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In this work, we study two-dimensional Galilean field theories with global translations and anisotropic
scaling symmetries. We show that such theories have enhanced local symmetries, generated by the infinite
dimensional spin-# Galilean algebra with possible central extensions, under the assumption that the
dilation operator is diagonalizable and has a discrete and non-negative spectrum. We study the Newton-
Cartan geometry with anisotropic scaling, on which the field theories could be defined in a covariant way.
With the well-defined Newton-Cartan geometry we establish the state-operator correspondence in
anisotropic Galilean conformal field theory and determine the two-point functions of primary operators.
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I. INTRODUCTION

In two-dimensional(2D) spacetime, the global symmetry
in a quantum field theory could be enhanced to a local
one. The well-known example studied by Polchinski in [1]
shows that a 2D Poincaré invariant QFT with scale
invariance could be of conformal invariance, provided that
the theory is unitary and the dilation spectrum is discrete
and non-negative. More recently, Strominger and Hofman
relaxed the requirement of Lorentz invariance and studied
the enhanced symmetries of the theory of chiral scaling [2].
They found two kinds of minimal theories. One kind
is the two-dimensional conformal field theory (CFT,)[3],
while the other kind is called the warped conformal
field theory (WCFT). In a warped CFT, the global sym-
metry is SL(2, R) x U(1), and it is enhanced to an infinite-
dimensional group generated by an Virasoro-Kac-Moody
algebra. For the study on various aspects of 2D warped
CFT, see [4-15]. Another kind of 2D theories which breaks
Lorentz symmetry and has enhanced infinite-dimensional
symmetry group is the Galilean conformal field theory.
It can be obtained by taking the speed of light to be infinite
such that the usual Lorentz symmetry is broken to the
Galilean boost and the Virasoro algebra becomes the
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Galilean conformal algebra in 2D. For the study concerning
Galilean conformal field theories in 2D, see [16-22].

In this paper, we would like to investigate other types of
two-dimensional field theories with enhanced symmetries.
We will focus on the theories whose global symmetries
include the translations along two directions, boost sym-
metry and anisotropic scaling symmetry. If the two direc-
tions are recognized as temporal and spatial directions, the
anisotropic scaling is of Lifshitz type x — Ax, t — A%t
Recall that the scaling behavior in a warped conformal field
theory is chiral

(1.1)

while the one in a Galilean conformal field theories (GCFT)
-1
is

X = Ax, y =y,

x = Ax, y = Ay. (1.2)

In Galilean CFT, the boost symmetry is of Galilean type
rather than Lorentzian type

y = y+ox. (1.3)

'In some literature, it sometimes refers the Galilean conformal
field theory to be the one with anisotropic scaling t — 4?¢ and
X; = Ax;, in particular in higher dimensions [23]. With the
particle number symmetry, the algebra becomes Schrodinger
algebra. Without the particle number symmetry, the anisotropic
scaling could be ¢ — A%t and x; — Ax; with z # 2. In this work,
we focus on the two-dimensional case, and call the GCFT the one
with z = 1 and the anisotropic GCFT the one with z # 1.

Published by the American Physical Society
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The Galilean CFT can be obtained by taking the non-
relativistic limit of the conformal field theory. Thus the
Lorentzian symmetry is broken in Galilean CFT. In this
work, we discuss the case with more general anisotropic
scaling

x = A°x, y = Ay, (1.4)
and a Galilean boost symmetry. Our consideration is
general enough to include the WCFT and GCFT as special
cases.

The CFT with anisotropic scaling could be related to the
strong-coupling systems in the condensed matter physics
and in some statistical systems [24-26]. In particular, It is
well known that for the fermions at unitarity which could be
realized experimentally using trapped cold atoms at the
Feshbach resonance [27-29], there is Schrodinger sym-
metry, and near the quantum critical points [30] there is
Lifshitz-type symmetry. In order to study these nonrela-
tivistic strong coupling systems holographically, people
have tried to establish their gravity duals® [32-34]. One
essential requirement is the geometric realization of the
symmetry.

For a 2D QFT with enhanced symmetry, its role in the
holographic duality becomes subtler and more interesting.
In this case, the dual gravity must involve 3D gravity. As it
is well known, there is no local dynamical degree of
freedom in 3D gravity, but there could be boundary global
degrees of freedom. The AdS spacetime is not globally
hyperbolic and the boundary conditions at infinity play an
important role. For AdS; gravity, under the Brown-
Henneaux boundary, the asymptotic symmetry group is
generated by two copies of the Virasoro algebra [35],
leading to the AdS;/CFT, correspondence. However there
exist other sets of consistent boundary conditions. In
particular, under the Compére-Song-Strominger boundary
conditions, the asymptotic symmetry group is generated by
the Virasoro-Kac-Moody U(1) algebra [36]. Therefore
under the Compere-Song-Strominger boundary conditions,
the AdS; gravity could be dual to a warped conformal field
theory. This AdS;/WCFT correspondence has been studied
in [8,12,37-39]. The study of consistent asymptotical
boundary conditions and corresponding asymptotic sym-
metry group have played important roles in setting up other
holographic correspondences beyond AdS/CFT, including
chiral gravity [40], WAdS/WCFT [41,42], Kerr/CFT [43],
Bondi-Metzner-Sachs (BMS)/Galilean conformal algebra
(GCA)[16,17], BMS/CFT [44-46] and the nonrelativistic
limit of the AdS/CFT [18]. Recall that both WCFT and
GCA are the special cases in our study; therefore, it is
tempting to guess that the anisotropic GCFT could be the
holographic dual of a gravity theory. In order to investigate
this possibility, one needs to study the enhanced symmetry

2 . .
For a nice review and complete references, please see [31].

of the field theory and in particular the geometry on which
the theory is defined.

We first study the enhanced symmetries, following the
approach developed in [1,2]. We find that even with
anisotropic scaling and Galilean boost symmetry there are
still infinite conserved charges, equipped with the infinite
dimensional spin £ = % Galilean algebra, in the theory. This
algebra is different from the chiral part of the W, algebra,
even though the weights of the conserved currents are
the same.

