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Perturbative aspects of mass-deformed A =3 Chern-Simons-matter theory
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Within the superfield formalism, we calculate the two-point functions and the effective potential for the
mass-deformed N = 3 Chern-Simons-matter theory and discuss the related renormalization group issues.
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I. INTRODUCTION

The supersymmetric Chern-Simons theory and related
field theory models are intensively discussed within various
contexts. Interest in these models was rapidly increased
after publishing the seminal paper [1] where the N =6
superconformal Chern-Simons-matter theory has been
introduced and intensively discussed within the context
of the AdS/CFT correspondence. Previous studies on
superconformal Chern-Simons theories with various N
have been carried out in [2-4] and many other papers.
However, most of these studies (see, e.g., [5,6]) are devoted
to the tree-level aspects of these theories. One of a few
examples of quantum calculations in Chern-Simons theo-
ries with extended supersymmetry has been presented in [7]
where the one-loop effective action in three-dimensional
N =2 and higher N-extended supersymmetric theories
has been obtained with use of known analogy between
N = 2 superspace in 3D and N =1 superspace in 4D
originally introduced in [8]. While this correspondence is
clearly a powerful tool for study of extended supersym-
metric theories (see, e.g., [9,10]), it is interesting, first, to
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develop studies of the extended supersymmetric theories
with use of A/ =1 formalism only, second, to study the
models where the higher N supersymmetry is broken to
N =1 one. An interesting example of such a theory is the
mass-deformed A/ = 3 Chern-Simons theory [11]. In the
present paper, we study the quantum aspects of this theory.

The structure of the paper looks like follows. In Sec. II,
we describe the classical action of the mass-deformed
N = 3 Chern-Simons theory. In Sec. III, we calculate the
two-point functions of scalar and gauge superfields. In the
Sec. IV, we consider the one-loop effective potential and
find it explicitly for the SU(N) group in large N limit. In
Sec. V, the renormalization group aspects of the effective
potential are presented. Section VI is a summary where our
results are discussed.

II. THE MASS-DEFORMED N =3
CHERN-SIMONS THEORY

Our starting point is the classical action of the
mass-deformed N = 3 Chern-Simons theory in N =1
superspace [11]:
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In the action (1), the first line presents an usual non-Abelian
Chern-Simons action (see, e.g., [12]). We suggest that our
gauge fields and ghosts are Lie-algebra valued, I'* =
[ATA, ¢ = ATA, ¢/ = 'ATA, with the generators satisfy
the relation tr(74T%) = R5*E. Our calculations are carried
out for an arbitrary gauge group unless we make some
special restrictions. Here the fields with the index 1 carry
the SO(2) charge , and with the index 2—the SO(2)
charge —% (the @, @, are the same fields as ®*, ®~ from
[11]). We use the notations of [11] which are similar
to those ones from [12], up to some overall multipliers.
We should also add the gauge fixing term

|

K
Sor = Tr | &zD°T DT’ 2
CF ™ 16n€& ! S @)
and the ghost action
1 s .
SGH = ETI‘ d zZC D(I(Da + ZF(I)C, (3)

which is the same as in the usual N’ = 1 Chern-Simons
theory [12].
The propagators in our theory can be cast as
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where 8, = 6%(6; — 0,), and C,y = —ie, is the Hermitian
Levi-Civita symbol so that C;, = —C,; = —i; throughout
the paper, all vectors are presented in the bispinor form,
e.g., the momentum bispinor is defined as p,; = YapPm>
and y™ are our 2 x 2 symmetric Dirac gamma matrices, see
details in [12].

The superficial degree of divergence of our theory is the
same as for the usual supersymmetric Chern-Simons-matter
theory [13]:

1 N
a):2—§(Er+E<D)—7D, (5)

where Er and Eg are the numbers of external gauge and
scalar legs, respectively, and N, is the number of spinor
supercovariant derivatives acting to external legs. So, the
theory is renormalizable. However, this formula does not
take into account the possibility of mutual cancellation of
divergences due to extended supersymmetry, thus, actually
the renormalization properties of the theory can be much
better.

III. TWO-POINT FUNCTIONS

The contributions to the two-point function of the gauge
fields arising from the purely gauge/ghost sector can be
found along the same lines as in [13], and within the one-
loop order, even the overall coefficients will not be
modified, thus, our results will be just the commutative

(4)
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limit of [13]. The corresponding Feynman diagrams are
depicted at the Fig. 1.

