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In any consistent massive quantum field theory there are well-known bounds on scattering amplitudes at
high energies. In conformal field theory there is no scattering amplitude, but the Mellin amplitude is a well-
defined object analogous to the scattering amplitude. We prove bounds at high energies on Mellin

amplitudes in conformal field theories, valid under certain technical assumptions. Such bounds are derived
by demanding the absence of spurious singularities in position space correlators. We also conjecture a
stronger bound, based on evidence from several explicit examples.
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I. INTRODUCTION

In a field theory where the scattering amplitude is well
defined, it is interesting to study scattering at high energies.
In this regime the scattering amplitude often simplifies,
even in strongly coupled theories. In fact, there are
universal bounds on scattering amplitudes and cross sec-
tions at high energies. One example is the Froissart bound
on the forward amplitude in a four-dimensional field
theory [1],

A0 =0,E) < E’log’E  as E — . (1)

This follows from the general principles of unitarity,
assuming that there are no massless particles in the theory.

In a conformal field theory (CFT) it is not immediately
clear how to derive analogous bounds, since there is no
well-defined scattering amplitude. One can use the con-
formal bootstrap to place bounds on the operator spectrum
or the operator product expansion coefficients, but these
objects are not directly related to high-energy dynamics. In
this work we will instead derive high-energy bounds on the
Mellin amplitude, which plays the role of the scattering
amplitude for conformal theories [2-6]. The bounds will
hold for any conformal field theory, and do not rely on an
expansion in 1/N or the coupling constants of the theory.
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The basic assumption that we will make is that the only
singularities of correlation functions in Lorentzian signa-
ture arise from Landau diagrams, which are Feynman
diagrams with lightlike lines conserving momentum at
each vertex. This assumption has been proven in (1 + 1)-
dimensional CFT [7] but has not been shown in higher
dimensions. For theories which satisfy this assumption, we
can derive the following bound on the (d + 2)-point Mellin
amplitude for conformal field theory in d dimensions:

M 402 (Xyi) 5 . )
W_)o as A~ - —ico  with

vi; physical and generic. (2)

Here the Mellin amplitude M,,(y;;) is defined in (3) and
A is the conformal weight of the d + 2 operators, which we
assume to be identical scalar operators. The strategy is to
show that if the Mellin amplitude did not fall sufficiently
fast at high energies, then there would be a singularity in the
(d + 2)-point correlation function for which it is not
possible to draw a Landau diagram.

The structure of the paper is as follows. In Sec. II we
review the Mellin formalism. In Sec. III we review the
structure of Landau diagrams in 1 + 1 and generalize it to
higher dimensions. In Sec. IV we place a bound on the
four-point amplitude in 1 + 1 dimensions, which is then
generalized to higher dimensions in Sec. V. In Sec. VI we
specialize to the case of a holographic theory, and show that
the bounds are satisfied once stringy effects in the bulk
are taken into account. In Sec. VII we will conjecture a
stronger form of the bound, based on several examples. We
conclude in Sec. VIII with some open questions.
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FIG. 1. The contours traced out by z and 7 along the analytic
continuation from z; = 0 to 7; = z. For simplicity we have taken
¢ = r/2, so that z(z;, = 0) = z(z;, = 7).

II. REVIEW OF MELLIN VARIABLES

We are used to analyzing CFT correlators in momentum
space or position space. Mellin space [2—6] is a third way of
describing CFT correlation functions. It is convenient
because the Mellin variables are more closely related to
Mandelstam variables in quantum field theory and there-
fore the scattering matrix. In this section we will review
some of the basic definitions.

The definition of the n-point Mellin amplitude M,, is

<i1io,»(x,-)> = / j:m]_[dy,;,-Mn(n,-) H (Fx(f);) (3)

i<j=1\"ij

1

The contour runs parallel to the imaginary axis, to the right
of the poles in the I" functions, and it only runs over the
independent Mellin variables. The matrix of Mellin vari-
ables y;; can be taken to be symmetric, satisfying the
constraint

iyij = A, (4)

J#i

To solve this constraint, we can introduce n Lorentzian
momenta k; with Y7, k; = 0 and k7 = —A,. These con-
ditions are analogous to momentum conservation and the
on-shell condition. Then we can take y;; = k; - k;. So we
see that the Mellin variables are parametrized by on-shell
momenta satisfying momentum conservation, just like the
scattering matrix. For n < d + 2, the number of indepen-
dent Mellin variables is n(n —3)/2, which matches the
number of independent cross ratios. For n > d 42 the
counting of variables is more complicated [6], but we will
not deal with such cases here.