The next question we address is on what kind of
geometry such theories should be defined. Can the local
Lorentz symmetry be consistent with the scaling symmetry
such that the theories are defined on the pseudo-
Riemannian manifold? The answer is generally no. Since
the Lorentz boost put the two directions on the equal
footing, only the isotropic scaling could be consistent with
Lorentz symmetry. Actually as shown in [47], the isotropic
scaling may imply the Lorentz invariance, under the
assumption that the propagating speed of signal is finite
and several other assumptions. The existence of isotropic
scaling and Lorentz symmetry may lead to 2D CFT defined
on the Riemann surfaces. In 2D CFT, the combination of L,
and L, gives the dilation and Lorentz boost generator. In
contrast, although 2D GCFT has the isotropic scaling, the
propagating speed in it is infinite and the Lorentz invari-
ance is broken as well. For the theories without Lorentz
invariance, the geometry cannot be pseudo-Riemannian.

Considering the loss of the local Lorentz symmetry, a
natural alternative to pseudo-Riemannian geometry is the
Newton-Cartan geometry. In [4], it was noted that with the
global translation and scaling symmetry, the restriction of
Lorentz symmetry requires the theory to be conformal
invariant while the restriction of Galilean symmetry
requires the theory to be the warped conformal field
theories. The warped CFTs are defined on the warped
geometry, which is a kind of the Newton-Carton geometry
with additional scaling structure. For a Galilean invariant
field theory,3 it could be coupled to a Newton-Cartan
geometry in a covariant way [52—60]. For a 2D Galilean
conformal field theory, it is expected to couple to a Newton-
Cartan geometry with a scaling symmetry, but a detailed
study is lacking. For the Galilean CFT with anisotropic
scaling discussed in this paper, we show that it should be
defined on a Newton-Cartan geometry with additional
scaling structure, similar to the warped geometry discussed
in [4]. These geometries are actually of vanishing curvature
and nonvanishing torsion.

One advantage of coupling the field theory to geometry
is that the symmetries of the theory become manifest.

3For various kinds of the Galilean field theories, please see
[48,49]. A brand new application is the discussion on the
gravitational waves using the Newton-Carton framework
[50,51]. We thank A. Bagchi and P. A. Horvathy for bringing
this point to our attention.
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The theories are defined by requiring the classical action is
invariant under certain coordinate reparametrizations. For
2D CFT, the Virasoro symmetries are manifest as the
worldsheet reparametrization invariance. For the back-
ground Newton-Cartan geometry, the coordinate repara-
metrization can be absorbed by the local scaling
transformation as well as the local Galilean boost. In other
words, the theories are defined on the equivalent classes of
the Newton-Carton geometry with special scaling structure.
The geometries related by local scaling and Galilean boost
belong to the same equivalent class.* Having defined these
theories, we find the infinitely many conserved charges by
considering the currents coupled to the geometric quan-
tities. These conserved charges are exactly the ones
obtained by using the method in [2].

Furthermore, we study the radial quantization and the
state-operator correspondence in the anisotropic GCFT
with anisotropic scaling ratio Z being integer, analogous
to the usual CFT, case. Remarkably, the primary operators
in the theory with Z > 1 have different properties. They are
not transformed covariantly under the local transforma-
tions. Consequently the correlation functions become much
more complicated than the usual cases.

The remaining parts are organized as follows. In Sec. II,
we generalize the Hofman-Strominger theorem to the
anisotropic GCFT. Assuming that the dilation spectrum
is discrete and non-negative, the theories coupled to
Newton-Carton geometry with global translation and scal-
ing symmetries have infinitely conserved charges. This
means the global symmetries are enhanced to local ones. In
Sec. III, we discuss the properties of the Newton-Cartan
geometry with additional scaling structure, on which our
field theory could be consistently defined. It turns out that
the geometries should have vanishing curvature but non-
vanishing torsion. In Sec. IV, we give an intrinsic definition
of these field theories, from which one can find the allowed
local transformations and the corresponding infinitely
many conserved charges directly. These discussions match
the results in Sec. II. In Sec. V, we look further into these
theories by considering the Hilbert space and the repre-
sentation of the algebra. The state-operator correspondence
is established. We also discuss the unusual properties of the
primary operators for the £ > 1 cases. In Sec. VI, we
calculate the two-point functions of the primary operators.
A byproduct is the correlation functions of the certain
related descendant operators. We conclude and give some
discussions in Sec. VII.

II. ENHANCED SYMMETRIES

In this section, we discuss the enhanced symmetries in
two-dimensional (2D) field theory with boost symmetry

4HOW€V€1’, there are potential anomalies in the partition
function, since the measure will change under the local trans-
formations. We leave this point to future work.

and anisotropic scalings, using the method developed in
[1,2]. Usually for a theory with global symmetries, we can
defines the corresponding conserved Noether currents and
their conserved charges. However there could be ambigu-
ities in defining the currents. In 2D quantum field theory
with scaling symmetry and boost symmetry, under the
assumption that there exists a complete basis of local
operators as the eigenvectors of the dilation operator with a
discrete spectrum, the conserved currents can be organized
in a form such that they have the canonical commutation
relations with the generators. But the currents can be shifted
by certain local operators without changing the commuta-
tion and conservation relations. Analyzing the behavior of
the local operators leads to special relations of the currents,
which in turn tell us that there may be infinite conserved
charges.

A. Global symmetries

The global symmetries of 2D QFT we consider in this
work include the translations along two directions x and y
(2.1)

x=x =x+6x, y-y =y+dy,

the dilations

x = x = Ax, y =y =2y, (2.2)
where ¢, d are non-negative. And the Galilean boost
symmetry behaves as
y—y =y+ox (2.3)
It is worth noting that the dilation scales two directions at
the same time, but could be with different weights ¢ and d.
We use a slightly different notation from the one in [4]. The
generators of the above symmetry transformations are
denoted as H, H, D, and B respectively. They annihilate
the vacuum, and satisfy the commutation relations
[H,H|=0, [D,H]=-cH,

ID.H)=—dH, (2.4)

[B.H)=-H, [B.H =0, [B.D]=(d—c)B. (2.5)

We assume that the dilation operator has a discrete

spectrum and the theory has a complete basis of local
operators which obey’

[H,0] = 0,0, [l 0]=0,0,

D, O] = ¢x0,0 + dyd,0 + ApO, (2.6)

In the c =d case, there could be another boost label [19].
However here we are interested in looking for the enhanced
symmetry and need only the information on the scaling dimen-
sion. A complete discussion on the two-point function will be in
Sec. VI, including the ¢ = d case.
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where A is the non-negative scaling dimension of the
operator . The global symmetries can restrict the two-
point function of O;, O, to be either of the form

- Vi
L (< )
12
or of the form
_ x4
<Ol(x17y1)02(x2,y2)> = y12d(Al+A2>f<¥> (2-8)
12

where x|, = x; — Xy, Y1 =y, — Y, and f is an a priori
unknown function.