Explicitly, we have the following contributions to the
effective Lagrangian:

1 d3k 1 ABCC ACBC ATB
Ea(p) :ﬁ(] _é) (271_)3?(]\, - 2N )Fa Fa
1 &Pk 1
% (p) = Wg/WF(NCADNDBC — NCAD NCBD)
X FaAFg
1 k1
2.(p) = Wf/ (2ﬂ)3P(NCADNDBC — NCAD NCBD)
x [ATB, (6)

where NAB--C = tr(TATE...TC). However, while in [13], it
was necessary to consider separately planar and nonplanar
parts, and namely the condition of vanishing the IR
singularity arising from the nonplanar part, implied in
restrictions on the gauge group, in our case all contributions

(a) (b) (©)

FIG. 1. Two-point contributions from the gauge sector.
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(@) (b)

FIG. 2. Two-point contributions from the scalar sector.

. . Bk 1 .
are proportional to the same integral [ e which

identically vanishes within the dimensional regularization.
Therefore, the UV divergent one-loop contribution to the
two-point function of the gauge field arising from the
purely gauge sector is identically zero. We note that
vanishing of this contribution is consistent with the gauge
invariance requirements, therefore any regularization con-
sistent with the gauge symmetry should imply vanishing
of this divergence. However, while in noncommutative
theories the gauge symmetry has been deeply related with
the condition of closure of the gauge group, in our case no
restrictions on the gauge group emerge. Nontrivial super-
ficially divergent contributions to the two-point function
of the gauge field can arise only from the coupling to the
matter. The finite parts represent themselves just as the
commutative limit of the results found in [13] being
equal to

d3
Lo — / P / OB (p) (1 + E)LAE .~ 2L88),

(27)°
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where Ly =3 W§' W, is constructed from linearized

superfield strengths, L85 = 1 D*T4D>D’T% is an analogue
of the gauge-fixing term, and I*8(p) = [ Lk > X

1
(27)’ K (k+p)
[NCADNDBC _ NCAD NCBD] ig the UV finite integral.

Then, the contribution to the two-point function of
the gauge field from the matter sector is a natural gen-
eralization of the analogous contribution in other three-
dimensional supergauge theories. It is generated by two
supergraphs depicted at Fig. 2. We note that, unlike [13],
the scalar fields are not Lie-algebra valued in our case being
isospinors instead of this.

Adopting the calculations carried out in [14], we find
that for the (isospinor) scalar field with the mass m;, the
two-point function is

%,.i(p) = / POFA (p) (Wi (= p)WE (p)

+2m;Wye(p)TE(p)). (8)

where W{* =3DPDT) is the linearized superfield
strength, and

ap o oap [k 1
10 =N | s R
=N e+ 00 Y

We note that the factor N48 instead of products of two
NABC traces arises since our scalar fields are isospinors
under the gauge group rather than Lie-algebra valued
(typically, N4 = R5P). Since in our theory (1) the masses
of two scalars are opposite, m; = —m, = m,, we find that
when two contributions (8) for ®; and @, are summed, the
mass terms are mutually canceled, and the “kinetic”
contributions involving D? are summed up, hence, for
sum of two scalar loops we have

2
87| my|

%oto(p) = = NAB / POWAWE 1 (10)

where dots are for higher-derivative terms. In principle, it is
natural to expect that if the contributions of higher orders
in the gauge superfields are considered, the full-fledged
result will yield the form of the full-fledged super-Yang-
Mills action. In the massless case, this contribution behaves

as Zsc,totzﬂ(p) o NA# fd29W61a(_p) \/IFWffo(p), whose

. . 1
gauge sector in components yields FﬂyﬁF

%

So, it remains to consider the contributions with external
scalar legs. It is clear that the seagull graph (with one
quartic vertex) identically vanishes being proportional to

%, s0, it remains to study the fish contribution. Similarly
to [15], its divergent part (and hence, a divergent part of the
whole two-point function of the scalar superfield) can be
shown to vanish in the Landau gauge & = 0. Therefore, in
this gauge the two-point function of the scalar identically

vanishes.

IV. EFFECTIVE SUPERPOTENTIAL
AT ONE-LOOP

Let us calculate the effective potential in our theory. We
can proceed in a manner similar to the ' = 1 supersym-
metric case [16]. First of all, we note that since the gauge
propagator (I",I's) is proportional to (DD, + £D,Dy), see
(4), and the I',, field in a triple vertex is accompanied by the
D? acting on the adjacent scalar propagator, in the Landau
gauge any contribution to the effective potential involving
at least one triple vertex, after transporting the D* from the
scalar propagator to the gauge one, will yield the factor
D*DgD, =0 and hence vanish (just the same reason
implies vanishing of the two-point function of the scalar
field). Therefore, there are two types of contributions to the
effective potential: the first one is composed by gauge
propagators only, with the external scalar fields enter
through quartic vertices, and the another one is generated
by the scalar sector only, with no gauge propagators.
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The first contribution, arising from the gauge-matter
couplings, can be calculated in a manner similar to [16].
Indeed, it can be presented as the following trace of the
logarithm:

