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We consider deep inelastic scattering (DIS) on a dense nucleus described as an extremal RN-AdS black
hole with holographic quantum fermions in the bulk. We evaluate the 1-loop fermion contribution to the
R-current on the charged black hole, and map it on scattering off a Fermi surface of a dense and large
nucleus with fixed atomic number. Near the black hole horizon, the geometry is that of AdS2 × R3 where
the fermions develop an emergent Fermi surface with anomalous dimensions. DIS scattering off these
fermions yields to anomalous partonic distributions mostly at large-x, as well as modified hard scattering
rules. The pertinent R-ratio for the black hole is discussed. For comparison, the structure functions and the
R-ratio in the probe or dilute limit with no backreaction on the geometry, are also derived. We formulate a
hybrid holographic model for DIS scattering on heavy and light nuclei, which compares favorably to the
existing data for Pb, Au, Fe, C, and He over a wide range of parton-x.
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I. INTRODUCTION

Many years ago the EMC collaboration at CERN has
revealed that deep inelastic scattering (DIS) on an iron
nucleus deviates substantially from deuterium [1] contrary
to established lore. Since then, many other collaborations
using both electron and muon probes have confirmed this
observation [2–4]. Although the nucleus is a collection of
loosely bound nucleons with confined quarks, DIS scatter-
ing is much richer in a nucleus. The nuclear structure
functions display shadowing at low-x, a depletion at
intermediate-x, and an enhancement due mostly to Fermi
motion at large-x.
QCD supports the idea that hadrons are composed of

quarks and gluons as revealed by DIS scattering of
electrons on nucleons at SLAC. The scaling laws initially
reported follows from scattering on pointlike object or
partons. Because of asymptotic freedom, the partons
interact weakly at short distances leading to relatively
small scaling violations at intermediate-x. At low-x, per-
turbative QCD predicts a large enhancement in the nucleon
structure functions due to the rapid growth of the gluons [5]
that eventually saturate [6]. This observation has been
confirmed at HERA [7,8].

DIS in holography at moderate-x is different from weak
coupling as it involves hadronic and not partonic constitu-
ents [9]. The large gauge coupling causes the charges to
rapidly deplete their energy and momentum, making them
invisible to hard probes. However, because the holographic
limit enjoys approximate conformal symmetry, the form
factors exhibit various scaling laws including the parton-
counting rules [10]. The holographic structure functions
fail to reproduce the Callan-Gross sum rule [9] at inter-
mediate-x, but agree with it at large-x when the parton
momentum fraction is in the neighborhood of 1 [11]. In
contrast, DIS scattering at low-x on a non-extremal thermal
black hole was argued to be partonic and fully satu-
rated [12].
This paper is a follow up on our recent investigation of

DIS scattering on a nucleus as an extremal RN-AdS black
hole [13]. In the double limit of a large number of colors
and gauge coupling, the leading contribution amounts to
the Abelian part of the R-current being absorbed in bulk by
the black hole. After mapping at the boundary, the ensuing
nuclear structure functions show strong shadowing at
low-x, but wane exponentially for large-x as originally
noted for the thermal black hole in [12].
At next to leading-order, the R-current scatters off

charged fermionic pairs forming a holographic Fermi liquid
around the black hole. The purpose of this paper is to detail
DIS scattering on this dense holographic liquid as the
analogue of DIS scattering on a nucleus described as a
Fermi liquid. Some aspects of this liquid near the horizon
were initially discussed in lower dimensions [14]. It should
be noted that at next to leading order the R-current scatters
also off bulk charged scalars. However, these scalars are
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bosonic and do not form a Fermi surface. Since the main
thrust of the paper is to probe the role of the quantum
corrections induced by a bulk Fermi surface to the leading
black-hole contribution as for a realistic DIS process on a
nucleus, the contribution of the quantum scalar corrections
to the DIS process will not be considered in this work.
Standard DIS scattering on a nucleus is mostly on a

Fermi gas in a mean field “trap,” so the present calculations
show how the same scattering operates on an emergent
Fermi surface with strongly coupled fermionic constituents
in a trap produced by a charged black hole. A chief
observation is that the partonic structure functions at
large-x, are modified by an emergent Fermi surface. The
latter follows from an AdS2 × R3 reduction of the geometry
near the black-hole horizon, and asymptotes a warped
Fermi liquid near the boundary. The corresponding R-ratio
exhibits shadowing at very low-x, antishadowing at
intermediate-x and Fermi motion at large-x, much like the
R-ratio for DIS scattering on finite nuclei. Shadowing is
caused by the coherent many-body effects and is captured
by DIS scattering in leading order on the black hole at
low-x, while Fermi motion at large-x is due to the
incoherent scattering on quantum fermions around the
black hole in the form of a holographic Fermi surface.
This paper consists of several new results: (1) an explicit

derivation of the structure functions for DIS scattering
on the emerging holographic Fermi surface around an
extremal black hole; (2) the characterization of these
structure functions both at large-x and low-x, with the
identification of new anomalous exponents at large x; (3) an
explicit derivation of the R-ratio for DIS scattering on the
extremal black hole as a model for DIS scattering on a
dense and finite nucleus; (4) an explicit derivation of the
same structure functions in the probe fermion limit as
a model for DIS scattering on a dilute nucleus; (5) a
comparative study of the R-ratio in the probe limit; (6) a
detailed comparison to the empirical DIS scattering data
from light to heavy nuclei.
The organization of the paper is as follows: in Sec. II, we

briefly review the setting for the extremal RN-AdS black
hole, and the key characteristics of the holographic Fermi
liquid. In Sec. III, we derive the contribution to the
boundary effective action of an R-photon scattering off
bulk quantum fermions. The result is quantum and dom-
inant at large-x, and corrects the classical and leading
contribution from the bulk black hole. In Sec. IV, we
analyze the contribution stemming from the quantum
fermions near the horizon. In Sec. V, we detail our
derivation of the R-ratio for DIS scattering on a dense
nucleus as quantum corrected holographic black hole. For
comparison, we discuss in Sec. VI the probe or dilute limit
with the bulk fermions carrying a finite density in AdS
without affecting the underlying geometry. The pertinent
R-ratio in this regime is derived and analyzed. In Sec. VII
we motivate a hybrid holographic model for DIS scattering

on light and heavy nuclei which compares favorably to the
existing world-data for a wide range of parton-x. Our
conclusions are in Sec. VIII. Some useful details are found
in several Appendixes.

II. EXTREMAL BLACK HOLE: DENSE LIMIT

In this work we will address DIS scattering on a cold and
dense nucleus as a dual to an RN-AdS black hole following
on our recent analysis [15]. Conventional DIS scattering on
cold nuclei with many of the conventions used are reviewed
in [16]. In holography, DIS scattering on a nucleus as an
RN-AdS black hole is illustrated in Fig. 1. In the holo-
graphic limit, the leading contribution is Fig. 1(a) with
the structure functions being the absorbed parts of the
R-current. To this order, the structure functions have
considerable support mostly at low-x [13] (see below).
At next-to-leading order, the R-current is absorbed through
the virtual fermionic loop shown in Fig. 1(b). This loop
describes a fermionic hallow around the RN-AdS black
hole that acts as a holographic Fermi liquid. Below we
detail how this contribution leads to structure functions
with mostly support at large-x. This description is com-
plementary to our recent analysis based on a generic
density expansion around a trapped Fermi liquid [15].

A. The extremal and charged black hole

The RN-AdS black hole is described by effective gravity
coupled to a U(1) gauge field in a 5-dimensional curved
AdS space [17]

S ¼ 1

2κ2

Z
d5x

ffiffiffiffiffiffi
−g

p ðR − 2ΛÞ − 1

4e2

Z
d5x

ffiffiffiffiffiffi
−g

p
F2: ð2:1Þ

The Ricci scalar is R, and κ2 ¼ 8πG5 and Λ ¼ −6=R2 are
the gravitational and cosmological constant. The curvature
radius of the AdS space is R with line element

ds2 ¼ r2

R2
ð−fdt2 þ dx⃗2Þ þ R2

r2f
dr2 ð2:2Þ

and warping factor

FIG. 1. Absorptive part of the R-current on a nucleus as an
extremal RN-AdS black hole: (a) absorptive contribution to order
N2

c; (b) absorptive fermionic contribution to order N0
c.
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fðrÞ ¼
�
1 −

r2þ
r2

��
1 −

r2−
r2

��
1þ r2þ

r2
þ r2−

r2

�
ð2:3Þ

with rþ > r− the outer-inner horizons satisfying
fðr�Þ ¼ 0.
The black hole is charged and sources the R-potential

At ¼ μ −
Q
r2

ð2:4Þ

provided that the electric charge Q and the geometrical
charge q satisfy

q2R2

Q2
¼ 4

3
×
2κ2

4e2
¼ R2

6α̃
; ð2:5Þ

where

2κ2 ¼ 8π2R3

N2
c

4e2 ¼ α̃
64π2R
N2

c
: ð2:6Þ

We have defined α̃ ¼ 1 for a U(1) R-charge, and α̃ ¼ 1
4
Nc
Nf

for a D3-D7 U(1) vector charge. The temperature of the
RN-AdS black hole is

T ¼ r2þf0ðrþÞ
4πR2

¼ rþ
πR2

�
1 −

μ2π2R4γ2

r2þ

�
ð2:7Þ

with γ2 ¼ 1=12π2α̃. The chemical potential μ is fixed by
the zero potential condition on the outer horizon AtðrþÞ¼ 0

or μ¼Q=r2þ. At extremality where T¼ 0, we have
rþ ¼ r− ¼ πR2γμ ¼ R2

2
ffiffi
3

p
ffiffiffĩ
α

p
.

B. Holographic Fermi liquid

The fermionic fields in bulk are characterized by the
Dirac action in a charged AdS black hole geometry

S ¼ −
Z

d5x
ffiffiffiffiffiffi
−g

p
iðψ̄ΓMDMψ −mψ̄ψÞ ð2:8Þ

with ψ̄ ¼ ψ†Γt, and the long derivative

DM ¼ ∂M þ 1

4
ωabMΓab − ieRAM ð2:9Þ

The indices M;N � � � or μ; ν; r � � � refer to the space-time
indices, and a; b; � � � to space-time indices with underline
correspond to tangent space indices. Therefore, for exam-
ple, Γa denotes the gamma matrices in the tangent space,
ΓM denotes gamma matrices in the curved spacetime. They
are specifically given in Appendix A.

A bulk fermion field of mass m and R-charge eR is dual
to a composite boundary field of conformal dimension
Δ ¼ 3

2
þmR. Since the horizon of the extremal charged

RN-AdS black is characterized by a finite U(1) electric
field, fermionic pair creation takes place through the
Schwinger mechanism. As a result, the black hole say
with positive R-charge absorbs the negative part of the pairs
and expel the positive part. Since AdS is hyperbolic and
confining, the positive charge falls back to the surface of
the black hole, accumulating into a hallow or holographic
Fermi liquid.
The characteristics of the low-lying excitations of the

holographic Fermi liquid for low frequencies jk0j < μ and
low momenta k ¼ jk⃗j, have been discussed in [18,19]. In
particular, near the horizon the AdS5 geometry factors
into AdS2 × R3.

1. Case-1: e2Rα̃ < 1
4 ðmRÞ2

The fermions exhibit strong distortion in the AdS2
geometry, with [18]

G11
R ðk0; k⃗Þ ¼ Cðk⃗Þðk0Þ2νk

�
0 0

0 1

�
; ð2:10Þ

and

νk ¼
ffiffiffĩ
α

p

μ
ðk2 − k2RÞ

1
2

≡
ffiffiffĩ
α

p

μ

�
k2 −

μ2

3α̃
ðe2Rα̃ −

1

4
ðmRÞ2Þ

�1
2

: ð2:11Þ

Note that k2R < 0 in this case, i.e., for e2Rα̃ < 1
2
ðmRÞ2.