FIG.2. Two examples of configurations of five points on a great
circle on S%. The red points are at z; = 0, and the blue points are
at 7; = n. The interaction vertex is marked with a cross. In the
left-hand configuration it is possible to conserve momenta at the
vertex, so there is a boundary Landau singularity. In the right-
hand configuration there is no way to conserve horizontal
momentum at the vertex, so there is no boundary Landau
diagram.

For example, let us consider the case n = 4, where for
the scattering matrix we have kinematic invariants, i.e., the
Mandelstam variables. These correspond to independent
Mellin variables y, and y,4, which are like —s/2 and —u/2
respectively. Plugging in and setting all the A’s equal, we
get the four-point function

1 ctioo dy iy [e=ico dyy,
(G2 (e )2 oy B My
<(‘x13)2(x24)2)A K—ioo 2mi c—ioo 27i 4(7/1])

X T(r12)’T(r1a)°T(A = y12 = y1a)?[2] 772 |1 = 2|72,
(5)

where z is the usual cross ratio. There are two kinds of
infinite sequences of integer-spaced poles in the integrand
for y1,, one ascending and one descending. The constant ¢
should be chosen to be in the middle of these two
sequences.

The definitions so far are independent of holography, but
they are particularly simple for the case of a theory with a
local bulk. Contact interactions in the bulk give polynomial
Mellin amplitudes, just like contact interactions in flat
space give polynomial scattering amplitudes. An exchange
of a spin-/ field with dimension A gives

i s —%t:(lt)— m R(s. 1), (6)

m=0

where R is analytic and Q is a polynomial. There is an
infinite sequence of poles at integer spaced values, corre-
sponding to the exchange of descendants in the s channel.
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III. SINGULARITIES IN LORENTZIAN CFT

A. The four-point function in 1+1 dimensions

In this subsection we will review the kinematics in which
the bulk point singularity emerges [7,8]. We work in
complex coordinates on the Euclidean plane, starting in
the following Euclidean configuration:

(11,22’23&4) = (‘/’,/”17—1)’ (7)

where p=¢e%"¢ 0<¢<nm and e>0. Now we
increase the Lorentzian time 7;, so that (p,p) =
(e'lrtd)=¢ ¢i(ri=4)=€) Then the cross ratios are

= 212334 _ 4p )2 _ SCCZ (TL +¢+ l.€>’

2324 (1+p 2
_ 45 3 .

7 = §12§34 = ’0_ 5 = sec? (L ¢+ le). (8)
Z1324 (1 +p) 2

When e — 0 we have z,Z > 1. Note that z = Zboth at 7; =
0 and 7;, = &

We are interested in what happens as we increase 7; from
zero to z, the latter being the location of the bulk Landau
singularity. Along the way we run into several interesting
points. When 7, = ¢ we have z — 1 = —¢?/4, and when
7, = m — ¢ we have z = —4/¢%. It follows that z traces a
contour in the complex plane that goes counterclockwise
around the points z = 0 and z = 1, and Z traces a contour in
the complex plane that goes clockwise around just the point
Z = 1. This is displayed in Fig. 1.

It is known that the bulk point singularity at z = Z must
be resolved in a consistent CFT in 1 + 1 dimensions [7].
This will be our starting point for deriving the main result in
this paper.

B. The (d +2)-point function in d dimensions

In this subsection we will generalize the previous
analysis to arbitrary dimensions. Let us start with the case
of d = 3. Following [7], we use the embedding space
defined by

—(X"? = (X2 + (X3 + (X2 + (X3)2=0. (10)

Let us choose the five points to be located at

X, =(1,0,1,0,0),
X,=(1,0,-1,0,0),

e

(
(
3 =(cost;,sinz;,0,—1,0),
X, = (costy,sint;,—cosf,,—sind,cos8¢y, —sinb,sing,),
(

X5=(cost,sint;,—cosfs,—sinfscos¢ps, —sinbssings).

(11)

We can assemble them into a 5 x5 matrix X. In this
language the bulk point singularity exists when det X = 0.