1 1
T{hee = 5 AINITrIn <DﬂD“ + ED"’Dﬂ + C“ﬂ22> . (1)
with A(N) is an algebraic factor arising due to contractions

of indices, therefore, taking into account (1), we find that
the final result in the Landau gauge is (cf. [16])

24

1
F;(gazlge = m .

—A(N) (12)
where ®,,, ®M are the background matter fields, and X is a
function of these fields. Let us find the factor A[N].
It follows from (1) that the quartic vertex has the explicit
form V4 =33, [ d>z®MAACAE(TA)"(TP)},®,y;, with
i, j are isospinor indices and A, B number the Lie algebra
generators. Within the calculation of the one-loop effective
potential, moreover, we suggest that from the all back-
ground fields ®'/, ®!, only the ath component, i.e.,
Of =@, dle = Cba, for a some fixed a differs from zero,
while the background fields ®,;, <i>2,- are zero for all 7, 1.e.,
we have spontaneous breaking SU(N) — U(1), so, our
quartic vertex is reduced to V, = [ d3z®ANAE(TA)" x
(TB)4 ®,, with no sum over a. Since the gauge propagator
is proportional to 548, we find that the generator-originated
algebraic factor from a gauge loop with n vertices is

AN) = (TN (TP)5 (T Yo (T (TP)a(Th)g.  (13)

Here we have a sum over indices m, n, p...q while a is
fixed. Then, we use the identity for SU(N) generators [17]:

; 1
(TAY(TA)L = 2R (555{; - N5f6§> , (14)

where tr(T4T%) = R5*% (we can choose R = 1). Hence we
have

1 1 1
AN) = (&8 =480 | (60 ——8e8h ) ... (80 — =828y ).
( ) ( m N m d>< N n ) ( N N N d)
(15)

The complete result is very involved. So, we find it in the
large N limit where all terms proportional to different
positive degrees of 1/N are suppressed, not only due to the
factor 1/N but also since there cannot be a possibility to
generate any N from contractions because the index a is
fixed. The large N result is A(N) = N + O(1/N). At the
same time, for our choice of the background we have
¥? = ®“®,. Hence, our result (12) for the contribution to

the effective potential arisen from the gauge sector, in large
N limit, is

(@®,)*

Fg(;lazlge =-N 6471

(16)

To calculate the contribution from the purely scalar
sector to the effective potential, we impose the same
restrictions on the background fields. Again, we choose
a particular case ®, = ®> = 0. As a result, we will have a
sum of contributions %; formed by cycles of (¢;1¢;1)
propagators and X, formed by cycles of (¢,,¢ 2) Propa-
gators (remind that our scalars are isospinors). As above,
we suggest that from the all isospinors @/, ®', only the ath
component, i.e., ®¢, ®'¢ differs from zero, i.e., we have
spontaneous breaking SU(N) — U(1). In this case, after
background-quantum  splitting @}, — @}, + ¢}, our
interaction vertex takes the form

Vie == (0Bl br) = (1,015 + brath 1)
4 - 2 -

(10 PPhbi) + 7 (100, (17)
with no sum over a. However, since the propagators of
scalar superfields are proportional to &', we see that the
dominant contribution for the large N is contributed by the
vertices involving sum over i only, and any vertices
involving the fields with a fixed index a will yield only
subleading contributions. So, we can suppress these ver-
tices, and our effective potential in large N limit will be
given by

2
Vi) = NTr In <02 —my— " |<I>a|2>
K
2 4z 2
+ NTr In( D* + my +—1|®,* ). (18)
K

Now we employ the results from [18] and find

N 2 2 4 2
v = 2 mmg =L@, )+ (mo+Z o, 2) ).
167 K K
(19)

The final result of the effective potential is the sum of (16)
and (19). We see that it involves quadratic and quartic
terms.

V. RENORMALIZATION GROUP
IMPROVEMENT OF THE
EFFECTIVE SUPERPOTENTIAL

In this section we investigate how we can use the
renormalization group equation (RGE) in the determination
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of the effective superpotential. The use of RGE to improve
the calculation of the effective potential has been inten-
sively used in nonsupersymmetric theories [19-28], and
recently the method has been extended to superspace
formalism [29].

There is no UV divergent renormalization of the cou-
pling constant k nor of the wave-function of the gauge
superfield in the N =3 Chern-Simons-matter theory,
because the Chern-Simons term only receives up to one-
loop corrections [30], which in three dimensional space-
time are completely regularized. Therefore, the only
nontrivial renormalization group function of the model is
the anomalous dimension of the matter superfields.

Since the first UV divergent integrals appear only at two-
loop, the anomalous dimension y4 of the matter super-
fields, just as for the A/ = 2 Abelian model [31], in the
lowest order has the form

4\ 4
Yo = ki <?> = klgz, (20)

where g = (¥)? and k; > 0 is a numerical factor.