Throughout, we will use the block notation to refer to the
fermionic retarded (Feynman) propagators

GR;F ¼
�
G11 G12

G21 G22

�
R;F

ð2:12Þ

2. Case-2: e2Rα̃ > 1
4 ðmRÞ2

For k2R > 0 and k ≤ kR, the corresponding holographic
spectral function exhibits oscillating behavior and gapless
excitations, with comparable real and imaginary parts. In
other words, the excitations in this oscillating region are
short lived as they form and quickly fall into the extremal
RN-AdS black hole.
Further arguments [18,19] show that the fermionic

density diverges near the horizon causing strong back
reaction. As a result, the near horizon geometry becomes
a Lifshitz geometry whereby the Fermi-like volume is
resolved into concentric Fermi spheres each describing
heavy Fermions with narrow widths, thereby explaining the
gapless like excitations. This resolution occurs only for
jk0j=μ ∼ e−N

2
c and resorbs for jk0j=μ ∼ N0

c.
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3. Case-3: e2Rα̃ > 1
4 ðmRÞ2

For k2R > 0 and k ≥ kR, localized and long lived fer-
mionic states emerge that are characterized by a Fermi
momentum kF > kR. In this case, the retarded propagator
near the Fermi surface reads [18,19]

G11
R ðk0; k⃗Þ ≈ h1

k − kF − 1
vF
k0 − Πðk0Þ

�
0 0

0 1

�
ð2:13Þ

with

Πðk0Þ ¼ h2e
iγkF ðk0Þ2νk

νk ¼
ffiffiffĩ
α

p

μ
ðk2 − k2RÞ

1
2

γk ¼ arg

�
Γð−2νkÞ

�
e−2πiνk − e−

2πffiffi
3

p eR
ffiffĩ
α

p ��
: ð2:14Þ

The coefficients h1 ∼
r−
R2 and h2 ∼ ðr−R2Þ1−2νkF can be com-

puted numerically. For νk > 1
2
, νk ¼ 1

2
or νk > 1

2
we have a

Fermi liquid, a marginal Fermi liquid or a non-Fermi liquid,
respectively. Note that the transition from a non-Fermi
liquid to a Fermi liquid occurs for k0 ≈ k0c which is fixed by
the condition k0c ≈ jvFΠðk0cÞj. Below, we will refer to the
non-Fermi liquid region k0 < k0c as the near horizon or
emergent contribution, and the Fermi liquid region k0 > k0c
as the far horizon or dilute contribution. The two contri-
butions will be added approximately since an exact con-
struction that interpolates between these two limiting
regimes is likely numerical and outside the scope of
this work.
A schematic description of the poles of (2.13) is given

in Fig. 2. For sufficiently large effective charge eR
ffiffiffĩ
α

p
,

some of the largely damped quasinormal modes (QNM) of
the RN-AdS black hole transmute to narrow quasi-bound
states (QBS) close to the real axis for fixed k < kF. For
increasing k → kF the narrow QBS start crossing the origin
ω ¼ 0 turning to equally spaced holographic Fermi surfa-
ces (here 4 Fermi surfaces) as discussed in [19].
For fermions with larger effective charge, i.e., for e2Rα̃ >

1
4
ðmRÞ2 or k2R > 0, pair creation takes place near the

horizon as we noted earlier. A hallow of charged fermions
at the Fermi surface with kF > kR > 0, that supports quasi-
particles with G11

F given in (2.13). For hard R-probes with
large q0 in the DIS kinematics, only G11

R ðk0; k⃗Þ is modified
close to the horizon, since G11

R ðω1; kþ qÞ carries a large
momentum and is mostly unmodified in the ultraviolet,

ImG11
R ðω1; kþ qÞImG11

R ðk0; k⃗Þ
→ Trððσ1ðk0 þ q0Þ − iσ2ðkx þ qxÞ − ω1Þ
× πδððkþ qÞ2 þ ω2

1ÞImG11
R ðk0; k⃗ÞÞ ð2:15Þ

III. HOLOGRAPHIC STRUCTURE FUNCTIONS

The holographic structure functions on an extremal black
hole in leading order have been discussed in [15], to which
we refer for further details. For completeness, the results
will be summarized below, and extended to allow for the
next to leading order contributions from the holographic
Fermi liquid at the horizon.

A. Structure functions

We recall that the scattering amplitude of an R-photon of
longitudinal momentum qμ ¼ ðω; q; 0; 0Þ scattering on a
black hole at rest in the Lab frame with nμ ¼ ð1; 0; 0; 0Þ,
(3.22), can be tensorially decomposed into two invariant
functions G̃1;2 [13]

G̃F
μνðqÞ ¼

�
ημν −

qμqν
Q2

�
G̃1 þ

�
nμnν −

n · q
Q2

ðnμqν þ nνqμÞ

þ qμqν
ðQ2Þ2 ðn · qÞ2

�
G̃2 ð3:1Þ

with Q2 ¼ q2, thanks to with the current conservation and
covariance. The corresponding DIS structure functions for
an R-photon on a black hole are defined as

F̃1 ¼
1

2π
ImG̃1;

F̃2 ¼ −
ðn · qÞ
EA

Im
1

2π
G̃2: ð3:2Þ

As in [13], the rest frame of a cold and extremal black
hole will be dual to the rest frame of a cold nucleus at the
boundary with fixed energy EA ¼ 3

4
Aμ. Since the binding

FIG. 2. Schematic description of the poles of the Green
function. For sufficiently large U(1) charge eR some of the
quasinormal modes (QNM) of the RN-AdS black hole transmute
to narrow quasibound states (QBS) by moving closer to the
real-axis.
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energy in a nucleus is small, we also have EA ≃ AmN and
therefore the chemical potential μ ≃ 4

3
mN . In our mapping,

mN and μ are interchangeable for estimates. A hard photon
with virtual momentum qμ ¼ ðω; q; 0; 0Þ scattering off the
nucleus in the DIS kinematics satisfies q2 − ω2 ≡Q2 → ∞
with ω ≃ q and fixed Bjorken-x

xA ¼ q2

−2q · ðnEAÞ
≡ Q2

2EAω
¼ xmN

EA
ð3:3Þ

xA will refer to the Bjorken variable of the black hole as a
nuclear target with 0 ≤ xA ≤ 1, and x to the Bjorken
variable of the free nucleon in the LAB frame
with 0 ≤ x ≤ A.

B. Classical black hole in leading order: Small-x

As we noted earlier, the leading order contribution to
the structure functions (3.2) in DIS scattering is classical
and of order N2

c as illustrated in Fig. 1. It does not involve
scattering off the fermions near the holographic surface,
which is of order N0

c. In the regime Q ≪ q ≪ Q2=μ the
leading contribution to the structure functions vanishes, as
the probe spin-1 R-field is prevented from falling to the
black hole by an induced potential barrier [12]. The
R-current correlator is purely real with an exponentially
vanishing imaginary part. In the regime q ≫ Q3=μ2, the
barrier wanes away with the classical and leading contri-
bution to the un-normalized structure function F̃2 of the
form [13]

F̃2ðxA;Q2Þ≈ C̃T
μ2

xA

�
x2AQ

2

μEA

�2
3þ C̃L

EA

μ

μ2

xA

�
x2AQ

2

μEA

�
ð3:4Þ

with

C̃T ¼ N2
c

217=3π2Γ2ð1=3Þα̃5=3

C̃L ¼ N2
c

1152π4α̃2
ð3:5Þ

with xAEA ¼ xmN and CL ≪ CT . This result was shown to
hold for low-x or xA ≪

ffiffiffiffiffiffiffiffiffi
μEA

p
=Q, with the Callan-Gross

relationlike F̃2 ¼ 2xAF̃1. The normalized structure func-
tions follow as [13]

F1;2 ≡ 2EAVAF̃1;2 ≡
�
12πα̃A
Ncμ

�
2

F̃1;2 ð3:6Þ

after using the black-hole equation of state. More specifi-
cally, we have (Q2 ¼ q2 > 0)

FBH
2 ðx; q2Þ

A
≈
CT

x

�
3x2q2

4m2
N

�2
3 þ 3CL

4x

�
3x2q2

4m2
N

�
ð3:7Þ

with CT;L=C̃T;L ¼ π5ð48α̃Þ2=2N2
c.

The normalization in (3.6) amounts overall to normal-
izing F̃1;2 by the density of the black hole, canceling part of
the model dependence of the equation of state. In a way, the
normalized F1;2 are the un-normalized black-hole structure
functions F̃1;2 per degree of freedom. (3.7) is dominated by
the first contribution at low-x. We now show that the next
contribution is dominated by scattering off bulk fermions at
large-x from a holographic Fermi liquid close to the
horizon.

C. Classical black hole in leading order: Large-x

The large-x contribution to the dense black hole can be
obtained using the WKB approach also developed for the
thermal black hole in [12] with similar results modulo
pertinent changes in the parameters and normalization. In
particular, the structure function for x > μ=q is found to
drop exponentially with the result

FBH
2 ðx; q2Þ

A
≈
3CL

2x

�
3x2q2

4m2
N

�
DðxÞ; ð3:8Þ

where to exponential accuracy

DðxÞ ≈ CDe
−
ffiffiffiffi
q

mN

p
mN
μ

ffiffi
x

p
; ð3:9Þ

with CD ≈ e−
2Γ2ð1=4Þ ffiffiffi6α̃p

3
ffiffiffi
2π

p
. Below we will use (3.7) plus (3.8) to

describe DIS scattering on the BH in leading order. We now
proceed to analyze the quantum and subleading correction.

D. Quantum fermions in subleading order

The contribution of the subleading fermions to the
induced effective action can be obtained through the
holographic dictionary. It will be divided into two con-
tributions: 1/ the one stemming from the emergent Fermi
surface near the horizon through the geometrical reduction
to AdS2 × R3; 2/ the one stemming from its ultraviolet
completion which is dual to a Fermi liquid in bulk AdS5
which we will seek in the dilute approximation below.
With this in mind, the shift of the R-field AM → A0δM0 þ

aM amounts to a shift in the Dirac action density in (2.8) at
the origin of the minimal coupling of the R-field

−iψ̄ð−ieRaμðr; qÞΓμÞψ ≡ ψ̄Bðr; qÞψ ð3:10Þ

In terms of (2.8)–(3.10) the bulk effective action for the
1-loop contribution in Fig. 1b at zero temperature reads

SF½aμ� ¼ −ð−iÞ
Z

d4q
ð2πÞ4

d4k
ð2πÞ4

×
Z

dr1
ffiffiffiffiffiffiffiffiffiffi
gðr1Þ

p
dr2

ffiffiffiffiffiffiffiffiffiffi
gðr2Þ

p
TrðDFðr1; r2; kþ qÞ

× Bðr2; qÞDFðr2; r1; kÞBðr1;qÞÞ ð3:11Þ
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The routing of the momenta in (3.11) corresponds to the
hard fermion with kþ q and the soft fermion with k.
The R-field in bulk aðr; qÞ relates to the R-field at the

boundary Að0Þ
μ ðqÞ through the bulk-to-boundary propagator

KAðr; qÞ, which satisfies KAðr → ∞;qÞ ¼ 1,

aμðr; qÞ ¼ KAðr;qÞAð0Þ
μ ðqÞ: ð3:12Þ

This allows the rewriting of (3.11) in the form of the
boundary action

SF½Að0Þ
μ � ¼ 1

2

Z
d4q
ð2πÞ4 A

ð0Þ
μ ðqÞAð0Þ

ν ð−qÞ

× ð−2iÞ
Z

d4k
ð2πÞ4

Z
dr1dr2

ffiffiffiffiffiffiffiffiffiffi
gðr1Þ

p ffiffiffiffiffiffiffiffiffiffi
gðr2Þ

p
TrðDFðr1; r2; kþ qÞQμðr2; qÞDFðr2; r1; kÞQνðr1; qÞÞ ð3:13Þ

with the dressed bulk vertices

Qμðr; qÞ ¼ −ið−ieRKAðr; qÞΓμÞ

≈ −eR
qR2

r
K1

�
qR2

r

�
Γμ: ð3:14Þ

We have approximated the bulk-to-boundary KAðr; qÞ by
its vacuum contribution, with K1ðxÞ the modified Bessel
function.
In the DIS regime Q ≪ q ≪ Q2=μ with Q2 ¼ q2, the

spin-1
2
fermion field remains localized near the boundary as

a potential barrier develops in bulk, a phenomenon also
observed for spin-1 boson fields [12]. In this regime, we
will approximate the hard part of the fermion propagator by
its vacuum (in AdS5) result [20]

DFðr1;r2;kþqÞ¼
Z

dω1ω1GFðr1;r2;ω1;kþqÞ; ð3:15Þ

where

GFðr;r0;ω1;kþqÞ¼ψαðr;ω1ÞGαγ
F ðω1;kþqÞψγðr0;ω1Þ

ð3:16Þ

with the vacuum (in AdS5) solution [21]

ψ1ðr;ω1Þ ¼
�
R2

r

�5
2

JmR−1
2

�
ω1

R2

r

��
0

1

�

ψ2ðr;ω1Þ≡ 0; ð3:17Þ

and

G11
F ðω1;kþqÞ¼ σ1ðk0þq0Þ− iσ2ðkxþqxÞ−ω1

ðkþqÞ2þω2
1− iϵ

;

G22
F ðω1;kþqÞ¼ σ1ðk0þq0Þþ iσ2ðkxþqxÞ−ω1

ðkþqÞ2þω2
1− iϵ

: ð3:18Þ

The soft part of the fermion propagator can be separated
into its contribution deep in the infrared which is modified

by the induced holographic Fermi surface through the
geometrical reduction to AdS2 × R3, and its ultraviolet
completion as we noted earlier. More specifically, near the
AdS2 × R3 geometry, the infrared part of the soft the
propagator is of the form