The rank of the matrix X is an interesting invariant. We
have rank X =4 at 7; = n for generic angles, and rank
X =3 at r; = & and sin ¢, = sin ¢p5 = 0 (with generic 6,
and 6s). In the rank 3 case all five points lie on a great
circle. The determinant is

detX = 2sinz; (sin 6, sin ¢,

— sin @5 sin g5 — sin O sin Os sin(py — ps)).  (12)

The first factor vanishes in the rank 4 case, and both factors
vanish in the rank 3 case.

The claim is that if there exists a boundary Landau
diagram at z; = 7z, then rank X < 4. Consider a Landau
diagram at z; = . x; and x, shoot out light rays, which
collide at the equator at time /2. In order to match up with
the final points at time 7, the final points must be a distance
/2 away from the interaction point. This implies that
sin¢, and sin ¢s are both zero. In other words, all five
points are on a great circle. Thus we have rank X < 4.

There is one more necessary condition for the existence
of a Landau diagram. Momentum must be conserved at the
interaction point, which means that the initial two points
cannot be adjacent on the great circle. In other words at
least one of the angles ¢, and ¢s must equal z, as shown
in Fig. 2.

This result generalizes to higher dimensions: if there is a
boundary Landau diagram in the (d + 2)-point function at
7, = m, then rank X < d+ 1. Conversely if rank X <
d+ 1 then a boundary Landau diagram exists, provided
momentum conservation can be satisfied at the vertex.

Not much is known about which Lorentzian singularities
arise in a generic CFT in more than 1 4 1 dimensions. In a
perturbative theory the only allowed singularities come
from Landau diagrams, but additional singularities could
arise in strongly coupled theories. In particular it is not
necessarily true that the bulk point singularity will be
generically resolved, although we are not aware of any
explicit examples in which this singularity remains. In this
paper we will derive bounds on the Mellin amplitude in
theories for which the bulk point singularity is resolved.
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IV. BOUNDING THE FOUR-POINT
AMPLITUDE IN 1+1 DIMENSIONS

We consider the four-point Mellin amplitude in 1+ 1
dimensions. The basic dynamical information that we will
use to bound the Mellin amplitude is the fact that there is no
singularity at z = Z. So we first need to understand what
regime of Mellin space dominates near z = Z. The claim is
that this is the hard scattering regime, or in other words the
regime of large Mellin variables with all ratios of Mellin
variables fixed [3].

Let us prove this claim by examining the contribution of
the hard scattering regime to the four-point function.
Stirling’s approximation for |yj,l,|y14] > A and fixed

Y12/714 gives

_ ctico c—ico (y12 + 714)*27!
AL 7] / d712/ dyuMy(yij) ~———"—
c—ico c—ico V12714
X 7%127’%471]4(—712 — Y14) TR [T — |72,
(13)

Because of the branch cuts in the integrand, we have been
careful about not writing (xy)* = x%y* if x, y, and a are
complex numbers. Now we want to switch to angular
variables. To do this we write the auxiliary momenta in
center-of-mass frame:

kl — (E, E, 0),
k2 — (E, —E, 0),
k3 = (—E,—Ecos6,—Esin ),
ky = (—E,Ecos0,Esin@). (14)
Then
Y12 = —2E2, Y14 = 2E2C0S2(9/2). (15)

The Jacobian is E3sin 6, so the integral becomes
do
dE / D \(E.0)
sin

) E’=c+ico
e—lATL |Z|2A
E’=c—ico in 0

x E*A73(sin?(0/2))** exp (4E*(—log(—E?) + log(E?)
+log sin®(6/2) + cos?(0/2) log cot*>(6/2)

+log|z| — cos?(0/2) log |1 — z])). (16)
We now want to look for a saddle point in 6. This

requires that we make the technical assumption that M,
does not vary too strongly with 8 as |E| — oo. In particular

1 9log M, (E. -
1 OlogMA(EO) ) o 5| > 00 with Ofixed.
E 0

(17)

Then the saddle point equation for @ is
log(|1 — z|tan?(6/2)) = 0. (18)

The solution is

0(z) = £2 arctan( (19)

=)

This has a simple interpretation in terms of the boundary
kinematics as we approach 7; = 7. Plugging in the values
of z, 7 after the analytic continuation to 7; = z, we find
0 = *¢. In other words the scattering angle determined by
the Mellin variables is equal to the angle which defines the
boundary kinematics.