Moreover in the special case that the operators O;,, are
invariant under the Galilean boost, which means that the
operators O;,, carry vanishing boost charges

[B’ Oin\/(x’ y)} = xayoinv(x’ y)’ (29)

the two-point function of O;,, does not depend on y,,

—2cAp.
(Oiny (21, Y1) Oy (X2, ¥2)) = No, x5 o (2.10)

where N is the normalization constant. Here for simplic-
ity, we take O; = O, = Oy,,. This kind of two-point
function plays an important role in the following discussion.

The generators above are related to the conserved

Noether current by
0= / *J,

(2.11)

where

*=H,

(2.12)

serves as the volume in the Newton-Cartan geometry which
will be studied in the next section, J is the conserved
current satisfying

Vv, J#*=0.

p (2.13)

In flat Newton-Cartan geometry,
Q—/dex+/lydy, with 9,J,+0,J,=0. (2.14)

The integral contour is the slice where we quantize the
theory and define the Hilbert space.

Corresponding to the generators H, H, D, and B, the
currents are denoted as h,, l_zﬂ, d,, b,. The canonical
commutation relations of the currents and the charges are

[H7 hx] = 8xhxv [H’ hv} - axhy

[H, h,) = 0,h,, [H, Ey} = &jay, (2.15)
[H,d,] = 0.d, + chy, [H.d,] = 0.d, + ch,, (2.16)
[H,b,] = 0.b, + h,., [H.b)) =08.b,+h,,  (2.17)

. h) =0k,  [H.h)=0,h,
[H, h,) = 0,h,, [H.,h,] = 0,h, (2.18)
[H,d] = 0,d, + dh,, [H.d)) = 0,d, + dh,, (2.19)
[H,b,] = 0,b,, [H,b)] = 0,b,,  (2.20)

[D, h,] = (cx0, + dydy)h, + 2ch,,
(D, hy] = (cxd, + dyd,)hy + (c + d)h,, (2.21)

(D, h,] = (cx0, + dyd,)h, + (¢ + d)h,,
[D, hy] = (cx0, + dyd,)h, + 2dh,, (2.22)

[D.d,] = (cx0, + dydy)d, + cd,,

[D.d,] = (cx0, + dyd,)d, + dd,. (2.23)

[D,b,] = (cx0, + dyd,)b, + db,,
[D,b,] = (cx0, + dyd,)b, + (2d — c)b,, (2.24)
[B.h,] = x0,h, — h,, [B,h,| = x0;h,,  (2.25)
(B, h,] = x0,h,, (B, hy,) = x0,h, + h,,  (2.26)
[B.d,] = x0,d, — d,, [B.d,] = x0,d,, (2.27)
[B,b,] = xd,b,,  [B,b)] = xO,b,+b,.  (2.28)

We choose the above commutation relations by the follow-
ing two requirements. One is that the differential operators
must act on the field properly, while the other is that we
must recover the commutators of the generators.

It is remarkable that there are ambiguities in defining the
Noether currents. One can shift the currents by some local
operators to get the same commutation relations of the
generators and still have the conservation laws. One may
organize the currents with respect to the canonical com-
mutation relations to define the local operators. The above
canonical commutation relations imply that the dilation and
boost currents can be expressed by the translation current
up to some local operators
d, = cxh, +dyh,+s.,,

d,=cxh,+dyh,+s,, (2.29)

b, = xh, +w,, b, = xh, + w,, (2.30)

066029-4
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where s, s, and w,, w, are local operators. In the following
we will study the shifts of the currents that do not change

the canonical commutation relations.

B. Enhanced symmetries

Let us first study the boost symmetry and the boost
current. The boost currents are related to the translation
currents

b, = xh, +w,, b, = xh, + w,. (2.31)
The conservation law reads
Oyb,+0,b,=0,  d.hy+9d,h, =0 (2.32)
which allows us to write the current l_1y as
hy, = =0,w, — O,w,. (2.33)

From the commutation relations, we learn that w, is
invariant under the Galilean boost. From the discussion
on the two-point functions, we find

ayl <Wx(x1vYI)Wx(x27YZ)> =0, <8ywx8ywx> =0. (234)
From our assumptions that the spectrum of the dilation
operator is discrete and non-negative, the following equa-
tion is valid as an operator equation

Oyw, = 0.

(2.35)

We can shift the currents without changing the canonical
commutation relations

I_ay - I_ay + 0wy, h,— h,— Oywy. (2.36)
The 4, component must be changed at the same time to

keep the conservation law intact. The similar shifts also
happen in the currents b,. Under the above shift, we can set

h, =0, (2.37)
such that
Gyﬁx =0 (2.38)
which implies that 4, is a function of x
hy = hy(x). (2.39)

This leads to the existence of an infinite set of conserved
charges,

M, = / ()i, (x)dx, (2.40)

where €(x) is an arbitrary smooth function x. It is easy to
see that M, with ¢ = 1 actually generates the translation
along the y direction, while M, with e(x) = x is the boost
generator. This is consistent with the discussion in the
warped CFT literature [2,5]. We should emphasize here that
this infinite set of conserved charges are common in the 2d
local Galilean field theories.

Next let us turn to the dilation current. Depending on the
weight ¢, we will consider ¢ = 0 and ¢ # 0 separately.

1. Special case: c=0

In this case, we have

d, = dyh, +s,, d, =dyh, +s,. (241)
The equations above can be taken as the defining relations
of new local operators s, and s, taking into account the fact
that

ho=h(x). =0

(2.42)
The canonical commutation relations are still valid, as well
as the conservation laws. Considering the conservation
laws of d, and h,
dyd, + 0,d, = 0,

Dyhy +0chy, =0, (2.43)

we have

dh, = -0

, (2.44)

S — Oy

Now s, is an operator of weight zero under the dilation. The
two-point function is

(s,s,) = constant, (2.45)
which implies that
Oys, =0 (2.46)
is valid as an operator equation. We arrive at
h(x) = —0,s,. (2.47)

Note that s, is an operator of weight d under the dilation
along the y direction such that

0y (sys,) = f(x)(?yy_z‘i # 0. (2.48)

But Sy is invariant under the Galilean boost as well, which
means that the above relation should be vanishing. The only
way to be self-consistent is to set s, =0 and therefore
h, = 0. This implies that a 2D theory with ¢ = 0 and the
symmetries

066029-5
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y = y+vx, y = Ay, y = y+dy (2.49)

1s inconsistent and does not exist.