DFðr; r0; kÞ ¼ ψαðr; k0; k⃗ÞGF
αβðk0; k⃗Þψβðr0; k0; k⃗Þ ð3:19Þ

with

G22
F ðk0; k⃗Þ¼G11

F ðk0; k⃗↦−k⃗Þ¼−
1

G11
F ðk0; k⃗;m↦−mÞ

:

ð3:20Þ

Note that only G11
R ðk0; k⃗Þ has a singular or Fermi-like

structure near k → kF. Hence, we will ignore the contri-
bution from G22

R ðk0; k⃗Þ to the current correlator. The
normalizable wave functions are given in (B1).
The time-ordered correlation function for the R-current

follows from the functional derivative

G̃FμνðqÞ ¼ δ2SF½Að0Þ
μ �

δAð0Þ
μ ðqÞδAð0Þ

ν ð−qÞ
: ð3:21Þ

Using the spectral form of the Feynman propagator (3.19)–
(3.20), we can rewrite (3.21) in a more compact form

G̃FμνðqÞ¼ 2i
Z

d4k
ð2πÞ4

Z
dω1ω1TrðGαβ

F ðω1;kþqÞ

×Λμ
βγðω1;q;kÞGγδ

F ðk0; k⃗ÞΛν
δαðk;q;ω1ÞÞ; ð3:22Þ

with the dressed vertices

Λμ
βγðω1;q;kÞ¼

Z
dr2

ffiffiffiffiffiffiffiffiffiffi
gðr2Þ

p
ψβðr2;ω1ÞQμðr2;qÞψγðr2;kÞ;

ð3:23Þ

and
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Λν
δαðk;q;ω1Þ¼

Z
dr1

ffiffiffiffiffiffiffiffiffiffi
gðr1Þ

p
ψβðr1;kÞQνðr1;qÞψαðr1;ω1Þ:

ð3:24Þ
We recall that at zero temperature, the general Feynman

and retarded propagators GF;R are related by the relationship

GFðk0; k⃗Þ ¼ ReGRðk0; k⃗Þ þ i sgnðk0ÞImGRðk0; k⃗Þ ð3:25Þ

Using (3.25) and the fact that GFðk0; k⃗Þ is analytic in the
upper complex k0-plane, allow for the rewriting of the
imaginary part of (3.22) in the form

ImG̃F
μνðqÞ ¼

Z
d4k
ð2πÞ4

Z
dω1ω1Λ

μ
βγðω1; q; kÞΛν

δαðk; q;ω1ÞReTrðGαβ
F ðω1; kþ qÞGγδ

F ðk0; k⃗ÞÞ;

¼
Z

d3k
ð2πÞ3

Z
0

−jq0j

dk0

2π

Z
dω1ω1Λ

μ
βγðω1; q; kÞΛν

δαðk; q;ω1ÞTrðImGαβ
R ðω1; kþ qÞImGγδ

R ðk0; k⃗ÞÞ; ð3:26Þ

This result shows that for q0 ¼ 0, the imaginary part vanishes as it should as the effective action induced by the R-current
(3.13) is real. For q0 ≠ 0 this result is clearly negative as it should, since its contribution to (3.13) amounts to a self-energy
for the R-field which amounts to damped oscillations in time.

E. Large-x near the horizon

Using the vertex (D5) for momenta near kF, we can rewrite (3.26)

ImG̃F
xxðqÞ ¼ C2ðνkFÞCθk2Fð−1Þ

Z
∞

0

dω2
1

2
I2zðω1; q; kFÞ

Z
kF

kR

dkaþðk0; kÞ2ReIk0ðω1; qÞ; ð3:27Þ

with

ReIk0ðω1; qÞ ¼ Re
Z

∞

−∞

dk0

2π
aþðk0; kÞ2trðG11

F ðω1; kþ qÞG11
F ðk0; k⃗ÞÞ

¼ Re
Z

0

−jq0j

dk0

2π
aþðk0; kÞ2trððσ1ðk0 þ q0Þ − iσ2ðkx þ qxÞ − ω1Þπδððkþ qÞ2 þ ω2

1ÞImG11
R ðk0; k⃗ÞÞ

≈
Z

0

−jq0j

dk0

2π
aþðk0; kÞ2ð−1Þω1πδððkþ qÞ2 þ ω2

1Þ
h1ImΠ

ðk − kF − k0
vF
− ReΠÞ2 þ ðImΠÞ2 ð3:28Þ

(3.28) can be simplified by enforcing the delta function

ImG̃F
xxðqÞ ≈ C2ðνkFÞCθk2F

π

2

Z
kF

kR

dk
Z

0

−jq0j

dk0

2π
a2þðk0; kÞI2zðxk; q; kFÞ

ffiffiffiffi
sk

p h1ImΠ
ðk − kF − k0

vF
− ReΠÞ2 þ ðImΠÞ2

≈ CGðνkF ; z−Þ
�
1

q2

�
νkFþ3

2

Z
kF

kR

dk k2F

Z
0

−jq0j

dk0

2π

× a2þðk0; kÞxνkFþ5=2
k ð1 − xkÞmR−1=2

2F
2
1

�
mRþ νkF þ 2

2
;
mR − νkF þ 1

2
; mRþ 1

2
; 1 − xk

�

×
ffiffiffiffi
sk

p ImΠ
ðk − kF − k0

vF
− ReΠÞ2 þ ðImΠÞ2 ð3:29Þ

with the overall constant

CGðνkF ; z−Þ ¼
π

2
z−ð2νkþ2Þ
− C2ðνkFÞC2

zðνkFÞh̃1ðνkFÞCθ; ð3:30Þ

where h̃1ðνkFÞ≡ z−h1 is a dimensionless constant to be determined numerically, and z− ¼ R2

r−
. Again, for the DIS kinematics

we set xk ¼ −q2=2k · q, and jq0j ≈ qx. We rearranged the hypergeometric function 2F1 using the same Pfaff identity (3.36).
Note that for the special value of νk ¼ mRþ 1, one can see that the xk dependence of the integrand in (3.29) reduces to the
one in [21] before the multiplication by the trace (for our case the trace is

ffiffiffiffi
sk

p
). However, for general νk the same partonic

content as in (3.37) is noted.
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For narrow quasiparticles, we may use the substitution
(k⊥ ¼ k − kF)

ImΠ
ðk⊥− k0

vF
−ReΠÞ2þðImΠÞ2→πδ

�
k⊥−

k0

vF
−ReΠ

�
ð3:31Þ

and undo the k0 integration in (3.29) with the result

ImG̃F
xxðqÞ≈

1

2
C̃GðνkFÞ

Z
kF

kR

dk⊥k2F
aþðk0;k⊥Þ2
j 1
vF
þReΠ0j

�
1

q2z2−

�
νkFþ1

×x
νkFþ2

k ð1−xkÞτ−3
2
2F

2
1ðτþ;τ−;τ−1;1−xkÞ

ð3:32Þ

with

ReΠ0 ¼ 2h2νkF jk0j2νkF−1ReðeiγkF ð−1Þ2νkF−1Þ ð3:33Þ

where k0 in xk is solution to the transcendental equation

k⊥ þ jk0j
vF

¼ h2jk0j2νkFReðeiγkF ð−1Þ2νkF Þ; ð3:34Þ

and we have defined a dimensionless constant

C̃GðνkFÞ ¼ z
2νkFþ2
− × CGðνkF ; z−Þ

¼ π

2
C2ðνkFÞC2

zðνkFÞh̃1ðνkFÞCθ: ð3:35Þ

Also note that aþðk0; k⊥Þ ¼ c̄1z−k⊥ þ c̄2z−k0 is a dimen-
sionless coefficient with dimensionless constants c̄1;2 ¼
c̃1;2=z−.
In arriving to (3.32), we have made use of the Pfaff

identity

2F1ða;b;c;zÞ¼ ð1− zÞ−a2F1

�
a;c−b;c;

z
z−1

�
ð3:36Þ

In the holographic Fermi liquid, the partonic distribution
function is seen to develop a modified exponent. A
comparison of the partonic distribution function (6.13) in
the probe limit, to (F4) where the black hole is present,
translates�
1

q2

�
τ−1

xτþ1
k ð1−xkÞτ−2

→

�
1

q2

�
νkþ1

xνkþ2
k ð1−xkÞτ−3

2
2F

2
1ðτþ;τ−;τ−1;1−xkÞ

ð3:37Þ

with 2τ� ¼ τ � ðνk þ 1=2Þ and the twist parameter
τ ¼ mRþ 3=2. Near the black hole horizon, the parton
distribution function develops a modified scaling law, but it

is still seen to vanish at the end points xk ¼ 0, 1. In Fig. 3
we show the modified behavior of the partonic distribution
function in (3.37) for fixed q2, τ ¼ 3 and νk ¼ 1

2
versus xk

as the light-solid curve (green). The comparison is with the
large-x dependence of the nucleon for weak coupling
dashed curve (red), and strong coupling dark-solid curve
(blue). Near the black hole horizon, the distribution
function is shifted to intermediate-x. With our choice of
parameters, the holographic result (3.37) reduces to

x
1
2

kð1 − xkÞ32, in comparison to the strong coupling result
in vacuum x4kð1 − xkÞ2, and the weak coupling result also in
the vacuum x

1
2

kð1 − xkÞ3. Remarkably, the formation of a
holographic fermionic surface through the AdS2 × R3

reduction, is to shift the holographic partonic distribution
to intermediate-x, and modify the hard scattering rule.
For our choice of DIS kinematics, the non-normalized F̃2

structure function (3.2) follows from (3.32) in the form
(q0 ≈ qx)

F̃2ðxA; qÞ ¼
4

π
x3A

E2
A

q2
ImG̃F

xxðqÞ ð3:38Þ

with again Q2 ¼ q2 > 0. Modulo the dispersion relation
and the anomalous exponents that characterize the holo-
graphic fermions in the reduced AdS2 × R3 geometry, the
results (3.32) and (3.38) are similar to the ones we derived
recently in [15] using general arguments.

IV. FERMIONIC CONTRIBUTION AT LOW-X

In the DIS regime with q ≫ Q2 or low-x, the structure
functions are dominated by the exchange of a Pomeron, a
multigluon exchange with vacuum quantum numbers. In
holography, this exchange is described either through a
closed surface exchange [22] or a graviton [23] in bulk.
For the latter, this regime was identified in the range
e−
ffiffi
λ

p
≪ x ≪ 1=

ffiffiffi
λ

p
where the exchange involves the string

FIG. 3. Large-x dependence of the parton distribution function
for weak coupling in vacuum (dashed-red), strong coupling in
vacuum (dark-solid-blue) and near a holographic Fermi surface
(light-solid-green).
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scattering amplitude. Since x ≫ e−
ffiffi
λ

p
, the strings are

small compared to the size of the AdS space so that the
scattering amplitude is quasilocal with almost flat space
signature.

A. General setup

The 10-dimensional tree-level effective action that
describes the scattering of an R-photon off bulk quantum
fermions at low-x reads [23]

S ¼
Z

d10x
ffiffiffiffiffiffiffiffiffiffi
−g10

p ðKVÞt¼0

¼ i
8

Z
d10x

ffiffiffiffiffiffiffiffiffiffi
−g10

p ð4vavaψ̄Γm∂pψ − gpmðψ̄ΓM∂Mψvava þ 2vavbψ̄Γa∂bψÞÞFmnFpnVjt¼0 ð4:1Þ

where va are the Killing vectors for the compact part of the
10-dimensional space. The forward R-current scattering
amplitude follows from pertinent variation with respect to
the R-field. Here K refers to the kinematical factor
involving the fermions ψ and the R-field strength F, and
V is the exchanged flat space 10-dimensional Virazorro-
Shapiro string amplitude

V ¼ α03s̃2

64

Y
β̃¼s̃;t̃;ũ

Γð− α0β̃
4
Þ

Γð1þ α0β̃
4
Þ

ð4:2Þ

as illustrated in Fig. 4. The 10-dimensional Mandelstam
variables s̃, t̃ are related to the 4-dimensional ones s, t
through

α0s̃ ¼ α0s
z2

R2
þO

�
1ffiffiffi
λ

p
�

α0 t̃ ¼ α0t
z2

R2
þO

�
1ffiffiffi
λ

p
�

ð4:3Þ

with the warping made explicit.