We can now perform the 6 integral using the saddle point
approximation. This gives

1+1—-2 1—2Ae—iArL ZZA E’=c+ico JE
(L+]1-2) id A M.(E.0(2))

\/|1 —Z| 2=c—ico |E|
x E*A=3 exp (4E*(—log(—E?) + log(E?)
+log|z| —log(1 + |1 —z]))). (20)

As a first step, let us consider the integrand at z; = 0. For
the upper half of the contour, E? = i|E|?, so log(E?)—

log(—E?) = ix. It follows that the integrand is exponen-
—4z|EJ?

tially damped as e . Similarly, for the lower half of the
contour, log(E?) —log(—E?) = —in, so the integrand is
again exponentially damped as e~*lE"  Therefore the
integral converges, assuming a very weak condition on
the Mellin amplitude:

M,(E,0(z))exp(=4z|E[*) = 0 as |E| - 0. (21)

What happens after the analytic continuation to 7; = 7?
The analytic continuation takes log|z| — log |z| + iz. So
the upper half of the contour is now damped as e~87IEP  but
the lower half of the contour has no damping factor. The
contribution of the lower half of the contour to the integral
is then

(1+|1_Z|)1—2Ae—iATL|Z|2A dE
E*=—

Ji=d T EY ML (E 0(2))

i|E?| |E‘
< |Z| >4E2
X o 4 9
141 -2

- \/%Az—w %M4(E’ OENE™
E*(z-1z)?
X exp (7222 (= 1)> , (22)
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where we took the z — 7 limit. For a given value of z — Z,
this integral is cut off at E ~ 1/(z — Z). This means that as
we take 7 — Z, the integral is in danger of diverging. But we
know that the bulk point singularity must be absent in the
CFT, so the Mellin amplitude must fall fast enough to
ensure convergence of the integral. This is the origin of the
desired bound.

To see how this works, let us first consider the
example of a constant Mellin amplitude, which arises
from a bulk contact interaction. Performing the integral,
we find

24827 = )21

(z —z)%3

(23)
This is singular at z = z if A > 3/4. It is much simpler in

(71, ¢) variables:

1 1
sing (r;, — m)*=3"

(24)

The singularity is most prominent near forward and back-
ward scattering. As ¢ — 0 it just becomes the light-cone
singularity.

More generally M, will not be constant. In order for the
singularity to be resolved we need

M,(E,0)

PR -0 as E?—

—ico with @real and generic.

(25)
|

This is the main result of this paper. It relies only on the
technical assumption (17). In particular it is nonperturba-
tive in 1/N and 1/ in the case of a holographic theory. The
bound can be easily generalized to nonidentical external
dimensions, with the result that 4A is replaced by >, A,.

V. A BOUND IN HIGHER DIMENSIONS

We now consider the (d + 2)-point function in d dimen-
sions. The strategy is similar to the previous section. We
have d+ 1 angular variables and one overall energy
variable. We will look for saddles in the angular variables,
and reduce the integral over Mellin space to an integral over
the energy. Then we will find the condition on M., such
that the bulk point singularity is resolved. The only
difference is that it is not known for d > 2 whether the
bulk point singularity is resolved in a generic CFT.

To be explicit, let us consider the five-point function in
d = 3. We use Y125 Y135 V245 7355 and Y45 aS the independent
variables. After applying Stirling’s approximation, we find

dy1ody 3dyradyssdyss B
Ms(rij)(ras — 712 — 724) 47172
V127137247357 45
X (21 =113 = 735) A7 2 (yas — yia — 113) 4712

X (713 = 724 = 745) A7V (y10 — 735 — 1as)A7D/2

X exp(F(}’ijvxij))' (26)
We have dropped an overall x;;-dependent prefactor since it

does not affect the derivation of the bound. The function F
is defined by

F(]/l’j,xij) =712 <10gy12 +1og(712 = 735 — ¥as) — 10g(y3s — 712 = ¥24) = 10g(yas — 712 = 113) — 10g< z 34) 2ﬂi>

+ 713 (102% Y13 +10g(y13 = 724 = 745) —108(y24 — 713 — 135) = 10g(y4s = ¥13 = 712) = lo

o(;
+ 724 (log Y24 +108(y2a — 713 — 735) —108(r35 — Y24 — 712) —10g(r13 = Y24 — Va5) — 10g<
+ 735 (log Y35 +10g(y3s — 712 — 724) —10g(¥24 — 735 — 713) — 10g(r12 = 735 — 7a5) — 10g<