2. Other cases: ¢ £ 0

Next we turn to the ¢ #0 cases, in which we can
normalize the dilation so that ¢ = 1. However, we keep ¢
unfixed in the following discussion in this section. One
should note that the final results cannot be symmetric in ¢
and d, since the boost symmetry tells the difference
between x and y directions.

We start from the dilation currents d,

d,=cxh,+dyh,+s,. d,=cxh,+dyh,+s, (2.50)
The conservation law of d, leads to the relation
chy +dh, = =05, — O,s,. (2.51)
Moreover we have
l_zy =0. (2.52)
We can shift the current 4, as follows:
hy, — Wy, = h, + % (0ysy + 0ys,),
he = W, =h,— % (Oy8y + 0ys,). (2.53)

This will not change the commutation relations and the
conservation laws.

Considering the boost behavior of s,, s,, after the shift
we may have

chy + dh, = 0. (2.54)
We can define a set of charges,
Lo= [{eetah(ry) + de (x)yh,(0)}ax
+/{ce(x)hy(x)}dy, (2.55)

where €(x) is an arbitrary smooth function on x and
€'(x) = Ove. hy(x) depends only on x, since its boost
charge vanishes. We denote

q. = ce(x)h,(x.y) +de (x)yh.(x), g, =ce(x)hy(x).

(2.56)
One can check that the charges L, are indeed conserved

0yqy + 0xq, =0, (2.57)

provided that
Oyhy + 0chy = 0. (2.58)

Note that when € = 1,

h:/mm+/@@

generates the translation in the x direction, while when
€ =X

(2.59)

L, = /{cxhx(x, y) + dyh,(x)}dx + /{cxhy(x)}dy

(2.60)
generates the anisotropic scaling symmetry.
In the case that d = 0, from (2.54) we have
hy, = 0. (2.61)

And considering the conservation law, we find that &,
depends only on x. This is exactly the case for the warped
CFTs discussed in [2,4].

C. Algebra of enhanced symmetries

After some calculations, we arrive at the algebra,

[Lev Lé] = Lce’é—cé’e +e (262)
[Lw ME] = Mde’é—cé’e + e (263)
M, M) =---, (2.64)

where € and € are arbitrarily smooth functions of x and the
ellipsis denotes potential central extension terms allowed
by the Jacobi identity. The algebra of the plane modes
without central extension is

[y L) = c(n=m)l, 4,
[L,,my] = (dn — cm)m,_,,,
[m,,m,,] = 0. (2.65)

This is the infinite dimensional spin-£ Galilean algebra,
with £ =4 [24].

The central extension is constrained by the Jacobi
identity [61]. There are various kinds of extensions, which
we list here in order.

066029-6
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(i) T-extension is always allowable:

[L,.L,]=(n—m)L, . —|—%n(n2 — )8, mo-
(2.66)

This gives the Virasoro algebra.
(i1) B-extension is only allowable for £ = 1:

C
[anMm] = (l’l - m)Mn+n1 + =z

12 n(n2 - 1)5n+m,0-

(2.67)

This gives the Galilean conformal algebra (GCA).
The field theories equipped with GCA have been
discussed in [19-22].

(iii) M-extension is only allowable for d = 0, the infinite
dimensional spin-0 Galilean algebra

[Mm Mm] = cMn6n+m,O~ (268)

This is actually the algebra for the warped CFT, with
¢y being the Kac-Moody level.

(iv) Infinite M-extensions, in which there are infinite ¢,

charges
[Mn’Mm] = (l’l - m)(cM)ner’
[Ln’ (CM)m] = _m(cM)ner' (269)

The familiar £ =1/2 case is the Schrodinger-
Virasoro algebra [62—64].

The finite spin—% Galilean algebra generated by
{Liy, Lo, M4y, (cp)o} is also called the Schro-
dinger algebra, whose higher dimensional cousin
appears in the studies of nonrelativistic holography
[32,33]. In this case, the algebra has the mass charge
(cy)o as the central extension, which plays an
important role in the representation theory and
determining the correlation functions by the super-
selection rules.

However, a regular central extension of the mass
charge is not allowed in the case of infinite spin-/
Galilean algebras. In this case, the central charges
need to be extended to be a set of the mass operators
(cp),- This is true for generic value of #. For the
special value Z = 1/2, it has been well studied in
[62-64]. But for generic 7, it has not been inves-
tigated carefully, to our knowledge. In the following
discussion, we will not consider this case.

III. GEOMETRY

In this section, we discuss the underlying geometry on
which the theories with anisotropic scaling and boost
symmetries can be defined. Recall that a 2D CFT in the

Euclidean signature is defined on a two-dimensional
Riemann surface, which has the translation symmetries,
rotation symmetry, and a scaling symmetry. More impor-
tantly the classical action is invariant under the (anti)
holomorphic transformations

2> fz). Z- (). (3.1)
but the partition function and correlation functions may
suffer from potential quantum anomaly due to the change
of the measure under the transformations.

For the Galilean field theories, one needs to introduce
the Newton-Cartan structure into the two-dimensional
geometry to make the Galilean symmetries manifest.
Furthermore, a special scaling structure is needed to define
the dynamical variable, the affine connection. For the
warped CFTs, the underlying Newton-Cartan geometry
has been studied in [4]. For the case at hand, we need to
introduce a Newton-Cartan geometry with a different
scaling structure however.

A. Flat geometry

We start with the geometry similar to the flat Euclidean
geometry. Such geometry admits the following symmetries:

H: x = x' =x+ 6x, (3.2)
H:y—y =y+56y, (3.3)
B:y—y =y+ux (3.4)

Note that for different scalings c, d, the flat geometries are
the same.
The invariant vector and one-form are respectively

51“—((1)), q,=(0 1), a=12. (35)

Similarly, there is a metric

B (1 0)
Gab = 4aqp = 0 0

which is flat and invariant under boost transformation

(3.6)

g= BgB™!. (3.7)
The metric is degenerate, and it is orthogonal to the
invariant one-form. It has one positive eigenvalue and
one vanishing eigenvalue. Besides, there is an antisym-
metric tensor A, to lower the index

9da = habqb‘ (38)
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It is invariant under the boost transformation as well. It is
invertible with 2%’ h,. = 5¢, and its inverse helps us to raise
the index

g = hq,. (3.9)
With 7%’ we can obtain the upper index metric
" = 3'g" = hhMg.q, = h*hge.  (3.10)

B. Curved geometry

In the previous subsection, the vector space and the dual
one-form space are introduced to define the geometry. The
antisymmetric tensor h,, maps the vectors to one-forms,
and the metric g,;, defines the inner product of the vectors.
This is in contrast with the usual Riemannian geometry, in
which the metric serves also as a tool to map the vectors to
the one-forms.