The imaginary part of the string amplitude (4.2) is

ImVjt¼0 ¼
πα0

4

X∞
j¼1

jOð 1ffiffi
λ

p Þδ
�
j −

α0s̃
4

�
ð4:4Þ

with the delta-function summing over the closed string
Regge trajectory. At low-x we have s ∼ 1=x and j ∼ s∼
1=x, so that for lnð1=xÞ= ffiffiffi

λ
p

≪ 1,

jOð 1ffiffi
λ

p Þ ∼
�
1

x

�
Oð 1ffiffi

λ
p Þ

∼ 1 ð4:5Þ

We now recall that the field strength Fmn describes the
bulk-to-boundary R-field-strength with incoming momen-
tum qμ and outgoing momentum qμ, while ψ describes the
bulk fermion with incoming and outgoing momentum kμ in
the anomalous Fermi surface. The low-x regime with x ≪ 1

corresponds to the kinematical regime q · k ≫ q2 ≫ k2, so
that the dominant contribution inK is the term with the spin
contraction of the form ðq · kÞ, i.e., the first term in (4.1).
Using

ψðkÞ → ψðkÞ × Y ðvÞ ð4:6Þ

and normalizingZ
S5
dv̂

ffiffiffiffiffiffi
gS5

p
vavajY ðvÞj2 ¼ c5R2 ð4:7Þ

where Y ðvÞ is a spherical harmonic in S5 in (4.1), we can
write down the one-loop effective action SF for the diagram
shown in Fig. 4 as

SF½Að0Þ
μ ≡ nμ� ¼

i
2
c5R2

Z
d4q
ð2πÞ4

Z
d4k
ð2πÞ4

×
Z

dr
ffiffiffiffiffiffi
−g

p
Fμmð−qÞFνmðqÞ

× TrðDFðr; r; kÞΓμð−ikÞνÞVFjt¼0: ð4:8Þ

We now choose the polarizations to be transverse with
the additional axial gauge condition ar ¼ 0, so that the
boundary-to-bulk R-field is

FIG. 4. Absorptive part of the R-current on a nucleus as an
extremal RN-AdS black hole: (c) fermionic contribution to order
N0

c due to a closed string exchange in bulk at low-x.
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aμðr; q⃗Þ ¼
�
R2

r
K1

�
qR2

r

��
nμðqÞeiq·x: ð4:9Þ

The corresponding field strengths are

FμνðqÞ ¼ iðqμnν − nμqνÞ
qR2

r
K1

�
qR2

r

�
eiq·x;

FμrðqÞ ¼ nμq2
R4

r3
K0

�
qR2

r

�
eiq·x ð4:10Þ

and their contraction is

FμpFν
p ¼ þnμnν

q4R6

r4

�
K2

0

�
qR2

r

�
þ K2

1

�
qR2

r

��

þ qμqνn2
q2R6

r4
K2

1

�
qR2

r

�
: ð4:11Þ

B. Low-x near the horizon

To analyze the low-x contribution of the fermions near
the horizon, we will focus on the graviton exchange and
make use of warped momenta q̃ throughout this section.
For small energy transfer q̃0 ≪ μ, the bulk-to-bulk propa-
gator for transverse graviton hxyðq̃0; q̃xÞ can be written as

Gxy;xyðq̃0; q̃x; r1; r2Þ
¼ ϕðq̃0; q̃x; r1ÞGB

xy;xyðq̃0; q̃xÞϕðq0; qx; r2Þ ð4:12Þ

where ϕðq̃0; q̃x; r1Þ is the normalizable wave function of
the graviton, and GB

xy;xy is its boundary Green’s function

GB
xy;xyðq̃0; q̃xÞ ¼ q̃20Gðq̃0; q̃xÞ ð4:13Þ

where ReGðq̃0; q̃xÞ ¼ fðq̃x; μÞ which can be determined
from the low-frequency expansion, and [24]

ImGðq̃0; q̃xÞ ¼
3C

ð1þ q̃2
0

μ2
Þ
1
2

�
1þ

�
1þ q̃20

μ2

�1
2

�

× e0

�
q̃x
μ

�
ImG�

�
q̃0
μ
;
q̃x
μ

�
ð4:14Þ

where C is a proportionality constant, e0ðq̃xμ Þ is a function to
be determined from the low-frequency expansion coeffi-
cients, and

G�

�
q̃0
μ
;
q̃x
μ

�
¼ −2ν�e−iπν�

Γð1 − ν�Þ
1þ ν�

�
1

2

q̃0
μ

�
2ν�

; ð4:15Þ

where

ν� ¼ 1

2

�
5þ 2

q̃2x
μ2

� 4

�
1þ q̃2x

μ2

�1
2

�1
2

: ð4:16Þ

Note that for zero energy and momentum transfer
(q̃0 ¼ 0 and q̃x ¼ 0), the bulk-to-bulk propagator of the
graviton exchange vanishes ImGxy;xyð0; 0; r1; r2Þ ¼ 0 since
G�ð0; 0Þ ¼ 0. Therefore, the t-channel contribution of the
graviton for the current-current correlation function or
forward deeply virtual Compton scattering away from
the probe limit vanishes. Its Reggeized form through higher
spins (closed string exchange), vanishes as well.

V. R-RATIO FOR A QUANTUM CORRECTED
RN-ADS BLACK HOLE

A. Particle and energy density at the horizon

Having assessed the structure functions both at large-x
and small-x near the black hole horizon, we now need to
normalize them. For that we need to evaluate the contri-
bution of the bulk fermions near the horizon to the particle
and energy densities, much like we did in the probe limit.
More specifically, we define

neR ¼ hJtiðqz ≪ 1Þ
ϵ ¼ hTttiðqz ≪ 1Þ ð5:1Þ

as the boundary expectation values of the time-component
of the R-current and the energy momentum tensor. The
expectation values follow from the holographic correspon-
dence in the tadpole approximation in AdS as

hJti ¼ −ieR
Z

d3k
ð2πÞ3

Z
dk0

2π
IKðqz ≪ 1Þ

× ψ1ðkÞΓtψ1ðkÞImTrG11
R ðk0; k⃗Þ

hTtti ¼
Z

d3k
ð2πÞ3

Z
dk0

2π
I0Kðqz ≪ 1Þ

× ψ1ðkÞΓtψ1ðkÞð−ik0ÞImTrG11
R ðk0; k⃗Þ ð5:2Þ

with I0Kðqz ≪ 1Þ ≈ IKðqz ≪ 1Þ playing the role of a
spectral weight, and defined in (6.23). Evaluating the
momentum integral near the Fermi surface, we find

n ¼ hJti
eR

≈ CJh1Cθ

k3Fð1 − kR
kF
Þ

j 1
vF
þ ReΠ0j ð5:3Þ

with Cθ ¼ 1
2π and the dimensionless constant

CJ ¼ R4ðmR2 þ νkFÞ
�
R2

R
kFz− þ eR

ffiffiffĩ
α

3

r �

×
a2þðk0; kÞ

ð2νk þ 1ÞW2
ð2

ffiffiffi
3

p
Þ−2νkF : ð5:4Þ
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Since IK ¼ I0K , we have ϵ ¼ nk0. Note that k0 is the
solution of the transcendental equation (3.34), which near
the Fermi surface k → kF can be solved as k0 ∼ C0=z− with
the dimensionless constants

C0ðνkFÞ≡ ðvFh̃2ImðeiγFð−1Þ2νkF ÞÞ
1

1−2νkF ð5:5Þ

and h̃2 ¼ z
1−2νkF− h2. Therefore, for the dense limit near the

horizon, we make the identification

EA ≡ VAϵ ¼ Aϵ=n ¼ Ak0 ð5:6Þ

Here n and ϵ are identified with the particle and energy
densities of the target of volume VA and total energy EA
following the identification in IIIA.

B. Normalized structure functions: Dense regime

Having determined n, ϵ in the dense limit near the
horizon, we can now normalize the corresponding structure
function (3.32) through the substitution

ImG̃F
xxðqÞ→2EAVA×ImG̃F

xxðqÞ¼2EAA
ImG̃F

xxðqÞ
n

: ð5:7Þ
The integral in (3.32) can be evaluated near the Fermi
surface k → kF with the result

ImG̃F
xxðqÞ ≈

1

2
C̃GðνkFÞaþðk0; k⊥ ¼ 0Þ2

k3Fð1 − kR
kF
Þ

j 1
vF
þ ReΠ0j

�
1

q2z2−

�
νkFþ1

x
νkFþ2

kF
ð1 − xkFÞτ−

3
2
2F

2
1ðτþ; τ−; τ − 1; 1 − xkFÞ: ð5:8Þ

Here C̃GðνkFÞ and aþðk0; k⊥ ¼ 0Þ ≈ c̄2z−k0 are both dimensionless constants, and xkF ≈
EA
k0
xA ¼ mN

k0
x since xA

x ¼ mN
EA
. Here

k0 ∼ C0=z− plays the role of the Fermi energy of the quasiparticles in the holographic Fermi liquid near the horizon z−. We
recall that

1

z−
¼ r−

R2
¼ 1

2
ffiffiffi
3

p μffiffiffĩ
α

p ¼ R2

R
μffiffiffĩ
α

p ; ð5:9Þ

with α̃ ¼ 1 for a U(1) R-charge, and α̃ ¼ 1
4
Nc
Nf

for a D3-D7 U(1) vector charge.

Using (3.38) together with (5.7)–(5.8), we can extract the normalized structure function of the holographic Fermi liquid
(xkFk0 ¼ xmN)

F2ðxA; q2Þ
A

¼ e2RCAdS2ðeR; τ; α̃; vF; h̃2Þ
�
μ2

q2

�
νkFþ2

x
νkFþ5

kF
ð1 − xkFÞτ−

3
2
2F

2
1ðτþ; τ−; τ − 1; 1 − xkFÞ; ð5:10Þ

where we defined the dimensionless constant

CAdS2ðeR; τ; α̃; vF; h̃2Þ≡
�
1

3α̃

�
νkFþ2 1

8
C3
0

ð2νkF þ 1Þð 1

2
ffiffi
3

p τ þ νkF −
ffiffi
3

p
4
ÞΓðτ þ νkF þ 3

2
Þ2Γðτ þ νkF −

1
2
Þ2

ðkFμ
ffiffiffĩ
α

p þ 1ffiffi
3

p eR
ffiffiffĩ
α

p ÞΓðτ − 1Þ2 ; ð5:11Þ

with

νkFðeR;τ; α̃Þ¼
�
1

12

�
τ−

3

2

�
2

þk2F
μ2

α̃−
1

3
e2Rα̃

�1
2

C0 ¼ðvFh̃2 sinðγFþ2πνkFÞÞ
1

1−2νkF

γF ¼ arg

�
Γð−2νkFÞ

�
e−2πiνkF −e−

2πffiffi
3

p eR
ffiffĩ
α

p ��
:

ð5:12Þ
Note that for a large effective charge eR

ffiffiffĩ
α

p
→ ∞, we have

γF ¼ −2πνkF and C0 → 0 which implies that the structure
function (5.10) vanishes in the probe limit α̃ ∼ Nc

Nf
→ ∞,

which is also the regime where the backreaction from the
flavor branes can be ignored.