+ Va5 (102% Yas +10g(yas — 712 — 713) —10g(¥13 — Va5 — v24) — 10g(y12 — 45 — v35) — log

x14x23
2.2
X13X25
2 2
5x23

124

2
X1gX
2
1

2
1
2
2

TS
= | =

mmbmtﬁmdmmm

\_/\_/\_/ ~_

2
X25X

We hold y,, fixed, while varying the rest of the variables. The saddle point equations are

713(713 = V24 — Va5) _ x%x%s
(y1i3+ 735 —724) Y12 + 713 — 7as)  X1sx3;
¥35(735 — V12 — Y24) _ xﬂx_%s
(y13 + 735 —724) (r3s +7as —¥12)  x3sxd,

Y24(Y24 = 713 — 735) _ x%5x%4

2 2
X14X25
2 2
_ *23X%s

(Y12 + 724 = 735) (Y2a + 745 — 713)
Yas(Y12 + 713 — Vas)

(Y12 =735 —74s5)(oa + Vas —v13) x%5x§4'
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These are valid as long as M5 does not vary too strongly
with 0; and ¢;,

1 810gM5<E 0l’¢) LalOgM5<E’eiv¢i)
72 20, B o,
as |[E| = oo with 6, ¢, fixed. (29)

-0

To prove the desired bound it is sufficient to solve these
equations at the bulk point singularity. The solution is given
by ]/U = ki . k], where
ki = n1(E. E.0,0),
ky = m,(E.~E.0,0),

ky = n3(—E,0,—E,0),
ky = n4(—E, —E cos 6, —E sin 64 cos ¢4, —E sin 6, sin ¢4,
ks = ns(—E, —E cos 05, —E sin 65 cos ¢5, —E sin 65 sin ¢s).
(30)
Here we have defined
11 = sin @y sin O5(— sin ¢, cot(6s/2)
+ sin s cot(64/2) + sin(¢s — ¢s)).
11, = sin @y sin O5(— sin ¢, tan(6s/2)
—sin ¢s tan(6,/2) + sin(¢y — ¢s)),
13 = 2 sin @y sin Os sin(¢y — ¢Ps),
Ny = 2sinfs sin s,
ns = —2sin @, sin ¢,. (31)

We have assumed that momentum conservation can be

satisfied in the bulk 2 — 3 scattering process, which
implies that all the #;’s are positive.
Plugging in this saddle at 7; = 7z gives
/ dEES*"VM;(E, 0, ¢;). (32)
E*=—i|E|?

times an overall function of 6; and ¢; that is not relevant for
our purposes. We conclude that the bulk point singularity is
resolved if and only if

M5<E’ eiv ¢t)

oA -0 as E>—

—ioo with
0;, ¢; physical, generic. (33)

Generic means that we are away from regions where any
number of the #;’s goes to zero. Physical means that
momentum conservation can be satisfied in the bulk
scattering process for the given choice of angles.

The generalization to arbitrary dimensions can be
obtained by simply counting factors of E in the integrand.
Denoting the angles by 6;, we find

My, (E,0;)

2
FdH1-(@+2)A —0 asE

—ico with

0, physical, generic. (34)

VI. RESOLUTION OF SINGULARITIES
IN STRING THEORY

In the previous sections we derived a bound on the
Mellin amplitude at high energies. But now there seems to
be a paradox: holographic theories at infinite N and A do not
satisfy the bound. Indeed, the simple case of a contact
interaction in the bulk gives a polynomial Mellin ampli-
tude, which is far larger than required. The resolution of
this tension in a weakly coupled bulk theory is that we need
to resum all the string corrections. Stringy resolutions of the
bulk point singularity was discussed in [7], and we will
quantify it using the Mellin representation.