The curved geometry is defined by “gluing flat geom-
etry,” in the sense that the tangent space is flat with the map
determined by the zweibein. One needs to define the
connection properly. The zweibein is required to map
the space-time vector to the tangent vector,

eq: vt — 7% (3.11)
The covariant derivative is
D=0+w+T (3.12)

where o is the spin connection to connect the points in the
tangent space, while I' is the affine connection to connect
the points in the base manifold. In the usual case, the affine
connection is determined uniquely by requiring the metric
to be compatible and torsion free, with zweibein postulate.
In the Galilean case, the torsion free condition cannot
determine the spin connection uniquely, and other con-
ditions should be imposed to get the unique spin connection
and then the affine connection by zweibein postulate
[54,65]. From the zweibein postulate

D,ej =0, (3.13)
and the invertibility of ey, one may get the affine con-
nection

b

[ = ea0, el + eﬁeya)l’ju (3.14)

where
(3.15)

a — Ad
O py = 4 4p@y-

The torsion and curvature two-forms are respectively

T = de + o), N e”, R%, = dw*,. (3.16)
The metric compatibility requires
D,g* = D,q, = 0. (3.17)

Instead of a torsion-free condition, the condition proposed
here is that the geometry is compatible with the scaling
symmetry, i.e., the scaling structure is a covariant constant

D,J¢ = 0. (3.18)

The scaling structure is defined to select the scaling weights
of vectors and one-forms

Jigb = —dg®, Jigb = —cq“. (3.19)
Under the scaling,

x = A%x, y = Ay, (3.20)

the infinitesimal transformation is

AY = 8%+ AJ4. (3.21)

The scaling structure is expressed covariantly as

Iy =—c(q°q.)"a"q, — d(3°q.)"'3°qy  (3.22)
by requiring that

q.q9° = 0. (3.23)
Note again that g and g, are boost invariant vector and
one-form, and then the vector ¢ and one-form g, are
defined by the scaling structure in turn. Now the condition
that the scaling structure is covariant constant implies

q.9,9° =0, 30,4, =0, (3.24)
which means that
Gug" = const.  3,g* —const.  (3.25)

As at different points, the normalization should be the
same, one can choose the constants to be unit.

The fact that the scaling structure is covariantly constant
also implies the spin connection can be expressed as

1 _ " .
Oy == (cG,0,q9" + dq0,q,).  (3.26)
One should also impose that
D,q* = 0. (3.27)
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This means the weights of vectors do not change when
being parallel transported. This condition implies

E]aaﬂqa = qaaﬂ‘_]a' (328)

Then one reaches the conclusion that in the (x,y) coor-
dinates in the tangent space

w, =0, (3.29)
and in turn
R=0. (3.30)
However, the affine connection and the torsion
[ = ea0,ef, T = de* (3.31)

are now not vanishing. This is the same as the warped
geometry of warped CFTs.

C. Affine connection

In this subsection, we discuss the various constraints to
determine the affine connection without the help of the
zweibein. The starting point is the Newton-Cartan geom-
etry (M,A,,G"). A, is a temporal one-form which defines
the local time direction, while G*¥ is the inverse metric on
the spatial slice. One may define

GH = AFAY, G, =A4A,A, (3.32)
and the antisymmetric tensor
H/uz = ezef,’hab = eﬁlef}hab = A[”AD] (333)
The velocity field A# is defined by
AﬂA/‘ =0, A"AM =0, (3.34)
where A, is the dual one-form of A*
A, =H,A". (3.35)

The vectors and one-forms are related to the zweibein in the
last subsection by

A=2¢-q (3.36)

In components, we have
A* = ehg?, A, = elq,. (3.37)
A, =elqe, A= eig" (3.38)

The question is what conditions should be imposed to
determine the geometry completely. In the following, we

review the fact that metric compatibility and the torsion free
condition cannot determine the affine connection uniquely.
The covariant derivative acts on the tensor as

DV, = B”V,’j + I,V -T7,Ve. (3.39)
The torsion is
T, =1y, — 17, (3.40)

and the curvature is defined as usual. Then the constancy
condition of A, implies
D,MAV = 8ﬂAl/ - FZ!/A/; =0 (341)

which gives constraints on the temporal affine connection

WA, = 0,A,. (3.42)
Along with the torsion-free condition
Tﬁp - Fl;/) - F%y = 0, (343)

one gets the point that the temporal one-form is closed

9,A, —9,A

} = 0. (3.44)

y

Considering the constancy of A¥, one finds the affine
connection

I, = AA7(A, 0,7, — Ay 0,A,)

(p
+ AFO A, + AFA°AF ), (3.45)

where F,, is an arbitrary antisymmetric tensor. Moreover
we impose the condition that the scaling structure is
covariant constant, which implies that the parallel transport
keeps the scaling weight of the vectors invariant. This fact
implies that

(3.46)
and then

=0. (3.47)

The requirement that the scaling structure is covariantly
constant implies also

A¥A, = const. (3.48)
This in turn determines A* and the affine connection

%, =0. (3.49)
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Actually the conditions are too strong to allow interesting
geometry.

To get the nonvanishing affine connection, one may relax
the torsion free condition. The only constraints we impose
are the metricity and the condition that the scaling structure
is covariantly constant. Then the affine connection reads

I, =AP9,A, + APD,A,. (3.50)

In this case, the curvature is vanishing, but the torsion

tensor is not

R =0, T,pw = Af’awA,,] + A/}awAD]. (3.51)

This is the case we focus on in this paper. Note that if one

does not require the covariantly constant scaling structure,

there are remaining ambiguities, the so-called Milne boost,
in defining the velocity vector.

One may impose another set of consistent constraints,
including the metric compatibility, torsion-free and

R(ﬂl’) =0.

e (3.52)

These conditions imply

dF =0, F =dQ. (3.53)
F is closed and can be expressed as an exterior derivative of
a local U(1) connection coupled to the particle number
current. This is the so-called geometry with Newtonian
connection. The field theories defined on such geometries
have nonvanishing central terms which are the particle
numbers or the mass extensions.