C. R-ratio in the dense regime

The R-ratio for the quantum corrected black hole
consists of: (1) the leading classical contributions (3.7)
plus (3.8) both at small and large x respectively; (2) the
subleading quantum correction from the emergent Fermi
surface (6.28) in the AdS2 × R3 in the near horizon
approximation; (3) the subleading quantum correction
from a normal Fermi liquid far from the horizon in the
dilute or probe approximation (6.30) to be detailed below.
To map this ratio on that of a dense nucleus, we follow [13]
and define

Rdenseðx; q2Þ≡
1
A F

dense
2 ðx; q2Þ

Fnucleon
2 ðx; q2Þ ð5:13Þ
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with the dense structure function

Fdense
2 ðx; q2Þ

A
≈
�
CT

�
3q2

4m2
N

�2
3

x
1
3 þ 3CL

2x

�
3x2q2

4m2
N

�
DðxÞ

�

þ ðCAdS2e2R

�
μ2

q2

�
νkFþ2

x
νkFþ5

kF
ð1 − xkFÞτ−

3
2
2F

2
1ðτþ; τ−; τ − 1; 1 − xkFÞ þ C1

FAdS5
2 ðx; q2Þ

A

�
; ð5:14Þ

normalized by the nucleon structure function (6.31).
For clarity, we recap the different definitions used for
parton-x (0 ≤ xA ≤ 1) and entering (5.14) and the normali-
zation (6.31)

xAEA ¼ xmN

xmN ≈ xkFk0 ≡ xkFkF ð5:15Þ
xA refers to the parton fraction in a nucleus, x refers to the
parton fraction in a nucleon within a nucleus, and xkF refers
to the parton fraction in relation to k0 ∼ C0=z− from the
emergent Fermi energy.
In (5.14), the first bracket is the leading and classical

contribution, and the second bracket is the subleading and
quantum contribution.More specifically, the first (3.7) (low-
x) and second (3.8) (large-x) contributions stem from DIS
scattering on the bulk classical black hole. The third (6.28)
contribution stems from DIS scattering off the emerging
holographic liquid close to the black hole horizon. The

fourth and last contribution FAdS5
2

ðx;q2Þ
A ≡ Fdilute

2
ðx;q2Þ
A (6.30)

stems from DIS scattering off the distorted Fermi liquid
far from the horizon in the probe approximation to be
discussed thoroughly below. The quantum correction near
the black hole is vanishingly small at small-x.
The relative and arbitrary normalization C1 ¼ 0.07 is

introduced to account for the normal Fermi liquid con-
tribution far from the horizon which is asymptotically AdS5
as we discussed earlier. It will be estimated in the dilute
limit below and added to the near horizon contribution. A
more quantitative calculation using the exact response
function throughout the holographic space distorted by
the RN-AdS extremal black hole, that reduces to AdS2 near
the horizon and asymptotes the dilute limit near the
boundary, is numerically intensive and goes outside the
scope of this work. We note that the values of C1 ≤ 0.07
keep the AdS2 plus AdS5 quantum corrections subleading
in comparison to the leading RN-AdS black hole contri-
bution for all values of kF and most parton-x.
To quantify each of the contributions in the R-ratio, we

now need to fix the parameters entering this expression,
many of which are tied by holography. We first fix the
explicit holographic parameters: α̃ ¼ Nc=4Nf ¼ 1 (ratio of
branes), 2π2c5=

ffiffiffiffiffiffiffiffi
4πλ

p ¼ 0.01 (strong coupling) and eR ¼
0.3 (charge of the probe fermions). Next, we fix the scaling
parameters entering in the nucleon pdf: τ ¼ 3 (hard scaling
law) and j ¼ 0.08 (Pomeron intercept). The nucleon

confining scale enters through β ¼ 1=ðmNz−Þ2 → β̃
asymptotically (6.31). We fix it to β̃ ¼ 17.65. Finally,
we fix the parameters of the emergent Fermi surface:
vF ¼ 1 (Fermi velocity), h̃2 ¼ 1 for simplicity, μ=mN ¼
1.2 (chemical potential) for a typical nucleus
With these parameters fixed, we show in Figs. 5–7, the

dense R-ratio versus x for different Fermi momenta
kF=mN ¼ 4, 0.5, 0.3. For kF=mN ≥ 0.4 ≈ kR=mN the
contribution from the emergent AdS2 Fermi surface near
the horizon is small but real. This contribution disappears
for kF < kR as we noted in (2.11), and only the AdS5
contribution far from the horizon remains. The contribu-
tion from the emergent AdS2 Fermi surface becomes
comparable to the far horizon AdS5 contribution at
large-x and only for large values of kF=mN . For all values
of kF=mN and most values of x, the leading black hole
contribution is dominant. Some of the key features of
DIS scattering on a nucleus are already captured by

BH+FAdS2 +FAdS5

BH
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FAdS2
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R
de

ns
e
(x
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FIG. 5. Dense R-ratio (5.13) with kF=mN ¼ 4. See text.
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FIG. 6. Dense R-ratio (5.13) with kF=mN ¼ 0.5. See text.
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Figs. 5–7 with shadowing and anti-shadowing at small-x
due to the coherent scattering on the black hole, and Fermi
motion at large-x that is increasingly apparent from DIS
scattering on the AdS5 from the far horizon part at small
kF=mN . We will return to these important physical issues
below through amore realisticmodel forDIS scattering on a
finite nucleus with comparison to the existing world-data
from DIS scattering on light and heavy nuclei.

VI. DIS IN THE PROBE LIMIT: DILUTE REGIME

We now consider scattering in the probe limit, where the
bulk fermions carry a density without affecting the under-
lying AdS5 geometry (with or without a wall), i.e., μffiffĩ

α
p → 0

with μffiffĩ
α

p × eR
ffiffiffĩ
α

p ¼ μe fixed where α̃ ∼ Nc
Nf

≫ 1 and μ is the

chemical potential. This limit, can be regarded as the UV
completion for the emergent Fermi surface in bulk, but also
can be considered as DIS scattering on a very dilute
nucleus. This amounts to using the free spectral form
(3.16) with the substitution

ImGαγ
F ðω1; kÞ → πnFðω1; k⃗Þδðk2 þ ω2

1Þδαγ ð6:1Þ

Here nFðω1; k⃗Þ ¼ θðμe − ðk2 þ ω2
1Þ

1
2Þ is the Fermi occupa-

tion factor for a fermion of momentum k⃗, mass ω1 and
Fermi energy μe, and the vacuum (AdS5) wave functions.
For the confining case, the mass ω1 is quantized. This
analysis complements the one we have discussed recently
using generic arguments based on a density expansion of a
trapped Fermi liquid [15].

A. Large-x

With this in mind, consider the case of scattering in the
ultraviolet region of the black hole, with the hard fermion of
momentum kþ q and the remaining fermion of momentum
k treated in the probe approximation. This example will
help clarify the relationship between our analysis and that
in [21]. For that we use the vacuum propagator (3.15) for
both the hard fermion and the density modified propagator
(B6) and (6.1) for the soft fermion in (3.26),

ImG̃μν
F ðqÞ ¼

Z
d4k
ð2πÞ4

Z
dω1ω1

Z
dω2ω2ReTrðGFðω1; kþ qÞΛμðω1; q;ω2ÞGFðω2; kÞΛνðω2; q;ω1ÞÞ;

¼
Z

d3k
ð2πÞ3

Z
0

−jq0j

dk0

2π

Z
dω1ω1

Z
dω2ω2TrðImGRðω1; kþ qÞΛμðω1; q;ω2ÞImGRðω2; kÞΛνðω2; q;ω1ÞÞ ð6:2Þ

where the hard vertices are defined as

Λμðω1; q;ω2Þ ¼
Z

dr2
ffiffiffiffiffiffiffiffiffiffi
gðr2Þ

p
ψ̄ðr2;ω1ÞQμðr2; qÞψðr2;ω2Þ;

Λνðω2; q;ω1Þ ¼
Z

dr1
ffiffiffiffiffiffiffiffiffiffi
gðr1Þ

p
ψ̄ðr1;ω2ÞQνðr1; qÞψðr1;ω1Þ: ð6:3Þ

Here ψðr;ωÞ and ψ̄ðr;ωÞ are the hard wave functions [21]

ψðz;ωÞ ¼ z5=2½JmR−1=2ðωzÞPþ þ JmRþ1=2ðωzÞP−�;
ψ̄ðz;ωÞ ¼ z5=2½P−JmR−1=2ðωzÞ þ JmRþ1=2ðωzÞPþ�; ð6:4Þ

with the chiral projectors P� ¼ 1
2
ð1� γ5Þ. In this regime, the imaginary parts are reducible to on-shell delta

functions

ImGRðω1; kþ qÞImGRðω2; k0; k⃗Þ → ð−ð=kþ =qÞ þ ω1Þπδððkþ qÞ2 þ ω2
1Þð−=kþ ω2ÞπnFðω2; k⃗Þδðk2 þ ω2

2Þ
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FIG. 7. Dense R-ratio (5.13) with kF=mN ¼ 0.3, and without
the contribution from AdS2. See text.
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after using (6.1). Recall that nFðω; k⃗Þ is the Fermi distribution for a fermion of mass ω and momentum k⃗ near the boundary
in the probe limit. With this in mind, (6.2) becomes

ImG̃μν
F ðqÞ ≈

Z
d3k
ð2πÞ3

Z
0

−jq0j

dk0

2π

Z
q2

0

dω2
2

2

Z ðq−ω2Þ2

0

dω2
1

2

× trðð−ð=kþ =qÞ þ ω1ÞΛμðω1; q;ω2Þð−=kþ ω2ÞΛνðω2; q;ω1ÞÞπδððkþ qÞ2 þ ω2
1Þπδðk2 þ ω2

2Þ;

¼
Z

d3k
ð2πÞ3

Z
0

−jq0j

dk0

2π

Z
q2

0

dω2
2

2

Z ðq−ω2Þ2

0

dω2
1

2
I2zvðω1;ω2; qÞ

× trðð−ð=kþ =qÞ þ ω1Þγμð−=kþ ω2ÞγνPþÞπδððkþ qÞ2 þ ω2
1ÞπnFðω2; k⃗Þδðk2 þ ω2

2Þ; ð6:5Þ

with the physical conditionω1 þ ω2 < q (i.e., a meson or virtual photon of mass q decaying into KK-fermions of massesω1

and ω2), and

Izvðω1;ω2; qÞ ¼ eRR4q
Z

∞

0

dz z2JmR−1=2ðω1zÞJmR−1=2ðω2zÞK1ðqzÞ

≈ eRR4
2−ðmR−1=2Þ

ΓðmRþ 1=2Þω
mR−1

2

2 q
Z

∞

0

dz zmRþ3
2JmR−1=2ðω1zÞK1ðqzÞ

≈ 2eRR4ðmRþ 1=2Þ 1

q2

�
ω2

q

�
mR−1

2

�
ω1

q

�
mR−1

2

�
1þ ω2

1

q2

�
−ðmRþ3

2
Þ

ð6:6Þ

where we made use of the approximation

JmR−1=2ðω2zÞ ≈
2−ðmR−1=2Þ

ΓðmRþ 1=2Þ ðω2zÞmR−1
2 ð6:7Þ

for ω2z ≪ 1. Note that without making the approximation ω2z ≪ 1, the above integral Izν ∼ F4ða; b; c; d;− ω2
1

q2 ;−
ω2
2

q2Þ
[25,26] where F4 is the fourth Appell series of hypergeometric functions which is indeed convergent only for ω1 þ ω2 < q.
The integral in (6.6) is in agreement with the R-current scattering on a dilatino in [21]. Evaluating the integral in (6.5)

over ω1 using the delta-function δðω2
1 − skÞ, and using (6.6), we have

ImG̃μν
F ðqÞ ≈ π

2

Z
d3k
ð2πÞ3

Z
0

−jq0j

dk0

2π

Z
q2

0

dω2
2

2
I2zvð ffiffiffiffi

sk
p

;ω2; qÞTrðð−ð=kþ =qÞ þ ffiffiffiffi
sk

p Þγμð−=kþ ω2ÞγνPþÞπnFδðk2 þ ω2
2Þ; ð6:8Þ

where sk ¼ −ðkþ qÞ2. The evaluation of the remaining k0-integral in (6.8) using the last delta-function, yields

ImG̃μν
F ðqÞ ≈ π

4

Z
q2

0

dω2
2

2

Z
d3k
ð2πÞ3 I

2
zvð

ffiffiffiffi
sk

p
;ω2; qÞTrðð−ð=kþ =qÞ þ ffiffiffiffi

sk
p Þγμð−=kþ ω2ÞγνPþÞ

nFðω2; k⃗Þ
2Ek

; ð6:9Þ

where Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk⃗j2 þ ω2

2

q
< jq0j, and k0 ¼ Ek.