To understand the effect of strings on the Mellin
amplitude, we need to express the Mellin amplitude in
terms of the flat space scattering amplitude A, (E,6;) at
large N and large A [3,8—10]. In this limit we have the
relation

M,(E.6,) = / © dppira=a/2=1¢=0 A (\/2BE, 0;)

0

— gd-nA Am dﬁﬂ(’m‘@/z—le‘ﬂ/EZAn(@7 9,-).
(35)

If the integral over each term in the Taylor expansion of the
e P/E* factor converges, then at high energies the Mellin
amplitude behaves as E?~"2. This requires that A,, decays
faster than any power of E at E = co. Assuming this fast
decay rate at infinity, we find that M, , behaves as
E%(4+2)A 35 |E| — oo, which satisfies (34) at high energies.
It is instructive to compute M, in string theory. We can
approximate A, by the high-energy answer if B|E|> >
1/d. Let us assume that this is true, and then check the
assumption. Away from the positive E? axis, the scattering
amplitude in tree-level string theory behaves as [11]
e~ Ef4(0)

A,(E,0;) ~ for [E]> > 1/a.  (36)

The Mellin amplitude then becomes

M,(E.0;) = / ” dppnd=d)/2-1=p(1+2a E2f,(0))
0

~ (1420 E>f,(6,)) 22, (37)
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For large A, the integral is dominated by S~ A/
(1+2d'E*f,(6;)). So our assumption holds if |Ad'E?/
(1+2dE*f,,(6;))] > 1. This is satisfied when A > 1 and
|E|> > 1/(Ad’). Note that since A decays faster than any
power of E at infinity, the Mellin amplitude behaves as
E4="2 at high energies.

This calculation is valid for generic angles. Now let us
ask what happens for nongeneric angles, when we
approach the kinematic limit corresponding to the boun-
dary Landau singularity. For example, let us consider the
five-point function in d = 3. The claim is that the rank 4
singularity is resolved, but the singularity with rank less
than 4 is not. We first take 7; — =z, and then go near
sin ¢4, sin ¢p5 = 0. The five-point function at 7; = 7 is [7]

14! [)w dww =V As(wkn;), (38)

where n; is X; with the second entry removed and the #;’s
are defined in (31). Now take sin ¢y, sin¢gs — 0, with
sin ¢,/ sin¢ps held fixed. We rescale w — w/ sin ¢4, so
that wk;n; does not vanish as sin ¢, — 0 with sin ¢,/ sin g5
fixed. Then we get

[Tn!
(sin ghy)>2~*

This diverges as 1/ sin ¢, as we go towards the rank 3 case.

The upshot is that the det X singularity is resolved only
when there is no boundary Landau singularity, in other
words in the generic rank 4 case.

/m dow® 2D As(wk;n;/ sing,).  (39)
0

VII. A STRONGER BOUND?

In the previous section we showed that for holographic
CFT’s, the Mellin amplitude M, , behaves as E4=(4+2)4 gt
high energies, which is smaller than the required behavior
E4+1-(d+2)A by one power of E. We now consider another
example with the same behavior, namely the four-point
Mellin amplitude of the operator ¢ in the critical Ising
model in 1 4 1 dimensions. This operator has conformal
dimension A = 1/8, and the Mellin amplitude is [12]

_ (271, — %)F(2y14 - 4—1‘)1“(—2(;/12 +714))
! F(}’12)2F(7’14)2F(1/8 — Y12~ 7’14)2

(40)

At high energies, this behaves as E*2, which is smaller
than E3~*A = E3/2 by one power of E.

Based on these two examples, it is natural to conjecture a
possible stronger form of the bound,

My5(E,0;) < f(0;)E4-4H2)8, (41)

where f(6;) is a function of the angles ;. It would be
interesting to check this stronger bound in other explicit
examples.

VIII. OPEN QUESTIONS

The main result of this paper was (34), a bound on the
(d + 2)-point Mellin amplitude in d dimensions. This
bound is independent of holography, but we demonstrated
that the bound is satisfied if we consider a holographic
theory with a weakly coupled bulk dual including strings.

One question that we have not addressed here is whether
there is a general bound on the n-point Mellin amplitude in
d dimensions. Also, it would be interesting to understand
the general structure of Landau diagrams at n points
on R x §4°1.

Another question is whether loops in the bulk ever play a
role for resolving the bulk point singularity. In a weakly
coupled bulk at fixed angle, strings dominate over loops, so
loops were not important for our purposes. It is known [13]
that at very small angles the contribution from eikonal
diagrams is dominant over stringy corrections, so it would
be interesting to understand the bulk point singularity in the
small angle limit. The methods of [14,15] might be helpful
for this purpose.

The discussion in this work was restricted to zero
temperature, but it would be interesting to develop a
Mellin representation of correlation functions at finite
temperature, and to ask whether the bounds considered
here generalize to finite temperature. Relatedly, the nature
of the bulk point singularity could be analyzed in AdS/
Schwarzschild. This is currently work in progress.
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