IV. DEFINING FIELD THEORIES

In this section, we discuss what kinds of field theories
could be coupled to the geometry discussed above in a
covariant way, and check that there are indeed infinitely
many conserved charges in these theories. As the case ¢ =
0 is trivial, here we focus on the case ¢ # 0. To simplify the
notation, we use the freedom in the overall rescaling to
set ¢ = 1.

The geometry is defined by A,, A,, A, A¥, satisfying
AAN=1, AA'=1 AA'=0, AA'=0. (41)
In the discussion below, the canonical one-forms are
chosen to be

(4.2)
Under the scaling
(4.3)

x = Ax, y = Ady,

the vector field and one-form field transform as

A, = 2A, A, - A, (4.4)
AP — )TTAR, AP — JAAR, (4.5)
Under the boost
y = y+ox, (4.6)
there is
A, = A, A, > A, +0A, (4.7)
A, > A, —vA¥, Al — AH, (4.8)

Now we want to find the diffeomorphism of the
geometry by considering an infinitesimal coordinate trans-
formation,

x—=x+e(xy), y-=y+ilxy. (49)
The infinitesimal variations are
ddx = O,edx + 0, edy,
ody = 0,&dx + 0,&dy. (4.10)

This should be the same as the one arisen from the Galilean
boost and anisotropic transformations locally,

odx = Adx,

édy = dAdy + vdx. (4.11)

Comparing (4.10) with (4.11), we get the constraints on the
transformations,

doe(x,y) = 0,&(x, y), (4.12)
dye(x,y) = 0. (4.13)
The allowed infinitesimal transformations are
x = x +€(x), y— (1+dé(x)y, (4.14)
X = X, y = y+E(x). (4.15)

It turns out the allowed finite symmetry transformations are

x> flx), vy = fx)h, (4.16)

and
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y = y+gx). (4.17)

X = X,

From the infinitesimal transformations (4.14), (4.15), we
read the generators

l, = =x""10, — d(n + 1)x"yd,, (4.18)

m, = x"*9,, (4.19)

which satisfy the algebra (2.65)

[lm lm] = (I’l - m)ln-&-m?
[lw mm] = (dn - m)mn+mv

[m,, m,,] = 0.

This algebra is analogous to the Witt algebra, and it is
called the spin-d Galilean algebra. The central extended
one § = g @ C has been discussed in Sec. 1L

Now we require that the action of the theory is invariant
under the symmetries above

5S[6A,,8A,] =0 (4.20)
where
0A, = AA,, SA, = diA, +vA,. (4.21)
The corresponding currents can be read from
5S[6A,.6A,] = / H(J'6A, +J¥5A,),  (4.22)
with
JFA, =0, JMA, + dJFA, = 0. (4.23)
In the canonical coordinate (x, y),
() =he  (3D)y=hy  (WI)y=hy  (x]),=h,.
(4.24)
The conditions are simply
h, =0, h, = —dh,, (4.25)

which are exactly the relations (2.37) and (2.54).
The other condition is the conservation of the
currents [4]

D,Ji = 0. (4.26)

With
JH=q"Jy,

Jr=qJ4, (4.27)

we have

V=0, VI =0. (4.28)

This implies

7, =0,

\ dyhy + Ochy =0.  (4.29)

This allows us to define infinitely many conserved charges
as in Egs. (2.40) and (2.55).

In summary, we have shown that the field theory defined
on the Newton-Cartan geometry with anisotropic scaling
and boost symmetry indeed possesses the conservation
currents and charges we need. In the following discussion,
we denote i, = M(x) and h, = T(x,y).

V. QUANTIZATION

In this section, we consider how to define the theories on
the geometry discussed above. We will use the language in
terms of operators in the discussion, and we focus on the
case with £ = d/c being integer.6 For simplicity, we set
¢ = 1 such that d is just an integer. Our study follows the
treatments in the study on the WCFTs [5-7.,9].

A. Cylinder interpretation

The starting point is the so-called canonical cylinder
characterized by a spatial circle ¢ and a temporal direction ¢

(5.1)

One can get other kinds of spatial circles by tilting
t = t+ g(x). The compactified coordinate is considered
in order to eliminate any potential infrared divergence.
Now, we define the “lightcone coordinates,”

(#,1) ~ (¢ +27,1).

xt=r1+¢, X =t—¢. (5.2)

We impose the symmetry on the x™,x~ directions as
discussed before

xt = f(x), x~ = f(xt)dx, (5.3)

and

xt = xt, X~ = x +g(x"), (5.4)

®The known examples of warped CFTs and GCA field theories
are of this kind. In the case with integer , the Cartan algebra is
(Lo. My). One can discuss the common eigenstates of them and
construct the highest weight representation. We can choose £ to
be other values as well, but there is no M, then. The discussion is
similar. From the highest weight representation marked by the
eigenvalue of Lj, one can also construct the descendant states
with Ln<0v Mn<0-
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with f(x) and g(x™) being arbitrarily smooth functions of
xT. Inspired by the study on the WCFTs [5-7,9], let us
consider the following complex transformation which maps
the canonical cylinder to the reference plane:

7= = et y = (iz)%, (5.5)
where tp = —it is the Wick-rotated time. The first trans-
formation is the same as the usual one in 2D CFT, while the
second one is motivated by Eq. (5.3). We have not
considered the tilting of the y direction yet. The real time
cylinder is capped off at t = 0 by a reference plane with
imaginary time.
7—0, (5.6)

fg = —o0,

tg = o, 7 — oo. (5.7)
The Hilbert spaces are defined on the equal imaginary time
slices. On the reference plane, this leads to the radial
quantization. The “in state” and “out state” are defined by
inserting the operators at f; =7 co. On the reference plane,
these states are defined at the origin and the radial infinity.
One can further put the operators at y = 0 using the
translation symmetry of the y direction. The Hamiltonian
operator relates different Hilbert spaces on the canonical
cylinder while the dilation on the plane relates the Hilbert
spaces on different radial slices (of z, but different y) with
each other.

One can inverse the procedure above to get the canonical
cylinder from the reference plane. Notice that z provides
one real degree of freedom after the continuation, while the
other degree of freedom is offered by y instead of the
analytical continuation of Z.

The reference plane keeps the symmetries (5.3) and
(5.4), which acts on the coordinates z, ¥ as

y = f(2)73.
y =3+ 9(2)

z - f(2),

=2

The generators of the algebra act on the plane in the
following way:

L, =-2""9, —d(n+ 1)z"50;, (5.8)
M, = z,"+da;.. (5.9)

The generators
Ly,Lo, L, M_g4,....M, (5.10)

can act regularly on each point, and they generate the global
subgroup.