To extract the structure functions (3.2) from (6.9) we carry the spin trace by contacting with the timelike frame vector
nμ ¼ ð1; 0; 0; 0Þ,

nμnνImG̃μν
F ðqÞ ≈ π

4

Z
q2

0

dω2
2

2

Z
d3k
ð2πÞ3 I

2
zvð ffiffiffiffi

sk
p

;ω2; qÞtrðð−ð=kþ =qÞ þ ffiffiffiffi
sk

p Þ=nð−=kþ ω2Þ=nPþÞ
nFðω2; k⃗Þ

2Ek
;

≈ π

Z
q2

0

dω2
2

2

Z
d3k
ð2πÞ3 I

2
zvð

ffiffiffiffi
sk

p
;ω2; qÞ

�
ðn · kÞ2 − 1

2
ðk · qþ ffiffiffiffi

sk
p

ω2Þn2
�
nFðω2; k⃗Þ

2Ek
; ð6:10Þ

where we have assumed n · q ≈ 0 and k2 ≈ 0. Note that the trace in (6.10) is the same trace evaluated in [21] for ω2 ¼ 0 (see
their Eq. 72). Using (3.2) with xA ¼ −q2=2PA · q, we can now extract the structure functions F1;2ðxA; q2Þ of a state with
momentum Pμ

A from (6.10)
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F̃2ðxA; q2Þ ≈ 2π2
q2

2xAðn · PAÞ2
Z

Λ2<q2

0

dω2
2

2

Z
d3k
ð2πÞ3 I

2
zvð ffiffiffiffi

sk
p

;ω2; qÞðn · kÞ2 nFðω2; k⃗Þ
2Ek

;

F̃1ðxA; q2Þ ≈ −π2
Z

Λ2<q2

0

dω2
2

2

Z
d3k
ð2πÞ3 I

2
zvð ffiffiffiffi

sk
p

;ω2; qÞðk · qþ ffiffiffiffi
sk

p
ω2Þ

nFðω2; k⃗Þ
2Ek

: ð6:11Þ

We have xk ¼ −q2=2k · q, sk ¼ −ðkþ qÞ2 ≈ −q2ð1 − 1=xkÞ, and k0 ¼ Ek ¼ ðjk⃗j2 þ ω2
2Þ

1
2 < jq0j. We can reduce

Izvð ffiffiffiffi
sk

p
;ω2; qÞ in (6.6) in terms of xk as

Izvð ffiffiffiffi
sk

p
;ω2; qÞ ≈ 2eRR4ðmRþ 1=2ÞωmR−1=2

2 q−ðmRþ3=2Þx
1
2
ðmRþ7=2Þ
k ð1 − xkÞ12ðmR−1=2Þ; ð6:12Þ

for the mass range ω2 ≤ Λ. Using (6.12), we can rewrite the structure functions (6.11) in terms of xk as

F̃2ðxA; q2Þ ≈ 22π2e2RR
8ðτ − 1Þ2

�
1

q2

�
τ−1 1

xAðn · PAÞ2
Z

Λ2<q2

0

dω2
2

2
ðω2

2Þτ−2
Z

d3k
ð2πÞ3

nFðω2; k⃗Þ
2Ek

ðn · kÞ2xτþ2
k ð1 − xkÞτ−2

F̃1ðxA; q2Þ ≈ 2π2e2RR
8ðτ − 1Þ2

�
1

q2

�
τ−1 Z Λ2<q2

0

dω2
2

2
ðω2

2Þτ−2
Z

d3k
ð2πÞ3

nFðω2; k⃗Þ
2Ek

xτþ1
k ð1 − xkÞτ−2; ð6:13Þ

with the twist parameter is τ ¼ mRþ 3=2, following the approximation (ω2 ≪ q)

ffiffiffiffi
sk

p ω2

q2
≈
�
1

xk
− 1

�1
2 ω2

q
≈ 0: ð6:14Þ

B. Low-x

In contrast to the dense limit in (4.13), the bulk-to-bulk graviton propagator in the probe limit, is given by

Gxy;xyðq̃0; q̃x; z; z0Þ ¼
Z

∞

0

dω2

2

z2JΔðzωÞz02JΔðz0ωÞ
−tþ ω2 − iϵ

ð6:15Þ

where t ¼ −q̃2 ¼ q̃20 − q̃2x. Therefore, Gxy;xyðq̃0 ¼ 0; q̃x ¼ 0; z; z0Þ ≠ 0 does not vanish in the probe limit. In this limit, the
graviton exchange Reggeizes by including higher spin-j (stringy) exchange as

Kðj; q̃0; q̃x; z; z0Þ ¼
Z

∞

0

dω2

2

z2JΔ̃ðjÞðzωÞz02JΔ̃ðjÞðz0ωÞ
−tþ ω2 − iϵ

ð6:16Þ

with Δ̃ðjÞ ¼ ð4þ 2
ffiffiffi
λ

p ðj − 2ÞÞ12.
With this in mind, we now consider the case of the one-loop fermionic contribution in the probe limit at low-x. In this

regime, the bulk-to-bulk fermion propagator is of the form [20]

DFðr; r0; kÞ ¼ −
Z

dω2

2
ψðrÞ −i=kþ ω

k2 þ ω2 − iϵ
ψ̄ðr0Þ: ð6:17Þ

Note that only in this section, we have added an extra factor of i in the gammamatrix in comparison to (3.18) and replacedω
by −ω to make the comparison with standard results easier. Inserting (4.11) in (4.8), we obtain the on-shell one-loop

effective action SF½Að0Þ
μ ≡ nμ� ¼ nμnνImG̃μν

F ðqÞ,

DEEP INELASTIC SCATTERING ON AN EXTREMAL … PHYS. REV. D 101, 066014 (2020)

066014-15



nμnνImG̃μν
F ðqÞ≈

Z
d3k
ð2πÞ3

Z
0

−jq0j

dk0

2π

Z
dr

ffiffiffiffiffiffi
−g

p �
nμnν

q4R6

r4
½K2

0ðqR2=rÞþK2
1ðqR2=rÞ�þqμqνn2

q2R6

r4
K2

1ðqR2=rÞ
�

×TrðImDRðr;r;kÞΓμð−ikÞαgανÞImVRjt¼0

≈Cλ

Z
dr

ffiffiffiffiffiffi
−g

p ffiffiffiffiffi
gii

p
gii
Z

q2

0

dω2

2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

×

�
ðn ·kÞ2q

4R6

r4
½K2

0ðqR2=rÞþK2
1ðqR2=rÞ�þ q4

4x2
n2

q2R6

r4
K2

1ðqR2=rÞ
�

× ðωR2=rÞ2mR−1ðR2=rÞ5
X∞
j¼1

2
ffiffiffiffiffiffiffiffi
4πλ

p

s
ðr=R2Þ3δðr−rjÞ

≈Cλ

�
1

q2

�
τ−1Z q2

0

dω2

2
ðω2Þτ−2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

X∞
j¼1

wj

2j
w2τþ3
j

�ðn ·kÞ2
q2

½K2
0ðwjÞþK2

1ðwjÞ�þ
1

4x2k
n2K2

1ðwjÞ
�

≈Cλ

�
1

q2

�
τ−1Z q2

0

dω2

2
ðω2Þτ−2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

Z
∞

0

dww2τþ3

�ðn ·kÞ2
q2

½K2
0ðwÞþK2

1ðwÞ�þ
1

4x2k
n2K2

1ðwÞ
�

≈Cλ

�
1

q2

�
τ−1Z q2

0

dω2

2
ðω2Þτ−2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

�ðn ·kÞ2
q2

½I0;2τþ3þ I1;2τþ3�þ
1

4x2k
n2I1;2τþ3

�
: ð6:18Þ

Here Ek ¼ ðjk⃗j2 þ ω2Þ12 < jq0j, k0 ¼ Ek, and xk ¼ − q2

2k·q. Also we have set rj ¼ R
ffiffiffiffiffiffi
α0s

p
=2

ffiffi
j

p
, wj ¼ qR2=rj ¼ qzj,

Cλ ¼
πc5R4

2
ffiffiffiffiffiffiffiffi
4πλ

p 2−ð2mR−1Þ

Γ2ðmRþ 1=2Þ ð6:19Þ

and defined the integrals

Ij;n ¼
Z

∞

0

dwwnK2
jðwÞ ¼ 2n−2

Γðνþ jÞΓðν − jÞΓðνÞ2
Γð2νÞ ð6:20Þ

with ν ¼ 1
2
ðnþ 1Þ. They are related to each other recursively ðn − 1ÞI1;n ¼ ðnþ 1ÞI0;n.

The structure functions of the nuclei at small-x in the probe limit are given by

F̃2ðxA; q2Þ ≈ 2πCλ

�
1

q2

�
τ−1 1

2xAðn · PAÞ2
Z

Λ2<q2

0

dω2

2
ðω2Þτ−2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

ðn · kÞ2½I0;2τþ3 þ I1;2τþ3�

F̃1ðxA; q2Þ ≈ 2πCλ

�
1

q2

�
τ−1 Z Λ2<q2

0

dω2

2
ðω2Þτ−2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

�
1

4x2k
I1;2τþ3

�
: ð6:21Þ

The effects caused by the diffusion in the radial direction on the structure functions far from the black hole at low-x, are
discussed in Appendix E.

C. Normalized structure functions

To normalize the structure functions in the probe limit, we recall that the bulk density and bulk energy density follows
from the holographic principle as

ñðqz ≪ 1Þ ¼
Z

Λ2

0

dω2

2
IKðqz ≪ 1;ωÞ

Z
kFðωÞ

0

d3k
ð2πÞ3

ϵ̃ðqz ≪ 1Þ ¼
Z

Λ2

0

dω2

2
IKðqz ≪ 1;ωÞ

Z
kFðωÞ

0

d3k
ð2πÞ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ω2

p
ð6:22Þ

where kFðωÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2e − ω2

p
, and

KIMINAD A. MAMO and ISMAIL ZAHED PHYS. REV. D 101, 066014 (2020)

066014-16



IKðqz ≪ 1;ωÞ ¼ R4

Z
z−

0

dz z2τ−3ðω2Þτ−2

¼ 1

2

R4

τ − 1
ðω2z2−Þτ−1ω−2 ð6:23Þ

after taking qzK1ðqz ≪ 1Þ ≈ 1. The ω-integration in (6.22)
is carried over the bulk spectral density IKð0;ωÞ with an
upper cutoff Λ. In the conformal case, the cutoff is a priori
arbitrary. In the conformally broken case, say a hard wall at
z ¼ z−, we can set z−Λ ¼ z−mN in (6.22) and assuming Λ
large, to pick only the nucleon ground state. A higher cutoff
would include higher excited states of the nucleon. With
this in mind, we can first undo the k-integration by
approximating it near the Fermi surface, and then undo
the ω-integration by keeping only the leading contribution
for 1

β ≡ ðz−mNÞ2 > 1,

ñðqz ≪ 1Þ ≈ 1

8π2
R4

ðτ − 1Þβτ−1 k
3
F

ϵ̃ðqz ≪ 1Þ ≈ 1

8π2
R4

ðτ − 1Þβτ−1 k
3
FEF ð6:24Þ

with EF ¼ ðk2F þm2
NÞ

1
2. We now identify the bulk density

ñ ¼ A=VA as the density of a fixed target say a nucleus,
with A-nucleons in a fixed volume VA and a total energy
EA ¼ AEF. The normalized structure F1;2 are then related
to our earlier and un-normalized structure functions F̃1;2

through

F1;2 ≡ 2EAVAF̃1;2 ¼ 2AEA
F̃1;2

ñ
: ð6:25Þ

1. Case-1 (Large-x)

The normalized structure functions at large-x follow by
inserting (6.21) and (6.24) into (6.25) with β ¼ 1=ðmNz−Þ2

F2ðx; q2Þ
A

≈ 8π2ðτ − 1Þ2e2R
�
βm2

N

q2

�
τ−1

xτþ1
F ð1 − xFÞτ−2

F1ðx; q2Þ
A

≈ 4π2ðτ − 1Þ2e2R
�
βm2

N

q2

�
τ−1

Axτþ1
F ð1 − xFÞτ−2:

ð6:26Þ

We define the x-fractions

xF ¼ q2

−2pF · q
≈

q2

2EFω
¼ xmN

EF

xA ¼ q2

−2PA · q
≈

−q2

2EAω
¼ xF

A
ð6:27Þ

and note that the large-x structure functions in (6.26) in the
probe approximation obey the analogue of the Callan-Gross
relation F2 ¼ 2xAF1 for a holographic and dilute nucleus.
Also we note that (6.26) are analogous to the so-called

structure functions of the nucleus obtained through the
so-called x-scaling of the structure functions of the nucleon.

