jenkins, and A. V. Manohar, Spin flavor
structure of largeNc baryons, Phys. Rev. D 51, 3697 (1995).

[46] E. E. Jenkins and R. F. Lebed, Baryon mass splittings in the
1=Nc expansion, Phys. Rev. D 52, 282 (1995).

[47] R. Flores-Mendieta, E. E. Jenkins, and A. V. Manohar,
SUð3Þ symmetry breaking in hyperon semileptonic decays,
Phys. Rev. D 58, 094028 (1998).

[48] R. Flores-Mendieta, Vus from hyperon semileptonic decays,
Phys. Rev. D 70, 114036 (2004).

[49] R. F. Dashen and A. V. Manohar, Baryon—pion couplings
from large-Nc QCD, Phys. Lett. B 315, 425 (1993); l=Nc
corrections to the baryon axial currents in QCD, Phys. Lett.
B 315, 438 (1993).

[50] J. L. Gervais and B. Sakita, Large-N Baryonic Soliton and
Quarks, Phys. Rev. Lett. 52, 87 (1984); Phys. Rev. D 30,
1795 (1984).

VÍCTOR MIGUEL BANDA GUZMÁN et al. PHYS. REV. D 101, 074018 (2020)

074018-18

https://doi.org/10.1103/PhysRevD.70.016008
https://doi.org/10.1103/PhysRevD.70.016008
https://doi.org/10.1103/PhysRevD.85.065007
https://doi.org/10.1103/PhysRevD.85.065007
https://doi.org/10.1103/PhysRevD.10.3739
https://doi.org/10.1103/PhysRevD.10.3739
https://doi.org/10.1016/0550-3213(88)90108-3
https://doi.org/10.5169/seals-116214
https://doi.org/10.1016/0370-2693(93)90430-P
https://doi.org/10.1016/S0370-2693(96)01378-0
https://doi.org/10.1016/S0370-2693(96)01378-0
https://doi.org/10.1103/PhysRevD.54.5804
https://doi.org/10.1016/S0550-3213(97)00313-1
https://doi.org/10.1016/S0550-3213(97)00313-1
https://doi.org/10.1103/PhysRevD.58.013010
https://doi.org/10.1103/PhysRevD.58.013010
https://doi.org/10.1103/PhysRevD.62.034010
https://doi.org/10.1103/PhysRevD.69.014501
https://doi.org/10.1103/PhysRevD.69.014501
https://doi.org/10.1103/PhysRevLett.101.222002
https://doi.org/10.1103/PhysRevLett.101.222002
https://doi.org/10.1103/PhysRevD.80.034027
https://doi.org/10.1103/PhysRevD.80.034027
https://doi.org/10.1103/PhysRevD.80.094014
https://doi.org/10.1103/PhysRevD.89.034012
https://doi.org/10.1103/PhysRevD.89.034012
https://doi.org/10.1016/S0370-2693(03)00418-0
https://doi.org/10.1016/S0370-2693(03)00418-0
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.43.3763
https://doi.org/10.1103/PhysRevD.43.3763
https://doi.org/10.1155/2013/756847
https://doi.org/10.1155/2013/756847
https://doi.org/10.1007/s12043-012-0479-y
https://doi.org/10.1007/s12043-013-0549-9
https://doi.org/10.1007/s12043-013-0549-9
https://doi.org/10.1016/j.physletb.2009.10.026
https://doi.org/10.1016/j.physletb.2009.10.026
https://doi.org/10.1140/epjc/s10052-009-0988-0
https://doi.org/10.1142/S0217732395001137
https://doi.org/10.1142/S0217732395001137
https://doi.org/10.1103/PhysRevC.63.015202
https://doi.org/10.1103/PhysRevD.65.073017
https://doi.org/10.1103/PhysRevD.66.056002
https://doi.org/10.1103/PhysRevD.66.056002
https://doi.org/10.1103/PhysRevD.67.016002
https://doi.org/10.1103/PhysRevD.49.3459
https://doi.org/10.1103/PhysRevD.49.3459
https://doi.org/10.1103/PhysRevD.77.085012
https://doi.org/10.1103/PhysRevD.77.085012
https://doi.org/10.1103/PhysRevD.83.014501
https://doi.org/10.1103/PhysRevD.83.014501
https://doi.org/10.1103/PhysRevD.51.3697
https://doi.org/10.1103/PhysRevD.52.282
https://doi.org/10.1103/PhysRevD.58.094028
https://doi.org/10.1103/PhysRevD.70.114036
https://doi.org/10.1016/0370-2693(93)91635-Z
https://doi.org/10.1016/0370-2693(93)91637-3
https://doi.org/10.1016/0370-2693(93)91637-3
https://doi.org/10.1103/PhysRevLett.52.87
https://doi.org/10.1103/PhysRevD.30.1795
https://doi.org/10.1103/PhysRevD.30.1795