Now we want to find a set of basis operators filling
the representation of the algebra, by the theory of

nduced representation. The subgroup keeping the origin
invariant is

LO’Ln>09M—d+l’M—d+2""' (511)
The local operators can be labeled by the eigenvalues
(ho, £o) of the generators of the Cartan subalgebra L, M

[L0,0(0,0)] = ho0(0.0),  [Mo,0(0,0)] = £00(0,0).

(5.12)

Requiring hy to be bounded below, one arrives at the
highest weight representations
[L,,00,0)]=0, [M,,000,0)]=0, forn>0. (5.13)
This defines the primary operator. One can get the tower of
descendant operators by acting L_,,, M_, withn > 0 on O.
The operators inserted at the origin give the states,
0(0.0)[0) = |ho. o). (5.14)
This gives a bijection between the states in the Hilbert
space at infinitely past and the operators insertion at the
origin on the reference plane. Using the commutation
relations, the states above fill the representation of the
algebra as well. Such representation will be discussed in the
following subsection.
The operators at other positions can be obtained by using
the translations,
O(z,5) = U~'0(0,0)U, U= e M, (5.15)
In order to compute the commutators [L,,O(z,y)] and
M, O(z,9)], we notice the relations

L4, Oz, 7)] =

5 UL,U, 0(0,0)]U.
(M, O(z, 3)]

-
U-'[UM, U, 0(0,0)]U.

By using the Baker-Campell-Hausdorf formula

1
e \Be = B+ [B.A] 4+ [[B.ALA . (5.16)

we have

n+1
1)!
ULnU_IZZ (n 1) (2L — dk32 My gy

2 (n+1—k)Ik!
(5.17)

and get
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L. O(z.5)] = (=2"*10, = d(n + 1)2"305 + (n + 1)2"ho + dn(n + 1)"'$0) O(z.§)

+ > Ch Ak (M1 O) (2.5,

k=n+2-d
Similarly, by using
n+d (n+d)'
CM Ty 5.19
" ;(Hd—k)wz ik (5.19)
we find
M, O0(z.5)] = ("0 + C} 42"€0) O(z.5)
n+d-1
+ ) kLM, 0)(2.5). forn>—d.
k=n+1
(5.20)

where C}' is the binomial coefficient.

A special case is d = 0. Now M, does not keep the
origin invariant. Nevertheless, M, is still the generator of
the Cartan subalgebra,

(Mo, O(z,3)] = ¢00O(2, 7), (5.21)

and

M,.0(z,5)] = 2"0;0(z2,5) = 260 0(z,5).  (5.22)

B. Representation

The Hilbert space is spanned by the states filling the
proper representations of the algebra. The critical
assumption is that the spectrum of L is bounded below
so that we can find the highest weight representations.
Starting with an arbitrary state, by acting with the gen-
erators L,, M,, (n > 0), one must reach a state annihilated
by all the generators with positive roots. This is the primary
state, which is a highest weight state. The Cartan sub-
algebra is (L, M,), so we can find the states with the
common eigenstates of (L, M,). We consider the case that
the primary operators can be diagonalized,

Ly

h.&) = hlh.&).  Mylh.&) = Elh.&).

(5.23)

L, n> 0.

h,&) =0, M,

h,&) =0, (5.24)

By using the generators L,, M, with n < 0, one gets the
descendant states, which are labeled by two vectors 1, J,

j'j’h’@ :LI_‘I ...Mfll

neE.  (5.25)

for n > —1. (5.18)

A state is either a primary state or a descendant state, and
the Hilbert space is spanned by the modules

H=® Z Ve

where V), - is the module consisting of a primary state and
the tower of all its descendants. Note that all the null states
must be removed.

We have defined the Hilbert space at the origin and
discussed the operator-state correspondence. The in-states
are

(5.26)

04) = 1im O(z.3)[0). (5.27)
z,y—-0

The dilation operator relates one Hilbert space to the others
on the reference plane. Now we consider the Hilbert space
at the infinity. After the Wick rotation the Hermitian
conjugation becomes the reflection of the imaginary time
ty — —tg, and on the reference plane

, 1 - -1\ _
2—>7 =—, y=3 ==5) ¥+ (5.28)
Z Z
where z* is the complex conjugate of z. The dual space is
defined by the out-states

(Ogu| = lim (0|O(Z,5) (5.29)
7.5 =0

which can be defined at the infinity on the reference plane,
corresponding to the infinite future on the canonical

cylinder.
The operator O transforms as

—1\h
0(Z.y) = (Z—2> O(z.9). (5.30)
so the conjugate of the primary operator O is
1 /-1 —1\"
O'(z,5) = (9(—*, (Tz) d&*) <Tz> . (5.31)
5 \Z Z

The dual state is

{Oqul = lim (0]O(".3) = lim (0|07 (2.5) = |O;)".

7.5 -0 z,5-0

(5.32)

To map the descendant states to the dual space, consider the
mode expansion of the stress tensors,
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M(z) =) M,z 1=, (5.33)

T(z.5) = L,z 2 =dY (n+1)jM, ;22 (534)

One can impose the condition that M, T are Hermitian in
the real-time theory, or equivalently they are real in the
imaginary-time theory. This leads to
M= (-1)%'"M_,, Li=L_. (535
The inner product and the map are defined by the adjoint
structure above. As
Li=1Ly, M= (=1)4"M,, (5.36)
h is always real, but £ is real for odd d and is purely
imaginary for even d. In the usual case of CFT,, one
imposes such conditions, with further constraints on the
spectrum and central charges, to get a unitary field theory.
For the highest weight representations of the anisotropic
Galilean field theories, there are generically the states with
negative norm, indicating they are not unitary theories. This
can be shown from the study of Grim matrix. For example,
for £ > 1, if the level 1 Grim matrix does not have negative
eigenvalues, then ¢ must be imaginary. However, the
adjoint structure Eq. (5.36) requires £ to be real for odd
¢, thus the theory with odd ¢ cannot be unitary. Actually
the Galilean conformal field theories have been shown in [20]
to have nonunitary highest weight representations. For the
WCFT, there exists unitary theory, but the holographic one
dual to semiclassical gravity in asymptotically (warped)
AdS; has been shown to be nonunitary [8,9,12]. In the cases
where the theory is not unitary, one can define other adjoint
structure.