2. Case-2 (Small-x):

Doing the momentum integrals in (6.21) near k → kF
and doing the appropriate normalization as in the large-x
regime, we find

F2ðx; q2Þ
A

≈ πCλ

�
βm2

N

q2

�
τ−1 1

xF
½I0;2τþ3 þ I1;2τþ3�

F1ðx; q2Þ
A

≈ πCλ

�
βm2

N

q2

�
τ−1

A

�
1

4x2F
I1;2τþ3

�
; ð6:28Þ

D. R-ratio in the probe limit

We define the R-ratio of the nucleus in the probe (dilute)
limit as

Rdiluteðx; q2Þ≡
1
A F

dilute
2 ðx; q2Þ

Fnucleon
2 ðx; q2Þ ð6:29Þ

where Fdilute
2 ðx; q2Þ is given by the sum of (6.26) for large-x

and (6.28) for small-x,

Fdilute
2 ðx; q2Þ

A
≈ f

�
βm2

N

q2

��
βm2

N

q2

�
τ−1

×
�
8π2ðτ − 1Þ2e2Rxτþ1

F ð1 − xFÞτ−2

þ c5π2

2
ffiffiffiffiffiffiffiffi
4πλ

p ½I0;2τþ3 þ I1;2τþ3�
2ð2τ−4ÞΓ2ðτ − 1Þ

1

xjF

�
; ð6:30Þ

and Fnucleon
2 ðx; q2Þ is given by

Fnucleon
2 ðx; q2Þ

A
¼ f

�
βm2

N

q2

��
βm2

N

q2

�
τ−1

×

�
8π2ðτ − 1Þ2e2Rxτþ1ð1 − xÞτ−2

þ c5π2

2
ffiffiffiffiffiffiffiffi
4πλ

p ½I0;2τþ3 þ I1;2τþ3�
2ð2τ−4ÞΓ2ðτ − 1Þ

1

xj

�
: ð6:31Þ

The additional multiplicative function fðιÞ with argument
ι ¼ βm2

N=q
2 asymptotes a constant in the DIS regime

which is our AdS5 result. The specific form of fðιÞ depends
on the details of the confining model for finite q2 (see for
example Eq. (3.28) and Eq. (4.3) in [11] for the soft-wall
model) but in the DIS limit, the asymptotic constant can be
reabsorbed through a shift β → β̃. We recall that βm2

N ¼
1=z2− is related to the confining scale here, and that
xFEF ¼ xmN . Also we have in (6.28) j ¼ 1 in the absence
of transverse diffusion or curvature corrections. When
the latter are included j → 1 −Oð1= ffiffiffi

λ
p Þ. The structure
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function of the proton follows from (6.30) by setting kF ¼
0 or through the substitution xF → x. The R-ratio for the
probe or dilute limit is independent of β → β̃ and q2. Note
that the first contribution is proportional to e2Rλ

0 while the
second is proportional to e0R=

ffiffiffi
λ

p
independent of the

R-charge, as expected for Pomeron-like exchange.
In Fig. 8 we show the behavior of the dilute R-ratio (6.29)

versus x for fixed Fermi momentum kF=mN ¼ 0.3. The
holographic parameters used are fewer but consistent with
those used for the dense R-ratio in Fig. 5. Specifically, we
have used: eR ¼ 0.3 (R-charge of the bulk fermion),
2π2c5=

ffiffiffiffiffiffiffiffi
4πλ

p ¼ 0.01 (strong coupling), τ ¼ 3 (hard scaling
exponent), j ¼ 0.08 (Pomeron intercept). In the dilute case,
the R-ratio is dominant at large-x and asymptotes 1 at small-
x. Clearly visible is the EMC-like effect for 0.2 < x < 0.8
and the Fermi motion for x > 0.8. We have checked that the
overall features of Fig. 8 remain unchanged for smaller
values of eR but fixed kF=mN in conformity with the probe
limit. This holographic behavior is very similar to the onewe
presented recently using general arguments [15].

VII. HYBRID MODEL FOR DIS SCATTERING ON
A FINITE NUCLEUS

Nuclei to a large extent are a collection of nucleons
trapped by a mean-field usually the result of a Hartree-Fock

approximation to the two-body and dominant interaction.
Three- and higher-body interactions are suppressed as
expected from the saturation properties and the bulk
compressibility of nuclear matter.
DIS scattering on a nucleus is expected to be dominated

by incoherent scattering on a dilute collection of nucleons
at intermediate- and large-x, with modifications at small-x
due coherent scattering induced by the residual and small
two- and three-body mediated interactions following the
rapid growth in parton-x.
Away to capture this, short of a more systematic density

expansion outlined in [15], is to suggest that the nucleus
structure function Fnucleus

2 ðx; q2Þ is composed of the dilute
contribution (6.30) warped by AdS5 (low density and
dominant contribution) plus the dense and quantum
corrected black hole (5.14) (high density and subdominant
contribution) with a new mixing coefficient C2 to be
determined from the best fit to the world-data. In principle
C2 can be obtained through a reorganization of the present
scattering analysis, but we currently do not know how to
achieve it. With this in mind, we define

Fnucleus
2 ðx; q2Þ

A
¼ Fdense

2 ðx; q2Þ
A

þ C2

Fdilute
2 ðx; q2Þ

A
ð7:1Þ

and the corresponding nucleus R-ratio as

Rnucleusðx; q2Þ≡
1
A F

nucleus
2 ðx; q2Þ

Fnucleon
2 ðx; q2Þ : ð7:2Þ

To compare the holographic results following from (7.2)
to the world-data from DIS scattering on heavy and light
nuclei, all the holographic parameters are set as before:
α̃ ¼ Nc=4Nf ¼ 1 (ratio of branes), 2π2c5=

ffiffiffiffiffiffiffiffi
4πλ

p ¼ 0.01
(strong coupling) and eR ¼ 0.3 (charge of the probe
fermions), τ ¼ 3 (hard scaling law), j ¼ 0.08 (Pomeron
intercept) and β → β̃ ¼ 17.65 (confining scale). The
parameters of the emergent Fermi surface are also fixed
as before: vF ¼ 1 (Fermi velocity), h̃2 ¼ 1 for simplicity,
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FIG. 8. Dilute R-ratio (6.29) for kF=mN ¼ 0.3. See text.
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FIG. 9. Nucleus R-ratio (7.2) for Lead Pb with A ¼ 207 and Gold Au with A ¼ 197. We have fixed kF=mN ¼ 0.395. See text. The
data points are from [29,30] for Pb (pink), and [31] for Au (red), see also Fig. 7 in [32].

KIMINAD A. MAMO and ISMAIL ZAHED PHYS. REV. D 101, 066014 (2020)

066014-18



μ=mN ¼ 1.2 (chemical potential for a typical nucleus), and
kF=mN ¼ 0.395 (for Au, Pb, and Fe), 0.277 (for C), 0.119
(for He) (Fermi momentum). We note that our choices for
the nuclei Fermi momenta are very close to those extracted
from quasielastic electron scattering experiments on nuclei
[27] modeled using the Fermi gas model [28]. The
parameter C1 ¼ 0.07 fixes the quantum correction to the

black hole due to the far horizon contribution. Our analysis
of the data shows that the mixing parameter for the best fit
is C2 ¼ 0.793. Clearly, there is some form of double
counting of the quantum corrections at large-x, but this
is minimal since C1=C2 ¼ 0.09.
We show in Figs. 9–12(a), the nucleus R-ratio versus x

for Au, Pb, Fe, C, and He on a linear scale. The overall
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FIG. 11. Nucleus R-ratio (7.2) for Carbon C with A ¼ 12. We have fixed kF=mN ¼ 0.277. See text. The data points are from
[31,35–37], see also Fig. 3 in [32].
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FIG. 10. Nucleus R-ratio (7.2) for Iron Fe with A ¼ 56. We have fixed kF=mN ¼ 0.395. See text. The data points are from
[29,30,33,34], see also Fig. 5 in [32].
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FIG. 12. Nucleus R-ratio (7.2) for Helium He with A ¼ 3. We have fixed kF=mN ¼ 0.119. See text. The data points are from [35,38],
see also Fig. 1 in [32].
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agreement with the heavy and heavy-light nuclei data is fair
throughout, the exception being He where the holographic
model overshoots in the antishadowing region. This may be
an indication that the coherent scattering captured by the
black hole should beweaker, which is sensible. Figs. 9–12(b)
display the same ratio on a semilogarithmic scale to highlight
the low-x contribution where the data are scarce. A key
proposal of the future Electron-Ion-Collider (EIC) is to
provide measurements for the nuclear R-ratio in this region.
Remarkably, the R-ratio (7.2) exhibits shadowing for

x < 0.1, antishadowing for 0.1 < x < 0.3, the EMC-like
effect for 0.3 < x < 0.8 and Fermi motion for x > 0.8. As
we noted earlier, shadowing and antishadowing are caused
by coherent DIS scattering on the dense component in (7.1)
due to the underlying black hole in our analysis, while the
EMC effect and Fermi motion are mostly due to incoherent
DIS scattering on the dilute component in (7.1) with the
nucleus mostly composed of individual nucleons warped
by AdS5.

VIII. CONCLUSIONS

In the double limit of a large number of colors and strong
coupling, DIS scattering off an extremal black hole is of
order N2

c following from the absorption of the bulk
R-current by the black hole. The corresponding structure
functions are dominated by low-x. Scattering off the black
hole is the ultimate coherent scattering off a dense nucleus
with strong shadowing as we noted in [13].
To order N0

c, DIS scattering is off holographic fermions
hovering near the black-hole horizon due to quantum pair
creation, and warped holographic fermions far from the
black hole horizon near the boundary. Close to the horizon,
the geometry is that of AdS2 × R3 with an emergent Fermi
surface and anomalous scaling laws. DIS scattering off
these bulk fermions show that their structure functions on
the boundary exhibit anomalous exponents and modified
hard scattering rules in comparison to scattering off bulk
fermions in the dilute or probe limit. DIS scattering off
these fermions exhibit Fermi motion at large-x.
DIS scattering on a wide range of nuclei maybe captured

by a hybrid holographic model whereby most of the DIS
scattering is incoherent and off a holographic Fermi liquid
warped by AdS5 at intermediate- and large-x, with the
remainder following from coherent scattering off a quan-
tum corrected RN-AdS black hole at small-x. The ensuing
results agree remarkably with the existing data on DIS
scattering on finite nuclei over a broad range of parton-x.
More data at low-x from the planned EIC collider will be
welcome for a better understanding of the coherent scatter-
ing through the black-hole mechanism suggested here.
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APPENDIX A: CONVENTIONS IN CURVED
SPACE

The gamma matrices in curved and tangent space used to
analyze the Dirac equation in the extremal RN-AdS black
hole will be made explicit here. For that, consider the
generic line element in curved space

ds2 ¼ −gttdt2 þ grrdr2 þ giidx2i ðA1Þ
If we refer to the indices in curved space by μ, ν (also t, i)
and those in the tangent space by a, b (also t, i) then the
gamma matrices are related by

Γμ ¼ Γaeaμ; Γr ¼
ffiffiffiffiffiffi
grr

p
Γr: ðA2Þ

If we set the vierbeins as [39]

et ¼ ffiffiffiffiffi
gtt

p
dt; ei ¼ ffiffiffiffiffi

gii
p

dxi; ðA3Þ
then we have

Γt ¼
ffiffiffiffiffi
gtt

p
Γt; Γi ¼

ffiffiffiffiffi
gii

p
Γi; Γr ¼

ffiffiffiffiffiffi
grr

p
Γr: ðA4Þ

In the tangent space, the gamma matrices read [19]

Γt ¼
�
iσ1 0

0 iσ1

�
Γr ¼

�
σ3 0

0 σ3

�

Γx ¼
�−σ2 0

0 σ2

�
Γy ¼

�
0 −σ2

−σ2 0

�

Γz ¼
�

0 iσ2
−iσ2 0

�
: ðA5Þ

The nonvanishing spin connections are

ωtr ¼ −f0et; ωir ¼ f1ei ðA6Þ

with

f0 ≡ 1

2

g0tt
g̃tt

ffiffiffiffiffiffi
grr

p
; f1 ≡ 1

2

g0ii
gii

ffiffiffiffiffiffi
grr

p
: ðA7Þ

APPENDIX B: SOFT SPINORS

The soft normalizable wave functions were constructed
in [39], we reproduce them here for completeness. The
Dirac equation in the AdS2 × R3 geometry is solved by the
rescaled spinors

ψ1ðr; k⃗Þ ¼ ð−ggrrÞ−1
4

0
B@

Φ1

0

0

1
CA ×

ffiffiffiffiffiffi
r−
R2

r
×

�
r−
R2

�
νk
;

ψ2ðr; k⃗Þ ¼ ð−ggrrÞ−1
4

0
B@

0

0

Φ2

1
CA ×

ffiffiffiffiffiffi
r−
R2

r
×

�
r−
R2

�
νk ðB1Þ

with
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Φ1 ¼
�
v1
v2

�
≡ 1

W
aþðk0; kÞΨð0Þ

−

Φ2 ¼
�
ṽ1
ṽ2

�
≡Φ1ðk⃗ ↦ −k⃗Þ ðB2Þ

andW ¼ −ivTþσ2v−, aþðk0; kÞ ¼ c̃1ðk − kFÞ þ c̃2k0 þ � � �,
where c̃1;2 ∼ R2

r−
. The explicit spinors are

Ψð0Þ
� ≈ v∓

�
r − r−
R2
2

��νk

v� ¼
 

mR2 � νk

kR
r−
R2 þ eR

ffiffĩ
α
3

q !
; ðB3Þ

with R2 ¼ R=2
ffiffiffi
3

p
, and

νk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

kR
2
2 −

α̃

3
e2R

r
; m2

k ≡m2 þ k2R2

r2−
: ðB4Þ

Note that for pure AdS2, the soft wave-functions
simplify

Φ1 ¼ Ψð0Þ
− Φ2 ¼ Φ1ðk⃗ ↦ −k⃗Þ: ðB5Þ

Finally, note that the Feynman propagator for the soft
part in (3.19)–(3.20) is given by

DFðr; r0; kÞ ¼ ψαðr; kÞ
�Z

dω
2π

ραγB ðω; k⃗Þ
k0 − ω

�
ψγðr0; kÞ ðB6Þ

with the boundary spectral function ρBðω; k⃗Þ, and the
normalizable wave function ψαðr; k⃗Þ for the Dirac equation
in curved AdS5.