The RGE to the effective superpotential in the massless
limit is given by

su.g.L) =0,

(21)

0 0 0
=B — Y — )
ﬂaﬂ+ﬁgag+7/®| a|a|q)a|:| Veff(| a

where @, is the vacuum expectation value of the matter
superfields, y4 is the anomalous dimension of the scalar
matter superfields, ¢ is the mass scale introduced by the
regularization, and

d 2

L=1In <@> (22)
u

We shall use for Vg the ansatz

Ver = |@[*S(L), (23)
where

S(L) = A(g) + B(9)L + C(g)L*> + D(g)L° +---,  (24)
and A,B,C, D, ... are defined as series in powers of the

coupling constant g.
The RGE (21) can be conveniently rewritten in terms of

S(L). From (22) we can see that 0 = 3 |®,|0)¢,| = —u0,,
and inserting (23) into (21), we find

[=(1 = 2y9)0L +474]S(L) =0, (25)

where we have used g, = 0.

Plugging the ansatz (24) in (25), and organising the
resulting expression by orders of L, we obtain a series of
equations, of which we write down the first three:

— (1 =270)B(g) + 470A(g) = 0, (26)
—2(1 = 2y4)C(g) + 4reB(g) = 0, (27)

and
=3(1=2y4)D(g) +4r6C(g) = 0. (28)

Since all functions appearing in the above equations are
defined as a series in powers of the coupling constant g, we
find the following conditions order by order in g

BO® = 4y2 A0, (29)
1 1

CO) =475 BO) = 2 (475)) A1) (30)

p? =L4@ce L@y, (31

Writing the effective potential as

Veff = |(Da|4 <6q + Z C#anJran) (32)

n=0

where §, is the counterterm, we find from Egs. (29), (30),
(31) the following recurrence relation

4,2
cll = (—7‘1’2 )ij_l, (33)
ng

where we identify Cil = A =1, ¢! = B®), ¢} = CV),
CY = D) and so on.

Inserting (33) into (32) and performing the sum, we
obtain the following effective superpotential

|(I) |2 4k, g?
Vs = [0,¢ {@ ; g(T) ] RER

This effective potential represents all loop order contribu-
tions of leading logs.

Imposing the Coleman-Weinberg renormalization con-
dition [32],

d4Veff
do,[* =i = 419 (35)

we find the expression for the counterterm &, as
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oy

2
) = =3 (256klg’ +320k}g" + 140K g° + 25kig°). (36)

Substituting (36) into (34), we find

2
Verr = —gkl (8k1g* + 5)(4k 5> (8k1 g% + 5) + 5)g*|®@,[*
O, [2\ s
+glegt (1) (37)

Although the model presents a generation of the mass scale
u, there is no spontaneous generation of mass because this
effect is incompatible with the perturbative regime, just as
in the purely scalar model discussed in [32].

As discussed by Gaiotto and Yin [3], nonrenormalization
arguments of the A/ = 2 Chern-Simons-matter theory also
apply to the N' = 3 case. Three-dimensional A/ = 2 super-
Chern-Simons-matter theories can be obtained from a
dimensional reduction of 4D supersymmetric gauge theory,
where matter superfields are chiral [33], and, as it is well
known, there is no quantum corrections to the mass terms in
chiral superfield theories, see, e.g., [12]. Therefore we do
not expect any loop correction to the mass terms, and hence
no modification for the renormalization group equations in
the nonzero mass case.

VI. CONCLUDING REMARKS

We considered the one-loop effects in the N = 3 super-
symmetric Chern-Simons theory. We explicitly calculated
the two-point functions of scalar and gauge fields in the
one-loop approximation. It is interesting to note that, in an
appropriate gauge, the only nontrivial contribution to the

two-point function is the linearized Maxwell term. We
calculate also the one-loop effective potential which is a
sum of quadratic and quartic terms. However, its explicit
form can be found only for large N limit which is known to
be an important limit in QCD.

We also discussed the renormalization group improve-
ments for the effective superpotential. Due to nontrivial
anomalous dimension of the matter superfields, we could
obtain the complete leading log effective superpotential
showing that the model does not exhibit spontaneous
generation of mass compatible with perturbation theory.

The methodology we performed can be naturally applied
to other extended supersymmetric Chern-Simons models.
It is natural to expect that it can give some interesting
results for NV =6, 8 Chern-Simons theories and their
noncommutative extensions. In particular, it was shown
that transport coefficients [34], such as conductivity, in
the mass-deformed Aharony-Bergman-Jafferis-Maldacena
theory [35] are the same as in a theory where a higher
derivative coupling of the bulk Maxwell field is present
[36]. It is natural to expect that massive deformation of
N =3 Chern-Simons-matter model exhibits the same
property. We are planning to perform these studies in
our next papers.
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