VI. TWO-POINT CORRELATION FUNCTIONS

In this section, we calculate the correlation functions of
the primary operators in the theories with anisotropic
scalings. In the usual CFT, unitarity implies the operator
product expansion (OPE) convergence. For the nonunitary
theories we may assume the OPE convergence to explore
potential properties. In the theories discussed above, con-
sidering the radial quantization on the reference plane, it is
natural to expect that the operator product expansion is
convergent if the theories are unitary. However, such
theories cannot be unitary unless all the £’s are vanishing.
Nevertheless, we assume OPE convergence in such theo-
ries. With the OPE convergence, the higher point functions
can be reduced to lower ones by inserting a complete set of
operator basis. Thus the data of such theories are the
spectrum and the OPE coefficients.

The correlation functions with imaginary time must be
time ordered in order to be well defined. Correspondingly

they are radially ordered in the reference plane. We will
keep this point in mind without expressing the radial-
ordering explicitly.

In this work, we only focus on the anisotropic GCFT
with integer #. The more general case needs careful
consideration. If Z is a half-integer, the mass charges play
an important role in the representation theory, and change
almost everything. For example, [ = % the mass charge
conservation is also needed to determine the correlation
functions.

The vacuum is invariant under the global group dis-
cussed in the previous section

(0|G =0, (6.1)

where G are the generators of the global subgroup.
Consequently the correlation functions are invariant under
the global transformations

(0|GO(x1, y1)O(x3,y,)[0) =0 (6.2)

where

Ge{L_.Ly.Li,M_y.... My} (6.3)

Moving G from the left to the right gives the constraints on
the two-point functions. For example, the translation
symmetries require that the correlation functions must
depend only on x = x; —x, and y = y; — y,.

Let us discuss case by case, setting ¢ = 1. The d =0
case is special, since the representation is special. As shown
in [9], there is

(O1(x,¥)0,(0,0)) = dodp, 1,0, V. (64)

-5 2

For d =1, there are no descendant operators involved
when doing the local transformations on the primary
operators. The two-point function is different from the
other cases [19]

(01(x,5)0,(0,0)) = doby, 1,%%, ¢, 2 e (6.5)
For d > 2, the correlation functions become much more
involved. The correlation functions of the descendant
operators with the primary operators are not vanishing in
such cases. Namely we have to consider the following
correlation functions:

f(n.d) = ((M,01)(x, y)0,(0,0)). (6.6)
Solving the constraints from the invariance of the two-point
functions under the global transformations, one gets

fl=d+1,d) = —%xf(—d, d), (6.7)
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(d-l)'(d—n)' n+d ,-n+d
2d= )iy DT (=),

for n € [-d +2,0].

f(n.d) =
(6.8)

In the end, one finds

1 _1)dH gy
<Ol (X,y)02(0,0)> :doah],h25§|,(—1)‘1H§ZW€2C§1{1_1( 1)] léxd,
(6.9)

where Cj, is the binomial coefficient. When d =1, it
reduces to Eq. (6.5).

VII. CONCLUSION AND DISCUSSION

In the present work we studied a class of general GCFT
with anisotropic scaling x — A°x, y — A%y. Under the
assumption that the dilation operator is diagonalizable,
and has a discrete, non-negative spectrum, we showed in
two different ways that the field theories with global
translation, Galilean boost and anisotropic scaling, could
have enhanced symmetries. The first way is to generalize
the Hofman-Strominger theorem to the case at hand. The
global symmetries are enhanced to the infinite dimensional
spin-/ (¢ = d/c) Galilean algebra with possible central
extensions. The second way relies on the Newton-Cartan
geometry with scaling structure on which the field theory
could be defined in a covariant way. Then the enhanced
local symmetries could be understood as the consequence
that the action of the field theory is invariant under
coordinate reparametrization.

Furthermore we discussed the properties of the aniso-
tropic GCFT. We establish the state-operator correspon-
dence by studying the representation of the algebra of
the enhanced symmetries. We noticed that when £ > 1 the
primary operators do not transform covariantly under the
local symmetries. And consequently the two-point corre-
lation functions become more involved, as we had to
consider the correlation functions of a certain set of
descendant operators at the same time.

Having a covariant formalism, we can go further to
explore other properties of such theories. One interesting
issue is the scaling anomaly in the partition function. The
theory is defined on the equivalent class of the geometry.
However, the measure is not invariant under the local
transformation.” An effective action should be given to
describe the anomaly of the partition function. In 2D CFT,
such effective action is a Liouville action [67]. For the

"For the Galilean field theories in higher dimensions, the
anomaly issue was studied in [66].

warped CFT, the effective action is a Liouville-type action.
It would be interesting to study the effective action of the
anisotropic GCFT. We leave this issue to future work.
Another interesting problem is to construct explicitly the
simple examples realizing the enhanced symmetries. This
may help us to understand the symmetries better.

Another important direction is trying to bootstrap these
field theories. Some efforts have been made for / =1
[21,22] and [ = 1/2 [68]. It will be interesting if one can
obtain any dynamical information for these nonrelativistic
conformal field theories using some well-established boot-
strap equations with appropriate inputs and reasonable
assumptions. One subtle but essential point is that the
theories now are generally nonunitary. To our best knowl-
edge, there are few analytical bootstrap results for non-
unitary (conformal) theories. In fact, unitarity is needed for
the non-negativity of the square of the OPE coefficients,
which is crucial for both the numerical and analytical
bootstrap methods. Also, note that the algebras here are
generally not semisimple (while the conformal algebra is);
studying the bootstrap in such theories is nontrivial. Even
though the algebra generically include an SL(2, R) sector,
the constraints from a crossing equation could be different
from a simple 1D CFT, which has been studied in the
Sachdev-Ye-Kitacv model [69-71].

The anisotropic GCFTs allow us to study the holo-
graphic correspondence beyond AdS/CFT. For the non-
relativistic scale invariant field theory, the underlying
spacetime is better described by a Newton-Cartan geometry
with additional scaling structure. The bulk dual would be at
least one dimensional higher. The symmetry consideration
may lead to the construction of the bulk dual. For example,
as proposed in [4], the lower spin gravity could be the
minimal set of holographic duality of warped CFT. It would
be interesting to investigate the holographic dual of a
general GCFT with anisotropic scalings.

In this work, we focused on the case that £ is an integer
and there is no infinite M-extension. One interesting
question is to study the case with infinite M-extension.
When 7 =1/2, the infinite M-extension gives the
Schrodinger-Virasoro algebra. But for a generic value of
¢, there is not much study, as far as we know.
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