APPENDIX C: PARAMETERS vF;h1;h2;kF=μ
ENTERING THE NEAR HORIZON GREEN’S

FUNCTION

We recall that the retarded Green’s function (2.13) in the
near horizon limit can be recast in the form

G11
R ðk0; k⃗Þ ≈ h̃1μ

k − ðkFμ Þμ − 1
vF
k0 − Πðk0Þ

�
0 0

0 1

�

Πðk0Þ ¼ h̃2μe
iγkF

�
k0

μ

�
2νk

;

νk ¼
ffiffiffĩ
α

p �
k2

μ2
−
k2R
μ2

�1
2

;

γk ¼ arg

�
Γð−2νkÞ

�
e−2πiνk − e−

2πffiffi
3

p eR
ffiffĩ
α

p ��
; ðC1Þ

where k2R=μ
2¼ðe2Rα̃−1

4
ðτ−3

2
Þ2Þ=3α̃, and k0=μ∼C0=2

ffiffiffi
3

p ffiffiffĩ
α

p
with the dimensionless constant

C0ðνkFÞ ¼ ðvFh̃2ImðeiγkF ð−1Þ2νkF ÞÞ
1

1−2νkF : ðC2Þ

The dimensionless parameters vF, h̃1, h̃2, and kF=μ that
characterize the retarded Green’s function (2.13) and (3.20),
are in principle determined numerically as in [18] for the
3-dimensional spacetime, and analytically for R-charged
black holes as in [19]. Here, we will not carry out the
numerical analysis to determine the parameters precisely, but
we note that all of them are some functions of eR, τ, and α̃, i.e.,
vFðeR; τ; α̃Þ, h̃1ðeR; τ; α̃Þ, h̃2ðeR; τ; α̃Þ, and kF=μðeR; τ; α̃Þ.
Therefore, the dimensionless parameters vF, h̃1, h̃2, kF=μ,
and the dimensionful parameter μ are free parameters. The
parameter h̃1 drops out in the normalization. The remaining
parameter is set to h̃2 ¼ 1 for simplicity.

APPENDIX D: EFFECTIVE VERTICES

The soft-to-hard transition vertices entering in the bulk
DIS amplitude involve (B5) for the reduction to AdS2 or
(B2) in general for the soft part, with the hard part of the
wave function given by

u1 ¼
�
R2

r

�5
2

JmR−1
2

�
ω1

R2

r

�
u2 ≡ 0: ðD1Þ

More specifically, for pure AdS2, the transition vertex is
simply given by

Λx
11ðz2;ω1; q; kÞ ¼ CðνkÞ

�
r−
R2

�
νkþ1

2

q
Z

∞

0

dz2z
3
2
þνk
2 K1ðqz2ÞJmR−1

2
ðω1z2Þ; ðD2Þ

with

CðνkÞ ¼ eRR2ðmR2 þ νkÞð2
ffiffiffi
3

p
Þ−νk : ðD3Þ
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In general, the transition vertices are of the form

Λi
11ðr2;ω1; q; kÞ ¼ −eR

�
r−
R2

�
νkþ1

2

Z
dr2

ffiffiffiffiffiffi
−g

p ð−ggrrÞ−1
4

ffiffiffiffiffi
gii

p
KAðr2; qÞu1

0
BBBB@

0

1

0

0

1
CCCCA

T

Γi

0
BBBB@

v1
v2
0

0

1
CCCCA;

Λi
22ðr2;ω1; q; kÞ ¼ −eR

�
r−
R2

�
νkþ1

2

Z
dr2

ffiffiffiffiffiffi
−g

p ð−ggrrÞ−1
4

ffiffiffiffiffi
gii

p
KAðr2; qÞu2

0
BBBB@

0

0

0

1

1
CCCCA

T

Γi

0
BBBB@

0

0

ṽ1
ṽ2

1
CCCCA;

Λj
11ðr1; k; q;ω1Þ ¼ −eR

�
r−
R2

�
νkþ1

2

Z
dr1

ffiffiffiffiffiffi
−g

p ð−ggrrÞ−1
4

ffiffiffiffiffiffi
gjj

p
KAðr1; qÞu1

0
BBBB@

v1
v2
0

0

1
CCCCA

T

Γi

0
BBBB@

0

1

0

0

1
CCCCA;

Λj
22ðr1; k; q;ω1Þ ¼ −eR

�
r−
R2

�
νkþ1

2

Z
dr1

ffiffiffiffiffiffi
−g

p ð−ggrrÞ−1
4

ffiffiffiffiffiffi
gjj

p
KAðr1; qÞu2

0
BBBB@

0

0

ṽ1
ṽ2

1
CCCCA

T

Γi

0
BBBB@

0

0

0

1

1
CCCCA: ðD4Þ

Using the gamma matrices explicitly, we can simplify the effective vertices (D4). More specifically, we have

Λx
11ðr2;ω1; q; kÞ ¼ ieR

�
r−
R2

�
νkþ1

2

Z
dr2

ffiffiffiffiffiffi
−g

p ð−ggrrÞ−1
4

ffiffiffiffiffiffi
gxx

p
KAðr2; qÞu1v1; ðD5Þ

with the rest of the vertices following by symmetry

Λx
11ðr1; k; q;ω1Þ ¼ −Λx

11ðr2;ω1; q; kÞ;
Λx
22ðr1; k; q;ω1Þ ¼ Λx

22ðr2;ω1; q; kÞ≡ 0; ðD6Þ

and all other components vanishing. Performing the change of variable r ¼ R2=z and setting z ≪ z−, we can rewrite the
integral in (D5) as

Λx
11ðz2;ω1; q; kÞ ¼ CðνkÞaþðk0; kÞIzðω1; q; kÞ

¼ CðνkÞaþðk0; kÞ
�
r−
R2

�
νkþ1

2

Z
∞

0

dz2z
3
2
þνk
2 qK1ðqz2ÞJmR−1

2
ðω1z2Þ; ðD7Þ

with

CðνkÞ ¼ eRR2
ðmR2 þ νkÞ

W
ð2

ffiffiffi
3

p
Þ−νk : ðD8Þ

The integration can be carried out analytically with the result

Izðω1; q; kÞ ¼
�
r−
R2

�
νkþ1

2

Z
∞

0

dz2z
3
2
þνk
2 qK1ðqz2ÞJmR−1

2
ðω1z2Þ

¼
�
r−
R2

�
νkþ1

2

CzðνkÞ
1

qðνkþ3
2
Þ

�
ω1

q

�
mR−1

2

2F1

�
mRþ νk þ 3

2
;
mRþ νk þ 1

2
; mRþ 1

2
;−

ω2
1

q2

�
; ðD9Þ
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with

CzðνkÞ ¼ 2νkþ1
2

ΓðmRþνkþ3
2

ÞΓðmRþνkþ1
2

Þ
ΓðmRþ 1

2
Þ : ðD10Þ

Note that for the special value νk ¼ ν�k ¼ mR, the integrand reduces to the one in [21], and can be evaluated exactly as

Izðω1; q; kÞ ¼
�
r−
R2

�
νkþ1

2

Z
∞

0

dz2z
3
2
þν�k
2 K1ðqz2ÞJmR−1

2
ðω1z2Þ

¼
�
r−
R2

�
νkþ1

2

Czðν�k; qÞq−ðmRþ5
2
Þ
�
ω1

q

�
mR−1

2

�
1þ ω2

1

q2

�
−ðmRþ3

2
Þ

ðD11Þ

and Czðν�kÞ ¼ 2mRþ1
2ΓðmRþ 3

2
Þ.

APPENDIX E: LOW-X STRUCTURE FUNCTIONS WITH RADIAL DIFFUSION

Far from the black hole and including diffusion in the radial direction, the structure functions can be written as

F2ðxA; q2Þ ¼
Z

∞

0

dω2

2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

F2ðxk; q2;ωÞ

F1ðxA; q2Þ ¼
Z

∞

0

dω2

2

Z
d3k
ð2πÞ3

nFðω; k⃗Þ
2Ek

F1ðxk; q2;ωÞ; ðE1Þ

where [40] (see also [41])

F2ðxk; q2;ωÞ ¼
g20ρ

3=2

32π5=2

Z
dz
z
dz0

z0
P2
Aðz; q2ÞPψðz0;ωÞðzz0q2Þ

eζkð1−ρÞffiffiffiffiffi
ζk

p e−
log2ðz=z0Þ

ρζk

2xkF1ðxk; q2;ωÞ ¼
g20ρ

3=2

32π5=2

Z
dz
z
dz0

z0
P1
Aðz; q2ÞPψðz0;ωÞðzz0q2Þ

eζkð1−ρÞffiffiffiffiffi
ζk

p e−
log2ðz=z0Þ

ρζk ; ðE2Þ

with

P2
Aðz; q2Þ ¼ ðqzÞ2ðK2

1ðqzÞ þ K2
0ðqzÞÞ

P1
Aðz; q2Þ ¼ ðqzÞ2K2

1ðqzÞ
Pψðz0;ωÞ ¼ z0−3 × z05J2mR−1=2ðωz0Þ; ðE3Þ

ρ ≡ 2=
ffiffiffi
λ

p
, ζðz; z0;λ; q2; xkÞ≡ logðzz0ffiffi

λ
p q2

xk
Þ, and g20 ≡ κ2

5

R3 ¼
4π2=N2

c.

APPENDIX F: BLACK HOLE WITH
e2Rα̃ < 1

4 ðmRÞ2 OR k2R < 0

Near the black hole the bulk fermions get modified in the
infrared as illustrated in Fig. 2. The modification depends
quantitatively on their charge and mass near the horizon as
we discussed earlier. For fermions with e2Rα̃ < 1

4
ðmRÞ2 or

k2R < 0, the modification is universal and follows from the
reduced AdS2 × R3 geometry. More specifically, for hard
R-probes with large q0 in the DIS kinematics, only GRðk0; k⃗Þ
ismodified close to thehorizon, sinceGRðω1; kþ qÞ carries a
largemomentum and is mostly unmodified in the ultraviolet.
In this regime, the holographic fermions form a disc of radius
kR in momentum space as we noted earlier, with large real
and imaginary parts. With this in mind, we have

ImG11
R ðω1; kþ qÞImG11

R ðk0; k⃗Þ → Trððσ1ðk0 þ q0Þ − iσ2ðkx þ qxÞ − ω1Þπδððkþ qÞ2 þ ω2
1Þ × ImG11

R ðk0; k⃗ÞÞ ðF1Þ
Here G11

R ¼ GRdiagð0; 1Þ is given in (2.10) for small ω. Again note the emerging non-Fermi liquid scaling for νk <
1
2
with

the transition to a normal Fermi liquid for ω ≈ ωc as discussed earlier. Using the vertex for pure AdS2 (D2), we can rewrite
(3.26) as
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ImG̃F
xxðqÞ ¼ q2Cθð−1Þ

Z
∞

0

dω2
1

2

Z
dk k2C2ðνkÞI2zðω1; q; kÞReIk0ðω1; q; xAÞ; ðF2Þ

with Cθ ¼ 1=ð12π2Þ, and the real part of Ik0 is

ReIk0ðω1; q; xAÞ ¼ Re
Z

∞

−∞

dk0

2π
TrðG11

F ðω1; kþ qÞG11
F ðk0; k⃗ÞÞ

¼ Re
Z

0

−jq0j

dk0

2π
Trððσ1ðk0 þ q0Þ − iσ2ðkx þ qxÞ − ω1Þπδððkþ qÞ2 þ ω2

1ÞImG11
R ðk0; k⃗ÞÞ

≈
Z

0

−ωc

dk0

2π
ð−1Þω1πδððkþ qÞ2 þ ω2

1ÞImCðk⃗Þðk0Þ2νk : ðF3Þ

By first doing the integral over ω1 in (F2) and using the delta function in (F3), we finally obtain

ImG̃F
xxðqÞ ≈

Cθ

4

Z
dk k2C2ðνkÞq2I2zð ffiffiffiffi

sk
p

; q; kÞ ffiffiffiffi
sk

p
Im

�
−Cðk⃗Þð−ωcÞ2νkþ1

2νk þ 1

�
;

≈
Cθ

4

�
1

q2

�
νkþ1

2

Z
dk k2C2ðνkÞC2

zðνkÞxνkþ5=2
k ð1 − xkÞmR−1=2

2F
2
1

�
mRþ νk þ 2

2
;
mR − νk þ 1

2
; mRþ 1

2
; 1 − xk

�

×
ffiffiffiffi
sk

p
Im

�
−Cðk⃗Þð−ωcÞ2νkþ1

2νk þ 1

�
; ðF4Þ

with k0 fixed to ωc in sk ¼ −ðkþ qÞ2. We have defined xk ¼ −q2=2k · q, xA ¼ q2=2EAqx, and made use of the DIS
kinematics to approximate sk ≈ −q2ð1 − 1=xkÞ, jq0j ≈ qx.
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